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Abstract

Coefficient estimation in linear regression models with missing data is routinely done in the mean
regression framework. However, the mean regression theory breaks down if the error variance is
infinite. In addition, correct specification of the likelihood function for existing imputation
approach is often challenging in practice, especially for skewed data. In this paper, we develop a
novel composite quantile regression and a weighted quantile average estimation procedure for
parameter estimation in linear regression models when some responses are missing at random.
Instead of imputing the missing response by randomly drawing from its conditional distribution,
we propose to impute both missing and observed responses by their estimated conditional
quantiles given the observed data and to use the parametrically estimated propensity scores to
weigh check functions that define a regression parameter. Both estimation procedures are resistant
to heavy-tailed errors or outliers in the response and can achieve nice robustness and efficiency.
Moreover, we propose adaptive penalization methods to simultaneously select significant variables
and estimate unknown parameters. Asymptotic properties of the proposed estimators are carefully
investigated. An efficient algorithm is developed for fast implementation of the proposed
methodologies. We also discuss a model selection criterion, which is based on an IC p-type
statistic, to select the penalty parameters. The performance of the proposed methods is illustrated
via simulated and real data sets.
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1 Introduction

Missing data have long been a common problem in various settings, including surveys,
clinical trials, and longitudinal studies, among many others. Ignoring the missing data will
undermine study efficiency and sometimes introduce severe bias. There has been an
enormous literature on different estimation and inference methods for various (conditional
mean) regression analysis with missing response and/or covariates. See, for example,
extensive reviews in Horton & Kleinman (2007), Horton & Laird (1999), and Ibrahim et al.
(2005), and references therein. There are three streams of inference methods for mean
regression with missing values: imputation method (Little & Rubin, 2002), inverse
probability weighted method (Robins et al., 1994), and likelihood-based methods (Ibrahim
et al., 2005). These existing approaches are expected to be sensitive to outliers and their
efficiency may be significantly improved for many commonly used non-normal errors.
However, the corrected specification of likelihood function used for imputation approach is
often challenging in practice, especially for skewed data. Recently, quantile regression
inference for missing data problems has received considerable attention due to the
robustness of its regression coefficient estimates; see, for example, Yoon (2010), Wei et al.
(2012), and Chen et al. (2015), among others.

Quantile regression as an important modeling tool (Koenker & Bassett, 1978) is a natural
extension of classical least squares estimation of conditional mean models to the estimation
of models for conditional quantile functions. See, for example, Koenker (2005) for an
extensive review on quantile regression. It offers a systematic examination on the influence
of covariates on the entire response distribution, while it is less sensitive to outliers.
However, standard quantile regression focuses on estimator at each quantile and may be
inefficient for many ‘global’ parameters of interest, which vary slowly across all quantiles.
Since quantile regression exploits the whole conditional distribution, estimation efficiency
could be potentially improved by combining quantile regression over multiple quantiles. For
instance, in Zou & Yuan (2008), a composite quantile regression (CQR) estimator has been
proposed for multiple quantile regression models. Furthermore, a weighted quantile average
estimator (WQAE) proposed by Zhao & Xiao (2014) is a linear combination of quantile
regression estimators across different quantiles. To the best of our knowledge, little work has
been published on the CQR and/or WQAE-based inference under imputation for missing
data.

The aim of this paper is to develop robust and efficient parameter estimation methods for
regression models when some responses are missing at random. To increase both estimation
robustness and efficiency, we propose a weighted CQR estimate (WCQR) and a WQAE
estimate by borrowing information from multiple quantiles. We consider a novel parametric
multiple imputation approach that imputes both missing and observed responses by their
estimated conditional quantiles given the observed data. Specifically, following Robins et al.
(1994), we use the parametrically estimated propensity scores to weigh check functions that
define a regression parameter estimate. Moreover, the proposed multiple imputation
approach yields more reliable results even in high dimensional scenario. We also use the
smoothly clipped absolute deviation (SCAD) and adaptive least absolute shrinkage and
selection operator (LASSO) regularization (Fan & Li, 2001; Zou, 2006) and a ICQ statistic
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(Ibrahim et al., 2008) to perform the selection of penalty parameters, variable selection, and
estimation. We systematically investigate the asymptotic properties of the proposed
estimators under the proposed multiple imputation approach. An efficient algorithm is
developed for the fast implementation of the proposed methods. Unlike the existing mean
regression procedure for missing data, our method is resistant to heavy-tailed errors or
outliers in responses.

The rest of this paper is organized as follows. In Section 2, we describe the parametric
imputation approaches and introduce WCQR and WQAE and their shrinkage estimators. We
also systematically investigate the asymptotic properties of all parameter estimators. In
Section 3, we present an efficient procedure of parameter estimation, variable selection, and
tuning parameter selection. In Section 4, we evaluate the proposed methods in simulated
datasets. In Section 5, we use a real data example to illustrate the strategy. In Section 6, we
conclude the paper with some discussions. Technical proofs and additional numerical studies
are given in the Supporting Information.

2 Methodology

2.1 Preliminaries

Let {(x; y), i=1, ..., n} be a random sample generated from a model given by

yl.=xl.Tﬁ*+8i, for i=1,...,n, (2.1)

where y;and x;= (xj, ..., x;) T are, respectively, a univariate response variable and a dx 1
vector of covariates which contains no intercept term for the ith individual, B*isa dx 1
vector of regression coefficients, and e;s are independent and identically distributed (i.i.d.)
random errors that are independent of x;s8. Throughout the paper, we assume that y;s may be
missing, whereas x;s are always fully observed. That is, the data set consists of incomplete
observations {(x;, y; &) : i=1, ..., n}, which are i.i.d. realizations from (X, y, &), where 6=
0 if yis missing and & =1 otherwise. We also assume that y is missing at random, i.e., 6 and
y are conditionally independent given X. That is, we have

Pr(6 = 11x,y) = Pr(6 = 11x) = p(x),

where p(X) is the propensity score that describes a pattern of selection bias in the
missingness. In particular, we postulate a parametric model for the propensity score, that is,

P(X) = p(X, ¥*), and further consider logistic model logit{p(x,7%)} = yé + 71* Tx. An estimator

}:= (};0, ;;] )Tis defined by maximizing the log-binomial likelihood given by

I s, 1-4;
Ly =log { [T pxe "0 = pocury 7} 22)
i=1
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Under some regularity conditions, the maximum likelihood estimator ;;is a y/n-consistent
estimator for p* even though the logistic model is misspecified (White, 1982). We denote

AX) as px, P).

By assuming that the regression coefficients are the same across different quantiles, Zou &
Yuan (2008) proposed a CQR estimator, which minimizes a mixture of the objective
functions from different quantiles. Let .7 = { 7y, ..., g} be a set of quantiles. A simple

estimator is a complete-case (CC) composite quantile regression estimator ﬂAggR, which can

be obtained by solving

K n

ponbgeboe )=, aremin 2z 2 Oipr i =X P by
b PE=1i=1

where p(u) = u{ T— L(u < 0)} is the check function, in which 1(-) is an indicator function of

an event. Let f-) and bj be the density function and 100 ;% quantile of residual e,
k

respectively.

PROPOSITION 1—Under assumptions A1, A2 and A4 given in the Supporting

Information, as n — ©0, we have ﬁ(ﬁggR ) 2 M0, X)), where X is given by

7 -1 ka, _ 1min(':k, rk,){l - max(rk, 1k,)}
Do = [Elptoxx’ }]  — :
K * .2
(g =1/

Proposition 1 shows that under the MAR assumption, the CC analysis also produces a
consistent estimator. However, compared with the full sample analysis, CC analysis can lead
to larger efficiency loss with the presence of a large amount of missing data. In what
follows, we introduce a novel multiple imputation procedure that aims to improve the
estimation robustness and efficiency of the existing methods and the CC estimator.

2.2 Augmented check functions

Instead of imputing the missing response Y by randomly drawing from its conditional
distribution Ay | X) (Rubin, 1987), one can directly impute the missing response by its
estimated conditional quantile given the observed data. This imputation procedure has
advantages of being less sensitive to model misspecification and its ability to produce
reliable estimates even under high-dimensional covariates, which have been previously
studied in quantile regression with missing responses (Yoon, 2010) and M-regression with
censored covariates (Wang & Feng, 2012). In this paper, we extend such imputation
approach to the estimation of CQR models with ignorable missing response.

Define Q( 7| X) =inf{y: Ky|X) >t} to be the z-th conditional quantile of y given X, where
T~ uniform(z;, ty) with 0 < 7; < 77 < 1. Under MAR assumption, we have Ry | X) = RY |
X, 8§=1)= Ry |X, §=0), which leads to Q/(z|Xx) = Q(z|X, §=1)= Q/(z|X, §=0).
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Specifically, for T € [z, 7], we assume the linear quantile regression model as
0y(tlx) = 05(0) + xTaf(r). It should be noted here that 65(r) = b if such conditional quantile

regression model under MAR assumption is correctly specified. Let %(z) = (03(7),0T(T)T)T,

which is a (d+ 1) x 1 vector of unknown quantile regression coefficients. Let z = (1, x7) and
7= (l,xl.T) for 7= 1, ..., n. Since we have E{8z[1(y < z (7)) — 7]} = 0 under MAR

assumption, an estimator é( 7) of 6%(1) can be calculated as

n
0(z) = arggnin 2 00, (v; — ziTH), (2.3)
i=1

and the z-th conditional quantile is estimated by Qy(rlx) = Qy (@lx;8;=1) = ziTOA(r) fori=1,
1

..., n. Although (2.3) assumes a linear form of the conditional quantiles of X, our empirical
studies in Section 4 suggest that such assumption is relatively robust to potential model
misspecification. To achieve more flexible imputation, nonparametric or semiparametric
quantile models may be employed in (2.3).

Let )71'V be the v~th imputed value of the ith outcome for v=1, ..., m, where m is the
number of imputations. Given 0 < 77 < 77 < 1, generate 7V from uniform(z;, 77 and set

lN/l.y = ziTé(r”), where é(t") is obtained by solving (2.3) with zreplaced. It is not difficult to

show that ¥;, ~ Fp(y| X;), where ﬁﬁ( ¥| x;) is the inverse of the estimated conditional quantile
function éy; V| x). Let o= (wy, ..., wK)Tbe a vector of known weights, b= (4y, ..., bK)T,
and 0 < 7; < 1y < *** < g < 1. Define an augmented inverse probability weighted (AIPW)
composite quantile objective function with multiple imputation (MI) as

K
S B.b:0.T)= D oS, (B.biTy, (24)
k=1

where & (B, b; Ty is given by

< 5!' 1 5[
2, {ﬁT@”fk(’fk) M e

]m—l D prk(rwk)], 2.5)
v=1

in which r;, =y, - xl.Tﬁ —-byandr, , = T’w - xl.Tﬂ — by, Throughout the paper, we refer to the
proposed imputation approach in (2.5) as “AIPW-MI procedure”.

REMARK 1—Compared with many existing approaches, the proposed AIPW-MI has
several new features. First, it follows from (2.5) that the observed y;is also imputed by its

estimated conditional quantile given the observed data. See a similar idea used in Tang &
Qin (2012), in which missing values were randomly drawn from a kernel estimator of the
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conditional distribution of the missing variables given the fully observable variables.
However, Tang & Qin’s kernel density estimation is impeded by the curse of dimensionality.
Second, in the last term on the right hand side of (2.5), the check functions are averaged
across multiple imputed values in order to control the variance of the imputed values.

Given pA(X), an estimator of 8%, say ﬁa CQR can be estimated as follows

~PCQR

(l;l""’gl(’ﬂ )=ar%r;iné’nm(ﬂ,b;w,9).

We call it the parametric-CQR (PCQR) estimator of 8*. Note that when ;=1 and p(x)) = 1
for all &, 7, model (2.4) reduces to the weighted CQR model (see Jiang et al., 2012). When
wr=1/K, 6;=1 and p(x;) = 1 for all &, 7, model (2.4) reduces to the CQR model (see, Zou &
Yuan, 2008).

For single quantile regression (see, Koenker, 2005), #* in model (2.1) can be estimated by
solving

~ ~OR .
®, ﬂTQ )= ar% I}nn S mB-b;7) . (2.6)

If e;follows a double-exponential distribution, the quantile regression estimator ﬁglg is the
most efficient estimator even compared with the least square estimator when there are no
missing data. However, for other distributions, the relative efficiency of ﬁTQR over the least

square estimator can be very small. By combining information based on estimators at
different quantiles, we further define a weighted parametric quantile average estimate
(PQAE) given by

K

K
~PQAE 20R .
p Q :k_E lmkﬂgk , subject to k_E lmkz 1,

where ETQR is defined in (2.6). The PQAE is indeed motivated by a general weighting

function [ ﬁTQRw(r)dr (Portnoy & Koenker, 1989), where @(7) is a general weighting

function.

2.3 Variable selection

Variable selection plays an important role in model building process. To achieve sparsity
with high-dimensional covariates, we further develop adaptive penalization methods for
variable selection based on the proposed AIPW-MI approach. Various penalization methods
have been developed for variable selection for different models (Fan & Li, 2006; Tibshirani,
1996; Zou & Li, 2008; Zou, 2006).
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We first consider the SCAD penalty (Fan & Li, 2001) with a tuning parameter A, denoted
by Z2,(*), to be selected by a data-driven method. By filling in the missing y; by

IN/I.U = ziTé(T” ), the SCAD estimator for penalized PCQR with missing data solves the

following minimization problem

d
S, B.b:0.T)+n Y. P, (|/3j|)’. 2.7)
oy

arg min
b.p i=

The penalty 73 (-) satisfies 7 (0) = 0, and its first-order derivative is given by

(a, = B)

+
Wl(ﬁ > /In)

7 B =3, 1B <1,)+ :

where a= 3.7, and (s), = sfor s> 0 and 0 otherwise.

It is very challenging to optimize (2.7) since .¥ (8. b; @, .7) is nonconvex and both .%,,.(B,
b; w, 7)) and the penalty £, n(|,B]|) are nondifferentiable. To overcome these difficulties, we
adopt the one-step sparse estimate scheme in Zou & Li (2008). For any given initial value

ﬁ(o) = (ﬁ(lo), ﬂEJO))T, we define a one-step penalized PCQR loss as

d
G,6.8) = S,,B.b:0,T)+n Y P, 1PN (238)
=1

We define (l;l, ooy Z;K, ﬁ’ SCAD) = arg minp, g% (b, B) as the one-step sparse PCQR-SCAD
estimaror. By combining estimators corresponding to different quantiles, we can derive a
one-step sparse PAQE-SCAD estimator as

K

K
ZPSCAD _ > GPSCAD (et to > w1,
k=1

p @ B
] krk

~PSCAD

where (b, B, ) = arg min, (S, (B,b;7)+ ny4 7 ﬁ}o)m g1} with i, ~ Ffy| x)

j=1

in % (B, b; ©). We also use the same notation ﬁ’ SCAD o denote the one-step sparse PAQE-
SCAD estimator for simplicity.

Second, we consider the adaptive-LASSO penalty (Zou, 2006). Specifically, the adaptive
. o d ~ = _ 1A for —
LASSO PCQR loss is given by §, (8,b;0, ) + /Inzj _ 1a)jlﬁjl, where w;= 1/|ﬂj| for j=1,
..., d, where /§= Bis ... B = arg minp g no(B, 0; @, 7). By minimizing the above
objective function with a proper penalty parameter A,, we can get a sparse estimator of B,

denoted as ,@) LASSO \hich is called the adaptive PCQR-LASSO estimator. Similarly, we
can derive the adaptive PAQE-LASSO estimator as

Scand Stat Theory Appl. Author manuscript; available in PMC 2019 June 01.
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K
, subject to Z mkzl,
k=1

K
~PLASSO ~PLASSO
b = Z mkﬁ T

k=1

where (bAT, ﬁTPLASSO

nm(ﬂ, b; 7).

)= arg min, (S, (B.b;7)+ /1”2;?= 18181} with Y, ~ Ffy|x)in¥

2.4 Asymptotic properties
We define D= E{p(x)"!xxT}, #(z, 7) = min(z, 7){1 - max(z, )}, = (wy, ..., w7,

H= (7 (2, )l fbX)f (b7 ) NV =DEf 0 W ) and Vo = De'He.
l k 1<Lk<K

THEOREM 1—Under the assumptions A1-A6 given in the Supporting Information, as n

— 00 and m —> 00, we have

. >
VPR - 592 40, Y @),

where ¥, (@) = D] 'V, D] with D, = YK _ | w, 707 E{xx).
= k

COROLLARY 1—Under the assumptions A1-A6 given in the Supporting Information, as n

~PCQR

— 00 and m is fixed, we obtain \/n(f - Z H(0, X7 (@), where

¥~ @) =D7'V, 7! with

K
~ -1, -1, ..—1 T
V =E{[p®~ +m™ (px)” " — Dixx . k’z— la)kwk,‘W('rk, 7).

Theorem 1 characterizes the asymptotic normality of ,@3 CQR For the fixed .7, the optimal
w+ = arg ming, 21 (w) can be calculated by solving
r o't o wlg

@ = arg min or @, = arg max = —
* ® wafTw * o o Wo \w 172

£l

where [l is the Euclidean norm of a vector, W= (¥ (14, ty’)), and f = (f(b: ), .‘.,f(bj ))T.
1 K
Thus, the optimal Z (@) is given by

1 1

Y @y=a"w" 0 ) B e )

Theorem 1 also indicates that parametric estimation of propensity score has no asymptotic
impact on the proposed parametric-CQR estimator. Moreover, from the proof of Theorem 1
in the Supporting Information, we may write

Scand Stat Theory Appl. Author manuscript; available in PMC 2019 June 01.
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n
SPCQR ,x _ —1/2 e
V(B = ) =n i;A(xfyf 5,87+ 0D,

where A(x,y, 8, %) = — Zf_ lwlel_lép(x)_lx(l(y <x!p*+ b: ) — ;) is the influence
- k

function. Under assumption of missing response at random and model specification, we have
m_(x, b7 ) = E{x(1(y < x! ¥ + by )—7Ix,5 =1} = E{x(I(y < x! g* +b7)—1)Ix} =0
k k k k

uniformly in 4. This implies that A(X, y, &, B*) equals

K
-1] o T p% | % 8 % %
_kzlwkml Wx(l(y<x B +ka)—‘rk)+ 1—Wm1k(x,ﬁ ,ka)],

which is of a weighted composite AIPW form; thus, it is an efficient influence function.

THEOREM 2—Under the assumptions A1-A6 given in the Supporting Information, as n

— 00 and m —> 00, we have

~ <
ViEPE g2 10, Y, ).

where ¥, (@) = D5 'V,D; ! with Dy = E{xx7}.

Theorem 2 characterizes the asymptotic normality of ,@3 QAE_ For the fixed .7, the optimal
@+ = arg min g, 2»( @) can be calculated by solving

w, =arg min mTHw subject to 117;17 =1,
w

where 1x=(1, ..., 1)Tis a K'x 1 vector of ones. It is easy to show that the optimal Z,( @) is
given by

-1 -1 _ -1
Y@ =alu )T By Epeo e )T

Using similar arguments as in Theorem 1, we can also show that the proposed weighted
parametric quantile average estimator is efficient. From Theorems 1 and 2, we find that as n
— 00 and m — ©0, multiple imputation in (2.5) does not have asymptotic impact on the
resultant estimators, and thus ,@) CQR and ﬂ) AQE are invariant to the model of the conditional
quantile model of y given X and 6= 1.

Since fis the density function of residual &, the Fisher information of fis given by
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1 %12
oY)
Jf = ot

dr.

2
610%;{(;!)] Fluydu =

R 0

For equally spaced {7, } f _p the following proposition shows that the optimal PQAE is

asymptotically more efficient than the optimal PCQR. Only when the log density function
log flu) of e1is concave, the optimal PCQR is asymptotically equivalent to the optimal
PQAE, and both are nearly efficient as the oracle maximum likelihood estimator for various
error distributions, a great advantage of the proposed methodology.

PROPOSITION 2—(Zhao & Xiao, 2014) Let = k(K + 1) for k=1, ..., K, suppose that
assumptions Al and A2 given in the Supporting Information holds, we have the following
results.

- -1 . . .
a. In general, (IIT(H 1 k) < min{ o Wole o}, with equality at optimal

o=, = (2003 = f6F )= fb, VG )+ G )N under the
k k-1 T4l 1 K =1

assumption that the log density function log £ 7) of eis concave. Here, it is
assumed that f(b” )= f(b; ) =0.
0 K+1

b. Iflim,o[g2(D) + £(1 - DV/r=0and lim__ ;¢*/} ~“lg"(0%dr = 0, where
g(@) = f(b) and g” () = P(D/OA, then lim, _ _1FH 1, =7 £
However, compared with the optimal PCQR, the optimal PQAE has the disadvantage of

being more sensitive to either near-zero or extreme values of the estimated propensity score
because the proposed AIPW-MI procedure is independently repeated K times in PQAE.

In order to better understand the optimality of variable selection and parameter estimation,
Fan & Li (2001) considered the oracle property under the true, but “unknown” subset .27,

where &/ = {j: B; #0}. The oracle estimate would need to estimate ﬂ; and set g* .= 0. For
o

any square matrix %, denote % o/ o7 as the sub-matrix of ¥ with row and column indices in
/. According to Theorems 1 and 2, we have

~FE T
ﬁ(ﬁ(oracle)d - ﬁszi) - ¥, Zoracle ),

where Zomcle = IDZQ} Vi MD;Q} o for 1=1 and 2, and E denotes for PSCAD and PLASSO.

THEOREM 3—(Oracle properties) Suppose that assumptions A1-A6 given in the
Supporting Information hold, as n — ©0 and m — ©0, we have the following results:

; ~ ~ ~ T
I If \/E/ln — o0 and A, — 0, then ﬂPSCAD = (ﬂIIDSCAD, ﬂSSCAD) satisfies:

Scand Stat Theory Appl. Author manuscript; available in PMC 2019 June 01.
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a. Consistent selection: Pr({;: /??SCAD £0}=d)—1;
b. Efficient estimation: \/ﬁ(ﬂAI;CAD - ﬂ;) Z NO, X acte)
If 2,/y/n— 0 and A, — ©0, then ﬁPLASSO = (ﬁl;LASSO, ﬁzLASSO)T satisfies:
a. Consistent selection: Pr({;: ﬁ?LASSO £0}=9)—1;
b. Efficient estimation: \/r—z(ﬂA;LASSO ) Z xo, Y oracle)”

3 Computational issues

3.1 Estimation of the optimal weight

To calculate the optimal estimators, we need to compute the optimal weights w+ and @-. It

suffices to estimate f{b,) for the proposed AIPW-MI procedure. We can use some

nonparametric density estimation methods based on estimated residuals a,:,- to obtain a

consistent estimator of £-). For the sake of space, we focus on the calculation of the optimal

weights w+, whereas extension to other cases is trivial.

For any y;, draw " from uniform(z;, ) with 0 < 7 < 7;7< 1, and substitute y;
by IN/I.D = ziTé(ry) with Z;= (1,xiT) fori=1, ..., n. We can simply set t; =0 and zy;
= 1. Repeating this imputation procedure m times yields the augmented data set
{(Siﬁ(xl.)_lyl. +[1-— 5iﬁ(xi)_1])~’iy,xl.:i =1, ...,n};n= X Here p(x;) is the estimated
propensity score.

Compute preliminary estimators ﬁ and Ek based on the augmented data set and
the uniform weight w = (K‘l, ey K‘I)T. Then the estimated “residuals” e;can
be obtained as follows:

~

T/\ ~
Yiy_xiﬂ_bk"

2,
pCx)

| m K
Wvgl kgl

4
"0

Calculate f(u) = (nb)_IZ?: Ak Ei)/b}, where . (+) is a univariate

probability density function. Following Silverman (1986), we choose an optimal
bandwidth b given by

b=09n"""min |SDE,, ... &), — 31

. IQR(EI,...,En)]
1 (G

where “SD” and “IQR” represent the sample standard deviation and interquartile
range.

Estimate f{b,) by 2(51-), where 51. is the sample 100 % quantile of e;], z;n.
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V. Substituting fby) into @« = W/ W-12f]l to obtain an estimated optimal
weight, denoted by @

3.2 Majorize-Minimize algorithm

We develop an efficient computational procedure based on the Majorize-Minimize (MM)
algorithm (Hunter & Lange, 2000) to optimize (2.8). Since extension to other cases is trivial,
we omit them for the sake of space. It is difficult to minimize % (b, B) because this function
may possess multiple minima and o, () and |B] are not differentiable. The key idea of the
MM algorithm is to approximate a complex optimization problem by a sequence of simple
optimization problems, while the solutions of the new optimization problems converge to a

solution of the original optimization problem. Here, we define n= (b, B), r;, =y, - xl.Tﬂ - b,

andr, , = l?w - xl.Tﬁ — b, At the sth iteration, instead of directly minimizing % (b, B), we

minimize another objective function given by

d
0, @n®™) = Qain™) +n Y 2, AFPDIBL (3.2)
n j=1 n

where 7/ denotes estimate of 7 at the sth iteration and Q.(n| 7/?) is the surrogate function
that majorizes % (b, B) at 7f*. Let ¢; and ¢, be two constants. For any > 0, Q7| ) can
be written as the sum of Q; (77| 7*) and @ (7| 79), where

2

(). _ 1 § i 00 Tk

Q.. (mn)y=— ~ +@r, —2)r, 4+,

e 425 P e+|r§}z)l k k=1
2

K n 5. |w, m r

(s), _ 1 i k ivk

0, ™) =5 Y P - + @t =D, eyl
¢ HEeE | P m ey £+|rz(‘2<| "

Then, we calculate 75" = arg ming Q7| 7). This process is repeated until the absolute
difference between 7t and 75*1) is smaller than a prespecified small constant.

In our computational procedure, we also consider a quadratic approximation of Q7| 79)
in order to speed up the computation in (3.2). Specifically, we calculate the first-order and
second-order derivatives of Q7| 7)) and denote them as G'= 9,Qx(n| 7)) and Hessian

matrix # = 03Q8(11|'1(s)), respectively. By following the Gauss-Newton approach (see,
Kennedy & Gentle, 1980), we approximate Q. (7| 719) ~ 0.5(Y = X )7 (Y = X ), where X
X is the Cholesky decomposition of # and Y = (X!)~1(# n— G) is a pseudo response
vector. By using the second-order Taylor expansion, at each iteration, we then minimize an
objective function given by
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d
%(v — XY =Xn) +n Zl %n(|ﬂ§.°)|)|ﬁj| . (33)
J=

Since (3.3) is a simple penalized least square problem, it can be easily minimized by using
many existing optimization algorithms. This algorithm leads to exact zeros for regression
coefficients and converges quickly based on our empirical experience.

3.3 Penalty parameter selection procedure

To ensure good properties of 1;1 » the penalty parameter A, has to be appropriately selected.
Various techniques have been proposed in previous studies, such as the generalized cross-
validation and BIC selectors. These criteria cannot be easily computed in the presence of
missing data since 4 (b, B) involves intractable multiple imputations. Instead, we develop an
ICq-type criterion (Ibrahim et al., 2008; Garcia et al., 2010) to select the penalty parameter.
The IC criterion selects the optimal A, by minimizing

ICQ(;{”) = 2Qé‘(ﬁﬂn|ﬁ0) + Cn(ﬁﬂn)’

where 1;0 = arg minp g7 pe, (B, b, @, 77) with Vi~ ﬁp(y| x;) and c,(m) is a function of the
data and the fitted model. For instance, if ¢, = 2d , where d is the total number of
parameters in the model, then we obtain an AIC-type criterion. Alternatively, we obtain a
BIC-type criterion when ¢,(n) = log(n)dfy /n, where dfy , is the number of nonzero
coefficients in the fitted model. Moreover, in the absence of missing data, ICq(A,,) reduces
to the usual AIC and BIC criteria. In our framework, we choose ¢, 7;1 » = dfiA,)
log(nK)/nK, where dff 1,) is the number of zero residuals based on the proposed AIPW-ML.

4 Simulations

We conducted a set of simulations to examine the finite sample performance of the proposed
estimators when responses are missing at random. The simulation data was simulated from
model (2.1), in which we set 8% = (1, 1.5, 0.5) " and generated x;= (x1, xp, x3) 7 from .4/ (0,
%) with Iy = (0.5174) for 1 <, J <3. The missing y;s’ were simulated according to the

following four scenarios: M1. p(x;) = 0.6; M2. logit{ p(x))} = 7, + r;sin(x;)) + y2xl.22 +73%1 %53
with (y0, 71, »2, ¥3) = (0.5, 0.50, 0.20, 0.25); M3. logit{ p(x)} = y0 + y1Xi1 + Y2Xp + V3X3
with (9. ¥1. 72, ¥3) = (1.5, 0.50, 0.50, 0.05); and M4. p(x;) = 0.5 + 0.5{0.1(x;; — 1)
+0.1(xp — D2+ |x; = 1]} if 0.1(x; = )2+ 0.1(xp — 1)® + |x;1 — 1] < 1, and 0.5 elsewhere.
The average proportions of missing data corresponding to M1-M4 are about 40%, 32.49%,
21.34%, and 39.41%, respectively. We set the working model of the missing data mechanism
as logit{p(x))} = yé + 71* Txl.. In this case, models M1 and M3 are correctly specified, whereas
M2 and M4 are misspecified. We use M2 and M4 to investigate the robustness of our PCQR
and PAQE estimators. Moreover, we consider four different error distributions included C1.
N0, 3); C2. (3); C3. standard Cauchy distribution; and C4. £ = (1 + z)w, in which z ~
Bernoulli(0.5) and w ~ 4/(0, 1).
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For each case, we simulated 500 incomplete data sets with 7= 200. For each simulated data
set, we used the reweighted least squares iterative algorithm to compute p(x;) and compared
five estimators of B* as follows. The first one, denoted as S0, is the least square estimator
using regression imputation as the solution to

~ = ~p o N— Al Als . .
2?: 1x{6;p(x) lyi +[1-6;p(x) l]xiTﬁcgc - xl.Tﬂ } =0, where ﬁcsc is the least square estimator
of B* using the complete-case analysis. The second one, denoted as S1, is the proposed

PCQR estimator. The third one, denoted as S2, is the proposed PQAE estimator. The fourth
one, denoted as S3, is based on Wang & Feng’s (2012) approach, given by

M m_lzz”: | ﬁiﬂ, where
SMI _ S
ﬂy = arg min Z Z . [/ (rlk) +(1 -0 )p (rwk)
b b Pr=1i=
in which r;, =y, - x; Tg_ bis T = Y xl.Tﬂ - by, and Y;, is the imputed value for missing Y;

in the v-th imputation for v=1, ..., m. Although Wang & Feng’s multiple imputation is
developed for M-regression models with censored covariates, it can be extended to the
analysis of linear models with missing response at random. The fifth one, denoted as S4, is
the CQR estimator based on complete-case analysis.

For the estimation of the optimal weights for S1 and S2, we selected the optimal bandwidth
b according to (3.1). Following Bradic et al. (2011), we set the number of quantiles to be K
=9 and the quantile vector .7 = (0.1, 0.2, ..., 0.9). To implement our proposed two
approaches, and Wang & Feng’s approach, we imputed y from the parametrically estimated
conditional quantile of y given X, and set m = 20. Specifically, in the vth imputation for v=
1, ..., m, for missing scenarios M1 and M2, we used conditional quantile

Qy(r” 1) = 05(z") + xTo’f(f”) to impute the missing or observed y; by using

IN/I.U = 50(1” )+ xiTé ,(@); for M3 and M4, we used conditional quantile

Qy(r” Ix) = 05(z") + exp(xTo’f(r” )) to impute the missing or observed y; by using
171. L= 50(1” )+ exp(xTé 1(1” )) in order to investigate the robustness of our proposed method

under the violation of linearity assumption in the parametric multiple imputation. In the v~th
imputation procedure, ¥ was randomly generated from the uniform distribution on (0, 1)
and estimators éo( t¥) and él(t") for both conditional quantile regression models are
computed by using Majorize-Minimize algorithm for single quantile regression.

Tables 1 and 2 report the bias, the root mean square (RMS) and the standard deviation
estimate (SD) of the five estimators SO-S4 under different scenarios. We have the following
observations. (i) Under the correctly specified model for imputation, Wang & Feng’s method
outperforms all other estimation methods in terms of RMS and SD. However, under model
misspecification for imputation, estimator computed by Wang & Feng’s method suffers from
severe bias resulting in much larger RMS and SD compared with other estimation methods.
(i1) Under all scenarios, our PCQR and PAQE estimators are quite close to the true values,
and the RMS is close to its corresponding SD. Therefore, our proposed methods are not only
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efficient, but also robust to the misspecified linearity assumption and missing mechanism.
Such robustness may be due to the use of the parametrically estimated propensity scores.
(ii1) The proposed PCQR and PAQE estimates outperform the least square estimate for all
error distributions and such efficiency gain can be substantial in most cases. As expected,
under the Cauchy distribution, the least square estimator based on the regression imputation
suffers from severe bias. It is also noteworthy that least square method has the worst
performance among all methods even under normal error. This phenomena can be ascribed
to the sensitivity of a mean regression procedure to either near-zero or extreme values of the
estimated propensity score.

5 AIDS Clinical Trials Group 175 study

To illustrate our proposed methods, we consider a data set taken from 2139 patients from the
AIDS Clinical Trials Group (ACTG) protocol 175 (Hammer et al., 1996), a study that
randomized patients to four antiretroviral regimes in equal proportions: zidovudine (ZDV)
monotherapy, ZDV +didanosine (ddI), ZDV+zalcitabine, and ddI monotherapy. Let y be the
CD4 count at 96 + 5 weeks and let X = (X, ..., X¢)” be the six baseline characteristics: Age,
Weight, CD4 counts at baseline (CD40), CD4 counts at 20 + 5 weeks (CD420), CD8 counts
at baseline (CD80) and CDS counts at 20 £ 5 weeks (CD820). Since death and dropout, data
on Y have been missing, but X were fully observed. The response rate of y is about 62.74%.
We are interested in understanding whether the CD4 count at 96 + 5 weeks (y) depends on
the possible influential factors (X). To do this, we fit the linear regression model y = x78* +
e, where e is random error with an unknown distribution function. Following Hu et al.
(2010), it may be reasonable to assume that y is missing at random in that the baseline
characteristics can faithfully predict the missingness in y. All of the covariates are
standardized. In addition, we consider the following model for missing data mechanism:

logit{p(x)} =7y + lex. The response model is estimated by using the reweighted least squares

iterative algorithm.

Similar to the simulation studies, we also analyzed the real data by using the five estimation
methods SO-S4. We used the same number of quantiles K and quantiles t as those used in
simulation study. For all imputation procedures, we imputed Yy from the estimated linear
conditional quantiles of y given all covariates, and set imputation time m = 10. We also
applied the variable selection method based on the SCAD and adaptive LASSO
regularization to the five estimation methods. The proposed ICq criterion was used to select
the penalty parameter A,, for all methods except that the penalized least square estimation
was based on the cross validation.

Table 3 presents the estimation results. For the unpenalized estimates, their standard errors
(SE) were computed by using the bootstrap method. The parameter estimates of each
parameter are quite close to each other for all estimation methods, but our PCQR and PAQE
methods yield smaller standard errors compared with the least square method and Wang &
Feng’s (2012) method. All estimators indicate that the CD8 counts at 20 + 5 weeks have
negative effects on the CD4 count at 96 + 5 weeks. Adaptive LASSO and SCAD penalties
perform similarly in variable selection. The penalized least square method yields the
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smallest models, and our proposed penalized PCQR and penalized PAQE methods yield
sparser models than Wang & Feng’s method. All proposed penalized estimators identify
CD4 counts at baseline (CD40) and CD4 counts at 20 £ 5 weeks (CD420) as significant
predictors.

6 Conclusions

In this paper, we have proposed to impute both missing and observed responses by using
their estimated conditional quantiles given the observed data. The augmented inverse
probability weighted approach is used to reconstruct the check function that defines a
regression parameter. Efficient and robust parametric estimation for the regression
coefficients is based on the weighted composite quantile regression estimation and weighted
quantile average estimation procedures. Although we assume a linear form of the
conditional quantiles of X in the imputation step, our empirical studies suggest that the
proposed estimators are less sensitive to potential model misspecification than those
obtained from misspecified parametric likelihood. For more flexible imputation,
nonparametric or semiparametric quantile models can also be employed.

In this paper, we propose using complete-case estimator obtained from (2.3) to impute the
missing response. Such imputation procedure is valid because we assume that only
theresponse is missing at random. When some covariates are missing at random and the
propensity depends on the response, our methods do not work any more because the
proposed complete-case estimator will be biased and inconsistent. In this case, to mitigate
the effects of missing covariates data and improve the the performance of the proposed
methods, we can develop a conditional quantiles imputation procedure based on inverse
probability weighted and/or AIPW approaches. Extension of the method to missing
covariates is interesting and challenging, which is a topic of our future research. The
proposed imputation procedure also has some important implications. It can be easily
extended to more complicated models, such as partial linear models, single index models,
varying-coefficient models and even survival data analysis, among others. An important
extension is to consider the estimating equation with missing data. Further study is needed.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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