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EINSTEIN AND CONFORMALLY FLAT CRITICAL METRICS
OF THE VOLUME FUNCTIONAL

PENGZI MIAO AND LUEN-FAI TAM

ABSTRACT. Let R be a constant. Let M}f be the space of smooth metrics g
on a given compact manifold Q™ (n > 3) with smooth boundary 3 such that g
has constant scalar curvature R and g|x is a fixed metric v on X. Let V(g) be
the volume of g € M,? In this work, we classify all Einstein or conformally
flat metrics which are critical points of V(-) in MAI;“"

1. INTRODUCTION

In [11], the authors studied variational properties of the volume functional, con-
straint to the space of metrics of constant scalar curvature with a prescribed bound-
ary metric, on a given compact manifold with boundary. More precisely, let Q"
(n > 3) be a connected, compact n-dimensional manifold with smooth boundary
3 with a fixed boundary metric 7. Let R be a constant. Let /\/l,}f be the space of
metrics on ) which have constant scalar curvature R and have induced metric on
¥ given by «. It was proved in [11] that if g € ./\/15 is an element such that the first
Dirichlet eigenvalue of (n — 1)A, + R on € is positive, then ./\/lff has a manifold
structure near g. Hence one can study variation of the volume functional near g
in ./\/l,ly%. The authors [I1] proved that: g is a critical point of the usual volume
functional V (+) in ./\/lf if and only if there is a function A on  such that A =0 at
> and

(1.1) —(AgA)g + VoA — ARic(g) =g on ,

where Ag, Vg are the Laplacian, Hessian operators with respect to the metric g and
Ric(g) is the Ricci curvature of g.
The above result suggests the following definition:

Definition 1.1. Given a compact manifold 2 with smooth boundary, we say a
metric g on § is a critical metric if ¢ satisfies ([I)) for some function A that
vanishes on the boundary of Q.

It was shown in [I1] that equation (II]) alone indeed implies that g has constant
scalar curvature. Hence, a critical metric necessarily has constant scalar curvature.
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2908 PENGZI MIAO AND LUEN-FAI TAM

A natural question is to characterize critical metrics. We have the following
results from [I1]:

(i) If Q is a bounded domain with smooth boundary in a simply connected space
form R™, H" or S™, then the corresponding space form metric is a critical
metric on Q if and only if Q is a geodesic ball (if @ C S™, one assumes
V(Q) < 3V (S™)).

(ii) If g is a critical metric with zero scalar curvature on a compact manifold
Q such that the boundary of (2, g) is isometric to a geodesic sphere g
in R™, then V(g) > Vb, where Vy is the Euclidean volume enclosed by
Yo. Moreover, V(g) = Vo if and only if (Q, g) is isometric to a Fuclidean
geodesic ball.

These results suggest that critical metrics with a prescribed boundary metric
seem to be rather rigid. For instance, we want to know if there exist non-constant
sectional curvature critical metrics on a compact manifold whose boundary is iso-
metric to a standard round sphere. If yes, what can we say about the structure of
such metrics?

In this paper, we study this rigidity question under certain additional assump-
tions: We assume the manifold is Einstein or is conformally flat. Since space forms
are both Einstein and conformally flat, these considerations are natural steps to
follow the results in [II]. Our study of conformally flat critical metrics are also
motivated by the work of Kobayashi and Obata [8] [@].

The first result we obtain in this work is the following:

Theorem 1.1. Let (€2, g) be a connected, compact, Einstein manifold with a smooth
boundary X. Suppose the metric g is a critical metric. Then (Q", g) is isometric to
a geodesic ball in a simply connected space form R™, H™ or S™.

To understand conformally flat critical metrics, we first construct explicit exam-
ples of critical metrics which are in the form of warped products. It is interesting to
note that those examples include the usual spatial Schwarzschild metrics and Ads-
Schwarzschild metrics restricted to certain domains containing their horizon and
bounded by two spherically symmetric spheres (see Corollaries B and B2). Then
we show that any conformally flat, non-Einstein, critical metric is either one of the
warped products we construct or it is covered by such a metric. More precisely, we
have:

Theorem 1.2. Let (Q",g) be a connected, compact, conformally flat manifold with
a smooth boundary .. Suppose the metric g is a critical metric and the first Dirich-
let eigenvalue of (n —1)Ag + R is non-negative, where R is the scalar curvature of
g.

(i) If ¥ is disconnected, then X has exactly two connected components, and
(2, g) is isometric to (I x N,ds? + r?h) where I is a finite interval in R
containing the origin 0, (N, h) is a closed manifold with constant sectional
curvature Ko, r is a positive function on I satisfying '(0) =0 and

R
4 ————r=ar'™"
n(n—1)
for some constant a > 0, and the constant kg satisfies
2a

"2 2 2-n
r r r = Kp.
() +n(n—l) +n—2 0
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(ii) If X is connected, then (£, g) is either isometric to a geodesic ball in a
simply connected space form R™, H"™, or S™, or (2, g) is covered by one of
the above mentioned warped products in (i) with a covering group Zs.

It follows from Theorem that if ¢ is a conformally flat critical metric on a
simply connected manifold Q such that the boundary of (€, g) is isometric to a
standard round sphere, then (€2, g) is isometric to a geodesic ball in R™, H" or S".

The organization of the paper is as follows. In Section 2, we consider critical
metrics which are Einstein. We prove that compact manifolds with critical Ein-
stein metrics are geodesic balls in simply connected space forms. In Section 3, we
construct critical metrics which can be written as a warped product or the quo-
tient of a warped product. In particular, we obtain non-Einstein critical metrics
whose boundary is a standard round sphere and examples of critical metrics whose
boundary is disconnected. In Section 4, we classify all conformally flat critical met-
rics. We prove that they are exactly the metrics constructed in Section 2. For
completeness and easy reference, we include an appendix on estimates of graphical
representation of hypersurfaces with bounded second fundamental form, which is
needed in Section 4. All manifolds considered in this paper are assumed to be
connected with dimension n > 3.

2. CRITICAL EINSTEIN METRICS

Let (M, g) be an Einstein manifold with or without boundary. We normalize g
so that Ric(g) = (n— 1)kg, where k = 0, 1, or —1. Suppose there is a non-constant
function A on M satisfying

(2.1) —(AgN)g + Vg)\ — ARic(g) = g¢.

We will prove in Theorem [Z] that, if M is connected, compact with non-empty
boundary on which A is zero, then (M, g) is isometric to a geodesic ball in R™, H”
or S™. In Theorem [2.2] we will also classify those (M, g) that are complete without
boundary.

We note that all geodesics in this section are assumed to be parametrized by
arc-length.

Lemma 2.1. Let (M,g) and X be given as above. Suppose there exists p € M such
that VA(p) = 0. Then the following are true:

(i) Along a geodesic a(s) emanating from p, we have:
(a) if kK =0, then

Aa(s)) = — 52+ \p);

2(n—1)

Na(s)) = () + 2 ) coss =

n—1 n—l);

Mals)) = (x\(p) _ L) cosh s + ﬁ

n—1
(ii) Suppose g € M such that there exists a minimizing geodesic a(s) connecting

p to q. If B(s) is another geodesic connecting p to q and 3(s) has length no
greater than 7 if kK = 1, then B(s) is also minimizing.
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Proof. As Ric(g) = (n — 1)kg, 1)) is equivalent to

1
2.2 VIr=|-rA——— g
(22 A= (-or- g )
Hence, A satisfies

d? 1
(2.3 & Aals)) = —rM(o(s) -
along a(s). From this and the fact VA(p) = 0, (i) of the lemma follows.
To prove (ii), let r and I be the length of «(s) and B(s). By (i) and the fact
a(r) =g = p(l), we have:
1

—mrz +A(p) = -

n—1

1

ST 1)12 +1(p)

if Kk =0;

()\(p)—i—ﬁ) cosr — ﬁ = (/\(p)-l- ni1>cosl— ﬁ

if Kk = 1; and

(30 - !

! 1>coshr+ (nil) - (/\(p)— ﬁ)cosbl—l— oy

n —

if K = —1. Since A is not identically a constant, we have A\(p)+—5 # 0if k = 1 and

A(p)— =L+ #0if k = —1. In case kK = 0 or —1, it is then evident that r» = . In case

n—1
k =1, we have Ric(g) = (n—1)g, which implies r < 7, as «(s) is minimizing. Since
I < m by assumption, we have r = [. This shows that 8(s) is also minimizing. O

Lemma 2.2. Let (M,g) and X be given as above. Suppose ¥ C M is a connected,
embedded hypersurface on which X equals a constant. Suppose VA never vanishes on
Y and let v = VA/|VA|. Then |[VA| is constant on ¥ and the second fundamental
form A(X,Y) of ¥ with respect to v satisfies

(2.4) AX,Y) = [VA (—m - ﬁ) 9(X,Y),

where X, Y are any tangent vectors to .

Proof. Using the fact that A equals a constant on ¥, we have

SX(VAP) = (Vx(V2), 7
(2.5) = |[VAVx(VA),v)
= [VAIVZ(\)(X,v)
and
AX)Y)=(Vxy,Y)
(2.6) = [VAHV(VA), )
= |[VAT'VZ()(X,Y).
From (22), 23) and ([Z.6), we conclude that X (|]VA[?) = 0 and (2.4) holds. O
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Theorem 2.1. Suppose (§,g) is a connected, compact, Einstein manifold with a
smooth boundary . Suppose there is a function X on Q such that A =0 on X and

(2.7) —(AgA)g + V2A — ARic(g) = g

in Q. Then (Q", g) is isometric to a geodesic ball in a simply connected space form
R™, H™ or S™.

Proof. We normalize g such that Ric(g) = (n — 1)kg, where k = 0, 1, or —1. Since
A = 0 on ¥ and X\ is not identically zero, there exists an interior point p € (2
such that VA(p) = 0. Let ro = dist(p, ), the distance from p to X. Consider the
geodesic ball B,,(p) C Q centered at p with radius rg. Then 9B,,(p) N X # 0. By
Lemma [ZT] we have A =0 on 9B, (p).

Suppose £ = 0. Then ([22) implies AjA < 0. By the maximum principle, we
must have 0B,,(p) C X. As Q is connected, we have B,,(p) = Q. Furthermore,
the fact ro = dist(p, ¥) implies every geodesic a(s) emanating from p is minimizing
on [0,79] and every ¢ € ¥ can be connected to p by a unique minimizing geodesic
with length ro. It follows that the exponential map at p is a diffeomorphism onto
B, (p) = Q. For each s € (0, 1], let 3, be the embedded geodesic sphere centered
at p of radius s. By Lemma 2.1 \ = 2(n 0 52 + A(p) on Xg. In particular, VA
does not vanish on ¥;. Let H, be the mean curvature of ¥, w.r.t. the outward
unit normal. By Lemma 22 we have H, = 2=1. Let A(s) be the areas of ¥,.
Then 4L A(s) = %=L A(s). From this it follows that the volume of (2, g) agrees with
the volume of a geodesic ball of radius ¢ in R™. Since Ric(g) = 0, by the Bishop
volume comparison theorem [I], we conclude that (€2, g) is isometric to a geodesic
ball in R™.

Suppose £ = —1; then ([22) implies AjA —nA < 0. The maximum principle can
still be applied to show 9B,,(p) C ¥. Hence we can prove similarly that (€2, g) is
isometric to a geodesic ball in H™.

Finally, suppose £ = 1. Since Ric(g) = (n — 1)g, we have ry < m. In particular,
the function f(s) = (A(p) + -15) cos s — 1 has a nowhere vanishing derivative on
(0,79]. If A never vanishes in the interior of €2, we can proceed as before to show
that (Q,g) is isometric to a geodesic ball in S™. In general, let Ay be the set of
interior points where A vanishes. Suppose VA(q) = 0 for some ¢ € Ag. Let d =
dist(g, X) and let 8(s) be a geodesic such that 5(0) = ¢ and ﬁ( ) € ¥. By Lemma
21 and the fact A(g) = 0, we have A(8(s)) = 15 coss — 1. At s = d, we have
A(B(d)) = 0, hence cosd = 1. On the other hand, the fact Rlc( ) = (n—1)g implies
d < m, which is a contradiction. Therefore, V\ never vanishes at points in Ag. In
particular, Ay is an embedded hypersurface in €.

Let ¥ be a connected component of X. At X1, we have VA = ——Log by E2).
As mentioned in [I1], this implies that the mean curvature H of ¥; (w.r.t. the
outward unit normal v) satisfies H % = —1. In particular, Q never vanishes on

31. Suppose % < 0 on ¥;. Since A = 0 on X4, there ex1sts a connected open

set Uy in Q containing ¥; such that A > 0 on U; \ ;. Consider the open set
QOF ={qg € Q| Xgq) > 0}. Let Qf be the connected component of QF containing

Ui \ 1. Let ﬁr be the closure of Qf in Q. Then ﬁr is a compact manifold
with smooth non-empty boundary 8@?, moreover, A > 0 in QT and A = 0 on
85? Replacing Q by ﬁf, we can prove as before that (ﬁf, g) is isometric to a
geodesic ball in S™. In particular, 3§f is connected. Since ¥ C 85?, we must
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2912 PENGZI MIAO AND LUEN-FAI TAM

have ¥, = aﬁf. Consequently, ﬁir is an open set in €. Since {2 is connected, we

conclude that 2 = ﬁf and (2, g) is isometric to a geodesic ball in S™. The case
92 > 0 on ¥ can be proved similarly by considering @~ = {g € Q | A(¢q) < 0}. O

Next we consider complete Einstein manifolds (M, g) that admit a non-constant
solution A to (ZTI).

Theorem 2.2. Let (M™,g) be a connected, complete manifold without boundary.
Suppose g is Einstein with Ric(g) = (n—1)kg, where k = 0,1 or —1. Suppose there
ezists a non-constant solution X\ to the equation

(2.8) —(AgN)g + Vg)\ — ARic(g) = g.

(i) If k =1, then (M™,g) is isometric to S™.
(ii) If k =0, then (M™, g) is isometric to R™.
(ili) If k = =1, then (M™, g) is isometric to H" provided VA(p) = 0 for some p.
If VA # 0 everywhere, then (M, g) is isometric to (R' x ¥, ds® + cosh? sgo)
and A\ is given by Asinh s+ ﬁ for some constant A > 0. Here (2, go) is a
complete Einstein manifold satisfying Ric(go) = —(n — 2)go. In particular,
(M™, g) has constant sectional curvature —1 if n < 4.

Proof. (i) If k = 1, then M is compact with diameter d < 7. Choose p € M such
that VA(p) = 0. Let a(s) be a geodesic defined on [0, 00) with a(0) = p. By (i)
in Lemma 2] A(a(w)) # A(p); hence a(r) # p. By (ii) in Lemma [ZT], a(s) is
minimizing on [0,7]. Hence, d > m. Therefore (M, g) is isometric to S™ by the
maximal diameter theorem [3].

(i) Suppose k = 0; we show that A\ must have an absolute maximum. Let ¢ € M
be any given point. The exponential map expy(-) : T¢M — M is surjective, where
T, M is the tangent space of M at g. Define A= Aoexp,. Let S, be the unit sphere
in T,M. For any v € S, and any s > 0, (2.2) implies

(2.9) %5\(51}) = _ni T
Since A(0) = A(g) and %5\(51))(0) = (VA(q),v), 29) implies
(2.10) A(sv) = —ﬁsz + (VA(q),v)s + A(q).

Since [(VA(q),v)] < [VA(q)|, we have lims_,o0 A(sv) = —oo uniformly with respect
to v € S;. In particular, X has an absolute maximum. Therefore, A has an absolute
maximum. Consequently, there exists p € M such that VA(p) = 0. By (ii) in
Lemma 2] the injectivity radius of (M, g) at p is co. Hence, we can proceed as in
the proof of Theorem 2] to conclude that (M™, g) is isometric to R™.

(iii) Suppose kK = —1. If VA = 0 somewhere, we can proceed as in the proof of
Theorem 2] to conclude that (M™, g) is isometric to the hyperbolic space H". In
what follows, we assume that VA is never zero. For a € R, let A, be the level set
{A =a}. Then )\, is a smooth hypersurface whenever it is non-empty. By Lemma
22 |V is constant on each connected component of A,.

Choose a such that A, is non-empty. Let > be a connected component of A, and
let b > 0 be the constant that equals |[VA| on X. Let p € ¥ be any chosen point. Let
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v(s) be the geodesic defined on (—o0, 00) such that v(0) = p and 7/(0) = b=V A(p).
Then f(s) = A(v(s)) satisfies f(0) = a, f/(0) = b and
&2 1
ds? /=
Suppose f/(s) = 0 for some s > 0. Let s; > 0 be the smallest s > 0 such that
f'(s) = 0. For any 0 < s < s1, consider the level set As(,). Let s’ = dist(p, As(s));
then s’ < s. Let a(-) be a minimizing geodesic such that (0) = p and a(s’) € Ag(y).
Let F(s) = Ma(s)). Then F also satisfies (210 with F(0) = a and F'(0) < b. If
F'(0) < b, by (ZII) we have f(s') > F(s') = f(s). On the other hand, the facts
s’ < sand f is strictly increasing on [0, s] imply f(s’) < f(s), hence a contradiction.
Therefore, F'(0) = b. In this case, we have o/(0) = 4/(0); hence «a(t) = ~(t) for
all t € [0,¢']. Since A(a(s")) = A(v(s)), we conclude s’ = s. Consequently, s =
dist(p, A f(s)) and ¥'(s) L Ag(s) at y(s). Since s € (0,s1) is arbitrary, we have
7'(51) L Ag(s;) at y(s1). In particular, ¥'(s1) and VA(y(s1)) are parallel; hence
f'(s1) = (7/(s1),VA(y(s1))) # 0. This contradicts the assumption f’(s;) = 0.
Therefore, f’(s) # 0 for all s > 0. Similarly, we can prove that f’(s) # 0 for s < 0.
Now we have f’(s) > 0 for all s. Moreover, by the above proof, we have +'(s) L
Af(s) at y(s) for all s. Hence,

(2.12) V(A(s)) = é(s)7'(s)

for some smooth positive function ¢(s) defined on (—oo,00). Therefore, after
reparametrization, « is an integral curve of the vector field VA. In particular,
two different v will not intersect. Since any point in M lies on a geodesic that
is perpendicular to ¥, we conclude that (M, g) is isometric to (R! x ¥, ds? + g,),
where {s} x ¥ is the level set of dist(-,X) and g5 is the induced metric on {s} x X.
Moreover, by ([2.11]) and the fact A and |V | are constants on 3, we know A depends
only on s and A = A(s) is given by

(2.11) ——.

1
(2.13) A(s) = Asinh s + Bcoshs + —
n—
for some constants A and B. Since |VA| = |\|, which is never zero, by reversing
2 we may assume that \'(s) > 0 for all s. Let A, be the second fundamental form
of {s} x £ w.r.t. 2. By Lemma 22 and 2I3), we have
d 1 N
2.14 ——gs =24, =2|VA 7' (A= —— ) gs =25 g..
(2.14) 2y A (A= ) e =2
Therefore, we conclude g, = ¢?(s)go, where
A/
o(s) = XE;; = A7 (Acoshs + Bsinhs).

Since A’ > 0, we have A > 0 and A > |B|. If A = |B|, then ¢(s) = e® or e *, and
the metric ¢ is not complete. Hence, A > |B|. Therefore, A\ = —1- somewhere. By

n—1
translating s, we may assume A(0) = —L5. Then A(s) = Asinhs + 11, ¢(s) =
cosh s, and
(2.15) g = ds? + cosh? sgp.
Using the fact Ric(g) = —(n — 1)g and (B3) in Lemma BTl in the next section,
we have Ric(gg) = —(n — 2)go. When n = 4, this implies gy has constant sectional
curvature —1; hence g has constant sectional curvature —1 by (ZI3]). O
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2914 PENGZI MIAO AND LUEN-FAI TAM

Let (X, go) be any complete Einstein manifold with negative scalar curvature
which is not a space form. Suppose Ric(gg) = —(n — 1)go. Consider the warped
product (M, g) = (R' x ¥, ds® 4 cosh? sgg). Define A = Asinh s+ —L- on M, where
A > 0 is a constant. It is easy to verify that X is a solution to (2.8)). In this case,
(M, g) is complete, Einstein, but is not a space form.

3. WARPED-PRODUCT CRITICAL METRICS

In this section, we first seek a general procedure to construct warped-product
metrics g which satisfy

(3.1) —(AgA)g + VoA — ARic(g) = g

for some function A. Then we construct examples of critical metrics with discon-
nected boundary and non-Einstein critical metrics whose boundary is a standard
round sphere. The first part of our discussion is motivated by the work of Kobayashi
in [g].

Let (N, h) be a Riemannian manifold of dimension n—1. Let I C R! be an open
interval and ds? be the standard metric on I. Let r be a smooth positive function
on I. Consider the warped-product metric

g=ds>+r’h
on M =1XxN.
Lemma 3.1. (i) The Ricci curvature of g is given by
11
(3.2) Ric(g)(ds,05) = —(n — 1),
r
2

(3.3) Ric(g)|ry = Ric(h) - l(n ~2) (—) v
(3.4) Ric(ds, X) =0, ¥ X € TN,

where “ ' 7 denotes the derivative taken with respect to s € I, Ric(h) is the
Ricci curvature of h and TN denotes the tangent space to N. Consequently,

(3.5) R(g) = —2(n—1) (%) + Rff) (-1 —2) (%)2 ,

where R(g), R(h) are the scalar curvature of g, h, respectively.
(ii) Suppose X is a smooth function on M depending only on s. Then

9|TN7

B VNG00 =X TiNiex = () Nl TIA@X) =0,
where X € TN.
Proof. (i) is standard; see [2]. Direct computations give (ii). O
To proceed, we note that (BI]) implies

1
. Agh=——— (R ;
(3.7 A= (R +n);
hence, BI) is equivalent to
RX+1

(3.8) VoA = ARic — —9
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Proposition 3.1. For any constant R, the metric g has constant scalar curvature
R and satisfies BI)) for a smooth function A depending only on s € 1, if and only
if the following holds:

(i) (N,h) is an Einstein manifold with Ric(h) = (n — 2)koh, the function r

satisfies
R
3.9 " —_ 1-n
(3.9) r +7n(n_1)r ar
for some constant a, and the constant kg satisfies
2a
3.10 ")? 2 2T = k.
(3.10) ) +n(n—1)T+n—2r o
(ii) The function X satisfies
1
3.11 N =" = — .
(3.11) r r —

Proof. Suppose g has constant scalar curvature R and there is a smooth function
A = A(s) satisfying [BJ]). Since A cannot be identically zero, there exists sg € I
such that A(sg) # 0. At sg, by Lemma Bl and (B:8)), we have

o (Z)

Ric(h) = Ric(g)|rn + glrn

1 RA+1 "\
(3.12) —X(Vg)\—l— — g) lrn + [(n—2) <7> iy glrn
LN R (7 L |
AU n—1 " r - | 9ITN-

Since R is a constant and r and A depend only on s, (812) implies that (IV,h) is
Einstein. Suppose Ric(h) = (n — 2)koh, where g is a constant.
Evaluating both sides of [B.1) at Js, using Lemma [31] and the fact that

!

V2N(0s,8) — Agh = —(n — 1) =N,

r

we have
"

r’ r
- N+ -1 =1
e L N
which proves (ii).
Differentiating (B11]), using B21), (BII)) and the fact that

/)\/
Ag)\ = >\N + (n - 1)rr )

we have

,’,./

— I\

/!

= <Ag)\—(n—1)r)\>r/—r'“/\
T

B (_R)\+n '\

n—1

—(n-1)

+ 1) ="\
n—1 r
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2916 PENGZI MIAO AND LUEN-FAI TAM

Hence
1.1
R
(3.13) r”’+(n—1)T: + [ A=0.
By @BII)), if A(s) = 0, then X (s) # 0. Hence the set {s € I| A # 0} is dense in I.
So BI3) shows
1.1
R
3.14 Mg (n—1)— =0
(314) P -y ey

in 1. Multiplying 3.I4]) by r"~! and using the fact that R is a constant and r > 0,
we conclude from (BI4) that

R
Tnflrll + = O,
nin—1)
which is equivalent to
r + _R r=art™"
n(n—1)

for some constant a. Now (BI0) follows directly from 3H), BX) and the fact
R(h) = (n —1)(n — 2)Ko.

Conversely, suppose (N, k) is Einstein with Ric(h) = (n—2)koh and the functions
r, A satisfy B9)-@I0). Let g = ds* + r?h. By Lemma [B] the scalar curvature
R(g) of g is given by

(3.15)  R(g) = —2(n—1) (’"—) T G LA S (T—/>2 .

r r r

Hence, R(g) = R by (39) and (B.I0). Next, suppose X,Y € TN. By Lemma 3]
and (39)-@II), we have
RA+1

ARic(g)(X,Y) — n—1 9(X,Y)

(n —2)Ako "\? A RA+1
1 =|—2 — —(n-— N —
(3.16) - (n—2)\ " . — 9(X,Y)
/\/
:7”74A g(X,Y) = V2A(X,Y)
and
(3.17) VIA(@., X) = 0= ARic(g) (2, X) — "L g(0, X).
On the other hand, differentiating (B9)), (BI1) and canceling ', we have
R r!
1 '\ —Dar ™"+ —— |1\ = ——.
(3.18) r'A —I—{(n ar +n(n—1)}r/\ —

By BII), if '(s) = 0, then r”(s) # 0. Hence the set {r'(s) € I| A # 0} is dense in
I. So (BI8) implies

" _ —n R - _ 1_
(3.19) A+ {(n Dar™ + T P A= —
By (B3), (319) becomes
" R 1
2 " = -
(3:20) A —l—[(n )r+n—1] n—1’
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from which we see that

RX+1
(3.21) VA0, 05) = ARic(g) (9, D) — _+1 9(0s,0.),
by Lemma 311
By @BI8), BI7) and B2I]), we conclude that A satisfies (BI)). This completes
the proof of the proposition. O

Remark 3.1. The constant a in B3] has a geometric interpretation. Assuming r
and (N, h) satisfy (i) and (ii) in Proposition B] then it follows from Lemma B

and ([B.9) that

Ric(g)(Ds, 04) = — (n — Dar—" + %,
(3.22)

. _ R
Ric(g)|rn = (ar "+ E) glrn.
Hence, a = 0 if and only if g is an Einstein metric.

Remark 3.2. The condition B3] on the function r in Proposition Bl turns out
to be the same condition that Kobayashi obtained in [§], where he constructed
warped-product solutions to an equation, similar to (B]),

(3.23) ~(Ayf)g + V2] ~ [Ric(g) = 0,

where the metric g and the function f are the unknowns. Kobayashi proved that,
if (IV, h) has constant sectional curvature, then g = ds? + r2h satisfies ([3.23) with
some function f = f(s) if and only if ([B.9) holds (see Lemma 1.1 in [§]). Equation
B23)) is interesting to study because of its root in general relativity (see [5], [9],
[], etc.).

Next, we consider the function A in Proposition 3.1l Viewed as an ODE about A\,
equation ([BI1]) becomes singular at points where 7’ is zero. Nonetheless, we show
that it always has a solution A as long as r is a non-constant solution to ([3.9)).

Lemma 3.2. Suppose r is a smooth, positive, non-constant solution to

R
" _ 1-n
(3.24) r 4+ Py 1)7‘ ar

on I, where R and a are some given constants. Then

(i) " and r" cannot vanish simultaneously at any point in 1.
(ii) Suppose 1'(sg) # 0, so € 1. Given any initial condition \(sg) = ¢, there is
a unique solution X of BI) on I such that A(sgp) = c.
(ili) Suppose "' (so) #0, so € I. Given any initial condition X' (so) = c, there is
a unique solution X of BIIl) on I such that N (sg) = c.
(iv) Any two solutions to BII) differ by a constant multiple of .

Proof. (i) Taking the derivative of ([3.24)),

R
(325) ’I"/// + m =+ (n — 1)0,7"771 7‘/ =0.
Suppose 7/(sg) = r"(sg) = 0 for some sy € I; then ' = 0 by the uniqueness of
solutions to the ODE (B2H]). Since r is non-constant, this is impossible.
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(ii) Suppose 1’ (so) # 0 and c¢ is given. On I, we can solve for A

R 1
nin—1) n—1

(3.26) N+ [ +(n— 1)a7"_"] A=—

with initial data A(sg) = ¢ and N (sg) = m {cr”(so) - % . Let A\ be such a

solution to [B:26). By (320 and (B:26), we have

li
(r’)\’—r”)\—i— i )20

n—1

on I. Since '\ — "X + 5 = 0 at sg, A satisfies (B.II]) with A(sg) = c.

n

Conversely, if A is a solution of BII) with A(sg) = ¢, we must have X' (sg) =

Tlso) [cr”(so) - %} since 1'(sg) # 0. On the other hand, X\ satisfies (326]) by
the proof of Proposition B.Il Hence, A is unique.

(iii) can be proved in the same way as (ii) is proved.

(iv) Let A1, Ay be any two solutions to (BI1) on I. Let ¢ = A\; — A2. Then ¢
satisfies '@’ — r"’¢ = 0, which implies ¢ is a constant multiple of v’ on any sub-
interval of I where 7’ is never zero. By (i), the roots of 7’ are isolated in I and

r’(s) = 0 implies r”/(s) # 0. Therefore, ¢ = Cr’ on I for some constant C. O

In what follows, we always assume R and a are two given constants. By Propo-

sition 3.l and Lemma [3.2] any non-constant, positive solution r to the ODE
R
(3.27) 4 ———r=arl ",
n(n—1)

on an interval I, will give rise to a metric g = ds?> + r?h, on M = I x N, which
satisfies (B.I)) for some function A (provided (N, h) is an Einstein manifold with
Ricei curvature properly chosen). It is natural to know if one can obtain a compact
(M, g) from this procedure such that A = 0 on M. For this purpose, we consider
solutions 7 to ([B.27) existing on R and ask how many roots the associated solutions

A to (BII)) may have.
The following lemma was proved by Kobayashi in [§].

Lemma 3.3. Suppose a > 0. Then any local positive solution to B2T7) can be
extended as a positive solution on R'. If in addition R > 0, then each non-constant
solution on R is periodic.

For reasons which will be clear in Lemma 3] we impose the assumption a > 0
hereafter. For any positive solution r to B.217) on R!, there exists a constant kg
such that

R 2
e+ r = KQ.

(3.28) (r')? + an 1) —

As a > 0, it follows directly from [B28)]) that r is bounded from below by a positive
constant.

Lemma 3.4. Suppose a > 0. Let r be a non-constant, positive solution to [B.27)
onRY. If R <0, then r'(s) has a unique root. If R > 0, then 1'(s) = 0 if and only
if r(s) is the maximum or the minimum of r.
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Proof. Suppose R < 0; then B.27) implies r” > ar!=". Assume r’ > 0 everywhere;
then r(s) < r(0) for all s < 0. So r”(s) > C for some positive constant C for
s < 0. This implies r’'(s) < 0 somewhere, which is a contradiction. Similarly, it is
impossible to have r’ < 0 everywhere. Hence 7/(s) = 0 for some s. Since r’ > 0,
the root of /(s) is unique.

Suppose R > 0; then r is periodic by Lemma [33l Let ry.c and ry;, be the
maximum and minimum of r. If 7/(sg) = 0, then (28] implies

R 2a

3.29 —? 271 (50) =
(3.29) Py (50) + ——5r""(s0) = Ko
with k9 > 0. In particular, (3:229) holds with r(sg) replaced by Tmax O Tmin-
Consider
R 2
(3.30) F(r)= P24 2 2en

n(n—1) n—2
as a function of 7. Then

d—F =2r [i —ar
dr n(n—1)

—n

(3.31)

1
Let g = (”("—Igl)a) ". Then F(r) is strictly decreasing on (0,79) and strictly
increasing on (rg,00). So for kg > 0, F(r) = ko has at most 2 distinct solutions.
Hence, r(sg) is one of 7y and ryax. Moreover, as r is assumed not to be a constant,
we have

(332) Tmin < 70 < Tmax-
U

Let r be given as in Lemma [34l Without losing generality, we may assume
r’(0) = 0. By the uniqueness of solutions of ODEs, r is an even function. In case
R > 0 and r is non-constant, the roots of 7/(s) form a discrete subset in R*. If we
arrange it so that 7(0) = rmin (Or Tmax) and if 0,481, £s9,... are zeros of ' with
s1 < 89 < ..., then r(4s1) = rmax (Or Tmin respectively) and r is periodic with
period s. Now let \g be the solution of [@I1I) on R! with A\,(0) = 0, which exists
and is unique by Lemma 3.2} then \q is also an even function.

Proposition 3.2. Let a > 0 and R be two constants. Let r be a positive, non-
constant solution to B.217) on RY satisfying 7' (0) = 0. For such a given r, let Ao
be the solution to BII)) on R satisfying \y(0) = 0. Let X be another solution to
@BII) on R'. By Lemma B2, X\ = \o + Cr’ for some constant C.

(i) Suppose R = 0. Then A(0) > 0, f;roo Gz dr = +00, A has a unique
positive root (1 and a unique negative root (o and they are related by

(3.33) /:1 (T%dr - /2 #dr,

where 8 and —0 are the unique positive and negative Toots of \g.
(ii) Suppose R < 0. Then A(0) > 0, f1+°o zdT < 400, Ao has a unique
positive root 8 and a unique negative root —0. Moreover, (a) if C <

1 —+o00

sl P #dT, then A has a unique root and the root is positive; (b) if

Cc > ﬁ 9+°° (7}’)2 dr, then A has a unique root and the root is negative; (c)
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if |C| < ﬁ 9+°° ﬁdﬂ then A has a unique positive root ¢ and a unique

negative root (2 and (1, (o are related by B33). In particular, ; > ¢ and
Ca < —C, where ¢ € (0,0) is the constant determined by

(3.34) /: #dT - /;Oo #dm

(iii) Suppose R > 0. Then X has exactly one root between any two consecutive
roots of r'. If r(0) = rmin (respectively Tmax), then A(0) > 0 (respectively
< 0). Let 8 > 0 be the first positive root of A\g. Then the smallest positive
root 1 and the largest negative root of (5 of A are related by ([B.33)).

Proof. Since r'(0) = 0, by BII) we have r”/(0)A(0) = Z(Bi In particular, A(0) and
7”(0) have the same sign.
(i) Suppose R = 0. We have r”” = ar’™™ > 0 for all s. Hence, A\(0) > 0. On

(0, +00), the function
r’ Sor
- d
n—1 /1 (r")? 4

is a solution to (BII). By Lemma B2 we have

(3.35) A(s) = 7/(s) <01 - ﬁ /1 (T’Z)ZdT>

for some constant C; for any s > 0. Let kg > 0 be the constant in ([B28) with
R =0. Then (r')? < ko and r(s) > r(0) > 0. Hence,

Sy

(3.36) lim ds = +00.

s—=+o0 J; ('r’)2
Since r/(0) = 0 and r(0) > 0, we also have

S
r

. li —— ds = —o0.
(3.37) lim e s 00
By B33)-@B.31), we conclude that A has a unique positive root ¢;. Similarly, we
can prove that A has a unique negative root (5.

Let 6 > 0 be the unique positive root of Ag. Then —@ is its negative root because
Ao is an even function. Moreover, ([BI1) implies

_r/(s) S+d7‘ for s> 0
=it J g pryzdr, for s <0.
Therefore,

r(s) (C= 35 Jy Ghdr) . fors >0,
r(s)(C -5 WdT) , fors<0.

Since A(¢1) = A(¢2) =0, B33) follows from (B39).
(ii) Suppose R < 0. Using the fact r(s) > r(0) > 0, we have r" = ar'™" —
n(il)r > a > 0 for some constant «. In particular, this implies A(0) > 0, and

r(s) > Bs? for some B > 0 for all s > 0 sufficiently large. By @28), r2/(r')? is

bounded. Hence,
—+oo
r
/1 )2 dr < 4o00.

(3.39) A(s) =
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Similar to the proof in (i), we know there exists a constant Cj such that
, 1 to oy
(340) )\0(8) =T (S) (-C() + m/s WdT)

for s > 0. By the L’Hopital rule, 827) and the facts lims_, o 7'(s) = 400 and
limg 400 7(s) = +00, we have

_or'(s) [T 1 ) r(s) n
Ban T =y S =
On the other hand,
1 1
(3.42) Jo(0) = 1 10 = p<

n—17"(0)  (n—1)ar—m— & -R

Suppose Cy < 0. Then it follows from [B40)-B42) and the fact Ag is even that
Ao + n/R has an interior negative minimum. This is impossible because, by the
proof in Proposition B.1] Ao satisfies (3.19) or equivalently Ao + % satisfies

= — — 0.
7 R) A(n—1)ar ™ <0

Therefore Cy > 0. In particular, lims_, 1o Ag($) = —00. Since Ag(0) > 0 and Ao is
even, we conclude from (B40) that Ay has a unique positive root 6 and a unique
negative root —f. Moreover, 6 and Cy are related by

1 oo
Co—n_l/e (T/)QdT.

Now let A = \g + Cr’ be another solution. Then
r'(s) (C = Co+ =5 [ L dT) , fors>0,
v(s) (C+ Co = 515 [ hpdr) s for s <0,

(ot ) 4 st (o

(3.43) As) =

It follows from B43) that (a) if C < —Cp, A has a unique root and the root
is positive; (b) if C > Cp, A has a unique root and the root is negative; (c) if
|C| < Co, A has a unique positive root ¢; and a unique negative root (3 and (1, (o
satisfy (333); moreover, (B:33) implies that

(3.44) /:1 #dT>/0m#dT——/em#dT—/:#dT

Therefore, (1 > ¢. Similarly, we have (o < —(.

(iii) Suppose R > 0. Let {si} be the increasing positive sequence such that
{0, £51, +s9,...} is the set of roots of v'(s). By I, A(sk) (or A(—sk)) has the
same sign as ’(sg) (or r’(—sg)). Suppose r(0) = rmin. Then r(s1) = rmax and
r’ > 01in (0, s1). Moreover, we have "/ (0) > 0 and r”’(s1) < 0, which imply A(0) > 0
and A(s1) < 0. Hence, A(¢1) = 0 for some (; € (0, s1). By (811]), we have

(3.45) As) = - 1) /< ) (:Wdf

n—1

for any s € (0,s1), which shows ¢; is the unique root of A in (0,s1). Similar
arguments prove that A has a unique root between any two consecutive roots of r’.
Let (2 be the maximum negative root of A. The claim that {; and (s satisfy ([3.33)
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follows from the same proof as in (i) and (ii). The case 7(0) = Tmax can be proved
similarly. O

Now we are in a position to construct compact manifolds with boundary with a
non-FEinstein critical metric.

Examples. (1) Given a > 0 and R two constants, let r be a positive solution to
(3) on R! satisfying r/(0) = 0. Let g be an integral constant of (B.9) so that
(BI0) holds for r. Let (N, h) be an (n — 1)-dimensional, connected, closed Einstein
manifold satisfying Ric(h) = (n—2)koh. We note that xo must be positive if R > 0
and g can be arbitrary if R < 0. Let Ao be the solution to ([BII]) on R' with
A5(0) = 0. Let 6 and —6 be the unique positive and negative roots of Ag. Let
¢ > 0 and (2 < 0 be chosen such that ([333) holds. Define I = [(2,¢1]. Then
(€2,9) = (I x N,ds? +r%h) satisfies (B.1]) for some A vanishing on 9). In this case,
g has constant scalar curvature R and 9) has two connected components.

(2) Let I and (€2, g) be given as in (1) with ¢(; = 0 and {2 = —6. Suppose G is a
finite subgroup of isometries of (N, h) which acts freely on N. Consider the action
of G X Zs on ) defined by

(@, k)(s,2) = ((-1)"s, a(z)),

where o € G and k € Zy = {0,1}. This is an action of isometry on (£, g).
Suppose H is a subgroup of G x Zs which does not contain (id, 1), where id denotes
the identity map on N. If (o,1) € H, then («,0) ¢ H, for otherwise (id,1) =
(a,1)(a™=1,0) would be in H (here m is the order of « in G). From this it can
be easily checked that H acts freely on €. Since (€2, g) is compact with boundary,
so is the quotient manifold (€2, g)/H. The function Ag descends to a function A on
(Q, g)/H which satisfies (B1]) and vanishes on the boundary 9 (Q/H).

If H+# HN(G x{0}), we claim that 0 (©2/H) is connected. To see this, let m be
the natural projection map from Q to Q/H. Then

9(Q/H) = 7(3Q) = ({0} x N)Un({—0} x N).

Suppose (s,z) € 09, say s = 0. Then 7(0,z) = 7(—60,a(x)), where (,1) is an
element in H but not in H N (G x {0}). Hence,

({0} x N)nw({=0} x N) # 0,

which implies 9 (Q/H) is connected. In the special case when (N,h) admits an
isometry o without fixed points so that o? = id, we can take G = {id,a} and
H = {(id,0), («,1)}. Then (€, g)/H has a connected boundary that is isometric
to a constant re-scaling of (N, h).

In the above construction, suppose R < 0, r is chosen such that kg = 1 and (N, h)
is taken to be S"~!. Then g = ds? + r2h is simply the usual spatial Schwarzschild
metric or Ads-Schwarzschild metric whose mass is given by the constant a. To see
this, one can make a change of variable s = s(r) and use (B.28) to re-write g as

1

2 2a T2_

R
B n(n—l)r n—2

(3.46) g=

dr? + r%dh.
1 n

Note that the antipodal map a on S*~! is an isometry without fixed points such that
o? = id. Hence, the following results follow directly from the above construction

and Proposition (i) and (ii).
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Corollary 3.1. Let (M, g) be a complete, spatial Schwarzschild manifold with pos-
itive mass. Let Yo be the horizon in (M, g) (i.e. the unique closed minimal surface
in (M,g)). The following are true:

(i) There exist functions A on (M, g) satisfying BJ).

(ii) Let My, M_ be the two components of M \ 3g. Then for any rotationally
symmetric sphere ¥¢, in My, there exists a rotationally symmetric sphere
Y, in M_ such that g is a critical metric on the (closed) domain 2 bounded
by X¢, and Xe,.

(ili) There exists a rotationally symmetric sphere Yy in My (or equivalently
M_) such that if Q is the (closed) domain bounded by 3¢ and ¥ and if
(Q,§) is the quotient manifold obtained from (2, g) by identifying points on
Yo through the antipodal map on X, then g is a critical metric on Q.

Corollary 3.2. Let (M, g) be a complete, spatial Ads-Schwarzschild manifold with
positive mass. Let Xy be the horizon in (M,g) (i.e. the unique closed minimal
surface in (M,g)). The following are true:

(i) There exist functions A on (M, g) satisfying B1I).

(ii) Let My, M_ be the two components of M \ Xo. There ezist a rotationally
symmetric sphere ¥¢ in My and a rotationally symmetric sphere ¥_¢ in
M_, which is the image of X¢ under the reflection with respect to Xg, such
that if U is the (closed) domain bounded by ¥ and X._¢, then for any
rotationally symmetric sphere ¢, in My \ U, there exists a rotationally
symmetric sphere ¢, in M_ \ U such that g is a critical metric on the
(closed) domain Q bounded by X, and X¢,.

(i) Let U be as in (ii). There exists a rotationally symmetric sphere g in
M\ U (or equivalently M_ \ U) such that if Q is the (closed) domain
bounded by 3¢ and X and if (Q,g) is the quotient manifold obtained from
(R, g) by identifying points on Yo through the antipodal map on X, then g
is a critical metric on Q.

We end this section with a discussion on the sign of the first Dirichlet eigenvalue
of (n —1)A,; + R of those examples constructed in (1) and (2) with R > 0.

Proposition 3.3. Let R > 0, a > 0 and r be given as in Proposition B2l(iii).
Suppose —s1, 0 and s1 are three consecutive roots of v'. Let I be a finite closed
interval in R'. Consider the manifold Q = I x N with the metric g = ds®> + r2h,
where h is an Einstein metric on a closed manifold N such that Ric(h) = (n—2)koh
with ko satisfying [B10).

(i) If [0, s1] is a proper subset of I, then the first Dirichlet eigenvalue of (n —
1)Ag + R on (9, g) is negative.

(ii) Let A be a solution to BII) on R'. Let (s € (—s1,0) and (1 € (0,s1) be
the two consecutive roots of X. Let I = [(3,(1]. Then the first Dirichlet
eigenvalue of (n — 1)Agy + R on Q is positive if 7(0) = rmin and is negative
if r(0) = Tmax-

(iii) Suppose 7(0) = rmin. Let X\g be the even solution to [BII) on R'. Let
—0 € (—s1,0) and 6 € (0,s1) be the two consecutive roots of Ag. Let
I = [-6,0]. Let (,9)/H be given as in (2). Then the first Dirichlet
eigenvalue of (n —1)A, + R on (Q,g)/H is positive.
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Proof. (i) Note that (8:27)) implies

101
R
" _1 rr /:O
-1 r n—1 ’
which implies
Ayt =0
g —l—n_lr

on . Since r'(0) = r'(s1) = 0 and r’ does not change sign in (0,sy), the first
Dirichlet eigenvalue of (n — 1)Agy + R on (0, s1) x N must be zero. As (0,s1) x N
is a proper subset of 2, we conclude that (i) is true (see Lemma 1 in [6]).

(ii) By (1), we have

R n
4 A vy

(347 g)\+n—1/\ n—1
on ). Let v be the first eigenvalue of (n—l)Ag—i—% on ). Let ¢ be an eigenfunction
satisfying

- R _
(3.48) (n=1Agd+ 550+ 79 0 on Q,

¢ = 0on 0N

It follows from ([B47)-(B48]) and the fact A = 0 on 02 that

(3.49) y/QAqs:nﬁl/Qqs.

Since both ¢ and A do not change sign in the interior of 2, ([B:49) implies that ~
has the same sign as A on (—(2,¢1). If 7(0) = rmin, we have A(0) > 0 by (iii) in
Proposition 3.2 hence v > 0. Similarly, if 7(0) = rmax, we have A(0) < 0 and v < 0.
Therefore, (ii) is proved.

(i) follows directly from (ii) and the fact that the natural projection map from
(Q,9) to (Q,9)/H is a local isometry. O

4. CONFORMALLY FLAT CRITICAL METRICS

In this section, we consider conformally flat metrics g satisfying
(4.1) —(AgA)g + V2A — ARic(g) = g

for some function A\. Our main goal is to classify all compact manifolds with bound-
ary which admit a conformally flat critical metric.

We start with local properties of such a metric. Similar to the work of Kobayashi
and Obata in [9], we have the following:

Lemma 4.1. Let (Q",g) be a connected, conformally flat Riemannian manifold.
Suppose there exists a smooth function \ such that g and X\ satisfy (&1)). Forc € R,
let N be a component of A > ¢ which is the level set {\ = ¢} C Q such that VA #0
on N. Then the following hold:

(1) |VA| is constant on N.
(ii) N is totally umbilical with constant mean curvature.
(iii) N has constant sectional curvature.

Proof. Let R be the scalar curvature of g. By [I1], R equals a constant. The proof
in [9] can then be carried over to our case. For the sake of completeness, we include
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the relevant details. First note that it is sufficient to consider the case that ¢ # 0.
Since €2 is conformally flat, we have (see [I0] for example)

(4.2) (VxS)(Y,2) = (Vy9)(X,Z) =0
for all vector fields X,Y, Z, where S is the Schouten tensor given by (at the points
where \ # 0)
. R
(n—2)S =Ric(g) — mg
(4.3)

=ATIVIA+

-0 T2 —n?

where we have used ([@.1]). Moreover, the Weyl curvature tensor is zero and so the
Riemannian curvature tensor of g equals the Kulkarni-Nomizu product of S and g,
which together with ([3]) shows

ROGY,2,0) = 22T 2)0(v,0) - g(X,0)g(Y, 2)
(n—1)(n—2)
(4.4) + ﬁ VANX, 2)g(Y,U) + V2\(Y,U)g(X, Z)

—V2NX, D) g(Y, Z) = VAA(Y, 2)g(X, U)}

for all vector fields X,Y, Z,U. Here R(X,Y, Z,U) is defined as (R(X,Y)U, Z) with
R(X,Y)=VxVy —VyVx — Vixy].
By ([@2)) and ([3]), we have

(4.5)

0=Dx (\"'V2)) (Y, Z) — Dy (A\"'V2A XNg(Y,Z)-Y(Ny(X, Z)

’ (n—1)A2

) (X

=A"'[Dx (Vi) (Y, Z) — Dy (V2A) (X, Z)

AT (XYY, Z2) - Y(V)VAA(X, 2))

1

 (n—1)A2 ( 2)

=AT'R(X,Y,Z,VA) = A2 (X(W)V2A(Y, Z) = Y (M) VAKX, 2))
1

 (n—1)A2

Let X be tangential to N and Z =Y = V; then we have

X(Ng(Y; 2) =Y (Ng(X,

(X(Ng(Y,2) =Y (Ng(X, 2)).

1
0=YNV\X,Z) = 5|VA|2X(|VA\2)
on N. Hence |V | is constant on N. This proves (i).

In @3], let X, Z be tangential to N, Y = VA and let £ = VA/|VA|. Then we
have

(4.6) R(X,6,2,&) = -\"1 (VQ)\(X, Z) + ﬁg(X, Z)) .
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On the other hand, let Y = U = VX and X, Z be tangential to N in ([@4). Then
we have
1

(n—2)

1 -1
“rm(Q)\ +R)g(X, Z)

Comparing ([£0) and A7), we have
B 9 I _n+ RA
(48) (n =1V ANX,Z) = |-V2A(&,9) —
= [—Vz)\(g,ﬁ) + AgA] g(X7 Z)v

R(X’&Zag) =

ATHIVENX, Z) + V2A(E, )9(X, 7))
(4.7)

9(X,2)

where the last step follows from

1
4. A N=———(RA
(19) A== (RA+7)

which is obtained by taking the trace of ({ZI]). Recall

O\
Agh= AN+ Ha—6 + V2A(E,6),

where H is the mean curvature of N and Al is the Laplacian on N. Thus, (L38)
becomes

H
Now let A(X,Z) = g(Vx&, Z) be the second fundamental form of N. Then
VINX,Z) H
VA n-—1

(4.11) A(X,Z) = 9(X, 2),

which shows N is totally umbilical.
To prove that H is constant on N, let o« = H/(n—1). By ([@3H) and the Codazzi-
Mainardi equation for X, Y, Z tangential to N, we have

0=R(X,Y,Z¢)
(4.12) = (VXA) (Y, 2) - (V¥ A) (X, 2)
= X(a)g(Y,2) = Y(a)9(X, Z),

where V¥ is the covariant derivative of N. For any given X, let Y = Z be a unit
vector perpendicular to X. Then X (a)) = 0. Hence « is constant on N. This proves
(ii).

To prove (iii), let X = Z and Y = U in (@4) and choose X and Y to be
orthonormal tangent vectors tangent to N. It follows from (44), (I10) and the
fact |VA| and H are constant on N that R(X,Y, X,Y) is constant on N. By the
Gauss equation and (ii), we conclude that N has constant sectional curvature. [0

In the rest of this section, we assume that (€2, g) is a connected, compact Rie-
mannian manifold with a smooth (possibly disconnected) boundary . Moreover,
we make the following assumption on (£, g):

Assumption A. (Q",g) is conformally flat and there is a smooth function X\ sat-
isfying @I and vanishing on X. Furthermore, the first Dirichlet eigenvalue of
(n—1)A, + R is non-negative.
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Note that the condition on the first Dirichlet eigenvalues is automatically satisfied
if R<O0.

Given such an (Q,g), by [II] we have A > 0 in the interior of Q. In addition,
if v denotes the outward unit normal to ¥, then g—l)j < 0 and is constant on each

connected component of 3. Similar to [9], we can now prove the following result.

Lemma 4.2. Let ¥y be a connected component of 3. Let ﬁo be the connected
component of the open set {|VA| > 0} in Q such that its closure contains Lo, and
let Qp = 50 UXg. Then there exists a constant g > 0 such that (Qo, g) is isometric
to a warped product ([0,30) x Lo, ds? + r2h), where r > 0 is a smooth function on
[0,d0) and h is the induced metric on Xg from g. Moreover, A on Qg depends only
on s €10,d0), and Lo has constant sectional curvature.

Proof. The claim that ¥y has constant sectional curvature is a direct corollary of
Lemma [£.1] and the facts A = 0 on Xy and g_i # 0 on Y. On g, define the smooth
vector field v = VA/|VA[2. This vector field is smooth up to Xg. For any = € %,
let ¢;(s) be the integral curve of v such that (,(0) = x. Then (, can be extended
until it meets the boundary of Q. Suppose ¢, is defined on [0, d,); then

(4.13) AGa(s)) = / (VMG (), C(r)gdr + Ax) = s

Hence if [0,d,) is the maximal domain of the definition of ¢, and maxq A is the
maximum value of A on §, then §,, < maxq A < 0o. Note that A((;(s)) is increasing
in s and % < 0on X. It is easily seen that for any s; — d,, (;(s;) cannot converge
to a point at X.

We claim that §, is constant on ¥g. It is sufficient to prove that §, = § where
0 = infyex, §y, which is positive as ¥y is compact. Suppose J, > 6 for some
x € ¥g. Then |[VA| > ¢ > 0 on (,(0 —€,d + €) for some constants ¢ and € > 0.
For any s € (0,9), let Ny = {(,(s)| ¥ € Lo}. Then [VA| > 0 on N, and A = s on
Ng by (EI3). Moreover, Ny is connected as ¥y is connected. Therefore, Lemma
1] implies that |VA| is constant on N,. Consequently, |VA| > ¢ on Ny for all
s € (0 —¢,9). This implies that all ¢, can be extended up to ¢ + ¢ for some ¢’ > 0
independent of y, which contradicts the definition of §. Hence §, = § for all x € X.

Let I = [0,0) and define the map ® : I x ¥y — Qg by ®(s,z) = (4(s). Then
® is an injective, local diffeomorphism. It is also true that ®(I x Xg) is closed
in Q because if 2, € ®(I x Xg) with a2 — z € Qg and if © ¢ ®(I x ), then
VA(z) = 0, contradicting the definition of Q. Since €y is connected, we conclude

QO = (I)(I X 20)
Let (u1,...,un—1) be some local coordinates on ¥g. Then ®,(9s) = ¥ is orthog-
onal to ®,(0,,). Writing ®,(9,,) as 9,,, we have
7] " -
%g(auq ) auj) = g(vau,ivv auy) + g(auq ’ vau,j 'U)

= 2|VA| " 1I(Dy;, Bu,),

where II is the second fundamental form of N, with respect to ¥. By Lemma 1]
(Ou;, Ou;) = ag(u,, Oy, ) for some function a depending only on s; moreover, [V |
also depends only on s. Therefore, in terms of coordinates (s, u1,...,u,—1) on Qq,
the metric g can be written as

g = |V\|"?ds* + Bh,
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where 3 is a function of s and h is the induced metric on ¥y. Rescaling s using
the fact that |VA| depends only on s, we may re-write g as g = ds? + r2h, where
s € [0,00) for some 0y possibly different from §, and r is some function depending
only on s. The fact §o < 400 follows from the assumption that €2 is compact. [

Let 3o, I =[0,dp), Qo, r and h be given as in Lemma 2l We identify I x 3
with ¢ using the isometry. Since % < 0on Xy and [VA| > 0 on I x Xy, we have
N(s) > 0on I x X, where “’” denotes the derivative w.r.t. s. For convenience, we
also normalize R so that R = n(n — 1)k with x = 0,1 or —1. By Proposition 3.1 in
Section 3, we have

(4.14) "+ ke =art™"
for some constant a, and
! r” 1
4.15 N - —A=- .
( ) T T n—1
Also from Section 2, we have
1
(4.16) Ric(g)(0s,0s) = —(n — 1)T— =n-1)k—(n—1ar™"
r
and
2
(4.17) (r")? + kr? + a2r2_” Ko,
n—

where K is the sectional curvature of (o, ) which is a constant.

In what follows, we let I X ¥ be the closure of I x ¥y in QU ¥g. Since VA =0
somewhere in Q, I X X\ I X Xy is not empty and consists of points at which
VA=0.

Lemma 4.3. With the above notation, the following are true:
(i) a > 0.

(ii) If a =0, then (2, g) is a geodesic ball in space forms.

(i) If @ > 0, then Sop = I xXp \ I x ¥¢ is a connected, embedded, totally
umbilical hypersurface with constant mean curvature in . Moreover, for
any p € Sy there is an open neighborhood U of p such that UNSy =UNS,
where S = {q € Q| VA(q) = 0}.

Proof. (i) Suppose a < 0. By [@I6]), we have liminf, »5, r(s) > 0. Suppose there
exists s, " do such that r(sx) — oo; then (LIT) implies

’ 2
K+ <T (sk)) — 0.
r(sk)
, 2
In particular, (%) are uniformly bounded. Since X (s;) — 0, by (@I4) and
(#I5) we have

1
—k lim A = —
m I A =T
which is impossible if kK = 0,1 because A > 0 in the interior of 2. Suppose Kk = —1.

By @I4), " < r. Let f be a function on I such that f” = f, f(0) = r(0) and
f/(0) > 7/(0). Then f > r near 0. Since f is bounded on I and r(s;) — oo,
there exists sp > 0 such that f > r on (0,s0) and f(sg) = r(sp). So we have
(r=0)"<(r—=f),r—f<0on(0,s0), but r — f =0 at 0, s¢. This is impossible.
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Hence, we have limsup, x5, 7(s) < +oc. It follows that C~! <r < C on I for some
C > 0. In particular, r can be extended smoothly beyond 4y satisfying ([@I4]), and

A can be extended smoothly beyond &y satisfying (Z10]). At g, we have X' (dp) = 0,
hence (I4]) and (@IH) imply

1 1
4.1 =
(1.18) M) = -

—1 —k+ar—(d)

Again this is impossible if k = 0,1. Suppose k = —1; then \(dg) > n% Recall

1
that A =0 on ¥ and by ([@9) we have

1 1

Hence, maxq A < —L5, contradicting A(dg) > 5. This proves (i).

(ii) Suppose a = 0. Then [@I4) becomes " + kr = 0. Hence r can be defined
for all s. In particular, lim,_,sr(s) = 7o exists. Suppose rg > 0; then A can be
extended beyond ¢ satisfying ([L.I5]). As in case (i), it follows from ({.14) and ({.I5)

that 1
—kA(0g) = ——
rA(d) n—1
which is impossible if = 0 or 1. If K = —1, then A\(6) = -15. However, by
the proof of (i), we have maxg A < ﬁ Thus, the function \ — ﬁ, which is

not a constant, achieves an interior maximum which is zero. By (Z19), we get a
contradiction to the strong maximum principle. Therefore, rg = 0. Consequently,
I x %o\ I x 3y consists of only one point, say p. Let B, C € be a connected,
open neighborhood of p. Then (B, \ {p}) N (I x Xy) and (B, \ {p}) \ I x Xy are
both open sets in B, \ {p}. Hence (B, \ {p}) \ I x Xy = 0. As Q is connected,
we conclude that Q = I x Xy. As a = 0, by Remark 3] the metric g is Einstein.
Hence (2, g) is a geodesic ball in space forms by Theorem 211

(iii) Suppose a > 0. By Lemma B3] r can be extended to be a solution on R
and is bounded below away from zero. Hence r satisfies C~! <r < C in [0,dy) for
some positive constant C.

For each y € Yy, let a,(s) denote the geodesic starting from y with aj (0) = 9.
As Xy is compact, there exists d; > &y such that a,(s) is defined on [0,41) for all
y € Xg. Clearly, the set {a,(do) | y € Lo} is contained in Sy. On the other hand,
for any p € Sy there exists (sg,xx) € I x Xg such that oy, (sp) — p with s — do.
As ¥y is compact and r < C, there exists € ¥y such that a,(sx) — p. Hence,
p = az(09). This shows Sy = {a,(d0) | y € Xo}; in particular, Sy is connected (as
Y is connected).

To show Sy is an embedded hypersurface, we let X3 = {s} x ¥y for each 0 <
s < 8y. Since the induced metric on ¥, is 72h and r > C~!, the curvature of ¥,
is bounded by a constant independent of s. Since Y, is totally umbilical, it follows
from the Gauss equation that the norm of the second fundamental form of X is
also bounded by a constant independent of s. For any p = «,(dy) € Sp, using
the estimates of Lemma in the Appendix and the fact that 3, is of constant
mean curvature with uniformly bounded second fundamental form, we conclude
that there exists p > 0 and a sequence s; ,* dp such that Ny = {(sk,y)| v €
By(z,p)} converges to an embedded hypersurface N, passing through p. Here
By(z, p) denotes a geodesic ball in (Xg, h) centered at & with radius p. Note that
Np C Sp.
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At p = a,(dp), we have VA = 0. By ([@I]) and ([.IG]), we have

(4.20) Vﬁx\(a;(éo), al(60)) = —kA — . (n—1)ar ™.
As a > 0, [E20) implies VZX(a,(do), o, (d0)) < 0. This is obvious if x =0 or 1. If
k = —1, this follows from the fact maxqg A < ﬁ

By shrinking By(z, p) if necessary, we may assume that there exist small positive
constants b and ¢ such that V2A(« (s),a}(s)) < —c for all y € By(x,p) and s €
(6o — b,00 +b). As VA = 0 at a,(do) € So, we have g(VA, ay(s)) # 0 for all
y € Bo(x,p) and s € (09 — b,09 + b). In particular, VX is not zero at the points
ay(s) for all such y and s.

We want to show that there is an open neighborhood U of p such that U NS =
U N N,. If not, then there exists a sequence of points {px} C Q such that p, — p,
pr ¢ Np and pi, € S. For k sufficiently large, there exist minimal geodesics 8, (t)
starting from pj and ending at IV, so that ﬁzlm (t) is perpendicular to N, at some
point g = ay, (o) for some y, € By(z,p). Since fp, and a,, are two geodesics
both perpendicular to N, at g, we must have py = ay, (si) for some s,. Moreover,
Sk # 0o as pr, ¢ Np. When k is sufficiently large, we have s, € (6o — b, 50 + b).
Hence VA is not zero at pi = ay, (sx), contradicting the fact that p € S.

As Sy C S, we conclude that Sj is an embedded hypersurface in €2 such that for
each p € Sy there is an open neighborhood U of p such that UN N, =UNS. The
fact that Sp is totally umbilical and has constant mean curvature follows directly
from the fact that each X, is totally umbilical and has constant mean curvature. [

Let (£2, g) be given as before. Assume that (£, g) is not a geodesic ball in space
forms. Let ¥q,...,%, be the connected components of the boundary Y. For each
i =1,...,k, let Q; be the connected component of the open set {|VA| > 0} in
Q whose closure contains ;. By Lemma [£.2] each Q; can then be identified with
I; x ¥; where I; = (0,6;) for some 0 < ¢; < co. On I; x ¥;, the metric g has the
form ds? + r%hi, where r; is some smooth positive function on I;. By ([@I4) and
Lemma [L3] each r; satisfies r!/ + xr = a;r1~" for some constant a; > 0. Let I; x ¥;
be the closure of I; x ¥; in Q and let S; = I; x X; \ I; x ¥;. By Lemma 3] each
S; is a connected, embedded, totally umbilical hypersurface with constant mean
curvature in the interior of 2.

Lemma 4.4. With the above assumptions and notation, ¥ has at most two con-
nected components, i.e. k< 2. If k =2, then S1 = Sy and Q =1} X X1 Uly X Xs.
Ifk=1, then Q=1 x 3.

Proof. Suppose k > 2 and suppose S; N S; # 0 for some i # j, say i = 1,5 = 2.
For any p € S1 N S, Lemma implies there exists an open neighborhood U of
p in © such that UNS; = UNS, where S = {VA = 0}. As So C S, we have
UNS, cUNS;. As S7 and Sy are embedded hypersurfaces, the above implies
S1 NS5 is an open subset of both S; and S5. As S7 and Sy are connected, we have
S1 = 51N8 =55. Now, every geodesic in {2 emanating from and perpendicular to
S1 = S5 is either contained in Iy X 31 or I X Y. Hence, I1 x ¥X1UIy X 35 is both an
open and a closed set in Q. As Q is connected, we must have Q = I} x X1 Ul X Yo
and k = 2.

Suppose k > 2 and suppose S; N S; = 0 for any ¢ # j. We prove that this is
impossible by considering U = Q\ |J, [; x X;. If U = 0, then each I; x ¥; would
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be both open and closed in €2, contradicting the fact that €2 is connected. Suppose
U#0. If k=0 or 1, then (@3) implies

n
AgA = —nrkA — —— <0,
g nKk p—]
where we also used A > 0 in the interior of 2. Hence, ming A could only occur at
oU = J; Si. Suppose p € 9U such that A\(p) = ming A\. Then the strong maximum
principle implies % # 0, where vy is a unit normal vector to OU at p. This
contradicts the fact that VA = 0 at points in S;. If Kk = —1, then as in the proof of

Lemma [£3] we have A < ﬁ on  and

o () o)

Applying the strong maximum principle to A — ﬁ on U, we get a contradiction
as before. Therefore, we conclude that if & > 2, then k = 2, S; = S and Q2 =
Il X 21U12 X 22.

Next, suppose k = 1. Let U = Q\ I; x ¥;. The exact same argument in the

previous paragraph implies U = (). We conclude Q = I; x 2. O

Theorem 4.1. Let (Q,g) be a connected, compact Riemannian manifold with a
disconnected boundary . Suppose (2, g) satisfies Assumption A. Then (,g) is
one of the manifolds constructed in Example (1) after Proposition B2l

Proof. By Lemma [£4] ¥ has exactly two connected components, say X1 and Xs.
Moreover, if I; = [0,0;), I; x ¥;, I; x ¥; and S; are given as in Lemma L4 for ¢ = 1,
2, then S; = S5 and Q = I; x Q; Uy X Qs. On each I; x ¥;, by Lemmas [£.2] and
the metric g has the form

(4.21) g =ds® +r?h;,

where h; is a metric on Y; with constant sectional curvature and r; is a smooth
positive function on I; satisfying

(4.22) i+ rri = ar} "

for some constant a; > 0. Here we normalized g so that its scalar curvature, which is
a constant, is n(n— 1)k with k = 0 or £1. Note that [@2I)) and [@22)) are invariant
if the triple (1, by, a;) is replaced by (cr;, ¢ 2h;,c"a) for any ¢ > 0. Hence, after
rescaling, we may assume that a; = as.

Let S denote S; = S5. For any p € S, there exists ¢ € X1, y € Y5 such
that a,(d1) = p = B,(62). Here ay(s), By(s) denote the geodesic staring from z,
y with a},(0) = 9, B,(0) = 0s, respectively. At p, a(61) and S (d2) are both
perpendicular to S. Hence o/ (1) = —f3;(d2), and v = a, U (—f,) is a geodesic
in Q, where —f,(s) is defined as f,(—s). At p, recall that VA = 0. By (@I3), we
then have
o) 6D a6

1 (61) T2 ((52)
It follows from (22, (£23)) and the fact a1 = as that 71 (1) = r2(d2). On the other
hand, using the fact that the mean curvature of S w.r.t. o/, (d1) is negative of the
mean curvature of S w.r.t. 3, (d2), we conclude r1(d1) = —r5(d2). In particular, if
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we let I = [0,01+02] and define r(s) = r1(s), s € [0,1] and 7(s) = r2(d14+02—5), s €
[01, 81 + 2], then r(s) is a smooth function on I satisfying

(4.24) 4+ kr=art™",

where a = a1 = as is some positive constant.

Now suppose there exists another & € 31 such that az(d1) = p. Then we would
have o;(61) = o/,(01), hence = =. This implies the maps z — o, (1), y — By(d2)
are bijective from X1, 39 to S. Consequently, the map (z, s) — 7..(s), where ~,(s)
is the geodesic starting from = € ¥; and perpendicular to ¥, is a diffeomorphism
from I x ¥ to Q. By [@2]]), the induced metric from g on S = {61} x ¥ is given
by both T%((gl)hl and T%((SQ)hQ. As 7‘1(61) = 7‘2(62), we have h,l = hg.

Note that 7/(0) = r1(0) < 0 and /(01 + d2) = —r5(0) > 0; hence there exists an
so € I such that r/(sg) = 0. Replacing s by s — sg, we conclude that 2 is isometric
to I x 31, where [ is replaced by (—sg,d; + d2 — so) and the metric g is given by
g = ds? + r?h with r satisfying (@24 and r’(0) = 0. Moreover, \ only depends on
s € I. As a > 0, by Section 2 we know that both r and A can be extended to R!
and 0. Therefore, (2, g) is one of the examples in Example (1) after Proposition
9.2 (I

Theorem 4.2. Let (Q,g) be a connected, compact Riemannian manifold with a
connected boundary 3. Suppose (0, g) satisfies Assumption A. Then (R, g) is either
a geodesic ball in a simply connected space form or one of the manifolds constructed
in Example (2) after Proposition 3.2

Proof. Suppose that (£2, g) is not a geodesic ball in a simply connected space form.
Since the boundary ¥ is connected, by Lemmas 4.2 3] and L4l we have Q =1 x X
(closure is taken with respect to Q) with the metric g on I x X given by ds?+7r2(s)h,
where I = [0, §) for some positive number §. Now the functions r and A satisfy ([@I4)
(with @ > 0) and ([@I5). Moreover, S =1 x X\ I x X is a connected, embedded
hypersurface in the interior of Q. Let (U;z?!,...,2") be a local coordinate in §2 such
that UNS ={2" =0} Let Uy ={x €U | 2" >0} and U_ = {x € U | 2™ < 0}.
Since Q\S = I x X, both U, and U_ are contained in I X X. In particular, as s 4,
the surfaces ({s} x )N U4 and ({s} x £) N U_ converge to SN U from two sides
of SNU in U. As the mean curvature Hy of {s} x X is constant for each s € I, the
mean curvature H of SNU is given by both lims_.5 H,s and —lims_.5_ H,. Hence,
H = 0. Since S is totally umbilical with constant mean curvature by Lemma 3]
we conclude that S is totally geodesic.

Now consider M = [0, 6] x ¥ with the metric § = ds®+r2h (the fact a > 0 implies
that r is smooth up to § with r(§) > 0). Let DM denote the doubling of (M, §)
with respect to X5 = {6} x ¥, which is totally geodesic in M. Then DM is one of
the manifolds constructed in Example (1) after Proposition (with a reflection
symmetry across a totally geodesic hypersurface). Let X5, S be equipped with the
induced metric from g, g. Consider the map ¢ : ¥5 — S given by ¢(0,z) = a,(9),
where o, (s) is the geodesic in € starting from 2 and perpendicular to X. Tt follows
from the facts that S is an embedded hypersurface and each a,(s) is perpendicular
to S at a,(9) that ¢ is a local isometry between Y5 and S. Since X5 and S are
both compact, ¢ is a covering map. Let p € S and suppose there are three points
z, y, z in ¥ such that a, () = ay(d) = a.(§) = p. Then two of o/, (), ay (9), ’(0)
must be the same, as all of them are perpendicular to S at p. Hence, x, y and z
cannot be distinct. This implies ¢ is either injective or is a double cover. If ¢ is
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injective, then the map x — a,(d) would be a diffeomorphism from ¥ to S. Hence
Q\ I x> # 0, which is a contradiction. We conclude that ¢ is a double cover.
Hence (€2, g) is one of the manifolds constructed in Example (2) after Proposition
O

Theorem in Section [l now follows directly from Theorem 1], Theorem
and Proposition Bl Since the manifolds constructed in Example (2) after Propo-
sition are not simply connected, we also have the following;:

Corollary 4.1. Let (Q,g) be as in Theorem satisfying Assumption A. If Q is
simply connected, then (€, g) is a geodesic ball in a simply connected space form.

APPENDIX A. ESTIMATES OF GRAPHICAL REPRESENTATION
OF HYPERSURFACES

In this appendix, we include some estimates concerning graphical representation
of hypersurfaces with bounded second fundamental form in a general Riemannian
manifold.

Let (M™,g) be a complete Riemannian manifold and N be an immersed hyper-
surface in M. Assume M and N satisfy the following:

(al) The curvature Rm and the covariant derivative DRm of the curvature of
M are bounded.

(a2) The injectivity radius of M is positive.

(a3) The norm of the second fundamental form of N is uniformly bounded.

Let a,b,c,... denote indices ranging from 1 to n and let 4, j, k,... denote indices
ranging from 1 to n — 1. Let B(p,r) denote a geodesic ball centered at p € M with
radius 7. The next lemma on normal coordinates in (M, g) was proved in [7].

Lemma A.1. There exist constants r > 0 and C' > 0 depending only on the bounds
in (al)-(a2) such that for any p € M, the exponential map at p is a diffeomorphism
in B(p,r), and if (x',...,2"™) are normal coordinates at p in B(p,r), then the
components of the metric tensor g in these coordinates satisfy

0
(A.1) |9ab = ab|(2) + | 52 gan|(2) < Clal.
Let r > 0 be the constant in Lemma [Al Let p € N and {z”} be normal
coordinates in B(p,r) such that {ail} spans the tangent plane of N at p. Let
@ = (¢, 2" ) and [2/|2 = Y77 ()2 We have

Lemma A.2. There exist r > pg > 0 independent of p and a function w = w(z’)
defined on |z'| < po, such that w(0) = 0 and {(a’,w(z"))| 2’| < po} is part of N
passing through p. Moreover, there is a constant Cy independent of p such that
lw| + [Qsw] + 0:0;w| < Cy in |2'| < po. Here d;w = 2% and 0;0;w = Ow

ozt OxtOxI *

Proof. Let w be a function defined near ' = 0 such that the graph {(z/,w)} is
part of N through p and is inside B(p, ). Suppose p > 0 is such that the function
w(z') can be extended and defined in |2'| < p < r with {(2’,w)} being part of N
and inside B(p,r). We want to estimate |0;w|. Let W(x) = w(a’) — «™. The norm
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of the second fundamental form A of N is then given by

Wewe wowd W, W,
A 2 — ac __ bd _ ab cd
Ar= > (g DW?) <g oz ) \owl ) \ow]

1<a,b,c,d<n
_ ac  bd Wap Wea
= 2 9w o
1<a,b,c,d<n
(A.2) S gachWd ( Wap ) ( Wy )
2
1<a,b,c,d<n |DW| ‘DW‘ |DW|

2
Z WeWbW

* i

1<a,b<n

where DW = W¢ 82“ is the gradient of W and W,,dz® @ dx® is the Hessian of W.
(See [12].) Let

Wab ch
I = ac bd
2 9 (|DW|)<Dw>

1<a,b,c,d<n

and

achWd Wb Wea
= > |DW|2<|DW|)(|DW|>'

1<a,b,c,d<n

Then |A]?2 > I — 2I1. In the following, we always use C to denote a constant
depending only on the bounds in assumptions (al)-(a3) and n, and use f(p) to
denote a function such that |f(p)] < Cp. Both C and f(p) may vary from line to
line.

Let G(p) = SUD|y/|<p |Ow|, where dw = (01w, ..., 0p_1w) and the norm is w.r.t.
the Euclidean metric. We have the following estimates for |z/| < p:

(A.3) lw(@)| < G(p)|2|,
Wa _ gabWb
(A4) =W, + (g — 5°yw,,
= Wa + (1 + G(p)) f(p)v
where W, = gTVZ,
*wW u
(A.5) Wij = 0xidwi LiWa
=wi; + (1+G(p)) f(p),
0w b
(A.6) Wan = Gaggn ~ Lo
=1 +G(p) fp).
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Hence
1<a,b<n 1<a,b<n
(A.8)
Wewe [ Wy, Waa
II =
2 |DW|? (IDW|> (lDWl)
1<a,b,d<n
WoWwe [ W, Wea
ac __ gac a c
+ 2w =i (o) (o)
1<a,b,c,d<n
1 . W32 + |Wab|
= T WWIWuWig | + (1 +G)f(p) Y —Homs™
1 Z kiVVkj 2
[DW]| (1<z‘,j,k<n1 ) 1<a,b<n |DW]|
2
1 . W2 + |W b|
= WiW,, 1+G Wap T [Wab|
and hence
(A.9)
1 . W2 + ‘W b|
IT < —v-7 )? D2+ (1 Pap T 1Wab]
< 5w 1%2”,1(% Kk%ﬂ(m) +(1+G(p)f(p) Z G
2 )
< VIGE S > (w4 1+ G(0) ()]
1<i<n—1 1<k,i<n—1
W2 + ‘Wab|
+(1+G(p)fip —eb __ %
QGOS0 3
4 (1+G(p)*f*(p)
< o Wi+ +GE) ] DY whi+
[DW 1<i<n—1 1<k,i<n—1 [DW 2
TALCEEI0) >
1<a,b<n
8n [G*(p)(1+ f2(p)) + f? 1+ G(p)*f?
8 [G(0)( |DIJ4”/|(4p)) £2(p)] 3 w2, At |1§f1);[)/)|2f (p)
1<k,i<n—1
W2
+(1+G)fp) > |Dm“,”|2
1<a,b<n
Therefore
D 1<ap< wz,
AP>[1-(1+G == 2

(A.10)

_ 160 [G2(p)(L+ [2(p) + /*(p)] Y (L+G(p)*f*(p)
' pwi

DWWt . B
1<k, i<n—1
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Hence there exist « > 0 and r > p; > 0 depending only on the bounds in
(al)-(a3) and n such that if p < p; and G(p) < «, then

A+ GNI) < 5,

160 [G(0)(1 + £2(p)) + F(0)]| < 7IDWP,

and so

(A.11) sup waj < C(1+G3(p)).
|z |<p ij
Since w; = 0 at 2’ = 0, we have
(A12) G(p) < Cp(1+G(p)),
provided p < p; and G(p) < a. Hence
< _Cr ,
—1-Cp
provided p < p1, G(p) < @ and Cp; < 1. Now choose py such that 0 < pg < p1,
Cpo <1 and 1—08(;;0 < 9.

Let px < po be the supremum of p such that w can be extended on |2'| < p
so that (z',w(z)) is part of N and such that G(p) < §. We claim that p* = po.
Suppose p* < po. Since [Ow| < § in [2'| < p*, w can be extended to |2'| = p*
and beyond. That is, we can find p* < pa < pg such that w can be extended to
|z'| < p2 < po such that G(p2) < a. We then have

Cpa
G < =
(p2) =1 CPQ

which contradicts the definition of p*. O

(A.13) G(p)

«
S§7
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