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A b s t r a c t

In an e x t e n s i o n  o f  e a r l i e r  s t u d i e s  by Rice and Sorensen ,  we d i s c u s s  t h e  

e l a s t i c - p l a s t i c  s t r e s s  and d e fo rm a t io n  f i e l d s  a t  t h e  t i p  o f  a c rac k  which grows 

i n  an i d e a l l y  p l a s t i c  s o l i d  under  p l a n e  s t r a i n ,  smal l  s c a l e  y i e l d i n g  c o n d i t i o n s .  

The r e s u l t s  o f  an a s y m p to t i c  a n a l y s i s  s u g g e s t  t h e  e x i s t e n c e  o f  a c r a c k  t i p  

s t r e s s  s t a t e  s i m i l a r  t o  t h a t  o f  t h e  c l a s s i c a l  P r a n d t l  f i e l d ,  bu t  c o n t a i n i n g  

a zone o f  e l a s t i c  u n lo a d in g  between t h e  c e n t e r e d  f an  r e g i o n  and th e  t r a i l i n g  

c o n s t a n t  s t r e s s  p l a s t i c  r e g i o n .  The n e a r  t i p  e x p r e s s i o n  f o r  t h e  r a t e  o f  open­

ing  d i s p la c e m e n t  6 a t  d i s t a n c e  r  from t h e  growing t i p  i s  found t o  have t h e  

same form s u g g es ted  by Rice and Sorensen ,

6 = a j / c  + 3 (a /E) a £n (R /r )  o o

bu t  now t h e  p r e s e n c e  o f  t h e  e l a s t i c  wedge c a u s e s  B t o  have th e  r e v i s e d  v a l u e  

o f  5.08 ( f o r  P o is son  r a t i o  v = 0.3), .  Here,  a  = c r a c k  l e n g t h  , oq = y i e l d  

s t r e n g t h ,  E = e l a s t i c  modulus,  and J  d e n o te s  t h e  f a r - f i e l d  v a l u e ,  namely 

(1 -v 2 )K2/E f o r  t h e  smal l  s c a l e  y i e l d i n g  c o n d i t i o n s  c o n s i d e r e d .  The p a ra m e te r s  

a and R canno t  be d e te rm ined  from t h e  a s y m p to t i c  a n a l y s i s ,  b u t  compar isons  

w i th  f i n i t e  e lement  s o l u t i o n s  s u g g e s t  t h a t ,  a t  l e a s t  f o r  smal l  amounts o f  growth,

*P resen ted  a t  ASTM 12th Annual Symposium on F r a c t u r e  M echanics , 
Washington U n i v e r s i t y ,  S t .  Lou is ,  21-23 May 1979; s u b m i t ted  t o  ASTM 
f o r  p u b l i c a t i o n .



a i s  approx im ate ly  the  same f o r  s t a t i o n a r y  and growing c ra c k s ,  and R 

s c a l e s  approx im ate ly  with  th e  s i z e  o f  the  p l a s t i c  zone,  being about 15% to  

30% l a r g e r .  For l a rg e  s c a l e  y i e l d i n g  i t  i s  argued t h a t  a s i m i l a r  form a p p l i e s  

w i th  p o s s i b l e  v a r i a t i o n s  in  a and 6 , a t  l e a s t  in  cases  which m a in ta in  

t r i a x i a l  c o n s t r a i n t  a t  the  c rack  t i p ,  but  in  the  f u l l y  y ie ld e d  case  R i s  

expec ted  to  be p r o p o r t i o n a l  to  th e  dimension o f  th e  uncracked l igament .  The 

model c rack  growth c r i t e r i o n  o f  Rice and Sorensen ,  r e q u i r i n g  a c r i t i c a l  6 

a t  some f ix e d  r  from th e  t i p ,  i s  re-examined  i n  l i g h t  o f  the  more a c c u ra te  

s o l u t i o n .  The r e s u l t s  sugges t  t h a t  th e  J  v e r sus  Aa r e l a t i o n  d e s c r ib i n g  

growth w i l l  be dependent  on th e  e x t e n t  o f  y i e l d i n g ,  a l though  i t  i s  sugges ted 

t h a t  t h i s  dependency might be small  f o r  h ig h ly  d u c t i l e  m a t e r i a l s ,  p rovided  

t h a t  a s i m i l a r  t r i a x i a l  c o n s t r a i n t  i s  m a in ta ined  in  a l l  c a se s .
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I n t r o d u c t i o n

The aim o f  t h e  paper  i s  t o  d e s c r i b e  r e c e n t  s t u d i e s  on th e  s t r e s s  and 

d e fo rm a t io n  f i e l d s  a t  growing p la n e  s t r a i n  c rac k  t i p s  i n  e l a s t i c - i d e a l l y  

p l a s t i c  s o l i d s ,  and to  i n t e r p r e t  t h e  r e s u l t s  in  te rms o f  c r i t e r i a  f o r  s t a b l e  

c r a c k  growth.  In bo th  r e s p e c t s  t h e  work i s  an e x t e n s i o n  o f  a r e c e n t l y  pub­

l i s h e d  s tu d y  by Rice and Sorensen  [1] ( h e n c e fo r t h  deno ted  RS f o r  b r e v i t y ) .

In t h e  n ex t  s e c t i o n  we p r e s e n t  t h e  p r i n c i p a l  r e s u l t s  o f  a r e c e n t  

a n a l y s i s  [2 ] o f  t h e  a sy m p to t i c  s t r e s s  f i e l d  a t  a growing c rack  t i p  where we 

f i n d ,  c o n t r a r y  t o  t h e  assumpt ion  o f  RS, t h a t  a f u l l  P r a n d t l  f i e l d  cannot  

e x i s t  a t  th e  t i p  b u t ,  r a t h e r ,  i t s  " c e n t e r e d  fan"  and t r a i l i n g  " c o n s t a n t  s t r e s s "  

s e c t o r s  a r e  d iv i d e d  by an e l a s t i c  un lo a d in g  zone.  The n e t  s t r e s s  t r i a x i a l i t y  

in  f r o n t  o f  t h e  c rac k  and,  inde ed ,  t h e  e n t i r e  n e a r  t i p  s t r e s s  d i s t r i b u t i o n  

d i f f e r s  l i t t l e  from t h a t  o f  t h e  P r a n d t l  f i e l d ,  which may e x p l a i n  why th e  e f f e c t  

was n o t  r e v e a l e d  in  p r e v io u s  f i n i t e  elemen t s i m u l a t i o n s  o f  c rac k  growth [ 3 , 1 ] .  

We f i n d  t h e  same e x p r e s s i o n  a s  RS d id  f o r  t h e  a s y m p to t i c  form o f  t h e  n e a r  t i p  

o p en in g s ,  bu t  w i th  a r e v i s e d  v a l u e  o f  t h e i r  p a ram e te r  g ( see  e q s . 1 9 ,21 ) .

The fo l l o w in g  s e c t i o n  a n a ly z e s  r e c e n t  f i n i t e  el ement s t u d i e s  [4] o f  

( l i m i t e d  amounts o f )  s t a b l e  c r a c k  growth under  smal l  s c a l e  y i e l d i n g  c o n d i t i o n s ,  

based  on a r e f in e m e n t  o f  mesh s i z e  as  s u gges ted  i n  RS t o  more a c c u r a t e l y  d e t e r ­

mine p a r a m e te r s  such as  R .and a ( a g a in ,  see e q s . 19 ,21)  i n  t h e i r  e x p r e s s i o n  

f o r  t h e  n e a r - t i p  c rac k  o pen ings .  The a sy m p to t ic  and f i n i t e  element r e s u l t s  

seem t o  be c o n s i s t e n t  w i th  one a n o t h e r ,  and t o g e t h e r  t h e y  p r o v id e  a r e a s o n a b l y  

comple te  u n d e r s t a n d i n g  o f  t h e  n e a r  t i p  f i e l d ,  a t  l e a s t  f o r  l i m i t e d  amounts o f  

s t a b l e  growth,  a l th o u g h  n u m e r ica l  r e s u l t s  s t i l l  l e av e  some u n c e r t a i n t i e s  in  

t h e  d e t e r m i n a t i o n  o f  a and R .

Subsequent  p o r t i o n s  o f  t h e  p a p e r  examine a c r i t e r i o n  f o r  c rack  

growth ,  i n  t h e  form s u g g es ted  i n  RS, r e q u i r i n g  t h a t  a f i x e d  c r a c k  s u r f a c e
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opening  6c be m a in ta in e d  a t  a sm al l  c h a r a c t e r i s t i c  d i s t a n c e  r m ( in ten d ed  

t o  c o i n c i d e  a p p ro x im a te ly  w i th  a " f r a c t u r e  p r o c e s s  zone" s i z e )  from t h e  t i p  

f o r  c o n t i n u i n g  growth.  Crack growth ,  under  smal l  s c a l e  y i e l d i n g ,  i s  d i s c u s s e d  

based  on t h e  c r i t e r i o n  and,  i n  a d d i t i o n ,  we d i s c u s s  some p o s s i b l e  i m p l i c a t i o n s  

o f  t h e  c r i t e r i o n  f o r  l a r g e  s c a l e  y i e l d i n g  (but  i n  g e o m e t r ie s  l i k e  d e e p l y -c r a c k e d  

bend spec im ens ,  m a i n t a i n i n g  a c r a c k  t i p  t r i a x i a l  c o n s t r a i n t  s i m i l a r  t o  t h a t  o f  

t h e  P r a n d t l  f i e l d  even under  f u l l y  y i e l d e d  c o n d i t i o n s ) .

Our c o n s i d e r a t i o n s  s u g g e s t  a dependence o f  t h e  J  v e r s u s  c r a c k  growth (Aa) 

r e l a t i o n  on t h e  e x t e n t  o f  y i e l d i n g ,  a l t h o u g h  f o r  h i g h l y  d u c t i l e  m a t e r i a l s  

( l a r g e  v a l u e s  o f  t h e  P a r i s  t e a r i n g  modulus T [ 5 ,6 ] )  t h e s e  dependenc ies  

might  sometimes be r e l a t i v e l y  s m a l l .  An Appendix t o  t h e  p a p e r  compares some 

p o s s i b l e  d e f i n i t i o n s  o f  J  f o r  f u l l y  p l a s t i c  specimens .
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Asymptotic  N ear-T ip  F i e l d s  f o r  S t a t i o n a r y  and Growing Cracks

Rice [7 ,8 ]  and Hutchinson [9] have c o n s t r u c t e d  a sy m p to t i c  p la n e  s t r a i n  

c rack  t i p  s t r e s s  s t a t e s  f o r  i d e a l l y  p l a s t i c  s o l i d s  by s l i p  l i n e  methods,  and 

have ana lyzed  t h e  n a t u r e  o f  t h e  s t r a i n  s i n g u l a r i t i e s  w i t h i n  " c e n t e r e d  f an"  

s e c t o r s  f o r  l o a d in g  o f  a s t a t i o n a r y  c r a c k . S i m i l a r  methods have been adopted  ■ 

f o r  growing c r a c k s ,  where t h e  n a t u r e  o f  t h e  e l a s t i c - p l a s t i c  s t r a i n  s i n g u l a r i t y  

in  c e n t e r e d  fan  s e c t o r s  moving with  t h e  t i p  has been d i s c u s s e d  by Rice [ 8 ,1 0 ] ,  

Cherepanov [11] ,  and by RS.

For our  p r e s e n t  d i s c u s s i o n  i t  i s  co n v e n ie n t  t o  fo l l o w  a development o f  

Rice and Tracey  [12] which ana lyzed  d i r e c t l y ,  w i t h i n  c o n v e n t io n a l  " sm all  s t r a i n "  

a s su m p t io n s ,  t h e  s t r e s s  s t a t e  ck^ (6 ). r e s u l t i n g  as r  -* 0 a t  t h e  t i p

o f  a c r a c k  in  an i d e a l l y  p l a s t i c  s o l i d  under  p la n e  s t r a i n  c o n d i t i o n s  ( r , 6  a r e  

p o l a r  c o o r d i n a t e s  c e n t e r e d  on th e  t i p  a s  i n  f i g .  l a ) .  They o bse rve  f i r s t  

t h a t  s i n c e  t h e  s t r e s s  a t  t h e  t i p  must be bounded,  te rm s  o f  t h e  form r  9 o . . / 3 r  

in  t h e  s t r e s s  e q u i l i b r i u m  e q u a t io n s  must v a n i s h  as r  -> 0 , and hence t h e  

e q u i l i b r i u m  e q u a t io n s  red u ce  t o  t h e  two o r d i n a r y  d i f f e r e n t i a l  eq u a t io n s

Also ,  th e y  assume t h a t  t h e  p l a s t i c  y i e l d  c o n d i t i o n  i n  h i g h l y  s t r a i n e d  m a t e r i a l  

a t  t h e  t i p  r e d u c e s  t o  t h e  form

t h a t  i s ,  t h a t  t h e  maximum s h e a r  s t r e s s  i n  t h e  p la n e  o f  s t r a i n i n g  i s  l i m i t e d  to

a CD

2are + da69/d e  = °  • ( 2 )

(3)
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t h e  y i e l d  i n  s h e a r ,  oq/ / ?  (where,  u s in g  th e  Mises s h e a r  t o  t e n s i o n  

c o n v e r s io n ,  oq i s  t h e  t e n s i l e  y i e l d  s t r e n g t h ) .

Equat ion  (3) can e i t h e r  be acc e p te d  as  an approx im ate  c r i t e r i o n  o f  

p l a n e  s t r a i n  y i e l d i n g  o r  can be m o t iv a ted  in  t h e  fo l l o w in g  way. The th r e e -  

d im ens iona l  P rand t l -Reuss-N l i ses  t h e o ry  i s  based on th e  p l a s t i c  f low r u l e

D?. = A s . . where A = /  D ? .D ? . / s  s ^ o , (4)
i j  i ]  i j  i j  m n  m n

i s  t h e  d e v i a t o r i c  p a r t  o f  , and D?.. i s  t h e  p l a s t i c  p a r t  o f  t h e

s t r a i n  r a t e  t e n s o r  . The l a t t e r  i s  d e f in e d  ( r e l a t i v e  t o  C a r t e s i a n

c o o r d i n a t e s  x^ , , x^) by

2D..  = 3 v . /3 x .  + 3 v . /3 x .  , (5)
1 3 J i

where v^ i s  t h e  v e l o c i t y  u^ (u^ i s  t h e  d i s p la c e m e n t  and th e  superposed  

d o t  means t ime d e r i v a t i v e ) , and c o n s i s t s  o f  e l a s t i c  and p l a s t i c  p a r t s  such 

t h a t

D. . = D?. + D?. = o- • -  -e 6 - -CTvv + As- • ( 6 )13 i j  i j  E i j  E i j  kk 13 v J

f o r  i s o t r o p i c  e l a s t i c  r e s p o n s e .  For e l a s t i c  l o a d in g  o r  u n lo a d in g  t h e  te rm 

w i th  A i s  d e l e t e d .  In t h e  i d e a l l y  p l a s t i c  ca s e  A i s  n o t  de te rm ined  

d i r e c t l y  by th e  s t r e s s  r a t e s ,  bu t  v a r i a t i o n s  i n  s t r e s s  d u r in g  p l a s t i c  r e sponse  

must s a t i s f y  t h e  y i e l d  c o n d i t i o n

s . . s . , / 2  = o 2/ 3 . (7)
i ]  13 o
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In p l a n e  s t r a i n ,  i f  s zz = 0 (where t h e  z a x i s  i s  p e r p e n d i c u l a r  t o  

t h e  x , y  p l a n e  o f  d e f o r m a t i o n ) , eq.  (7) r ed u ce s  t o  eq .  ( 3 ) .  Now, by eq.  (4) 

i t  i s  c l e a r  t h a t  whenever

DP / / D? . D?. = 0 , f81zz 1 ] i j  *

s zz = 0 , so t h a t  eq.  (.3) r e s u l t s .  But s i n c e  t h e  p l a n e  s t r a i n  c r a c k  t i p  i s  

expec ted  t o  be t h e  s i t e  o f  a p l a s t i c  s t r a i n  s i n g u l a r i t y ,  w h i le  t h e  p l a s t i c  

s t r a i n  i n  t h e  z - d i r e c t i o n  i s  bounded ( s i n c e  t o t a l  z s t r a i n  and i t s  e l a s t i c  

p o r t i o n s  a r e  bounded) , we e x p ec t  eq.  (8) t o  be a s y m p t o t i c a l l y  v a l i d  as  r  -»■ 0  , 

so t h a t  eq.  (3). becomes t h e  a p p r o p r i a t e  form o f  t h e  y i e l d  c o n d i t i o n  a t  t h e  t i p .  

Th is  argument i s  s u g g e s t i v e  b u t  n o t  f u l l y  s a t i s f a c t o r y  b eca u se ,  as  w i l l  be seen ,  

t h e  assum pt ion  o f  eq.  (.3) l e a d s  t o  t h e  p o s s i b i l i t y  o f  " c o n s t a n t  s t r e s s "  a n g u l a r  

s e c t o r s  a t  t h e  t i p ,  which do n o t  produce  unbounded p l a s t i c  s t r a i n .  N e v e r t h e l e s s ,  

we c o n t in u e  by assuming t h a t  eq .  (.3) i s  v a l i d  w i t h i n  p l a s t i c a l l y  deforming zones 

a t  t h e  t i p ,  n o t i n g  t h a t  i t  must be v a l i d  w i t h i n  s i n g u l a r  s e c t o r s  and t h a t  t h e  

arguments  based  on i t  l e a d  t o  f i e l d s  i n  agreement w i th  num er ica l  f i n i t e  

element s o l u t i o n s  ( 12] f o r  t h e  now w ell -documented  c a s e  o f  lo a d in g  o f  a s t a ­

t i o n a r y  c r a c k .

Rice and Tracey  [12] showed t h a t  t h e  o n ly  s o l u t i o n s  o f  t h e  e q u i l i b r i u m  

e q u a t io n s  ( 1 , 2 ) ,  v a l i d  w i t h i n  p l a s t i c  r e g i o n s  a t  t h e  t i p  f o r  which eq.  (3) 

i s  met a r e  o f  t h e  fo l l o w in g  t y p e s :

(a) Cen te red  fan  s e c t o r s , i n  which

a n = ± a / / ?  , a = ona = c o n s t a n t  + (2a / / ?  )0 , (9)r 0 o r r  00  o

and which have t h e  i n t e r p r e t a t i o n  i n  te rm s  o f  s l i p  l i n e s  shown i n  f i g .  l a ;
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o r

(b) C ons tan t  s t r e s s  s e c t o r s ,  i n  which s t r e s s e s  a , a , a   xx xy yy

( i . e . ,  r e f e r r e d  t o  C a r t e s i a n  c o o r d i n a t e s )  a r e  in dependen t  o f  0 and meet 

eq.  (3 ) ;  t h e s e  have t h e  i n t e r p r e t a t i o n  i n  te rms o f  s l i p  l i n e s  shown in  

f i g .  lb .

Hence t h e  c r a c k  t i p  s t r e s s  s t a t e  c o n s i s t s  o f  an a r r a y  o f  p l a s t i c  a n g u l a r  

s e c t o r s  o f  ty p e  (a)  a n d / o r  ( b ) , among o r  between which t h e r e  may be s e c t o r s  

t h a t  respond  e l a s t i c a l l y  (o r  c u r r e n t l y  respond  e l a s t i c a l l y ,  bu t  may p r e ­

v i o u s l y  have been y i e l d e d ) .
if

I f  we seek  a s o l u t i o n  o f  t h e  e q u i l i b r i u m  e q u a t io n s  (1 ,2 )  c o r re s p o n d in g

t o  p l a s t i c  r e s p o n s e  a t  a l l  a n g l e s  8 abou t  t h e  t i p ,  th e n  t h e  o n ly  s o l u t i o n

co r re s p o n d in g  t o  Mode I l o a d in g  f o r  which a l l  s t r e s s e s  a r e  c o n t in u o u s  ( n o t e :

e q u i l i b r i u m  c o n s i d e r a t i o n s  a lo n e  r e q u i r e  c o n t i n u i t y  o f  a . ,  and a , bu t
00 r 0

n o t  a ) i s  t h a t  o f  t h e  P r a n d t l  f i e l d  shown i n  f i g .  l c .  This  f i e l d  was r r  6

h y p o th e s i z e d  by Rice [7 ,8 ]  as  t h e  n e a r  t i p  s o l u t i o n  f o r  w e l l - c o n t a i n e d  y i e l d ­

in g ;  i t  i s  known t o  r e s u l t  as  t h e  non -harden ing  l i m i t  o f  t h e  H u tch in son -R ice -  

Rosengren [13,14] s i n g u l a r i t i e s  and seems t o  be w e l l  s u b s t a n t i a t e d  by numer­

i c a l  s o l u t i o n s  f o r  smal l  s c a l e  y i e l d i n g  a t  a s t a t i o n a r y  c rac k  t i p  [12] .  (On 

t h e  o t h e r  hand,  i t  i s  known t h a t  f u l l y  p l a s t i c  s o l u t i o n s  f o r  n on -ha rden ing  

m a t e r i a l s  show a wide v a r i e t y  o f  c r a c k  t i p  s t r e s s  f i e l d s ,  some o f  which 

in v o l v e  d i s c o n t i n u i t i e s  i n  a and a n g u l a r  s e c t o r s  t h a t  a r e  s t r e s s e d  below 

y i e l d ) .

I t  was assumed i n  RS and p r e v io u s  s t u d i e s  o f  growth [8 ,10 ,11 ]  t h a t  th e  

same P r a n d t l  f i e l d  o f  f i g .  l c  p ro v id e s  t h e  s t r e s s  s t a t e  a t  a growing c rack  

t i p .  However, as  we s h a l l  show, t h i s  cannot  be t h e  c a s e .  I t  i s  s t i l l  t r u e  

t h a t  t h e  s t r e s s  f i e l d  w i t h i n  p l a s t i c  r e g i o n s  must c o n s i s t  o f  a com bina t ion  o f  

c e n t e r e d  fan  and c o n s t a n t  s t r e s s  s e c t o r s ,  bu t  we f i n d  t h a t  t h e r e  must be a
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s e c t o r  o f  e l a s t i c  u n lo a d in g  between t h e  fan  and t h e  t r a i l i n g  c o n s t a n t  s t r e s s

r e g i o n  as shown in  f i g .  Id .  The d e t a i l s  o f  t h e  a n a l y s i s  a r e  com p l ica ted  and,

s i n c e  our  emphasis  h e r e  i s  on t h e  i n t e r p r e t a t i o n  o f  r e s u l t s  i n  te rm s  o f

s t a b l e  c r a c k  growth ,  we r e p o r t  them s e p a r a t e l y  [2 ] ,  o u t l i n i n g  h e r e  o n ly  t h e

major  i d e a s  and r e s u l t s .

F i r s t ,  RS have p r e s e n t e d  t h e  form o f  t h e  v e l o c i t y  f i e l d  i n  a c e n t e r e d

fan  s t r e s s  f i e l d ,  o f  ty p e  i n  eq.  ( 9 ) ,  which moves w i th  t h e  c r a c k .  Th is  i s

o b t a i n e d  by i n t e g r a t i o n  o f  t h e  r r  and 00 components o f  ( 6 ) ,  n o t i n g  t h a t

s = s„„ = 0  i n  a f an  zone.  For example,  i f  a i s  c r a c k  l e n g th  and th e  r r  00 c

f an  b eg in s  a t  0 = tt/ 4  as  i n  f i g s . l c  and d ( i t  cannot  beg in  a t  any s m a l l e r  

a n g l e ,  nor  a t  any l a r g e r  a n g l e ,  i f  t h e  a n g u l a r  s e c t o r  ahead o f  t h e  t i p  i s  t o  

be p l a s t i c ,  t h i s  due t o  t h e  r eq u i r e m e n t  o f  c o n t in u o u s  s h e a r  s t r e s s ) , t h e n

( 1] a s  r  -> 0

v = a s i n 0 £n
r  /3  E

f  ( 6 )

( 10)

v„ = - 2 ( 2 -v)

/ 3  E
a —-----COS0 Jin R 3v

, / 2
r 2 -v - fC6 ) + g ( r )

where t h e  f u n c t i o n s  f (0) and g ( r )  , and l e n g t h  R , a r e  unde te rmined  by 

t h e  a s y m p to t i c  a n a l y s i s ,  e x ce p t  t h a t  g(0)  = 0 . The f u n c t i o n s  f  and g , 

i n  a d d i t i o n  t o  be ing  f u n c t i o n s  o f  0 and r  , r e s p e c t i v e l y ,  w i l l  be homogeneous 

f u n c t i o n s  o f  deg ree  one (and p o s s i b l y  l i n e a r )  i n  a and i n  t h e  r a t e  o f  

wha teve r  p a r a m e te r  d e s c r i b e s  t h e  i n t e n s i t y  o f  t h e  a p p l i e d  lo a d .  One may 

compute t h e  components o f  and,  s i n c e  t h e  D?^ a r e  known i n  te rm s  o f

on j , o f  D?^ . The o n ly  n o n -v a n i s h i n g  component o f  D?^ r e f e r r e d  t o  t h e
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p o l a r  c o o r d i n a t e  system i s ,  as  r  -+ 0 ,

,  f , ( . M  f e e )  (11)

[Observe t h a t  s i n c e  th e  r a t e  q u a n t i t i e s  a r e  r e f e r r e d  t o  a moving p o l a r

c o o r d i n a t e  system, one cannot  w r i t e  v = du / d t  , D „ = de „ / d t  , e t c . ,/ r  r  ’ r 6 r 6 ’ ’

a l th o u g h  s i m i l a r  e q u a t io n s  a r e  v a l i d  f o r  C a r t e s i a n  components .]

Owing to  t h e  p a th -de pendence  ( in  s t r a i n  space)  o f  p l a s t i c  s t r e s s - s t r a i n  

r e l a t i o n s ,  t h e  n a t u r e  o f  t h e  n e a r  t i p  d i sp la c e m e n t  and s t r a i n  f i e l d  i s  fu n d a ­

m e n t a l l y  d i f f e r e n t  f o r  a s t a t i o n a r y  v e r s u s  a growing c r a c k .  For t h e  s t a ­

t i o n a r y  c r a c k ,  a = 0 , under  monotonic load  i n c r e a s e  t h e  on ly  n o n -v a n i s h in g  

p l a s t i c  s t r a i n  in  t h e  fan  i s  and t h i s  i s  g iven  by an e x p r e s s io n  o f

t h e  form

£r 0 = F (0) / r  ' as  r  0 » ( 1 2 )

where F (8 ). i s  unde te rmined  by th e  a s y m p to t ic  a n a l y s i s .  F u r t h e r ,  t h e  d i s ­

p lacem en ts  a t  r  = 0 v a ry  w i th  0 i n  t h e  fan  so t h a t  a. d i s c r e t e  opening  

d i s p la c e m e n t  r e s u l t s  a t  t h e  t i p  ( the  f i e l d  on t h e  s i z e  s c a l e  o f  t h i s  opening 

must be de te rm ined  by a f i n i t e  s t r a i n  a n a l y s i s ) . But when t h e  c r a c k  l e n g th  a 

i s  i n c r e a s i n g  c o n t i n u o u s l y  w i th  t h e  l e v e l  o f  a p p l i e d  l o a d in g ,  a sy m p to t ic  

i n t e g r a t i o n  o f  eq.  (11) i n  th e  manner d e s c r i b e d  by Rice [10] ( in  t h e  fan)  and 

in c l u d i n g  t h e  s t r a i n  d i s c o n t i n u o u s l y  accumula ted  by th e  v e l o c i t y  d i s c o n t i n u i t y  

a t  t h e  l e a d in g  edge o f  t h e  fan  l e ad s  t o  [ 2 ]

i j  / e  E i j vr y + H . . (6 ) , as  r  + 0 , (13)
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where,  r e f e r r e d  t o  C a r t e s i a n  c o o r d i n a t e s  as  in  f i g s .  l c  and d,

G ( 8 ) = -G (01 = -2 s in e  xx yy
G (6 ). = G (.8 ) = £ n [ t a n ( 0 / 2 ) / t a n  (.ir/8 ),] (14).xy yx

+ 2 ( c o s 0 -  1 / / 2 ) ,

and where t h e  f u n c t i o n s  H „ (6 ). a r e  unde te rm ined  by th e  a n a l y s i s  bu t  w i l l  

depend,  in  a presumably  m o n o to n ic a l ly  i n c r e a s i n g  manner,  on t h e  r a t i o  

d ( a p p l i e d  l o a d ) / d a  . F u r t h e r , f o r  t h e  growing c rac k  t h e  d i s p la c e m e n ts  i n  t h e  

fan  v a n i s h  a t  r  = 0 and hence t h e r e  i s  no d i s c r e t e  t i p  opening  d i s p la c e m e n t .

Now, t h e  d i f f i c u l t y  w i th  assuming t h e  f u l l  P r a n d t l  f i e l d  o f  f i g . l c  f o r  

t h e  growing c r a c k  i s  t h a t  t h e r e  i s  a non-removable  d i s c o n t i n u i t y  o f  v e l o c i t y  

vr  a t  t h e  boundary  between th e  f an  C and back c o n s t a n t  s t r e s s  zone B .

Such d i s c o n t i n u i t i e s  a r e  p e r m i s s i b l e  w i t h i n  an i d e a l l y  p l a s t i c  model ,  b u t  o n ly  

i f  t h e y  co r re s p o n d  t o  p o s i t i v e  p l a s t i c  work. Such i s  n o t  t h e  ca s e  h e r e  b e c a u s e ,  

from eq.  (.1 0 )., vr  -+ +“  a s  r  -*■ 0 a long  t h e  f an  s i d e  and vy i s  n e c e s s a r i l y  

hounded a long  t h e  c o n s t a n t  s t r e s s  s i d e .  S ince  a rQ i s  p o s i t i v e ,  i t  does 

n e g a t i v e  work on t h i s  d i s c o n t i n u i t y .

S e v e ra l  p o s s i b l e  rem edies  were ex p lo re d  [2 ] .  One cou ld  t r y  t o  c o n t in u e  

t h e  f i e l d  beyond t h e  back boundary  o f  C , i n  f i g .  l c ,  by assuming an e l a s t i c  

zone th ro u g h o u t  B and e n f o r c i n g  f u l l  c o n t i n u i t y  o f  v e l o c i t i e s  a t  t h e  back 

boundary ,  b u t  i t  i s  t h e n  found im p o s s ib l e  t o  f i n d  a s o l u t i o n  which does  n o t  

v i o l a t e  y i e l d  and which meets  c r a c k  s u r f a c e  boundary  c o n d i t i o n s .  I t  was 

t h e r e f o r e  a t t e m p t e d  t o  t e r m i n a t e  t h e  f an  a t  some i n i t i a l l y  unknown a n g le  0  ̂ , 

a s  shown i n  f i g .  Id ,  n e c e s s a r i l y  b o r d e r in g  on an e l a s t i c  s e c t o r ,  and t o  admit  

t h e  p o s s i b i l i t y  t h a t  t h e r e  may be a t r a i l i n g  p l a s t i c  r e g io n  B as  shown in  

f i g .  I d ,  n e c e s s a r i l y  a c o n s t a n t  s t a t e  r e g i o n .  A l t e r n a t i v e l y ,  i t  i s  e a s i l y  shown
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t h a t  a p l a s t i c  r e g i o n  B must e x i s t ,  i n  t h e  sense  t h a t  t h e  e n t i r e  r e g io n  

0 > 0^ cannot  be e l a s t i c ,  s i n c e  by e q s . (13,14) m a t e r i a l  p o i n t s  emerge from 

t h e  fan  w i th  a n e g a t i v e l y  i n f i n i t e  e^x as r  -*■ 0 , r e q u i r i n g  f u r t h e r  y i e l d  

t o  avo id  unbounded " r e s i d u a l "  s t r e s s e s .  The f u l l  d e t a i l s  a r e  g iven  in  [2] 

where i t  i s  found ,  f o r  v = 0 .3  , t h a t

0 s  115° , 02 »  163° (15)

and f i g .  Id has been drawn t o  co r re spond  t o  t h e s e  a n g l e s .  The c o r re s p o n d in g

a n g l e s  a r e  a p p ro x im a te ly  112° and 162° f o r  v = 0 .5  .

The r e s u l t i n g  C a r t e s i a n  s t r e s s  components a (0) , a (0) , a (0)xx yy xy

a r e  p l o t t e d  i n  f i g .  2 f o r  t h i s  f i e l d  and f o r  the- f u l l  P r a n d t l  f i e l d  of. f i g . l c .

What i s  rem arkab le  i s  how l i t t l e  th e y  d i f f e r ,  a and a be ing  b a r e l yyy xy

d i s t i n g u i s h a b l e  from th e  P r a n d t l  v a l u e s  ( th e  maximum v a lu e  o f  o , o c c u r r i n g  

in  t h e  f r o n t  c o n s t a n t  s t r e s s  s e c t o r  F , i s  a p p ro x im a te ly  1% l e s s  th a n  the- 

P r a n d t l  v a lu e  o f  (.2+tt) oo/ / 3  ) , and o^x showing on ly  a s l i g h t  d ip  below the  

P r a n d t l  v a lu e  i n  t h e  e l a s t i c  s e c t o r .  Presumably ,  t h i s  c l o s e n e s s  has  obscured  

t h e  d i f f e r e n c e s  between t h e  a c t u a l  and th e  P r a n d t l  f i e l d s  f o r  a growing c rack  

in  p r e v io u s  num e r ica l  s i m u l a t i o n s  [ 1 ,3 , 4 ]  where,  t o  t h e  a c c u ra c y  e x p e c t a b l e  

o f  such methods,  th e  r e s u l t s  were i n t e r p r e t e d  as  v e r i f y i n g  th e  p re s e n c e  o f  

t h e  P r a n d t l  f i e l d .

The form o f  t h e  c r a c k  opening  r a t e  6 (he re  6 i s  t h e  open ing between 

upper  and lower c r a c k  s u r f a c e s )  v e ry  n e a r  t h e  t i p  has  a l s o  been o b ta in e d  in

[2 ] .  The r e s u l t  has t h e  same form as  i n  RS, namely,

6 = 3 -g- a An E + A , as  r  0 , (16)
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where

$ = 5.083 f o r  v = 0 .3  . (17)

The v a l u e  i s  8 = 4.385 f o r  v = 0 .5  . (.In RS, t h e  v a lu e  8 = 4 ( 2 - v ) / / 3  = 3 .9 3 ,  

f o r  v = 0 . 3  , was o b t a i n e d  based  on t h e  a n a l y s i s  o f  v e l o c i t i e s  w i t h i n  t h e

r a t e  o f  a p p l i e d  load  i n c r e a s e .  Indeed ,  f o r  r a t e s  o f  a p p l i e d  load  which do n o t  

f i n i t e l y  change t h e  e l a s t i c - p l a s t i c  boundary ( e . g . ,  a n e g a t i v e  load  r a t e ,  

i nduc ing  e l a s t i c  r e s p o n s e  i n  l a r g e  p o r t i o n s  o f  t h e  p r e v i o u s l y  p l a s t i c  z o n e ) ,

may be used  t o  measure t h e  a p p l i e d  load  and,  w i th o u t  l o s s  o f  g e n e r a l i t y ,  we 

may use  t h e  f a r - f i e l d  v a l u e  o f  t h e  J  i n t e g r a l ,  n o t i n g  t h a t  i t  i s  w e l l - d e f i n e d  

f o r  c o n t a in e d  y i e l d i n g  (and may be e s s e n t i a l l y  so f o r  some g e n e ra l  y i e l d i n g  

c a s e s )  s i n c e  t h e  f a r - f i e l d  i s  e l a s t i c ,  and t h a t  our  use  o f  J  i n  t h i s  case  

c a r r i e s  no i m p l i c a t i o n  t h a t  i t  i s  p a t h - i n d e p e n d e n t  o r  has  any meaning what ­

e v e r  in  t h e  n e a r - t i p  p l a s t i c  r e g i o n .  A cco rd in g ly ,  we w r i t e

w i th  a and y unde te rm ined  by t h e  a s y m p to t ic  a n a l y s i s ,  and th e n  abso rb  y 

i n t o  t h e  f i r s t  te rm o f  eq.  (.16) t o  w r i t e ,  f i n a l l y ,

u n a p p l i c a b l e  f u l l  P r a n d t l  f i e l d  o f  f i g .  l c ) , and where A i s  unde te rmined

by t h e  a s y m p to t ic  a n a l y s i s  bu t  i s  homogeneous o f  deg ree  one i n  a and i n  t h e

we expec t  A t o  be l i n e a r  i n  a and th e  load  r a t e .  Any co n v en ien t  p a ra m e te r

A = a j / a  + ya ,o (18)

o
(19)

where now R has been r e p l a c e d  by a new l e n g t h  p a ra m e te r  R , a l s o  unde te rmined
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by t h e  a s y m p to t ic  a n a l y s i s . In t h e  n ex t  s e c t i o n  we d i s c u s s  t h e  approximate 

d e t e r m i n a t i o n  o f  a and R , by f i t t i n g  num erica l  r e s u l t s  from f i n i t e  element 

s t u d i e s  [4] t o  t h e  t h e o r e t i c a l  r e s u l t s .

I t  i s  o f  i n t e r e s t  t o  compare n e a r  t i p  c rac k  openings  f o r  s t a t i o n a r y  

v e r s u s  growing c r a c k s .  S e t t i n g  a = 0 in  eq.  (19 ) ,  we o b t a i n  f o r  monotonic 

lo a d in g  o f  a s t a t i o n a r y  c rac k

^ r = 0 a d J / a  = a J / o  f o r  a c o n s t a n t  o o
( 20)

(Note t h a t  by d im ens iona l  a n a l y s i s  a i s  c o n s t a n t  i n  t h e  smal l  s c a l e  y i e l d ­

ing  l i m i t ;  i t  i s  th o u g h t  t o  be a p p ro x im a te ly  c o n s t a n t  up t o  th e  g e n e ra l  

y i e l d i n g  range  f o r  g e o m e t r ie s  such  as  a d e e p l y - c r a c k e d  bend sp e c im e n ) .

But when t h e  c r a c k  i s  growing so t h a t  a i n c r e a s e s  c o n t in u o u s ly  w i th  J  , 

a s y m p to t i c  i n t e g r a t i o n  o f  eq.  (19) i n  t h e  manner o f  RS y i e l d s

- a r  dJ _ o „6 = —  j — + Br —  In o da fo

eR , as  r  0 , ( 21)

where e i s  t h e  n a t u r a l  lo g a r i th m  b a s e .  We see  t h a t  6 = 0  a t  t h e  t i p ,  

b u t  a w e l l - d e f i n e d  c r a c k  t i p  opening a n g le  does n o t  e x i s t  s i n c e  d 6 / d r  -> <=° 

a t  r  = 0 .

With f u t u r e  d i s c u s s i o n  i n  mind,  we may r e w r i t e  t h i s  e x p r e s s i o n  as

E6
Bo R o

| T  + £n eR r^
R

( 2 2 )

where T = (E/a 2 ) d J / d a  i s  t h e  P a r i s  t e a r i n g  m odulus . Now, as w i l l  be seen  
o

i n  t h e  nex t  s e c t i o n ,  and as i s  s u g g es ted  in  RS, R i s  found to  be comparable
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in  s i z e  t o  t h e  maximum p l a s t i c  zone r a d i u s ,  a t  l e a s t  under  smal l  s c a l e  y i e l d i n g  

c o n d i t i o n s ,  and a / 3  i s  o f  t h e  o r d e r  0 . 1 .  Hence i n  h igh  T m a t e r i a l s ,  where 

0.1 T g r e a t l y  exceeds t h e  l o g a r i t h m i c  te rm everywhere excep t  f o r  v a l u e s  o f  r  

t h a t  a r e  minu te  f r a c t i o n s  o f  t h e  p l a s t i c  zone d im ens ion ,  t h e  n e a r  t i p  c r a c k  

open ing  i s  a lm os t  l i n e a r  i n  r  and t h e  concep t  o f  a c r ac k  open ing  a n g le  has 

approx im ate  v a l i d i t y .  For example,  i f  T = 200 ( i n  t h e  range  o f  r e p o r t e d  v a l u e s  

[5] f o r  t h e  more d u c t i l e  s t r u c t u r a l  m e ta l s )  t h e  te rm 0.1 T i s  more than  

5 t im es  t h e  l o g a r i t h m i c  te rm f o r  a l l  v a l u e s  o f  r  g r e a t e r  t h a n  a p p ro x im a te ly  

5% o f  t h e  maximum p l a s t i c  zone r a d i u s .  At t h e  o t h e r  end o f  t h e  d u c t i l i t y  

spec t rum ,  say  T = 20 , t h e  l o g a r i t h m i c  te rm exceeds  0 .1  T o u t  t o  d i s t a n c e s  

r  o f  a p p ro x im a te ly  40% o f  t h e  p l a s t i c  zone r a d i u s  (p robab ly  beyond t h e  r a n g e  

o f  v a l i d i t y  o f  t h e  a s y m p to t i c  r e s u l t )  and no m ean ingfu l  d e f i n i t i o n  o f  an open ing  

a n g l e  cou ld  be g ive n .

For pu rposes  o f  i l l u s t r a t i o n ,  we compare n e a r - t i p  c r a c k  open ing  p r o f i l e s  

in  f i g .  3 f o r  a s t a t i o n a r y  c r a c k  and f o r  growing c r a c k s  w i th  v a r i o u s  v a l u e s  

o f  T , t a k i n g  f o r  s i m p l i c i t y  a = 0 .6S ,  3 = 5 ,  and R = 0 .2  EJ / ° Q2 ( c l o s e  t o  

t h e  v a l u e  e s t i m a t e d  i n  t h e  n e x t  s e c t i o n  f o r  smal l  s c a l e  y i e l d i n g ) ,  so t h a t  t h e  

l e f t  s i d e  o f  eq.  (22) i s  j u s t  6 / ( J / o o ) . Hence,  f i g .  3 compares,  a p p ro x im a te ly ,  

t h e  n e a r  t i p  p r o f i l e s  which would r e s u l t  a t  a g ive n  J  l e v e l  under  smal l  s c a l e  

y i e l d i n g .  The cu rve  marked T = 0 might  be th o u g h t  o f  a s  a  c r a c k  growing under  

env i ronm en ta l  i n f l u e n c e s  w i th  n e g l i g i b l e  change i n  J .
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Comparison w i th  F i n i t e  Element R e s u l t s  f o r  Growing Cracks

In RS an a t t e m p t  was made t o  i d e n t i f y  t h e  p a r a m e te r s  a and R a p p e a r ­

ing  i n  e q s . (19,20) f o r  t h e  c rac k  open ing ,  by c o r r e l a t i n g  t h e  t h e o r e t i c a l  r e s u l t  

a g a i n s t  a f i n i t e  element  s o l u t i o n  by Sorensen  [3] f o r  p la n e  s t r a i n  c rac k  

growth under  smal l  s c a l e  y i e l d i n g  c o n d i t i o n s .  I t  was remarked i n  RS t h a t  a 

num e r ica l  s o l u t i o n  w i th  a much f i n e r  mesh would be needed to  de te rm ine  more 

d e f i n i t i v e l y  t h e  above p a r a m e t e r s . But t h e  t e n t a t i v e  c o n c l u s i o n s  were 

r e a c h e d  t h a t  R s c a l e s  a p p ro x im a te ly  w i th  t h e  s i z e  o f  t h e  p l a s t i c  zone and 

t h a t  a i s  a p p ro x im a te ly  t h e  same f o r  a growing c rac k  as  f o r  monotonic 

lo a d in g  o f  a s t a t i o n a r y  c r a c k .  F u r t h e r ,  two a t t e m p t s  were made in  RS to  

check t h e  t h e r o e t i c a l  B v a l u e  a g a i n s t  v a l u e s  i n f e r r e d  from th e  num erica l  

r e s u l t s .  Both i n f e r r e d  v a l u e s  were too  l a r g e  compared t o  what was th e n  th ough t  

t o  be t h e  t h e o r e t i c a l  v a l u e  (3 .9 3 ,  f o r  v = 0.3), .  However, a s  remarked ,  th e  

t r u e  v a l u e  o f  B based  on th e  f i e l d  o f  f i g .  Id i s  found to  be 5.08 f o r  v = 0 . 3 ,  

and t h i s  i s  n o t  f a r  from t h e  i n f e r r e d  v a l u e  o f  4 .8  in  RS, based  on d i s p l a c e ­

ment inc rem en ts  a t  t h e  second node back from th e  t i p .

A r e f i n e d  mesh f i n i t e  el ement s o l u t i o n  o f  t h e  k ind  advoca ted  in  RS has 

now been c a r r i e d  o u t  by Sham [4 ] .  We d i s c u s s  some o f  t h e  r e s u l t s  h e r e . The 

f o r m u l a t i o n  o f  t h e  smal l  s c a l e  y i e l d i n g  problem, type  o f  e lem en ts  u sed ,  and 

g e n e r a l  f e a t u r e s  o f  t h e  mesh l a y o u t  a r e  i n  a l l  r e s p e c t s  s i m i l a r  t o  th o s e  o f  

[3J exce p t  t h e  mesh i s  f i n e r ,  so t h a t  t h e  p l a s t i c  zone s i z e  in  t h e  range  f o r  

which c r a c k  growth  i s  s t u d i e d  i s  o f  t h e  o r d e r  50 t im es  t h e  s id e  l e n g th  o f  

t h e  s m a l l e s t  e l em en t s .  These s m a l l e s t  e lem en ts  a r e  o f  un i fo rm  s i z e  along  

and a d j a c e n t  t o  t h e  p a th  o f  c r a c k  growth,  and c o n s i s t  o f  s q u a re s  l a i d  out  

i n  a r e c t a n g u l a r  a r r a y ,  w i th  each  squa re  made up o f  4 c o n s t a n t - s t r a i n  t r i a n ­

g u l a r  f i n i t e  e lem en ts  s h a r i n g  a common node a t  i t s  c e n t e r .  The m a t e r i a l  i s  

an i d e a l l y  p l a s t i c  Mises s o l i d  w i th  v = 0 .3  and t h e  l o a d in g ,  as  a p p r o p r i a t e
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f o r  smal l  s c a l e  y i e l d i n g ,  i s  s p e c i f i e d  i n  te rm s  o f  t h e  f a r  f i e l d  Mode I 

s t r e s s  i n t e n s i t y  f a c t o r  K . Some o f  Sham's r e s u l t s  w i l l  be r e p o r t e d  in  

te rms o f  J  , where i t  i s  t o  be u n d e r s to o d  t h a t  J  has  t h e  " f a r - f i e l d "  

v a l u e  a p p r o p r i a t e  f o r  c o n to u r s  i n  t h e  e l a s t i c  r e g i o n ,  namely (1 -v 2 )K2/E .

The load  v e r s u s  c rac k  l e n g t h  h i s t o r y  i s  shown i n  t h e  i n s e t  diagram

i n  f i g .  4,  where Kq i s  t h e  load  r e q u i r e d  t o  y i e l d  t h e  f i r s t  e lem en t .

The load  i s  f i r s t  i n c r e a s e d  w i th o u t  c r a c k  growth t o  s l i g h t l y  below 10 Kq ,

t h e n  3 one-e lem en t  c rac k  growth s t e p s  a r e  s im u la te d  (by in c re m e n ta l  un loa d ing  

o f  c rac k  t i p  nodes a t  f i x e d  K ) , each  fo l low ed  by an i n c r e a s e  i n  K a t  

f i x e d  c r a c k  l e n g t h ,  and th e n  8 f u r t h e r  one-e lem en t  c rac k  growth s t e p s  a r e  

s im u la te d  a t  f i x e d  K .

Sham [4] r e p o r t e d  t h e  n e a r  t i p  s t r e s s  f i e l d s  f o r  bo th  t h e  s t a t i o n a r y  

and growing c rac k  c a s e s  t o  be c o n s i s t e n t  w i th  t h e  f u l l  P r a n d t l  f i e l d  o f  

f i g .  l c .  But as  shown in  f i g .  2, t h e  d i f f e r e n c e s  between th e  f u l l  P r a n d t l  

f i e l d  and i t s  m o d i f i c a t i o n  w i th  t h e  e l a s t i c  s e c t o r  o f  f i g .  Id a r e  s m a l l .  The 

num er ica l  r e s u l t s  f o r  s t r e s s e s  a r e  n o t  a c c u r a t e  enough (presumably because  

th e y  a r e  based  on a mesh w i th  n o n - s i n g u l a r  e lem en ts  a t  t h e  t i p ;  compare [ 1 2 ]} 

t o  d i s t i n g u i s h  between th e  two,  and can e q u a l l y  be r e g a rd e d  as  be ing  c o n s i s t e n t  

w i th  t h e  f i e l d  a s s o c i a t e d  w i th  f i g .  Id f o r  t h e  growing c r a c k .  N e v e r t h e l e s s , 

Sham r e p o r t s  t h a t  a l l  c r a c k  growth s t e p s  a r e  accompanied by e l a s t i c  u n lo a d in g  

o f  some e lem en ts  beh ind  t h e  t i p ,  o f  l o c a t i o n s  c o i n c i d i n g  r o u g h ly  w i t h  t h e  

l o c a t i o n  o f  t h e  e l a s t i c  s e c t o r  in  f i g .  Id .  F u r t h e r ,  e lem en ts  a d j o i n i n g  th e  

c r a c k  s u r f a c e s  n e a r  t h e  t i p  a r e  found t o  y i e l d  i n  a d i r e c t i o n  c o r r e s p o n d in g  

t o  e x t e n s i o n  i n  t h e  x - d i r e c t i o n  o f  f i g . I d ,  as  p r e d i c t e d  w i t h i n  r e g i o n  B, and 

which i s  expec ted  s i n c e  m a t e r i a l  p o i n t s  emerge from t h e  f an  w i th  a v a l u e  o f  

which becomes n e g a t i v e l y  i n f i n i t e  a t  t h e  t i p .  Thus t h e s e  f e a t u r e s  as 

wel l  as  t h e  e lement s t r e s s e s  n e a r  t h e  t i p  a r e  c o n s i s t e n t  w i th  t h e  t h e o r e t i c a l  

a n a l y s i s  [ 2] o f  t h e  f i e l d  a t  a growing c r a c k  t i p .
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For smal l  load  i n c r e a s e  a t  f i x e d  c rac k  l e n g t h ,  eq.  (19) s u g g e s t s  a 

v a r i a t i o n  A6 i n  c r a c k  t i p  open ing d i sp la c e m e n t  g iven  by

(A6 ) r = 0  = a AJ/aQ . (23)

Thus we a r e  a b l e  t o  e s t i m a t e  t h e  dependence o f  a on th e  amount o f  c rack  

growth by e s t i m a t i n g  (A6 ) r _Q from t h e  num er ica l  r e s u l t s  f o r  th e  v a r io u s  

load  i n c r e a s e s  a t  f i x e d  c rac k  l e n g t h  shown i n  f i g .  4.  This  i s  accompli shed  

i n  f i g . 4a f o r  th e  t h r e e  load  s t e p s  fo l l o w in g  growth,  by p l o t t i n g  A6 / ( A J / o  ) 

a t  t h e  c r a c k l i n e  nodes as a f u n c t i o n  o f  r / ( .K /oo ).2 . The r e s u l t s  su g g es t  

t h a t  a t  l e a s t  f o r  t h e  r a t h e r  modest amounts o f  c rac k  growth c o n s id e r e d ,  t h e  

i n c r e m e n t a l  open ings  f o r  load  i n c r e a s e  a t  f i x e d  c rac k  l e n g th  a r e  u n a f f e c t e d  

by growth;  i . e . ,  t h a t  a i s  e s s e n t i a l l y  c o n s t a n t  d u r in g  growth.  To de te rm ine  

t h e  r e l a t i o n  between 6 and J  f o r  monotonic l o a d in g  o f  a s t a t i o n a r y  c r a c k ,  

we o b s e rv e  t h a t  by d im ens iona l  c o n s i d e r a t i o n s  ct i s  c o n s t a n t  d u r in g  mono­

t o n i c  l o a d in g  under  smal l  s c a l e  y i e l d i n g  c o n d i t i o n s ,  b u t  t h a t  i t s  v a l u e  i s  

most  a c c u r a t e l y  e s t i m a t e d  from num er ica l  s o l u t i o n s  by u s in g  d a t a  from th e  

ran g e  i n  which t h e  p l a s t i c  zone s i z e  i s  l a r g e  compared t o  element s i z e .

A c c o rd in g ly ,  in  f i g .  4b we show A6 / ( A J / a  ) v e r s u s  r / ( K / a  ) 2 from d a t ao o

based  on th e  l a s t  few inc rem en ts  o f  l o a d in g  o f  t h e  s t a t i o n a r y  c r a c k ,  as  

i n d i c a t e d .

The p o i n t s  o f  f i g s . 4a and b superpose  on one a n o t h e r  everywhere excep t  

i n  t h e  r e g io n  o f  u p tu r n .  I f  t h e  u p tu r n  r e g io n  i s  ig n o re d  and th e  d a t a  i s  

e x t r a p o l a t e d  to  t h e  t i p ,  as  shown by t h e  dashed l i n e ,  we o b t a i n  A6 / ( A J / o o) = 

0 .53  i n  bo th  c a s e s ,  i . e . ,  a = 0 . 5 3 ,  t h e  v a l u e  be ing  th e  same f o r  bo th  th e  

s t a t i o n a r y  and growing c r a c k .  This, v a l u e  o f  a i s  somewhat s m a l l e r  th a n  the
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ac c ep ted  v a lu e  o f  a p p ro x im a te ly  0.65 f o r  t h e  s t a t i o n a r y  c rac k  ( see  RS f o r  a 

summary of. r e s u l t s ) , whereas a «  0.65 i s  c o n s i s t e n t  w i th  t h e  opening  a t  th e  

f i r s t  node back from th e  t i p  i n  f i g .  4b. I f  we use  s i m i l a r l y  t h e  open ing 

a t  t h e  f i r s t  node i n  f i g .  4a t o  e s t i m a t e  a f o r  t h e  growing c r a c k ,  th e n  th e  

v a l u e s  o f  a a r e  h i g h e r  (0 .6 9 ,  0 .7 1 ,  0.72 a t  t h e  end o f  t h e  t h r e e  growth 

s t e p s )  th a n  f o r  t h e  s t a t i o n a r y  c r a c k ,  i . e . ,  by amounts r a n g in g  from 6 % t o  1 1 % 

The i n t e r p r e t a t i o n  o f  t h e s e  r e s u l t s  i s  f u r t h e r  c louded by t h e  u p tu r n s  in  A6 

which occu r  w i t h i n  a r e g i o n  f o r  which th e  f i n i t e  element mesh o f  [4] u n d e r ­

goes a r e d u c t i o n  by a f a c t o r  o f  2 i n  element s i z e  ( . s t a r t i n g  3 e lem en ts  behind  

t h e  o r i g i n a l  c rac k  t i p ) , and may i n d i c a t e  in a d e q u a c i e s  o f  t h e  num er ica l  

t r e a t m e n t .

The l a s t  8 one -e lem en t  s t e p s  o f  growth ( r e l e a s e  s t e p s  4 t o  11) a t  

f i x e d  K grow th e  c rac k  away from t h e  r e g io n  o f  d i s c o n t i n u i t y  i n  mesh s i z e .  

Obse rv ing  from eq.  (21) t h a t  f o r  growth a t  c o n s t a n t  K (hence c o n s t a n t  J )  

t h e  n e a r  t i p  open ing  i s

compar ison o f  t h e  f i n i t e  el ement r e s u l t s  f o r  6 w i th  t h i s  formula p r o v id e s  

a means o f  e s t i m a t i n g  R and o f  s e e in g  t o  what e x t e n t  t h e  num er ica l  r e s u l t s  

a r e  c o n s i s t e n t  w i th  t h e  t h e o r e t i c a l  v a l u e  o f  6 . To do so ,  t h e  formula i s  

r e w r i t t e n  as

a eR
6 = 3 ■—  r  £n E r

(24)

E6 B i-n ------------  + 8 &n
e (K /a Q) 2

(25)
a r  o r

and E6 / a Qr  i s  p l o t t e d  a g a i n s t  8.n [e (K /aQ) 2 / r ]  , so t h a t  8 i s  g iven  by th e
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s lo p e  and R i s  de te rm ined  from th e  a x i s  i n t e r c e p t .  Th is  i s  done in  f i g .  5 f o r  

t h e  f i n i t e  element openings  a long  t h e  p a th  o f  growth a t  c o n s t a n t  K , u s in g  

d a t a  a t  t h e  end o f  each o f  t h e  r e l e a s e  s t e p s  6 t o  11. The d a t a  f o r  each 

r e l e a s e  s t e p  forms a s t r a i g h t  l i n e , con f i rm ing  th e  l o g a r i t h m ic  dependence in  

eq.  (24) ,  and th e  s lo p e s  a r e  v e ry  c l o s e  t o  one a n o t h e r ;  6 = 5 .4  can be 

t a k e n  a s  a r e p r e s e n t a t i v e  v a l u e .  Th is  i s  c l o s e  t o ,  bu t  somewhat l a r g e r  th a n ,  

t h e  t h e o r e t i c a l  v a l u e  o f  5 .08 .  The co r r e s p o n d in g  v a l u e s  o f  R as de te rmined  

from a x i s  i n t e r c e p t s  a r e  shown in  f i g .  5, and th e s e  c l u s t e r  about  t h e  v a lu e

R « 0.21 K2/ o  2 ~ 0 .23  EJ /a  2 , (26)o o

which seems to  be e s s e n t i a l l y  in dependen t  o f  t h e  amount o f  growth.  F u r t h e r ,

Sham [4] e s t i m a t e s  a maximum p l a s t i c  zone r a d i u s  which i s  app ro x im a te ly

0 .16  (K/o^ ) 2 f o r  t h e  s t a t i o n a r y  c r a c k  and which i n c r e a s e s  s l i g h t l y  with

growth ,  t o  a p p ro x im a te ly  0 .18 (K/ct ) 2 a t  t h e  end o f  t h e  11 growth s t e p s .
o

Thus t h e  v a lu e  e s t i m a t e d  above f o r  R e s s e n t i a l l y  s c a l e s  w i th  t h e  p l a s t i c  

zone s i z e  but  i s  about  15% t o  30% l a r g e r .

Again,  however,  t h e  i n t e r p r e t a t i o n  o f  num er ica l  r e s u l t s  i s  n o t  unambiguous . 

For example,  i f  l i n e s  w i th  t h e  t h e o r e t i c a l  s lo p e  8 = 5 .08 a r e  f i t  t o  t h e  d a t a  

o f  f i g .  5,  t h e  v a l u e  o f  R i s  found t o  d e c r e a s e  w i th  c r a c k  growth,  from 

R x  0 .35 (K/aQ) 2 a t  r e l e a s e  s t e p  6 t o  R ss 0.21 (K/oq ) 2 a t  r e l e a s e  s t e p  11.

C l e a r l y ,  much remains  t o  be done t o  d e te rm in e  e x p r e s s i o n s  f o r  th e  

p a r a m e te r s  cti and R and f o r  t h e i r  dependence on c rac k  growth,  n o t  on ly  f o r  

t h e  smal l  s c a l e  y i e l d i n g  ca s e  examined h e re  b u t  a l s o  f o r  l a r g e r  s c a l e  y i e l d ­

in g .  Lacking.more d e f i n i t i v e  i n f o r m a t i o n ,  we w i l l  assume t e n t a t i v e l y  f o r  th e  

subsequen t  d i s c u s s i o n  o f  c r a c k  growth t h a t  a i s  a p p ro x im a te ly  c o n s t a n t  and 

t h a t  R s c a l e s  w i th  th e  p l a s t i c  zone s i z e  ( i n  t h e  form R w 0 .2  E J /o q 2 f o r  

smal l  s c a l e  y i e l d i n g ) .
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S p e c u l a t i o n s  on Large S ca le  Y ie ld in g

The num er ica l  r e s u l t s  j u s t  su rveyed ,  as  wel l  as  t h o s e  in  t h e  o r i g i n a l

RS s tu d y ,  were f o r  th e  smal l  s c a l e  y i e l d i n g  l i m i t ,  i n  which th e  p l a s t i c  r e s p o n s e

i s  f u l l y  d e te rm ined  by th e  s u r ro u n d in g  e l a s t i c  K f i e l d . However, t h e  r e s u l t s

o f  t h e  a s y m p to t i c  a n a l y s i s  should  be v a l i d  f o r  l a r g e r  s c a l e  c o n ta in e d  y i e l d i n g

o f  i d e a l l y  p l a s t i c  s o l i d s ,  a l th o u g h  R and a must th e n  be expec ted

to  depend on t h e  e x t e n t  o f  y i e l d i n g .  For example,  th e  t e n t a t i v e  r e l a t i o n

R « 0 .2  EJ/o  2 cannot  be expec ted  t o  p e r s i s t  a t  l a r g e  s c a l e  y i e l d i n g  because  o

th e  d im ens ions  o f  th e  p l a s t i c  r e g io n  no longe r  s c a l e  d i r e c t l y  w i th  J .

F i n a l l y ,  f o r  f u l l y  y i e l d e d  i d e a l l y  p l a s t i c  s pec im ens , o f  a geometry 

t h a t  r e t a i n s  c o n s t r a i n t  comparable t o  t h a t  o f  th e  P r a n d t l  f i e l d  ( e . g . ,  d e e p ly -  

c racked  bend specimens [15]).,  growth o f  t h e  c r a c k  s t i l l  r e q u i r e s  t h a t  c e n t e r e d  

fan  s e c t o r s  o f  n e a r  t i p  s t r e s s e s  be moved th rough  t h e  m a t e r i a l . This  i n t r o d u c e s  

l o g a r i t h m i c  s i n g u l a r i t i e s  o f  t h e  ty p e  m u l t i p l y i n g  a in  e x p r e s s io n s  l i k e  t h o s e  

o f  e q s . ( 1 0 ) f o r  t h e  n e a r  t i p  v e l o c i t i e s ,  and l e a d s ,  u l t i m a t e l y ,  t o  an e x p r e s s i o n  

i n  t h e  form o f  eq.  (16) f o r  t h e  n ea r  t i p  opening r a t e s ,  namely

6 = S a t o lRE + A , as  r  -*■ 0 .

For a geometry l i k e  t h a t  o f  th e  t e n s i l e  specimen w i th  deep double  edge c r a c k s ,  

f o r  which th e  f u l l  P r a n d t l  f i e l d  p r o v id e s  t h e  n e a r  t i p  s t a t e  f o r  t h e  s t a t i o n a r y  

c r a c k  c a s e ,  t h e  c o n s t r u c t i o n  o f  f i g . Id i s  expec ted  to  app ly  d u r in g  growth so 

t h a t  S has t h e  same v a l u e  as  g ive n  e a r l i e r ,  eq.  (17 ) .  For a geometry l i k e  

t h a t  o f  t h e - d e e p l y - c r a c k e d  bend specimen,  t h e  s t r e s s  f i e l d  f o r  a s t a t i o n a r y  

c r a c k  i s  v e ry  c l o s e  t o  t h a t  o f  t h e  f u l l  P r a n d t l  f i e l d  [15] ,  and hence a s i m i l a r  

v a lu e  o f  B i s  expec ted  i n  t h a t  c a s e  (we le av e  open t h e  q u e s t i o n  o f  whether  

t h e  v a lu e  would be i d e n t i c a l ) .
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R eg ard l e s s  o f  t h e  e x t e n t  o f  y i e l d i n g ,  A i n  eq.  (16) w i l l  be homogeneous 

o f  deg ree  one in  a and i n  some lo a d in g  p a ram e te r  such as  th e  imposed d i s ­

p lacement ( say ,  q) a t  t h e  load  p o i n t .  For r e a s o n s  d i s c u s s e d  e a r l i e r ,  we b e l i e v e

i t  may be a p p r o p r i a t e  t o  r e g a r d  th e  dependence as be ing  l i n e a r  i n  a and q , say

A = C q + P a

where £ and y a r e  p a r a m e te r s  unde te rmined  by t h e  a sy m p to t ic  a n a l y s i s .

Now, suppose a q u a n t i t y  J  , t o  be a s s o c i a t e d  i n  an as  y e t  im p re c i s e  way w i th

th e  J  i n t e g r a l ,  i s  d e f i n e d  i n  some way, f o r  a l l  e x t e n t s  o f  y i e l d i n g ,  such t h a t

j  i s  l i n e a r  i n  q and a . Then we can w r i t e ,  a n a lo g o u s ly  to  eq.  (18) ,

A = ct j /a  + yao

where,  a g a i n ,  a and y a r e  unde te rmined  by th e  a sy m p to t i c  a n a l y s i s .  In th e

Appendix we d i s c u s s  two d i f f e r e n t  ways o f  d e f i n i n g  J  ; one (J^)  based  on a 

f a r  f i e l d  co n to u r ;  a n o t h e r  (J^)  based  on a "de fo rm a t ion  th e o ry "  d e f i n i t i o n ,

i . e . ,  i s  t h e  same f u n c t i o n  o f  a and q as f o r  monotonic lo a d in g  to

q w i th  a f i x e d .  D i f f e r e n t  d e f i n i t i o n s  o f  J  w i l l  l e a d  t o  d i f f e r e n t  v a lu e s  

o f  y (and pe rh ap s  a ) .  Thus,  when we fo l lo w  th e  s t e p s  from eqs .  (16) and (18) 

t o  eqs .  (19 ) ,  (20). and (.21), which a r e  now seen t o  app ly  to  a l l  e x t e n t s  o f  

y i e l d i n g ,  i t  must be r e c o g n i z e d  t h a t  R w i l l  depend on th e  way t h a t  J  i s  

d e f i n e d ,  s i n c e  i t  i n c o r p o r a t e s  t h e  ya p a r t  o f  t h e  e x p r e s s i o n  f o r  A .

To app ly  d im ens iona l  c o n s i d e r a t i o n s  i n  o r d e r  to  u n d e r s t a n d  th e  b e h a v io r  

o f  R , say ,  as  a f u n c t i o n  o f  J  , i t  i s  now n e c e s s a r y  t o  be more p r e c i s e  about  

t h e  d e f i n i t i o n  o f  J  a t  l a r g e  s c a l e  y i e l d i n g .  In p a r t i c u l a r ,  i n  t h e  l i m i t  

o f  a f u l l y  y i e l d e d  specimen o f  r i g i d - i d e a l l y  p l a s t i c  m a t e r i a l ,  i t  i s  obvious
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t h a t  6 a t  t h e  t i p  must t a k e  th e  form 6 = wq where m i s  some p a ra m e te r

( p o s s i b l y  dependent  on th e  geometry o f  t h e  c racked  body) and,  f u r t h e r ,  we

obse rve  t h a t  f o r  r i g i d - p l a s t i c  m a t e r i a l s  t h i s  e x p r e s s i o n  f o r  6 i s  e q u a l l y

v a l i d  f o r  s t a t i o n a r y  o r  f o r  growing c ra c k s  ( i . e . ,  i t  i s  independen t  o f  a ) .

Now, i f  R i s  t o  remain  w e l l  d e f i n e d  i n  t h e  r i g i d - p l a s t i c  l i m i t ,  as

a / E -> 0 , i t  i s  n e c e s s a r y  t h a t  w hatever  e x p r e s s i o n  we adopt  f o r  J  be such 
o

t h a t  i n  t h i s  l i m i t  j  depends on ly  on q and n o t  on a . O therwise  th e

te rm R i n  eq.  (19) would have t o  c o n t a i n  a f a c t o r  e x p [ ( c o n s t a n t )  x E / oq]

t o  c a n c e l  ou t  t h e  a /E i n  f r o n t  o f  t h e  Jin te rm o f  (19 ) ,  and th u s  annulo

t h e  a dependence o f  j  , as  ° Q/ E ■* 0 . We show i n  t h e  Appendix,  f o r  t h e  

r i g i d - p l a s t i c  bend specimen,  t h a t  , t h e  v a l u e  o f  t h e  J  i n t e g r a l  a s s o c i a t e d  

w i th  an a p p r o p r i a t e  f a r  f i e l d  c o n t o u r ,  has t h i s  p r o p e r t y ,  whereas does n o t .

We do n o t ,  however, su g g es t  t h a t  w i l l  have t h i s  p r o p e r t y  f o r  a l l  specimen

geo m et r ie s  and,  inde ed ,  we f i n d  t h a t  has  t h e  a p p r o p r i a t e  p r o p e r t y  i n  t h e

case  o f  a t e n s i o n  specimen with  deep double  edge c r a c k s .

With t h e  u n d e r s t a n d i n g  t h a t  J  has  been a p p r o p r i a t e l y  d e f i n e d  so t h a t  

R has  no s p u r io u s  dependence on a te rm l i k e  e x p [ ( c o n s t . )  x E/o^] , we now 

obse rve  t h a t  t h e  te rm s  c o n t a i n i n g  R i n  eqs .  (19 ,21 )  a r i s e  from moving a 

c e n t e r e d  f an  s t r e s s  d i s t r i b u t i o n  th rough  an e l a s t i c - p l a s t i c  m a t e r i a l .  Thus 

R should  s c a l e  a p p ro x im a te ly  w i th  t h e  s i z e  o f  t h e  r e g i o n  over  which such 

f a n - l i k e  s t r e s s  f i e l d s  p r e v a i l .  Hence,  w i th  r e f e r e n c e  t o  t h e  d e e p l y - c r a c k e d  

bend specimen o f  f i g .  6 , R should  s a t u r a t e  i n  s i z e  t o  some f r a c t i o n  o f  t h e  

l igam en t  d im ension  b as  f u l l y  p l a s t i c  c o n d i t i o n s  a r e  a t t a i n e d .  Hence,  as  

shown i n  f i g .  6 , we e x p ec t  R t o  i n c r e a s e  l i n e a r l y  w i th  J  a t  f i r s t ,  as  

a p p r o p r i a t e  t o  t h e  smal l  s c a l e  y i e l d i n g  reg im e,  bu t  th e n  t o  s a t u r a t e  as  J  

f u r t h e r  i n c r e a s e s .  The s a t u r a t i o n  l e v e l  o f  R « b /4  i s  on ly  a guess  and
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much f u r t h e r  c o r r e l a t i o n  o f  t h e  a sy m p to t i c  a n a l y s i s  a g a i n s t  num er ica l  r e s u l t s  

w i l l  be n e c e s s a r y  t o  e s t a b l i s h  t h i s  l e v e l  and,  inde ed ,  th e  f u l l  dependence o f  

R on J  .

There i s ,  o f  c o u r s e ,  a l r e a d y  an app rox im at ion  b u i l t  i n t o  t h e  n o t io n  

t h a t  R should  depend on J  (and,  o f  c o u r s e , on geom etr ic  dimens ions  such as  

c r a c k  d e p th  and l igam en t  s i z e ) : R should  have a t  l e a s t  some dependence on 

t h e  amount o f  p r i o r  c rac k  growth.  However, as  s u g g e s te d  by r e s u l t s  f o r  small  

s c a l e  y i e l d i n g ,  t h i s  dependence seems t o  be minor,  p ro b a b ly  because  th e  shape 

and s i z e  o f  t h e  c u r r e n t l y  a c t i v e  p l a s t i c  zone i s  n o t  s t r o n g l y  a f f e c t e d  by 

p r i o r  growth.  The p o i n t  needs  f u r t h e r  c l a r i f i c a t i o n ,  b u t  i s  n e g l e c t e d  in  our  

subsequen t  d i s c u s s i o n  o f  c r a c k  growth c r i t e r i a .



I n v e s t i g a t i o n  o f  a D u c t i l e  Crack Growth C r i t e r i o n

Here we i n v e s t i g a t e  i m p l i c a t i o n s  o f  t h e  d u c t i l e  c rac k  growth c r i t e r i o n  

p roposed  i n  RS. This  i s  based  on t h e  open ing  6 a t  a smal l  c h a r a c t e r i s t i c  

d i s t a n c e  from t h e  t i p ,  b u t ,  as  w i l l  be s een ,  t h e  c r i t e r i o n  i s  s i m i l a r  in  

form t o  o t h e r  c r i t e r i a  which might  be p roposed  based  on o t h e r  p a r a m e te r s  o f  

t h e  n e a r  t i p  d e fo rm a t io n  f i e l d ,  e . g . , on l o c a l  p l a s t i c  s t r a i n .

I t  i s  im p o r ta n t  t o  remember, however,  t h a t  t h e  c r i t e r i o n  i s  based  on 

t h e  d e fo rm a t io n  f i e l d ,  and makes no r e f e r e n c e  to  t h e  s t r e s s  d i s t r i b u t i o n .

Such might  be c o n s id e r e d  r e a s o n a b l e  i n  t h e  sense  t h a t  t h e  maximum t e n s i o n  

im media te ly  a t  t h e  c r a c k  t i p  i s  always e s s e n t i a l l y  t h e  same (equa l  t o  t h e  

P r a n d t l  v a l u e  o r  a p e r c e n t  o r  so lower)  f o r  t h e  h i g h l y  c o n s t r a i n e d  g e o m e t r ie s  

t h a t  we c o n s i d e r ,  so t h a t  t h e  o n ly  v a r i a b l e  f e a t u r e s  o f  t h e  n e a r  t i p  f i e l d  

a r e  t h e  l e v e l s  o f  s t r a i n  and open ing  d i s p l a c e m e n t .  But i t  i s  p o s s i b l e  t h a t  t h e  

c r i t i c a l  l e v e l s  o f  d e fo rm a t io n  c o u ld ,  i n  some c a s e s ,  be i n f l u e n c e d  by t h e  

" p r e - c o n d i t i o n i n g "  ( e . g . ,  m ic ro c ra c k  o r  c a v i t y  n u c l e a t i o n )  o f  m a t e r i a l  

e lem en ts  by h igh  s t r e s s  l e v e l s  ex p e r i e n c e d  b e f o r e  t h e  c rac k  a r r i v e s .  Th is  

p r e - c o n d i t i o n i n g  cou ld  be more s e v e r e  when t h e  r e g i o n  o f  t r i a x i a l l y  e l e v a t e d  

s t r e s s e s  e x ten d s  over  l a r g e r  v e r s u s  s m a l l e r  s i z e  s c a l e s  ahead o f  t h e  c r a c k .

On t h e  o t h e r  hand,  f o r  c a s e s  o f  d u c t i l e  r u p t u r e  i n  which c a v i t y  n u c l e a t i o n  

i s  l i m i t e d  t o  t h e  immediate v i c i n i t y  o f  t h e  c r a c k  t i p  ( say ,  over  a s i z e  s c a l e  

comparab le  t o  t h e  t i p  open ing  d i s p la c e m e n t  f o r  a s t a t i o n a r y  crack). ,  t h e  

s i z e  s c a l e  o ve r  which t h e  t r i a x i a l l y  e l e v a t e d  s t r e s s  s t a t e  ex tends  ahead o f  

t h e  c r a c k  i s  expec ted  t o  be u n im p o r t a n t ,  and a growth c r i t e r i o n  based  on l o c a l  

d e fo rm a t io n s  seems a p p r o p r i a t e .

The model c r i t e r i o n  o f  RS assumes t h a t  growth i n i t i a t e s  by l a r g e  p l a s t i c  

s t r a i n s  a s s o c i a t e d  with  open ing  a t  t h e  s t a t i o n a r y  c r a c k  t i p ,  and t h a t  once 

growth has  t h e r e b y  o c c u r r e d  over  a d i s t a n c e  comparable t o  t h e  f r a c t u r e  p r o c e s s
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zone,  subsequen t  growth c o n t in u e s  i n  a mode f o r  which a g e o m e t r i c a l l y  

s i m i l a r  („in a sense  t o  be made p r e c i s e )  p r o f i l e  o f  c rack  opening i s  m a in ta ined  

v e ry  n e a r  t h e  t i p .  Now, t h e  e q u a t io n  f o r  t h e  n e a r  t i p  p r o f i l e ,  eq.  (21) ,  

does  n o t  admit  a s o l u t i o n  w i th  n on -ze ro  d J / d a  i n  which 6 , as  a f u n c t i o n  

o f  r  , i s  s t r i c t l y  s i m i l a r .  T h e r e f o re ,  t h e  c r i t e r i o n  f o r  growth i s  s t a t e d  

i n  RS as  t h e  req u i r e m en t  ( f i g .  7) t h a t  a c r i t i c a l  opening 6 = 6c be main­

t a i n e d  a t  a small  c h a r a c t e r i s t i c  d i s t a n c e  r  ( c a l l e d  Ail i n  RS) beh indm

t h e  t i p .  Thus, from eq.  (21 ) ,  t h e  c r i t e r i o n  f o r  c o n t i n u i n g  c rac k  growth i s  

t h a t

6 , a
TT = — T1 * 6 -r *"r  c da Em o

eR
r m

(27)

S ince  R i s  r e g a rd e d  as a f u n c t i o n  o f  J  ( though specimen d e p e n d e n t ; i . e . ,  

d ependen t  a l s o  on a , a t  l a r g e  s c a l e  y i e l d i n g  ( f i g . 6 ) ) ,  eq.  (27) can be 

r e g a r d e d  as  a f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t io n  which d e t e rm in e s  t h e  manner in  

which J  must v a ry  w i th  a i n  o r d e r  t o  c o n t in u e  t o  meet t h e  c r a c k  growth 

c r i t e r i o n .  The i n i t i a l  c o n d i t i o n  i s  t h a t  J  = ( t h e  i n i t i a t i o n  v a lu e )

a t  a = aQ ( th e  i n i t i a l  c r ac k  l e n g t h ) .

I t  seems a p p r o p r i a t e  t o  r e g a r d  r ^  as  a s i z e  comparable t o  t h a t  o f  the  

" f r a c t u r e  p r o c e s s  zone ,"  a l t h o u g h  t h i s  i s ,  o f  c o u r s e ,  n o t  a s h a r p l y - d e f i n e d  

s i z e .  I t  i s  tem p t ing  t o  i d e n t i f y  w i th  t h e  c rac k  t i p  opening  d i s p la c e m e n t ,

= a J j ^ / °  > a t  t h e  o n s e t  o f  growth ,  bu t  e x p e r im e n ta l  o b s e r v a t i o n s  a r e

wel l  known to  r e v e a l  c r a c k  p r o f i l e s  d u r in g  growth t h a t  s u g g e s t  much l e s s  n ea r  

t i p  open ing th a n  a t  i n i t i a t i o n .  Thus 6c i s  r e g a rd e d  as  an in dependen t  e m p i r i ­

c a l  p a r a m e te r ,  sometimes much s m a l l e r  th a n  6 . Indeed ,  as  d i s c u s s e d  in  RS,

might more s e n s i b l y  be r e g a rd e d  as  a measure o f  t h e  f r a c t u r e  p r o c e s s  zone
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s i z e ,  and hence o f  r  ’ m
Now, th e  s o l u t i o n s  t o  eq.  (.27) show t h e  manner i n  which J  must v a ry  

w i th  a , beyond th e  p o i n t ,  t o  meet t h e  c rack  growth c r i t e r i o n .  In some

c a s e s ,  e . g . ,  s u f f i c i e n t l y  low  ̂ / r ^  and h igh  <WE , i t  may happen t h a t  t h e

v a lu e  o f  d J / d a  c a l c u l a t e d  from eq.  (27) a t  t h e  J  p o i n t  i s  n e g a t i v e .

In such c a s e s ,  immedia te ly  u n s t a b l e  c rac k  growth i s  e x p e c te d .  For more d u c t i l e  

m a t e r i a l s  ( i . e . ,  s u f f i c i e n t l y  l a r g e  ^c / r m and smal l  oq/ E ) , t h e  c a l c u l a t e d  

d J / d a  i s  p o s i t i v e  and i n t e g r a t i o n  o f  t h e  e q u a t io n  le ad s  t o  a J  v s .  a - a Q r e l a t i o n  

which must be fo l low ed  f o r  s t a b l e  growth.  I t ,  may happen,  however,  t h a t  th e  

p r e d i c t e d  d J / d a  a t  some p o i n t  i n  t h e  growth h i s t o r y  f a l l s  below what th e

lo a d in g  system can s u pp ly ,  and a t  t h a t  p o i n t  u n s t a b l e  c rack  growth o c c u r s .

S p e c i f i c a l l y ,  l e t  J ^ (Q ,a )  be t h e  " a p p l i e d "  J  where Q i s  a m o n o to n ic a l ly  

i n c r e a s i n g  measure o f  t h e  i n t e n s i t y  o f  l o a d in g .  In d i f f e r e n t  c a s e s  Q may 

r e p r e s e n t  an imposed f o r c e  o r  s t r e s s , o r  an imposed l o a d - p o i n t  d i s p la c e m e n t  

(or  a d i s p la c e m e n t  imposed on a com pl ian t  l o a d in g  system a t t a c h e d  t o  t h e  c rac k ed  

b o d y ) . Then, i f  J ( a )  r e p r e s e n t s  t h e  s o l u t i o n  o f  eq.  (27) f o r  t h e  g iven  c rac k ed

body and i n i t i a l  c o n d i t i o n s  (J = when a = a Q)., t h e  v a r i a t i o n  o f  Q w i th

a s a t i s f i e s

J A(Q,a)  = J ( a )  (28)

and i n s t a b i l i t y  (dQ/da 0) o ccu r s  when, s im u l t a n e o u s l y ,  t h i s  e q u a t io n  and

9JA( Q ,a ) / 3 a  = d j ( a ) / d a  (.29)

a r e  met.  These e q u a t io n s  have a well-known g r a p h i c a l  s o l u t i o n  in  te rms o f

t a n g e n t i a l  c o n t a c t  o f  t h e  c u rv es  J  = J ( a )  and J  = J ^ (Q ,a )  , f o r  f i x e d  Q ,
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on a J  v e r s u s  a d iagram,  a l t h o u g h  our  work c a r r i e s  no i m p l i c a t i o n  t h a t  

t h e  " r e s i s t a n c e "  cu rve  J ( a )  i s  i n v a r i a n t  t o  specimen geometry a t  l a r g e  

s c a l e  y i e l d i n g .

For c rack  growth under  smal l  s c a l e  y i e l d i n g  we can w r i t e

R = AEJ/c 2 where,  eq.  (26 ) ,  A x  0 .2  , o
(30)

and t h u s  (27) becomes

SL  «  = -  6 -2. t n
o da r  Eo m

eAEJ (31)

We p r e s e n t  th e  i n t e g r a l s  o f  t h i s  e q u a t io n  i n  a somewhat d i f f e r e n t  way th a n  

RS, r e w r i t i n g  i t  as

T e —  ^  = T - -  t n  
2 da o ct o * o IC

(32)

Here T i s  t h e  v a l u e  o f  t h e  P a r i s  t e a r i n g  modulus a t  t h e  o n s e t  o f  growth o --------------------------

under  smal l  s c a l e  y i e l d i n g  c o n d i t i o n s ,  and i s  g ive n  by

T = — ----  -  -  £no aa  r  ao m

eAEJ IC (33)

where a has t h e  v a l u e  a p p r o p r i a t e  t o  smal l  s c a l e  y i e l d i n g  (« 0 . 6 5 ) .  In f a c t ,  

i t  i s  p o s s i b l e  t o  e x p re s s  t h e  c r a c k  growth c r i t e r i o n  a t  a l l  l e v e l s  o f  y i e l d i n g ,  

w he the r  small  s c a l e  o r  n o t ,  i n  te rm s  o f  t h e  two m acroscop ic  pa ra m e te r s

and Tq ; t h e r e  i s  no need t o  measure d i r e c t l y  t h e  m i c r o s c a l e  p a r a m e te r s  r m
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and 6c / r m . The i n t e g r a l s  o f  eq.  (32> f o r  small  s c a l e  y i e l d i n g  a r e  shown 

in  f i g .  8 where we have s e t  a = 0.65 , 8 = 5.08 and p l o t t e d

J / J T„ v e r s u s  ( a - a  ) / [0.2EJ / a  2]1L O 11 0

f o r  a range  o f  v a l u e s  o f  Tq . Here t h e  c r a c k  growth ( a - a Q) has been made 

d im e n s io n le s s  by a q u a n t i t y  which i s  equal  a p p ro x im a te ly  to  t h e  maximum r a d i u s  

o f  th e  p l a s t i c  zone a t  t h e  o n s e t  o f  growth.  A l l  t h e  c u rv es  in  f i g .  8 e x h i b i t  

a p l a t e a u ,  c o r r e s p o n d in g  t o  s t e a d y  s t a t e  growth ( i . e . , d J /d a  0) , a t  J  

l e v e l s  g iven  by

J ss  = J IC exP O T / 6 )  = J IC e x p (0 .128  Tq) . (34)

For m a t e r i a l s  w i th  l a r g e  T v a l u e s ,  say  T > 25 , t h i s  l e v e l  i s  so l a r g eo o

( e . g . , J s s  > 25 t h a t  in  c racked  b o d ie s  o f  p r a c t i c a l  s i z e s ,  l a r g e  s c a l e

and  f i n a l l y ,  f u l l y  p l a s t i c  y i e l d i n g  c o n d i t i o n s  w i l l  occu r  wel l  b e f o r e  J

approaches  , i n v a l i d a t i n g  t h e  c a l c u l a t i o n .  Of c o u r s e ,  even f o r  c rack

growth under  smal l  s c a l e  y i e l d i n g ,  t h e  i n s t a b i l i t y  c o n d i t i o n  o f  eqs .  (28,29)

w i l l  u s u a l l y  be met b e f o r e  J  r e a c h e s  J'  ss

More g e n e r a l l y ,  a t  l a r g e  s c a l e  y i e l d i n g , t h e  c rack  growth c r i t e r i o n  o f  

eq. (27). may be p u t  i n  t h e  form

where now a SSy  ~ 0 .65 r e p r e s e n t s  t h e  smal l  s c a l e  y i e l d i n g  v a l u e  o f  a and 

we admit  t h e  p o s s i b i l i t y  t h a t  a ^ “ SSy a t  l a r g e  s c a l e  y i e l d i n g .  Here 

R = AEJ/a^2 a t  smal l  s c a l e  y i e l d i n g  but  ( f i g .  6) d e v i a t e s  from t h i s  a t  l a r g e r

(35)
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s c a l e  y i e l d i n g  and f i n a l l y  s a t u r a t e s  i n  v a lu e  a t  f u l l y  y i e l d e d  c o n d i t i o n s .

The argument o f  t h e  £n te rm i s  t h e  r a t i o  o f  R t o  t h e  v a lu e  which i t  would 

have a t  t h e  o n s e t  o f  growth under  small  s c a l e  y i e l d i n g  c o n d i t i o n s .  I t  i s  

t h i s  £n te rm which e x h i b i t s  t h e  s e n s i t i v i t y  o f  t h e  growth c r i t e r i o n  a t  

f u l l  p l a s t i c i t y  t o  specimen s i z e .  For example,  t a k i n g  t h e  num erica l  v a l u e s  

o f  6 and “ SSy as  above ,  s e t t i n g  A = 0 .2  as su g g es ted  in  eq.  (30 ) ,  and 

g u e s s in g  as  in  f i g .  6 t h a t  t h e  s a t u r a t i o n  v a l u e  o f  R i s  a p p ro x im a te ly  b /4  , 

we have a t  f u l l y  y i e l d e d  c o n d i t i o n s

T -  E dJ
2 da ~ao

7 .8  £n b /4

0 .2 E J Tr/ a  2 11 o

s sy
tr-
fy

(36)

1 .3  T - 10 .0  £n o
b /4

0 . 2EJ r / a  2 IC o

f o r  t h e  bend specimen,  where we have t a k e n  ( th e  v a l u e  o f  a  f o r  f u l l y

y i e l d e d  c o n d i t i o n s )  as  0.51 i n  t h e  l a s t  v e r s i o n ,  so t h a t  a SSy / a f y  ~ * •^ • This  

v a l u e  o f  i s  s u g g es ted  by t h e  r i g i d - p l a s t i c  s o l u t i o n  ( see  Appendix).; t h e

a c t u a l  ci^y f o r  growth i n  an e l a s t i c - p l a s t i c  m a t e r i a l  may be l e s s  d i f f e r e n t  

from a s sy

Two o b s e r v a t i o n s  can be made. F i r s t ,  i f  c r a c k  growth b e g in s  under  f u l l y  

y i e l d e d  c o n d i t i o n s  t h e  growth cu rve  J  v e r s u s  a - a Q (a c c o rd in g  t o  t h e  i d e a l l y  

p l a s t i c  model and o t h e r  as sum pt ions  t h a t  we have made) i s  q u a l i t a t i v e l y  

d i f f e r e n t  from t h a t  f o r  smal l  s c a l e  y i e l d i n g .  T i s  th e n  e s s e n t i a l l y  c o n s t a n t  

f o r  amounts o f  growth t h a t  a r e  smal l  compared t o  l igam en t  s i z e  (so t h a t  b in
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eq.  (36) does n o t  change s i g n i f i c a n t l y )  and,  i f  t h e  formula  i s  r e g a rd ed  as

be ing  a c c u r a t e  f o r  l a r g e  amounts o f  growth,  T a c t u a l l y  i s  p r e d i c t e d  to  i n c r e a s e

w i th  a - a 0 ( s in c e  b d i m i n i s h e s ) , i n  marked c o n t r a s t  t o  t h e  smal l  s c a l e

y i e l d i n g  b e h a v io r  in  f i g .  8.

Second,  t h e  ( e s s e n t i a l l y  c o n s t a n t )  v a l u e  o f  T f o r  s m a l l ,  f u l l y  p l a s t i c

growth w i l l  no t  be i d e n t i c a l  t o  Tq . The d i f f e r e n c e  between th e  two a r i s e s

in  p a r t  because  o f  th e  r a t i o  a / a c i n  (36) .  I f  t h i s  r a t i o  were n e a r  tor  s sy  fy

u n i t y  (as i t  seems to  be f o r  t h e  d eep ly  double  edge-c racked  t  n s i l e  specimen;

see Appendix) ,  th e n  the  d i f f e r e n c e  between T and Tq would g e n e r a l l y  be

n e g l i g i b l e  f o r  h igh  Tq m a t e r i a l s ,  s i n c e  t h e  argument o f  th e  Jin term

i n  eq.  (36) w i l l  seldom be v e ry  smal l  o r  l a r g e  compared t o  u n i t y  i n  p r a c t i c a l

c a s e s .  But f o r  low Tq m a t e r i a l s  t h e  d i f f e r e n c e s  could  be s i g n i f i c a n t .

For example,  t h e  argument o f  th e  Jin te rm i s  a p p ro x im a te ly  equal  t o  t h e  r a t i o

o f  t h e  q u a r t e r - l i g a m e n t  s i z e  t o  t h e  p l a s t i c  zone s i z e  c o r re s p o n d in g  t o  o n s e t  o f

growth i n  a l a r g e  specimen,  s u s t a i n i n g  smal l  s c a l e  y i e l d i n g  c o n d i t i o n s .  For

a specimen which i s  s u f f i c i e n t l y  smal l  t h a t  J  c o n d i t i o n s  a r e  a t t a i n e d  o n ly

i n  t h e  f u l l y  p l a s t i c  reg im e,  t h i s  r a t i o  i s  expec ted  t o  be l e s s  th a n  u n i t y ,  so

t h a t  T exceeds T (o r  T a /a , ,  i f  v a r i a t i o n s  i n  a a r e  c o n s i d e r e d ) .o o s sy  fy  J

For example,  c o n s i d e r  a m a t e r i a l  which i s  t e s t e d  i n  a specimen s i z e  

a t  t h e  l i m i t  o f  what i s  r e g a rd e d  as  t h e  p e r m i s s i b l e  range  f o r  a v a l i d  f u l l y  

p l a s t i c  J j £  t e s t ,  namely b = 25 • Then eq.  (36) p r e d i c t s

T re [T + 7 .8  £n(E/31a  )]<* / a ,L o  ̂ o J s sy  fy

= [T + 22 ]a / a ,  » 1.3 T + 28 , f o r  a /E = 0.002 (37)L o J ssy  fy  o ’ o

= [T + 13]a / a ,  s  1.3 T + 1 7  , f o r  a / E = 0.006L o 1 s sy  fy  o ’ o
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where t h e  l a s t  e x p r e s s i o n s  g iven  f o r  each s t r e n g t h  l e v e l  a r e  based  on 

a SSy / a £y = 1-3 , as  may be a p p ro x im a te ly  c o r r e c t  f o r  a bend specimen.  We 

n o te  t h a t  when t h e  observed  f u l l y  p l a s t i c  T v a lu e  i s  s u f f i c i e n t l y  s m a l l ,

Tq would have t o  be n e g a t i v e .  Such a m a t e r i a l  would be expec ted  t o  show 

im m edia te ly  u n s t a b l e  f r a c t u r e  when t e s t e d  in  specimens t h a t  a r e  l a r g e  enough 

to  meet smal l  s c a l e  y i e l d i n g  c o n d i t i o n s , a l th o u g h  i t  e x h i b i t s  s t a b l e  c rack  growth 

i n  s m a l l ,  f u l l y  p l a s t i c  spec im ens .  On th e  o t h e r  hand,  i f  t h e  f u l l y  p l a s t i c  

T v a l u e  i s  l a r g e ,  say ,  g r e a t e r  t h a n  100, t h e  e f f e c t  o f  t h e  £n term can be 

d i s r e g a r d e d  and d i f f e r e n c e s  between T and Tq a r i s e  on ly  because  (or  i f )

a r  d i f f e r s  from a f y  ssy

In f a c t  i n  t h i s  l a t t e r  c a s e  o f  h igh  T m a t e r i a l s , t h e  £n te rm s  in  

e q s . (35 ,36)  a r e  n e g l i g i b l e ,  and hence t h e  J  v e r s u s  a - a Q r e l a t i o n ,  a t  l e a s t  

f o r  smal l  amounts o f  growth,  i s  expec ted  to  show n e g l i g i b l e  dependence on 

specimen s i z e  i n  t h e  f u l l y  y i e l d e d  r a n g e . In t h i s  r e s p e c t  our c o n c l u s i o n s  a r e  

i n  p a r t i a l  agreement w i th  t h o s e  o f  H utchinson  and P a r i s  [ 6 ] , and t h i s  i s  o f  i n t e r e s t  

because  t h e  b a s i c  a ssum pt ions  a r e  v e ry  d i f f e r e n t  in  t h e  two app roaches .

H u tch inson  and P a r i s  appea l  to  s t r a i n  ha rden ing  o f  t h e  m a t e r i a l  (whereas we 

have n e g l e c t e d  ha rden ing )  and assume t h a t  t h i s  h a rd e n in g  i s  s u f f i c i e n t l y  

s t r o n g  t o  c r e a t e  a HRR s i n g u l a r  zone n ea r  a s t a t i o n a r y  c r a c k  t i p , so t h a t  

t h e  n e a r  t i p  f i e l d  i s  t h e n  u n iq u e ly  c h a r a c t e r i z e d  by J  . Next ,  th e y  c o n s i d e r  

c r a c k  growth under  i n c r e a s i n g  imposed d i s p la c e m e n t  on t h e  specimen,  and obse rve  

t h a t  i f  t h e  imposed d i s p la c e m e n t  i n c r e a s e s  r a p i d l y  enough w i th  i n c r e a s i n g  a , 

e f f e c t s  o f  s t r o n g l y  n o n - p r o p o r t i o n a l  s t r e s s i n g  a r e  l i m i t e d  t o  a smal l  n e i g h b o r ­

hood o f  t h e  t i p ,  whereas a t  g r e a t e r  d i s t a n c e s  t h e  s t r e s s  h i s t o r i e s  a r e  such 

t h a t  t h e  app rox im at ion  o f  d e fo rm a t io n  p l a s t i c i t y  t h e o r y  i s  v a l i d .  Hence th e y  

assume t h a t  a f a r  f i e l d  v a lu e  o f  J  i s  w e l l - d e f i n e d  and p a t h - i n d e p e n d e n t  e v e r y ­

where excep t  v e ry  n e a r  t h e  t i p , and t h i s  assum pt ion  has c o n f i r m a t i o n  from th e
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num er ica l  s t u d i e s  o f  Shih  [16] ,  which a r e  based on in c re m e n ta l  p l a s t i c i t y  and

model observed  c r a c k  growth i n  a h igh  T m a t e r i a l .  Hence, f o r  s u f f i c i e n t l y

l a r g e  T , and deg ree  o f  h a rd e n in g ,  and f o r  s u f f i c i e n t l y  l i m i t e d  amounts o f

c rac k  growth,  Hutchinson  and P a r i s  assume t h a t  t h e  growth p r o c e s s  t a k e s

p l a c e  in  a s u r ro u n d in g  HRR s i n g u l a r  f i e l d  t h a t  i s  u n iq u e ly  c h a r a c t e r i z e d  by J  ,

so t h a t  t h e r e  i s  a u n i v e r s a l  r e l a t i o n  o f  J  t o  a - a 0 • F u r t h e r ,  t h e i r

work c a r r i e s  t h e  i m p l i c a t i o n  t h a t  t h i s  same r e l a t i o n  would app ly  f o r  smal l

s c a l e  y i e l d i n g ,  a l th o u g h  our  work does n o t  su p p o r t  t h i s  n o t i o n ,  even f o r  h igh

T m a t e r i a l s ,  when t h e  r a t i o  a / a .  o f  eq.  (36) d i f f e r s  from u n i t y .s sy  fy  n '

(We a l s o  n o te  t h a t  H utchinson  and P a r i s  [6] t a c i t l y  assume t h a t  t h i s  f a r  

f i e l d  J  v a l u e ,  say ,  , can be equa ted  t o  t h e  " d e fo rm a t io n  th e o ry "  f u n c t i o n

= J ^ ( q , a )  . We show in  t h e  Appendix t h a t  t h e  two a r e  d e f i n i t e l y  d i f f e r e n t  

in  t h e  r i g i d - p l a s t i c  l i m i t ,  a l th o u g h  t h e  d i f f e r e n c e s  between j^. and 

w i l l  o f t e n  be smal l  f o r  high T m a t e r i a l s ) .

In compar ison t o  t h e  Hutchinson and P a r i s  approach ,  our  growth c r i t e r i o n  

i s  based  on th e  a c t u a l  s t r u c t u r e  o f  n e a r  t i p  f i e l d s  a s  p r e d i c t e d  f o r  a m a t e r i a l  

o f  t h e  i n c re m e n ta l  p l a s t i c i t y  ty p e .  Indeed ,  t h e  n e a r  t i p  f i e l d s  a r e  s t r o n g l y  

i n f l u e n c e d  by t h e  p a th -d e p e n d e n t  c o n s t i t u t i v e  r e s p o n s e  o f  such a m a t e r i a l .

On t h e  o t h e r  hand,  we have modelled  t h e  m a t e r i a l  a s  i d e a l l y  p l a s t i c  and 

t h i s  p ro b a b ly  t e n d s  t o  o v e r e s t i m a t e  dependences  on th e  e x t e n t  o f  y i e l d i n g ,  

p a r t i c u l a r l y  t h o s e  a r i s i n g  from d i f f e r e n c e s  between a SSy and , s i n c e ,

on t h e  b a s i s  o f  t h e  HRR f i e l d s ,  ha rden ing  i s  w ide ly  th ough t  t o  le ad  t o  a l e s s e n e d  

dependence o f  a on th e  e x t e n t  o f  y i e l d i n g  th a n  p r e d i c t e d  from i d e a l l y  p l a s t i c  

s o l u t i o n s .  Also ,  w h i le  i t  i s  c l e a r  t h a t  an i n c re m e n ta l  f o r m u l a t io n  o f  t h e  

p l a s t i c i t y  e q u a t io n s  i s  c o r r e c t  p h y s i c a l l y ,  t h e r e  i s  r ea s o n  t o  b e l i e v e  t h a t  

models  o f  t h e  P ra n d t l -R e u s s -M is e s  t y p e ,  which assume i n v a r i a n t  shapes  o f  y i e l d  

s u r f a c e s  in  s t r e s s  space ,  may n o t  be f u l l y  adequa te  f o r  s t r o n g l y  n o n - p r o p o r t i o n a l  

s t r e s s  h i s t o r i e s  as  ex p e r i e n c e d  n e a r  a growing c r a c k .
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While i t  i s  o f  i n t e r e s t  t h a t  our approach  and t h a t  o f  Hutchinson and P a r i s  

a r e  c o n s i s t e n t ,  a t  l e a s t  t o  t h e  n e g l e c t  o f  a v a r i a t i o n s ,  f o r  h igh  T m a t e r i a l s , 

i t  i s  w e l l  t o  remember t h a t  b o th  approaches  r e s t  on assum pt ions  which r e q u i r e  

more s tu d y  f o r  f u l l  u n d e r s t a n d i n g  o f  t h e i r  r ange  o f  v a l i d i t y .  Also ,  en thus iasm 

ove r  t h i s  concu r renc e  o f  c o n c l u s i o n s  should  be tempered by th e  r e c o g n i t i o n  

t h a t  t h e  h igh  T m a t e r i a l s  may be so r e s i s t a n t  t o  c r a c k  growth t h a t  u n s t a b l e  

c r a c k  p r o p a g a t io n  i s  seldom l i k e l y  t o  be a p r a c t i c a l  problem.  On th e  o t h e r  

hand,  f o r  low T m a t e r i a l s ,  which a r e  more p rone  t o  i n s t a b i l i t y ,  t h e  c o n d i t i o n s  

which H utchinson  and P a r i s  s t a t e  f o r  v a l i d i t y  o f  a u n i v e r s a l  J  v e r s u s  a - a o

r e l a t i o n  a r e  n o t  met,  and our  work s u g g e s t s  s i g n i f i c a n t  dependenc ies  on th e  

e x t e n t  o f  y i e l d i n g  and specimen s i z e .

We c l o s e  t h i s  s e c t i o n  by o u t l i n i n g  an a l t e r n a t e  c rac k  growth c r i t e r i o n  

based  on n e a r  t i p  p l a s t i c  s t r a i n i n g . The c e n t e r e d  f an  v e l o c i t y  f i e l d  o f  

e q s . (10) i n c l u d e s  t h e  f u n c t i o n  f  (.6) , which i s  homogeneous o f  d eg ree  one in  

a and i n  t h e  r a t e  o f  a p p l i e d  lo a d .  I f ,  a n a lo g o u s ly  t o  t h e  t r a n s i t i o n  from 

eq.  (16) t o  (19) i n  t h e  e x p r e s s i o n  f o r  6 , we assume t h i s  dependence t o  be 

l i n e a r  i n  a and t h e  load  r a t e ,  t h e n  i t  i s  s t r a i g h t f o r w a r d  t o  show t h a t  th e  

a s y m p to t i c  i n t e g r a t i o n  l e a d in g  t o  eq.  (13) f o r  e?^ y i e l d s  e x p r e s s i o n s  o f  

t h e  form, as r  -*■ 0 ,

e? .  = —  G. . (6) £n 
/6  E ^

+ —  M. . (6 )  ^  a i t  da o J
(38)

i n  t h e  fan  f o r  a c o n t i n u o u s l y  growing c rac k  (he re  no summation i s  im p l ie d  by 

r e p e a t e d  i n d i c e s ) .  The f u n c t i o n s  G . ^ (6) a r e  g iven  by eqs .  (14 ) ,  bu t  th e  

f u n c t i o n s  L „  (0) , o f  l e n g t h  d im ens ions ,  and t h e  d im e n s io n le s s  f u n c t i o n s  

NLj(0) a r e  unde te rm ined  by th e  a s y m p to t i c  a n a l y s i s .
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S i m i l a r l y ,  t h e  e q u i v a l e n t  p l a s t i c  s h e a r  s t r a i n  yP > w i th  r a t e  d e f in e d

by

^  = /  2DP .DP : = 
iJ  i j

2Dy in  th e  fan ,  r6 (39)

i s  o b ta in e d  by i n t e g r a t i o n  o f  eq.  (11) ,  add ing on th e  yP accumula ted  d iscon-  

t i n u o u s l y  a t  t h e  f r o n t  boundary o f  t h e  fan .  Th is  r e s u l t s  in

P = m
/ 6  E

t a n ( 9 / 2 )
tan ( i r /8 ) £n L(e) M(6) dJ

a da o (40)

where t h e  l e n g th  f u n c t i o n  L(6) and d im e n s io n le s s  f u n c t i o n  M(6) a r e  aga in  

unde te rmined  by t h e  a s y m p to t i c  a n a l y s i s .  For example,  s e t t i n g  6 = tt/ 2 , 

yP r e p r e s e n t s  t h e  q q u i v a l e n t  s h e a r  s t r a i n  accumula ted  in  t h e  forward p a r t  o f  

t h e  fan  and i s  g iven  by

yP = 1.88 (2-v)  £nC
_M_ dJ
a da o

(41)

where L = L(tt/ 2 )  , M = M(tt/ 2) . Although v e r i f i c a t i o n  would r e q u i r e  d e t a i l e d

compar ison w i th  num er ica l  s o l u t i o n s  i n  a r e g io n  where t h e s e  have g r e a t

i n a c c u r a c i e s ,  it* seems r e a s o n a b l e  t o  expec t  t h a t  L s c a l e s  w i th  t h e  s i z e  o f  t h e

p l a s t i c  r e g i o n ,  be ing  a p p ro x im a te ly  p r o p o r t i o n a l  t o  EJ /o  2 f o r  smal l  s c a l e
0

y i e l d i n g ,  and t h a t  M i s  ap p ro x im a te ly  i n v a r i a n t  t o  growth.  Hence th e

f e a t u r e s  o f  t h e  te rms i n  t h i s  e q u a t io n  a r e  ex p ec ted  t o  be s i m i l a r  t o  t h o s e  o f

analogous  te rms i n  eq.  (21) .

A cco rd ing ly ,  i f  we r e q u i r e  as  a c r i t e r i o n  f o r  c o n t i n u i n g  c r a c k  growth

t h a t  a l l - p o i n t s  c l o s e r  th a n  a c e r t a i n  smal l  c h a r a c t e r i s t i c  d i s t a n c e  r  above
m

and below th e  t i p  have accumula ted  a p l a s t i c  s t r a i n  equal  t o  o r  g r e a t e r  than  

a c r i t i c a l  v a l u e  yP as t h e  c rac k  a p p ro ac h es ,  we o b t a i n



as  t h e  d i f f e r e n t i a l  e q u a t io n  govern ing  growth.  Th i s  i s  i d e n t i c a l  in  form 

t o  t h e  c r i t e r i o n  s t u d i e d  h e r e  (compare eq.  (27))  and i s  expec ted  to  l e a d  to  

q u a l i t a t i v e l y  s i m i l a r  c o n c l u s i o n s .
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Appendix: I n t e r p r e t a t i o n  o f  J  a t  F u l l  P l a s t i c i t y

To c l a r i f y  t h e  i n t e r p r e t a t i o n  o f  t h e  te rm in v o l v in g  j  i n  eq.  (19) ,  

and d J / d a  in  eq.  (21 ) ,  f o r  f u l l y  p l a s t i c  spec im ens ,  c o n s i d e r  th e  c racked  

bend specimen o f  f i g .  6 t o  c o n s i s t  o f  r i g i d - i d e a l l y  p l a s t i c  m a t e r i a l . Let 0 

be t h e  r o t a t i o n  o f  one end o f  t h e  specimen r e l a t i v e  t o  t h e  o t h e r .  Then [10] 

th e  moment r e q u i r e d  t o  c o n t in u e  d e fo rm a t io n  i s

M = ( 0 . 6 3 / / r ) a Qb 2 (A- l)

and t h e  r a t e  o f  open ing a t  t h e  t i p  i s

6 = 0 .37 b0 . (A-2)

These fo rmulae  a r e  v a l i d  f o r  s t a t i o n a r y  o r  growing c r a c k s ,  and when t h e  l a t t e r

i s  i n t e g r a t e d  f o r  a c o n t i n u o u s l y  growing c r a c k  we o b t a i n ,  f o r  smal l  r  ,

6 = 0.37 r  b d e /d a  . (A-3)

As remarked i n  t h e  t e x t ,  i f  eq s .  Cl9) and (21) a r e  t o  r educe  t o  (A-2) and (A-3)

in  t h e  r i g i d  p l a s t i c  l i m i t  Co /E -+ 0) w i th  bounded In R , i t  i s  n e c e s s a r y
• o

t h a t  t h e  d e f i n i t i o n  o f  J  be such t h a t  i n  t h i s  l i m i t  i t  r e d u c e s  t o  an e x p r e s s i o n  

f o r  which j  depends o n ly  on 0 and n o t  on a_ .

We examine two c a n d i d a t e  d e f i n i t i o n s  o f  J  . F i r s t ,  t h e  de fo rm a t io n  

t h e o r y  d e f i n i t i o n  t a k e s  J  t o  be t h e  same f u n c t i o n  o f  0 and a (o r  b ) as

i t  would be i f  t h e  c u r r e n t  r o t a t i o n  0 were imposed a t  a f i x e d  v a l u e  o f  b ,

namely t h e  c u r r e n t  b v a l u e .  Th is  J  , c a l l e d  , i s  g iven  i n  t h e  r i g i d - p l a s t i c
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c as e  by t h e  well-known e x p r e s s io n

J  = £  M6 = [ 2 ( 0 . 6 3 ) / / 3  ] a  be = 0 .73 a b6 .o o
(A-4)

I t  does n o t  have t h e  d e s i r e d  f e a t u r e ,  because

= 0 .73 oq (b8 -  0a) . C A -5)

An a l t e r n a t e  d e f i n i t i o n  i s  t h e  f a r  f i e l d  c o n to u r  J  , C a l l e d  and,

f o r  d e f i n i t e n e s s  t h i s  i s  t a k e n  on t h e  dashed l i n e  c o n to u r  

c o i n c i d i n g  w i th  t h e  specimen boundary i n  f i g .  6. Thus

( th e  f a c t o r  2 ap p e a r s  because  o n ly  o n e - h a l f  o f  a comple te  c o n to u r  i s  c o n s i d e r e d ) ,  

where

v e c t o r .  The te rm  w i th  T^ v a n i s h e s  on s t r e s s  f r e e  s u r f a c e s  and ,

and i t  makes no n e t  c o n t r i b u t i o n  on s i n c e  each  9u^/9x i s  un i fo rm  t h e r e

( t h e  boundary i s  r i g i d )  and t h e  i n t e g r a t e d  v a l u e  o f  each  T^ on v a n i s h e s

s i n c e  t h e  l o a d in g  i s  p u re  bend ing .  A lso ,  W v a n i s h e s  on t h e  r i g i d  b o u n d a r ie s  

r 2 and Tj  whereas  on i t  has  t h e  v a l u e

(A-6)

(A-7)

i s  t h e  d e n s i t y  o f  s t r e s s  working ,  T^ t h e  t r a c t i o n  and u^ - the  d i s p la cem e n t
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W = - ( 2 a  / / 3  )e = - ( 2 a  / / 3  )9u /3 y  (A-8)' • o  yy o y v /

s i n c e  th o s e  p o i n t s  a long  which y i e l d  do so i n  compress ion  under  s t r e s s

a = - ( 2 a  / /3  ) . Hence 
yy o

W dy = ( 2 o q / / 3  ) [~2uPy ] (A-9)

F1

p
where i s  t h e  v e r t i c a l  d i s p la c e m e n t  a t  p o i n t  P i n  f i g .  6. Now, t h e

motion o f  t h e  r i g i d  p o r t i o n s  o f  t h e  r i g i d - p l a s t i c  specimen i s  well-known to  

c o n s i s t  o f  r o t a t i o n  about  a "h inge  p o i n t "  having  an x c o o r d i n a t e  which ex tends  

a d i s t a n c e  0 .37 b ahead o f  t h e  t i p  [10] ,  and hence

2u^ = - ( b - 0 .3 7 b ) 8 = -O.63b0 . CA-10)

Thus

J f  = [ 2 ( 0 . 6 3 ) / / 3  ]a
8

bd8 = 0 .73a
0

6
bde ( A - l l )

0

where t h e  i n t e g r a l  fo l lo w s  t h e  h i s t o r y  o f  c r a c k  growth ( i . e . ,  b w i l l  i n  g e n e r a l  

v a ry  w i th  6 ) I t  i s  obvious  t h a t  = J ^  o f  (A-4) when t h e  c r a c k  does n o t  

grow as  8 i s  a p p l i e d .  But when t h e  c r a c k  i s  growing e x h i b i t s  t h e  d e s i r e d

f e a t u r e

= 0 .7 3 a Qb8 ( i . e . ,  in dependen t  o f  a ) . (A-12)

Hence, t h e  symbol J  which we use  when d i s c u s s i n g  t h e  f u l l y  p l a s t i c  case  

can c o n s i s t e n t l y  be i d e n t i f i e d  w i th  a f a r  f i e l d  v a lu e  l i k e  , a l th o u g h  no t
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w i th  t h e  d e fo rm a t ion  t h e o ry  v a l u e  . F u r t h e r ,  (A-2) y i e l d s  i n  t h e  r i g i d -  

p l a s t i c  c a s e

6 = 0 .37 be = 0 .51 J - / a  . (A-13)f  o

T h i s  i s  t h e  o r i g i n  o f  t h e  v a l u e  « 0.51 used  in  t h e  t e x t  f o r  t h e  f u l l y

y i e l d e d  bend specimen.

A lso ,  we ob se rv e  t h a t  s in c e

j -  = j  , + J , a / b  , o r  d J _ /d a  = dJ  , / d a  + J  , / b  (A-14)t a d  t  d a

f o r  t h e  r i g i d - p l a s t i c  bend spec imen ,  we expec t  t h e  same t o  be a p p ro x im a te ly  

v a l i d  f o r  a f u l l y  y i e l d e d  e l a s t i c - p l a s t i c  bend specimen.  Hence,  i f

F d J ,  d J ,
T_ = —  —j —• and T , = —----- -r- , (A-15)f  2 da d o dao z a zo o

where shou ld  be c o n s id e r e d  a s  t h e  T o f  e q s . ( 3 6 ,3 7 ) ,  t h e n

T.  z  T ,  - EJ , / a  2b (A-16)d t  d o

i n  t h i s  c a s e .  That  i s ,  t h e  v a l u e  o f  t h e  t e a r i n g  modulus i s  s e n s i t i v e  t o  t h e

d e f i n i t i o n  used  f o r  J  , and T^ may t u r n  n e g a t i v e  w i th  i n c r e a s i n g  growth

w h i le  T^ rem ains  p o s i t i v e .  In p a r t i c u l a r ,  eq.  (37) f o r  t h e  v a l u e  o f  T

( i n t e r p r e t e d  as  T^ ) a t  t h e  o n s e t  o f  growth i n  a f u l l y  p l a s t i c  bend specimen

w i th  b = 25 J T„ / o  becomes, i n  te rm s  o f  T ,  ,11 o d



- 3 9 -

T ~ [T + 7 .8  £n(E/31a ) ] a  / a -  -  E/25ad L o o s sy  fy  o

1 .3  T + 8 , f o r  oq/E = 0.002 (A-17)

» 1.3 T + 1 0  , f o r  a /E = 0.006o o

where a SSy / a fy  has been s e t  equal  t o  0 . 6 5 /0 .5 1  « 1 .3  a g a i n .  Hence, even

though i s  fu n d a m e n ta l ly  an i n c o r r e c t  p a ra m e te r  w i t h i n  our  i n c r e m e n t a l ,

i d e a l l y  p l a s t i c  model,  i t s  u se  does seem under  t y p i c a l  c o n d i t i o n s  t o  b r in g  th e

f u l l y  p l a s t i c  T v a l u e  somewhat c l o s e r  t o  Tq . In f a c t ,  i f  t h e  d i f f e r e n c e s

between and a were n e g l e c t e d ,  t h e  d i f f e r e n c e  between T , and Tfy  s s y  d o

in  t h e  above e x p r e s s i o n s  would be 2 and 6,  r e s p e c t i v e l y .

F i n a l l y ,  we remark t h a t  does n o t  seem t o  be t h e  a p p r o p r i a t e  d e f i n i t i o n

o f  J  f o r  a l l  r i g i d - p l a s t i c  specimens .  For example,  suppose t h e  specimen i n  

f i g .  6 i s  c o n s id e r e d  t o  r e p r e s e n t  o n e - h a l f  o f  a  double  edge c racked  t e n s i l e  

specimen,  w i th  c r a c k s  deep enough t o  v a l i d a t e  t h e  P r a n d t l  f i e l d  over  t h e  

uncracked  l i g a m e n t ,  and l e t  U be t h e  e x t e n s i o n  o f  one end o f  t h e  specimen 

r e l a t i v e  t o  t h e  o t h e r .  Then i t  i s  s t r a i g h t f o r w a r d  t o  show [10] t h a t  t h e  

d e fo rm a t io n  t h e o r y  v a l u e  i s

J ,  = [(2+tt) / / 3 ]o U = 2 .97a  U , (A-18)a o o

whereas does n o t  seem t o  have any un ique  v a l u e  f o r  t h e  c a s e  o f  a growing

c ra c k  (due t o  n o n -un iquene ss  o f  t h e  s t r e s s  f i e l d  i n  r i g i d  r e g i o n s  o f  t h e  specimen)

f o r  t h e  co n to u r  F shown. In t h i s  c a s e  i t  i s  J , which e x h i b i t s  t h e  d e s i r e dd

f e a t u r e  t h a t  j  i s  in dependen t  o f  a . A lso ,  t h e  r a t e  o f  opening  a t  t h e  c r a c k  

t i p  i s  [10]

6 = 2U = 0 .67  j . / a  , . (A-19)a o
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Hence a  0.67 i n  t h i s  c a s e ,  which i s  v e r y  c l o s e  t o  what we have e s t i m a t e d

as  t h e  smal l  s c a l e  y i e l d i n g  v a l u e .  Thus,  l e s s e n e d  d i f f e r e n c e s  between T and 

Tq a r e  expec ted  f o r  t h i s  ty p e  o f  specimen,  p a r t i c u l a r l y  when T i s  based  on

J d •
F i n a l l y ,  f o r  t h e  c e n t e r - c r a c k e d ,  r i g i d - p l a s t i c  p l a n e  s t r a i n  t e n s i l e  

specimen i t  i s  e l em en ta ry  t o  show t h a t

J d = J f  = C2aQ/ / 3 ) U  , (A-20)

p r o v id e d  t h a t  i s  e v a l u a t e d  on a c o n to u r  s i m i l a r  t o  t h a t  i n  f i g .  6, and

t h a t  t h e  opening r a t e  a t  t h e  t i p  i s

6 = U = 0 .87  J / oq . (A-21)

However, t h i s  specimen does  n o t  have a P r a n d t l - l i k e  s t r e s s  s t a t e  a t  i t s  t i p ,  

and canno t  be d i s c u s s e d  i n  te rm s  o f  t h e  a n a l y s i s  in  t h e  body o f  t h e  pape r .
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A d d i t i o n a l  n o t e : S ince  p r e s e n t a t i o n  o f  t h e  pape r  we l e a rn e d  o f  t h e  work o f

L . I . S lepyan ("Growing c rac k  d u r in g  p la n e  d e fo rm a t ion  o f  an e l a s t i c - p l a s t i c  

body",  Izv .  AN SSR. Mekhanika Tverdogo T e l a ,  Vol.  9,  pp .  57-67,  1974).  Using 

methods o f  a sy m p to t ic  a n a l y s i s  s i m i l a r  t o  t h o s e  o f  [12] and,  f o r  t h e  growing 

c r a c k ,  [8] and [10] ,  S lepyan d e t e rm in e s  t h e  form o f  t h e  n ea r  t i p  s t r e s s  and 

d e fo rm a t io n  f i e l d s  f o r  a c rac k  growing under s t e a d y  s t a t e  c o n d i t i o n s  in  an 

i d e a l l y  p l a s t i c  T resca  m a t e r i a l . He comes t o  t h e  same c o n c lu s io n s  as  i n  [2] 

on t h e  n e c e s s i t y  o f  an e l a s t i c  un load ing  zone o f  t h e  form shown in  f i g .  Id .

The r e s u l t s  o f  [2] have a s l i g h t  dependence o f  t h e  un loa d ing  zone boundary 

a n g le s  0^ , on t h e  Po isson  r a t i o ,  s i n c e  [2] i s  based on t h e  Mises model,  

whereas S l e p y a n ' s  work, based  on t h e  T resca  model ,  does n o t . But f o r  

v = 1/2  t h e  r e s u l t s  a r e  i d e n t i c a l .

sm
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F ig u re  Capt ions

F ig .  1 S t r e s s  f i e l d  a t  c r a c k  t i p  c o n s i s t s ,  i n  y i e l d e d  s e c t o r s ,  o f

e i t h e r  (a)  c e n t e r e d  f a n  o r  (b) c o n s t a n t  s t r e s s  r e g i o n s . The f u l l

P r a n d t l  f i e l d  .(c) r e s u l t s  f o r  a s t a t i o n a r y  c r a c k ,  a t  l e a s t . a t  smal l  

s c a l e  y i e l d i n g ,  b u t  must be m od i f ied  (d) w i th  an e l a s t i c  un lo a d in g  

s e c t o r  f o r  a growing c r a c k .  v

F ig .  2 Comparison o f  c r a c k  t i p  s t r e s s  s t a t e  f o r  a growing c r a c k  (dashed 

l i n e s ,  based  on f i e l d  o f  f i g .  Id) w i th  t h e  P r a n d t l  f i e l d  f o r  a s t a ­

t i o n a r y  c r a c k  ( s o l i d  l i n e s ,  based  on f i e l d  o f  f i g . l c ) . S t r e s s e s  

'  a r e  made d im e n s io n le s s  by t e n s i l e  y i e l d  s t r e n g t h .

F ig .  3 Opening p r o f i l e s  n e a r  t h e  t i p s  o f  growing c r a c k s  w i th  v a r i o u s  

v a l u e s  o f  T E (E/oQ2) d J / d a  , and n e a r  a s t a t i o n a r y  c r a c k  t i p ;  based  
on o = 0 .65  , & = 5 , R = 0 . 2 E J / a Q2 (« p l a s t i c  zone s i z e ) .

F ig .  4 F i n i t e  e lement r e s u l t s  f o r  inc rem en ts  A6 o f  c rac k  s u r f a c e

open ing  due t o  load  i n c r e a s e  a t  f i x e d  c r a c k  l e n g t h ,  based  on f i n i t e  

el emen t s o l u t i o n  f o r  smal l  s c a l e  y i e l d i n g  w i th  load  h i s t o r y  as shown, 

(a)  Load . i n c r e a s e s  fo l l o w in g  one -e lem en t  s t e p s  o f  c r a c k  growth,  (b) 

Las t  few inc re m en ts  o f  monotonic l o a d in g  o f  s t a t i o n a r y  c r a c k .

F ig .  5 C o r r e l a t i o n  o f  f i n i t e  el emen t r e s u l t s  f o r  c r a c k  opening  6 , 

i n  growth a t  c o n s t a n t  J  , w i th  t h e o r e t i c a l  r e s u l t .  Each s e t  o f  

p o i n t s  c o r r e s p o n d s  t o  t o t a l  6 v a l u e s ,  a long  t h e  p a t h  o f  c o n s t a n t  

J  growth ,  a f t e r  a  one -e lem en t  growth s t e p .  R e s u l t i n g  e s t i m a t e s

o f  6 and R a r e  shown.

F ig .  6 S p e c u l a t i o n  on t h e  v a r i a t i o n  o f  R w i th  J  over  t h e  e n t i r e  

range  cff y i e l d i n g .  The l i n e a r  v a r i a t i o n  a t  low J  i s  expec ted  t o  

become n o n - l i n e a r  as  shown and t o  f i n a l l y  s a t u r a t e  in  v a l u e  ( th e  

l e v e l  «  1/4  i s  a gues s )  a t  g e n e ra l  y i e l d i n g .

F ig .  7 Crack growth c r i t e r i o n  o f  RS r e q u i r e s  t h a t  a c r i t i c a l  opening

be m a in t a i n e d  a t  smal l  d i s t a n c e  r  beh ind  t h e  t i p .  As d i s c u s s e d  a tm r
end o f  p a p e r ,  t h e  c r i t e r i o n  i s  s i m i l a r  q u a l i t a t i v e l y  t o  o t h e r s  based  

on o t h e r  d e fo rm a t io n  p a r a m e te r s  ( e . g . , p l a s t i c  s t r a i n )  o f  t h e  n e a r  

t i p  f i e l d .
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Fig .  8 P r e d i c t e d  v a r i a t i o n  o f  J  w i th  a - a Q f o r  smal l  s c a l e  y i e l d i n g .

Curves a r e  drawn f o r  d i f f e r e n t  v a l u e s  o f  T , which i s  t h e  v a l u e  o fo
(E /aQ2) d J / d a  a t  t h e  o n s e t  o f  growth under  small  s c a l e  y i e l d i n g  con­

d i t i o n s .  Based on a = 0.65 , 8 -  5.08 . Growth c r i t e r i o n  o f  RS 

can be s t a t e d  i n  te rms o f  t h e  "macroscop ic"  p a r a m e te r s  and

Tq , r a t h e r  t h a n  th e  "m ic ro sc o p ic "  p a r a m e te r s  o f  F ig .  7. Note t h a t  

a - a Q i s  s c a l e d  by what i s ,  ap p ro x im a te ly ,  t h e  maximum p l a s t i c  zone 

r a d i u s  a t  t h e  o n s e t  o f  growth.
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