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Electromagnetic field singularities
at the tip of an elliptic cone

by
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Abstract

This report contains a detailed analytical and numerical study of the singularities of the
electromagnetic field at the tip of a perfectly conducting, elliptic cone. The analytical treat-
ment is concerned with the solution of the Helmholtz equation by separation of variables in
sphero-conal coordinates. The solution is in terms of periodic and non-periodic Lamé func-
tions, and the underlying theory of these special functions is amply discussed. The analysis
shows that three basic field singularities must be considered at small distance 7 to the tip of
the cone: one electric singularity and two magnetic singularities, in which the electric field or
the magnetic field becomes infinite like 7~ as 7 — 0, for some specific singularity exponents

v < 1. Numerical results for the singularity exponents are presented and these are compared

with data from the literature.
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1. Introduction

It is well known that electromagnetic fields become singular at edges and vertices of perfectly
conducting obstacles. A precise knowledge of the field singularities is important, particularly
for numerical field calculations. By requiring that the numerical solution behaves in the
known singular manner, the convergence and accuracy of the numerical results will improve.
This report provides a detailed analytical and numerical study of the singularities of the
electromagnetic field at the tip of a perfectly conducting, elliptic cone. The analytical part
involves the solution of the Helmholtz equation outside the cone, by separation of variables
in sphero-conal coordinates; the solution obtained is in terms of Lamé functions. To make
the presentation self-contained, the necessary theory of Lamé functions is developed in Secs.
2-6, whereby most of the material has been adopted from Jansen [14] and Van Vught [24].
The actual determination of the field singularities at the tip of the elliptic cone is discussed
in Sec. 7. Here, analytical and numerical results are presented for the so-called singularity
exponents, and these are compared with data from the literature. The present report orig-
inated from some correspondence with Prof. J. van Bladel (Gent, Belgium) regarding his
forthcoming monograph [3]. Singularities at the tip of a cone are treated in [3, Chapter 5]
and our numerical data for the elliptic cone will be included there.

We now present a more detailed survey of the contents of this report. In Sec. 2 we introduce
the sphero-conal coordinates 7, 8, ¢, represented in trigonometric form. In these coordinates
the elliptic cone coincides with a coordinate surface # = 6, where 8y is constant. The co-
ordinate 7 measures distance to the tip of the cone. The trigonometric form of sphero-conal
coordinates which goes back to Kraus [15], is more easy to handle than the classical repre-
sentation in terms of Jacobian elliptic functions. Sec. 3 deals with the solution of the scalar
Helmholtz equation in the space domain bounded by the elliptic cone, subject to either a
Dirichlet or a Neumann boundary condition on the cone surface. The pertaining boundary
value problems are solved by separation of variables in sphero-conal coordinates. The so-
lution is given by the product of a spherical Bessel function and two Lamé functions. The
latter functions are to be determined as solutions of a two-parameter eigenvalue problem,
with eigenvalue parameters A and v, for the coupled §-Lamé equation and ¢-Lamé equation.

Both equations are trigonometric forms of Lamé’s differential equation. These trigonometric



forms which arise due to the trigonometric representation of the sphero-conal coordinates,
are less complicated than the traditional Jacobian form of Lamé’s differential equation. In
the next two sections the solutions of the 8- and ¢-Lamé equations are determined for a fixed
parameter v,
In Sec. 4 we consider the one-parameter eigenvalue problem for the ¢-Lamé equation with
eigenvalue parameter A, and fixed ». By means of the classical Sturm-Liouville theory it
is shown that the problem admits an infinite number of eigenvalues, denoted by A = A7,
and A = A}, , m = (0),1,2,..., with corresponding eigenfunctions denoted by Lg,“)(é)
and LSZ')(QS), respectively. The eigenfunctions are periodic with period 27 and are therefore
called periodic Lamé functions. The Lamé functions Lg,"}(qﬁ) and LS'J')(QS) are represented
by Fourier series involving cosines/sines of even/odd multiples of ¢. The eigenvalues A7,
A7, and the coefficients in the Fourier series are to be determined from the eigenvalues and
eigenvectors of an infinite tridiagonal matrix. In Sec. 5 we construct the solutions of the
#-Lamé equation with fixed v, and A = AT, or A = A}, as determined in the previous sec-
tion. These solutions are called non-periodic Lamé functions and are denoted by Lgpmy)(ﬂ)
and Lg;,'L)(G), respectively. The latter functions are represented by series involving Legendre
functions P}(cos 8), r = 0,1,2,.... It is shown that the coefficients in the Legendre-function
 series are simply related to the coefficients in the Fourier series for the functions Lg," )(qﬁ) and
LS'J‘)(¢). In this manner, both the periodic and the non-periodic Lamé functions are com-
pletely determined for given parameter v. Finally, by imposing the Dirichlet or the Neumann
boundary condition on the elliptic cone § = 6y, we arrive at the transcendental equations
LE;,‘}(&G) =0, ng‘,)(ﬁo) = 0or (d/d&o)Lg?,)(ﬁo) =0, (d/d&o)Lﬁ;,’Z)(()o) = 0 in the parameter
v. In Sec. 6 it is proved that all four equations have an infinite number of positive v-roots,
which are denoted by vc}', vsi? and vc), is]7, respectively, where n = 1,2,3,.... Moreover,
we establish by analytical means that the only »-roots less than 1, are given by v¢}, e} and
s}; the details of the derivation are presented in Appendix B. '
In Sec. 7 we discuss the singularities of the electromagnetic field at the tip of a perfectly
conducting, elliptic cone. The electromagnetic field in the space domain outside the cone
is represented in terms of two Debye potentials. These scalar potentials must satisfy the
Helmholtz equation, and are subject to either a Dirichlet or a Neumann boundary condi-

tion on the cone surface. These boundary value problems for the potentials were already



treated in Secs. 3-5. Thus it is found that the Debye potentials are given by products
j,,(kor)LS;,’;)(e)Lgﬁ' )(qb) and j,(kor)Lg:L)(ﬁ)L,?)(@, with v = ve® and v = vs] (in case of a
Dirichlet boundary condition), or with v = ¢ and v = »sJ* (in case of a Neumann bound-
ary condition). The associated electric or magnetic field behaves like *~! as r — 0; hence,
field singularities at the tip will occur only if v < 1. We conclude that the following basic
singularities must be considered for the electromagnetic field at the tip of the elliptic cone:
(i) one electric singularity, in which the electric field becomes infinite like ¥~ as r — 0, with
singularity exponent v = vc?; .

(ii) two magnetic singularities, in which the magnetic field becomes infinite like ¥~ as r — 0,
with singularity exponents v = ¢} and v = psl.
Numerical results are presented for the singularity exponents as functions of the cone param-
eters (maximum semi-opening angle, and axial ratio of the elliptic cross-section), and these
are compared with data from the literature. The special cases of a circular cone and of a

plane sector (flattened elliptic cone) are included as well.



2. Sphero-conal coordinates

Following Jansen [14], we employ sphero-conal coordinates r,8, ¢, represented in trigono-
metric form. These coordinates are connected with Cartesian coordinates x = (z,y,z) by

means of the relations

z=r sinf cos ¢,
(2.1) y=rv1-k%cos?8 sin ¢,

z=1 cos 0 y/1—k'2sin? ¢,

where

(2.2)

Notice that for £ = 1 the sphero-conal coordinates reduce to the well-known spherical co-
ordinates. It is easily verified that the sphero-conal coordinates r,8,¢ form a right-handed

orthogonal coordinate system. The metrical coefficients of this coordinate system are given

by

dx
hr—}g :1,

Ix \/k2 sin? 0 + k2 cos? ¢
(23) he= \— =

a0 V1 —k%cos?
9x \/k2 sin? @ + k'2 cos? ¢
—|=r .
9¢ \/1 —ksin? ¢

ho|

These coefficients appear in the expressions for grad, div, curl and the Laplacian A in sphero-

conal coordinates. For example, the Laplacian A is found to be

10 2 1
(24) A= 25 (7'25) + :Z‘At )



where the transverse Laplacian A, is given by

1
" Kk%sin? 0 + k"2 cos? ¢

8
[\/1——&:%0529 58—5 (\/l-kzcoszégé)

(25) A

+4/1 -—k'zsinng% (\/1 - ;cfzsinw%)] :

Next we examine the coordinate surfaces r,8 or ¢ = constant. As derived from (2.1) by

elimination, these coordinate surfaces are described by the following equations:
(26) r=ro: 2P+yt+22=rd;

= ky? 2 80), b0 # 0, T/2
= : = ) = ) s WfL, T
@7 8=0 sin® 6o * 1~ k2cos?fy cos?fy sgn(z) = sgn(cos bo), fo

mz k:zzz yz ) ( . ¢ )
. =¢g : = , = , sgn{y) = sgn(sin ¢g),
(28) b=t i et T Tiaenta = st gy “EN®) = sgn(cos d), sgn(y) = sgn(sin go

do#£0, v/2, 7, 3n/2, 27 .

Clearly, the surface r = rq is a sphere of radius r¢ with center at the origin; the coordinate r
measures distance to the origin.

The surface 6 = f, described by (2.7), is a semi-infinite elliptic cone with its tip at the origin
and its axis along the positive (negative) z-axis if cos 6 > 0 (cos fp < 0); see Fig. 2.1. The
cross-section of the cone with the plane z = 2z, where sgn(zp) = sgn(cos g), is an ellipse

described by the equation

z? e
z2tan?8p ' 23(1 - k2cos?f,)

(2.9)

From (2.9) it follows that the ellipse has a major axis of length 2e in the (y, z)-plane, and a

minor axis of length 25 in the («, z)-plane, where

VI =TT cost by
(2.10) a= ;z0|__1__£_ﬁ?§__0_°.

b = |zo tan G| .
klcos 6] |70 tan. ol



The axial ratio of the ellipse is

(211) e= b__ ksinbo
a V1-kZcosify
2-axis

Fig. 2.1. Elliptic cone 8 = g, with 0 < 6p < 7 /2 (left), /2 < 8 < = (right).

For k = 1, one has ¢ = 1 and the elliptic cone becomes a circular cone. The cone 8 = 6 has
a semi-opening angle equal to min(f,n — fp) in the (z, z)-plane, whereas in the (y, z)-plane

the semi-opening angle is given by (cf. Fig. 2.1)
(2.12)  Om = arcsin(v/1 - kZcos?f) .

For 6 = 7/2 the relations (2.1) simplify to
(213) z=rcos¢, y=rsing, z=0.

Hence, the surface 8 = 7 /2 coincides with the (z,y)-plane, in which r,¢ appear as polar

coordinates.



For 8 = 0 or # = m the relations (2.1) simplify to

(2.14) z=0, y=k'rsing, z=d2r/f1-k"? sin? ¢ .

The coordinate surfaces § = 0 and 8 = 7 are sectors in the (y, z)-plane, described by
6=0: =0, |y <K' /k)z, z>0;
(2.15)
B=n: z2=0, |y <—(K'/k)z, 2<0.
These sectors have their tip at the origin and their axes along the positive (negative) z-axis
in case @ = 0 (@ = =), while the semi-opening angle is 8,» = arcsin &'; see Fig. 2.2, The two

sides of each sector are to be considered as a degenerate (flattened) elliptic cone.

AS
ky+k'z=0
Om7
/

\\ ®d=n/2
——®=3n/2 \\ =n\\\ T-axis
/]

B=n

V7

Fig. 2.2. Sectors § = 0, 8§ = v, and ¢ = n/2, ¢ = 3n/2, in the (y, z)-plane.

Although not used any further, we briefly disuss the coordinate surface ¢ = ¢y, described
by (2.8). Because of the restrictions sgn(z) = sgn(cos ¢o), sgn(y) = sgn(sin ¢o), the surface
¢ = ¢ is one half of a semi-infinite elliptic cone with its tip at the origin and its axis along

the positive (negative) y-axis if sin ¢o > 0 (sin ¢ < 0); see Fig. 2.3.
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Fig. 2.3. Half elliptic cone ¢ = ¢y, with 0 < ¢g < 7/2.

It is easily seen that the surfaces ¢ = 0 or ¢ = 27, and ¢ = 7 coincide with the half-planes

x>0, y=0and ¢ <0, y =0, respectively. For ¢ = 7/2 or ¢ = 37/2 the relations (2.1)
simplify to

(216) z=0, y=4rv/1-k%cos?8, z=krcos@.

Hence, the surfaces ¢ = 7/2 and ¢ = 37 /2 are sectors in the (y, z)-plane, described by

p=x/2: z=0,y>0, |z| <(k/k)y;
(2.17)
¢$=37/2: =0, y<0, 2| < ~(k/)y.
These sectors are complementary to the sectors # = 0 and § = 7 given by (2.15), see also

Fig. 2.2.

Finally, we investigate the one-to-one correspondence between the Cartesian coordinates
x = (2,9, z) and the sphero-conal coordinates r,8,¢. The relations (2.1) define a mapping

which is shortly written as x = x(r,6, ¢). This mapping is indeed one-to-one apart from the

following exceptions:
(2.18) x(r,8,0) = x(r,8,27), 0< 6 <,

because the function x(r, 8, ¢) is periodic in ¢ with period 2r;
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X(T,0,¢) = X(T,O,‘K - ¢)3 X(’I’,W,¢?) = X(?‘,‘ﬂ',ﬂ'— ¢)7 0 S ‘25 $ T,
(2.19)

x(r,0,¢) = x(r,0,31 - ¢), x(r,7,¢) = x(r,m, 37 — $), ®<¢<2n,
because each point X in the two-sided sectors = 0 and 8 = 7 is described by two triples of

sphero-conal coordinates.

Under the mapping (2.1), any single-valued function f(x) = f(z,y,2) € C? passes into the
composite function f(x(r,8,¢)) =: g(r,8,¢) € C*. In view of (2.18) and (2.19), the function
g(r,8, ¢) has the following additional properties:

g 89
. = — = - <#< T

aJ d
Q(T’0a¢) = g(T,O,?l’ - (b), ‘6_!;(7',0, ¢) == 5%(73017" - d’)s 0<¢<m,

(2.21)
9(r,0,6) = 9(r, 0,37~ ), 22(1,0,4) = ~ S9(r, 0,37 = 9), 7 < $ < 2
g(r,n’,¢>) = g(r,7r,1r - 4’)7 g‘%(ra w,qﬁ) = g%(r’?rvr - é)’ 0<p<m,
(2.22)

g(r, T, ¢) = g(T,ﬂ',3ﬂ' - ¢)a g’%(raw, ¢) = - g—g(r,r,&k - ¢)3 T < ¢ < 2r.

Conversely, let g(r,8,4) € C?, then the relations (2.20)-(2.22) are necessary and sufficient
conditions in order that g(r,8,¢) = f(x(r,8,4)) for some single-valued f(x) € C'. In the
next section the conditions (2.20)-(2.22) come up as regularity conditions on the solution of
the Helmholtz equation in sphero-conal coordinates. These regularity conditions should be

considered as additional boundary conditions due to the use of sphero-conal coordinates.
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3. Solution of the Helmholtz equation in sphero-conal
coordinates

In Sec. 7 it is shown that the singularities of the electromagnetic field at the tip of an
elliptic cone are determined via solution of the Helmholtz equation in the space domain
bounded by the elliptic cone. The required solution of the Helmholtz equation is discussed
in the present section. Let D be the domain that is bounded by the elliptic cone 8D. In

sphero-conal coordinates r, 8, ¢, as introduced in (2.1), the domain D and its boundary dD

are described by

D= {(r,0,9)]r>0, 0<0< 8, 0<¢<2n},
(3.1)
0D = {(r,80,¢)| >0, 0< &< 2r},

where 0 < fp < 7. In the domain D) we consider the scalar Helmholtz equation
(32) Au+kiu=0, x€D,
with either the Dirichlet boundary condition
(33) wu=0, x€dD,
or the Neumann boundary condition
du

(3.4) %zﬂ, x€dD .

Here, ko is the wave number and n denotes the outward unit normal to 8D. The present

boundary value problems are solved by separation of variables in two steps. First we split off

the r-dependence and search for solutions of the form
(3.8)  u(r,0,¢) = R(r) w(6,9) .

Substitute (3.5) into (3.2) and replace the Laplacian A by (2.4), then by separation we find

(3.6) [% (ﬂ%};—) + fcgrzzz(r)] [R(r)= - %1&(’9__;5? = 1,
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where g is the separation constant and A, denotes the transverse Laplacian. Thus we have
for R(r) the differential equation
d ( ,dR
3.7 —
on A

o )+(k 2_uWR=0, r>0.

From (3.6), (3.3) and (3.4) it follows that w(6, ¢) is solution of the following problem:

Aw+pw=0, 0<8<8, 0<¢<2r,
(3.8)

w(fo,¢)=0 or %?(00,@:0, 0<¢<2r.

In addition, as a consequence of (2.20) and (2.21), w(#, ¢) must satisfy the regularity condi-

fions

(3.9)  w(8,0) = w(8,21), ==(8,0) = z(o,zm-), 0 < 8 < 6p;

¢

w(0,6) = w(0,% = §), 20(0,6) = ~ S0 (0,7~ ), 0L p<,
(3.10)

w(0,8) = w(0,37 — ¢), %—:—’-(0, )=~ %’g-(o,sw -¢), T<PpL2m.

Notice that the conditions (2.22) need not be imposed, because the sector § = 7 lies outside
the domain D of interest.

‘The problem (3.8) for w(#, ¢) is in fact an eigenvalue problem for the transverse Laplacian 4,
(also called Beltrami operator) on the domain Q = {(#,¢)|0 < 8 < 8, 0 < ¢ < 2} that is cut
out by the elliptic cone 8D in the unit sphere r = 1. For specific values of u, called eigenvalues,
the problem (3.8) has a non-trivial solution w # 0, which is the corresponding eigenfunction.

Jansen {14, p. 24, Thm. 2.1] has proved the following theorem on the eigenvalues and

eigenfunctions of problem (3.8).
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THEOREM 3.1. The eigenvalue problem (3.8) with boundary condition either w(8p,¢) = 0
or dw [ 868(8p, ¢) = 0, admits an infinite sequence of eigenvalues p, with p, — 00 as n — oo,

and arranged according to
O<p S <z < L (boundary condition w(fp, ¢) = 0),
.. Ow
O=po< <2 < s (boundary condition %(004;5) =0).

The corresponding eigenfunctions w,(8,¢) form a complete orthogonal system with respect
to the inner product

8y 2»

(v,w) = v(8, $)w(8, §Yhehgr~2d8ds .
[1

REMARK. In the case of the Neumann boundary condition dw / 86(6o, #) = 0, the smallest

eigenvalue pg = 0 goes with the corresponding eigenfunction we(4, ¢) = 1.

Henceforth we set
811) p=vv+1), v20,

where v > 0 may be taken because p > 0 by Theorem 3.1. Then eq. (3.7) is recognized as
the differential equation for the spherical Bessel functions. As independent solutions for R(r)

we use either the spherical Bessel functions of the first and second kinds

(312)  julkor) = V/7[2kor Jyy1ya(kor), w(kor) = /T[2kor Y, 41/2(kor),

or the spherical Hankel functions

(3.13) W (kor) = v/a]Zhor HE), 1 (kor), A (kor) = v/m]2ZRor HU p(kor) -

Consider next the eigenvalue problem (3.8) in which # = v(v+1) and the transverse Laplacian
Ay is replaced by (2.5). This problem is solved by a second application of separation of

variables, where we search for solutions of the form

(3.14) w(f,¢)=X(O)Y(¢).
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On substitution of (3.14) into (3.8) and separation, we are led to the following differential
equations for X () and Y (¢):

(3.15) V1 —kZcosZd -gé (v’l —k%cos?0 %) + (W +1)(1-ktcos?8) - A)X =0, 0<8 <6

(3.16) 4/1—k2sin?¢ E% (\/1-— k2 sin? ¢ %) +(A-v(r+1)k%sin?¢)Y =0, 0< ¢ < 2m;

here, the separation constant has been taken as A—v(v+1)k'2. Equations (3.15) and (3.16) are
called #-Lamé equation and ¢-Lamé equation, respectively; both equations are trigonometric

forms of Lamé’s differential equation.
In addition, X (8) and Y(¢) must satisfy a number of boundary conditions which follow from
(3.8)-(3.10) on substitution of (3.14). Thus we find that the ¢-Lamé equation is accompanied

by the boundary conditions
(3.17) Y(0)=Y(2x), Y'(0)=Y'(2x).

As for X(8), at 8 = 6y we have either the Dirichlet boundary condition or the Neumann

boundary condition
(3.18) X(6)=0 or X'(6)=0.
From the regularity conditions (3.10) it follows that

X(0)Y(¢) = X(0)Y (7 - ¢), X'(0)Y(¢)=-X'(0)Y(r~¢), 0<o<T,
(3.19)

X(0)Y(¢) = X(0)Y (37 — ¢), X'(0)Y(¢)=~X'(0)Y(3r—¢), 7 <$< 2.

In the next section it is shown that Y(¢) is either even symmetric, i.e. Y(¢) = Y(7 — ¢),
0 < ¢ < m, or odd symmetric, i.e. Y(¢) = -Y (7 — ¢), 0 < ¢ < 7. Correspondingly we have
for X(6) at 8 = 0 the boundary condition

(3.20) X'(0)=0 or X(0)=0.

The Lamé equations (3.15) and (3.16) together with the boundary conditions (3.17), (3.18)

and (3.20), define a two-parameter eigenvalue problem involving pairs of eigenvalues A, v.
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The further solution of this problem is presented in the sections hereafter. In Sec. 4 we
consider, for given v, the one-parameter eigenvalue problem formed by the ¢-Lamé equation
(3.16) (with eigenvalue parameter A\) and the boundary conditions (3.17). By use of classi-
cal Sturm-Liouville theory it is shown that there exists an infinite sequence of eigenvalues
An = An(v) which depend on v. In Sec. 5 we construct the solution X(#) of the #-Lamé
equation (3.15) with A = A, subject to the boundary condition (3.20). By imposing the
remaining boundary condition (3.18) on X(8), we are led to a transcendental equation for

the parameter v, the solution of which is investigated in Sec. 6.

Finally, for later use we quote the inequality
(3.21) 0<A<viv+l),

validif » > 0, 0 < k' < 1, and proved by Jansen [14, p. 31, Lemma 2.6].
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4. Analysis of the ¢-Lamé equation

This section deals with the solution of the ¢-Lamé equation (3.16) subject to the bound-

ary conditions (3.17). By rewriting the ¢-Lamé equation in its self-adjoint form, we arrive at

the problem
_ 2.2
(v/1-k?sin2 6 V') + A-vr+ DE7Sn’é v 6 o<p<on,
(4.1) V1= k2sin? ¢
Y(0) = Y(2r), Y'(0)=Y'(2r).

Here the parameter v > 0 is given, while it is understood that 0 < k' < 1, so that
\/1—k?sin®¢ > 0. Then the problem (4.1) is recognized as a Sturm-Liouville eigenvalue
problem with periodic boundary conditions; see Coddington and Levinson [8, Chapter 8],
Courant-Hilbert [9, Chapter V, §3,3]. For specific values of A, called eigenvalues, the problem
(4.1) has a non-trivial solution Y () # 0, which is the corresponding eigenfunction.

We observe that the ¢-Lamé equation remains invariant when ¢ is replaced by 7 + ¢ or by
7 — ¢. On the basis of this property we reduce the original problem (4.1) to four separate
Sturm-Liouville problems with four classes of eigenvalues and eigenfunctions. Let Y{(¢) be an

eigenfunction of (4.1) corresponding to the eigenvalue A. Then also the function Z(¢) defined
by

(42) Z(d)=Y(¢+7), 0<¢p<7; Z(P)=Y(¢p~7), n<¢p<2m
is an eigenfunction at the eigenvalue A. We now introduce the combinations
(43)  Zu(d)=Y(d) + Z(4), Z2(¢)=Y(¢)~ Z(9),

which cannot both vanish, since Y(¢) # 0. Obviously, if Z;(¢) # 0, then Z;(4) is an eigen-

function of (4.1) corresponding to the eigenvalue A. Because of the properties
(44)  Zu(d) = Za(r +¢), Z2(¢) = ~Za(m + ¢),

the function Z(¢) is periodic with period 7, whereas Z5(¢) is called half-periodic with half-
period m (Z3(¢) is also periodic but with period 27). Thus the eigenfunctions of (4.1) are

either periodic or half-periodic.
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Next, let Y(¢) be a periodic or half-periodic eigenfunction of (4.1) corresponding to the

eigenvalue A\. Then also the functions

(45)  Za(®)=Y(9)+Y(r-¢), Z(B)=Y($)-Y(r—9), 0S o<,

are eigenfunctions at the eigenvalue A, provided Z;(¢) # 0. Because of the properties
(4.6)  Z3(¢) = Zs(r — @), Zs(¢) = ~Za(r—¢), 0P <,

the functions Z3(¢) and Z4(¢) are called even symmetric and odd symmetric, respectively.
Thus the eigenfunctions of (4.1) are either even or odd symmetric.

We may now restrict our search for eigenfunctions to the four classes of periodic/half-periodic,
even/odd eigenfunctions. Further, it is sufficient to consider the ¢-Lamé equation on the
interval 0 < ¢ < 7/2 with boundary conditions at ¢ = 0 and ¢ = 7/2. Then the eigen-
function obtained is extended to the complete interval [0,2r] by even/odd symmetry and
periodicity /half-periodicity. Thus the four classes of eigenvalues and eigenfunctions are de-

termined as solutions of the ¢-Lamé equation

_ 2 .02
@7)  (J1-ksintgyry AT VRTINS o oo g <2,
\/l—k”sinng

subject to the following boundary conditions:

ClassI.  Y'(0)=Y'(n/2)=0,

Y(¢)=Y(r+¢)=Y(n — ¢),i.e. Y(¢) is periodic, even symmetric.
ClassII.  Y/(0)=Y(n/2) =0,

Y(¢) = -Y(x + ¢) = ~Y (7 — ), i.e. Y(¢) is half-periodic, odd symmetric.
Class III. Y(0)=Y(x/2)=0,

Y(¢)=Y(r + ¢) = =Y (7 — ¢), i.e. Y(&) is periodic, odd symmetric.
Class IV. Y(0)=Y'(x/2)=0,

Y(¢)= =Y (r +¢) = Y(r — ¢), i.e. Y(¢) is half-periodic, even symmetric.

The eigenvalue problems of classes I-IV are regular Sturm-Liouville eigenvalue problems.
From Coddington and Levinson [8, p. 212, Thm. 2.1] we quote the following theorem on the

eigenvalues and corresponding eigenfunctions.
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THEOREM 4.1. A regular Sturm-Liouville eigenvalue problem defined on the interval [a, ],
admits an infinite number of simple eigenvalues Ag, A1, Az, ... forming a monotonic increasing
sequence with A, — oo as n — 0o. Moreover, the eigenfunction corresponding to A, has

exactly n zeros on (a,b).

Accordingly, the original Sturm-Liouville problem (4.1) admits four infinite sequences of
eigenvalues with corresponding eigenfunctions that are called (periodic) Lamé functions.
These Lamé functions can be represented by Fourier series which involve either cosines or sines
of either even or odd multiples of ¢, in accordance with the eigenfunction being periodic/half-

periodic and even/odd symmetric. We now introduce the following notations adopted from

Jansen [14, p. 48].

Class L. Y(¢) = Y(r + ¢) = Y(x — ), i.e. Y(¢) is periodic, even symmetric.
The eigenvalues are denoted by A2™, m = 0,1,2,..., and the corresponding Lamé function is

represented by the Fourier series
(4.8) Lg,z,m)(qb) = ZA(;"') cos(2r¢), m=0,1,2,..
re=Q
The function L& )(c;b) has exactly m zeros on (0,7/2).
Class Il Y(¢) = =Y(7 + ¢) = =Y (r — ¢), i.e. Y(¢) is half-periodic, odd symmetric.
The eigenvalues are denoted by A2+ m = 0,1,2,..., and the corresponding Lamé function

is represented by the Fourier series
o0
49)  LE™N(¢) = AP cos((2r + 1)4), m=0,1,2,....
*=0
The function Lgmﬂ)(q’)) has exactly m zeros on (0,7/2).
Class IIL. Y(¢) = Y (7 + ¢) = =Y (7 — ¢), i.e. Y(¢) is periodic, odd symmetric.

The eigenvalues are denoted by A\2™, m = 1,2,3,..., and the corresponding Lamé function is

represented by the Fourier series

(4.10) L(zm)(é) ZB(zm) sin(2r¢), m=1,2,3,....

r=1

The function L(zm)(gb) has exactly m — 1 zeros on (0,7/2).
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Class IV. Y (¢) = =Y (7 + ¢) = Y(7 — ¢), i.e. Y (&) is half-periodic, even symmetric.
The eigenvalues are denoted by A2™*! m =0,1,2,..., and the corresponding Lamé function

is represented by the Fourier series

(>4

(4.11)  LE™(g) = SBE M sin((2r + 1)¢), m=0,1,2,....

r=0

The function LS,Z,'"H)(qS) has exactly m zeros on (0,7/2).

REMARK. In view of the even/odd symmetry of the Lamé functions, the results on the

number of zeros may be combined to:

the functions Lg,")(qﬁ) and Lg’:)(qS) have exactly m zeros on the interval 0 < ¢ < 7.

We now determine the mutual ordering of the eigenvalues of classes I-IV by use of the in-
terlacing properties established in Appendix A; see Lemmas A.1 and A.2. The interlacing
property holds for the eigenvalues of classes I and II, of classes I and IV, of classes II and III,
and of classes III and IV, since the underlying eigenvalue problems differ in just one boundary
condition. The interlacing property does not apply to the eigenvalues of classes I and III,
and of classes II and IV, because the eigenvalue problems differ in both boundary conditions.

Thus we find the following ordering of the eigenvalues AT and AJL:

)\1 ,\2 m ,\m+1
(412) 0<A < ¥ <« T << ¥ &

N AL o aa

where the inequality 0 < A2 results from (3.21). In (4.12), the writing of two eigenvalues on
top of each other indicates that their mutual ordering is not known. We shall come back to

this point at the end of this section.

In the special case k' = 0 the eigenvalue problems can be explicitly solved and the eigenvalues

and eigenfunctions are found to be

2, =0, LP@=1,
(413)  am=m?, L§(4) = cos(me), m=1,2,3,...
Ap =m?, L.(c?)(¢) = sin(m¢), m=1,2,3,....

Notice that AT, = AT} in this case.
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lenceforth the case &' = 0 is ignored in this section, so that 0 < &’ < 1. We shall now
determine the coefficients in the Fourier series (4.8)-(4.11) for the periodic Lamé functions.
To that end we substitute the Fourier series into the ¢-Lamé equation (3.16). By collecting
corresponding terms it is found that the coefficients must satisfy the following recurrence

relations quoted from Jansen [14, p. 49]:

(4.142) (a0 — A)ATP™ + c0Al™ =0,

(4.14b) bz 3 AQ™) + (aze — A)AE™ 4 €0, APT) =0, 7=1,2,3,...;
(4.152) (a1 — Jv(v+ 1)k? - A)Agzm“) + clAgzmH) =0,

(4.15b) bg,--}Agle) + (a2r+1 - A)Ag.':;-l} + Cg,+1A§31_:;-1) = 0 r= 1,2, 3, .

(4.16a) (a2 ~ A)BP™ + e, BY™ =,
(4‘16b) éZr—ZBngg + (a2r A)B(zm) + CZngfT% = 07 r= 233’45 ey
(4.17a) (a1 + %r/(v + l)k’z - A)B§2m+l) + CIB:(:m-{»l) =0

(4.17b) bz,_lBngfl) + (a2,+1 — A)Bgzzri) + 62,+13§3+;1) = 0 r= 1, 2,3,

here we introduced the notations
A=X-Lv(v+ 1)k2,
=r1- 1), r=0,1,2,...,
(4.18) (1=32%)
b = -—%V(V + 1)&’2, b, = -%(V - T) (V+ T+ l)ka, r=123,..,

“Hy-r=1)(v+r+2)k? r=0,1,2,...

The four sets of equations (4.14)-(4.17) have the same structure. Fach set consists of an initial

two-term relation (suffix a) and a homogeneous three-term recurrence relation (suffix b) of

the form
(4.192) (e — A)go + copn = 0,

(4.19b) Biye—1 + (a7 = A + Spy1 =0, 7=1,2,3,...
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We recall some results from the asymptotic theory of linear second-order difference equations;
see Gautschi [11, Sec. 2]. From (4.18) it is readily found that

r—A k? *
(420) Lim A _ER) B

r—co cr 1~k2 ’ re ek

=1.

These limits enter as coefficients into the characteristic polynomial

2(1+ k%)

i — 42
(421) @) =1+ = —3

t+1
associated with (4.19b), and ®(¢t) has zeros t; = —(1 — k)/(1+ k) and t2 = —(1 +k)/(1 - k)
with |#1] < |tz]. Then according to Perron’s theorem [11, p. 34, Thm. 2.2] the recurrence

relation (4.19b) has two linearly independent solutions {y,(-l)} and {y,(.z)}, such that

(1) (2
o o Yeyr o, -k oy 14k
(4.22)  lim m =h=-1rp Jim §O) =te= -y -

The sequence {y,(.l)} is a minimal solution and the sequence {y,(.z)} is a dominant solution of
(4.19b). Since |t;] < 1 and |t5] > 1, it is obvious that ysl) ~— 0 and ]y,(.z)| —> 00 a8 T — 0.
The elements y, stand for coefficients in Fourier series, which implies that y, — 0 as r — oo.
Consequently, the dominant solution {g,(.g)} is not admissible and the solution {y,} of (4.19b)
is proportional to the minimal solution {y,(.l)} DY = ay,(.l) . In addition, this solution must

satisfy the initial relation (4.19a) which leads to
(423) (a3~ 0" + 5 = 0.

The latter equation is to be considered as a transcendental equation in A, which determines
the eigenvalues A of the ¢-Lamé equation. The sequences of Fourier coefficients, {A(;m)},
{A(z?:fl)}, {B&f’“)} and {Bgi’:fl)}, are proportional to the minimal solution {g;,(.l)} of the
pertaining recurrence relation. Then it is found from (4.22) that

(2m) (2m+1) (2m) (2m+1})
(4.24)  lim =Z*2 = fim Awss o Baer oy Bangs - 12K

free = = Iim == - .
R G T R e T o ) = e = T
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By means of these limit results it follows that the Fourier series (4.8)-(4.11) and their deriva-

tives are uniformly convergent on the interval [0,2r]. Thus the periodic Lamé functions

L'(;L“)((é) and LSZ')(QS) have been determined as regular solutions of the ¢-Lamé equation

(3.16).

In practice, the eigenvalues

Am

oy

Am and the Lamé functions L&M(¢), L{™(¢) are calculated

by the following procedure. The four sets of equations (4.14)-(4.17) are rewritten in matrix

notation as

ap cp AP™
bo as Co Ag2m)
(4.25) . = A
bZr-—fz Aoy Czy A(zfm)
L J L
[ a; — %V(V + 1)’{2'2 1
b1 ag C3
(4.26)
bar—1 @2r41 C2ra
az ¢ ngm) W
bz a4 Cq B£2m)
(4.27) : =A
b2r—2 G2y C2p B;(»Em)
o+ (v + 1DE? o
by a3 €3
(4.28)
bar-1 Garp1 Corga

Agﬂm) i
A(;m)

2m
A5

Ag2m+1)

2m+1
Agr+i+ )

B§2m+1)

(2m+1)
By 1

[ (2m+1) T
A1)

B£2m+1) i

_ 1)
Agz+)

Agzmﬂ)

{(2m+1)
A2r+1

2m ]
B§ +l)

B§2m+1)

Byt
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where a,,b,,¢,, 7 = 0,1,2,... are given by (4.18). The problems (4.25)-(4.28) are recognized
as eigenvalue problems for infinite tridiagonal matrices, with eigenvalues A = A—1v(v +1)k"
and eigenvectors formed by the sequences of Fourier coefficients, {Agim)}, {Ag’:;’ 1)} {B(zm)}
and { Bng;‘ 3‘)} To numerically determine the eigenvalues and corresponding eigenvectors, we
truncate the infinite matrix to a finite (N X N )-matrix with N sufficiently large, whereupon a
standard numerical procedure for tridiagonal matrices is employed. It turns out that a choice
of N = 25 yields accurate results for the first few eigenvalues and eigenvectors.

The periodic Lamé functions LE?)(QS) and LE?)(QS) introduced in this section are uniquely
determined except for a multiplicative constant. Following Jansen [14, p. 52], one may

normalize the Lamé functions by the conditions
1 2%
(4.29) / (L)1 de = = [ @)1dg =1,
0

(4.30) L&M0) >0, L&0)>0.

Furthermore, the Lamé functions A% (¢) =0,1,2,...,and L(m)(c;b), m=123,..,forma

complete orthogonal system on [0, 27] with respect to the inner product

27
(4.31) (u,v):/Mdé;
5 V1—k?2sin?¢

cf. Courant-Hilbert [9, Chapter V, §3,3].

Finally we present some additional results on the eigenvalues AT, A7,, taken from

Van Vught [24].

PROPOSITION 4.1. For 0 < k' < 1 and non-integral v > 0, one has
(4.32) AT £AT m=1,23,..;

for 0 < k' < 1 and integral v > 0, one has

(4.33) mFE AL, m=12,..,0 AL =An, m=v+1l, v+2,..
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For the proof of this proposition see Van Vught [24, pp. 33,85, Lemmas 4.1, 6.3]. The same
results have been found before by Ince [13, §5] in his discussion of the so-called coexistence

question.

PROPOSITION 4.2.

(3043~ 3mm (~3v —
22m=3((m — 1)!)2

valid for k' 1 0, m = 1,2,3,....

1
(434) X5 - = 2 oy 4 O((k'YIm42),

In (4.34) we use as a short notation Pochhammer’s symbol (@), defined by
(4.35) (a)o:=1, (a)m:=cala+1)---(a+m-1), m=1,23,...

The result (4.34) can be derived by a perturbation analysis for small ¥, based on expansion
of the eigenvalues and of the Lamé functions in power-series in powers of k’. The leading
terms of these expansions are given by (4.13). For the details of the analysis we refer to Van
Vught [24, p. 28-32].

Since A and A%, are continuous functions of k' for 0 < k' < 1, Proposition 4.1 implies that

sgn(A7 — A7.) is constant and independent of k', Thus we may determine sgn(AZ, — Aj.) by

means of Proposition 4.2.

PROPOSITION 4.3. For 0 < k' < 1 and v > 0, one has

(_})m’ m=1,2,...,N,
(4.36) sgn(AD - A1) =

(-1)¥, m=N+1,N+2,.., if v is non-integral,
where the integer N is determined by N -1 < v < N,ie. N = [v].

By means of this proposition we now complete the ordering of the eigenvalues in (4.12).
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PROPOSITION 4.4, For 0 < k' < 1 and v > 0, we have the following ordering of the

eigenvalues A7}, and AT}:

AN, Neven,
(437) 0<AL, <Al <A, < XE <X < <<
)sﬁ,, Nodd,

where N = [v].

PROPOSITION 4.5. In case k' = 1, the eigenvalue problem for the ¢-Lamé equation with
periodic boundary conditions has a finite number of eigenvalues

AZm = A = (dm+ Ly — 4m?, m=0,1,..,[3N - 3],
(4.38)

A2t = AImA2 = (4m + 3 - (Zm+ 1), m=0,1,..,[3N 1],

where N = [v], and a continuous spectrum v(v + 1) < A < o0.

In the degenerate case k' = 1 the eigenvalue problem (4.1) can be reduced to a singular
Sturm-Liouville eigenvalue problem on the interval [0,00). Proposition 4.5 has been proved
by Van Vught [24, p. 34-37] and by Ince [12, §9], however, Ince did not notice the occurrence

of a continuous spectrum.
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5. Analysis of the §-Lamé equation

This section deals with the solution of the #-Lamé equation

(5.1)  V1~k?cos?d -5% (\/1 — k% cos? 8 %) + (v +1)(1 - k*cos?8) - )X =0, 0<8< by,

quoted from (3.15). In this equation, v > 0is given while A = ATt or A = AJ}, as determined in

the previous section. At § = fg, the function X () must satisfy either the Dirichlet boundary

condition or the Neumann boundary condition (cf. (3.18))
(5.2) X(6)=0 or X'(6)=0.

At 8 = 0, we have for X(8) the boundary condition

(53)  X'0)=0 or X(0)=0,

dependent on the function Y (¢) being even symmetric or odd symmetric; see (3.20).
Corresponding to the four classes of periodic Lamé functions, we distinguish also four classes
of solutions X () of the -Lamé equation. These solutions are called non-periodic Lamé

functions and we employ the following notations adopted from Jansen [14, p. 58].

Class L. Y(¢) = Lgf")(qb), m =0,1,2, ..., is even symmetric;

hence, X(#) must satisly (5.1) with A = A2™ and the boundary condition X'(0) = 0.
The solution is denoted by X(8) = L&™(8), m=10,1,2,....

Class I Y(8) = &™) (¢), m =0,1,2,...,is odd symmetric;

hence, X(8) must satisfy (5.1) with A = A2™+! and the boundary condition X(0) = 0.
The solution is denoted by X(8) = LZm*1)(6), m=0,1,2,...

Class IIL Y(¢) = L.ﬁm)(qﬁ), m=1,2,3,...,is odd symmetric;

hence, X(8) must satisfy (5.1) with A = A2™ and the boundary condition X(0) = 0.
The solution is denoted by X(8) = Lgf,:,"}(é’), m=1,2,3, ...

Class IV. Y(¢) = Lﬁmﬂ)(d)), m=10,1,2,...,is even symmetric;

hence, X(0) must satisfy (5.1) with A = A2™+! and the boundary condition X’(0) = 0.
The solution is denoted by X(8) = Lg,ﬁ'“)(()), m=0,1,2,...
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Notice that the non-periodic Lamé functions L,(,;,'L) (8), LE’;?(G) are uniquely determined except
for a multiplicative constant. Since there is no generally accepted normalization, we leave
these constants undetermined and we suppress constant factors in further relations involving

non-periodic Lamé functions.

To evaluate the non-periodic Lamé functions, we follow the approach of Jansen [14, p. 54-
58] which is briefly described for the Lamé functions of class I. Let k = 1, then AZ™ = 4m?
by (4.13), and the #-Lamé equation (5.1) reduces to Legendre’s differential equation. The
solution of class I is given by the Legendre function of the first kind, P2™(cos §). Generally,

for 0 < k < 1, the Lamé function of class I is represented by a series of Legendre functions,
viz,
(5.4) L&M(6) = Z ™ p2r(cos 6), m=0,1,2,..,

r=0
which is substituted into (5.1). By collecting corresponding terms one is led to a set of linear
equations for the coefficients C( ™). These equations transform into the recurrence relations

(4.14) for the coefficients A( ™) , by the substitution
(5.5)  CP™ = (~1)T(2r)Al2™),

provided that T'(2r) satisfies

T(2r)
(v-2r)v+2r+1)

The solution of (5.6) is readily found to be

r=10,1,2,....

TGv+1-r) T(3v+3)

G0 T =2y T T 1)

T(0), r=0,1,2,...

in which the final constant factors may be suppressed. This completes the evaluation of
Lgf,ﬁ‘)(t?) and the remaining Lamé functions are determined in a similar manner.

From Jansen [14, p. 58] we quote the following results for the non-periodic Lamé functions

of classes I-1V:

(5.8) L&) Z( 1) T(2r)AL™ P (cos 8), m =0,1,2,...,
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(5.9)  L&TT(8) = Y (-1 T(2r + DALV P (cos §), m=0,1,2,...

r=0
1 - k2 2 oo
(5.10) LZM(6) = —l“s-ﬁ»,;—"giiZ("‘1)'(2’”)1“(2?')32(3"‘)1’3’(“03 9), m=1,2,3,..,
r=1
V1 - k2 2 hod
(5.11) 18 0(0) = Yo 0 S ayar 4 1)T(or + 1) BE ORI cos ), m=0,1,2,..
r=0

where

I(v+1-3rn)

5.12 T(ry=2"" —f %~
(5.12)  T(r) I'(iv+3i+1r)

r=0,1,2,...

Notice the slight change in notation: Jansen’s T'(2r), T(2r + 1) [14, p. 58] have been replaced
by (=1)" T(2r), (=1)" T(2r + 1). It is observed that the same coefficients A(,im), 4(231': l),
Bgim) and Bgf':f' 1) appear in the expansions (5.8)-(5.11) and in the Fourier series (4.8)-(4.11).
Thus, both the non-periodic Lamé functions and the periodic Lamé functions of classes I-1V
are expressible in terms of four sequences of coefficients, one sequence for each class. It is
recalled that these sequences of coefficients can be numerically determined as eigenvectors
of the tridiagonal matrices in (4.25)-(4.28). The expression (5.12) for T(r) becomes singular
if v > 0is an integer and r = v 4+ 25, j = 1,2,3,.... Fortunately, this singularity is not
serious because for integral v > 0 the series-expansions (5.8)-(5.11) terminate at r = [$¢] or

= [%u] — 1, and the Lamé functions reduce to Lamé polynomials; for details see Van Vught

(14, p. 89-91].

By means of (4.24) and the asymptotic expansion [14, p. 66, Lemma 3.18]

(513) B(e)= ?gf:g G;i)” [1+o(-})], r—oo, ~l<z<1,

we establish the following limit result for the ratio of successive terms of the series (5.8):

(5.14) lim (=1 T(2r + 2) AT PP +2(cos ) 1-k 1—cosf
T (—1)T(2r)ALS™ P2r(cos 6) 1+k 1+cosf°
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The same limit is obtained for the ratio of successive terms of the series (5.9)-(5.11). By means
of (5.14) it follows that the series (5.8)-(5.11) are convergent if cos § > —k. Furthermore,
the four series and their derivatives are uniformly convergent on any closed interval [0, 8]
with #; < arccos(—k). Thus the non-periodic Lamé functions L.(:;L) (6) and Lg';.}(&) have been

determined as regular solutions of the #-Lamé equation (5.1) on the interval [0, arccos(—k)).

Alternative series-expansions for non-periodic Lamé functions, in terms of Legendre func-
tions of argument k cos 8, can be derived by use of suitable integral transformations which
transform periodic Lamé functions into non-periodic Lamé functions. Referring to Jansen
[14, Chapter 7] and Van Vught [24, p. 49-56] for the details of the derivation, we present the

following results for the non-periodic Lamé functions of classes I-1V:

(5.15) LG =S T(2r)AZ™ P (k cos 8), m =0,1,2,...,

r=0
(2m+1), 4y sin @ - (2m+1) p2r41 =
(5.16) Lepw (9)-—————-—mm§(2r+ 1) T(2r+ 1)A3, 7 P (kcos 8), m=0,1,2,...
. iné ot
517)  LEM(0) = ——20 5" 27 T(2r)BE™ P2 (k cos 8), m = 1,2,3,...,
(611) 150 = s S o TOn B (k cos )

(5.18) LGr(0) =S T(2r + DBETTVPEH(k cos §), m =0,1,2,...,

r=0

where T(r) is given by (5.12). Notice again the occurrence of the same coefficients A(zf.m),

Ag’::’ ), Bgﬁm) and Bgf':f 1), in the expansions (5.15)-(5.18),in the Fourier series (4.8)-(4.11),
and in the previous expansions (5.8)-(5.11). By means of (4.24) and the asymptotic expansion
(5.13), we establish the following limit result for the ratio of successive terms of the series

(5.15):

T+ 2)A£i':%?3'+2(k cos8)  (1-k)(1—kcos )
(56.19) lim : - .
T P(2r) AR P (k cos 6) (14 k) (14 k cos )

'y
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The same limit is obtained in the cases of the series (5.16)-(5.18). From (5.19) it readily
follows that the series (5.15)-(5.18) and their derivatives are uniformly convergent on any
closed interval [0,6,] with 8; < 7. Thus the non-periodic Lamé functions have now been
determined as regular solutions of the §-Lamé equation on the interval [0, 7), which encloses
the previous interval [0, arccos(—k)).

Finally, it is recalled that in the special case k = 1, all non-periodic Lamé functions reduce

to Legendre functions of the first kind, viz.

(5.20) LEL(6) = P.(cos 8), LEN6) = L{M(8) = Pr(cos 8), m =1,2,3,..., (k=1).

The non-periodic Lamé functions as introduced in this section must satisfy the Dirichlet or
Neumann boundary conditions (5.2). When imposed on the functions L,(_;L) (8), Lg;‘;}((?), m=

(0),1,2,..., we are led to the equations

(5.21) Lgﬁ)(@o) =0, S;f‘,)(ﬂo) = (Dirichlet boundary condition)
or

d

—fm) - L{m) g s
(5.22) dchp,,(Q) ‘a:&, , ,?,,( ) !8 0 =0, (Neumann boundary condition)

which should be considered as transcendental equations in the parameter ». In the next
section it is shown that the equations (5.21) and (5.22) have an infinite number of positive

roots. The v-roots of the equations (5.21) are denoted by ve®, v, n = 1,2,3, ..., ordered

by ascending magnitude, i.e.
(5.23) O<wel <veP <wef < .., O0<usP <wsp <wsy <...

The v-roots of the equations (5.22) are denoted by vc?, vsit, n = 1,2,3,..., ordered by

ascending magnitude, i.e.
(5.24) OL I < PP < DT < ..y 0< PSP < PSP < UST < ..

Here, vel* > 0 for m = 1,2,3, ..., while #c? = 0 because of L ,,(0) = constant for v = 0.

In the special case k = 1, we derive from (5.20) the transcendental equations
(5.25) P[*(cos 6p) =0, (Dirichlet boundary condition)

d
(5.26) 7 P (cos 6) l =0, (Neumann boundary condition)
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which are known to have an infinite number of positive roots; see Robin [19, Chap. VIII,
§§131-137]. The v-roots of the equations (5.25), (5.26) are denoted by v, ¥, n = 1,2,3,...,

+ ¥ n ¥

ordered by ascending magnitude, i.e.
(5.27) O< WP <P <P <.y, O0LKIP <P <IP < .

Here, #{* > 0 for m = 1,2,3, ..., while #? = 0 because of P,(cosf) = 1 for v = 0. It is clear

that for k = 1 one has

(5.28) wep =vsp=vl, vr=vst =", (k=1).

With the parameter v determined from the equations (5.21) or (5.22), we return to the
eigenvalue problem (3.8) which can be completely solved now. In the case of the Dirichlet

boundary condition (w = 0 at the elliptic cone 8D), the eigenvalues p and eigenfunctions

w(8, ¢) are found to be

;

w=wv+1),
(5.29) < v=vc®, m=0,12,.., n=123..,
- w6,9)= I§XOLE9),
p=v(v+1),
(5.30) < v=vs®, m=1,23,., n=12.3,...
| w(6,¢) = LEXO)LE(9),

In the case of the Neumann boundary condition (dw/88 = 0 at the elliptic cone 9D), the

eigenvalues p and eigenfunctions w(f, @) are found to be

'3

p=v(v+1),
(6.31) < v=rpoc® m=0,1,2,.., n=1,23,..,
| w(6,6) = ZEO)LE (9),
[ p=vv+1),
(5.32) ¢ v=0s", m=123,.., n=123,...
| w(8,0)= LGHOLE(9),
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To i#¢? = 0, there corresponds the smallest eigenvalue g = 0 with associated eigenfunction
wo(d, #) = constant; see the Remark following Theorem 3.1.
In the special case k = 1, the conical boundary 8D as described by (3.1), becomes a circular

cone. Then by means of (4.13) and (5.20) the results for the eigenvalues u and eigenfunctions

w(0, ¢) specialize to

[ w=vlv+1), v=v", m=0,1,2,..., n=12.3,..,
(5.33) < ()
s(m .
w(f,¢) = P*(cos ) € , (Dirichlet boundary condition) ;
sin{m¢)
[ p=v(v+1), v=i" m=012,., n=123,..,
(5.34) |
cos(me) .
w(f, ) = P*(cos 6) , (Neumann boundary condition) .

Notice that for m = 1,2,3,..., each eigenvalue is associated with two linearly independent
eigenfunctions. To ¢ = 0, there corresponds the smallest eigenvalue yio = 0 with associated

eigenfunction wo(6, ¢) = constant.

For integral v > 0, both the periodic and the non-periodic Lamé functions reduce to Lamé
polynomials. Referring to Van Vught [24, p. 89-92] for the details of the derivation, we

present the following results for the non-periodic Lamé functions:

(i)}}:ﬂ’

(5.35) ng?o((?) = constant;

(ilv=2n+1, n=0,1,2,..,

Lgtgf),ﬂ(é) = cos 0 Pol,(cos?8), m =0,1,...,n,

L4 (8) = sin 6 Poly(cos?6), m =0,1,...,n,
(5.36)

Lﬁf,t;,)‘ﬂ(ﬁ) = sin # cos § V1 — k% cos? # Pol,_1(cos?8), m =1,2,...,n,

Lg’::ﬂ(&) = V1 — k% cos? 8 Pol,(cos?8), m =0,1,...,n;
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(liy)r=2n42, n=0,1,2,...,
ﬂ:’g};—pz(@) Pol,t1(cos?8), m =0,1,...,n+1,

L(%;:_:)z(ﬂ) = sin 6 cos 8 Pol,(cos?8), m =0,1,...,n,
(5.37)

Lgf,t;iu(t?) = sin § v/1 - k%cos? @ Pol,(cos?6), m=1,2,...,n+1,

L(z';,ﬁ)z(ﬂ = cos 8 V1 — k? cos? 8 Pol,(cos?8), m =0,1,...,n.

Here the notation Pol,(z) stands for a polynomial in z of degree n. It can easily be verified
that the Lamé functions (5.36), (5.37) agree with the eight types of Lamé polynomials intro-
duced by Arscott [1, §§9.2, 9.3].
By means of the representations (5.36), (5.37), the v-roots of equations (5.21) and (5.22),
which of course depend on 8, can be explicitly determined in the two cases 8y = 7/2 and
6o = 7. First we observe that the functions Lg,'},) (8) and LE;L)(G), as given by (5.36) and (5.37),
are even (odd) with respect to # = 7/2, if the integers » and m have the same (different)
parities. From this symmetry it follows that

Le)x/2) = LG x/2)=0 if v=m42m~-1, n=1,2,3,..;
(5.38)

L3 L8 )l

dg e (m)(O)i =0 if v=m+2n-2, n=1,2,3,.

o= 1r/2 O=x/2

Consequently, for 8 = 7/2 the v-roots of (5.21) and (5.22) are given by

veg =vsp =m+2n -1,
(5.39) m=0,1,2,..., n=1,23,.., (6=rn/2).

WIS ;. D ; S
vep =vspt =m+2n—2

By setting 8y = 7/2 in (3.1), the domain D is recognized to be the half-space z > 0. Then the
results (5.39) may also be found by solution of the Helmholtz equation in D, using separation
of variables in spherical coordinates.

Secondly, it is obvious from (5.36) and (5.37) that the Lamé functions of classes II and Il

and the derivatives of the Lamé functions of classes I and IV vanish at § = 7, that is
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Lgyﬂ)(“) =0 il v=2m4n; S:T)(?r) =0 if v=2m+n-1;
(5.40)
m — 2m+1 - H — .
—g quw)(g) 1 =0 if v=2m+n-1; 7 ng )(6) le__.’ 0 if v=2m+mn

where n = 1,2,3,.... Thus for g = 7 we have the following partial results for the v-roots of
(5.21) and (5.22):

ve2™ = 2m 4 n, ve¥m =2m+n-—1,
(5.41) m=0,1,2.., n=123,.., (fo=r7).

=2m+n—-1, ps2™t =2m 4 n,

In the special case k = 1, the v-roots coalesce by (5.28) and the explicit values in (5.39) and
(5.41) pass into

mE=m42n-1, it =m42n-2, (6p=7/2)
(5.42) m=0,1,2,.., n=1,2,3,....

w=m+n-1, i =m+n—-1, (6 =)



36

6. Transcendental equations for the parameter v

In this section it is shown that the transcendental equations (5.21) and (5.22) have an infinite
number of positive v-roots. The main idea in the analysis is to treat the eigenvalue problem
(4.1) for the ¢-Lamé equation and the eigenvalue problem for the #-Lamé equation (5.1) with
boundary conditions (5.2)-(5.3), as two separate Sturm-Liouville eigenvalue problems. Both
problems admit an infinite number of eigenvalues which depend on the parameter v. Next we
require the mth eigenvalue of the ¢-Lamé equation to be equal to the nth eigenvalue of the
6-Lamé equation, where m,n = 1,2,3,... . The transcendental equations for the parameter
v, thus obtained, are equivalent to the equations (5.21) and (5.22).

In the Lamé equations we replace the eigenvalue parameter A by y, where A and u 1) are

related by
(6.1) A=p+vv+1)k?% p=A-vv+1)k?

As a result, the ¢-Lamé equation (4.7) and the 8-Lamé equation (5.1) change into

d - Yy v(v+ 1)k cos? ¢ + p
2y 2 (Ji-krsinzg 2 - 2,
(6.2) dq&( 1-k 81n¢d¢)+ Y=0 0<¢p<n/

/1 - k?2sin? ¢

d dX\ v(v+ 1)k?sin?8 - p
.3 — | V1= kZcos? —) =0, 0<8<by.
(6.3) ( 1~ k%Zcos?d 7 + T X o

Furthermore, it is found from (6.1) and the inequality (3.21) that the relevant eigenvalues p
lie in the interval
(6.4) —vr+DE?<pu<vv+Dk? if v>0,0<k' <1.

Consider first the eigenvalue problem for the ¢-Lamé equation (6.2). As shown in Sec. 4,
there exist four classes of eigenvalues and eigenfunctions which are determined as solutions

of equation (6.2), subject to the following boundary conditions:

1) The present parameter u should not be confused with the separation constant p

introduced in (3.6).
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Class 1. Y'(0) = Y'(n/2) = 0, (Y(¢) periodic, even symmetric).
Class II.  Y'(0) = Y(n/2) = 0, (Y(¢) half-periodic, odd symmectric).
Class III.  Y(0) = Y(n/2) =0, (Y(¢) periodic, odd symmetric).
Class IV. Y(0) =Y'(n/2) =0, (Y(¢) half-periodic, even symmetric).

The corresponding u-eigenvalues are denoted by uP, ufy, 4T, 6y, m = 1,2,3,... , where
the subscript refers to the pertaining class. In view of (6.1), the y-eigenvalues are related to

the previous eigenvalues AT, AT, by

PP = N - u(v + DR, pgp = AT - w(v + 1)R%,
(6.5)

WP = N = (v + DR, Ry = A2 - (v + DR,

The ordering of the u-eigenvalues is now readily found from Proposition 4.4, cf. (4.37); for
0< k' <1and v > 0, one has
—v(v + )k < p} < plp < ply < s

(6.6) ‘L‘I;'/2+1

<pi<pl<pdly <pdp< .. <

, N even,

N2 N odd
where N = [v].
Consider next the eigenvalue problem for the #-Lamé equation (6.3) with boundary condi-
tions (5.2)-(5.3). There exist again four classes of eigenvalues and eigenfunctions which are

determined as solutions of equation (6.3), subject to the following boundary conditions chosen

from (5.2) and (5.3):

Class A.  X(0)= X(6) =0, (odd Dirichlet problem),
Class B. X'(0) = X(#p) =0, (even Dirichlet problem).
Class C. X(0)= X'(6)=0, (odd Neumann problem).

Class D. X'(0) = X'(6p) =0, (even Neumann problem).
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Here, the terminology odd/even Dirichlet/Neumann problem refers to the boundary condi-
tions imposed at § = 0 and § = ;. More specific, the problem is called odd (even) in the
case of a boundary condition X(0) = 0 (X'(0) = 0) , which applies if the function Y(¢) is
odd (even) symmetric; see (3.20). Thus the eigenvalue problems of classes A and C (B and
D) for the §-Lamé equation are coupled to the eigenvalue problems of classes II and I (I
and IV) for the ¢-Lamé equation.

The eigenvalue problems of classes A-D are regular Sturm-Liouville eigenvalue problems
for the #-Lamé equation (6.3) with eigenvalue parameter —u. According to Theorem
4.1, the eigenvalue problems admit an infinite number of simple eigenvalues denoted by
Wa, UE, HE, #h, n = 1,2,3,.., where the subscript refers to the pertaining class. The
eigenvalues u?, j = A, B,C, D, form a monotonic decreasing sequence with p7 — —oo as
n —» 00.

The mutual ordering of the eigenvalues of classes A-D is determined by use of the interlacing
properties established in Appendix A; see Lemmas A.1 and A.2. The interlacing property
holds for the eigenvalues of classes A and B, of classes A and C, of classes B and D, and
of classes C and D, since the underlying eigenvalue problems differ in just one boundary

condition. Thus we are led to the following inequalities for the eigenvalues p7:
1
(6.7) g >G> uE", wg > ul > uet, up > up > upt, wp > e > up,

where n = 1,2,3, ...

We now examine the dependence of the eigenvalues p*, ¢ = I, II,II1,IV, and p?, 5 =
A,B,C, D, on the parameter v, It will be shown that p* is a decreasing function of » with
pt — —oo as ¥ — 00, whereas u7 is an increasing function of v with p? — co asv — oo. The
proof uses the maximum-minimum property of eigenvalues, also called Courant’s maximum-

minimum principle; see Courant-Hilbert [9, Chapter VI, §1,4].
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Consider first the eigenvalue problems of classes I-IV for the ¢-Lamé equation (6.2). In view

of the boundary conditions of the four classes we introduce the function spaces

S; = PC[0,7/2], Sir = {Y € PC'[0,7/2]| Y(x/2) = 0},
(6.8)

Sar={Y ¢ PCI[O,?T/Q] |Y(0)=Y(x/2)=0}, Siv= {Y e PC”O,?I‘/?] | Y(0) = 0},

of functions Y (¢) defined for 0 < ¢ < n/2. Here, PC[0, 7 /2] denotes the space of continuous
functions on [0, /2] which possess a piecewise continuous first derivative. Associated with the
#-Lamé equation (6.2), we introduce the quadratic functional Dg[Y] and the inner product
Hylv,w], defined by

/2 x/2
- dY\? cos? ¢
(6.9) Dy[Y]= [ V1-k?sin?¢ =) dp —v(v+1)k? | ——===Y2(¢)ds,
¢ of (44,) i) 0/ V1 - k2sin® ¢

xf2
(6.10)  Hylv,w] = / GRS
5 \/1-—kZsin?¢
similar to Courant-Hilbert [9, Chapter V, pp. 398,402]. Then the eigenvalues i are char-
acterized by the maximum-minimum property
Dy[Y]

6.11 "o i — L = =
(6.11) put ‘r,rvlua;)f Yes,-{rl}lfvmq A7) i=1LI1LITIIV, m=1,23,

In (6.11) the maximum should be taken over all (m — 1)-dimensional subspaces Vin-1 of the
space PC[0,7/2] of piecewise continuous functions on [0, 7 /2]; the notation Y LV,,_; means
that Hy[Y,v] = 0 for any v € V,,,_;.

Consider next the eigenvalue problems of classes A-D for the §-Lamé equation (6.3). Starting

from the boundary conditions of the four classes we introduce the function spaces

S4={X € PC0,6p] | X(0) = X(6y) =0}, Sg={X € PC0,6p]| X(6) =0},
(6.12)

Sc = {X € PC'0,6,] | X(0) =0}, Sp = PC*[0, 6],
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of functions X (#) defined for 0 < 8 < #y. As before, PC?[0,8,] denotes the space of continuous
functions on [0, fp] which possess a piecewise continuous first derivative. Associated with the

6-Lamé equation (6.3), we introduce the quadratic functional Dg[X] and the inner product

Hg[v, w], defined by

8 b

dX\?2 sin? 8
) _ — FPoos?d | L - k| ———u— X%(8)d9,
(6.13) Dg[X] 0[\/; kcos@(do) 6 - v(v +1) | ST=Feod ()

8
v(f)w(f)

6.14) Helv,w] =
( ) olv, v] 1—k%cos24d

similar to Courant-Hilbert [9, Chapter V, pp. 398, 402]. Then the eigenvalues y7 are char-

acterized by the maximum-minimum property

(6.15)  —p? = max DelX]

' 8 - AB,C,D, n=1,2,3,..
| XES:B%EV,,-; HO[X,X]’ J ’ " ’ ’ ’

or equivalently

(6.16) u? = min ~ Dol X]

8 i=A,B,C,D, n=1,2,3,...
Vn—x XGS:I,}KJ_V.;-; HO[X,X]’ J L] n 9 My My

In (6.16) the minimum should be taken over all (n — 1)-dimensional subspaces V,,; of the
space PC|0,6p] of piecewise continuous functions on [0, fp]; the notation X LV;,,_; means that
Hg[X,v] = 0 for any v € V.

We establish some further inequalities for the eigenvalues ™ and u}. By replacing cos? ¢ by
1 —sin? ¢ in the second integral of (6.9), it is easily seen that

/2 v?
(6.17)  Dg[Y]> —v(v + 1)k? / (9) —dp = (v + DY, Y]
o \/1 - k'2sin’ ¢

with equality iff v = 0 and Y (¢) = constant # 0. Since the latter function is element of the

space Sy only, we find by use of (6.11),
(6.18) ul > —v(v+ D&, i= I IIIII,IV, m=1,2,3,...,

except that p} = 0 at v = 0. Likewise, by replacing sin? § by 1 — cos® 8 in the second integral

of (6.13), it follows that
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T x0

) _ < Dk? | =
(6.19) —Dg[X] < v(r+1) / Vi-FKlcos?0

do = v(v + 1)E*He[X, X]
with equality iff » = 0 and X (8) = constant # 0. Since the latter function is element of the
space Sp only, we find by use of (6.16),

(6.20) p? <v(v+1)k% j=A4,B,C,D, n=1,23,..,

except that u}) = 0 at » = 0. Notice that the inequalities (6.18) and (6.20) agree with (6.4).
From (6.9) and (6.13) it is obvious that, for fixed ¥ € $; and X € §j;, the functional
Dy[Y] decreases and the functional —Dg[X] increases with increasing v, whereas HylY,Y]
and Hg[X, X] are independent of v. Then it follows from (6.11) that the eigenvalues
p = u™v), i= LILIII IV, m = 1,2,3, ..., are decreasing functions of v, with pI* > 0
at v = 0 (except that u} = 0 at v = 0) and p* — —o0 as ¥ — 0. Likewise we infer
from (6.16) that the eigenvalues u} = p?(v), j = A,B,C, D, n = 1,2,3,..., are increas-
ing functions of v, with u? < 0 at v = 0 (except that g, = 0 at v = 0) and p} — o
as v — 0o. These monotony properties and the inequalities (6.6), (6.7), (6.18) and (6.20)
underlie the qualitative sketch of the eigenvalue curves p = p*(v) and p = uj(v) in Figs.
6.1 and 6.2. Because of the monotony of the eigenvalues as functions of v, the transcendental
equation u7*(v) = p?(v) has precisely one positive v-root, or equivalently, the corresponding
eigenvalue curves have precisely one intersection point. By varying m and n over the positive
integers, we have proved in principle that the transcendental equations (5.21) and (5.22) have

an infinite number of positive v-roots, as it will be detailed below.

We first investigate the transcendental equations (5.21) obtained by imposing the Dirichlet
boundary condition at § = 6. It is shown that both equations (5.21) have an infinite number
of positive v-roots which are denoted by v = v and v = vs}, m = (0),1,2,...., n =
1,2,3,... . Because of the Dirichlet boundary condition X(8s) = 0, the eigenvalue prob-
lem for the #-Lamé equation (6.3) is either of class A or of class B, with eigenvalues ufj
or ug, n = 1,2,3,.... Let the eigenfunction X(8) be of class A, then the boundary
condition X(0) = 0 implies that the solution Y (¢) of (6.2) should be odd symmetric.
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Hence, the eigenvalue problem for the ¢-Lamé equation (6.2) is either of class II or of class
III. The eigenvalues of classes II and III are given by uJy and ufyy, m = 1,2,3,..., and the
corresponding eigenfunctions are Y(¢) = L&™ Y (¢) and Y (¢) = LZ™(4), respectively. The
eigenvalue problems of class A and of classes II or IIl are now coupled by setting up the

transcendental equations (in the parameter »)
(6.21)  ufy=p3 or pfy=pj .

Both equations have precisely one positive v-root and these roots are given by v =
ve2™=1 and v = ws?™, respectively. Indeed, the coupling equations (6.21) imply that
X6 = Lg’f“l)(ﬂ) or X(8) = LEf,',")(o). Hence, we have Lgﬁ‘-l)(%) = 0atv =
ve2™-1 and ngum)(()g) = 0 at v = vs¥™, in accordance with the original equations (5.21).
In the same manner, the eigenvalue problem of class B for the §-Lamé equation (6.3) is
coupled to the eigenvalue problems of classes I or IV for the ¢-Lamé equation (6.2). The
eigenvalues of classes I and IV are given by uJ* and puf, m = 1,2,3,..., and the corre-
sponding eigenfunctions are Y(¢) = Lﬁi""z)(@ and Y(¢) = L(,?,m-l)(qﬁ), respectively. The

coupling of the eigenvalue problems is effected by setting up the transcendental equations
(6.22) uT =uB or pfy = up.

Both equations have precisely one positive v-root and it is readily seen that these roots are
given by v = vcZ™~? and v = vs?¥™~1, respectively. It is now clear that the transcendental
equations (5.21) are equivalent to the equations (6.21), (6.22) with m,n = 1,2,3,... . Thus
it has been shown that the equations (5.21) have an infinite number of positive roots v =
vey and v = vs?, where m = (0),1,2,... and n = 1,2,3,... . The present procedure is
illustrated in Fig. 6.1: the roots v¢l' and vs' may be determined graphically from the
intersections of the eigenvalue curves u = p™(v), ¢ = I,II,III,IV, m = 1,2,3,..., and the

eigenvalue curves pp = u}(v), j= A,B, n=1,2,3,....
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Fig. 6.1. Intersections of the eigenvalue curves p = p*(v), ¢ = I, II,II1,IV, m = 1,2,

From Fig. 6.1 we deduce the following orderings of the roots ve;' and vsy':

(6.23)

and the eigenvalue curves u = u(v), j = A, B, n =1,2,3.

0 < vel* < ved < veg < ... , m=10,1,2,...,

0 < vsT" < vs < wsP <
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0 < ved < wsl < ve2 < vsd < ... ,n=1,2,3,...,
(6.24)

0 < vel, < vs? < ved < vst < ... ,n=1,23,..;

vel™ < yemtl ¢ Vsi;'_‘;fl, m=0,1,2,..., n=1,2,3,....,
(6.25)

vsiMtl < ps?mt? < w2 m=0,1,2,.., n=1,2,3,....

Obviously the smallest root is v = vc?.
Next we investigate the transcendental equations (5.22) obtained by imposing the Neumann
boundary condition at # = . It is shown that both equations (5.22) have an infinite number
of v-roots which are denoted by v = vl and v = s, m = (0),1,2,..., n = 1,2,3,...;

all roots are positive except that s = 0. Because of the Neumann boundary condition
X'(8o) = 0, the eigenvalue problem for the §-Lamé equation (6.3) is either of class C or of
class D, with eigenvalues ug or pf, n = 1,2,3,..., Let the eigenfunction X(8) be of class
C (class D), then the boundary condition X(0) = 0 (X’(0) = 0) implies that the solution
Y(¢) of (6.2) should be odd (even) symmetric. Hence, the eigenvalue problem of class C
(class D} is coupled to the eigenvalue problems of classes II or III (classes I or IV) for the
¢-Lamé equation (6.2). The coupling of the eigenvalue problems is effected by setting up the

franscendental equations

(6.26) ufy = pg or ufyr = pp,

and
(6.27) pP =up or uP = up.

Both equations (6.26) have precisely one positive v-root and it is readily seen that these
roots are given by v = vc2™~! and v = s?™, respectively. Likewise the first/second equation
(6.27) has the single root v = »c2™~2 and v = £s2™~1, respectively. The latter roots are
positive with one exception: for m = n = 1 the equation u} = u}, has the single root v = 0,
in accordance with ©¢? = 0. It is again clear that the transcendental equations (5.22) are
equivalent to the equations (6.26), (6.27) with m,n = 1,2,3,.... Thus it has been shown that

the equations (5.22) have an infinite number of positive roots v = vcj and v = vs}}, where
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m = (0),1,2,..., n = 1,2,3, ..., except that #c] = 0. The present procedure is illustrated in

Fig. 6.2: the roots sc and 7s7' may be determined graphically from the intersections of the

eigenvalue curves u = pu™(v), i = I,II, II1,IV, m = 1,2,3,..., and the eigenvalue curves

p=prv), j=CD, n=1,23,...

H
T p=viw pg

Vs3 \ IJII
o\ uf
VAN M
p:-v(wﬂk'z \ Hv
1 Ho
Hi

Fig. 6.2. Intersections of the eigenvalue curves yu = pPv), i = LIILIIL IV, m= 1,2,

and the eigenvalue curves ui(v), j=C,D, n=1,2,3,
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From Fig. 6.2 we deduce the following orderings of the roots 7¢ and vsi:

0 £ vel® < vey < vegt < ... , m=0,1,2,...,
(6.28)

0 < wsT" < w83 < 087 < ey m=1,2,3,...;

0 < o < wsk < vk < isd < ... ,n=1,23,..,
(6.29)

0 < el < sk < ved < vsh < ... ,n=1,2,3,..;

peim < pe™t < psll, m=0,1,2,.., n=1,2,3,...,
(6.30)

psImtl < psmt? < peT, m=0,1,2,.., n=1,2,3,...

Apart from pc} = 0, the smallest root is given by v = min(ic3, ve, vsy).
In Sec. 7 the v-roots v, vsT, e, vsh, if less than 1, appear as singularity exponents of
the electromagnetic field singularities at the tip of an elliptic cone. The question which of

the v-roots are < 1 and which are > 1, is answered in Appendix B; see Theorems B.3 and

B.4. It is shown that all v-roots are > 1, except for ¢ = 0 and
(6.31) O<wel, el <1, when 1/2< g <7 0< s} <1, whenn/2<fp<m.

Notice that s} = 1 at 6y = 7 by (5.41).

We briefly discuss the numerical calculation of vel, ve} and ©s}, which are the only v-roots
that are relevant in Sec. 7. As an example we consider vcf which is the smallest positive root
of the transcendental equation Lg’,},(eo) = 0; see (5.21). This root is numerically evaluated
by a standard zero-searching procedure applied to Lg’,?,(&o); the procedure is based on a
combination of the regula falsi and the bisection method. For the necessary calculation of
ngz,(éo) at given v, we proceed as follows. First, we determine the smallest eigenvalue A2, of
the corresponding ¢-Lamé equation (4.7) with boundary conditions of class I. In practice, A%
is calculated as the smallest eigenvalue of the tridiagonal matrix in (4.25), which is truncated
to order 25, say. Next, the function X () = L‘(,gz.(ﬂ) is determined as the solution of the

0-Lamé equation (cf. (5.1))
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d .4 v(v + 1)(1 - k% cos? 6) — A
(6.32) 7] (\31 k% cos? 0 —-—-—do)-}- N ey T X =0,
subject to the initial conditions X(0) = 1, X‘(0) = 0. The numerical value of X(fp) =

Lgpy(f?g) is obtained by a standard numerical integration procedure based on the Runge-

Kutta method. The calculation of sc} and s} runs along similar lines.
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7. Electromagnetic field singularities at the tip of an

elliptic cone

In this section we determine the singularities of the electromagnetic field at the tip of a per-
fectly conducting, elliptic cone. The geometry of the semi-infinite elliptic cone 8D is specified
by the maximum semi-opening angle 6, and the axial ratic ¢ = b/a, where 0 < 8, < /2
and 0 <€ € < 1; see Fig. 7.1. In Cartesian coordinates x = (z,¥, 2), the tip of the cone is at
the origin and its axis lies along the negative z-axis. The cross-section of the cone with the
plane z = zp < 0 is an ellipse with a major axis of length 2a in the (y, z)-plane, and a minor
axis of length 2b in the (z,z)-plane. The semi-opening angle 8,, is in the (y,z)-plane and

faces the major axis of the ellipse.

Fig. 7.1. Geometry of the semi-infinite elliptic cone dD.
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We now employ sphero-conal coordinates 7,6, ¢, as introduced in (2.1), whereby the parameter
k is chosen such that the cone 8D coincides with a coordinate surface 8§ = g, 7/2 < 0 < 7.

From (2.11) and (2.12) it is readily found that

(7.1) k= +/cos? 0y, + e?sin® b, tan by = —¢ tan O, 7/2 < 6 <,

expressed in terms of the primary parameters 6, and ¢. In the (z, z)-plane the cone has the
semi-opening angle m — fy, which faces the minor axis of the ellipse.

Two special cases are of interest. If € = 1, the elliptic cone becomes a circular cone of semi-
opening angle 8,, = © — fp; from (7.1) we have k = 1, fp = © — 8,r, . If € = 0, the elliptic
cone degenerates into a plane sector in the (y, 2)-plane, of total opening angle 20, ; see Fig.
2.2. In this case, k = cos 85,, 0 = 7 by (7.1).

In sphero-conal coordinates the space domain D exterior to the cone 9D is described by
(7.2) D ={(r,0,¢) |r>0,0<0<8, 0<¢<2r}.

Let the medium in D be free space with permittivity ¢¢ and permeability gp. To determine
the electromagnetic field singularities at the tip of the cone 8D, we start from the source-free

Maxwell’s equations
VX E-iwuH=0, V-E=0,
(7.3)
VX H+iweggE=0, V.-H=0,
for the time-harmonic electromagnetic field E(x)e™**, H(x)e™** in D. In sphero-conal
coordinates the electromagnetic field has components E = (E,, Eq, Ey), H = (H,, Hy, Hy).

The elliptic cone 8D is perfectly conducting which implies that the tangential electric field

components should vanish on 8D:
(74) E =E4=0, 120,0=0,0<¢<2r.

In addition, the electromagnetic field must satisfy the so-called tip condition. This condition

requires that the electromagnetic energy contained in any finite volume V about the tip of

the cone 9D must be finite, i.e.
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(7.5) /jf[eom|2+m]n12]dv<oo.
v

With reference to [7, Sec. 1.2.6], the electromagnetic field E,H in D is represented in terms
of two Debye potentials I, and II,,:

E = VxVx{(rll.e,) + iwpoV x(rli,e,),
(7.6)
H = —iweoV X (rllee, )+ VXV X(rllne,),

where e, is the unit vector in the radial direction. The scalar potentials Il and II,, must
satisfy the Helmholtz equation
(7.7) Al + k3, m = 0,

where ko = w./Zolig- By use of the well-known rules of vector analysis, we elaborate the
representation (7.6) in components in sphero-conal coordinates. As a result it is found that

the electromagnetic field components due to the potential II, are given by

1
Er - —;Atnea H‘r = 07
1 9 tweor Ol
(18)  Eg= e 7 5o He)s He= " Thy 96
1 wwegr 811,

Be=1.5r aqs(" o Ho= = =55

while the field components due to the potential II,,, are given by

Er - 0, -H - ““'Atnms
_dwper 9y, 1 62
E=- twpor dl,, 1 8

—_ = (Il ).
he 80 17 5o aragl” m)
Here, hg and hy are the metrical coefficients of the sphero-conal coordinate system as pre-

sented in (2.3); A, stands for the transverse Laplacian given by (2.5).
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Because of H, = 0 in (7.8) and E, = 0 in (7.9), the corresponding electromagnetic fields are
recognized to be transverse magnetic (TM-field) and transverse electric (TE-field), respec-
tively. Thus the representation (7.6) involves a decomposition of the original electromagnetic
field into a TM-field represented by the potential II,, and a TE-field represented by the po-
tential IL,,.

Next we establish the boundary conditions for I, and II,, on the cone 8D. In the case of a
TE-field, it readily follows from (7.4) and (7.9) that II,, must satisfy the Neumann boundary

condition

an,,

(7.10) 5

=0, 120, 0=46y, 0<¢<2n.
In the case of a TM-field, we are led to the boundary conditions

2
(1) Alle=0, 5o(rl) =0, 120, 6=fo, 0<§<2m,

derived from (7.4) and (7.8). By means of (2.4) and the Helmholtz equation (7.7) for Il., the
first condition in (7.11) is reduced to

otl,
ar

(7.12) ;12'58;(7‘2 ) + kéﬂe =0, r20,0=0,, 0<$< 2.

By integration of (7.12) and of the second condition in (7.11) we obtain

ikgr —tkgr
€ + ;3 €

(7.13)  He(r,60,4) = a— r

, 720,0<¢< 27,

where a and # are arbitrary constants. Consider now the potential

e'ikor e —ikgr

+ 4

(7.14)  IL(r,6,¢) = a— r

defined in the domain D. Obviously, II, satisfies the Helmholtz equation (7.7) in D and
assumes the boundary value (7.13) on 8D. Furthermore, the TM-field (7.8) associated with
ﬁe, vanishes identically. Thus the potentials I, and II, — ﬁ, give rise to the same TM-field.
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Therefore, without loss of generality we may require that II. satisfies the Dirichlet boundary

condition
(7.15) . =0, r>0,0=10,, 0<¢<2r.

The latter condition replaces (7.13).

Summarizing, we have shown that the potentials II, and II,, of the TM- and TE-fields are

solutions of the following boundary value problems for the Helmholtz equation:
(7.18) Al +kil. =0, xeD; TM,=0, x€D,

and

(7.17) Al + k2, =0, x€ D; %’3 =0, x€8D,

where n denotes the outward unit normal to 8D.

The problems (7.16) and (7.17) were already announced in (3.2)-(3.4), and were subsequently
solved by separation of variables. In Secs. 3-5 it was shown that each of the problems (7.16)
and (7.17) has an infinite number of solutions. Referring tot (3.5) and (5.29)-(5.32), we
present the following solutions for the potentials II, and II,,:

R(r)LEO)LE($), v=ver, m=0,1,2,..., n=1,2,3,..,
(7.18) H(r,0,¢) =

R(T)LS;L)( )L(m)( ), v=vs, m=123,...,n=123,.;

RNLENOLEN ), v=0c™ m=0,1,2,..., n=1,2,3,...,
(7.19) (7, 8, ¢) =
RMISIOLETNS), v=0s™ m=1,23,..,n=123,...

Here, the values v = vellt, v, vel', s are the v-roots of the transcendental equations
(5.21) and (5.22); these v-roots are amply dicussed in Sec. 6 and Appendix B. The function
R(r)in (7.18) and (7.19) is a solution of the differential equation (3.7) for the spherical Bessel

functions. From (3.12) we choose

(7.20)  R(r) = ju(kor) = /7 [2kor J, 41/2(kor)
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in compliance with the tip condition (7.5). Indeed, the alternative R(r) = y(kor) would give
rise to the field behaviour E = O(r~*~%) or H = O(r™¥~?) as r — 0, for TM- and TE-fields,
respectively; since v > 0, the condition (7.5) would be violated. The potentials Il and Il
give rise to TM- and TE-fields with components given by (7.8) and (7.9), respectively. By
use of (3.8) and (5.29)-(5.32), we may simplify the expressions for the field components E,
in (7.8) and H, in (7.9), viz.

v(v

T Un,, (TM-field)

r

(1.22) H, = -%—AtIIm = V(”': 1

(7.21) E, = —};Atl—[, =

I, (TE-field).

Below (5.24) it was found that #¢§ = 0. For v = 0 the potential Il,, of (7.19) reduces to
(7.23)  ILn(r,0,9) = const. jo(ker) .

It is easily seen that the associated TE-field (7.9) vanishes identically. Therefore, the solution

(7.19) with v = ¢? is henceforth discarded.

We now examine the behaviour of the electromagnetic field as r — 0, i.e. at the tip of

the elliptic cone. Since R(r) = ju(kor) = O(r¥) as r — 0, we infer from (7.18) and (7.19)
that

(7.24) I, = O(r¥), v = v, w8t My = O(rY), v = e, UsT .
7° n

These results are used in (7.8), (7.9), (7.21) and (7.22), to establish the behaviour of the TM-

and TE-field components as r — 0 :

(7.25) E=0("1), H=0("), v=vc™ vs?, (TM-field);

n

(7.26) E=0(r"), H=0@""1), v=0c®, vs™, (TE-field) .

Since v > 0, the magnetic field in (7.25) and the electric field in (7.26) remain finite and even
vanish at the tip of the elliptic cone. Singularities of the electric field in (7.25) and of the
magnetic field in (7.26) will arise if any of the v-roots v, vs™ and v, vsi, is less than
1. According to (6.31), the only v-roots less than 1 are given by vc?, e} and s}, provided
that 7/2 < fg < 7. The latter restriction implies that electromagnetic field singularities at

the tip of the cone @D only occur in the exterior domain D and not in the interior of the

cone.
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Accordingly, two basic singularities must be considered for the electromagnetic field at the

tip of the elliptic cone, as it is now detailed.

(i) Consider the TM-field with components (7.8), (7.21), and represented by the potential
(7.27) T, = ju(kor)ISLO) LD(¢), v = vl .

According to (7.25), the electric field becomes infinite like 7¥~! as r — 0, whereas the
magnetic field remains finite. The present field singularity is called the electric singularity
with singularity exponent v = vel. The Lamé functions in (7.27) are of class I which implies
an even/even symmetry of I, with respect to the major/minor axis of the elliptic cross-

section of the cone.

(ii) Consider the TE-field with components (7.9), (7.22), and represented by either of the
potentials

(7.28) TR = ju(kor)LEL(O) LEN(), v = e},
(7.29) T = j,(kor)LLL(0) LD (#), v = ist .

According to (7.26), the magnetic field becomes infinite like 7~ as r — 0, whereas the elec-
tric field remains finite. The present field singularities are called the first and second magnetic
singularities with singularity exponents v = ¢} and v = s}, respectively. The Lamé fun-
tions in (7.28) and (7.29) are of classes II and IV, respectively. This implies an odd/even
symmetry of 1% and an even/odd symmetry of 1 with respect to the major/minor axis
of the elliptic cross-section of the cone.

The present results for the singularity exponents and for the symmetries of the potentials
agree with those of Blume and Kahl [4], De Smedt and Van Bladel [22]. In these references,
the question which of the v-roots are less than 1, was settled by numerical calculations,

whereas our result (6.31) is proved in Appendix B by analytical means.

Numerical results for the singularity exponents vc, ¢} and ps}, as functions of the maxi-
mum semi-opening angle 8,, and the axial ratio €, are presented in Tables 7.1, 7.2 and 7.3.
The numerical values of v}, pc! and vs}, have been calculated correct to five decimal places

by the procedure outlined at the end of Sec. 6.
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TABLE 7.1. Singularity exponent vc? of the electric singularity.

e=0

e= 0.1

e= 0.2

e=04

e= 0.6

e= 0.8

e=1

5o
10
20
30
40
45
50,
60
70
30
90

0.13004
0.15822
0.20168
0.24010
0.27759
0.29658
0.31595
0.35635
0.39982
0.44736

0.50000

0.13331
0.16308
0.20969
0.25181
0.29410
0.31615
0.33924
0.39035
0.45393
0.55612
1.06000

0.13644
0.16777
0.21752
0.26333
0.31042
0.33553
0.36232
0.42392
0.50602
0.64486
1.00000

0.14236
0.17674
0.23266
0.28573
0.34203
0.37283
0.40628
0.48504
0.59043
0.74709
1.00000

0.14790
0.18525
0.24719
0.30712
0.37155
0.40695
0.44535
0.53447
0.64747
0.79697
1.00000

0.15315
0.19339
0.26114
0.32732
0.39838
0.43709
0.47862
0.57250
0.68555
0.82489
1.00000

0.15814
0.20122
0.27450
0.34618
0.42228
0.46310
0.50629
0.60151
0.71180
0.84225
1.00000

TABLE 7.2.

Singularity exponent i} of the first magnetic singularity.

6m

e=0

e= 0.1

e= 0.2

e= 0.4

e= 0.6

e= 0.8

e=1

0°

5
10
20
30
40
45
50
60
70
30
90

1.00000
0.99807
0.99209
0.96615
0.91904
0.85257
0.81466
0.77543
0.69748
0.62461
0.55880
0.50000

1.00000
0.99788
0.99131
0.96308
0.91339
0.84680
0.81047
0.77409
0.70604
0.65243
0.64037
1.00000

1.00000
0.99769
0.99053
0.96020
0.90872
0.84345
0.80955
0.77686
0.72062
0.68844
(.72058
1.00000

1.00000
0.99730
0.98902
0.95509
0.90222
0.84287
0.81526
0.79105
0.75847
0.75956
0.82258
1.00000

1.00000
0.99692
0.98756
0.95091
0.89913
0.84817
0.82729
0.81109
0.79676
0.81416
0.87608
1.00000

1.00000
0.99655
0.98617
0.94767
0.89879
0.85690
0.84202
0.83220
0.82964
0.85304
0.90741
1.00000

1.00000
0.99618
0.98486
0.94533
0.90051
0.86719
0.85717
0.85196
0.85631
0.88093
0.92757
1.00000
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TABLE 7.3. Singularity exponent ©s of the second magnetic singularity.

Opn e=0 e=0.1 =02 =04 =06 =038 e=1

0° | 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000

5 | 1.00000 0.99979 0.99954 0.99893 0.99817 0.99725 0.99618
10 [ 1.00000 0.99917 0.99819 0.99577 0.99274 0.98910 0.98486
20 | 1.00000 0.99683 0.99309 0.98393 0.97272 0.95973 0.94533
30 | 1.00000 0.99340 0.98570 0.96740 0.94624 0.92353 0.90051
40 | 1.00000 0.98955 0.97757 0.95041 0.92144 0.89318 0.86719
45 | 1.00000 0.98771 0.97378 0.94303 0.91172 0.88267 0.85717
50 | 1.00000 0.98606 0.97045 0.93698 0.90457 0.87599 0.85196
60 | 1.00000 0.98379 0.96602 0.93048 0.89974 0.87530 0.85631
70 [ 1.00000 0.98361 0.96607 0.93434 0.91055 0.89343 0.88093
80 | 1.00000 0.98683 0.97365 0.95406 0.94167 0.93340 0.92757

90 | 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000

We will now discuss our numerical results in comparison with results from the literature.
In Tables 7.2 and 7.3, the entries #cl = 1 and vs} = 1 at 6,, = 0, can be shown to be
exact. For 6,, = 7/2, 0 < e < 1,o0ne has k = ¢, 6p = /2 by (7.1), and the elliptic cone
degenerates into the (z,y)-plane; the corresponding values vc = 1, vc} = 1 and vsj = 1
follow from (5.39). For 6,, = n/2, ¢ = 0, the elliptic cone degenerates into the half-plane
z =0, z < 0, with its edge along the y-axis. By a direct calculation of the edge singularity,
we find vc? = 0.5, Uc] = 0.5 and »s! = 1, in accordance with the entries in Tables 7.1-7.3.

Graphical results for the singularity exponents, as functions of the maximum and minimum
semi-opening angles of the elliptic cone, were presented by Blume and Kahl [4]. Their analysis
is very similar to ours, and their eigenvalues fimin and vmin (with eigenfunctions of type 2 or
4) agree with our vc?, ic} and vsl, respectively. De Smedt and Van Bladel [22] established a
general variational principle for the singularity exponents pertaining to a perfectly conducting

cone of arbitrary cross-section. This variational principle was implemented in a numerical

procedure for the approximate calculation of the singularity exponents for an elliptic cone.
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These singularity exponents are denoted by v, Toe and Te, (identical to our vcg, vel and i},
respectively), and the cone is specified by the maximum semi-opening angle 6, and the axial
ratio €. The data in [22, Tables I, III, IV] turn out to be correct to two or three decimal
places, as it follows from a direct comparison with our Tables 7.1, 7.2, 7.3.

In the special case £ = 1, one has k = 1, 6o = 7 —6,,, by (7.1), and the elliptic cone becomes a
circular cone of semi-opening angle 8, = 7 — 8. For k = 1, the v-roots coalesce by (5.28), so
that ve§ = v), e} = vs} = &}, where v? and i/} are the smallest positive v-zeros of P,(cos 6p)
and (d/dfo)P.(cosbp), respectively; see (5.25) and (5.26). Notice that the (¢ = 1)-columns
of Tables 7.2 and 7.3 are indeed identical. The numerical values in [22, Tables I, I1I, IV]
for ¢ = 1 do agree, up to four or five decimal places, with the corresponding data in Tables
7.1, 7.2, 7.3. Previous numerical results for the singularity exponents v and 7 (identical to
our ¥ and 5}, respectively) for a circular cone were presented by Van Bladel [2]. Recently,
Marchetti and Rozzi [16] determined the electric field behaviour at the tip of various circular
conical structures. The electric singularity exponent for a circular cone, correct to seven
decimal places, can be obtained from [16, Table I, column 5a]. When rounded to five decimal
places, the pertaining values reduce precisely to the data in the (¢ = 1)-column of Table 7.1.
In the special case £ = 0, the elliptic cone degenerates into a plane sector in the (y, z)-plane,
of total opening angle 26,,; from (7.1) we have k = cos§,,, 6p = 7. Notice that s} = 1 at
0o = m by (5.41), which is confirmed by the data in the (¢ = 0)-column of Table 7.3. Hence,
the second magnetic singularity disappears. Following De Smedt and Van Bladel [22], [23],
we change the notations vc? and v¢} for the remaining singularity exponents into v = ¥{«a)
and 7 = 7{a), respectively, where a = 28, is the total opening angle of the sector. The data
for v(a) and 7(a) as presented in the (¢ = 0)-column of Tables 7.1 and 7.2, apply over the
range 0 < a < 7, corresponding to a sector with a salient corner. These data are extended

to the case of a reentrant corner, where 7 < a < 27, by means of the symmetry relation

(7.30) v(a)=71(27 - a).



58

The latter relation expresses that the electric singularity exponent for a conducting plane
sector is identical to the magnetic singularity exponent for the complementary sector. The
equality (7.30), which was observed more or less casually in [5], [22], [23], is a consequence of
Babinet’s principle, as it has been proved by Boersma [6]. The data for v(a) and 7(«), thus

extended, have been collected in Table 7.4.

TABLE 7.4. Singularity exponents v and 7 for a sector of opening angle a.

salient corner reentrant corner

a v T a v T
10° | 0.13004 0.99807 180° | 0.50000 0.50000
20 | 0.15822 0.99209 200 | 0.55880 0.44736
40 | 0.20168 0.96615 220 | 0.62461 0.39982
60 | 0.24010 0.91904 240 | 0.69748 0.35635
80 |} 0.27759 0.85257 260 | 0.77543 0.31595
90 | 0.29658 0.81466 270 | 0.81466 0.29658
100 | 0.31595 0.77543 280 | 0.85257 0.27759
120 | 0.35635 0.69748 300 | 0.91904 0.24010
140 | 0.39982 0.62461 320 | 0.96615 0.20168
160 | 0.44736 0.55880 340 | 0.99209 0.15822
180 | 0.50000 0.50600 350 | 0.99807 0.13004

De Smedt and Van Bladel [22], [23] employed a variational method for the calculation of the
singularity exponents for a sector. Their numerical data in [22, Tables I, II, III for ¢ = 0],
[23, Table 1] show an agreement up to three decimal places with the values in Table 7.4.

Kraus [15] was the first to analyse the field singularities at the tip of a plane sector. In [15,
pp. 47-49], some preliminary calculations of the singularity exponent ng (identical to our v
or 7) have been made, however, the results are inaccurate. Crucial in Kraus’s analysis is
the introduction of sphero-conal coordinates represented in trigonometric form (as in (2.1)),
rather than in terms of Jacobian elliptic functions. Separation of variables in these coordinates

leads to trigonometric forms of Lamé’s differential equation (asin (3.15) and (3.16)), which are
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much easier to handle than the Jacobian form. By use of the same sphero-conal coordinates,
the work of Kraus has been continued and improved by Satterwhite and Kouyoumjian [21],
Sahalos and Thiele [20]. In [21, p. 124], there is a short table of the singularity exponents ve;
and v, (identical to our v and 7, respectively) for a sector of opening angle a = 0.2057, @ =
7/2 and a = 0.795x. As an example, we quote the values v = 0.296 and r = 0.814 of the
singularity exponents for the quarter plane with a = m/2; these values agree very well with
the data in Table 7.4. It is interesting to mention that in [21, Appendix B] the singularity
exponents are determined graphically from the intersections of certain eigenvalue curves; see
[21, Figs. 29-32] which should be compared to our Figs. 6.1 and 6.2. Graphical results for
the eigenvalues vy,; and 144 (identical to our v and 7, respectively), as functions of the
parameter k% = cos?(a/2), were presented in [20, Fig. 3]. The electric singularity exponent v
also determines the singularity in surface charge density at the tip of a sectorial conducting
plate placed in an electrostatic field. The strength of the charge singularity was calculated
numerically by Morrison and Lewis [17], again by use of sphero-conal coordinates represented
in trigonometric form. In addition, for a sector of opening angle close to 0, 7 or 27, analytical
expressions for the singularity exponent were found by singular perturbation techniques. It
has been verified that the numerical values in [17, Table 1], correct to four decimal places,
do agree with the data in Table 7.4.

Sphero-conal coordinates represented in terms of Jacobian elliptic functions were employed
by Blume and Kirchner [5], Marchetti and Rozzi [16]. Their analysis of the field singularities
at the tip of a plane sector is more complicated, because separation of variables now leads
to the Jacobian form of Lamé’s differential equation. The numerical values of the eigenvalue
Vmin (identical to our v or 7), presented in [5, Tabelle 3], differ from the data in Table 7.4 by at
most one unit of the fifth decimal. The electric singularity exponent for a plane sector, correct
to seven decimal places, can be obtained from [16, Table II, column 6a]. When rounded to

five decimal places, the pertaining values precisely reduce to the data in the v-columns of
Table 7.4.
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Appendix A. Interlacing property of eigenvalues of Sturm-

Liouville eigenvalue problems

In this appendix we shall prove an interlacing property of the eigenvalues of two regular
Sturm-Liouville eigenvalue problems that differ in just one boundary condition. Consider the

two eigenvalue problems for the Sturm-Liouville differential equation
(A1) (plx))Y +(Ar(z)—g(z))u=0, a<z<b,

with boundary conditions either

(A2) d(a)=0, u'(b)=0,

or

(A3) wu(a)=0, v'(b)=0.

Here the functions p(z), p'(z), ¢(x) and 7{z) are continuous on [a,b], while p(z) > 0 and
r(z) > 0 on [a,b]. 1t is well known (see Coddington and Levinson (8, p. 212, Thm. 2.1])
that both problems admit an infinite number of simple eigenvalues which can be arranged
into two monotonic increasing, unbounded sequences. The eigenvalues of the problem with
boundary conditions (A.2) and (A.3) are denoted by A, and An, n=0,1,2, ..., respectively,
ordered by ascending magnitude with A, — oo, An — 00 as n — 00. The corresponding
eigenfunctions are denoted by u,(z) and @,(z), respectively; both functions have exactly n

zeros on (a,b). We now establish the following lemma.

LEMMA A.l1. The eigenvalues A, An have the interlacing property
(A4)  Ap<Ap<App1, n=0,1,2,....

PROOF. The proof is indirect and proceeds in three steps.

(i) Suppose A, = An for a certain pair m,n. Then the corresponding eigenfunctions u.m,(z)
and #,(x) are solutions of the same Sturm-Liouville equation (A.1) with A = Ay = An.
Because of the common boundary condition ul,(b) = @/, (b) = 0, the Wronskian W (um, i)
vanishes identically which implies that u,(a) = 0 and/or @j,(a) = 0. Combined with (A.2)

and (A.3) we then find that u,,(z) = 0 and/or @,(z) = 0, in contradiction with the fact that
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um(z) and in(z) are eigenfunctions. Thus we conclude that A # As for any pair m,n.

(ii) Suppose A, > An. According to Sturm’s comparison theorem [8, p. 208, Thm. 1.1] the
function u,(z) has at least one zero between any two successive zeros of @i,(z). Let the zeros
of un(z) and in(z) on (a,b) be denoted by z; and Z;, i = 1,2,...,n, respectively. Then we

are led to the following ordering of zeros:
C< T <F < Ty < Fg< ... < By < By, < b,

where it is recalled that @,(a) = 0. From the differential equations for u,(z) and @,(z) we

deduce the relation

(A.5) %[P(x)(uz(m)ﬁn(w) ~ un(2)ip(2))] = =(An = Aa)r(2)tn(2)in(2),

which is integrated over the interval [,,b], with Z, = a if n = 0. As a result we find

b
(A8 plEn)un(En) To(8n) = =(hn = ) [1(2)tn(2)iin(a)da

x

&n

by use of the boundary conditions ul,(b) = #,(b) = 0 and 4,(Z,) = 0. Without loss of
generality we may assume that un,(z) > 0, #n(z) > 0 on (&n,b), so that the right-hand side of
(A.6) is negative. The left-hand side of (A.6) is positive because of un(Z,) > 0, @, (E,) > 0.
Thus we arrive at a contradiction and we conclude that A\, < 5\“, n=0,1,2,....

(iii) Suppose A, > An+1- Again by Sturm’s comparison theorem the function #,(z) has at
least one zero between any two successive zeros of un41(z). Let the zeros of u,43(x) and

fin(z) be denoted by z1,23,..., Tnsy and &4, %9, ..., &n, respectively, then we have the following

ordering of zeros:
e< T3 <T) <2< T3« ... <Fn < Tps1 < b.

By integration of (A.5) with A, u, replaced by Any1,Un41, over the interval [2,41,b] we find

b
(A7) —p(Tns1)Uhy1(Tnt1)n(Tas1) = —(Ant1 — An) / 7(2)tns1(2)in(z)dz

Zoti
by use of the boundary conditions uj,,;(b) = @,(b) = 0 and upt1(Tas1) = 0. Without
loss of generality we may assume that up41(z) > 0, @n(z) > 0 on (Zp41,b), so that the
right-hand side of (A.7) is positive. The left-hand side of (A.7) is negative because of

Upy1(Tnt1) > 0, @n(Zny1) > 0. Thus we arrive at a contradiction and we conclude that
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An < An—}-l, n = 0,1,2, ven O

Consider next the two eigenvalue problems for the Sturm-Liouville equation (A.1) with bound-

ary conditions either
(A8) w(a)=0, u(d)=0,

or
(A.9) wu(a)=0, u(b)=0.

Let the corresponding eigenvalues be denoted by u, and fi,, n = 0,1,2,..., respectively,

ordered by ascending magnitude with g, — 00, i, — o0 as n — oo. Then we have the

interlacing property
(A‘lo) Hn < fin < pnt1, n=0,1,2,..,

the proof of which is almost identical to that of Lemma A.1.

Finally we compare the two eigenvalue problems for the Sturm-Liouville equation (A.1) with
boundary conditions (A.2) and (A.8), and the two problems with boundary conditions (A.3)
and (A.9). The pertaining eigenvalue problems differ in just one boundary condition, i.e.

u'(b) = 0 versus u(b) = 0. Similar to Lemma A.1 we have the interlacing properties
(A1) A < pin < A1, 7 =0,1,2,...,
(A12) Ap < fin < Ang1, 2 =0,1,2,....

The results (A.4), (A.10), (A.11) and (A.12) are combined into the following lemma.

LEMMA A.2. The eigenvalues A, An, fin, fin have the interlacing property

A A A An A
(A13) do< < T<< o< <

Ho .&0 ‘&n— 1 Hn aan

The writing of two eigenvalues on top of each other indicates that their mutual ordering is

not known.
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The present lemmas are probably known. However, we have not been able to find a suitable
reference to the vast literature on Sturm-Liouville eigenvalue problems. The interlacing prop-
erty does appear as a problem in Dunford and Schwartz [10, p. 1547} and Reid [18, p. 165-166].

According to Reid, "the inequalities are some of the most classic of Sturmian theory”.
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Appendix B. Location of the v-roots v, vs?, vcl

s oI
n? Vsn

with respect tov =1

This appendix deals with the question which of the v-roots vcl, vsiy, veyt, vsy are < 1

and which are > 1. It is shown that all roots are > 1, except for ¢ = 0 and
(B.1) O<wed, vej <1, whenn/2< <7 O0<isi< ], whenm/2<bp< .

Notice that ©s} = 1 at 8 = 7 by (5.41).

Consider first the roots v¢] and vsT of the transcendental equations (5.21), which obviously

depend on 8.

LEMMA B.1. The roots velt = vet(bp) and vs = vsip(bp) are decreasing functions of
fofor0< g < 7.

PROOF. The roots ve, vsi can be determined as solutions of the equivalent transcenden-
tal equations {6.21), (6.22); see also Fig. 6.1. In the latter equations the left-hand sides
ph, i = I,II,II1,1V, are independent of 8y, whereas the right-hand sides u7% and pp are
functions of 6 as it is readily seen from the variational expression (6.16). We now change 6o
into 3 > 8o and, similar tot (6.12), we introduce the spaces S/, and S% of functions X(6)
defined for 0 < ¢ < 8, . Each function X(#) € S4 or Sp can be extended to a function
X(8) € 8§ or Sg , by setting X(8) = 0 for 8 < 8 < }; indeed, the extended function is con-
tinuous at # = @y and belongs to PC*[0,6)] . Thus we have the space inclusions S4 C 5 and
S C S . Furthermore, the functionals Dg[X] and He[X, X] , as given by (6.13) and (6.14),
remain the same under the extension of X(#). Therefore, when changing 8o into 85 > 6o ,
the min-max in (6.16) is to be taken over a "larger” set which implies that u% |g, < 4} ]9:)
and pf o, < KB lg;- Hence, 7} and pf are increasing functions of . Then the eigenvalue
curves 1t = p%(v) and p = pH(v) in Fig. 6.1 will move upwards with increasing fp . As
a result, the intersections with the (fixed) eigenvalue curves p = p*(v) , at v = vcj} and
v = vsp , will move to the left. This proves that vc* and v} are decreasing functions of

6y . a
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NOTE. Numerical results have shown that there is no general monotony of the roots ic;;’ and
ps™ as functions of fp . This can be understood from the variational expression (6.16) for
1S and xP, where the min-max is to be taken over the spaces S¢, Sp (see (6.12)) or S5, Sh,
if 8¢ is changed into 8 . A function X(0) € S¢ or Sp might again be extended by setting
X(8) = 0 for 6 < 8 < 8 , however, the extended function is in general discontinuous at
6 = 6 and does not belong to PC[0,6;] . Therefore, there exists no ordering of the spaces

Sc,Sp and Sg, Sp, and the above proof fails.

LEMMA B.2. vel?, vs? 21, m = (0),1,2,..., n=1,2,3,..., when 0< 6 < 7/2.
PROOF. The result follows from Lemma B.1 and the values vef =vsp =m+2n—-12>1
at 6o = 7/2 , taken from (5.39).

LEMMA B3.0<wve) <1, 1<wvc<2,whenn/2<8< 7.
PROOF. From (5.39) and (5.41) we have ved = 1, ve} = 2 at 8 = 7/2, and ve} = 1 at
B = m . Next the results are obvious by Lemma B.1. Notice that 0 < vc? by (6.23). O

From Fig. 6.1 it is recognized that, apart from ve? and ve}, the smallest v-roots of the

transcendental equations (5.21) are given by vcJ and vs} . In Lemma B.4 we shall prove that

ved, vsl > 1, when 7/2 < 8y < 7 . The proof uses Sturm’s comparison theorem [8, p. 208,

Thm. 1.1] which is quoted here for convenience.
THEOREM B.1. Let y1(z) and yz(z) be real solutions of the differential equations
(p((l))y:)' + g'(m)yl =0, a<z<b, i1=1,2,
where p(z) > 0 on (a,b). Let gy(z) < ga(z) on (a,b). If z; and z; are consecutive zeros of

y1(z) on [a,b], then y,(z) has at least one zero beteen z{ and z.

As a further preliminary we establish another Sturm-type comparison theorem:
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THEOREM B.2. Let y1(2) and ya(z) be the solutions of the initial-value problems
(p(2)9f) +gi(2)ui =0, a<z<b wla)=1, yla)=0; i=12,

where p(z) > 0 on (a,b). Let g1(z) < ga(z) on (a,d). If y1(z) has a smallest zero z1 € (a,b],
then yz(z) has at least one zero between a and z;.

PROOF. Multiply the differential equations for y; and y» by y2 and y;, respectively, and

subtract, then we obtain

(B2)  lp(a)h(@ha(z) - (@ ()] = [n2(2) - (D ()a(a)

Integration of (B.2) over the interval [a, 8] C [a, b] yields the Green’s formula

B
(B3)  p@)W@nE) - n@ukE)], = [l6a@ - a@nEned .

For a = @ and §# = z;, the formula (B.3) specializes into

1

(B4)  plast(enin()= [lonle) - nleln@n(d

a

where it has been used that yj(a) = y4(a) =0, w(z1)=0.

Obviously y;(z) > 0 on [a,z1) and ¥;(z1) < 0 . Suppose now that y2(z) has no zeros between
a and z; , so that y3(z) > 0 on [a,z1) . Then the right-hand side of (B.4) is positive, whereas
the left-hand side of (B.4) is non-positive. Thus we arrive at a contradiction and we conclude

that y,(z) has at least one zero between ¢ and 2y . a

Consider now the #-Lamé equation (6.3) which is rewritten in the generic form
(B:5)  (p(O)X") +g(»,0)X =0,

where

v{v + 1)k*sin® 0 —
. 8) = Vi~ F2cos28, g(v,0) = .
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By setting u = p™, i = ILIIIII,IV, m = 1,2,3,..., as given by (6.5), the solution X(9)
is a non-periodic Lamé function of class I, II, III, IV, respectively. By use of the variational
expression (6.11) it has been shown below (6.20) that p™ = pu*(v) is a decreasing function
of v; see also Figs. 6.1 and 6.2. Hence, the function g(v,8) in (B.6) is an increasing function
of v, which is the only property that is needed in the sequel.

The comparison theorems B.1 and B.2 will be applied to the solutions X; () and X(#) of
the differential equations |

(B.7)  (p(O)X5) +9(v,0)Xi =0, i=1,2,
obtained from (B.5) by setting v = »; and v = v,, respectively. Similar to (B.3), the
associated Green’s formula over some interval [a, 3] is given by

B
(B5)  p(O)X1(O)X2(0) — Xa(®)X3(6))] = [l9(v2,6) - gl0n, ) Xa(0)Xo(0)ab

[+3

In the sequel we usually set 1, = 1 . According tot (5.36), the non-periodic Lamé functions

with ¥ = 1 take the form
(B9) LY, (6) = cos, LU),(8)=sing, L) (8)=vI-KkEcos?h,

in which any multiplicative constants have been suppressed.

LEMMA B4. vc), vst > 1, when 7/2 < 6y < 7 .

PROOF. (i) The Lamé functions X,{8) = Lgl(é‘) = cos § and Xo(8) = ng{(@) with v = vcd,
are solutions of the differential equations (B.7) with 14 = 1 and v; = vc . Both functions
satisfy the boundary condition X!(0) =0, ¢ = 1,2 . Furthermore, X2(6p) = 0 and X2(f) has
exactly one zero #* between 0 and 6, by Theorem 4.1.

Suppose vy < vy, then g(v3,0) < ¢(v1,8) . Next it follows from Theorems B.1 and B.2
that X;(#) has at least two zeros at @y and a; with 0 < o3 < 6* < a; < 8o < 7 . Since
X1(6) = cos @ has only one zero between 0 and w7, we arrive at a contradiction and we con-
clude that ve) > 1.

(ii) The Lamé functions X1(6) = L{,(6) = vI=Flcos?d and Xa() = LGL(6) with
v = vs} , are solutions of the differential equations (B.7) with »; = 1 and v, = vs] .

Both functions satisfy the boundary condition X/(0) =0, ¢ = 1,2, while X3(6) =0 .



68

Suppose vz < 11 , then g(va,8) < g(v1,6) . From Theorem B.2 it follows that X;(#) has at
least one zero between 0 and 6 . Since X;(6) = v/1 — k% cos? 8 has no zeros, we arrive at a

contradiction and we conclude that vs} > 1. o

The results of Lemmas B.2-4 are combined into the following theorem.
THEOREM B.3. vcl, vs? > 1, m=(0),1,2,..., n=1,2,3,..., when 0 < 8y < 7, except
that 0 < ved <1, when 7/2< 6 < 7.

Secondly, we consider the roots ¢ and s of the transcendental equations (5.22). Notice
that ¢ = 0 , as observed below (5.24). From Fig. 6.2 it is recognized that, apart {from

pe? = 0, the smallest v-roots of equations (5.22) are given by pc3 ,oct and psi .

LEMMA B5. ¢ > 1 ,when 0< 6y < 7 .

PROOF. The Lamé functions X3 (8) = L, (9) = cos8 and X2(6) = LGL(8) with v = i ,
are solutions of the differential equations (B.7) with vy = 1 and vy = #c} . Both functions
satisfy the boundary condition X/(0) =0, i = 1,2 . Furthermore, X3(6p) = 0 and X2(#) has
exactly one zero 6 between 0 and 8 by Theorem 4.1. Without loss of generality we may
assume that X,(8) > 0for 0< 8 < 6* and Xp(8) < Ofor0* <6< bp.

Let 0 < 8 < 7/2 and suppose v, < 1 , then g(v4,8) < g(v1,6) . From Theorem B.2 it follows
that X1(#) has at least one zero between 0 and 8* < 7/2 . On the other hand, X;(6) = cosé
has no zeros between 0 and /2, and we arrive at a contradiction.

Let /2 < 8 < 7 and suppose vo < vy , then g(ve,08) < ¢g(v1,8) . From Theorem B.2 it
follows that X1(#) has at least one zero between 0 and 6*. Since X1(f) = cos @ vanishes at
6 = /2, we conclude that 8* > /2 . Next we employ the Green’s formula (B.8) over the

interval [8*,8p] , viz.

[
(B.10)  p(60)X1(80)X2(86)+ p(67) X1(6*)X2(6") = /[g(tfz,f’) - g(1,0]X1(0)(X2(0)db
0‘
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where it has been used that X3(fs) = 0 and X3(8*) = 0 . It is easily seen that the left-
hand side of (B.10) is positive, whereas the right-hand side is negative, and we arrive at a

contradiction.

Thus we conclude that #c) > 1, when 0 < 6y < 7 . a

LEMMA B.6. e}, sl > 1 ,when 0< 8y < 7/2; 0< el <1, when 7/2 <8 <73
O<pst<l,whenw/2<bp<m;vsi=1atbp=rm.

PROOF. (i) The Lamé functions X1(6) = L), (8) = sin 6 and X2(6) = LGL(6) with v = e},
are solutions of the differential equations (B.7) with 13 = 1 and v = ¢} . Both functions
satisfy the boundary condition X;(0) = 0, ¢ = 1,2, while X3() > 0 for 0 < 6 < 6o and

X3(6) = 0 . Hence, the Green’s formula (B.8) over the interval [0, 8] specializes into
8

(BA1) p(80)X}(B0)Xa(fo) = [lo(v,8) — g(01,0)] X (6) Xa(8)de .
0

Let 0 < 6y < 7/2 and suppose vy < vy , then g(v3,8) < g(11,8) . Obviously the right-hand
side of (B.11) is negative, whereas the left-hand side is non-negative. From this contradiction
we conclude that e} > 1, when 0 < 6 < w/2.

Let 7/2 < 6 < 7 and suppose v > vy , then g(v2,8) > g(11,6) . The right-hand side of (B.11)
is now non-negative, whereas the left-hand side is negative. Because of this contradiction we
have e} < 1, when 7/2 < 6y < 7w . Notice that 0 < e} by (6.29).

(i) The Lamé functions X;(8) = L) (6) = vI— F2cos?0 and Xa(f) = Lizh(8) with v =
s}, are solutions of the differential equations (B.7)withyy = 1land vy = s} . Both functions
satisfy the boundary condition X/(0) = 0, ¢ = 1,2, while X2(8) > 0 for 0 < 8 < 6 and
X5(6p) = 0 . Hence, the Green’s formula (B.8) over the interval [0, 8] specializes into

8
(B12) p(B0)X{(80)Xa(00) = [la(v2,0) — g(11,0)| X2 (6)Xa(0)d8
11

Let 0 < 6y < 7/2 and suppose v, < 14, then g(v3,6) < g(11,0) . Obviously the right-hand
side of (B.12) is negative, whereas the left-hand side is non-negative. From this contradiction

we conclude that s} > 1, when 0 < 6y < 7/2.
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Let /2 < 6 < 7 and suppose v, > vy , then g(v2,8) > g(11,8) . The right-hand side of (B.12)
is now non-negative, whereas the left-hand side is negative. Because of this contradiction we
have 7s} < 1, when 7/2 < 8o < 7 . Notice that 0 < s} by (6.28) and ps] = 1 at f = 7 by

{(5.41). m)

From Lemmas B.5 and B.6 and Fig. 6.2 we infer that &)}, s > 1 in the following two
cases: (i) m = (0),1,2,..., n = 1,2,3,..., when 0 < fp < 7/2 (except that i} = 0) ; (ii)
m =(0),1,2,..., n = 2,3,4,..., when 7/2 < 6 < 7. It only remains to determine the loca-
tion with respect to v = 1 of the v-roots c* and s, m = 2,3,4,..., when 7/2 < 6 < 7.

The smallest of these roots are given by ic? and vs? .

LEMMA B.7. ¢, 952> 1 ,whenr/2 <8y < 7.
Since we have not been able to find an analytical proof, the lemma has been verified by some

representative numerical calculations of #¢? and s? over the range 7/2 < 6 < 7 for various

values of the parameter k .

Finally, the results of Lemmas B.5-7 are combined into the following theorem.
THEOREM B.A4. o, s > 1, m =(0),1,2,..., n=1,2,3,..., when 0 < fp < 7, except

that e] =0; 0< el <1 ,when1/2< 8o <7; 0< st <1, whenn/2< <.
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