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Abstract. An infinite elastic medium contains an elastic spheroidal inclusion.
Both materials are transversely isotropic. Assuming that the stress field in the absence
of any inhomogeneity is prescribed, it is desired to calculate the modification caused
by the inclusion. This paper presents a general solution to this elasticity problem with
the restriction that the prescribed stress field is axisymmetric. The analysis is based
upon some new identities in Legendre functions, which are derived in this paper. The
solution is in the form of combinations of Legendre functions. An example of a spheroidal
cavity in a tension field is given.

1. Introduction. In many mechanical design problems, it is necessary to estimate
the stresses in the neighborhood of inhomogeneities, cavities, or holes. Assuming that the
stress field in the absence of any inhomogeneity is known, it is desired to calculate the
modification caused by the inhomogeneity. Also, one may wish to find the stresses
induced by a change in shape or size of the inhomogeneity due to a martensitic trans-
formation or an uneven thermal expansion. Recent interest in such stress problems
also stems from the development and application of composite materials in industry.

There are many exact solutions in linear elasticity theory which give a detailed
knowledge of the stresses around inhomogeneities of simple mathematical shapes in
media of infinite extent. A review of significant contributions in the area of three-
dimensional stress concentration is contained in a survey paper by Sternberg [1] in 1958.
The carliest works on three-dimensional problems were concerned with spherical cavities
in isotropic materials under homogeneous stresses at infinity. Later many investigators
considered spheroidal and ellipsoidal shaped inhomogeneities, and in some instances
the inhomogeneity materials were taken to be elastic, and both materials to be anisotropic.
Since the publication of Sternberg’s survey, Eshelby [2] has given a general review of
the problem, with a particularly detailed account of his method of solution. Some recent
contributions are cited by Chen [3] and by Sendeckyj [4]. In most of these works,
the stress field perturbed by the inhomogeneity is homogeneous (tension, shear), or
linear (bending and torsion). Recently, Podil’chuk [5]' has considered the problem of a
spheroidal cavity in an infinite isotropic medium subjected to prescribed axisymmetric
torsionless surface traction, which may be of a general nature, on the cavity surface.
Podil’chuk illustrates his analysis with the example of a spheroidal cavity in a radially
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symmetrical bending field. A knowledge of the results in [3] and [5] suggests that the
solution to the problem of a spheroidal elastic inclusion contained in an infinite trans-
versely isotropic medium under prescribed axisymmetric loading can be easily obtained,
if the stress field in this medium without the inclusion is known. It turns out that the
conjecture is true. The analytical results have a very simple form. Formally the isotropic
solution can be obtained from the corresponding transversely isotropic one by a suitable
limiting process. That this is not a trivial matter is evident from the work of Podil’chuk [5]
for the case of a cavity (an infinitely weak inclusion).

2. Description and formulation of the physical problem. An elastic component
is strained by external loads. The stress field induced by these forces has been obtained
with the assumption that the material is elastic and homogeneous. How would this
stress field be altered if there is an elastic inhomogencity in the shape of a spheroid,
situated inside the component? This question will be answered here using the linear
elasticity theory, with the restriction that the stress field is axisymmetric. The inclusion
and outside materials are assumed to both be transversely isotropic. In transversely
isotropic materials, the physical property has an axis of symmetry. We shall assume that .
this axis is parallel to the axis of the spheroid. At the interface, the traction and dis-
placements are continuous. Since the main interest would be in the neighborhood of the
inclusion, the outside material is taken to be infinite in extent. The shape of the spheroidal
inclusion is defined by

2 2
2 r
55 bZE - 17 (1)

where a and b are two semiaxes of the spheroid.

We shall call the stress field, which is obtained under the condition that the material
is homogeneous, the ‘unperturbed stress field’. In this paper, it will be assumed that this
stress field is torsionless and axisymmetric. The surface traction associated with this
unperturbed stress field (superseript U/) is given by

ot + olin./n,) = (a/r) |:DU + Z (2n + l)D,,P,,(z/a)] , 2

ol 4+ alim./n) = X (n + DE.PLz/a). (3)
n=1

D, and E, are known constants. P, is the Legendre polynomial of the nth degree; n, and
n, are the direction cosines of the normal vector to the spheroid. This unperturbed
stress distribution must be self-equilibrating, i.e.,

[ 1o+ oS /)i dz = 0. @)

It follows that in Eq. (2) the constant
D() = O. (5)

The problem now is to find the stress field inside the inclusion, and an additional stress
field for the outside medium to be superimposed upon the unperturbed stress field, so
that traction and displacements are continuous across the interface. These continuity
conditions are:
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(a'zz - 0::)“: + (0'” - 0’,’.,)77,, = O)
(Urr - 0{,)71, + (Urz - o{z)n‘z = 0> (6)
u, = ul, u, = ul.

The superscript I designates quantities relating to the inclusion.

Finally, it is reasonable to expect that at a distance from the inclusion the perturbing
effect of the inclusion on the stress field gradually disappears.

3. Potential functions solution. The method of analysis used in this paper is
based upon the potential functions solution of the homogeneous displacement equations
of equilibrium in a transversely isotropic elastic medium. A brief account of the method
is given in the treatise by Green and Zerna [6]. We shall use a cylindrical coordinate
system (r, 6, 2), where the z-axis is parallel to the material axis of symmetry. We shall.
also introduce a set of dimensionless parameters v, , k, (@ = 1, 2). », and v, are roots
of the equation

€11Caav” + [€13(2040 + C13) — CiiCislv + CasCeq = O. (D
k, and k, are defined by
ko = (ive — c)/(en + €2, (a = 1,2). ®)
It has been found convenient to employ two new variables
2e =2/Vve, (a=12). 9)

A set of displacement and stresses which satisfy the equilibrium equations may be
derived from two potential functions ¢,(r, z;) and ¢.(r, 2,), where ¢,(r, 2) and ¢.(r, 2z,)
are harmonic in the (r, 0, z) space. These stresses and displacements are:

9
CqqUl, = (‘9; [0,(r, 2) + ¢.(r, 22)],

ky 9¢.(r, z)) by E)¢2(r,22).

Cy U, = \/l’| 92, + \/V2 92, (10)
Csuy = 0,
ro= 4k T0A) 4 gy T
Y _1 + k9%, (r, 2,) 1 4+ ke 8%,(r, 2)
T \/yl 9z, Or \/V2 0z, Or
14k < __) 1+ k, (__ _6_>
Ter v, ar : + rar)® 2 + Vs r’ + rd (1, 22) an
_Cu T Cr2 1 |:6¢0 (1, 21) 3¢, (r, 32)]
Cas r or ar !
k, (o 1 + ks, 19
aop = -—?: ' (W + - >¢ (ryz,) + - (ar‘ + 2 a~>¢2(r 22)
Ci1 — Ci2

- ——§ [91(r, 22) + a0, 2)].

Cas



520

W. T. CHEN

In Egs. (10) and (11) we have already limited the analysis to the axisymmetric
torsionless situation.
4. Analysis. Define

a = adf,, St =a — b a=1,2. (12)
The spheroidal system (7, , ¢. , 6) will be employed. Its relation to the cylindrical
coordinate system (r, 6, z,) is given by (a = 1, 2)

Za = CafaPa, T = Calga — DY = pa)*? (13)
where for Re [c2] > 0,
ga = cosh n,,  p. = cos¢,, (142)

and for Re [¢%] < 0,

g. = 1 sinh 1, , Pa = COS ¢, . (14b)

In the latter case it is customary to have the imaginary part of ¢, negative.

Note that when ¢%, = p2 = d°/c’, , Eq. (13) reduces to the spheroidal surface given

by Eq. (1), and p. = z/a. We shall adopt the convention that quantities associated
with the inclusion material have the superseript I, e.g

(@)’ =d /e, () = (ab)* = b’

The ratio of the direction cosines of the normal to the interface may be expressed in
terms of p,:

n, _ e ( t _ 1)1/2'

no (1 —=p)"” paVha
From Egs. (10) and (11)

(15)
n _ l+k{0’¢. Iy n } 1+k2{62¢2 Q_dggf_t_} |
ot on = oo T Vi 2 0t T N \oroa T Vi, i) 19
n,_ 14k {a%, ¥ ¢, n _,} 14k {@g _ 9% g}
o+ o n Vi \aZ Vi ordz, n R Vi ardz m,

_Cn — iz 1 JOg, 9¢, .
Cas {ar + ar} an

At the surface of the spheroidal cavity, the above expressions reduce to

2 2
Tre +Uzz-—£ gé—{l +k’ a¢l

1+ k, 9% }

r a2 cl aq16zl Q=p 02 aqzaz2 as™Ps ’ (18)
d+,&=__{+k 3%, Ltk 3% }
" “n, Vi 0P102) {g,=s, V2 0p202:]q,-,,

3,
Qi=p1 ar

_Cn T Cip 1 )¢, .
Cas r {37' o--n.} (19)

The potential functions ¢,(r, z,) and ¢,(r, z,) associated with the additional or per-
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turbing stress field are taken to be

bulr, 2.) = 2 Al Pros)@u1(@) — Pacs(p2)@ur(g)]. (20)

P, and @, are Legendre functions of the first kind and second kind respectively. A
property of the harmonic function representation in Eq. (20) is that the partial deriva-
tives with respect to r and z, are in very simple forms. They are

a _ _ _1(2n + DP(p.)@n(gs)
67‘ [Pn+1(pa)Qn+l(Qa) P»-l(pu)Qn—l(qa)] - n(n + l)Ci ’ (21)
d 2n + 1

(Paii(@a)@n+1(ga) = Pri(0a)@n-1(ga)] = P (p)@x(qs)- (22)

02,
The above relations are also valid if Q,,,(q.), @.(¢.), Q@a-1(q.), are replaced by
P,,.(q.), P.(q.), and P,_,(q,) respectively. (See Appendix.)
Combining Eqgs. (18) to (22), the traction and displacement at the spheroidal interface
(i.e., g = p.) are

vt o= () Sy AeCn B DAERD 0/ p ), 2y

ot o= — 3 A0 +1>[1+’“ Qu(pa) — —S-=42_or( >]P'<z/a> 24)
re r:n o an n \/ n pa C.“ an(n+ 1) n pa )

o, = —r 33 AuCrAD 1, e/, (25)

e, = {\:g —C’Lj—”i Qu(p)P.(2/a). (26)

The foregoing results from Egs. (23) to (26) can also be derived if the Legendre
function Q,(p.) is replaced by P,(o.). An examination of Egs. (2) and (3) leads one to
conclude that each of the potential functions of the unperturbed stress field in the vicinity
of the inhomogeneity can be expressed in the form

qb(l:(rv za) = Zl Can[Pn+l(pa)Pn+l(Qa) - Pn—l(pa)Pn—l(Qa)]' (27)
Each pair of the constants (), , C,, is determined from the equations
1 ka Pl(p. .
a2 Z} ( + ) (p ) Cau = u ’ (28)
> (1 + ka)Pn(pa) (Cll _ CIZ)P;(pa)]
- — an = E, . 29
,.; [ Vi.c.a cacan(n + 1) ¢ (29)

Eqgs. (27) to (29) provide a convenient way to find the ‘unperturbed’ displacement
field from a knowledge of the surface traction of the unperturbed field at the interface.
In some problems, one may find that this displacement field can be more easily written
down without going through this procedure.

Note that Eq. (27) does not contain any singularity inside of the inclusion. This is
also a requirement of the potential functions for the inclusion medium. These potential
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functions will assume the forms

©

2
¢{,(T, Z{,) = 2; Ban[Pn+l(p2)Pﬂ+l(q{r) - Pn-l(pIa)Pn—l(qla)J' (30)
n=la=1
The superscript I indicates that the quantities ¢!, , p’, , ¢&,, etec., are associated with
the inclusion. The constants A,, , Az, , Bin, Bsn (n = 1 --- ) are determined from
the four continuity conditions specified by Eq. (6).
The four algebraic equations resulting from the continuity conditions are:

3 [(1 + ko) AwQilpe) _ (L+ ki)BMP:xpz)] _ _aD 31

3
¢ () b

a=1

zz: [(1 + ka)AanQn(pa’) _ (Cll — cl?)‘4anQ1/|(pa) _ (1 + /\:{X)BanPn(pIa)
Cq '\/Vaa C“CZLJL(?'L + l) Cq '\/V{,a

a=1

(i, — ciy)BanPi(pe , .
II . 122) (p ) — I‘J,, , (32)
cilca)n(n + 1)

2 [4..QUp.) + CuPilp.) BaanpL)] _

az-s; I: Cuci B 64'4(610)2 =0 (33)
$ [ka[A,,nQ,xpa) + CoPulpo)] kiBa,.Pxp:)] _ 0
= 13 Ve Ca el Vil el ' (34)

The constants C,, and C,, in Eqgs. (33) and (34) have already been determined by
Eqgs. (28) and (29). For each integer n (n = 1 - -+ =), there are four equations uniquely to
determine the four constants A,, , B.. (« = 1, 2).

The solution to the elasticity problem defined by Egs. (1), (2), (3) and (6) are now
at hand. They are given in terms of the potential functions specified by Egs. (20), (27)
and (30). The constants associated with these potential functions are uniquely determined
by Egs. (28), (29), (31), (32), (33) and (34).

In the case of a spheroidal cavity (very weak inclusion) the constants B.,’s may
be set equal to zero, and the constants A..’s are determined by Eqs. (31) and (32).

Ezample. Suppose the unperturbed stress field is a homogeneous one given by

o =1t, o, =t, (35)
and all other stress components vanish. From Egs. (2) and (3),
D, = tb°/3a, E, =1,/3. (36)
The potential functions ¢, and ¢, of the additional stress field are given in Eq. (20)
ba(r; 22) = Aai[Pa(pa)@:2(ga) — Qolga)],  a=1,2. (3D

The constants A, and A4,, are determined by the equations

a+ kl)?ll(Pl)An + 1+ kz)?é(P?)Alz — __1_2 (38)

c c; 3’
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[(1 + E)Q(e) _ (en — 0 (pl)]

2
V1 P1Cy 04401

[(1+k2)Q (o) _ (11 = ) <p2>] _L 39

r
V2p2Co 04402 3

This solution is identical to the results given in an earlier paper by Chen [3].

5. Discussion. An exact analysis, in the realm of linear elasticity, has been presented
to account for the effect of a spheroidal elastic inhomogeneity embedded in an otherwise
homogeneous medium. Both materials are transversely isotropic. The ‘unperturbed’
stress field is assumed to be axisymmetrie. In the analysis, it is assumed that the surface
tractions at the interface due to this unperturbed stress field are prescribed. The same
analysis can, of course, be carried through if the displacements corresponding to the
unperturbed stress field are prescribed, instead of the surface tractions. This analysis
is also applicable to the situation when the stress field is induced by a prescribed axisym-
metric inelastic strain inside the spheroidal inclusion. It may be shown that the induced
strain field is a polynomial of degree 2n in r and 2z, when the prescribed inelastic strain
is a polynomial of degree 27 in r and z. Similar conclusions have been reached by Eshelby
[2] and Sendeckyj [4] for the isotropic ellipsoidal inclusion problem under more general
loading conditions.

Appendix. Let a spheroidal coordinate system (5, ¢, 8), and a cylindrical coordinate
system (r, 6, z) be related by

z=cqp, r=cld — D701 -pH"
where for Re [¢’] > 0, (prolate spheroidal system)
g = cosh 7, p = CoS ¢,
and for Re [¢!] < 0, (oblate spheroidal system)
g = 1 sinh g, p = sin ¢.

The constant ¢” is a prescribed length parameter of the spheroidal system. It is specified
that if Re [¢’] < 0, then ¢ is in the third quadrant.
One wishes to show that

2 1P @Prs(0) = Pre@Poa(@] = 252 PP, )
2 Pes@Pun@ = Pea@Par@) = —S VPGP (42)
and
2 [Prs@er(@) — Pra@@s(@)] = 2L PL0)QU), (3)
9 _ Cnt Dr g, 0
2 Pas@@us(@) = PrcPQues(@] = 0 0 PHAQAO). a9

A convenient way to prove the above pairs of formulas is to use the addition theorem
for Legendre functions [7, p, 364-384]. Based upon the addition theorem for Legendre
function of the first kind, one may write
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P,(z — ir cos 6)/c) = P.(q)P.(p) + 2 Z (=1)"P7(q)P."(p) cos m8. (A5)
Eq. (A5) leads to the identity (also see [7, p. 412])
Prii(@Pasi(p) — Poci(@)Pai(p)
_1 " [Pn+l( — 1ir cos 0) _ P,.-,(z — 1ir cos 0):' de. (A6)

27 J_ c c

Differentiate both sides with respect to z:

d 1 [("2n+1 2 — ir cos @
2 [Prss@Poos@) — Pes@Pue)] = o [ 2L p (= ireonl) g

= 22 1p P,

Differentiate both sides of Eq. (A6) with respect to r:
1 —i(2n 4+ 1) P»(z — 1: cos 0) cos 6 db

27 J_. c

_ ’L(—'n + 1) P (q)P—l(p)

2 Par@Pres® = Pos@Prs )] =

_ _Cnt Dr o, p
- n(n + 1)02 n(q)Pn(p)

This completes the proof for Eqs. (Al) and (A2). Note that the index n is unrestricted.
The addition theorem for Legendre functions of the second kind enables one to write

Qn(z - iz cos § 9) P.(0)Q.(g) + 2 Z( 1)"P;"(p)@"(q) cos mo. (A7)

The pair of relations (A3) and (A4) may now be proved in exactly the same manner as for
the first pair. For some ranges of values of (z — 2r cos 8)/c, the addition theorem for Q,
takes a different form. However, the end result for Eqs. (A3) and (A4) remains the same.
There is the restriction that the index n cannot be equal to —1 or zero.

It may also be shown that Eqs. (A1), (A2), (A3), and (A4) are special cases of the

following more general formulas:

2n+1

56; (Pl(@P.() — Pl(@Pli(p)] = PP (D), (A8)

and (a) m = 1,
[P:.H(Q)Pnu(p) Pr_(9)P.11(p)]

- (Q_nQi;ﬂ (PY* (@P; ™ () + pr ' (@P- " "®)],  (A9)

by m =1,
2 (PLa@P) — Pla@PR o) = P (PP.G) + PI0PIG). (AL0)
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As before the terms Py, (g), etc., can be replaced by terms of the form Q7,,(g). When
m = 0, Egs. (A8) and (A9) reduce to Eqs. (A1) and (A2) respectively. The index m must
always be an integer. These formulas are useful in problems involving nonaxisymmetric
loadings.
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