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We drastically simplify the problem of linearizing a general higher-order theory of gravity. We
reduce it to the evaluation of its Lagrangian on a particular Riemann tensor depending on two
parameters, and the computation of two derivatives with respect to one of those parameters. We
use our method to construct a D-dimensional cubic theory of gravity which satisfies the following
properties: 1) it shares the spectrum of Einstein gravity, i.e., it only propagates a transverse and
massless graviton on a maximally symmetric background; 2) the relative coefficients of the different
curvature invariants involved are the same in all dimensions; 3) it is neither trivial nor topological in
four dimensions. Up to cubic order in curvature, the only previously known theories satisfying the
first two requirements are the Lovelock ones: Einstein gravity, Gauss-Bonnet and cubic-Lovelock.
Of course, the last two theories fail to satisfy requirement 3 as they are, respectively, topological
and trivial in four dimensions. We show that, up to cubic order, there exists only one additional
theory satisfying requirements 1 and 2. Interestingly, this theory is, along with Einstein gravity, the

Spain

only theory which also satisfies 3.

Keywords: Modified theories of gravity, Quantum gravity toy models, Holography

Higher-order gravities play a prominent role in differ-
ent areas of high-energy physics. In cosmology, they have
been countlessly considered in the search for a coherent
picture of the history of the universe which can account
for the observational evidence currently associated to
early-time inflation, late-time acceleration or dark matter
— see e.g., [1-4]. In holography [5-7], they are often used
to study different aspects of strongly coupled conformal
field theories (CFTs) and, in some occasions, they have
been crucial in unveiling certain universal properties of
general CFTs — see e.g., [8-13]. In fact, holography itself
has motivated the construction of new higher-derivative
theories like quasi-topological (QT) gravity [14-16].

More broadly, higher-order corrections to the Einstein-
Hilbert term should be produced in the gravita-
tional effective action by the corresponding underlying
ultraviolet-complete theory — presumably String Theory
[17-19]. A more practical approach in this direction con-
sists in considering certain classes of higher-order grav-
ities as quantum gravity toy models [20, 21]. Popular
examples of this are topologically massive gravity [22]
and new massive gravity [23] in three dimensions, and
critical gravity in four [24].

A particularly relevant aspect of a given higher-order
gravity is its linearized spectrum, i.e., the set of physical
degrees of freedom propagated by metric perturbations
on the vacuum. For example, in the context of holog-
raphy, the linearized equations of a given higher-order
gravity provide useful information about the correspond-
ing holographic CFT stress-tensors, since these are dual
to the metric perturbation — see e.g., [9, 12, 25, 26].

As we will see, there are certain higher-order gravi-
ties which are equivalent to Einstein gravity at the lin-
earized level in the vacuum, i.e., the only physical mode
propagated by the metric perturbation is a transverse

and massless graviton. Some known examples include
QT gravity [14], and certain f(Lovelock) theories [27, 28].
However, most of these theories have the inconvenience
that the couplings of the different curvature invariants
depend on the spacetime dimension D. Hence, they are
actually different theories in different dimensions. The
only known theories with dimension-independent cou-
plings which share spectrum with Einstein gravity are
Lovelock theories [29-31].

We will show that, up to cubic order in curvature,
there is one only additional theory which satisfies this
criterium. Furthermore, as opposed to the quadratic and
cubic Lovelock ones, this theory is non-trivial in four di-
mensions.

In the construction of this Finsteinian cubic gravity, we
make use of a new method for linearizing general higher-
order gravities which we also present here. We will argue
that this method is much faster than all the previous
procedures available in the literature.

Linearization procedure: Let us consider a general
D-dimensional theory of gravity involving arbitrary con-
tractions of the Riemann tensor and the metric, i.e.,

S = /dD:EV _gﬁ(R,uupav gaﬁ) : (1)
The field equations of this theory can be written as
1
Euww = Puopr Ry, 77 — 39k = 2VVP Puapy =0, (2)

where we defined P*7? = [0L/OR,u0p) |g.5- Our aim is
to linearize the equations (2) around a maximally sym-
metric spacetime (m.s.s.) (M, g,,) with Riemann ten-
sor Ryvap = 2AG,(9p)v- Hence, we consider a metric
of the form g,, = §uw + hu, where h,, < 1 for all
w,v=20,...,D — 1. The goal is now to expand the field
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equations (2) to linear order in the perturbation h,, and
its derivatives. In the process, it is convenient to define
L= ﬁ}B and the objects

T uage L OPM) )
OR0py 1B’ TpAn ORor M | B’

where | p denotes evaluation on the background. Now,
the explicit form of tensors P**%" and C_'gsfn” depends on
the particular Lagrangian £ under consideration. How-
ever, since P**#" and ngfny are defined on a m.s.s., they
can only contain terms involving products and contrac-
tions of the metric g, its inverse gi* and ¢*,. Besides,
as it is evident from their definitions (3), they inherit the
symumetries of the Riemann tensors involved in such def-
initions. These constrains are so strong that P** and
~uaf . .

Clox, must be necessarily given by

preby — 9, gu[ﬁgl']a ,

Cotat = a |ojralalon + olerlof o7 "
1

+ b [GpsTar — Guwas) (777577 — 79"
+4 Cé[zrgp”k‘sne])y[uga] (89 »

where the only theory-dependent quantities are the con-
stants a, b, ¢ and e. Interestingly, these constants fully
characterize the linearized equations of any theory of the
form (1).

Imposing the background metric g, to be a solution
of the field equations (2) gives rise to a relation between
the constant e introduced in (4), the background scale A,
and all the other possible couplings present in the general
higher-order Lagrangian. It reads £(A) = 4e(D — 1)A.
Using the chain rule and equations (4) one can obtain
another relation involving e and A, namely dZ(A)/dA =
2eD(D — 1). These two equations together give rise to
the beautiful expression

dC(A) D .
A A _2£(A). (5)
This is the relation between the scales and couplings ap-
pearing in the higher-derivative Lagrangian (1) and the
background curvature A which must be satisfied in order
for g,. to be a solution of (2).

The information gathered so far is all what we need in
order to linearize (2). After a remarkably long compu-
tation, we obtain the following result for the linearized

equations of (1)
1 _
585,/ =le—2A(a(D —1)+¢)+ (2a + ¢)O] Gﬁy
+la+20+d [0~ V.V, R (6)
—Afa(D —3)—2b(D — 1) —  R* gy,

where the linearized Einstein tensor, Ricci tensor and
Ricci scalar read, respectively

1_
GL, =R - 5gWRL — (D = 1)Ah,,, (7)
e 1_ 1
Rﬁy =V V(Hh,j)a — 5[]/?/#1/ — EV#V,,h, (8)
RY =vV"V"h,, —0h — (D —1)Ah. (9)

The problem is now that obtaining the values of a, b, ¢
and e for a given theory using (3) and (4) is a rather te-
dious task in general, which involves computing first and
second derivatives of the Lagrangian with respect to the
Riemann tensor. However, these parameters can actu-
ally be computed in a much simpler way for any theory.
Let us leave for the moment the framework of linearized
gravity and consider an auxiliary symmetric tensor k,,
whose indices — as usual — are raised with the inverse
metric g"¥, and which by definition satisfies the following
properties

kr,o=x, K kS, =K, . (10)
Here, x is an arbitrary integer number smaller than D
that can be fixed at will, but which we will just leave
undetermined throughout the calculation. Now let us
define the following “Riemann tensor”

RHVUP(A, a) = 2Ag#[ggp],, + 204/€#[Ukp],, R (11)

where A and « are two parameters. Observe that while
Ruop(A, ) has the right symmetries of a Riemann ten-
sor, it is not — or rather, it does not need to be — the
Riemann tensor of any actual metric in general. Note
nevertheless that when a = 0, R,,0,(A, ) reduces to
the Riemann tensor of a m.s.s. of curvature A. The next
step is to evaluate our higher-derivative Lagrangian (1)
on RWUP(A, a), i.e., we substitute all Riemann tensors
appearing in £ by the object defined in (11). This gives
rise to a function of A and «,

LA, o)=L (R#vpo = R#VPU(Aa ), gaﬁ) . (12)

Note that in this evaluation, indices are still raised and
lowered with g, and not with some combination of g,
and k,,. Now, it turns out that a,b,c and e can all be
read off from partial derivatives of L(A, ) with respect
to a and evaluated at @ = 0. Such partial derivatives
are of course trivial to compute. Indeed, using the chain
rule along with equations (3) and (4), we find that the
following equations are satisfied for any theory,

oL

Pl = 2eXX 1), (13)
0L
33|, = X =D (a+bx(x =) +e(x—1)). (14)

The crucial observation is that a, b, ¢ and e do not depend
on x. Hence, since these constants appear multiplied by



factors involving different combinations of y, the above
expressions allow us to identify them immediately for a
given theory. Once we evaluate L(A, «), we just need to
compute the two partial derivatives above and compare
the resulting expressions with the RHS of (13) and (14)
in order to obtain a, b, ¢ and e.

We have verified that our linearization procedure cor-
rectly accounts for all the results available in the liter-
ature corresponding to: quadratic gravities [24, 32-35],
general f(Lovelock) theories [27] and QT gravity [14, 15].

Our method is remarkably simpler than computing
PrvPe and C’f{;?f explicitly using their definitions (3).
The hardest part of the calculation is the evaluation of
the function L£(A,«a), which exclusively involves trivial
contractions of g,, and k,, and which, in the sense we
have just explained, contains all the information neces-
sary for the linearization of any theory of the form (1) on
a 1M.S.S..

Physical modes: In order to identify the physical de-
grees of freedom propagated by the metric perturbation
in a general theory of the form (1), we further simplify the
linearized equations (6) by imposing the transverse gauge
condition, @“hw = V,h. A careful analysis suggests the
following decomposition of the metric perturbation [36],

V.Vy = 550k 1
S guh, (1
it Da) T pdehs (19)

hyw =t + 0D +

where m? will be defined in a moment. It is now possible

to show that the traceless tensors tiﬁf) and tLAlf[), and the

trace h satisty, respectively,

1
_ =5 _ (m) _
T [O—2A]t,,)) =0,
L - 21 4(M
2K eft [D_2A_mg]t§w):0’
D —1)(D—=2)A(m? — (D — 2)A
| P DD =2 = (D= |,
dkegm?(m2 + DA)
(16)

where ke, m2 and m?2 are defined in terms of a, b, ¢ and
e as

kg = 4de —8A(D — 3)a, (17)

m? = (—e+2A(D —3)a)/(2a + ¢), (18)

2 _ e(D—2) —4Ma+ (bD +c)(D 1) 19)
s 2a + Dc+4b(D — 1)

Notice also that we have made explicit the overall coeffi-
cients which would appear in the LHS of equations (16)
had we coupled the theory to matter. In that case, an
effective stress-tensor would appear in the RHS of equa-
tions (16) [37]. From (16), it is clear that t{2) is the usual
massless graviton. h is in turn a scalar field of mass ms.
Finally, t,(fy) is a spin-2 field of mass m, whose coupling

to matter would have the wrong sign, which is a mani-
festation of its ghost-like behavior. Also, ke = 87Geg 1S
the effective Einstein constant of the theory. Using (17)-
(19), we can obtain the relevant physical parameters in
terms of the constants characterizing a given theory as
explained in the previous section.

There exist different special classes of theories depend-
ing on the values of m, and m, — see e.g., [33, 34]
for previous classifications. For example, if we demand
|m2| = +o0, the massive graviton is absent, and the the-
ory has a chance to be unitary. The family of f(Lovelock)
gravities [27] is the prototypical example of this class —
including f(R) [12], R? [33, 38], etc. If we set |m?| = o0
instead, the scalar disappears and we are left with the two
spin-2 fields. This is the case, e.g., of quadratic conformal
gravity [24, 39]. Within this class, we can further impose

mg = 0, which leads to theories with two zero-energy
gravitons. These are usually referred to as critical grav-
ities [24]. The case of theories with |[m?2| = |[m?| = +oo

will be treated in a moment.

Linearization of cubic gravities: Let us now apply
our linearization procedure to a general D-dimensional
cubic gravity. The Lagrangian of such a theory can be
written as

3 8
L= i [~2A0 + R] + Z} ailL® 4k Z} BLY . (20)
In this expression, x = 87G and Ay are the Einstein
and cosmological constants respectively, «; and §; di-
mensionless parameters, and £ and £®) are complete
sets of quadratic and cubic invariants, which we choose
to be L& = {R? R, R", Rpo """} and L) =

B v
{Rupl/aRp’yé Rvﬂéy’ RWWRPUWRWBW’ R#VPURM p'vRM’
R, B’ R, R, ,,R'"R", RyRORY , R, R R, R3}
respectively.

Following the linearization procedure explained in the
first section, we obtain: a = a3 — %[361 — 128 —2(D —
1)83—2D(D =1)B4], b= G+ 52 [4B4+ 55 +2(D —1)B7 +
3D(D—1)Bs], c = 2+ 52 [353; +453+ (2D —3)B5+3(D—
1)Bs +D(D —1)B7] and e = 1= + A[D(D — 1)y + (D —
V) +2]+ =2 [3(D —2) 81 + 1285+ 6(D — 1) B3 +6D(D —
1)84+3(D —1)2(85 + B5 + D7 + D?Bs)]. Plugging these
values in (6), we obtain the linearized equations of the
general cubic theory (20).

Einsteinian cubic gravity: The theories which only
propagate a massless graviton on the vacuum are those
for which the additional modes are infinitely heavy, i.e.,
those for which |m2| = |m?| = +oo. These conditions
translate into 2a + ¢ = 4b+ ¢ = 0. At quadratic
order, they impose ay = a3 = —as/4. Hence, the
only quadratic theory whose spectrum coincides with
that of Einstein gravity is nothing but Gauss-Bonnet,
Xy = R? — 4R, R" + R0 R"P?. For the cubic case,
the two constraints would leave us with six independent
parameters. Hence, there exists a six-parameter family



of cubic theories whose spectrum is identical to that of
Einstein gravity. Note however that most of those theo-
ries will be such that the values of the couplings £; will
change with the spacetime dimension. Hence, they are
actually different theories in different dimensions. This
is the case, for example, of QT gravity [14, 15] and of
certain f(Lovelock) theories [27, 28].

Another aspect to be considered is the following. Con-
sider a theory with dimension-dependent couplings p(D)
which only propagates the usual graviton in (A)dSp, for
some D. If, in the same number of dimensions, we lin-
earize its equations on (A)dSp: x RP~P" instead and con-
sider configurations constant on the transverse factor, the
equations will actually be identical to the ones that we
would find for the theory — with the same p(D) cou-
plings — in D’ dimensions. But these will in general in-
volve the spin-2 ghost field. Of course, this problem does
not occur if the theory is the same in all dimensions.

Interestingly, if we demand the parameters [3; to be in-
dependent of D, the number of constraints is six instead
of two. This is because both 2a+ ¢ and 4b+ ¢ are polyno-
mials of order D?, so we need to impose that the coeffi-
cients of the terms proportional to D°, D and D? vanish
independently. This leaves us with a two-parameter fam-
ily of theories. In particular, we find

Bi=m b= b 0 B = -2 fa=3C, (21)
ﬁ5:_’7+16<-766 2%+%7ﬁ7 12<7ﬁ8:<-7

where v and ¢ are the free parameters. Now we have the
freedom to choose a basis of two cubic invariants satis-
fying the above constraints. The first element is some-
what canonical, and corresponds to the dimensionally-
extended Euler density &, which one finds for v = —8¢.
Any other choice produces another invariant. A partic-
ularly simple one corresponds to setting v = 12, ¢ = 0,
for which we get the following cubic term:
P=12R/ R R} + RIJRIDRY,  (22)
—12R,,,c R""R"7 + SRZRIP,R;‘ .

Hence, we find that the most general theory of the form
(20) possessing dimension-independent couplings which
shares spectrum with Einstein gravity reads
1

L= o [—2A0 + R] + aXy + £ [BXs + \P] . (23)
where Xy and Xy are the quadratic and cubic Lovelock
terms respectively [40]. The linearized equations of (23)
are almost identical to those of Einstein gravity, namely
GL

pv

=

nv

rn (24)

the only signature of the higher-derivative theories being
an effective Einstein constant given by Ii;ﬁl = k1 +

4(D —3)(D — 4)a(Ak) + 6(D —
5)8 — 4\)A%K2].

Observe that if we restrict ourselves to four dimensions,
Xs = 0 identically, and &} is topological. However, P is
neither trivial nor topological in D = 4. In fact, the em-
bedding equation on a maximally symmetric spacetime
(5) for this theory reads

3)(D = 6)((D —4)(D —

6)(kA) = iAo (95)

SA(D-3)(D— (D —1)(D —2)

As we can see, P contributes to this equation in all
spacetime dimensions but D = 3 and D = 6. [41].
Similarly, the effective Einstein constant reads Ii;ﬁl =
K11 — 24\(D — 3)(D — 6)(xA)?] which, once the vac-
uum has been determined using (25), can be rewritten
as kg = K [6A¢/(A(D — 1)(D — 2)) — 2]. The uni-
tarity of the theory requires kog to be positive, which
in particular implies that the energy of the massless
graviton is positive: E = kp/keg - Fp > 0, where
the label E stands for Einstein gravity [24]. Using this
condition, we observe that the allowed vacua are con-
strained to satisfy 0 < (D — 1)(D — 2)A/(6Ao) < 1/2.
For D < 6, this puts a bound on the coupling value,
A > —(D—1)3(D - 2)?/(216(D — 3)(6 — D)x?A3). If
this is satisfied, then there is always at least one stable
vacuum. If; in addition, A > 0, it follows from (25) that
this is unique.

Conclusions: We have notably simplified the problem
of linearizing a general higher-order gravity of the form
(1) on a m.s.s.. Our method only involves the evaluation
of the gravitational Lagrangian on a particular Riemann
tensor Ry,,0(A,a) — defined in terms of two parame-
ters in (11) — and of two derivatives of the resulting
function with respect to one of the parameters. Previous
methods ranged from the brute-force linearization of the
corresponding full non-linear equations, to more refined
techniques — see e.g., [33, 34, 42] — which incorporated
decompositions analogous to the one performed in (4),
but which still relied on the tedious computation of first
and second derivatives of the Lagrangian with respect to
the Riemann tensor.

We have shown that, up to cubic order in curvature,
there are only two theories with dimension-independent
couplings which propagate a transverse, massless and
positive-energy graviton on a m.s.s. and which are non-
trivial in four dimensions. The first is of course Ein-
stein gravity, and the second — which we have coined
FEinsteinian cubic gravity — is given in (22). For posi-
tive values of the coupling constant A, this theory has a
unique vacuum.

There are of course many aspects of the theory that
have not been covered here and which should be studied
elsewhere. For example, preliminary results suggest that
it admits spherically symmetric black hole solutions of
the form ds? = —f(r)dt®> + dr?/g(r) + r?dQ% _,, where
f(r) = g(r), i.e., characterized by a single function.



We would also like to explore holographic applications
— e.g., along the lines of [16, 26]. For example, one of
the three charges — ta, t4, Cr [26, 43] — characterizing
the dual CFT stress-tensor 3-point function vanishes for
all holographic Lovelock theories, namely tf°velock = 0.
This partially motivated the construction of QT gravity
[14], for which ¢4 is non-vanishing [16], allowing for a
D > 5 holographic model in which the three independent
charges of the dual theory can be written in terms of three
independent bulk quantities. In D = 4 there are only two
charges, as to = 0 for all CFT3 theories. However, QT
gravity and Gauss-Bonnet — for which t5 # 0 in D > 5
— are trivial in that case, and Einstein gravity can only
account for C'r. Hence, it would be interesting to explore
whether our theory can produce the remaining charge,
t4, in the AdSy case.

More generally, it would be very desirable to under-
stand to what extent the analogy with Einstein gravity
provided here extends to other aspects of the theory.
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