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Elasto-Plastic Stresses
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A numerical method based on the extension of the variable material property method was
developed to obtain the elasto-plastic stress field in a functionally graded (FG) rotating
disk. The method was applied to estimate the stress field in a metal–ceramic functionally
graded solid disk. To establish the validity of the proposed method, results were compared
with finite element results. Unlike uniform rotating disks, where yielding starts from the
disk center, plasticity in FG disks can originate at any point. The effect of different metal–
ceramic grading patterns as well as the relative elastic moduli and densities of the ceramic
and metallic constituents on the developed stresses were studied. Reinforcement of a metal
disk with ceramic particles, in both elastic and plastic regimes, can significantly influence
the mechanical response of the disk such as the stress distribution and the critical angular
velocities corresponding to the onset of plasticity in the disk and plastic disk. Disks with
increasing ceramic content from inner to outer radius showed a more uniform von Mises
stress distribution for a fixed value of total ceramic content. In contrast, disks with
decreasing ceramic content from inner to outer radius had the lowest outer edge displace-
ment for a fixed value of total ceramic content. [DOI: 10.1115/1.4006023]
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1 Introduction

Rotating disks have broad applications in gas turbines, high
speed gears, fly wheels, and compact discs. Optimizing the design
of a rotating disk and also assessing the failure risk require under-
standing its behavior in the elasto-plastic regime. In this context,
numerical and analytical investigations have been extensively
used to predict the deformation, failure, and stress and strain fields
in a uniform rotating disk under different loading conditions (e.g.,
see Refs. [1–7]). The stress field in a uniform rotating disk—under
elastic or elasto-plastic loading condition—is not uniform and the
maximum stress occurs at the center of the disk. The nonuniform
distribution of stresses is a key barrier in designing rotating disks
with enhanced performance (e.g., minimum weight design, maxi-
mum stored energy, minimum outer edge displacement, and uni-
form stress distribution). One avenue for addressing this challenge
is to vary the thickness and/or density of the rotating disk along its
radius to make the stress distribution near-uniform [8–13]. How-
ever, excessive manufacturing costs of such disks at high preci-
sion and restrictions due to the curved geometry generally make
this solution infeasible. An alternative approach is to use materials
with varying properties [14–16]. In this context, FG materials are
promising candidates as they avoid the negative effects of abrupt
changes in the material constituent due to their unique composi-
tion. Moreover, the manufacturing of FG disks with radially vary-
ing properties is technically possible by controlling the relative
distribution of the disk material constituents (e.g., reinforcement
particles and metal matrix) using techniques such as the centrifu-
gal casting process [17–20].

The analysis of rotating objects (disk, shafts, beams, etc.) with
varying material properties is generally challenging, since the

interaction between different deformation modes could lead to a
complex state of stress and deformation, including out of plane
deformation, vibration, warping, and instability [21–26]. For a
disk with material variation in the radial direction, the structure
can be discretized to uniform rings of different radii with infinites-
imal width. The elastic analysis for stress and deformation fields
in a FG rotating disk with exponentially and parabolically varying
elastic modulus in the radial direction is presented by Eraslan and
Akis [27]. Similar semi-analytical and numerical studies have
been carried out for FG elastic disks [28–31]. In this study, we
provide an analytical method for estimating the elasto-plastic
stresses in a rotating disk with varying elastic and plastic proper-
ties in the radial direction. The proposed method is an extension
of the variable material properties (VMP) method [32,33], and is
discussed in Sec. 2. In this method, the functionally graded mate-
rial parameters are considered as field variables and the linear
elastic solution of a boundary value problem is used to generate
the inelastic solution in an iterative manner. The analysis method
is applicable to both hollow and solid disks with different bound-
ary conditions, multilayered rotating disks, disks with temperature
gradients, and disks with varying thicknesses and material proper-
ties, as long as the problem has an axisymmetric condition. This
method is generally very effective and the solution can be
obtained after few iterations. The method also yields accurate sol-
utions for the elasto-plastic stress distributions compared to other
approaches such as the semi-analytical method presented by You
and Zhang [1] for uniform elasto-plastic disks as explained in
Sec. 3. In Sec. 4, we applied the method developed to analyze the
elasto-plastic stresses in a FG rotating disk reinforced with ce-
ramic particles. In this study, the constituent material of the rotat-
ing disk is considered to be a metal–ceramic composite with
various ceramic volume fractions through the disk radius. A
selected set of finite element calculations were done to establish
the validity of the proposed method using the commercially avail-
able software ABAQUS. A parametric study was carried out to study
the effect of variation of material properties on the distribution of
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stresses inside the rotating disk. The conclusions are drawn in
Sec. 5.

2 Theoretical Model

In the development of the model, it was assumed that the
metal–ceramic composite is locally isotropic and yields according
to the von Mises criterion. The axisymmetric structure (here a thin
disk) is divided into infinitesimally small axisymmetric thin rings.
A ring located at distance r from the disk center—see Fig. 1(a)—
has the elastic modulus, E(r), Poisson ratio v(r), and is assigned
an effective stress–strain curve that represents the plastic behavior
of the ring material. The component of the strain tensor in the
ring, eij, is the summation of the elastic part, eeij and plastic part,

e
p
ij. The elastic part is given as, eeij ¼

1þvðrÞ
EðrÞ rij �

vðrÞ
EðrÞrkkdij, where

dij is the Kronecker delta. The plastic part of strain is given by

Hencky’s total deformation equation, e
p
ij ¼ /ðrÞsij, where

sij ¼ rij �
1
3
rkkdij is the deviatoric stress, and / is a scalar func-

tion given by / ¼ 3e�p=2req, where e
�p and req are the equivalent

plastic strain and equivalent stress, respectively. Considering the
above relationships, the total strain in the element can be written
as

eij ¼
1þ vðrÞ

EðrÞ
þ /ðrÞ

� �

rij �
vðrÞ

EðrÞ
þ
1

3
/ðrÞ

� �

rkkdij (1)

Now, we assume an equivalent elastic element located at x, with
an effective elastic modulus and an effective Poisson ratio,
denoted by EeffðrÞ and veffðrÞ, respectively. This element has elas-
tic strain components equal to the total strain components of the
elasto-plastic element presented in Eq. (1). The component of
strain tensor in this hypothetical elastic element, e�ij, is

e�ij ¼
1þ veffðrÞ

EeffðrÞ
rij �

veffðrÞ

EeffðrÞ
rkkdij (2)

comparing Eqs. (3) and (4) and eliminating /ðrÞ from the above
equations gives

veffðrÞ ¼
EeffðrÞð2vðrÞ � 1Þ þ EðrÞ

2EðrÞ
(3)

In the analysis, first EeffðrÞ ¼ EðrÞ and veffðrÞ ¼ vðrÞ for each
element. Considering all elements to satisfy the requirements of
equilibrium and compatibility at their boundary (i.e., interface
with adjacent elements), the state of elastic stress in the thin rotat-
ing disk was evaluated in each step using Lame’s equations for
each elastic strip [34]. For a thin strip located at x, the inside and
outside displacements, u1 and u2, are related to the inside and out-
side pressures, p1 and p2, by the following relations

Fig. 1 (a) Schematic of a thin rotating disk and the bilinear stress–strain curve of the disk material (metal). (b) Distribution of
radial and tangential stresses in an all metal rotating disk at x5 150 and 200 rad/s. For the angular velocity x5 150 rad/s, the
disk deforms plastically at the inner part and is elastic close to the outer edge. For x5200 rad/s, the disk deforms plastically
along its radius. The radius of the disk is 120 cm and the metal density is considered 104 kg/m3.
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u1
u2

� �

¼
C11 C12

C21 C22

� �

�
p1
p2

� �

þ
k1
k2

� �

(4)

where in the plane stress case

C11;r ¼
1þ veffðrÞ

EeffðrÞ

r3

ðr þ drÞ2 � r2

1� veffðrÞ
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þ
ðr þ drÞ2

r2

 !
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(5)

where r and (rþ dr) are the inner and outer radii of the strip. After
assembling all strips together, a system of linear equations of the
form ½C0�fUg ¼ fPg þ fK0g is obtained, where fUg is the radial
displacement vector of the strips at their interface, fPg is the
interfacial pressure vector, and fK0g is the matrix denoting the
contribution of the inertia. Solving this equation gives fUg.

Next, EeffðrÞ is updated by applying the projection method for
each element based on the calculated equivalent (von Mises)

stress [33] (i.e., EeffðrÞ ¼
rðeeffÞ
eeff

, where the function rðeÞ represents

the effective stress–strain curve of the material at distance r). The
effective Poisson ratio for each element, veffðrÞ, is obtained using
Eq. (3). In the next step, the state of stress in each element is
recalculated using the updated values of effective elastic modulus
and effective Poisson’s ratio. This procedure is continued until the
convergence to the stress solution is achieved.

Several models have been proposed for estimating the linear
and nonlinear response of particulate composites, which are capa-
ble of predicting the effective mechanical properties of the com-
posite material with high fidelity for relatively simple
microstructures or low volume fraction of one of the constituents
[35–41]. More complex models of materials with varying elastic
and plastic properties have taken into consideration the effect of
material gradation, microstructure, and the interactions between
the material constituents [42–48]. Here, we assumed that the
metal matrix has bilinear elastic–plastic behavior with density,
qm, elastic modulus, Em, tangent modulus, Hm, and yield stress,
rmy . The ceramic was assumed to have density, qc, and be linear
elastic with elastic modulus, Ec. We estimated the material prop-
erties of the metal–ceramic composite (density, qmc; elastic modu-
lus, Emc; overall flow strength of the composite corresponding to
the onset of yielding, rmcy ; tangent modulus of the composite rep-
resenting its strain hardening behavior, Hmc) using the modified
rule of mixture for composites [49]

qmc ¼ ð1� f Þqm þ fqc

Emc ¼ ð1� f Þ
qþ Ec

qþ Em

� �

þ f

� ��1

� ð1� f ÞEm

qþ Ec

qþ Em

� �

þ fEc

� �

rmcy ¼ rmy ð1� f Þ þ
qþ Em

qþ Ec

� �

�
Ec

Em

� f

� �

Hmc ¼ ð1� f Þ
qþ Ec

qþHm

� �

þ f

� ��1

� ð1� f ÞHm

qþ Ec

qþHm

� �

þ fEc

� �

(6)

where f denotes the volume fraction of the ceramic particles and
q is the so called stress to strain transfer ratio, a parameter
which is independent of f and defines the metal/ceramic interface
behavior [49].

In all the calculations presented here, the metal component of
the FG material has Em¼ 56 GPa, Hm¼ 12 GPa, rmy ¼ 106 MPa,
density qm ¼ 104 kg/m3, and the Poisson ratio is assumed to be
constant and equal to 0.25 [50]. The density and elastic modulus
of ceramic were varied systematically in the ranges of
�5 GPa–560 GPa (i.e., 0.1<Ec/Em< 10) and 102 kg/m3–104 kg/m3

(i.e., 0.1<qc/qm< 10), respectively. The values of ceramic density
and ceramic modulus of elasticity qc ¼ 104 kg/m3 and Ec¼ 80 GPa
were taken in the calculations as default, respectively. The ceramic
Poisson’s ratio was considered to be 0.25. The value of q is taken
as 17.2 GPa based on the micro-indentation experiments by
Gu et al. [50].

To account for a wide range of possible distribution patterns of
ceramic particles, two different power-law distributions for the ce-
ramic volume fraction were considered:

(i) A rotating disk with a monotonic increase in the ceramic
volume fraction from 0 at its center to fo at the outer radius

fcðrÞ ¼ fo
r

R

� 	n

0 � fo � 1; n > 0 (7)

where R is the disk radius, fcðrÞ is the ceramic volume fraction at
distance r from the disk center, and n is the exponent of the ce-
ramic volume fraction distribution function. (ii) A rotating disk
with a monotonic decrease in the ceramic volume fraction from fi
at its center to 0 at the outer radius.

fcðrÞ ¼ fi
R� r

R

� �n

0 � fi � 1; n > 0 (8)

fo¼ 0 in Eq. (1) and fi¼ 0 in Eq. (2) denote a metallic disk and
n¼ 0 in both equations denotes a uniformly reinforced metal–-
ceramic disk.

3 Stresses in a Uniform Rotating Disk

Figure 1 shows the stresses distribution in a uniform elasto-
plastic rotating disk obtained from three different methods,
namely, finite element analysis, a modified form of the semi-
analytical method introduced by You and Zhang [1], and the
VMP method outlined in Sec. 2. The material is considered to
behave according to a bilinear stress–strain curve (e.g., linear
strain hardening behavior) with the properties shown in Fig. 1(a).

The analytical method proposed by You and Zhang [1] is based
on the assumption that the stresses induced in a solid uniform
rotating disk of constant thickness can be estimated by a polyno-
mial of the even powers of radius r. The polynomial terms are
obtained by satisfying the requirement of compatibility and equi-
librium. For a rotating disk made of a material with linear strain
hardening in the plastic regime, however, the method presented in
Ref. [1] does not show a good agreement with the results obtained
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from the finite element analysis. To enhance the accuracy of the
method, You and Zhang estimated the linear strain hardening
behavior with a nonlinear, polynomial form of stress–plastic strain
curve at small plastic strains.

We have re-evaluated the work by You and Zhang and noticed
that the error in the results for a linear strain hardening behavior
can be avoided by simplifying the boundary conditions of govern-
ing equation. This simplification results in a significant reduction
of the complexity of the equations that should be solved and the
associated numerical errors. The details of the modified solution
method are presented in Appendix. The radial stress distributions
obtained from the three methods show a good agreement for both
elasto-plastic and fully plastic disks, Fig. 1(c). However, the
modified You and Zhang method could not predict the tangential
stresses close to the outer edge of the disk with high fidelity.
According to the results shown, the VMP method is capable of
predicting stresses in both elasto-plastic and fully plastic disks
with high fidelity.

4 Stresses in a FG Rotating Disk

In Fig. 2, the distribution of the principal and von Mises stresses
in a FG disk with a linear decrease in the ceramic content in the

radial direction (fi¼ n¼ 1) and a FG disk with a linear increase in
the ceramic content in the radial direction (fo¼ n¼ 1) are plotted
and compared to the stress distribution in a uniform metal disk for
an angular velocity of x¼ 400 rad/s. At this angular velocity,
entire sections of the three disks undergo plastic deformation.
Finite element results are also presented for these cases. For finite
element modeling of the FG rotating disk, the thin disk was
divided into 50 axisymmetric, concentric rings, and each ring was
assigned with a material property associated with the material
property of the material at the midradius of the ring using Eq. (6).
The model was meshed using two-dimensional, eight-node quad-
rilateral elements and mesh sensitivity analysis was performed to
assure that the results are not sensitive to the ring size or meshing.
The results obtained from the developed method show excellent
agreement with the finite element calculations. The advantage of
the proposed method over the finite elements analysis is the com-
putational simplicity and efficiency for parametric and optimiza-
tion studies.

The disk with fo¼ n¼ 1 has the lowest stress at the center and
develops relatively uniform hoop and von Mises stress distribu-
tions. In contrast, the disk with fi¼ n¼ 1 has higher stresses at its
center compared to the uniform (all metal) disk and a strongly
nonuniform stress distribution. Further analysis of a FG rotating

Fig. 2 Distribution of (a) radial, (b) hoop, and (c) von Mises stresses for a FG metal–ceramic rotating disk subjected to x5 400
rad/s for different reinforcement distributions. The radius of the disk is 120 cm.
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disk with a radially increasing ceramic content (that increases
from the disk center to outer radius) is presented in Fig. 3. The
results are obtained by systematically changing the values of
ceramic content at the outer radius, fo, and ceramic distribution
coefficient, n. Only von Mises stresses are plotted assuming that
the failure is mainly related to the excessive value of the von
Mises stress. Increasing fo results in a near constant stress distribu-
tion and reduces the maximum value of the von Mises stress in
the disk. The disk with fo¼ 1 has near-uniform stress distribution
with the maximum von Mises stress occurring at r/R¼ 0.33. In
Fig. 3(b), we analyzed the stress distribution in a rotating disk
with fo¼ 1 and different distribution exponents. Increasing the
value of nfrom 0 to 1 results in a reduction in the maximum von
Mises stress. However, further increase in the values of n results
in a stress concentration at the outer edge of the rotating disk. Fur-
ther analysis showed that for a given distribution, the linear
increase in the ceramic content provides the most evenly distrib-
uted stresses in the disk. We have regenerated a similar set of

results for a disk with radially decreasing ceramic content. The
results are summarized in Fig. 4. For all FG disks (i.e., all values
of fi and n), the von Mises stress is maximum at the center of the
disk and its values increases by increasing fi or n.

To understand the significance of the density and elastic modu-
lus of the material constituents of a rotating disk on the stress dis-
tributions, we carried out a parametric study by changing each of
these parameters systematically. Figure 5 shows the results
obtained by changing the ceramic density, qc, while the metal
density is kept constant, qm ¼ 104 kg/m3, for a rotating disk with
fo¼ 1 and n¼ 1. In Fig. 5(a), the distribution of the von Mises
stress is plotted for qc=qm ¼ 0.5, 2, 5, and 10 for an angular veloc-
ity x¼ 200 rad/s. The plastic zone initiates from the center in this
set of calculations. Increasing the ceramic density increases the
von Mises stresses along the radius of the disk due to an increase
in the inertia body forces. In this set of calculations, the disk
deforms elastically for qc=qm ¼ 0.5 and is fully plastic for all
other cases. The locus of elastic and plastic regions in a rotating

Fig. 3 (a) Distribution of von Mises stress in a FG rotating disk with n5 1 and different values of fo. (b) von Mises stress
induced in the FG rotating disk with fo51 and different values of n. The disk is rotating at x5400 rad/s.

Fig. 4 (a) Distribution of von Mises stress in a FG rotating disk with n51 and different values of fi. (b) von Mises stress
induced in the FG rotating disk with fi5 1 and different values of n. The disk is rotating at x5400 rad/s.
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disk according to the angular velocity is depicted in Fig. 5(b) for
different ceramic to metal density ratio, qc/qm. For each curve
corresponding to a specific metal to ceramic density ratio, the sec-
tions below and above the curve at every angular velocity present
the regions of elastic and plastic deformation in the disk, respec-
tively. For example, for a disk with qc/qm¼ 1 and subjected to
x¼ 300 rad/s, the inner region of 0< r/R< 0.63 deforms plasti-
cally, while the disk deforms elastically in 0.63< r/R< 1. The
map showing the occurrence of fully elastic, partially plastic, and
fully plastic disks according to the ceramic to metal density ratio
and disk angular velocity is displayed in Fig. 5(c). By increasing
the ceramic density, the plasticity initiates in the disk at a lower
angular velocity. The angular velocity range for which the disk
deformation is partially plastic becomes narrower by increasing
the ceramic relative density.

The role of ceramic to metal elastic modulus ratio, Ec/Em, in a
rotating disk with fo¼ 1 and n¼ 1 is investigated in Fig. 6. In this
set of calculations, the elastic modulus of the metal was kept con-

stant, while the ceramic elastic modulus was changed in the range
of 0.1<Ec/Em< 10. By increasing the ceramic elastic modulus,
the von Mises stress distribution pattern changes from radially
decreasing to an almost uniform distribution along the radius of
the disk, and then radially increasing by further increasing the
Ec/Em value. The optimum value of the modulus of elasticity ratio
is obtained as Ec/Em¼ 2 corresponding to the most uniform von
Mises stress distribution with the least difference between the
minimum and maximum stress along the radius of the FG disk.
The locus of elastic and plastic regions in a rotating disk accord-
ing to the angular velocity is shown in Fig. 6(b) for different
Ec/Em. For each curve corresponding to a specific metal to ce-
ramic modulus of elasticity ratio, the sections below and above
the curve at every angular velocity represent the regions of elastic
and plastic deformation in the disk, respectively. For example, for
a disk with Ec/Em¼ 10 and subjected to x¼ 250 rad/s the inner
region of 0< r/R< 0.35 deforms plastically, while the disk
deforms elastically in 0.35< r/R< 1. Interestingly, in all the cases

Fig. 5 (a) Effect of relative density of ceramic and metal, qc/qm, on the distribution of von Mises stress in a FG rotating disk
subjected to x5 200 rad/s. (b) The locus of elastic and plastic regions in a FG disk at different angular velocities for three
values of qc/qm. (c) Relative density of ceramic and metal, qc/qm, versus the angular velocities developing incipient and full
plasticity in a FG disk. The ceramic volume fraction varies according to fc(r)5 (r/R) in these sets of results.
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included in these results the plastic deformation initiates from the
center of the disk. This is despite the fact that the value of stresses
is higher at the outer edge of the disk compared to its center for
several cases (e.g., Ec/Em¼ 10). The reason is that the yield stress
of the disk material varies along its radius depending on the vol-
ume fraction of the ceramic, which is changed linearly in this
case. The map showing the occurrence of fully elastic, partially
plastic, and fully plastic disk according to the values of ceramic to
metal elastic modulus ratio and angular velocity of the disk is
shown in Fig. 6(c). By increasing the ratio of modulus of elastic-
ity, the critical angular velocity corresponding to incipient plastic-
ity monotonically increases, whereas the critical angular velocity
corresponding to full plasticity of the disk decreases slightly in the
0.1<Ec/Em<�1 range and then increases by increasing the
ceramic elastic modulus.

A similar set of calculations were carried out for disks with
radially decreasing ceramic content (fi¼ 1, n¼ 1) and the results
are summarized in Fig. 7. The distribution of von Mises stress
in disks with different ceramic to metal elastic modulus ratios,
Ec/Em, is shown in Fig. 7(a). By decreasing the Ec/Em value from
10 to 0.1, the von Mises stress distribution pattern changes from

radially decreasing to a near-uniform distribution along the radius
of the disk. In contrast to a uniform disk and FG disk with radially
increasing ceramic content, the plasticity does not necessarily ini-
tiate from the center in a rotating FG disk with radially decreasing
ceramic content. In fact, the locus of the incipient plasticity
depends on the distribution of material properties inside the disk
and the disk thickness profile. In Fig. 7(b), we have shown the dis-
tribution of von Mises stresses inside the disk for different angular
velocities. The yield stress of the disk changes linearly according
to Eq. (1) and is shown by dashed line in this figure. The plastic
region is found by comparing the local equivalent stress with the
plastic limit of the local material. At x¼ 112 (rad/s), the von
Mises stress at the outer radius of the disk first reaches the corre-
sponding yielding stress of that radius. By increasing the angular
velocity to 138 (rad/s), both the outer radius and the center of the
disk become plastic, and the middle part of the disk becomes elas-
tic. At x¼ 145 (rad/s), the entire disk undergoes plastic deforma-
tion. The locus of elastic and plastic regions in the disk according
to angular velocity of the disk is depicted in Fig. 7(c) for different
modulus of elasticity ratios, Ec/Em. It is shown that in the FG
rotating disks, the plasticity can initiate from the outer radius,

Fig. 6 (a) Effect of relative stiffness of ceramic and metal, Ec/Em, on the distribution of von Mises stress in a FG rotating disk
subjected to x5 200 rad/s. (b) The locus of elastic and plastic regions in a FG disk at different angular velocities for three
values of Ec/Em. (c) Relative stiffness of ceramic and metal, Ec/Em, versus the angular velocities developing incipient and full
plasticity in a FG disk. The ceramic volume fraction varies according to fc(r)5 (r/R) in these sets of results.

Journal of Engineering Materials and Technology APRIL 2012, Vol. 134 / 021004-7

Downloaded 02 Apr 2012 to 129.10.66.174. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



middle section, or center of the disk depending on different rein-
forcement distributions and/or reinforcement properties. For
instance, by increasing the angular velocity in initially fully elas-
tic disks with Ec/Em of 0.1, 1, and 10, the plastic zone is initiated
from the outer radius, center, and middle section of the disk,
respectively. The map showing the occurrence of fully elastic,
partially plastic, and fully plastic disks according to the values of
ceramic to metal elastic modulus ratio and angular velocity of the
disk is given in Fig. 7(d). By increasing the modulus of elasticity
ratio the critical angular velocity corresponding to incipient and
full plasticity of the disk increases nonlinearly.

To illustrate the capability of the proposed method in optimiza-
tion and parametric studies of the elastic–plastic rotating disk
problem, we have obtained the optimized distribution of the ce-
ramic particles leading to the minimum outer edge displacement
in a FG rotating disk. The distribution of the ceramic through the
radius of disk was changed by varying the n and f parameters in
Eqs. (1) or (2). The average volume fraction of ceramic is
obtained by integrating the ceramic volume fraction over the ra-
dius and dividing it by the disk volume. For a disk with a radially

increasing ceramic content, fave ¼
2

nþ2
� fo. For a disk with a

decreasing ceramic content, fave ¼
2

n2þ3nþ2
� fi.

The disk outer edge displacement normalized by disk radius
versus the average volume fraction of ceramic constituent in a
disk with x¼ 400 rad/s and different reinforcement distribution
coefficients fo is obtained and is shown in Fig. 8(a). The outer
edge displacement is minimum when n¼ 0 in Eq. (7), implying
that within disks with constant or increasing ceramic content in
the radial direction the uniform ceramic particle distribution
yields the minimum radial plastic expansion. For disks with
radially decreasing ceramic content according to Eq. (8) and
x¼ 400 rad/s, the normalized outer edge displacement is plotted
versus the average ceramic volume fraction in Fig. 8(b). In disks
with increasing ceramic content toward the center, whenever the
value of ceramic average volume fraction is greater than 0.3 the
disk with fi¼ 1 yields the minimum outer edge displacement.
When the average value is less than 0.3, the outer edge displace-
ment in a disk with fi¼ fopt< 1 is minimum. However, the differ-
ence between the displacements in disks with the fi¼ fi

opt and
fi¼ 1 is relatively small.

Fig. 7 (a) Effect of relative stiffness of ceramic and metal, Ec/Em, on the distribution of von Mises stress in a FG rotating disk
subjected to x5200 rad/s. (b) The von Mises stress distribution in a rotating disk with Ec/Em5 0.1 subjected to four different
angular velocities. (c) The locus of elastic and plastic regions in a FG disk at different angular velocities for three values of
Ec/Em. (d) Relative stiffness of ceramic and metal, Ec/Em, versus the angular velocities developing incipient and full plasticity in
a FG disk. The ceramic volume fraction varies according to fc(r)5 (12 r/R) in these sets of results.
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5 Conclusion

The elasto-plastic stress field in a FG rotating disk was obtained
using an extended VMP method and was used to analyze metal–-
ceramic rotating disks with different ceramic particle distribu-
tions. Our work suggests that reinforcement of metal disks with
ceramic particles can significantly influence the mechanical
response of the disk such as the critical angular velocity corre-
sponding to the onset of and full plasticity, as well as the distribu-
tion of stresses in the disk. It was shown that in a FG disk, the
plastic deformation does not essentially initiate from the center of
the rotating disk and might originate at the outer edge or the mid-
dle section of the disk. These cases were shown to happen for
disks with decreasing ceramic content through the radius of the
disk and different ceramic to metal ratios of elastic modulus.
Also, it was shown that disks with an increasing ceramic content
toward the outer edge have a more uniform stress distribution.
This was expected since typically higher stresses are developed in
regions of higher stiffness in a composite structure (i.e., in our
case, regions with a high ceramic volume fraction) as compared to
the uniform, elastic structure under the same loading condition.
As an example of the application of the proposed method, differ-
ent power-law ceramic volume fraction distributions were com-
pared to obtain the optimum reinforcement distribution that leads
to the minimized outer edge displacement. It was shown that by
increasing the ceramic content in the central region of the disk,
the outer edge displacement of the disk decreases. Although our
parametric study does not offer a general conclusion for selecting
the optimum material configuration for a particle reinforced rotat-
ing disk, it does provide enough insight for selecting the near-
optimized reinforced configurations.
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Appendix

The governing equation for an elastic–plastic uniform rotating
disk in terms of the stress function u (yielding radial and hoop
stresses as rr ¼

u
r
and rh ¼

du
dr
þ qx2r2 and the plastic strain in

radial and circumferential directions) is [1]

r
d2u

dr2
þ
du

dr
�
u

r
þ ð3þ vÞqx2r2 þ E r

de
p
h

dr
þ e

p
h � epr

� �

¼ 0

(A1)

You and Zhang assumed an infinite polynomial of the even
powers of radius as the analytical solution of the stress function
for a solid rotating disk (see Ref. [1] for the justification), which
can be presented as

u ¼
X

N

n¼1

c2n�1r
2n�1 ¼ c1r þ c3r

3 þ c5r
5 þ c7r

7 þ � � � (A2)

where c2n�1 are constants. Thus, the radial and tangential stresses
are obtained according to the stress function

rr ¼
u

r
¼ c1 þ c3r

2 þ c5r
4 þ c7r

6 þ � � �

rh ¼
du

dr
þ qx2r2 ¼ c1 þ ð3c3 þ qx2Þr2 þ 5c5r

4 þ 7c7r
6 þ � � �

(A3)

and the equivalent stress is obtained as

re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2r þ r2h � rrrh

q

¼ c1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2r2 þ a4r4 þ a6r6
p

(A4)

Where

a2 ¼
4c1c3 þ c1qx

2

c21

a4 ¼
7c23 þ 6c1c5 þ 5c3qx

2 þ q2x4

c21

a6 ¼
8c1c7 þ 24c3c5 þ 9c5qx

2

c21
(A5)

The relations between the stresses and plastic strains for the plane
stress problem according to the deformation theory of plasticity
may be written as

Fig. 8 (a) The normalized outer edge displacement versus the average ceramic volume fraction for FG disks of radially increas-
ing volume fraction with different reinforcement coefficients fo according to Eq. (7). (b) The normalized outer edge displacement
versus the average ceramic volume fraction for FG disks of radially decreasing volume fraction with different reinforcement
coefficients fi according to Eq. (8). The disks are subjected to x5 400 rad/s.
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epr ¼
epe
re

rr �
1

2
rh

� �

e
p
h ¼

epe
re

rh �
1

2
rr

� �

(A6)

The equivalent stress and plastic strain are assumed to have a lin-
ear relation as epe ¼ a1re þ a0. Substitution into Eq. (A6) yields

epr ¼ a1 þ
a0

re

� �

rr �
1

2
rh

� �

e
p
h ¼ a1 þ

a0

re

� �

rh �
1

2
rr

� �

(A7)

expressing the term 1
re
in Eq. (A7) according to the even powers of

r using the Taylor series expansion yields

1

re
¼

1

c1
ð1þ b2r

2 þ b4r
4 þ b6r

6Þ (A8)

where

b2 ¼ �
a2

2

b4 ¼
3

8
a22 �

a4

2

b6 ¼ �
45

144
a32 þ

3

4
a2a4 �

a6

2
(A9)

The plastic strain components now may be written as the follow-
ing polynomials

epr ¼ e
p
r0 þ e

p
r2r

2 þ e
p
r4r

4 þ e
p
r6r

6 þ � � �

e
p
h ¼ e

p
h0 þ e

p
h2r

2 þ e
p
h4r

4 þ e
p
h6r

6 þ � � � (A10)

where e
p
ri, e

p
hi (i¼ 0,2,4,6,...) in Eq. (A10) are obtained from

Eqs. (A3), (A7), and (A8) as follows:

e
p
r0 ¼ a1 þ

a0

c1

� �

c1

2

e
p
r2 ¼ a1 þ

a0

c1

� �

�
c3

2
�
qx2

2

� �

þ
a0b2

2

e
p
r4 ¼ a1 þ

a0

c1

� �

�
3c5

2

� �

þ
a0b2

c1

� �

�
c3

2
�
qx2

2

� �

þ
a0b4

2

e
p
r6 ¼ a1 þ

a0

c1

� �

�
5c7

2

� �

þ
a0b2

c1

� �

�
3c5

2

� �

þ
a0b4

c1

� �

�
c5

2
�
qx2

2

� �

þ
a0b6

2

e
p
h0 ¼ a1 þ

a0

c1

� �

c1

2

e
p
h2 ¼ a1 þ

a0

c1

� �

5c3

2
þ qx2

� �

þ
a0b2

2

e
p
h4 ¼ a1 þ

a0

c1

� �

9c5

2

� �

þ
a0b2

c1

� �

5c3

2
þ qx2

� �

þ
a0b4

2

x
p
h6 ¼ a1 þ

a0

c1

� �

13c7

2

� �

þ
a0b2

c1

� �

9c5

2

� �

þ
a0b4

c1

� �

5c3

2
þ qx2

� �

þ
a0b6

2
(A11)

Substituting Eqs. (A10) and (A2) into Eq. (A1) and combining the
terms with the same power of r, results in the following equations:

e
p
h0 � e

p
r0 ¼ 0;

8c3 þ ð3þ vÞqx2 þ Eð3eph2 � e
p
r2Þ ¼ 0;

24c5 þ Eð5eph4 � e
p
r4Þ ¼ 0;

48c7 þ Eð7eph6 � e
p
r6Þ ¼ 0; (A12)

The substitution of Eq. (A11) into (A12) gives the values of c3;
c5, and c7 coefficients in terms of c1 (not presented here for the
sake of brevity).

Fully Plastic Solid Disk. For the case of a fully plastic rotating
disk, the boundary condition of the problem is rr ¼ 0 at r ¼ R.
By substituting the values c3; c5, and c7 in terms of c1 into
Eq. (A3) and satisfying the boundary conditions for c1, the
stresses inside the rotating disk can be obtained according to
Eqs. (A3).

Elasto-Plastic Solid Disk. For the case of an elastic plastic
rotating disk, let us assume that 1 is the radius of plastic region of
the disk. Then, stresses in outer elastic region of the disk can be
obtained according to 1 by solving the governing equations for an
elastic rotating hollow disk considering the proper boundary
conditions

rer ¼ Ar�2 þ B�
3þ v

8
qx2r2;

rer ¼ �Ar�2 þ B�
1þ 3v

8
qx2r2; (A13)

rer ¼ 0 at r ¼ R;

reeq ¼ ryield and rh; rr > 0 at r ¼ 1 (A14)

For the inner plastic disk, there are only two unknown constants
c1 and 1, which can be determined by solving the proper boundary
conditions

rpr ¼ rer at r ¼ 1;

r
p
h ¼ reh at r ¼ 1; (A15)

Finally, stresses inside the plastic and elastic regions can be
obtained following Eqs. (A3) and (A13), respectively.

Using the proposed analytical method which is discussed
briefly above, we re-evaluated the case1 problem in Ref. [1] and
obtained closer stresses to finite elements results compared to
those obtained by You and Zhang. For example, the stress at the
center of the disk with the given linear hardening parameters
(Eq. (27) in Ref. [1]) was obtained to be equal to 300.8 MPa by
our analysis with 0.9% error from the finite element result
(298 MPa), compared to the value of �335 MPa obtained by You
and Zhang which has an error equal to �12.5% compared to the
finite element analysis. The error in calculating the elastic–plastic
stresses associated with the assumption of linearly hardening ma-
terial is also reported in Ref. [3], which is erroneous according to
our analysis and could be developed as a result of employed solu-
tion method.
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