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EIGENVALUES OF HOPF MANIFOLDS

ERIC BEDFORD! AND TATSUO SUWAZ2

ABSTRACT. The eigenvalues of the Laplacians A and O on the Hopf
manifolds are described. Some isospectral results are also given.

On a complex manifold M there are the de Rham and Dolbeault complexes,
with operators d and 0, respectively. If we fix a hermitian metric on the
manifold M, then d and 9 will have formal adjoints § and b with respect to the
hermitian volume element. With these, we define the real Laplacian A
= d& + 8d and the complex Laplacian 0 = 3d + 3. We have A =2 O
= 20 if M is Kéhler.

In this note, we study the eigenvalues of the Laplacians A and O on the
Hopf manifolds M, 0 < la) < 1, which are not Kihler. The notation
Sp (M, A) will be used to denote the eigenvalues with multiplicity (spectrum)
of the operator 4 on the manifold M. In Theorem 1, the eigenvalues of A and
O are described. The computation of the eigenfunctions shows that the
eigenspaces of [J refine those of A. Some isospectral results are also given. For
a in a certain domain, Sp (M,, A) determines M, up to isometry (Theorem 2).
Moreover, it is shown that for “most” values of «, M, may be determined up
to isometry from either Sp (M,,A) or Sp (M,, O) (Theorem 3).

Let W denote the n-dimensional complex vector space C” = {z|z
= (z;,...,2,)} minus the origin; W = C" — {0}, and let a be a complex
number with 0 < |a] < 1. Consider the analytic automorphism g, of W
defined by g,(z,...,z,) = (az;,...,az,). The group G, generated by g, is
an infinite cyclic group acting on W freely and properly discontinuously. Thus
the quotient M, = W/G, is an n-dimensional complex manifold, which is
called a (homogeneous) Hopf manifold. It is easy to see that M, is diffeomor-
phic to S! x §2"7! where S” denotes the standard r-sphere (cf the proof of
Lemma 3). If n = l M, is the complex torus whose lattice is generated by 1
and (27i) " 'log a, and 1f n > 1, M, is a non-Kédhler manifold. The hermitian
metric

n n

-2 = 2 =

(N g = llll ,21 dzidz;,  |z|° = Zl z;z;,
i= i=
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260 ERIC BEDFORD AND TATSUO SUWA

on W is G,-invariant. Hence, it induces a hermitian metric on M,. From now
on we thmk of M, as a hermitian manifold with this metric. It is easy to check
that if n = 1, M, is a flat torus. If a is real, M, is isometric to S'x 8§14

a riemannian mamfold We denote by C® (M, ) the space of complex valued
smooth functions on M, . Consider the real and complex Laplacians A and O
induced by the hermitian metric on M, . Since the operator d maps a (p, g)-
form to a (p,q — 1)-form, we have

2) A=0+0 onC®(M,)

A straightforward computation [3, p. 97] shows that the complex Laplacian
on C*(M,) is

, & aZ no9
O = |l EIWWL(’I— 1) 2 i3z,
Let
n a2
'E, 9z,0Z

be the standard Laplacian on C". Moreover, let 3(, ; be the space of harmonic
polynomials of type (p,q), i.e., the polynomials f on C" such that Ayf

= 0and f(z) = EII‘I—P =g Cw?"Z’, where p = (s - - .,p,,) and v
= (»,...,y) are n- tuples of nonnegative integers, |u| = X/ u;, |¥|
=3 v,andzt =zt -z 2 =2 . 2,

LEMMA 1. For f € ¥p,q and for a complex number v,
3) 0 (") = (~(/2)* = (p + g}v/2 + qln — D) |2]"S.
PRrOOF. Since Ayf = 0, we have

_ (7} N
a () = =(3) 1ars -3 £ a5

Zj

Substituting

§z~ﬁ= f and 3 Z== = ¢f
i=1 '32,- P P 19z

in the above equation, we get (3). Q.E.D. _
Let w be a complex number such that ¢*™@ = a. Since |a| < 1, we have

Imw > 0.
DEFINITION. For nonnegative integers p and g, let I, , be the set of complex
numbers y which can be expressed as y = —y, + ¥, with Rey, = p, Rey,

= —q, and Re((y; + ,)®) € Z.
REMARKS. 1°. y; + v, is in the lattice dual to the one generated by 1 and w
(cf. [1, p. 146]).
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EIGENVALUES OF HOPF MANIFOLDS 261
2°. Leta = Re wand b = Im w. Then
(4) L,=1{-(p+9) + (alp - q) - k)/bilk € Z}.

LEMMA 2. For fe X
r‘
PrOOF. ||z|'fis G,-invariant if and only if |a|’a?@? = 1, or equivalently,

{Rey= —(p + q) and
—Imw-Imy+ (p—g)Rew =k, forsome k € Z.

g the function |z|'f is G,-invariant if and only if

In view of (4), this is equivalent to y € [, ;. Q.E.D.

LEMMA 3. The vector subspace of @°°(Ma) generated by U, solllzI'f|f
€ 3,4y € L.} is dense in C*(M,).

Proor. Consider the unit (2n — 1)-sphere $2"~! = {z € C"||z|| = 1}. The
map ¢: R X 77! - W defined by (1,2, ...,2,) = (€¥™'z,...,e*"¥z,)
is clearly a diffeomorphism. Moreover, ¢ induces a diffecomorphism, which we
denote also by ¢, from S'x S2"~! onto M,, where S' = R/Z. Take a
function ||z[["f with f € 9, ,and y € T, . The pullback of ||z||"f by ¢ is given
by

((2I1f ) © @)(1,2) = exp2mit(iy Im & + po = q@)) f(2) = ™' f(2),

where k = Re((y, + v2)®) € Z. On the other hand, the vector subspace of
@*(S') generated by the functions {¢?"*}, _, is dense in C®(S') and the
harmonic polynomials are dense in C®(S2*~1) [1, p. 160]. Q.E.D.

THEOREM 1. (i) The eigenvalues of O on C*(M,) are ly12/4 + q(n — 1), p, q
ez, ye | iy
(u) The eigenvalues of A on C®(M,) are |y|*/2 + (p + q)(n — 1), p, q € L7,

€ L, ,, where Z* denotes the nonnegative integers.

Proor. If y € T, we have —(v/2)* — (p + q)v/2 + q(n — 1) = [y|’/4
+ g(n — 1). The theorem follows from (2), Lemmas 1-3, and Lemma A.Il.1
in [1, p. 143]. QE.D

Now let us discuss the 1sospectral problem. Leta + bi = w = (2mi )~ llog a
as before. Since a = (27) 'arg a, we may assume that |q| < 1. Note that if
la| = 1, then a is real and M, is isometric to §' x S2"~!.

THEOREM 2. Suppose (i) b > 1/2\/2n + 1 or (i) |a| < b\/2n + 1. Then
Sp (M,,A) determines M, up to isometry, namely, Sp (M,,A) = Sp (M, 4)
implies M, is isometric to M, .

PROOF. Let
a +bi=w = 2m) 'log«, la'| < 3.

If Sp (M,,A) = Sp (M,,A), then the volumes of M, and M, are the same [I,
Corollaire E.IV.2, p. 216], see also [4]. This implies |a| = |a’| or equivalently
b = b'. Consider the eigenvalues
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262 ERIC BEDFORD AND TATSUO SUWA

Np,q,k,a®) = (p + q)*/2 + @ (p — q) — k)*/26* + (p + g)(n — 1),

p,q ELY, k €Z of Aon G°°(Ma(,)), y=0,1,a9 = g, 4V = ¢. Note that
if p+q > 2 then A(p,q,k,a®) > 2n and that A(p, ¢, k,a®) = 0 if and only
ifp=qg=k=0.

Case (i). b > 1/2\/2n + 1. Since |a| < }, we have

N1,0,0,a) = a?/2b* + n -} < 2a*2n+ )+ n—=3 <3@n+ 1)+ n -}
= 2n.
Similarly, we have A(1,0,0,a’) < 2n. Hence, we have
N(1,0,0,a) = M py, 41,k ,a’) and X(1,0,0,a') = N(p,, 4y, k,,a)

for some p;, q; € Z* and k; € Zwith0 < p;+¢; < 1,j = 1, 2. If p + ¢
= 1, we have @’ = (¢’ + kl)z. Since |a¥| < 1,vy=0,1wegeta = *a. lf

prt gy =1 wealsogeta = *a. lf p;+ g, =0,j = 1,2, we have a® - a?
= k2 — k#. Since |[a®> — a’| < }, we get @’ = za.
Case (i1). 0 < b < 1/2\2n + 1, |a] < b\/2n + 1. We have
2
a 1 1 1
)\(I,0,0,a)—ﬁ+n—§<n+§+n—§—2n.
On the other hand
k2
Mw&ﬂ=ﬁ>RMHD>MfMM>L
Hence, we have A(1,0,0,a) = A(p;,q,,k,,a’), with p; + ¢, = 1. Thus, we get
a = *a.
If @ = —a,then a’ = @ and the diffeomorphism W — W defined by
(zy,...,2z,) > (7, ...,Z,) induces an isometry between M, and M,,. Q.E.D.

THEOREM 3. Suppose a and b are algebraically independent over Q. Then M,
may be determined up to isometry from either Sp (M,,A) or Sp (M, O).

Proor. We show that Sp (M,, O) determines |a| and b. The same argument
with only small modifications will apply to Sp (M,,A). Let a’ be a complex
number with @' + i’ = (2mi) 'log o, =1 < @’ < 1. We shall assume that
Sp(M,, O) = Sp(M, -, O) and show that |a| = |a’'| and b = ¥’. Since the
volume of M, determines b, and the volume of M, is determined by the
asymptotic behavior of the spectrum (see, for instance, Gilkey [4]), it follows
that b = b’. Let

Np.g.k,a,b) = (p + q)*/4 + (a(p — q) — k)*/4b> + (n — 1)q.

It is easily seen that the linear span of {h?>A|]A € Sp (M,, )} over Q is the
linear span over Q of {1,a,a% b%}. Thus if Sp (M,, 0) = Sp (M, O), then
{1,a,a% b} and {1,a’,(a’)%, b*} have the same linear span over Q. Thus there
exist rationals 5, 5y 1 < j < 4, such that

a=n+an+ azr3 + b2r;‘, (a’)2 =n'+ary + azrg + bzra.
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EIGENVALUES OF HOPF MANIFOLDS 263

By the algebraic independence of a and b, it follows by squaring the left-hand
equation that ; = 1, = 0. Thus @’ = n + an,.
Now we show that 5 = 0, , = *1. Observe that if

Sp (Ma’ D) = Sp (Ma” D)
then for integers (p, ¢, k) there exists (p’,q’,k’) such that
(5) Np.q.k,a,b) = Np',q', k', n + an,b).

Conversely, for (p’,q’,k’) there exists (p,q,k). Multiplying (5) by b* and
comparing the coefficients of 1 and a2, we obtain

(6) k2= ((p =g — k'),

(7) (r—9%=((p-q)m~

Since (7) must always have integer solutions, , = 1. From equation (6) it
follows that r; must be an integer, and so = 0 since —} < @’ < §. Thus |a|
and b are determined. Q.E.D.

REMARKS. 1. If n = 1, M, and M, are biholomorphic, as is well known, if
and only if (%) = u(¢) for some u € SL (2,Z), where

w = (2mi )y oga and o = (27i) 'log .

If n > 2, M, and M, are biholomorphic, by Hartogs’ theorem, if and only if
o« = a [2, Theorem 15.1].

2. It does not seem easy to find the dimension (multiplicity) of each
eigenspace. The dimension of 3C, , can be computed as follows. Let 9,4 denote
the space of polynomials on C” of type (p,q) and set r = ||z||. Observe that
Ik, the harmonic polynomials homogeneous of degree k, is subdivided into
the spaces 3, ;, i.e., 3 = @, ;-4 I, ,. This may be done since Ay maps /Y
into 9,_, ,_;. By repeating the argument in Berger [1, p. 161], we may
conclude that for p > ¢,

= 2 oo rl
Fpg = Hpg @ 1 Hpo1 g1 & -+ & 1,4,

and the summands are pairwise orthogonal in I2(S2"~!). Thus, Pa = g

o rz@p_l‘q_, from which it follows that
dim %, , = dim %,, —dim &, ;.
Since
dim 9, = (n— 1 +p>(n— 1 +q),
’ p q
we get

dim %, =(n+p—1)(n+q-—l)_<n+p—2><n+q—2).
7 p q p-1 g-1
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