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Using the antenna-transmission resonant ultrasound spectroscopy, we measured the elastic constants

of GaN between 10 and 305K using 72 resonance frequencies. The mode Gr€uneisen parameter is

determined from temperature dependence of each elastic constant, which is larger along the c axis

than along the a axis, showing anisotropy in lattice anharmonicity. The zero-temperature elastic

constants, determined using the Einstein-oscillator model, yield the Debye characteristic tempera-

ture of 636K. The ab-initio calculation is carried out for deducing the elastic constants, and compar-

ison between calculations and measurements at 0K reveals that the local-density-approximation

potential is preferable for theoretically evaluating characteristics of GaN. The theoretical calculation

also supports the anisotropy in lattice anharmonicity. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4955046]

I. INTRODUCTION

Gallium nitride (GaN) performs a crucial role in various

electric devices such as a high-electron-mobility transistor

(HEMT).1–3 The device achieves high-speed transportation of

electrons known as the two-dimensional electron gas,1,4,5

which arises from piezoelectric polarization of GaN caused by

lattice strain at the epitaxial interface with another material.5,6

Thus, the elastic constants Cij of GaN are essential to estimate

the performance of HEMT devices. The wurtzite GaN belongs

to space group P63mc and exhibits five independent elastic

constants, C11, C12, C13, C33, and C44. It is, however, difficult

to accurately measure all the Cij of GaN because of the limited

sample size. Previously, resonance ultrasound spectroscopy

(RUS),7,8 Brillouin scattering,9–11 and surface acoustic wave12

were utilized for evaluating the Cij of GaN at ambient tempera-

ture, but the reported values are significantly different from

each other as listed in Table I. For example, the standard devi-

ation of C44 exceeds 10%. Theoretical calculations were also

performed,13–16 but their agreement is poor. For example, the

standard deviation of C66 exceeds 10% among calculations

even with the same kind of atomic potential.

It is possible to predict materials properties with

ab-initio calculation, where we need to find a suitable calcu-

lation condition (interatomic potential, cut-off energy, and so

on) by comparing experimentally known properties with

theoretical values, such as lattice parameters. The elastic

constants are important in this process because they reflect

the curvature of the interatomic potential. Thus, a calculation

condition, which yields appropriate Cij and lattice parameters

simultaneously, is expected to provide other properties reli-

ably. The comparison for Cij requires the low-temperature

measurement because the zero-temperature values are

obtained in the theoretical calculation.

The low-temperature Cij allows to clarify thermody-

namic properties, including the Debye temperature HD and

the mode Gr€uneisen parameters cij, which are crucial

parameters of a solid: HD is an essential value for character-

izing its vibrational properties, and cij indicates the strength

of lattice anharmonicity. For these reasons, the measurement

of Cij at cryogenic temperature is scientifically and practi-

cally important, but no measured value appears for GaN.

The RUS method is a powerful tool for determining all

the independent Cij of anisotropic solids.17–19 It deduces Cij

inversely by comparing the measured and calculated reso-

nance frequencies. However, because high-purity and low-

defect GaN specimen is limited to thin-plate shape with

thickness of �400lm (the c axis is parallel to the thickness

direction),20,21 contributions of C13, C33, and C44 to reso-

nance frequencies become lower. As a result, it would be dif-

ficult to determine them accurately. (The RUS method with

thin piezoelectric films to sandwich a specimen allows Cij

determination of small specimens with �1mm dimensions19

although it would be difficult to be applied at cryogenic

temperatures.) In this study, we propose a methodology for

determining the complete set of Cij of a thin GaN specimen

with the antenna-transmission acoustic-resonance (ATAR)

method.22 Firstly, we determine the out-of-plane elastic mod-

uli C33 and C44 using through-thickness resonance frequen-

cies, appearing at much higher frequency region than that

used in standard RUS method. Secondly, we determine the

in-plane moduli C11, C66ð¼ðC11 � C12Þ=2Þ, and E1, using

the low-frequency resonance frequencies by fixing the meas-

ured C33 and C44 in the inverse calculation. (E1 denotes the

in-plane Young modulus.) We thus deduced all independent

Cij of GaN down to 10K. We also perform ab-initio calcula-

tion and find that the local-density-approximation (LDA)

potential shows good agreement with the measurement than

the generalized-gradient-approximation (GGA) potential.

II. MEASUREMENTS

We used high-resistance wurtzite GaN, whose purity is

99.99%. (A small amount of Fe atoms (�80 ppm) was doped

for trapping free carriers so that the piezoelectricity appears,

allowing the excitation of vibration through the ATARa)ogi@me.es.osaka-u.ac.jp
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method.) Three rectangular-parallelepiped specimens were cut

out from the GaN wafer for room-temperature measurement;

the typical dimensions are 3.5mm, 3.0mm, and 0.4mm. (The

specimen dimensions used in the low-temperature measure-

ment are 3.500mm, 2.994mm, and 0.412mm.) The mass den-

sity determined by the Archimedes method is 6.080 g/cm3.

To cause free vibrations of the thin-plate specimen, we

used the ATAR technique.22–24 The measurement setup is

illustrated in Fig. 1. We used 0.5-mm-diameter copper-wire

antennas for generation, detection, and grounding, on which

the specimen was located. By applying tone-burst voltage to

the generation antenna, the dynamic electric field is generated

near the surface, which excites various vibrational modes of

the specimen via the converse piezoelectricity. The mechani-

cal vibrations cause dynamic polarization change near the

specimen surface via the piezoelectricity, which is detected

by the detection antenna. The detected reverberating signals

entered a superheterodyne spectrometer, and the amplitude of

the driving-frequency component was extracted.22,25 The

antenna lines were attached on the heat exchanger in the

cryostat, with which the specimen contacted, so that the spec-

imen was cooled because of heat conduction through the cop-

per antennas. The specimen temperature was measured by a

semiconductor thermometer close to the specimen attached

on the heat exchanger. The pressure during the measurements

was kept below �1� 10�3Pa.

III. RESULTS AND DISCUSSIONS

Our specimens show large aspect ratios, and bending

and torsional vibrational modes principally appear in the low

frequency region. Such a mode highly depends on the in-

plane moduli. We then calculated the contribution of each

elastic constant and piezoelectric coefficient to resonance

frequencies. Figure 2 shows the normalized contributions to

resonance modes up to 4MHz for the GaN specimen used in

this study. Contributions of out-of-plane moduli (C33 and

C44) are significantly smaller than those of in-plane moduli

(C11, C66, and E1) as expected, indicating that the out-of-

plane moduli are unavailable with the low-frequency RUS

method. We, therefore, determine them from the through-

thickness resonance frequencies, which appear at much

higher frequencies. Figures 3(a) and 3(b) show examples of

measured resonant spectra for through-thickness resonances

of the longitudinal wave and shear wave, respectively.

Because their wavelengths (�0:8 mm) are fairly smaller

than in-plane dimensions (�3 mm), nearly plane-wave

resonances appear. In this case, C33 and C44 are given by

C33 ¼
4d2f 2Lnq

n2
�
e233
�33

; (1)

C44 ¼
4d2f 2Snq

n2
; (2)

where d; q, and n are thickness, mass density, and resonant

mode number. e33 and �33 denote the piezoelectric coefficient
and dielectric constant along the x3 direction, respectively.

fLn and fSn represent nth through-thickness resonance fre-

quencies of longitudinal and shear waves, respectively. Our

previous values at room temperature8 for C33¼ 389.9GPa

and C44¼ 98.0GPa predict fL1 ¼ 9:9 MHz and fS3 ¼ 14:6

TABLE I. Elastic constants Cij (GPa), the Poisson ratio �ij, and lattice parameters a and c (Å) of wurtzite GaN. The temperature coefficients jdC=dTj (ppm/K)

are obtained from the slopes of temperature dependences between 205 and 305K. Zero-temperature elastic constants C0 and mode Gr€uneisen parameters cij
are determined by fitting Eq. (3) to measurements.

C11 C13 C33 C44 C66 E1 �12 �13 �31 a c

ATAR

(present, 305K)

359:760:2 104:660:4 391:860:1 99:660:1 114:960:1 300:460:1 0:30760:001 0:18560:001 0:21460:001

RUS7 377 114 209 81.4 109 284 0.311 0.376 0.212

RUS8 359.4 92.0 389.9 98.0 115.1 303.5 0.318 0.161 0.188

Brillouin scattering9 390 106 398 105 123 325 0.320 0.181 0.199

Brillouin scattering10 374 70 379 101 134 337 0.258 0.137 0.146

Meas. Brillouin scattering11 365 114 381 109 115 300 0.305 0.208 0.228

Surface acoustic wave12 370 110 390 90 113 301 0.336 0.188 0.214

jdC=dTj (present) 21.7 42.6 32.8 26.9 29.9 31.7 7.64 78.5 60.3

C0, �0 (present, 0K) 360.7 103.7a 393.8 100.1 115.4 301.8 0.308 0.182 0.211

cij (present) 1.22 … 1.80 0.65 0.76 1.42

Ref. 29 3.188 5.183

LDA (present) 369 117 402 92 107 292 0.358 0.187 0.224 3.187 5.185

GGA (present) 328 95 354 86 100 268 0.338 0.177 0.208 3.249 5.283

LDA13 396 100 392 91 126 333 0.320 0.174 0.185 3.17 5.13

Calc. LDA14 350 104 376 101 115 295 0.284 0.198 0.221 3.210 5.237

LDA15 334 99 372 86 101 271 0.343 0.175 0.212 3.232 5.268

GGA16 329 80 357 91 110 284 0.293 0.158 0.183 3.233 5.228

jdC=dTj,
LDA (present)

47.1 94.7 52.5 9.9 16.7 26.7 38.1 20.9 35.0

jdC=dTj,
GGA (present)

49.5 97.9 52.9 12.7 19.8 30.7 43.1 23.0 35.2

aAverage of measurements between 10 and 105K.
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MHz (reported values for e33
26 and �33

27 were used), which

are close to the observations of 9.9MHz and 14.7MHz,

respectively.

Figure 3(c) shows examples of measured resonant spec-

tra at low frequency region. The number of detected reso-

nance peaks is 72 at all temperatures, allowing us to make

mode identification unambiguously. Using these resonance

frequencies, C11, C66, and E1 at each temperature are inver-

sely determined by calculating the resonance frequencies

with the Ritz method: The displacements and electric poten-

tial are expanded by linear combinations of normalized

Legendre functions, involving the maximum order number

of 24. C13 was then extracted from E1 and other moduli. In

this study, we performed the inverse calculation with fixing

the piezoelectric coefficients26 and dielectric constants27,28

because their contributions to resonance frequencies are con-

siderably small (�0.1%) as shown in Fig. 2. The rms error

between measured and calculated frequencies after conver-

gence was less than 0.4%.

Table I shows averages of Cij and the Poisson ratio

�ij(¼�sij=sii, where sij are components of the compliance ma-

trix) of the three specimens at 305K together with previous

measurements.7–12 The present values agree with the recent

room-temperature measurement with RUS, where larger speci-

mens involving much higher carriers were used: The diagonal

elastic constants between the present and previous measure-

ments agree with each other within 2% difference.

At room temperature, the out-of-plane elastic constant C33

is higher than the in-plane elastic constant C11. Because wurt-

zite GaN shows a hexagonal close-packed lattice, the ideal

axial ratio c/a is calculated to be 1.633. However, the value

deduced from the reported lattice constants29 is 1.626, indicat-

ing a compressed structure along the c axis, making C33 higher

than C11. The Poisson ratio also reflects this characteristic

structure. Because �31 and �13 imply the in-plane and out-of-

plane softness and C11 < C33, �31 is larger than �13.
Figure 4 shows relative changes of Cij and �ij between

10 and 305K. Their temperature coefficients between 205

and 305K are listed in Table I. They indicate significant ani-

sotropy between in-plane and out-of-plane directions: C33

shows stronger temperature dependence than C11 by 34%.

This causes the temperature coefficient of �13 larger than that

of �31; �13 reflects resistance to the out-of-plane deformation

when the material is uniaxially deformed in the basal plane.

Thus, this highly reflects C33. Similarly, �31 principally

reflects C11. Therefore, the temperature coefficient of �13
should be larger because of larger temperature coefficient of

C33. �12 is nearly invariant or slightly increases with cooling

the specimen. This is unusual property, because Poisson’s ra-

tio, which reflects compliance for deformation normal to

FIG. 1. Setup of the antenna-

transmission acoustic-resonance method

for low temperatures. (a) A cross-

section view, and (b) enlarged illustra-

tion near the specimen.

FIG. 2. Contributions of the elastic constants and piezoelectric coefficients to

free-vibration resonance frequencies (¼jð@f=@pÞðp=f Þj, where p denotes each

component of Cij and eij) calculated for GaN specimen (3.5� 3.0� 0.4mm3).

245111-3 Adachi et al. J. Appl. Phys. 119, 245111 (2016)



applied uniaxial stress, usually decreases as temperature

decreases because of stiffness increase. �12 indicates compli-

ance for the deformation in the basal plane when the uniaxial

stress is orthogonally applied in the basal plane. The applied

stress also induces deformation along the c axis, but it is re-

stricted as temperature decreases because C33 becomes

higher more remarkably than C11, and the deformation in the

basal plane increases to keep minimum volume change.

Therefore, the increase in C11 and that in C33 causes the op-

posite effect in �12, making it insensitive to temperature.

The low-temperature elastic-constant behavior is

explained by the Einstein-oscillator model30

C Tð Þ ¼ C0 �
s

eHE=T � 1
: (3)

Here, C0 represents the zero-temperature elastic constant, and

HE is the effective Einstein temperature. Parameter s is

related to the mode Gr€uneisen parameter cij via
31

s ¼
3kcij cij þ 1

� �

HE

Va

: (4)

Here, k and Va are the Boltzmann constant and the atomic

volume, respectively. We obtained C0 and cij by fitting

Eq. (3) to the measurements, which appear in Table I.

(Because C13 did not follow Eq. (3), we estimated its zero-

temperature value by averaging the measurements between

10 and 105K in the plateau region.) The noticeable differ-

ence in cij (c33 > c11) means that lattice anharmonicity is

stronger along the c axis.

We determine the Debye temperature HD from C0 using

the following relationship:32

HD ¼
h

k

3

4pVa

� �1
3

vm: (5)

Here, h and q denote Planck’s constant and the number of

atoms in the molecule, and the mean sound velocity vm is

obtainable from C0 using the isotropic approximation. The

resultant value is HD¼ 636K. Only one report33 exits for the

Debye temperature based on a low-temperature measure-

ment, yielding HD � 600 K, but it estimated the value from

temperature dependence of the refractive index down to

FIG. 3. (a) Through-thickness resonant spectra of the 1st longitudinal wave and (b) those of 3rd shear wave at 10 and 305K. (c) Free-vibration resonant spectra

at 10 and 305K. Inset shows enlarged resonance peaks.

245111-4 Adachi et al. J. Appl. Phys. 119, 245111 (2016)



77K, where no quantum effect arises. Thus, it is obvious that

our value is more reliable.

We computed the elastic constants Cij of GaN with

ab-initio calculation and compared them with our measure-

ments. We used the density-functional theory using VASP

(Vienna ab-initio simulation package34). The exchange and

correlation potentials are expressed by LDA or GGA. We uti-

lized the 10� 10� 10 mesh k points and the plane-waves cut-

off energy of 1300 eV. Cij are calculated by applying various

deformations with strains within61%, calculating the changes

of the total energy, and fitting the harmonic function.35,36 The

atoms inside cell were relaxed in the individual deformation

modes. The calculated lattice parameters and elastic constants

are given in Table I, together with calculated values previously

reported. Our theoretical values with LDA agree with measure-

ments both for the lattice parameters (within 0.04% error) and

Cij (within 8% error for the diagonal components). Therefore,

it is revealed that the LDA potential is preferable for predicting

materials properties of wurtzite GaN.

We then estimated the temperature dependence of Cij by

the ab-initio calculation as follows: Firstly, the cell

dimensions are changed from the ground state, so as to

reproduce the lattice-parameter changes caused by tempera-

ture change: We used the linear expansion coefficients (7.1

and 2.9 ppm/K along a and c axes, respectively) obtained

from reported temperature dependences of the lattice con-

stants37 between 200 and 600K for calculating the equiva-

lent volume change to a set temperature. The temperature

change was assumed to be within 61000K, and Cij at each

temperature was calculated by applying up to 61% strain.

The results are listed in Table I. Both GGA and LDA poten-

tials give similar temperature coefficients, and they repro-

duce the anisotropy in the temperature coefficient (jdC33=
dTj=C33 > jdC11=dTj=C11), supporting our measurement.

This trend is attributed to anisotropy in cij (c33 > c11)

because temperature coefficient of Cij is proportional to cij.
31

IV. CONCLUSIONS

We measured the elastic constants of GaN at low tem-

peratures down to 10K using the antenna-transmission reso-

nant ultrasound spectroscopy and determined the Debye

temperature HD¼ 636K from the zero-temperature elastic

constants. The mode Gr€uneisen parameter along the c axis is

larger than that along the a axis (c33 > c11), displaying ani-

sotropy in lattice anharmonicity. The ab-initio calculation

indicates that LDA potential predicts properties more accu-

rately than GGA potential for wurtzite GaN, and it supports

the anisotropy in lattice anharmonicity.
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