
Elasticity in crystals with high density of local defects : insights from
ultra-soft colloids

Saswati Ganguly,1 Gaurav Prakash Shrivastav,2 Shang-Chun Lin,3 Johannes Häring,1 Rudolf Haussmann,1
Gerhard Kahl,2 Martin Oettel,3 and Matthias Fuchs1
1)Soft Condensed Matter Theory, Fachbereich Physik, Universität Konstanz, 78457 Konstanz,
Germany
2)Institut für Theoretische Physik, TU Wien, Wiedner Hauptstrasse 8-10, A-1040 Wien,
Austria
3)Institut für Angewandte Physik, Eberhard Karls Universität Tübingen, Auf der Morgenstelle 10, 72076 Tübingen,
Germany

(Dated: 17 August 2021)

In complex crystals close to melting or at finite temperatures, different types of defects are ubiquitous and their role be-
comes relevant in the mechanical response of these solids. Conventional elasticity theory fails to provide a microscopic
basis to include and account for the motion of point-defects in an otherwise ordered crystalline structure. We study the
elastic properties of a point-defect rich crystal within a first principles theoretical framework derived from microscopic
equations of motion. This framework allows us to make specific predictions pertaining to the mechanical properties
which we can validate through deformation experiments performed in Molecular Dynamics simulations.

I. INTRODUCTION

Solids are characterised by their resistance to external de-
formations. From a symmetry perspective, rigidity in crys-
talline solids is attributed to spontaneous breaking of contin-
uous translational invariance which transcribes to particle ar-
rangements with long range order1. The thermodynamics of
the reversible linear elastic response stated in Hooke’s law is
understood by focusing on macroscopic length-scales and de-
scribing the deformations as small deviations away from an
equilibrium un-deformed crystalline structure2. Now, when
an equilibrium system with a large number of microscopic de-
grees of freedom is subjected to a small perturbation, most of
the degrees relax quickly back to the equilibrium and their
relaxation time scales depend on the details of the micro-
scopic interactions in the system. The bulk thermodynamics
of the system, however, is governed by a few collective modes
whose relaxation times are proportional to some power of
their wavelength implying diverging relaxation time-scales for
perturbations of system spanning length-scales. These slow
hydrodynamic modes can be propagative like the two sound
propagation modes in a single component fluid where the fre-
quency vanishes linearly with the wave number of this mode.
It can also be diffusive, where the frequency of the mode van-
ishes quadratically with its wave number, like in case of heat
transport and the two transverse shear waves in a fluid. In case
of homogeneous systems like a simple fluid, the slow hydro-
dynamic variables follow from the conservation laws in the
system. The crystalline solid, on the other hand, has three
additional slow modes called the Nambu-Goldstone modes
arising because of the spontaneous breaking of the three con-
tinuous spatial translations. Phenomenological hydrodynamic
theories3,4 in the seventies established these eight slow col-
lective modes as the basis for understanding the macroscopic
mechanical response in crystalline solids. One of these hydro-
dynamic modes is assigned to the diffusion of point defects.
These theories, unfortunately, do not provide any further in-
sight regarding the microscopic interactions at atomic length-

scales.
Familiar continuum elasticity theory2,5,6 has the strain ten-

sor as the central observable quantity that associates the bulk
deformation with the particle displacements. In this case the
displacement fields ui(t) = ri(t)−Ri, for the particles at ri(t)
at a given time t in a crystal at finite temperature, are defined
with respect to reference lattice positions Ri. The reference
Ri = 〈ri(t)〉 represents the ideal lattice structure with its per-
fect periodicity manifesting the long-range translational order
expected in a crystalline solid. The one-to-one mapping of
particles to lattice positions also trivially connects the change
of a coarse grained density field to the divergence of the dis-
placement field δn(r, t) = −n0∇ ·u(r, t). Here, n0 = N/V is
the average number density for a system of N particles and
V volume, and the coarse graining is over many unit cells
in the continuum picture. This description, however, does
not account for the diffusion of point-defects. This omis-
sion is problematic because phenomenological understand-
ing3,4 of long-wavelength and low frequency excitations, in
ordered solids predict the defect diffusion to be one of the
eight hydrodynamic modes. Therefore, in a real crystal with
point-defects, lattice deformation is not the sole contributor to
density changes. Fluctuations in the concentration of point-
defects δcd(r, t) (likewise coarse grained) also leads to fluc-
tuations in densities.

δn(r, t) =−n0∇ ·u(r, t)−δcd(r, t) (1)

The defect density cd(r, t) is positive for vacancies and nega-
tive for interstitials. Starting with these interpretations of den-
sity, displacement fields, defect density, and the Hamiltonian
governing the microscopic atomic motions, Ref. 7 derived a
theory for the linear elastic response of local-defect rich non-
ideal crystals. The connection between this non-equilibrium
statistical mechanics perspective and the thermodynamics of
deformation was further developed in Ref. 8. In particular,
in these works the coarse grained fields for displacement and
defect density were connected with changes in a microscopic
density δρ(r, t) and the response coefficients for static elastic-
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ity and elastic waves could be expressed in terms of the micro-
scopic density and microscopic two–point functions (density–
density and direct correlation function) for the solid in the un-
deformed equilibrium state. In a recent paper, the formalism
was applied to the hard sphere system9 which is defect–poor.
In this system, the effect of defects is manifest in the crys-
talline direct correlation function but the effect on the con-
ventional elastic constants is minor due to cancellations in the
expression for the elastic response.

In this contribution, we examine how the explicit imple-
mentation of this framework for a model point-defect rich
crystalline solid leads to insights regarding the role of local-
defects in determining the mechanical response. Our anal-
ysis involved in making theoretical predictions for different
properties associated with elasticity in crystals, also brings
out some important assumptions. The implications of these
assumptions are further explored when we compare our pre-
dictions with atomistic Molecular Dynamics simulations.

The rest of the paper is organised as follows: Section II is
devoted to developing and explaining the theoretical frame-
work. Section III describes the model system (Section III A)
we chose to implement our theory in and the Molecular Dy-
namics simulations (Section III B) performed to validate the
theoretical predictions. Most of Section II is not specific for a
particular ordered system or crystal structure but instead pro-
vides the general technical details of the theory. Section II
contains three subsections each dealing with one specific facet
of the theoretical framework. For the sake of completeness,
Section II A recapitulates the microscopic basis for under-
standing the reversible linear elastic response in point-defect
rich crystals as proposed in Ref. 7. One of the key outcomes
of this section is the wave vector (q) dependent dynamical
matrix Λαβ (q) which appears in the wave equations for the
displacement and the momentum density fields. Section II B
shows how the quantities emerging from the microscopic per-
spective relates to standard concepts of linear elasticity theory.
Here we discuss the different definitions and the correspond-
ing symmetry considerations of the coefficients of elasticity.
In order to make explicit predictions regarding mechanical
properties of any specific system, the equations summarised
in Section II A require input in the form of static correlation
functions, in particular the direct correlation function, which
are conveniently obtainable from classical density functional
theory. Section II C derives generalized elastic coeffcients
and summarizes final expressions for the various constants of
elasticity. Subsequently, Section III A introduces the defini-
tion and density functional for our model system of a point
defect–rich cluster crystal. The implementation of the Molec-
ular Dynamics simulations performed to emulate deformation
experiments of this system is described in Section III B. Sec-
tion IV discusses the quantitative evaluations of the linear
elastic properties. Section IV A estimates various constants
of elasticity using the ideas developed in Section II. Here the
assumptions involved in these analysis are commented upon
and contrasted with available examples in the literature. The
theoretical predictions and insights, so obtained, are validated
and compared to results obtained from Molecular Dynamics
simulations in Section IV B.

II. THE THEORY

A. The microscopic basis

With the aim of describing the thermodynamics of defor-
mation for the crystalline state with a few slowly relaxing
relevant variables, the Mori-Zwanzig projection operator for-
malism10,11 has been used. This concept establishes the con-
nection between the macroscopic mechanical response of the
crystal to the microscopic Hamilton equations. Deriving the
equations of motions of the fields, that recover the continuum
description in the hydrodynamic limit, requires the identifica-
tion of the relevant variables.

As the crystalline solid is characterised by its sponta-
neously broken continuous translational symmetry, one needs
to consider additional hydrodynamic variables besides the
conserved quantities. The variables with long-ranged equilib-
rium correlations arising due to the spontaneous breaking of
symmetry are identified relying on the Bogoliubov inequal-
ity11. For crystals, this variant of Schwarz’s inequality in-
volving the momentum and the mass density fluctuations, was
proposed by Wagner12. Thus in the case of an isothermal crys-
tal at temperature T and density n0, the fields associated with
the mass and momentum conservation and the restoration of
the broken symmetry, constitute the set of hydrodynamic vari-
ables.

We define the microscopic particle density operator by
ρ̂(r, t) = ∑

N
i=1 δ (r− ri(t)). Its fluctuation in reciprocal space

is given by

δ ρ̂(g+q, t) = ρ̂(g+q, t)−ngV δq0. (2)

Here the spatial Fourier transform of the particle density op-
erator is given by

ρ̂(k, t) =
N

∑
i=1

e−ik·ri(t) =
N

∑
i=1

e−i(g+q)·ri(t). (3)

A microscopic field for the density fluctuations is defined by
averaging δ ρ̂(k, t) over a suitable (time–dependent) many–
body distribution,

δρ(k, t) = 〈δ ρ̂(k, t)〉td. (4)

The wave vector k = g+q is split into the reciprocal lattice
vector g and the wave vector lying within the first Brillouin
zone, q. For a crystal in equilibrium, averages of ρ̂(g+q, t)
have only contributions at reciprocal lattice vectors, defining
the Bragg peak amplitudes ng,

ng =
1
V
〈ρ̂(g, t)〉= 1

V

〈
N

∑
i=1

e−ig·ri(t)

〉
(5)

representing the spontaneous breaking of translational invari-
ance in ordered systems. These also serve as the hydrody-
namic variable associated with conservation of mass. The
choice of ng as a slow, relevant density variable (therefore de-
noted by “n” as opposed of “ρ” for a general microscopic den-
sity) is justified using the Bogoliubov inequality11 which pro-
vides an argument that the inverse density correlations vanish
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as ∝ k2 for wave vectors close to all non-zero reciprocal lattice
vectors g 6= 0.

Associated slow, relevant fluctuations in these ng will be
averages over δ ρ̂(g+q, t) in the linear response regime7 and
for small q, denoted by

δng(q, t) = 〈δ ρ̂(g+q, t)〉lr, (6)

for which equations of motion in the Mori–Zwanzig formal-
ism can be derived (see below).

The other set of slow variables derive from the op-
erator for the momentum density components ĵα(r, t) =
∑

N
i=1 pα(ri)δ (r− ri(t)) associated with the conservation of

linear momentum

∂t ĵα(k)− ikβ σ̂αβ (k) = 0 (7)

where σ̂αβ is the stress tensor. The Einstein convention of
summation over repeated indices has been used here and in
all subsequent equations. The associated slow, relevant fluc-
tuations are given by

δ jα(q, t) = 〈 ĵα(q, t)〉lr. (8)

Following the Mori-Zwanzig formalism, one arrives at
the linear equations of motion for such a set of selected
relevant variables {Âi(t)}. Dropping the memory kernels,
the dissipation-less reversible equations of motion for small
changes in the time-dependent averages{Âi(t)} away from
their equilibrium values are obtained in terms of correla-
tion functions evaluated in the unperturbed equilibrated sys-
tem10,11

∂t〈δ Âi(t)〉lr = iΩ∗ik〈δ Âk(t)〉lr

= i
[
〈δ Â∗i L δ Â j〉〈δ Â∗jδ Â∗k〉−1]∗ 〈δ Âk(t)〉lr. (9)

The Liouville operator L (entering the definition of the fre-
quency matrix Ωik) and the averages represented by the angu-
lar brackets correspond to the canonical ensemble. Now for
the chosen set of relevant variables δng(q, t) and δ jα(q, t),
this route leads to the dissipation-less isothermal equations of
motion7

∂tδng(q, t) = i

(
〈δ ρ̂∗(g+q)L ĵα(q)〉
〈 ĵ∗α(q) ĵβ (q)〉

)∗
δ jβ (q, t)

=−i
ng

mn0
(g+q)α δ jα(q, t) (10a)

∂tδ jα(q, t) = i ∑
g′,g

( 〈 ĵ∗α(q)L δ ρ̂(g′+q)〉
〈δ ρ̂∗(g′+q)δ ρ̂(g+q)〉

)∗
δng(q, t)

=−i ∑
g′,g

(g′+q)α n∗g′J
∗
g′g(q)δng(q, t) (10b)

no δ before ĵ.
The inverse density correlation matrix Jg′g′′ appearing in the

equation of motion for the momentum density (Eq. 10b) is
defined as follows

V kBT δgg′′ = ∑
g′
〈δ ρ̂

∗
g (q, t)δ ρ̂g′(q, t)〉Jg′g′′(q) (11)

where kB is the Boltzmann constant. Note that the averages are
defined in equilibrium such that the density fluctuation corre-
lator and the matrix J are purely static objects.

The time derivative of Eq. 10b followed by substitution us-
ing Eq. 10a leads to the wave equation

∂
2
t δ jα(q, t) =−

1
mn0

Λαβ (q)δ jβ (q, t)

=− 1
mn0

∑
g′,g

(g′+q)α n∗g′J
∗
g′gng(g+q)β δ jβ (q, t)

(12)

and the introduction of the dynamical matrix Λαβ (q).

Λ(q) = ∑
g,g′

(g′+q)α n∗g′J
∗
g′gng(g+q)β (13)

This equation contains all the information pertaining to elastic
coefficients and hence also the sound velocities in our crys-
talline solid of interest1.

In order to interpret the above equations, the following
ansatz7 is required to establish a connection between the mi-
croscopic fluctuations δng(q, t) and the coarse-grained elastic
field of displacement fluctuations δuα(q, t)

δng(q, t) =−ing(g+q)α δuα(q, t)+
ng

n0
δcd(q, t). (14)

Relation 14 can be rationalised by realising that for a perfect
crystal, the density fluctuations originate solely from the di-
vergence of the displacement field. Here the point-defects
are accounted for by introducing the term proportional to
δcd(q, t). Nevertheless, already for time–independent defor-
mations this is an approximation missing contributions from
the full pair correlation function13. Inserting Eq. 14 into
Eq. 10b and using the definition of the velocity field as the
time derivative of the displacement field u, the wave equation
for the displacement field is obtained.

∂
2
t δuα(q, t) =−

1
mn0

Λαβ (q)δuβ (q, t)−
1

mn0
Vα(q)δcd(q, t).

(15)
Here the term Vα(q) is given by the following relation.

Vα(q) =−
i

n0
∑
g′g
(g′+q)α n∗g′J

∗
g′g(q)ng. (16)

Λαβ (q) is the dynamical matrix at a constant concentration of
point defects. The following Section II B summarises the con-
nection between Λαβ (q) and the thermodynamics associated
with the mechanical properties of solids.

B. The connection to thermodynamics

1. The free energy and the constants of elasticity

The linear, isothermal, elastic constants of materials can be
defined as the second order strain derivatives of the Helmholtz
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free energy. The Helmholtz free energy, F , of an equilib-
rium crystal at temperature T with volume V and pressure
P = −∂F/∂V can be expanded14 in terms of symmetrised

Lagrangian strains ηαβ =
1
2
(
∇α uβ +∇β uα +∇α uγ ∇β uγ

)
,

measured with respect to the equilibrium lattice

F(ηαβ ) = F(0)+V ταβ ηαβ +
1
2

VCαβγδ ηaβ ηγδ + . . . . (17)

In the absence of an external, deforming field, the stress
tensor ταβ measured at the equilibrium reference lattice, is
a diagonal matrix with (−P) as the diagonal terms. The
isothermal elastic constant tensor Cαβγδ , obtained as the sec-
ond derivative of the free energy

Cαβγδ =V−1
(

∂ 2F
∂ηαβ ∂ηγδ

)

T,η ′ 6=η

(18)

has the full Voigt symmetry allowing the following rep-
resentation of paired indices α = 1,2,3,4,5,6 for αβ =
11,22,33,23 or 32,13 or 31,12 or 21 respectively in three di-
mensions. Alternatively, the free energy can be written in
terms of the un-symmetrised displacement gradients uαβ =

∇β uα or the symmetrised linear strain εαβ =
1
2
(uαβ +uαβ ) by

substituting the symmetrised Lagrangian strain ηαβ in Eq. 17

ηαβ =
1
2
(
uαβ +uβα +uγα uγβ

)
(19a)

= εαβ +
1
2
(
εγα εγβ +ωγα ωγβ

)
. (19b)

For all our comparisons with simulated systems, we choose
symmetric deforming fields with no torque. Therefore, for the
subsequent analysis we ignore the anti-symmetric part of the

strain tensor ωαβ =
1
2
(uαβ − uβα). The free energy expan-

sions in terms of εαβ or uαβ introduces two alternative elas-
ticity tensors Bαβγδ and Aαβγδ with second–order contribu-
tions to the free energy in the form of (V/2)Bαβγδ εαβ εγδ and
(V/2)Aαβγδ uαβ uγδ , respectively. In case of an equilibrium
crystal at isotropic pressure P, they are related to the Cαβγδ as
follows

Aαβγδ =−Pδβδ δαγ +Cαβγδ (20a)

Bαβγδ =−P
[
δβδ δαγ +δαδ δβγ −δαβ δγδ

]
+Cαβγδ . (20b)

On the one hand, the tensor Aαβγδ appears in the wave
equations for the displacement fields. Wave propagation ex-
periments measure the wave velocities or the eigenvalues of
the matrix

Λαγ = Aαβγδ qβ qδ (21)

already introduced in the wave equation Eq. 15 derived from
the Mori-Zwanzig equations of motion. The summations over
β ,δ in the expression for Λαγ indicate that its components
are always symmetric combinations (Aαβγδ +Aαδγβ ). On the
other hand, the tensor coefficients Bαβγδ are measurable from

linear response relations between stress and strain in simu-
lations and experiments (see also Section II B 2). From the
relations Eq. 20, it follows

Aαβγδ +Aαδγβ = Bαβγδ +Bαδγβ (22)

For all practical measurements like speed of sound or re-
sponse to mechanical deformation, Aαβγδ or Bαβγδ shows up
as symmetric combinations of terms given in Eq. 22. Unlike
Cαβγδ , Aαβγδ or Bαβγδ , do not have the full Voigt symme-
try if they are measured for a pre-stressed reference lattice.
However, if the reference system has purely isotropic pressure
ταβ =−Pδαβ , then Bαβγδ becomes Voigt symmetric.

The number of independent components of the tensor
Bαβγδ depends on the symmetry of a lattice structure14. For
the face centered cubic (FCC) crystal there are three indepen-
dent components B1111,B1122,B1212 which in Voigt notation
are B11,B12 and B44 respectively. This Voigt symmetric ten-
sor B has a block diagonal form

B =




B11 B12 B12

B12 B11 B12 0
B12 B12 B11

B44 0 0

0 0 B44 0
0 0 B44




(23)

implying a decoupling between volume changing deforma-
tions associated with the top left diagonal block and pure
shear with elastic constants related to B44. The elastic moduli
for bulk, bi-axial and shear deformations in FCC crystal can
be derived from specific combinations of B11, B12 and B44.
In this paper, we will evaluate these quantities for a point-
defect rich FCC crystal (i) analytically with input from clas-
sical density functional theory (section II C and section IV A)
and (ii) from stress response to deformation experiments done
in Molecular Dynamics (MD) simulations (section II B 2 and
section IV B).

2. Elastic moduli from stress response to strain

Theoretical predictions for elastic moduli from the free en-
ergy considerations of Sec. II B 1 can be compared to results
obtained from MD simulations using the following procedure.

When the equilibrium FCC crystal with Hamiltonian H is
deformed by a small amount, this can be treated as a pertur-
bation ∆H modifying the Hamiltonian. Here, the stress and
the strain are the pair of thermodynamic conjugate variables.
Following arguments for linear response in presence of small
perturbing fields, the stress response can be written in terms
of the applied strain with Bαβγδ acting as the proportionality
constant.

∆ταβ = ταβ (εαβ )− ταβ (0) =Bαβγδ εγδ (24)

This essentially is the statement of Hooke’s law. We exam-
ine three deformation protocols in our MD simulations (sec-
tion IV B) where the simulation box is deformed by chang-
ing its shape. The elastic moduli obtained from the linear
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stress response in the MD simulation box subjected to de-
formation in the NVT ensemble are compared to the elastic
moduli acquired from the analytic evaluations (Section IV A)
of the second derivatives of the free energies with respect to
coarse-grained elastic fields. The general strain tensor with
its nine components in 3D reduces to six independent com-
ponents in case of a symmetric strain. For convenience of
representation in the subsequent sections, we represent this as
a 6 dimensional vector (ε11,ε22,ε33,ε12,ε13,ε23).

C. Elastic coefficients from the direct correlation function:
input from classical density functional theory

In order to validate the theory proposed in Ref.7 and sum-
marised in Section II A, one needs to interpret the small wave
vector q → 0 and long time t → ∞ limit for the equations
(Eq. 10), giving static deformations. [in the following sen-
tence it is not clear between what the context is established]
This provides the thermodynamics-based connection to the
wave vector dependent correlations and the coarse-grained
fields of elasticity theory derived from a microscopic starting
point.

According to classical density functional theory (DFT), for
a reference crystalline solid in equilibrium with a microscopic
density distribution n(r), the change in free energy to second
order in a density deviation δρ(r) is given by15

∆F =
kBT

2

∫ ∫
d3r1d3r2

[
δ (r12)

n(r1)
− c(r1,r2)

]
δρ(r1)δρ(r2)

(25)

Here, c(r1,r2) is the two-particle direct correlation function
for the crystalline solid in equilibrium. It is related to the in-
verse density correlation matrix Jg′g′′(q) (defined in Eq. (11))
through

Jgg′ =
kBT
V

∫
d3r1

∫
d3r2eig·r1e−ig

′ ·r2eiq·(r1−r2)

[
δ (r1− r2)

n(r1)
− c(r1,r2)

]
(26)

which in turn leads to the dynamical matrix (see Eq. (13))

Λ(q) = ∑
g,g′

(g′+q)α n∗g′J
∗
g′gng(g+q)β

= λαβ (q)− iqα µβ (q)+ iqβ µ
∗
α(q)+qα ν(q)qβ . (27)

Here, the wavelength dependent generalised elastic coeffi-
cients λαβ (q),µα(q) and ν(q) and their small-q limit are
given by

λαβ (q) =−∑
g,g′

ig
′
α n∗g′ J

∗
g′g(q)ngigβ = λαβγδ qγ qδ +O(q3)

(28a)

µα(q) = ∑
g,g′

n∗g′ J
∗
g′g(q)ngigα = iµαβ qβ +O(q2) (28b)

ν(q) = ∑
g,g′

n∗g′ J
∗
g′g(q)ng = ν +O(q2) (28c)

The symmetries of the generalised elastic constants ν , µαβ ,

λαβγδ and their relation to second order changes in free energy
in terms of the coarse grained fields δu and δcd are discussed
in detail in Ref. 7 and Ref. 8. In brief, the λ ’s encode “strain–
strain” free energy density changes ∝ λαβγδ uγα uδβ , the ν

describes “density–density” free energy density changes” ∝

ν(δng=0)
2 and the µ’s describe a cross-term ∝ µαβ uβα δng=0.

Having access to the direct correlation function c(r1,r2) as
an input from classical DFT and exploiting the symmetries
of this function for a crystalline solid, it is possible to derive
general numerically tractable expressions for ν , µαβ , λαβγδ .
Thus for a model crystal of interest, it is possible to evaluate
these quantities at desired density, temperature, point-defect
concentration, etc.

Given the lattice periodicity of a crystalline solid, the di-
rect correlation function is invariant under global translations
by any lattice vector R, i.e. c(r1 +R,r2 +R) = c(r1,r2). If
the c(r1,r2) is represented as a function of center of mass
s12 = (r1 + r2)/2 and relative distance r12 = (r1− r2) then
c(s12 +R,r12) = c(s12,r12). The dependence on s12 can be
expanded in reciprocal lattice vectors g. With k being the
Fourier conjugate of r12, the Fourier representation of c is
given by

c(s12,r12) = ∑
g

eig·s12 cg(r12) = ∑
g

∫ d3k
(2π)3 eig·s12 eik·r12 c̃g(k).

(29)
Next we present expressions for the λαβ (q), µα(q) and ν(q)
in terms of c̃g which we later use to evaluate these quantities
for our model of interest (Eq. 37), the FCC cluster crystal.
Substituting J∗g′g using Eq. 26 in the expression for λαβ (q)
in Eq. 28a and utilising the expansion of the gradient of the
average density distribution

∇α n(r) = ∑
g

igα ngeig.r (30)

in terms of the Bragg peak amplitudes ng, one obtains

λαβ (q) =
kBT
V

∫
d3r1

∫
d3r2∇α n(r1)∇β n(r2)e−iq.(r1−r2)

[
δ (r1− r2)

n(r1)
− c(r1,r2)

]
(31)

Upon using an equation derived by Lovett, Mou, Buff, and
Wertheim (LMB16W17),

∇α(n(r))
n(r)

=
∫

d3r′c(r,r′)∇α n(r′) (32)

λαβ can be rewritten – using Eq.29 – as

λαβ (q) =
kBT
V

∫
d3r1

∫
d3r2∇α n(r1)∇β n(r2)c(r1,r2)

(
1− e−iq·(r1−r2)

)
(33a)

=
kBT
V ∑

g,g′ ,g′′
g
′
α n∗g′nggβV δ (g

′′
+g−g

′
)

[
c̃g′′ (−g

′′
/2−g)− c̃g′′ (−g

′′
/2−g+q)

]
(33b)
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subsequently – and using Eq. (26) – leading to

λαβ (q) =kBT ∑
g,g′

g
′
α n∗g′nggβ

[
c̃g′−g

(
−g′ −g

2

)
− c̃g′−g

(
−g′ −g

2
+q

)]

(34a)

µβ (q) =kBT ∑
g,g′

n∗g′ngigβ

[
c̃g′−g

(
−g′ −g

2

)
− c̃g′−g

(
−g′ −g

2
+q

)]

(34b)

ν(q) =
NkBT

V
− kBT ∑

g,g′
n∗g′ngc̃g′−g

(
−g′ −g

2
+q

)
.

(34c)

Arguments similar to those in case of λαβ , lead to the expres-
sions for µβ and ν in Eq.34b and Eq.34c respectively.

In the limit q→ 0, these generalised elastic coefficients re-
sult in the elastic constants Bαβγδ .

Bαβγδ = λαγβδ +λβγαδ−λαβγδ +δαβ µγδ +µαβ δγδ +νδαβ δγδ

(35)
From our calculations (see Section IV A) we obtain all the
coefficients of the matrix in Eq. 23. It has the symmetry cor-
responding to a FCC crystal with the expected block diagonal
form and the three distinct elastic constants. These distinct
elastic constants B11, B12 and B44 (see the matrix, Eq. (23))
are obtained as the following combinations of the generalised
elastic constants in the q→ 0 limit.

B11 =C11− p = λxxxx +2µxx +ν (36a)
B12 =C12 + p = 2λxyxy−λxxyy +µxx +µyy +ν (36b)
B44 =C44− p = λxxyy. (36c)

III. MODEL AND SIMULATION

A. The model: cluster crystals

The system chosen for our study is a system with pairwise,
ultrasoft interactions described by the generalised exponential
model potential of index 4 (GEM-4)

φ(r) = e0 exp[−(r/r0)
4]. (37)

As shown in Ref. 18 and subsequent papers such a system
forms – despite the mutual repulsion of the particles – stable
clusters of overlapping particles. In well-explored regions of
temperature and density the system forms (BCC or FCC) clus-
ter crystals (see, e.g., phase diagram in Ref. 18): here these
clusters (which are relatively homogeneous in their size) oc-
cupy regular BCC and FCC lattices, hence the name cluster
crystals. These crystals have the remarkable property that –

upon an increase in density – the lattice constant remains in-
variant while the occupation number increases. In this contri-
bution we study the face centered cubic (FCC) phase. To ob-
tain crystal density profiles and the direct correlation function,
we use a density functional for the free energy in mean–field
approximation (highly accurate for this system, see Refs. 18
and 19), given by

βF [ρ] =
∫

dr ρ(r)[ln(ρ(r)λ 3)−1]+

1
2

∫
dr
∫

dr′ρ(r)ρ(r′)(βφ(|r− r′|)) . (38)

Here, λ is the thermal de Broglie length and β = 1/(kBT ) is
the inverse temperature with kB denoting the Boltzmann con-
stant. For the crystal phase, we use an ansatz for the density
profile

ρ(r) = nc

(
A

π

)3/2

∑
{R}

e−A (r−R)2
= ∑
{R}

ncl(r−R) (39)

with {R} being the FCC lattice vectors. ncl(r−R) denotes
the cluster density profile of any single cluster around a lattice
site R. The density profile is characterized by the average oc-
cupancy number nc and the width A associated with the den-
sity profile of a cluster peak. For a specified average density
n0 and temperature T , the free energy functional (Eq. (38))
is minimized with respect to nc and A to obtain the equilib-
rium profile n(r) with the equilibrium A and nc plugged in
the expression for ρ(r) (Eq. 39) for the crystal state.

The ultra-soft repulsion of the interaction potential allows
for a range of ordered phases with multi-occupancies of the
lattice sites as well as large fluctuations in the occupation
numbers; thus the system can be considered as dominated by
local defects. While the fluctuations in the lattice occupancies
can be interpreted as the motion of local defects8, these fluc-
tuations preserve the long range order in the crystalline phase.
Unlike conventional, singly occupied lattice structures with
point-defect concentrations close to zero (such as the hard
sphere system20) this model has a relatively short time scale
associated with the motion of local-defects21.

B. MD simulations of the cluster crystal

The simulation methodology is similar as in previous
contributions18,21–23. The GEM-4 potential, defined in
Eq. (37), is truncated at a distance rc = 2.2r0 and shifted to
zero so that it vanishes from rc onwards. We define a di-
mensionless temperature, density and time via T ∗ = kBT/e0,
n∗0 = n0r3

0 and t∗ = t
√

e0/m/r0, where m is the mass of parti-
cles.

We use the LAMMPS package24 to perform non-
equilibrium MD simulations in the NVT-ensemble. We con-
sider the cluster system at three different densities, namely
n∗0 = 4.5,6.5 and 7.5 for the set of temperatures T ∗ =

{0.4,0.5,0.6,0.7,0.8}. From literature18 it is known that the
system assumes at these state points a stable FCC cluster



7

phase, where each site of the FCC lattice is occupied by a clus-
ter of overlapping particles. Data available in literature18,19,21

provide evidence that the average number of particles pertain-
ing to a cluster, nc, assumes for the considered state points
a value nc ' 9,13,15, corresponding to the densities (n∗0 =
4.5,6.5,7.5, respectively) and a lattice constant la = 2r0, r0
being the unit of length in the system. We consider ensem-
bles of 2304,3328 and 3840 particles for the three densities,
respectively, corresponding thus to systems with 256 clusters
at each density. The temperature of the system is kept fixed
via a dissipative particle dynamics (DPD) thermostat25. The
equations-of-motion are integrated via the velocity-Verlet al-
gorithm using an integration time step ∆t∗ = 0.00526.

For a chosen value of the density, the initial configurations
of our simulations are ideal FCC cluster crystals where each
lattice site is occupied by corresponding nc, completely over-
lapping particles and assuming a lattice constant that is com-
patible with the chosen value of the density. Starting from
these configurations, the system is equilibrated over 106 MD
steps at a temperature T ∗ = 0.8. This equilibrated system is
further evolved, now at the desired temperature, over 5×106

MD steps (where it has reached the diffusive regime)21,23,
storing on a regular basis configurations in intervals of 105

MD steps. These configurations then serve as independent ini-
tial configurations for subsequent simulations: from each of
these state points, 50 independent simulation runs have been
launched.

IV. RESULTS

A. Elastic coefficients from the direct correlation function:
application to the system of FCC cluster crystal

In order to obtain the elastic constants (Eq. 36) for the FCC
cluster crystal, we first need to evaluate the q–dependent gen-
eralised elastic coefficients (Eq. 34). From the mean–field free
energy functional, Eq. (38), we read off the direct correlation
function

c(r1,r2) =−βφ(r), r = |r2− r1|. (40)

which is simply the negative, dimensionless interaction poten-
tial (Eq. 37). Approximating the direct correlation function of
the crystal by an isotropic, liquid–like function simplifies the
expressions for the generalised elastic constants considerably
since c̃g(k) = 0 for g 6= 0 and c̃g=0(k) =−β φ̃(k) =−β φ̃g(q)
in terms of the Fourier transform φ̃ of the interaction potential
φ . Utilising the explicit expressions for ng corresponding to
the density distribution n(r) (Eq. 39 after equilibration)

ng =
nc

V
e−g2/4A

∑
R

e−iq
′ ·R

δ (q
′ −g) (41)

FIG. 1. Generalised elastic constants in units of n∗0(n0e0) for equi-
librium FCC cluster crystals at n∗0 = 6.5 for different temperatures,
given as functions of T ∗/n∗0 (x–axis) and nc (alternative x–axis). The
vertical line at T ∗/n∗0 ≈ 0.14 separates the stable FCC cluster crystal
phase and the body centered cubic (BCC) crystal phase.

and the Fourier transformed direct correlation function in
Eq. 34 results in the following expressions

λαβ (q)/n∗20 = ∑
g

gα e−g2/2A gβ

[
φ̃g (q)− φ̃g (0)

]

q→0≈ λαβγδ qγ qδ/n∗20 + . . . (42a)

µα(q)/n∗20 = i∑
g

gα e−g2/2A
[
φ̃g (q)− φ̃g (0)

]

q→0≈ iµαβ qβ/n∗20 + . . . (42b)

ν(q)/n∗20 = kBT/n∗0 +∑
g

e−g2/2A
φ̃g (q)

q→0≈ ν/n∗20 + . . . . (42c)

Below we give results for the elastic constants in units of
n∗0(n0e0). The numerical evaluation requires the minimiza-
tion of Eq. (38 (as described) to obtain the equilibrium lattice
occupancy number nc and A (note that 1/

√
A is the peak

width or particle localisation length). This gives the average
density profile (Eq. 39) and hence ng (Eq. 41) of the equilib-
rium FCC cluster crystal. Next, after taking the small q limit
(see Appendix A) of the functions in Eq. 42, we perform the
lattice sums over the reciprocal lattice vectors corresponding
to the FCC lattice of desired density n∗0.

In Ref 8 it is argued, that the generalised elastic constant
λαβγδ is sensitive to second order changes in free energy due
to changes in symmetrised strain fields defined for the or-
dered solid. The quantity ν , on the other hand, is associated
with changes in the total density. µαβ represents the coupling
between average density and strain fields in the point-defect
rich FCC lattice. Its consistent negative value is an indication
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FIG. 2. (y-axis ) Plot of the cluster localisation parameter A for
equilibrium FCC cluster crystals for different T ∗/n∗0. The variances
of the Gaussian distributions ncl(r−R) of the average density profile
(Eq. 39) are inversely proportional to A . Note that the particles are
more localised close to the reference lattice sites R for higher n∗0 and
lower T ∗. (alternative y-axis ) Plot of nc/n∗0 as a function of T ∗/n∗0.
It shows how nc/n∗0 remains approximately equal to 2 over the entire
range of temperature for two different densities. As the lattice param-
eter of the FCC cluster crystal is given by (4nc/n∗0)

1/3, this behaviour
implies almost unchanged equilibrium lattice distances over the en-
tire range of densities and temperatures corresponding to the stable
FCC phase.

of the conventional relation between the density fluctuations
and the gradient of the displacement field (Eq. 1). The much
smaller magnitude of this term , compared to λαβγδ and ν is
also particularly interesting. Therefore, we examine this point
in great detail in the Appendix A. Our calculations (see Fig. 1
and Eq. A1) for this system reveal special symmetries like
λαβαβ = λααββ which is not a general property of the FCC
lattice9.

Careful observation of Eq. 42 and consideration of Ap-
pendix A shows how λαβγδ and µαβ vanishes for g = 0 at
q→ 0 leaving ν which is the only term to survive in a fluid
with its ideal gas and an interaction contribution. The three
distinct contributions in ν and how their combination is re-
sponsible for its increase with increase in temperature at con-
stant density is discussed in Appendix A.

Before trying to further interpret the dependence of the gen-
eralised elastic constants on T ∗/n∗0, one needs to clarify a spe-
cial property of ordered structures with GEM-4 interaction po-
tentials. The lattice parameter of the FCC cluster crystals is
given by (4nc/n∗0)

1/3 making the Cartesian components of a
reciprocal lattice vector g, at a given density, integral mul-
tiples of 2π(4nc/n∗0)

−1/3. The lattice parameter of the ther-
modynamically stable state is dictated by the position of the
minimum in the Fourier transform of the interaction potential
(see Fig. 7b below)27. Now, Fig. 2 depicts how nc/n∗0 remains
approximately constant at 2 over the entire range of densi-
ties and temperatures thus making the gs almost independent
of n∗0. The localisation parameter A , therefore, becomes the

most influential quantity in dictating the mechanical response
of the FCC cluster crystal. In this paper we verify this for
one of these cluster crystal models but this expectation can be
extended to the BCC cluster crystal structure as well.

The generalised elastic constants λαβγδ and −µαβ show
an increase with decreasing temperature at a given density
(Fig. 1). The following considerations will provide useful
insights regarding this behaviour. An increase in T ∗/n∗0 for
the FCC cluster crystal also coincides with an increase in the
equilibrium value of the average lattice occupancy nc (Fig. 1).
Decreasing T ∗/n∗0 on the other hand leads to an increase in
A (Fig. 2) and hence more localisation of particles near lat-
tice sites. A quantitative interpretation of this feature can be
derived by realising that the variance of the Gaussian distribu-
tions showing up in the expression for the average density pro-
file (Eq. 39) are proportional to 1/A . The predominant effect
of the decrease in A with an increase in T ∗/n∗0 (see Fig. 2) im-
plies a greater propensity of motion of particles across lattice
sites. As the temperature T ∗ is increased in the FCC cluster
crystal while keeping density and hence the gs fixed, all the
terms except e−g2/2A in Eq. 42 are held constant. Therefore,
a decrease in A results in a decrease in numerical contribu-
tions from the lattice sums in Eq. 42. This is also reflected
in the temperature dependence of the overall elastic moduli of
the FCC cluster crystals, related to λαβγδ , µαβ through Eq. 36
and shown in Fig. 5.

Weaker localisation as a result of small A , means an in-
creased ease of hopping of particles or motion of local defects
across lattice sites for the FCC cluster crystals. Thus a de-
crease in the elastic constants with a decrease in A provides a
fundamental quantifiable basis to the intuitive expectation of
a lower elastic moduli in a system with a higher probability of
stress relaxation through diffusion of local defects.

The behavior of the generalized elastic constants for the
cluster crystal is quite different from the ones in the hard
sphere FCC crystal studied recently in Ref. 9. In equilibrium,
stable hard sphere crystals have vacancy concentrations nvac
close to zero but one may study the behaviour of the general-
ized elastic constants as a function of defect density by arti-
ficially imposing a certain nvac. It turns out that most of the
generalized elastic constants diverge upon nvac → 0, roughly
as 1/nvac. This behavior results from using a direct correla-
tion function c(r1,r2) compatible with the full anisotropy of
the lattice structure. If one uses a liquid–like direct corre-
lation function c(|r1− r2|), the dependence on nvac vanishes
almost completely. For hard spheres, the use of a liquid–like c
misses the singularities that are associated with local packing
fractions at lattice sites going to 1; this is different for cluster
crystals where the configuration at a lattice site is a collective
state very well describable with a mean–field, liquid–like c.

The generalised elastic constants evaluated in the small q
limit (see Fig. 1) and plugged into Eq. 36 gives all the coeffi-
cients of elasticity which we compare to results from Molec-
ular Dynamics simulations (see Fig. 5). These comparisons
and their interpretations are detailed in Section IV B.

Having calculated the coefficients of elasticity, we use them
to examine the speed of sound along different symmetry direc-
tions in the FCC cluster crystal.
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FIG. 3. Transverse (vt ) and longitudinal (vl) sound veloci-
ties along different symmetry directions obtained using classi-
cal DFT inputs for the FCC cluster crystal. vls are represented
by open symbols while the vts are represented using filled sym-
bols. Different colors are used to denote different directions
of the q vector. Purple squares represent the sound veloci-
ties along the symmetry direction ΓX [100]: vl =

√
B11/n∗0, vt =√

B44/n∗0. Sound velocities along ΓK[110] are shown with green
circles: vl =

√
(B11 +B12 +2B44)/2n∗0, vt1 =

√
B44/n∗0, vt2 =√

(B11−B12)/2n∗0. Finally the red triangles correspond to sound
velocities along ΓL[111]: vl =

√
(B11 +2B12 +4B44)/3n∗0, vt =√

(B11−B12 +B44)/3n∗0

We observe that the velocities of sound increase monotoni-
cally with a decrease in temperature T ∗ at a given density n∗0.
These results are a reiteration of the results presented in Fig. 1
while bringing forth the obvious connection between the ve-
locities of sound through an elastic medium and the elastic
constants of that medium.

B. Comparison : Theoretical Predictions and Simulations

1. Shear modulus from volume preserving symmetric shear
simulations

For a volume preserving symmetric shear ε13 = ε31 = ε of
the (x,z)-plane with no change along the y-direction, the six-
dimensional deformation vector is (0,0,0,0,ε,0). The shear
stress response, conventionally represented as

(∆τ12 +∆τ21) = B1212(ε13 + ε31) = B1212(2ε) (43)

is determined by the shear modulus B1212 = B44. In our sim-
ulations we impose planar Couette flow on the bulk cluster
crystal via Lees-Edwards boundary conditions28. The shear
is applied in the (x,z)-plane along the x-direction; thus, the z-

and y-directions are the gradient and vorticity directions, re-
spectively, while x is the shear-direction. The shear rate γ̇ is
considered to be equal to γ̇ = 10−4. We note that for small de-
formations the slope of the linear regime does not depend on
the shear rate. This applied affine strain εαβ results in a stress
response in the system which is measured from the virial
stress at a given temperature. The slope of these linear stress-
strain curves allow us to calculate the elastic moduli. Fig. 4(a)
shows the stress-strain response of the cluster crystals at den-
sity n∗0 = 6.5 and temperatures T ∗ = 0.4,0.5,0.6,0.7,0.8. The
black dashed lines represent the slope of the initial linear
regime.

2. Bulk modulus from isotropic compression simulations

In case of volume changing isotropic compression or ex-
pansion ε11 = ε22 = ε33 = ε and ε12 = ε13 = ε23 = 0. ε is
some small but finite deformation. The stress response or the
change in pressure due to this deformation is reflected in the
change in the trace of the stress tensor. Thus collecting all the
terms via

∆τ11 =B1111ε11 +B1122ε22 +B1133ε33 (44a)

the total stress response is

(∆τ11 +∆τ22 +∆τ33)

3
=

(B1111 +2B1122)

3
ε (45)

leading to the bulk modulus (B11 + 2B12)/3. Realising that
ταβ = −Pδαβ , the bulk modulus can be represented in terms
of a change in pressure

(B11 +2B12)/3 =−V (∆P/∆V )
∣∣
T ∗ . (46)

In our MD simulations, we consider the equilibrated cluster
crystal system at different state points as mentioned above and
slowly compress these samples. After each compression step
the system is allowed to relax up to 106 MD steps, a time
which is larger than the typical equilibration time scales. The
ratio of the resulting change in pressure ∆P and change in vol-
ume ∆V defines the bulk modulus, which is plotted in Fig. 4(b)
as a function of change in volume ∆V for three different tem-
peratures as labelled. The shaded blue region denotes the reli-
able linear regime of ∆V over which the bulk modulus remains
nearly constant. At a given temperature, the bulk modulus
is obtained by taking the average over the values of the bulk
modulus in the blue region.

3. Elastic moduli from bi-axial extension simulations

In case of volume preserving, bi-axial deformation the six-
dimensional deformation vector is (ε/2,−ε/2,0,0,0,0). The
deformation (ε11 = ε/2), is elongation along the x-axis of the
lattice while (ε22 = −ε/2) defines a proportionate compres-
sion along y-axis thus preserving the volume of the simulation
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FIG. 4. (a) Plot of stress response to small deformations of the cluster crystal system for five different temperatures as labelled. The black
dashed lines represent the slopes of the initial linear regime, which gives the elastic modulus B44. (b) Variation of the bulk modulus (defined as
V (∆P∗/∆V ) with P∗ = Pr3

0/e0 of the cluster crystals at density n∗0 = 6.5 as a function of change in volume ∆V for three different temperatures
as labelled. The elastic modulus (B11 + 2B12)/3 is obtained by taking the average over the bulk modulus values in the blue shaded region.
(c) Variation of the normal stress difference as a function of strain ε for the cluster crystal at density n∗0 = 6.5 at five different temperatures as
labelled. The dashed black lines denote the slope of the initial linear regime, which defines the elastic modulus 2(B11−B12).

box up to linear order. The stress response produced by this
deformation is given by

(∆τ11−∆τ22)

2
=(B1111−B1122)(ε11−ε22)= (B1111−B1122)ε.

(47)
Therefore, the quantity 2(B1111−B1122) = 2(B11−B12) can
be extracted from the slope of the stress-strain curves obtained
in the MD simulations. To obtain these moduli from MD
simulations, we perform a bi-axial deformation on the clus-
ter crystal system at different densities and temperatures. The
bi-axial deformation with a rate 10−4 is applied in the NVT
ensemble along the x-direction preserving the volumes in the
other two directions. The evolution of the normal stress differ-
ence ∆τ11−∆τ22 has been recorded as a function of the strain
ε = γ̇t, see Fig. 4(c). The slope of the stress-strain response in
the linear regime yields the elastic moduli.

4. Comparison of the elastic moduli obtained from the
theory and MD simulations

Once we have determined the different elastic moduli from
the linear response relations between the stress-strain curves
resulting from the deformation experiments performed via
MD simulations, we compared these results with our theo-
retical predictions presented in Section IV A.

Fig. 5 shows the comparison of the bulk, bi-axial and shear
moduli with the lines for theoretical predictions and bold sym-
bols for simulation results. The error bars obtained from the
variance of the simulation results provides an estimate for the
accuracy of our simulation results. It is interesting to note the
very good agreement between the theoretical and simulation
results despite the simplifying approximation of an isotropic
direct correlation function (Eq. 40) for the FCC cluster crys-
tal. The trend of a decrease in all the elastic moduli as T ∗/n∗0
increases can be explained from the similar trends observed in

some of the generalised elastic constants (Section IV A). Once
again, the weaker particle localisation around lattice sites,
quantified by smaller values of A , accompanies the decrease
in the elastic moduli. Since A proves to be an important fac-
tor in determining the elastic properties of the FCC cluster
crystal, we try to associate the theoretically obtained localisa-
tion parameter (Section III A) with experimentally measurable
quantities like the mean square displacement.

5. The cluster localization parameter from MD simulations

In order to obtain the localization parameter A from
MD simulations, we calculate the mean-square displacement
(MSD) of particles, which is defined as,

〈∆r2(t)〉= 1
N

N

∑
i=1
〈
∣∣ri(t)−R0

i
∣∣2〉, (48)

where ri(t) and R0
i are the positions of the ith particle at time

t and t = 0, the time origin considered for the MSD calcula-
tions. The angular bracket corresponds to the averaging over
the number of independently prepared samples. The MSD of
particles for four different temperatures T ∗ = 0.4,0.5,0.6,0.7
at a fixed density n∗0 = 6.5 is shown in Fig. 6(a). Note that all
MSD curves have an initial ballistic regime with slope two,
reach a plateau corresponding to the localization of particles
in the clusters at high temperature a diffusive regime sets in
where particles diffuse as they hop from cluster to cluster. To
extract A , we calculate the height of the plateau l0 of the MSD
curves for different temperatures. In Fig. 6(b), we show the
variation of the height of the plateau in the MSD curves shown
in Fig. 6(a) as a function of T ∗/n∗0 for the density n∗0 = 6.5. We
compare our results with the values of 1/A obtained from
Eq. (39), which is given by the blue solid line.
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FIG. 5. Comparison of theoretical predictions of elastic moduli to
results obtained from linear stress response of FCC cluster crystal
subjected to compression, shear and bi-axial deformation in Molec-
ular dynamics simulations. The elastic constants are shown in units
of n∗0(n0e0) as a function of the reduced thermodynamic parame-
ter T ∗/n∗0. Note that the simulation results from different densities
n∗0 = 6.5, ... fall on the same linear curve when plotted in these re-
duced units.

V. CONCLUSIONS AND OUTLOOK

Our theoretical approach successfully predicts mechanical
properties of a lattice structure with a finite density of local-
defects. The extent of this local disorder has been previously
quantified using the variance in the lattice occupation num-
ber 〈∆n2

c〉, see Ref. 18. As explained in Ref. 8, this quantity
can serve as a parameter to gauge the validity of the mean
field free energy functional that predicts homogeneous lattice
structures where particles hop between lattice sites. Following
these arguments, we expect our theory to describe the cluster
crystals accurately in the range of temperatures in the phase
diagram where the lattice structures with integral occupation
numbers are not the thermodynamic stable states8,29.

The possibility of studying the mechanical properties of
crystals with very large and vanishing concentrations of point-
defects within a single framework opens up new directions for
investigation. For a more systematic comparison between the
FCC cluster crystal and the hard sphere FCC crystal, it would
be desirable to have the fully anisotropic direct correlation
function for the former, to compare with the fully anisotropic
direct correlation function of the latter9. But, the microscopic
basis7,8 (see Section II A) examined in this paper provides the
conceptual understanding required to explore the distinct roles
of the elastic fields and the couplings between them.

Application of this conceptual premise to study disordered
binary crystals30 provide another interesting avenue for ex-
ploring phenomenons like piezoelectricity associated with op-

FIG. 6. (a) Equilibrium MSD (in units of r2
0) of particles of the cluster

crystal system at n∗0 = 6.5 and temperatures T ∗ = 0.4 (black), 0.5
(red), 0.6 (green), 0.7 (blue). The black dashed line represents a line
with a slope equal to 1. (b) Height of the plateau l0 (in units of r2

0)
in the MSD curves shown in Fig. 6 as a function of T ∗/n∗0. The solid
line denotes the values of 1/A obtained from Eq. (39).

tical phonon modes31. Additional attention32–34 and further
interpretation of the memory terms, which we have ignored
here, can lead to further insights into the transport proper-
ties of the ordered solid. In this paper we have presented the
groundwork for applying such theoretical perspective to un-
derstand mechanical properties observed in atomistic simula-
tions and experiments. Its importance lies in the clear associa-
tion presented between second order changes in free energies
due to elastic fields8,35 and elastic constants derived from de-
formation experiments in disorder dominated finite crystals at
well defined temperatures (section II B 2 and section IV B).

Theoretical and simulation studies attempting to explain
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mechanical response of crystalline solids have argued4,35 for
the requirement of additional thermodynamic variables to ac-
count for the broken continuous symmetry. Our choice of the
Bragg peak amplitudes, an experimentally measurable quan-
tity, as the crystal order parameter to distinguish the displace-
ment fields from the density fluctuations provides a general
treatment to understand the microscopic basis for elastic re-
sponse in non-ideal crystals. A natural extension of this would
be to examine how one can include the interplay of local-
defects and topological defects in dictating elastic and plastic
response of crystals.

Previous studies have employed spatial projection operator
formalism36, within a statistical mechanics framework, to seg-
regate length-scale dependent particle displacement modes re-
sponsible for (i)the elastic response or the affine deformations
and (ii)particle rearrangements or non-affine deformations. A
description of dislocation pre-cursors in an equilibrated ideal
solid at finite temperature, emerges as a consequence37–39 of
this analysis. This approach provides the foundation for un-
derstanding the onset of plastic response40 and the origin of
shear rate dependence of the yield-point41, in an ideal crystal,
using the language of discontinuous phase transition. Spatial
projection of displacements onto affine and non-affine sub-
space also proves to be useful42 in studying the transforma-
tion paths in martensitic transitions exhibiting Bane distortion
and shuffle43. The Mori-Zwanzig projection operator formal-
ism, the microscopic frame for deriving the hydrodynamics of
local-defect rich crystals in this paper, uses relaxation time-
scales as the basis for identifying separate sets of variables.
In the long wavelength limit, this, like the spatial projection

operator formalism introduced in Ref.36, recovers the classi-
cal elasticity theory. Therefore, one of the future avenues for
investigation will be an attempt to convergence these perspec-
tives. That can lead to fundamental insights in the context
of reversible and irreversible mechanical response in ideal as
well as defect rich crystals subjected to deformation or under-
going structural transformations.
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Appendix A: The long-wavelength limit for the generalised
elastic constants for the FCC cluster crystal

When the direct correlation function c(r1,r2) for a crys-
talline structure is approximated with a liquid like isotropic
c(r) =−βφ(r) (Eq. 37) as we have done for the FCC cluster
crystal, Eq. 34 simplifies to Eq. 42. In order to obtain the bulk
elastic constants, the q→ 0 limit of the expressions in Eq. 42
needs to be evaluated. The following Eq. A1 summarises the
generalised elastic coefficients for the FCC cluster crystal in
the small q limit.

λαβγδ = n∗20 ∑
g

gα e−g2/2A gβ

(
δγδ D(1)+gγ gδ D(2)

)
(A1a)

µαβ = n∗20 ∑
g

gα gβ e−g2/2A D(1) (A1b)

ν = n∗0T ∗+n∗20 e−g2/2A
φ̃g (0)

∣∣∣∣
g=0

+n∗20 ∑
g6=0

e−g2/2A
φ̃g (0) (A1c)

The terms D(1) and D(2) are given by the following expressions

D(1) = 4π

∫ [ r4 cos(gr)
(gr)2 − r4 sin(gr)

(gr)3

]
φ(r)dr (A2a)

D(2) = 4π

∫ [{
− r6 sin(gr)

(gr)3 − 3r6 cos(gr)
(gr)4 +

3r6 sin(gr)
(gr)5

}
φ(r)dr

]
(A2b)
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and they are derived from the first and the second derivatives of φ̃g with respect to components of q in the limit q→ 0.

φ̃g(q) = 4π

∫
r2 sin(|g+q|r)
|g+q|r φ(r)dr (A3a)

φ̃g(q)− φ̃g(0) =
3

∑
α=1

∂ φ̃g(q)
∂qα

∣∣∣∣
q=0

qα +
1
2

3

∑
α=1

3

∑
β=1

∂ 2φ̃g(q)
∂qα ∂qβ

∣∣∣∣
q=0

qα qβ + . . . (A3b)

∂ φ̃g(q)
∂qα

=
∂ φ̃(q′)

∂qα

=
dφ̃(q′)

dq′
∂q′

∂qα

=
dφ̃(q′)

dq′
q′α
q′

, (q′ = |g+q|) (A3c)

∂ φ̃(q′)
∂qα

∣∣
q=0 = 4πgα

∫ [ r4 cos(gr)
(gr)2 − r4 sin(gr)

(gr)3

]
φ(r)dr = gα D(1) (A3d)

∂ 2φ̃(q′)
∂qα ∂qβ

∣∣
q=0 = 4π

∫ [
δαβ

{
r4 cos(gr)
(gr)2 − r4 sin(gr)

(gr)3

}
+gα gβ

{
− r6 sin(gr)

(gr)3 − 3r6 cos(gr)
(gr)4 +

3r6 sin(gr)
(gr)5

}]
φ(r)dr (A3e)

= δαβ D(1)+4π

∫ [
gα gβ

{
− r6 sin(gr)

(gr)3 − 3r6 cos(gr)
(gr)4 +

3r6 sin(gr)
(gr)5

}]
φ(r)dr = δαβ D(1)+gα gβ D(2) (A3f)
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FIG. 7. (a) The three terms contributing to the generalised elastic constant ν for the FCC cluster crystal plotted in units of n2
0e0r3

0 as a function
of the reduced thermodynamic parameter T ∗/n∗0. The ideal gas term T ∗/n∗0 represented by purple circles with line, increases with T ∗/n∗0.
The second term e−g2/2A φ̃g(0)

∣∣
g=0 (green squares) provide a T ∗/n∗0 independent contribution arising from interaction terms at g = 0. The

third contribution ∑g 6=0 e−g2/2A φ̃g(0) is a sum over all lattice vectors g 6= 0. This has a negative value with a magnitude decreasing with
kBT/e0n∗0r3

0 . The second and the third contributions can be understood by looking at the plot of φ̃(q′) = φ̃g(q) in the figure on the right (b)Plot
of φ̃(q′) as a function of q′. The circles indicate the position of the neighbour shells in the reciprocal lattice for the FCC lattice. φ̃(q′) is the
Fourier transform of φ(r) (Eq.37). Note the large positive magnitude of φ̃(0) showing up in the second term (Eq. A1c) in ν . The negative
value of the lattice sum in the third term (Eq. A1c) is justified by the sum over g 6= 0 indicated by the larger negative magnitudes of φ̃(q′)
marked by circles in this plot.

1. Understanding the generalised elastic constant ν

Now, if only g = 0 is considered, Eq.A1 shows that λαβγδ

and µαβ vanishes. The term ν survives with the ideal gas
contribution (the first term in Eq.A1c) and an interaction con-
tribution from the second term in Eq.A1c. The second term

with

φ̃g(q)
∣∣
g+q→0 = 4π

∫
r2

φ(r)dr (A4)

is a density and temperature independent constant in this limit.
This is consistent with the elastic property of a homogeneous
fluid medium where the bulk compressibility (1/ν) is ob-
tained from the density fluctuations with no further contribu-
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FIG. 8. (a)A zoomed in plot of φ̃(q′) as a function of q′. The circles indicate the position of the neighbour shells in the reciprocal lattice
for the FCC lattice. The reciprocal lattice shells with the largest contributions to the lattice sums in the expressions for λαβγδ ,µαβ and ν

(Eq. A1) are specially denoted with the exact number of lattice sites in those shells. Note how the first neighbour shell is slightly shifted to the
left of the position of the minimum in the curve. (b)Plot of the averaged D(1)(g2

x +g2
y +g2

z )/3 as a function of the positions of the reciprocal
lattice vectors |g| indicated by the red open circle symbols. This shows the contributions of each reciprocal lattice shell in the lattice sum in
the expression for µαβ in Eq. A1b. The averaging over the co-ordinate directions are possible because of the symmetry µxx = µyy = µzz. Blue
open squares denote D(2)(g4

x +g4
y +g4

z )/3 while green triangles represent D(2)(2g2
xg2

y +2g2
yg2

z +2g2
z g2

x)/6 as a function of |g|. These are the
quantities that contribute to the lattice sums in the expression for λαβγδ in Eq. A1a. Here the averages are made possible by the symmetries
λxxxx = λyyyy = λzzzz, λxxyy = λyyzz = λzzxx and λxxyy = λxyxy.

tions arising from the displacement fields defined in an or-
dered medium (λαβγδ ) or its coupling to the density field
(µαβ ).

Unlike, λαβγδ and −µαβ , ν increases with an increase
in T ∗/n∗0. Let us consider the individual terms contributing
to ν , for an ordered solid, as shown in Fig. 7a. The ideal
gas term T ∗/n∗0 increases with T ∗/n∗0 having a slope of one,
as expected. The second term e−g2/2A φ̃g(0)

∣∣
g=0 provides a

T ∗/n∗0 independent contribution arising from interaction terms
at g= 0 as explained in the previous paragraph. The third con-
tribution ∑g6=0 e−g2/2A φ̃g(0) is a sum over all lattice vectors
g 6= 0. This has a negative value with a magnitude decreasing
with increasing T ∗/n∗0. The second and the third contributions
really comes from the values of φ̃(q′)= φ̃(|g+q|), the Fourier
transform of φ(r) (Eq.37), evaluated at the reciprocal lattice
vectors g = 0 and all the g 6= 0 respectively. The positions
and the magnitudes of these terms are indicated on the plot of
φ̃(q′) in Fig. 7b.

2. Understanding the generalised elastic constant µαβ

For the generalised elastic constant µαβ , the symmetry of
the FCC lattice dictates (see Eq. A1b) that all the cross-terms
like µxy must be zero and µxx = µyy = µzz. Here we exam-
ine why µαα has a much smaller magnitude compared to the
other generalised elastic constants λαβγδ and ν . The expres-
sion in Eq. A1b shows that the lattice sum in µαα relies on the

magnitude of the function D(1) which is the first derivative of
φ̃(q′) = φ̃(|g+q|) with respect to q (see Eq. A3d) at q→ 0.
A closer look at the zoomed in plot of φ̃(q′) in Fig. 8a, with
the first g 6= 0 reciprocal lattice position slightly shifted from
the minimum in φ̃(q′), clearly shows why the D(1) evaluated
here has a negative value. Following this argument, one im-
mediately sees the justification of the magnitudes and signs
of D(1)(g2

x +g2
y +g2

z ) plotted at the positions of the reciprocal
lattice vectors in Fig. 8b. In this figure the contributing terms
to µαβ (Eq. A1b) are compared to those in λαβγδ (Eq. A1a).
The function D(2) (Eq. A2b), the leading term in the lattice
sum in λαβγδ , is related to the second derivative of φ̃(q′) (see
Eq. A3f). The curvature of φ̃(q′) close to its minimum and
arguments similar to those given in case of µαβ can justify the
signs and magnitudes of various D(2) dependent terms plotted
in Fig. 8b. Finally, a cumulative sum over the appropriately
weighted data required to evaluate λαβγδ , µαβ results in can-
cellations of terms in case of µαα leading to a much smaller
value of µαα compared to λαβγδ . It also shows how these lat-
tice sums saturate at around or before the thirteenth reciprocal
lattice shell.
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