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Abs t rac t  

A uniform v e r t i c a l  electr ic  f i e l d  produces a n  i n s t a b i l i t y  

i n  a poorly-conduct ing f l u i d  s u b j e c t  t o  a v e r t i c a l  t empera tu re  

g r a d i e n t .  A g r a d i e n t  i n  conduc t iv i ty  r e s u l t i n g  from t h e  

t empera tu re  g r a d i e n t  causes  f r e e  charge  t o  accumula te  i n  t h e  

f l u i d  when an  e l e c t r i c  f i e l d  i s  a p p l i e d .  Fo r  t h e  c a s e s  con- 

sidered t h e  g r a d i e n t  i n  d i e l e c t r i c  c o n s t a n t  can be n e g l e c t e d  

w i t h  the  s i g n i f i c a n t  e lec t r i c  f o r c e  t h a t  due t o  t h e  f r e e  charge .  

The t h r e s h o l d  c o n d i t i o n s  f o r  t h e  i n s t a b i l i t y  a r e  p r e d i c t e d  u s i n g  

l i n e a r  p e r t u r b a t i o n  theo ry .  Approximations a r e  made which a l l o w  

t h e  e q u a t i o n s  w i t h  space-varying c o e f f i c i e n t s  t o  be so lved .  The 

a n a l y s i s  shows t h a t ,  f o r  f l u i d s  w i t h  s h o r t  o r  moderate  e l e c t r i c a l  
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r e l a x a t i o n  times, the  e l e c t r i c  f i e l d  causes  t h e  g r a v i t y  wave 

p ropaga t ing  downward t o  become u n s t a b l e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I. I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBANTRODUCI' I ON 

A f l u i d  t h a t  i s  uni formly  hea ted  from above i s  s t a b i l i z e d  by 

g r a v i t y  because i t s  d e n s i t y  i n c r e a s e s  w i t h  dep th .  I f  t h e  f l u i d  is  

a poor  e l e c t r i c a l  conductor ,  t h e  c o n d u c t i v i t y  can be a ve ry  s t r o n g  

f u n c t i o n  of t empera tu re  and a v e r t i c a l  e lec t r ic  f i e l d  w i l l  produce 

a n  i n s t a b i l i t y .  A t h e o r y  t o  p r e d i c t  t h e  threshold  c o n d i t i o n s  f o r  

t h i s  i n s t a b i l i t y  is  developed i n  t h i s  pape r ,  

F i g u r e  1 i l l u s t r a t e s  t h e  problem of i n t e r e s t .  An incompress- 

i b l e  f l u i d  w i t h  a small e l e c t r i c a l  c o n d u c t i v i t y  i s  p laced  between 

t w o  h o r i z o n t a l  h i g h l y  conduct ing p l a t e s .  Each of t h e s e  p l a t e s  is  

main ta ined  a t  a c o n s t a n t  tempera ture  w i t h  t h e  upper  one be ing  

warmer. A v e r t i c a l  d-c e l e c t r i c  f i e l d  is  a p p l i e d  t o  produce con- 

v e c t i o n .  I n  t h e  absence of a n  e lec t r i c  f i e l d  t h e  f l u i d  i s  s t a b l e  

s i n c e  i t  is  m o s t  dense  on t h e  bottom. 

The e lec t r i ca l  force on a 
1 

f l u i d  is 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- -  1 aE -- - - 
fe = p E - - E*EVE + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp (p 

f 2  

The l a s t  term i n  t h e  f o r c e  expres s ion  i s  the  g r a d i e n t  of a s c a l e r  and  

t h u s  it  has  no e f f e c t  on a n  incompress ib le  f l u i d .  The f i r s t  term . in- 

v o l v e s  t h e  f r e e  cha rge ,  p f ,  , which is non-zero o n l y  when t h e  electr ical  



Perfectly conducting plate 
V O  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ 

Poorly conducting fluid zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p ( T )  p ( T )  r ( T )  c ( T )  

- 
E 

z = o / 2  

T2’ 

- 2 = -012 

Temperature TI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 - Perfectly conducting plate - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F i g .  1 Cross-sec t ion  view of f l u i d  w i t h  v e r t i c a l  t empera tu re  g r a d i e n t  

and e l e c t r i c  f i e l d  
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p r o p e r t i e s  of t h e  f l u i d  a r e  space-varying. The second t e r m  depends 

on t h e  g r a d i e n t  i n  d i e l e c t r i c  c o n s t a n t .  The re fo re  t h e  electr ical  

f o r c e s  can  have no e f f e c t  i n  t h e  bu lk  of t h e  f l u i d  u n l e s s  t h e r e  is  an 

inhomogeneity i n  t h e  f l u i d .  

The e l e c t r i c a l  p r o p e r t i e s  of t h e  f l u i d  a r e  f u n c t i o n s  of tempera- 

t u r e  and t h e r e f o r e  va ry  i n  t h e  v e r t i c a l  d i r e c t i o n  because of t h e  

t empera tu re  g r a d i e n t .  The r e s u l t i n g  e l e c t r i c a l  f o r c e  d e n s i t i e s  a r e  

e s s e n t i a l l y  determined b y  t h e  g r a d i e n t  i n  c o n d u c t i v i t y  s i n c e  it is  a 

much s t r o n g e r  f u n c t i o n  of t empera tu re  than  t h e  d i e l e c t r i c  c o n s t a n t .  

T h i s  is shown i n  r e f e r e n c e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 .  

An i n v i s c i d  f l u i d  w i t h  a s t a b i l i z i n g  t empera tu re  g r a d i e n t  sup- 

p o r t s  a c l a s s  of waves known a s  i n t e r n a l  g r a v i t y  waves.3 

a r e  damped by v i s c o s i t y .  I t  w i l l  be shown l a t e r  t h a t  t h e  electric 

f i e l d  a c t i n g  through t h e  g r a d i e n t  i n  c o n d u c t i v i t y  d e c r e a s e s  the damping 

These waves 

of t h e  g r a v i t y  waves. I f  t h e  e l e c t r i c  f i e l d  exceeds  some t h r e s h o l d  

v a l u e ,  t h e  waves become u n s t a b l e  and convect ion r e s u l t s .  

When a s t r o n g ,  uniform electr ic  f i e l d  is  imposed on a poor ly -  

conduct ing  f l u i d ,  convec t ion  is  observed even i n  t h e  absence of a 

t empera tu re  g r a d i e n t .  

c e l l u l a r  motion i n  l i g h t  o i l s  i n  the  presence  of an e l e c t r i c  f i e l d  but  

w i t h  no t empera tu re  g r a d i e n t .  Observa t ions  of bu lk  convec t ions  were 

made by Ostromov i n  a v a r i e t y  of s l i g h t l y - c o n d u c t i n g  f l u i d s .  H e  used  

a t empera tu re  g r a d i e n t  and a Sch l i e ren  a p p a r a t u s  t o  d e t e c t  the  motions ,  

I n  t h e  1930 ' s  Avsec and Luntz4 observed  s t e a d y  

5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e 
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b u t  t h e  purpose of t h e  tempera ture  g r a d i e n t  was o n l y  t o  detect t h e  

mot ions ,  n o t  t o  produce them. The causes  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof t h i s  e l e c t r o c o n v e c t i o n  

a r e  no t  unders tood ,  bu t  t h e s e  e f f e c t s  can  be n e g l e c t e d  i n  t h i s  work 

because  in t h e  c l a s s  of f l u i d s  of i n t e r e s t  t h e  v o l t a g e s  needed f o r  

i n s t a b i l i t y  w i t h  a t empera tu re  g r a d i e n t  a r e  much less t h a n  t h o s e  

needed wi thou t  a t empera tu re  g r a d i e n t .  

The hydrodynamic problem of a f l u i d  h e a t e d  from below (Bhnard 

problem) is one where the v i s c o s i t y ,  boundar i e s  and the rma l  conduc- 

t i v i t y  team up t o  r e t a r d  t h e  f r e e  convec t ion  and produce a t h r e s h o l d  

f o r  i n s t a b i l i t y .  The Bdnard problem a p p e a r s  s i m i l a r  t o  t h e  electro- 

hydrodynamic s i t u a t i o n  ana lyzed  h e r e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 

11. CONDITION FOR THE ONSET OF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACONVECTION 

A .  Equat ions  

The e q u a t i o n s  needed t o  s o l v e  f o r  t h e  mot ions  a r e  g iven  below. 

Conse rva t ion  of mass may be expressed  a s  

The f l u i d s  cons ide red  a r e  incompress ib l e ,  i .e. ,  t h e  d e n s i t y  i s  inde- 

pendent  of t h e  p r e s s u r e .  However P is s t i l l  a v a r i a b l e  s i n c e  it 

depends on t h e  t empera tu re .  

The momentum e q u a t i o n  f o r  t h e  problem i s  
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D zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADt is t h e  f o r c e  of e l e c t r i c a l  o r i g i n  g iven  by 

e q u a t i o n  (l), and T is t h e  v iscous  stress t e n s o r .  I f  t h e  p re s -  

s u r e  is r e p l a c e d  by 

at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv'v,F 
e 

= ( V I  

t h e  e l e c t r o s t r i c t i o n  term d i s a p p e a r s  from t h e  e q u a t i o n .  The coef- 

f i c i e n t s  of t h e  v i s c o u s  stress t e n s o r  f o r  a n  incompress ib l e  f l u i d  

a re 

4 

The ene rgy  e q u a t i o n ,  n e g l e c t i n g  t h e  work of compression,  is 

e 

DT V -(kVT) + Pv + P PCp Dt - 
where P is t h e  v i s c o u s  power d i s s i p a t e d  and  P t h e  e l e c t r i c a l  loss.. 

Because w e  a r e  d e a l i n g  o n l y  w i t h  poorly conduc t ing  f l u i d s ,  t h e  mag- 

n e t i c  f i e l d s  a r e  n e g l i g i b l e  and t h e  e lec t r i ca l  e q u a t i o n s  become 

V e 

8 

V x b O  ( 7 )  

V'€E - pf 
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An ohmic conduct ion law i s  assumed f o r  t h e  c u r r e n t  th roughout  

t h i s  p a p e r .  Although n o t  always obeyed by f l u i d s ,  Ohm’s  law zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis v a l i d  

f o r  many f l u i d s  and  h a s  been used t o  s u c c e s s f u l l y  i n t e r p r e t  a v a r i e t y  

of exper iments  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. If t h e  f l u i d  is i n  motion an  a d d i t i o n a l  term is  
9-12 

added t o  t h e  c u r r e n t  t o  account  f o r  convec t ion  of charge .  

- 
J =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa E t p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf 

F i n a l l y ,  the  f l u i d  p r o p e r t i e s  a r e  assumed t o  be f u n c t i o n s  of tempera- 

t u r e  a l o n e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P - P(T) = O(T) 

E E(T) lJ - P(T) 

B. Equil ibr ium P o i n t  

To dec ide  on t h e  s t a b i l i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof a system, one f i n d s  t h e  e q u i l i b r i u m  

p o i n t ,  c o n s i d e r s  sma l l  pe r tu rba t ions f rom t h e  e q u i l i b r i u m ,  and  t h e n  

de te rmines  whether  t h e  p e r t u r b a t i o n s  grow or decay i n  t i m e .  I n  t h e  

e q u i l i b r i u m  s t a t e  t h e  f l u i d  i s  s t a t i o n a r y  w i t h  a s t e a d y - s t a t e  tempera- 

t u r e  d i s t r i b u t i o n ,  

A t  e q u i l i b r i u m  

L 

v - 0  

and 

v ’ ( k v T )  + P e = 0 

(12)  

(13) 
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Thermal c o n d u c t i v i t i e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOf l i q u i d s  are  n o t  ve ry  s t r o n g  f u n c t i o n s  

of t empera tu re  a t  moderate tempera ture .  l3 

c o n d u c t i v i t y  may, a s  a f i r s t  approximation,  be made a cons t an t  and 

e q u a t i o n  (13) becomes 

There fo re ,  t h e  thermal  

k v 2 T + P  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= O  
e 

(14) 

F o r  poor ly  conduct ing  f l u i d s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( b- lo-’ mho/m) Pe i s  n e g l i g i b l e  

f o r  f i e l d  s t r e n g t h s  of t h e  o r d e r  of l o5  v o l t d m  and t h e  t empera tu re  

d i s t r i b u t i o n  i s  approximate ly  l i n e a r .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
As a consequence of t h e  l i n e a r  t empera tu re  d i s t r i b u t i o n ,  t h e  

f l u i d  p r o p e r t i e s  a re  assumed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto vary  a s  f o l l o w s  

I t  can be shown t h a t  g r a d i e n t s  i n  d i e l e c t r i c  c o n s t a n t  may be 

n e g l e c t e d  s i n c e  t h e  c o n d u c t i v i t y  i s  a much s t r o n g e r  f u n c t i o n  of 

t empera tu re  than  t h e  d i e l e c t r i c  c o n s t a n t .  
. 2  
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The e q u i l i b r i u m  e l e c t r i c  f i e l d  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis v e r t i c a l  and is g iven  by 

where Eo i s  determined by t h e  a p p l i e d  v o l t a g e .  

f r e e  and a r e  t h e r e f o r e  ba lanced  by t h e  p r e s s u r e .  

The f o r c e s  a r e  c u r l -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C, Linear  Theory 

To t es t  f o r  s t a b i l i t y ,  t h e  f l u i d  is  now s l i g h t l y  d i s p l a c e d  from 

e q u i l i b r i u m .  The p e r t u r b a t i o n  v a r i a b l e s  a r e  t h e  v e l o c i t y  v ,  t h e  

e l ec t r i c  f i e l d  F, p r e s s u r e  p ' ,  d e n s i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, 

c o s i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp '  , and t empera tu re  T ' .  Since three-d imens iona l  wave motion 

, c o n d u c t i v i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0' , v i s -  

may be  o b t a i n e d  by t h e  s u p e r p o s i t i o n  of two-dimensional waves, t h e  

p e r t u r b a t i o n s  a r e  assumed t o  be  two-dimensional and of t h e  form: 

(The c i r cumf lex  is  used  t o  denote  complex ampl i tudes . )  S ince  t h e  pe r -  

t u r b a t i o n s  a r e  small ,  t h e  e q u a t i o n s  w i l l  b e  l i n e a r i z e d  w i t h  r e s p e c t  t o  

t h e  p e r t u r b a t i o n  v a r i a b l e s .  

Cons ider ing  t h e  hea t  conduct ion e q u a t i o n  (61, w e  f i n d  t h a t  Pv is 

n e g l i g i b l e  s i n c e  it i s  p r o p o r t i o n a l  t o  t h e  v e l o c i t y  squared .  S ince  w e  

have a l r e a d y  n e g l e c t e d  P 

t i o n .  For  a poor ly  conduct ing  f l u i d  w i t h  a c h a r a c t e r i s t i c  l e n g t h  of 

the equat ion  r educes  t o  t h e  d i f f u s i o n  equa- 
e '  

1 cm, t h e  t i m e  c o n s t a n t  f o r  d i f f u s i o n  of h e a t  is  about  2O'minutes .  
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Because t h e  g r a v i t y  waves have Per iods  of less t h a n  1 minute h e a t  

d i f f u s i o n  w i l l  be n e g l e c t e d  and equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(6) r e d u c e s  t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
DT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- - P o  
Dt 

Equat ion  (20) s a y s  t h a t  each  f l u i d  p a r t i c l e  r e t a i n s  it  o r i g i n a l  

t empera tu re  w h i l e  it moves. Because t he  f l u i d  p r o p e r t i e s  a r e  func-  

t i o n s  of t empera tu re  o n l y ,  t h e y  a l s o  do  n o t  change for each p a r t i c l e  

a s  t h e  f l u i d  moves. Thus: 

0 0  (21) 
D(i;  4- i;’) 
Dt 

1 0  D ( o  + P’) 
Dt 

Equat ions  (2) and (22) y i e l d  
t. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
v * v  = 0 

W e  may now assume a v e l o c i t y  s t r eam f u n c t i o n  d e f i n e d  by 

- 
v = - Q x T  

(24) 

(25) 

For  t h e  two-dimensional motion,  on ly  t h e  y-component of if i s  non- 

zero. T h i s  component w i l l  be c a l l e d  $ . , 

Since  t h e  e l e c t r i c  f i e l d  i s  c u r l - f r e e ,  w e  may i n t r o d u c e  a po- 

t e n t i a l  f u n c t i o n  

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e = - V $  (26) 
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The c u r l  of t h e  momentum equat ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3) combined w i t h  e q u a t i o n  (22) 

and l i n e a r i z e d  r e s u l t s  i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A A 

+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu ( D 2 -  k 2 f i  + 2 ( D p ) ( D 2 -  k2)D+ + (D2p)(D2+ k2)+ (27) 

The l i n e a r i z e d  e lec t r i ca l  equa t ions  (7-10,23) combined t o  form 

one equa t ion  y i e l d  

h A 

k 
w 

- - E(Du) (D$) - DUD4 0 
(28) 

These e q u a t i o n s ,  (27) and (28) a r e  l i n e a r  but  have space-vary ing  

c o e f f i c i e n t s .  I n  the next  s e c t i o n  approximations a r e  developed which 

permit  s o l u t i o n s  t o  be' found. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I1  D. E l e c t  rohydrodynamic Boussinesq Approximat ions"  

I n  o r d i n a r y  hydrodynamics, t he  equa t ions  have space-varying c o e f f i -  

c i e n t s  whenever t h e  f l u i d  has  a t empera ture  g r a d i e n t .  An approximat ion  

g iven  by Boussinesq14 and a p p l i e d  t o  t h e  Benard problem by Rayle igh  

y i e l d s  cons t an t  c o e f f i c i e n t  equa t ions  by assuming t h a t  t h e  d e n s i t y  is 

c o n s t a n t  except  i n  t h e  g r a v i t a t i o n a l  term where it v a r i e s  l i n e a r l y  w i t h  

h e i g h t .  Also,  a l l  t h e  o t h e r  f l u i d  p r o p e r t i e s  a r e  assumed t o  be c o n s t a n t .  

15 
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From e q u a t i o n  (27) w e  see t h a t  n e g l e c t i n g  t h e  d e n s i t y  g r a d i e n t  

i n  t h e  i n e r t i a l  term r e q u i r e s  t h a t  

But 

where /L means t h e  t w o  sides a r e  of t h e  same order of magnitude and 

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis t h e  t a n k  height.  I n  o r d e r  f o r  the r a t i o  of equa t ion  (30) t o  be 

e q u a l  t o  .1 f o r  a l i q u i d ,  a t empera ture  d i f f e r e n c e  a c r o s s  t h e  t a n k  of 

g r e a t e r  t h a n  100 C would be necessary .  ' If  w e  restrict  o u r s e l v e s  t o  

s m a l l e r  t empera tu re  g r a d i e n t s ,  w e  can n e g l e c t  t h e  d e n s i t y  g r a d i e n t s  i n  

t h e  i n e r t i a l  t e r m .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

Applying t h e  Boussinesq approximation r educes  a l l  t h e  mechanical  

terms i n  t h e  e q u a t i o n s  t o  c o n s t a n t  c o e f f i c i e n t  form. The e l e c t r i c a l  

c o n d u c t i v i t y  cannot  be made c o n s t a n t  because  it  is a v e r y  s t r o n g  func-  

t i o n  of t empera tu re .  I n  a d d i t i o n ,  t h e  i n s t a b i l i t y  under  i n v e s t i g a t i o n  

r e q u i r e s  a g r a d i e n t  i n  c o n d u c t i v i t y .  An approximat ion  t h a t  cou ld  be 

made wi thou t  n e g l e c t i n g  any  important  e f f e c t s ,  i s  t o  assume t h a t  t h e  

c o n d u c t i v i t y  i s  c o n s t a n t  i n  any  term where it a p p e a r s  w i t h o u t  b e i n g  

d i f f e r e n t i a t e d .  I n  terms where a d e r i v a t i v e  of the  c o n d u c t i v i t y  a p p e a r s ,  

t h a t  d e r i v a t i v e  w i l l  be approximated a s  a c o n s t a n t .  T h i s  p r o c e s s  w i l l  
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be r e p e a t e d  f o r  t h e  e l e c t r i c  f i e l d  and t h e  v i s c o s i t y ,  even though 

f o r  t h e  usua l  Boussinesq approximation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG'/J = 0.  The approximat ions  

were used s u c c e s s f u l l y  i n  ana lyz ing  a s t e a d y  f low problem c o n s i s t -  

i n g  of a t rave l ing-wave  e l e c t r i c  f i e l d  pumping a f l u i d  w i t h  a t e m -  

p e r a t u r e  g r a d i e n t .  We can s e e  t h a t  these approximat ions  a r e  i n  

t he  same s p i r i t  a s  t h o s e  of Boussinesq by c o n s i d e r i n g  equa t ion  (27) 

wi thou t  t h e  e l e c t r i c  f i e l d  terms. The d e n s i t y  m u l t i p l i e s  t h e  ve loc-  

i t y  i n  t h e  i n e r t i a l  term zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso e i s  t aken  t o  be c o n s t a n t  t h e r e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHow- 

e v e r ,  i n  t h e  g r a v i t y  term, only  D e  appea r s  so it i s  cons ide red  t o  

be  c o n s t a n t  t h e r e  y i e l d i n g  the  same r e s u l t s  as Boussinesq o b t a i n e d .  

9 

E. Dispers ion  R e l a t i o n  

The Boussinesq approximat ions  r e q u i r e  t h e  f o l l o w i n g  s u b s t i t u -  

t i o n s  i n t o  e q u a t i o n s  (27) and (28)  

I f  equa t ions  (27) and (28)  a r e  reduced t o  c o n s t a n t  c o e f f i c i e n t  form, 

combined and non-dimensional ized t h e  r e s u l t  ,i,s 
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where w e  have in t roduced  the fo l lowing  q u a n t i t i e s  (an a s t e r i s k  in -  

d i c a t e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa d imens ion le s s  number) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

D* 

= ka 

Da 

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJm. 
1.1 

M =  
(33) 

The r e l a x a t i o n  t i m e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATo 

I 

6 
n 

I -  

. 
I 

TO R =  - 
*% A .I - -  

1.1 

'1 

The problem depends on s i x  parameters  R, H, M, A ,  o( , and @. The 

l e n g t h  s c a l e  is  a and t h e  t i m e  s c a l e  "r 

Equat ion (32) is a s i x t h  o r d e r  o r d i n a r y  d i f f e r e n t i a l  equa t ion  

and t h e r e f o r e  r e q u i r e s  s i x  boundary c o n d i t i o n s  t o  s p e c i f y  a s o l u t i o n .  

These c o n d i t i o n s  are: t h e  normal and t a n g e n t i a l  v e l o c i t i e s  and t h e  

t a n g e n t i a l  electr ic  f i e l d  must  vanish a t  each  e l e c t r o d e .  An i t e r a t i v e  

numer ica l  method must be used t o  f i n d  t h e  s o l u t i o n s .  The d i f f i c u l t i e s  

of t h i s  approach f o r c e  one t o  look f o r  an approximate s o l u t i o n .  One 

p o s s i b l e  approximation i s  t o  assume t h a t  t h e  boundar ies  a l low an 
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i n t e g e r  number of h a l f  wavelengths  i n  t h e  v e r t i c a l  d i r e c t i o n .  I n  t h e  

absence  of a n  electr ic  f i e l d  and v i s c o s i t y  t h i s  s o l u t i o n  s a t i s f i e s  the 

boundary c o n d i t i o n s .  The r e a l  j u s t i f i c a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor t h i s  approximat ion  is 

t h a t  it g i v e s  r e s u l t s  t h a t  a g r e e  q u a l i t a t i v e l y  and q u a n t i t a t i v e l y  w i t h  

expe r imen t s .  
16 

W e  now have 

The r e s u l t i n g  d i s p e r s i o n  r e l a t i o n  i n  non-dimensional form i s  
. .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(q2+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk 2 )  J - jw[R(q2+.k2) k2M + (q2+ k2+ jqA) (q2+ k2)(q2+ k2-jaq) (35) 

To f i n d  t h e  c o n d i t i o n s  f o r  i n c i p i e n t  i n s t a b i l i t y  w e  r a n g e  o v e r  

a l l ' a l l o w e d  v a l u e s  of q and k and f i n d  t h e  s m a l l e s t  v o l t a g e  (or H) 

which has  a s o l u t i o n  f o r  w w i t h  a n e g a t i v e  imaginary p a r t .  S i n c e  w e  

a r e  a l l o w i n g  o n l y  r e a l  v a l u e s  of q and k, and s i n c e  a t  t h e  t h r e s h o l d  

W is  p u r e l y  r e a l ,  t h e  t h r e s h o l d  c o n d i t i o n s  may be c a l c u l a t e d  d i r e c t l y .  

. 
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T h i s  i s  done by d i v i d i n g  equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(35) i n t o  r e a l  and  imaginary  p a r t s  

and t h e n  s o l v i n g  t h e  t w o  r e s u l t i n g  equa t ions  f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw and H. 

be minimized ove r  t h e  allowed v a l u e s  of q and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk. 

H can t h e n  

F,* Small  Temperature  Gradient  Approximations 

If t h e  t empera tu re  g r a d i e n t  i s  very  s m a l l ,  f u r t h e r  approximat ions  

may be  made. These approximat ions  enable  us t o  e x p l a i n  p h y s i c a l l y  t h e  

b a s i c  mechanisms t h a t  cause  the i n s t a b i l i t y .  Also, it is hoped t h a t  a 

t h e o r y  which is  v a l i d  f o r  sma l l  t empera ture  g r a d i e n t s  may s t i l l  be a 

good approximat ion  f o r  moderate  ones.  

F o r  sma l l  t e m p e r a t u r e  g r a d i e n t s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA14~~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 . The r a t i o  of t h e  

v i s c o u s  terms i n  t h e  mechanical  equa t ion  (271, u s i n g  t h e  s u b s t i t u t i o n  

(301, i s  

The e l e c t r i c a l  f o r c e  terms i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I -  

t h e  s a m e  e q u a t i o n  have t h e  r a t i o  

But f o r  sma l l  t empera tu re  g r a d i e n t s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 2  and f3 a r e  much less t h a n  one.  

To l i n e a r  terms, t h e  e l e c t r i c a l  f o r c e  c o n s i s t s  of the p e r t u r b a t i o n  

cha rge  t i m e s  t h e  e q u i l i b r i u m  electr ic  f i e l d  p l u s  t h e  e q u i l i b r i u m  f r e e  



1 6  

cha rge  times t h e  p e r t u r b a t i o n  electric f i e l d .  W e  have j u s t  n e g l e c t e d  

t h e  l a t t e r .  

To f i n d  s i m i l a r  approximat ions  i n  t h e  e lec t r i c  f i e l d  e q u a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(28) w e  u s e  the .  same reason ing  and ge t  

The sma l l  t e m p e r a t u r e  g r a d i e n t  approximat ion  r educes  e q u a t i o n  

(32) t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAjw*(D*'- k*2)2$* .II 0 

The above e q u a t i o n  i s  o n l y  fou r th  o r d e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso t w o  boundary c o n d i t i o n s  

have been e l i m i n a t e d .  S ince  the  f o r c e  due t o  the  p e r t u r b a t i o n  electr ic  

f i e l d  h a s  been n e g l e c t e d ,  the  boundary c o n d i t i o n s  on t h e  t a n g e n t i a l  

e l e c t r i c  f i e l d  must have been e l imina ted .  The number of non-dimensional 

parameters  i s  now a l s o  f o u r ,  M, H, R and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(a'- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB)/a. 

S a t i s f y i n g  t h e  boundary c o n d i t i o n s  p r e s e n t s  t h e  same problems a s  

b e f o r e ,  so a g a i n  s i n u s o i d a l  v a r i a t i o n  i n  t h e  z - d i r e c t i o n  i s  assumed. 
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The d i s p e r s i o n  r e l a t i o n  is ,  w i t h  t he  a s t e r i s k s  omi t ted :  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAjw3MR(q2+ k 2 )  - w2[R(q2+ k 2 )  + M(q2+ k 2 ) ]  

(41)  + jw[MRk2 + k2H2R( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe) + (q2+ k2 )2 ]  + k2M - jqk2H = 0 

With q and k r e a l  t h e  t h r e s h o l d  c o n d i t i o n s  ( W  real)  may be found by 

s e p a r a t i n g  e q u a t i o n s  (41) i n t o  r e a l  and imaginary p a r t s .  T h i s  y i e l d s  

k2  
2 w2 = 

(42)  

The v o l t a g e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor i n s t a b i l i t y  i s  found by u s i n g  equa t ion  (42)  t o  c a l c u l a t e  

W and then  c a l c u l a t i n g  H from equat ion  (43 ) .  H i s  t h e n  minimized ove r  

a l l o w a b l e  v a l u e s  of q and k t o  g ive  t h e  t h r e s h o l d  v o l t a g e .  

111. SPECIAL CASES 

A .  Ins t an taneous  Charge Re laxa t ion  

I f  charge  r e l a x a t i o n  o c c u r s  i n s t a n t a n e o u s l y ,  R = 0 and e q u a t i o n s  
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(42) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(43) become 

E l i m i n a t i n g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW g i v e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3/, 

(q2+ k2) 
qk 

H =  

The s t a b i l i t y  of t h e  system now depends on o n l y  one number, H. 

f i n d  t h e  v o l t a g e  a t  which i n s t a b i l i t y  f i r s t  o c c u r s ,  we now minimize 

H o v e r  the  a l lowed v a l u e s  of q and k.  If q = nn, H h a s  a minimum a t  

k = n r t / f i  

To 

The minimum H i s  t h e n  

If n = 1, t h e  f l u i d  is  u n s t a b l e  f o r  H? 8.15. 

n i t i o n  of H, e q u a t i o n  (331, w e  see t h a t  t h e  i n s t a b i l i t y  is caused 

by t h e  e lec t r ica l  f o r c e s  a c t i n g  through t h e  g r a d i e n t  i n  c o n d u c t i v i t y  

overcoming t h e  v i s c o u s  damping of the  i n t e r n a l  g r a v i t y  waves. 

R e c a l l i n g  t h e  d e f i -  

B. I n v i s c i d  

The sma l l  t empera tu re  g r a d i e n t  approximation a p p l i e d  t o  a n  i n v i s -  

c i d  f l u i d  y i e l d s  a n  equa t ion  which r e q u i r e s  o n l y  t w o  boundary c o n d i t i o n s .  

Thus t he  s o l u t i o n s  s a t i s f y i n g  t h e  boundary c o n d i t i o n s  may be found 
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a n a l y t i c a l l y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIf t h e  v i s c o s i t y  i s  set t o  z e r o  i n  e q u a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(401, 

M -+ &and H but  H/M remains  f i n i t e .  The i n v i s c i d  l i m i t  f o r  t h a t  

e q u a t i o n  i s  

The remain ing  boundary c o n d i t i o n s  a r e  t h a t  t h e  normal v e l o c i t i e s  must 

v a n i s h  a t  each  e l e c t r o d e  g i v i n g  

The s o l u t i o n s  a r e  

where p1 and p a r e  t h e  s o l u i i o n s  
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

k2F + k2 ( l  - 
p2w2 - l + j w R  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

L 

to 

Equat ions  (501, (51) and (52)  r e s u l t  i n  

4R2 (k2+ n2rr2)W6- 8(k2+ n 2 n 2 ) R j w 5  - 4[k2(l+ R2)+ n2V2 
(53) 

+ R 2 k 2 2 F  ( a ’ - ) ] w 4  a + 8k2~[1+ F ( e ) ] j w s +  4k2w2-  kkF2 = 0 
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Two zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl i m i t s  t o  equa t ion  (53) which g i v e  s imple  r e s u l t s  a r e  t h e  

l i m i t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, .  of z e r o  c o n d u c t i v i t y  and t h e  l i m i t  of z e r o  r e l a x a t i o n  t i m e .  

1) z e r o  c o n d u c t i v i t y  ( R A  

The s o l u t i o n  t o  equa t ion  (53) i s  now 

For  t h i s  c a s e ,  t h e  i n s t a b i l i t y  i s  a s t a t i c  one and t h e  n e c e s s a r y  and 

s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  i s  

T h i s  is  e q u i v a l e n t  t o  

T h i s  s o l u t i o n  i s  i d e n t i c a l  t o  t h a t  which i s  o b t a i n e d  u s i n g  s i n u s o i d a l  

v a r i a t i o n  i n  t h e  v e r t i c a l  d i r e c t i o n .  The r eason  f o r  t h i s  is t h a t  d i s -  

t u r b a n c e s  of a l l  wavelengths  go uns t ab le  a t  t h e  same t i m e  and boundar i e s  

4 cannot  a f f e c t  the  t h r e s h o l d .  

2 )  Zero r e l a x a t i o n  t i m e  ( R +  0) 

The s o l u t i o n s  t o  equa t ion  (53) with  R = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 a r e  . 
( 5 7 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

l? f k4- k4 (k2+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn2v2)F2 u2 = 
2(k2+ n2n2) 
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The sys t em i s  s t a b l e  i f  and only i f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW2 i s  r e a l  and p o s i t i v e ,  

which o c c u r s  when 

For  any g iven  v o l t a g e ,  t h e  f l u i d  is uns t ab le  f o r  s h o r t  enough wave- 

l e n g t h s .  However , . the  v i s c o s i t y ,  which was n e g l e c t e d ,  has  i t s  

g r e a t e s t  e f f e c t  a t  s h o r t  wavelengths .  T h i s  i n d i c a t e s  t h a t  the  i n -  

v i s c i d  l i m i t  i s  u n r e a l i s t i c  u n l e s s  t h e  c o n d u c t i v i t y  is  ze ro .  

I V .  CHARACTERISTICS OF THE INCIPIENT ELECTROCONVECTION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A .  P r o p e r t i e s  of t h e  S o l u t i o n s  t o  t h e  Di spe r s ion  R e l a t i o n  

I n  t h e  absence of an  e l e c t r i c  f i e l d ,  an  i n v i s c i d  s t r a t i f i e d  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 

f l u i d  s u p p o r t s  i n t e r n a l  g r a v i t y  waves w i t h  Pea l  f r e q u e n c i e s .  The 

a d d i t i o n  of v i s c o s i t y  adds a damping t o  t h e  g r a v i t y  waves and a l s o  

d e c r e a s e s  t h e  r e a l  p a r t  of t h e  frequency.  The e f f e c t  of an  e l ec t r i c  

f i e l d  can be most e a s i l y  s e e n  for t h e  c a s e  of i n s t a n t a n e o u s  charge  

r e l a x a t i o n .  The s o l u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  (40) a r e ,  f o r  

For  n p o s i t i v e ,  t h e  e l e c t r i c  f i e l d  reduces t h e  damping f o r  t h e  r o o t  

w i t h  R e ( w )  > 0 and i n c r e a s e s  it  f o r  t h e  o t h e r  r o o t .  

F i g u r e s  2-6 a r e  p l o t s  of s o l u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  

f o r  d i f f e r e n t  f l u i d  p r o p e r t i e s .  The p r o p e r t i e s  which a r e  v a r i e d  a r e  t h e  
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e l e c t r i c a l  r e l a x a t i o n  t i m e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(R) and t h e  v i s c o s i t y .  A l l  t h e  graphs  

a r e  p l o t s  of complex zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw f o r  r e a l  k w i t h  q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= II. Each l i n e  r e p r e s e n t s  

a p a r t i c u l a r  v o l t a g e .  The arrowheads i n d i c a t e  t h e  d i r e c t i o n  of i n -  

c r e a s i n g  k.  

The parameters  chosen f o r  F igu re  2 a r e  t h o s e  of corn  o i l  i n  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

one i n c h  h igh  t ank  w i t h  a tempera ture  r ange  of 25-45 C. The H = 0 

curve  r e p r e s e n t s  the  z e r o  v o l t a g e  case.  I n c r e a s i n g  t h e  v o l t a g e  

causes  one r o o t  t o  go u n s t a b l e  a t  H . V  8 ,  k %.~II, and i n c r e a s e s  t h e  

damping f o r  t h e  o t h e r  g r a v i t y  wave r o o t .  There i s  a t h i r d  r o o t ,  

b a s i c a l l y  due t o  charge  r e l a x a t i o n ,  which does not  appea r  i n  F i g u r e  2 

s i n c e  it is  t o o  h e a v i l y  damped. 

F i g u r e  3 is  p l o t t e d  f o r  t h e  same f l u i d  as F i g u r e  2 except  t h a t  

t h e  r e l a x a t i o n  t i m e  i s  i n c r e a s e d  by a f a c t o r  of 10 .  I n  t h i s  c a s e  

t h e  charge  r e l a x a t i o n  r o o t  i n t e r a c t s  s t r o n g l y  w i t h  one of the  g r a v i t y  

wave r o o t s .  The t h r e s h o l d  v o l t a g e  has i n c r e a s e d  by a f a c t o r  of f o u r  

from t h a t  of F igu re  2.  I n c r e a s i n g  t h e  r e l a x a t i o n  t i m e  by a n o t h e r  

f a c t o r  of 10 produces F i g u r e  4 .  I n  t h i s  case it is t h e  charge  r e l a x a -  

t i o n  r o o t  which goes  u n s t a b l e  and t h e  t h r e s h o l d  v o l t a g e  has  a g a i n  been 

i n c r e a s e d  by a f a c t o r  of 4 .  

I f  t h e  v i s c o s i t y  i s  i n c r e a s e d  by a f a c t o r  of 10 from F i g u r e  2 

w i t h  a l l  o t h e r  parameters  unchanged, F i g u r e  5 shows t h e  s o l u t i o n s  t o  

the  d i s p e r s i o n  r e l a t i o n .  When t h e r e  is  no electric f i e l d ,  t h e  p e r t u r -  

b a t i o n s  decay i n  t i m e  w i t h  no s i n u s o i d a l  component. The t h r e s h o l d  H 
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remains about  t h e  same w i t h  t h e  vo l t age  i n c r e a s i n g  b e c a u s e  of t h e  

i n c r e a s e d  v i s c o s i t y .  The o t h e r  t w o  r o o t s  a r e  no t  shown s i n c e  t h e y  

a r e  h e a v i l y  damped. Reducing t he  v i s c o s i t y  by a f a c t o r  of 25 from 

F i g u r e  2 does not  change t h e  f e a t u r e s  of t h e  s o l u t i o n s  much. Fig-  

u r e  6, where t h e  l o w  v i s c o s i t y  s o l u t i o n s  a r e  shown, d i f f e r s  from 

F i g u r e  2 mainly i n  t h e  magnitude of t h e  damping of t h e  g r a v i t y  waves.. 

B. E f f e c t  of E l e c t r i c a l  Conduction and 

Charge Convection on t h e  Threshold  

The p e r t u r b a t i o n  f o r c e s  a r e  produced by f r e e  cha rges  which 

occur  e i t h e r  because of convect ion of t h e  e q u i l i b r i u m  f r e e  charge  

o r  from e l e c t r i c a l  conduct ion o r  from both .  I n  t h i s  s e c t i o n  t h e  

e f f e c t s  of these t w o  phenomena w i l l  be compared. F i r s t  w e  w i l l  

c o n s i d e r  each  s e p a r a t e l y .  

Case 1 I f  t h e  p e r t u r b a t i o n  f r e e  cha rge  r e s u l t s  s o l e l y  

from e lec t r ica l  conduct ion then r e l a x a t i o n  i s  i n s t a n -  

t a n e o u s ,  Fo r  t h i s  c a s e  t h e  s t a b i l i t y  c r i t e r i o n  i s  

given  by  equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(47) and is  

Case 2 I f  on ly  charge  convect ion is  p r e s e n t ,  t h e  elec- 

t r i c a l  c o n d u c t i v i t y  must be zero  and t h e  s t a b i l i t y  



24 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c r i t e r i o n  is equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(55) which i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 
I f  t h e  t empera tu re  g r a d i e n t  i s  uniform,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf3 i s  \ 

g e n e r a l l y  a p o s i t i v e  number and charge  convec t ion  

can never  produce an  i n s t a b i l i t y .  Ra the r ,  it t e n d s  

t o  s t a b i l i z e  t h e  f l u i d .  

I n  S e c t i o n  I1 bo th  charge  conduction and convec t ion  were p r e s e n t  

and t h e  t h r e s h o l d  H was g iven  by equat ion  (43). I n  t h i s  expres s ion  

charge  conduct ion and convec t ion  e f f e c t s  appear  i n  t h e  f i r s t  b racke t  

i n  t h e  denominator.  The conduct ion produces t h e  q/w w h i l e  convec- 

t i o n  produces t h e  - 2R (<.< - /3)/oc . Since  H must be p o s i t i v e  t o  
2 

be p h y s i c a l l y  r e a l i z a b l e ,  it  may be e a s i l y  seen  t h a t  charge  convec- 

t i o n  r a i s e s  t h e  t h r e s h o l d  v o l t a g e .  

C. P r o p e r t i e s  of t he  Unstable  Mode 

The p r o p e r t i e s  of t h e  i n s t a b i l i t y  w i l l  be shown by examining 

t h e  p a r t  p layed  by t h e  d i f f e r e n t  f o r c e s .  For  t h i s  w e  u s e  the  sma l l  

t empera tu re  g r a d i e n t  approximation.  The c u r l  of t h e  f o r c e  e q u a t i o n  

The s t ream f u n c t i o n  i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
JI qo cos(wt - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAkx + qz) (63) 
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and t h e  r e s u l t i n g  v o r t i c i t y  i s  

Assuming i n s t a n t a n e o u s  r e l a x a t i o n  t h e  y- component of e q u a t i o n  (62)  i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k2PltJo6 

s in  (wt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- k x  + qz) 
(65)  

w a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp w(q2+ k2)$, s in (wt  - k x + q z )  - - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k2 qacE2$ 

w a  
C 0 8  ( U t  - kx +qz)  + p(q2+ k2)2$o cos(Ot - kx + qz) 

. o o  - 

The c u r l  o f - t h e  e l e c t r i c a l  f o r c e ,  vpf  X E, is  i n  phase w i t h  t h e  

v o r t i c i t y  i f  (q/w) is  p o s i t i v e  and e x a c t l y  out  of phase i f  (q/w) i s  

n e g a t i v e .  The re fo re ,  i n s t a b i l i t y  can on ly  occur  f o r  (q/W) p o s i t i v e .  

The phases  of t h e  u n s t a b l e  mode can on ly  propagate  downward. For  

t h i s  r eason  t h e  i n s t a b i l i t y  can never  appea r  t o  be a s t a n d i n g  wave. 

c 

Equat ion (65) a l s o  shows t h a t  t he  i n s t a b i l i t y  w i l l  occur  a t  t h e  

l o n g e s t  p o s s i b l e  wavelength,  s i n c e  t h e  e lec t r i c  f i e l d  f o r c e s  depends 

on t h e  wave number cubed and t h e  v iscous  f o r c e  on t h e  wave number t o  

t h e  f o u r t h  power. T h i s  means t h a t  t he  boundar ies  p l a y  an  impor tan t  

r o l e  i n  de te rmining  the  s t a b i l i t y  of t h e  f l u i d .  The t h r e s h o l d  condi-  

t i o n s  can be determined  by e q u a t i n g  t h e  c u r l  of the  e lec t r ica l  f o r c e  

w i t h  the  c u r l  of the  v i scous  f o r c e .  

Another r e s u l t  which may be obta ined  from equa t ion  (65) is  t h e  

f r equency  a t  which t h e  i n s t a b i l i t y  occurs .  T h i s  i s  o b t a i n e d  by 



26 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
equat ing  t h e  g r a v i t a t i o n a l  and i n e r t i a l  terms. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA consequence of 

equat ion  (63) i s  t h a t  t h e  f l u i d  v e l o c i t i e s  a r e  always t a n g e n t i a l  t o  

t h e  p lanes  of constant phase. 

The theory  developed i n  t h i s  paper is v e r i f i e d  both q u a l i t a t i v e l y  

(16) and q u a n t i t a t i v e l y  by experiments descr ibed i n  a separa te  paper. 
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FIGURE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACAPTIONS 

1) Cross  s e c t i o n  view of f l u i d  with v e r t i c a l  t empera tu re  g r a d i e n t  

and e lec t r i c  f i e l d .  

2) S o l u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  i n  t h e  complex w-plane f o r  

corn  o i l  i n  a t a n k  of h e i g h t  1 i n c h  w i t h  a t empera tu re  r ange  of 

25O - 45 C. 

wavenumber i n c r e a s e s  from 0 t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK a long  each of t h e  l i n e s  i n  t h e  

d i r e c t i o n  i n d i c a t e d  by t h e  arrowheads.  I n s t a b i l i t y  o c c u r s  when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

The v e r t i c a l  wavenumber i s  r[ and t h e  h o r i z o n t a l  

3) Same a s  F i g u r e  2 except  t h a t  t he  e l e c t r i c a l  r e l a x a t i o n  t i m e  h a s  

been i n c r e a s e d  by a f a c t o r  of 10. 

4)  Same a s  F i g u r e  2 except  t h a t  t he  e l e c t r i c a l  r e l a x a t i o n  t i m e  h a s  

been i n c r e a s e d  by a f a c t o r  of 100. 

a )  G r a v i t y  wave r o o t s  

b) Charge r e l a x a t i o n  r o o t  

5) Same a s  F i g u r e  2 but  w i t h  t h e  v i s c o s i t y  i n c r e a s e d  by a f a c t o r  

of 10. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 )  Same a s  F igu re  2 w i t h  t h e  v i s c o s i t y  dec reased  by a f a c t o r  of 25. 

-. 


