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E L E C T R O M A G N E T IC  IN D U C T IO N  IN  N O N -U N IF O R M  

C O N D U C T O R S , A N D T H E  D E T E R M IN A T IO N  O F  

T H E  C O N D U C T IV IT Y  O F  T H E  E A R T H  F R O M  

T E R R E S T R IA L  M A G N E T IC  V A R IA T IO N S

B y  B. N . L A H I R I  a n d  A . T . P R I C E

Imperial College , London

( Communicated by S. Chapman, F.R.S.— Received 28 March 1938)

1. In t r o d u c t i o n

T h e  possib ility  o f  o b ta in in g  som e k now ledge  o f  th e  d is tr ib u tio n  o f  e lec trica l co n ­

d u c tiv ity  w ith in  th e  e a r th , from  th e  observed  v a r ia tio n s  o f  th e  e a r th ’s m ag n e tic  field, 

w as first consid ered  b y  S ch u ste r (1889), in  deve lo p in g  his th eo ry  o f  th e  d a ily  m ag n e tic  

v a ria tio n s . H e  s e p a ra te d  these v a r ia tio n s  in to  p a r ts  o f  e x te rn a l a n d  in te rn a l o rig in , 

a n d  th e n  a p p lie d  th e  th eo ry  o f  e lec tro m ag n e tic  in d u c tio n  in  a u n ifo rm  sphere , d u e  to  

L a m b  (1883), to  show  th a t  th e  “ in te r n a l” p a r t  co u ld  be  a t t r ib u te d  to  e lec tric  cu rren ts  

in d u c e d  in  th e  e a r th  b y  th e  “ e x te rn a l” p a r t.  C h a p m a n  (1919) m a d e  a m o re  co m p le te  

analysis o f  th e  d iu rn a l  v a r ia tio n  field, a n d  show ed  th a t  i t  w as consisten t w ith  th e  e a r th  

h av in g  a  co re o f  co n d u c tiv ity  k  =  3• 6 x  10~13 e .m .u ., su rro u n d e d  b y  a  n o n -c o n d u c tin g  

shell o f  a b o u t 25 0  km . thickness. C h a p m a n  a n d  W h ite h e a d  (1922) found , how ever, 

th a t  th e  re la tiv e ly  h ig h ly  c o n d u c tin g  oceans p ro b a b ly  h av e  a n  a p p rec iab le  effect 

on  th e  in te rn a l  field, a n d  th u s  in tro d u c e  som e u n c e r ta in ty  in  th e  es tim ate  o f  k .

T h e  th e o ry  fo r a  u n ifo rm ly  co n d u c tin g  sp h ere  w as ex ten d ed  b y  P rice  (1930, I 93 I ) to  

th e  case w h en  th e  field varies ape rio d ica lly , a n d  th is ex tension  w as a p p lied  b y  C h a p m a n  

a n d  P rice  (1930) to  th e  sto rm -tim e  v a ria tio n s . T h e y  fo u n d  th a t ,  in  o rd e r to  o b ta in  a 

th eo re tic a l in d u c e d  field in  a g reem en t w ith  th e  observed  in te rn a l field, it  w as necessary  

to  assum e a  h ig h e r v a lu e  o f  k th a n  th e  above. T h e y  also fo u n d  th a t  th e  in d u ced  c u rren ts  

assoc ia ted w ith  th e  s to rm -tim e  field p e n e tra te  d ee p er th a n  those  assoc ia ted  w ith  th e  

d a ily  m ag n e tic  va ria tio n s . T h e y  co n c lu d ed  th a t  k  co n tinues to  increase  w ith  increasin g  

d e p th  to  values con sid erab ly  g re a te r  th a n  3*6 x  10~13 e .m .u ., bey o n d  250  km . T h e  

m a in  o b jec t o f  th e  p re sen t p a p e r  is to  test a n d  am plify  th is conclusion , by  deve lo p ing  

th e  th eo ry  o f in d u c tio n  o f  elec tric  cu rren ts  in  a  n o n -u n ifo rm  sphere , a n d  ap p ly in g  this 

th eo ry  to  th e  te rre s tr ia l m ag n e tic  varia tio n s .

T h e  consequences o f  assum ing  d iffe ren t values fo r th e  m ag n e tic  p e rm e ab ility  in side 

th e  e a r th  w ere  also considered  b y  C h a p m a n  a n d  W h iteh e ad  (p. 4 7 2 ), a n d  in  fu r th e r  

d e ta il b y  C h a p m a n  a n d  P rice  (p. 4 3 9 ). H ow ever, it  seems likely o n  physical g ro u n d s—  

see, for exam ple , th e  m em o ir ju s t  c ited — t h a t / /  does n o t differ a p p re c ia b ly  from  u n ity
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510 B. N . L A H IR I  A N D  A . T . P R IC E  O N  E L E C T R O M A G N E T IC

in  those layers o f  th e  e a r th  w h ich  a re  o f  m a in  im p o rta n c e  in  o u r investiga tion . W e shall 

th ere fo re  tre a t  // as a  co n s tan t in  th e  p re sen t w ork, a n d  in  th e  n u m eric a l ap p lica tio n s  

its v a lu e  w ill be  tak en  as u n ity .

T h e  gen e ra l th eo ry  for an y  n o n -u n ifo rm  co n d u c to r  is g iven  in  §§ 2, 3 , w h e re  som e 

special fea tu res o f  th e  m a th e m a tic a l p ro b lem  a re  n o ted . T h e  fo rm a l so lu tio n  o f  th e  

p ro b lem  for a n y  c o n d u c to r  w ith  sp h erica l sy m m etry  is g iven  in  § 4 . D e ta iled  fo rm u lae  

for th e  in d u ced  field a n d  c u r re n t d is trib u tio n , in  th e  spec ia l case w h e re  k  =  kp~m, 

w h ere  k  a n d  m a re  constan ts , a re  d e riv ed  a n d  in te rp re te d  in  §§ 5 , 6. T h e  te rre s tr ia l 

m ag n e tic  d a ta  to  be  used  a re  su m m arized  in  § 7, a n d  th e  ab o v e  th eo ry  a p p lied  to  th e m  

in  §§ 8, 9. T h e  resu lts  o b ta in ed  su p p o rt C h a p m a n  a n d  P rice ’s view , th a t  th e re  is a n  

increase  in  k  w ith  increasing  d e p th  b ey o n d  250  km ., b u t  th ey  fu r th e r  in d ic a te  th a t  th e  

increase  takes p lace  v ery  ra p id ly , a c tu a lly  a t  a b o u t 700  km . d e p th , a n d  th a t  th e re  is 

also a n  effective d is tr ib u tio n  o f  k  a t  o r n e a r  th e  surface  o f  th e  ea rth . I t  seems likely  

th a t  th e  la t te r  rep resen ts  th e  in fluence o f  th e  oceans, w h ich  is considered  in  § 10. T h e  

d is tr ib u tio n  a n d  d e p th  o f  p e n e tra tio n  o f  th e  in d u ced  cu rren ts  a r e  in v estig a ted  in  § 11, 

from  w h ich  it ap p e a rs  th a t  th e  know ledge o f  k  affo rd ed  b y  th e  d a ily  a n d  s to rm -tim e  

v a ria tio n s  is n o t likely to  ex ten d  b ey o n d  a  d e p th  o f  a b o u t one-fifth  o f  th e  e a r th ’s ra d iu s .

T h e  conclusions as to  th e  d is tr ib u tio n  o f  k  a re  su m m arized  in  § 12 a n d  fig. 1. T h e  m ost 

im p o r ta n t  one is th a t ,  a t  a b o u t 700  km . from  th e  e a r th ’s surface , th e re  is a  v ery  ra p id  

rise in  k , from  a  v a lu e  o f  o rd e r 10“ 13 e .m .u . o r less, to  a  v a lu e  a t  leas t as h ig h  as 

10“ 11 e .m .u ., a n d  possibly m u c h  h ig h er. T h is  suggests th a t  th e re  is som e ch a n g e  in  th e  

com positio n  o f  th e  substan ce  o f  th e  e a r th  a t  th a t  d e p th , th o u g h  seism ological ev idence 

a p p e a rs  to  in d ica te  th a t  th e  tran s itio n  to  a  denser, a n d  th e re fo re  p re su m ab ly , a  m o re  

m eta llic , c o n ten t takes p lace  a t  a  co n sid erab ly  g re a te r  d e p th  (Jeffreys 1929, p p . 1 3 0 , 

2 1 8 ; G u te n b e rg  a n d  R ic h te r  1938, p . 36 3 ). I t  m ay , how ever, b e  o f  in te re s t to  n o te  th a t  

th e  g rea tes t observed  d e p th  o f  e a r th q u a k e  foci is also a b o u t 600  o r 700  km . (B erlage 

1937)*

2. T h e  f i e l d  e q u a t io n s  f o r  a  n o n -u n i f o r m  me d iu m

In s id e  a  co n tin u o u s m ed iu m  a t  rest th e  fu n d a m e n ta l re la tio n s  o f  th e  e lec tro m ag n e tic  

field re d u ce  to
cu rl E  =  — B , d iv  B  =  0, (2 , 1)

cu r l H  =  47TC +  D , d iv  D  =  (2 , 2 )

w h ere  E  a n d  H  a re  respectively  th e  elec tric  a n d  m ag n e tic  field in tensities, D  a n d  B  

th e  elec tric  a n d  m ag n e tic  in d u c tio n s , c th e  co n d u c tio n  c u r re n t  density , a n d  p th e  space- 

ch a rg e  density, all b e in g  m easu red  in  e lec tro m ag n e tic  un its .

I f  th e  m ed iu m  is iso tro p ic , w e h av e  also th e  co n stitu tiv e  re la tio n s

D  =  eE , B  =  c  =  kE, (2, 3)

w here  e, p  an d  k  a re , in  g en era l, fu nc tions o f  th e  space  v ariab les . W e shall assum e th a t  

th e  g rad ien ts  o f  these fu nc tions exist a t  a ll p o in ts  inside  th e  m ed iu m  considered .
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I N D U C T I O N  IN  N O N -U N I F O R M  C O N D U C T O R S 511

F ro m  (2 , 2 ) w e  h av e  th e  e q u a tio n  o f  co n tin u ity ,

477 d iv  c  =  — d iv  £> =  — 477/?, (2 , 4 )

w h ich , to g e th e r  w ith  (2 , 3 ), leads to  th e  re la tio n

p +  4:71 KpIe =  ( 

T h is  show s th a t ,  i f  ( a ) ejic is c o n s ta n t o r  (b) c is p e rp e n d ic u la r  to  g ra d  

d e p e n d e n t o f  th e  fie ld v ec to rs  a n d  w ill decay  like ex p  ( — 47 . I n  these tw o cases th e

sp ace-ch arg e  d is tr ib u tio n  is in d e p e n d e n t o f  th e  e lec tro m ag n e tic  field, so th a t  i f  p  is 

in itia lly  zero  it  w ill re m a in  so, a n d  co n seq u en tly  c w ill be  n o n -d iv e rg en t.

I f  A  is th e  v ec to r  p o te n tia l o f  th e  m ag n e tic  field, w e h av e

c u rl A  B , E  == — A  —gradf5, (2 , 6 )

w h e re  <j> is a n  a rb it ra ry  co n tin u o u s  fu n c tio n . I f  w e id en tify  <f> w ith  th e  p o te n tia l o f  th e  

in s tan tan eo u s  ch a rg e  d is tr ib u tio n , w e h av e

d iv  (e g ra d  0 ) = —477/?, (2 ,7 )

w h ich , o n  su b s titu tin g  in  (2 , 6 ), show s th a t  e A  w ill be  n o n -d iv e rg en t. W e c a n  th e re fo re  

tak e , w ith o u t loss o f  g en e ra lity ,
d iv  eA — 0 . (2 , 8 )

I t  is also c o n v e n ie n t in  th e  p re sen t case to  define a  new  v ec to r A j b y  th e  re la tio n s

A j =  A  +  g ra d  f t , i j r  =  <J>, so th a t  E

I t  is th e n  re ad ily  fo u n d  th a t  A t satisfies th e  eq u a tio n

c u rl cu rl A j — g ra d  log p  a cu r l A x +  477 + p e 'A l =  0. (2, 10)

I f  th e  field varie s suffic ien tly  slow ly, th e  d isp lacem en t c u r re n t D /4 t7 w ill be  sm all 

a n d  c w ill b e  ap p ro x im a te ly  n o n -d iv e rg en t. I n  fac t D  m ay  b e  n eg lec ted  in  e q u a tio n  

(2, 2) i f  i t  is sm all en o u g h  c o m p a re d  w ith  e ith e r  c o r c u r lH . W h e n  th e  field is oscil­

la to ry  w ith  a p e rio d  o f  o rd e r T ,  D  is o f  o rd e r eE a n d  c o f o rd e r /cE, so th a t

D < ^ c  i f  7> e / x .  (2 , 11 )

I f  th is c o n d itio n  is satisfied th e  m ed iu m  w ill b eh a v e  like a n  o rd in a ry  c o n d u c to r . In  

e lec tro m ag n e tic  u n its  e is o f  o rd e r c~2, w h e re  « =  3 -1 0 10 c m .s e c .-1, so th a t  even  if  k  is as 

sm all as K T 20 e .m .u ., T h a s  on ly  to  be  g re a te r  th a n  a  few  seconds.

I n  a d ie lec tr ic , D  m ay  still b e  ig n o red  if  i t  is sm all co m p ared  w ith  cu rl H . T h e  la t te r  

is o f  o rd e r H  /L, wh ere  Z, is a le n g th  re p resen tin g  th e  scale o f  th e  f ie ld ; also H  is o f  o rd e r 

E ///Z , so th a t  cu rl H  is o f  o rd e r E  T jp L 2. H e n c

D  ^  cu rl H  i f  J(ep ) L .  (2 , 12)

T h is  is sim ply  th e  co n d itio n  th a t  T  is la rg e  co m p ared  w ith  th e  tim e ta k e n  by  e lec tro ­

m ag n e tic  w aves to  trav e l across th e  re g io n  u n d e r  consid era tio n . I n  th e  case o f  th e  

e a r th  L  is o f o rd e r 109 cm ., a n d  J (ep )  o f  o rd e r  c ~ \  so th a t  this co n d itio n  is satisfied i f  

T  0-03 sec.
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3. E l e c t r o m a g n e t ic  in d u c t i o n  i n  a  n o n -u n if o r m  c o n d u c t o r

C onsid er a  n o n -u n ifo rm  c o n d u c to r  (e, ju, k ) su rro u n d e d  b y  a  d ie lec tr ic  (e', 0) a n d

situ a ted  in  a  v a ry in g  e lec tro m ag n etic  field. T h e  p ro b lem  o f d e te rm in in g  th e  d is tu r­

b an c e  p ro d u c ed  in  th e  field by  th e  c o n d u c to r  reduces to  so lving th e  above  eq u a tio n s  

fo r A  a n d  ^ (o r A j a n d  y ) , su b jec t to  th e  cond itions th a t  th ey  c o n ta in  a  p a r t  re p re sen tin g  

th e  field o f  ex te rn a l o rig in  a n d  satisfy th e  p ro p e r re la tio n s  a t  th e  b o u n d a ry  o f  th e  

co n d u c to r .

I n  all th e  cases to  be  considered , on ly  th e  co n d u c tiv ity  k  is v a r ia b le* , e a n d  p  b e in g  

co n stan ts ; also th e  above  cond itions (2, 11) a n d  (2, 12) a re  satisfied, so th a t  D  m ay  b e  

neg lec ted . W ith  these sim plifica tions, w e h av e

d iv A 1 = — V2̂ -, V 2̂ a= — c .g r a d  (1/x) =  — 477/)/e, (3 , 1)

V2A j +  g ra d  V2̂  =  (3 , 2)

A t th e  b o u n d a ry  o f  th e  co n d u c to r , th e  ta n g e n tia l co m p o n en ts  o f  E  a n d  H  a n d  th e  

n o rm a l co m p o n en t o f  B  a re  con tinuous. A lso th e  fu n c tio n  , w h ich  is th e  p o te n tia l 

o f  th e  sp ace-ch arg e  d is tr ib u tio n  p  to g e th e r w ith  a  ch a rg e  d is tr ib

o f  th e  co n d u c to r , is co n tinuous. T o  d e te rm in e '^  w e h av e  47nr =  D'n - D n =  e'E'n — eEn, 

w h e re  th e  suffix (n) den o tes  th e  o u tw a rd  n o rm a l c o m p o n en t o f  an y  vec to r.

A lso a :Enm  cn =  &,an d  there fo re

4:va-\-e&jK =  e'E^,  (3 , 3 )

w h ich  co rresponds to  e q u a tio n  (2, 5 ) fo r p. B u t since (2, 11) is satisfied, th e  second  

te rm  on  th e  left is neg lig ib le  co m p ared  w ith  th e  first, so th a t  a  is v ery  n e a rly  e q u a l to  

e 'E ^A ir  e .m .u . F u rth e r , E n ** &/k  incrje, i.e. E n <| E'n, so th a t  E n is in  g en e ra l 

neg lig ib le  c o m p ared  w ith  E 'n.We th u s  see th a t  a m in u te  ch a rg e  d is tr i

c~2E'n e .m .u .) is set u p  on th e  su rface  o f  th e  co n d u c to r , w h ich  p ra c tic a lly  reduces th e  

n o rm a l co m p o n en t o f  E  ju s t  in side to  zero . I t  is, in  fact, th e  e lec tro s ta tic  field  o f  th is 

surface  d is tr ib u tio n  w h ich  deflects an y  cu rren ts  a p p ro a c h in g  th e  surface  so th a t  th ey  

flow p a ra lle l to  it. S ince E  =  — A j ,  w e see also th a t  th e  n o rm a l c o m p o n en t o f  A j ju s t  

in side th e  su rface  m u st be  zero . T h e  o th e r  b o u n d a ry  co nd itions g iven  ab o v e  im p ly  th e  

co n tin u ity  o f f  a n d  o f  th e  ta n g e n tia l co m p o n en ts  o f  A j a n d  p ~ l cu rl

I t  w ill b e  observed  th a t  f  en te rs  in to  th e  d iffe ren tia l eq u a tio n s  on ly  in  th e  fo rm  V 2rjr. 

F o r c e rta in  d is trib u tio n s  o f  k  these eq u a tio n s  w ill h av e  a  so lu tio n  in  w h ich  V 2f  is zero . 

T h is  in d ica tes  th a t  th e re  w ill be  no  ch a rg e  d is tr ib u tio n  in side th e  co n d u c to r , b u t  o n ly  

a  su rface  ch arg e , as is th e  case w h en  th e  co n d u c tiv ity  is u n ifo rm . A lso th e  e q u a tio n  

(3, 1) in d ica tes  th a t ,  for these spec ia l d is trib u tio n s  o f  k , th e  c u rren ts  w ill flow in  th e  

surfaces for w h ich  k  is co n stan t. M o reo v er, in  such  cases, th e  in d u ced  cu rren ts  c a n  b e  

d e te rm in e d  b y  solving th e  above eq u a tio n s  for A 1} w ith o u t fu r th e r  co n sid erin g  ijr. I t  

w ill, ho w ever, be  n o ted  th a t  th is  does n o t im p ly  th a t  e lec tro s ta tic  effects a re  ig n o re d ;

I .e .  k  is a  fu n c tio n  o f  r ,  b u t  n o t ,  o f  co u rse , o f  t .
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th e  n ew  v ec to r  p o te n tia l A x in  fac t co n ta in s  g ra d  a n d  its n o rm a l c o m p o n e n t is ze ro  

ju s t  in side  th e  c o n d u c to r  sim p ly  becau se  o f  th is  te rm , w h ich  rep resen ts  th e  effec t o f  th e  

e lec tro s ta tic  field o f  th e  su rface  d is tr ib u tio n .

4. Co n d u c t o r s  w i t h  s ph e r i c a l  s y mm e t r y

W e shall n ow  show  th a t  th e re  is a  so lu tio n  o f  th e  ab o v e  spec ia l fo rm  w h en  th e  co n ­

d u c to r  is a  sphere , w ith  k  a  fu n c tio n  o f th e  d is tan ce  r  from  th e  cen tre . I f  th e re  is such  a 

so lu tio n  co rresp o n d in g  to  a g iven  in d u c in g  field, i t  w ill be  u n iq u e , because , i f  tw o 

d iffe ren t so lu tions  w ere  fo u n d , th e ir  d iffe rence w ou ld , since th e  eq u a tio n s  a re  lin ea r , 

co rresp o n d  to  a  zero  in d u c in g  field. I t  co u ld  th e re fo re  re p re se n t on ly  th e  decay  o f 

som e in itia l  d is tr ib u tio n  o f  c u r re n t  in  th e  co n d u c to r , w h ich  w e tak e  as zero  i f  w e a re  

co n cern ed  on ly  w ith  th e  effec t o f  th e  in d u c in g  field.

L e t th e  ra d iu s  o f th e  sp h ere  b e  a , a n d  le t k  =  /c(/?), w h e re  p &* rja. W h e n  V 2̂  =  0, 

w e find  th e  e lem e n ta ry  solu tions o f  (3, 2) fo r A 1? a p p ro p r ia te  to  sp h erica l b o u n d a rie s , 

to  be  o f  th e  form s r  a g ra d  u a n d  v g ra d  w , w h ere  u, v a n d  w a re  func tions d e p e n d in g  

on  /c(p). S ince th e  ra d ia l  c o m p o n en t o f  A x is to  b e  ze ro  ju s t  in side  th e  su rface , w e co n ­

sider th e  so lu tions o f th e  fo rm  A x =  rA gradz/. T h is  m akes d iv A x zero  a n d  th e re fo re  

satisfies ( 3 ,  1) . A lso it  satisfies ( 3 ,  2 )  p ro v id ed  V2zz ■«= 4micpu, a n d  th e  so lu tio n  o f  th is 

e q u a tio n , w h en  Kp is a  fu n c tio n  o f  p on ly , is th e  sum  o f te rm s o f th e  fo rm

=  aofn(t, P) S n,

w h ere  S n is an y  surface sp h erica l h a rm o n ic  o f deg ree  n, a0 is th e  ra d iu s  o f  th e  sp h ere  o f  

re ference o f  th e  sp h erica l h arm o n ics, a n d  f f t , p )  satisfies th e  e q u a tio n

J p { p 2J p )  =  {n ^n + 1^ + ^ a2f>2/Ĉ f } f n ‘ (4>

W e thus  h av e  a  so lu tio n  o f  th e  eq u a tio n s  for A x in  th e  fo rm  o f a  series, o f w h ich  a ty p ica l 

te rm  is
A i„ g j  fl0 r  A g r a d  { /„ ( * , /> )  S n} =  a g r a d  £ „ ) /„ ( * , /? ) .  ( 4 ,  2 )

O u ts id e  th e  co n d u c to r , w h ere  k  =  0 a n d  p  =  1, b o th  V 2 A 1 a n d  d iv  A 1 a re  zero , an d  

there fo re  c u r lH  =  cu rl cu rl A  x =  0, so th a t

H  =  — g r a d £ ? ,  ( 4 ,  3 )

w h ere  Q  satisfies L a p la c e ’s eq u a tio n , a n d  is there fo re  th e  sum  o f sp herica l h a rm o n ic  

term s o f th e  fo rm

& n ^  ao{en(0  (?/>)” +  ̂ ( 0  (yP)~n~l}Sn) 4)

w h ere  q =  a/a0^  1. T h e  fu n c tio n  e f t )  rep resen ts  th e  in d u c in g  field o f ex te rn a l o rig in  

a n d  w ill be  a  know n  fu n c tio n  o f  £, w h ile i f f ) ,  co rresp o n d in g  to th e  in d u ced  field, has 

ye t to  be d e te rm in ed .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



514 B. N . L A H IR I  A N D  A . T . P R IC E  O N  E L E C T R O M A G N E T IC

T h e  te rm  in  A 1} co rre sp o n d in g  to  Q n, is found  by  solving th e  e q u a tio n

cu rl A ln =  — g ra d  £2n,

w hich  gives A ln =  a0( r  * g r a d S n) { ~ ~ ~ ~ n

w hich  is, o f course, in  ag reem en t w ith  (4 , 1) a n d  (4 , 2 ) w h en  k  =  0 .

A t th e  b o u n d a ry  p =  1, th e  co n tin u ity  o f th e  ta n g e n tia l co m ponen ts  o f  Aj, a n d  o f th e  

ta n g e n tia l com ponen ts  o f  p ~ l cu rl A  j lead  to th e  re la tio ns

(4>6)

/ , ' < . ! ) +  _i = / ‘{«"',. ( <) +  r " ' 1>.W}- (4» 7 )

A ll th e  b o u n d a ry  co nd itions considered  in  § 3 a re  th e n  satisfied.

T h e  p ro b lem  is thus  re d u ced  to  th e  d e te rm in a tio n  o f  th e  u n k n o w n  functions*  

i ( t ) a n d /(£ , p) in  term s o f th e  know n  fu n c tio n  e(t), from  th e  eq u a tio n s  (4 , 1), (4 , 6) a n d  

(4 , 7). T h e  in d u ced  field is th e n  g iven  b y  th e  re le v an t p a r t  o f  (4 , 4 ), a n d  th e  in d u ced  

c u rre n t is given  by

c  =  /cE =  - kA j =  - ^ ( r A g r a d ^ J  *(/>) ^ / ( * ,  (4, 8)

I t  w ill be  observed  th a t  th e  c u rre n t is in  th e  sam e d irec tio n  a t  a ll po in ts  on  th e  sam e 

ra d iu s  vec to r.

T h e re  a re  tw o cases to  be  considered , (i) w h en  th e  in d u c in g  field is p e rio d ic  a n d  has 

existed long  en o u g h  for th e  tra n s ie n t effects o f  th e  in itia l c ircu m stan ces  to  be  neg lig ib le , 

so th a t  th e  in d u ced  field is also p erio d ic  w ith  th e  sam e p erio d , (ii) w h en  th e  in d u c in g  

field is ap e rio d ic  a n d  th e  effects o f th e  in itia l cond itions h av e  to  be  d e te rm in e d .

I n  th e  first case, i t  is sufficient to  consider a  single h a rm o n ic  c o n s titu e n t o f th e  field , 

o f  p e rio d  2t t /oc say, a n d  w e m ay  th e n  tre a t  ey i a n d  f  as th e  re a l p a r ts  o f  Eeiaty Iei<xt a n d  

F (p) ei<xt respective ly , so th a t  eq u a tio n  (4 , 1) becom es a n  o rd in a ry  d iffe ren tia l e q u a tio n  

w ith  ioc in  p lace  o f d/dt.

I n  case (ii) th e  m ost co n v en ien t m e th o d  o f so lu tio n  is affo rd ed  b y  th e  H eav is id e  

o p e ra tio n a l ca lcu lus, in  w h ich  th e  re la tio n s  be tw een  th e  above  tim e  fu nc tions a re  

expressed by  m eans o f o p era to rs  in  th e  form s

*(*) =  !{P) e{t)> (4 , 9 )

f ( t , p )  **F{p,p)e(t),(4 , 10 )

th e  func tions I(p ) a n d  F (p ,p )  b e in g  o b ta in e d  b y  solving th e  eq u a tio n s  (4 , 1), (4 , 6) a n d

(4 , 7 ), w ith  th e  o p e ra to r  d/dt  re p la ced  b y  a  constan t/* . T h e  values o f  i(t) a n d  f ( t , p )  c a n  

th e n  be  d e te rm in e d  from  (4 , 9 ) a n d  (4 , 10 ) b y  k n o w n  theo rem s in  th e  o p e ra tio n a l 

ca lculus .

* T h e  suffix  n w ill n o w  b e  o m it te d  w h e n  n o  co n fu s io n  c a n  a rise .
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T h u s , w h e th e r th e  field  is p e rio d ic  o r  ap e rio d ic , th e  eq u a tio n s  a re  first solved  w ith  

dIdt re p la c e d  b y  a  co n s tan t, a n d  w e c a n  th e re fo re  t r e a t  b o th  cases to g e th e r , tak in g  

I (p )  a n d  F (p ,  p) to  re p re se n t e ith e r  th e  com plex  q u a n titie s  ia, I( ia )  a n d  F(iot, p) in  th e

first case, o r th e  o p e ra to rs  in  th e  second .

• T h e  e q u a tio n  (4 , 1), w ith  th e  co n d itio n  th a t  th e  field  rem a in s  fin ite  a t  =  0, d e te r­

m ines F ( p , p )  com p le te ly , ex cep t fo r a n  a rb it ra ry  coefficien t in d e p e n d e n t o f  p, so th a t  

w e c a n  w rite
F ( p , P) =  C ( p ) R ( p , p ) ,  (4 , 11 )

w h e re  R ( p ,p )  w ill b e  a  k n o w n  fu n c tio n . O n  su b s titu tin g  in  eq u a tio n s  (4 , 6) a n d  (4 , 7 )

w e th e n  easily  find

C(p) =
qn ( 2 r e + l ) /« 

n + 1  (n ju + 1 ) R - j - R 1’
(4 , 12 )

T (b \  wg2n+1f1 (2 w +  l ) / t f l  )
m  n + l  \ { n p + ^ R + R V

(4 , 13 )

w h ere  R  a n d  R '  d en o te  th e  values o f  R ( p ,p )  a n d  a t  p 1 . T h u s  w h en  R ( p , p )  

C(p)  a n d  I (p )  w ill b e  k now n , a n d  f { t , p )  a n d  * c a n  b ehas b een  fo u n d  from  (4 , 1 ) 

d e te rm in e d .

W h e n  th e  field is pe rio d ic , th e  tim e  fac to r o f  th e  in d u c e d  field is eq u a l, b y  (4 , 9 ), 

to  th e  re a l p a r t  o f  I( ia )  Feixt. H en ce  th e  a m p litu d e  ra tio , a n d  th e  p h ase  d iffe rence 

a t  r  a0,of th e  in d u ced  a n d  in d u c in g  fields, a re  eq u a l, respectively , to  th e  m od u lu s  

a n d  a rg u m e n t o f  I(ioc), w h ich  is g iven  b y  (4 , 13 ). I n  a  s im ila r w ay  th e  a m p litu d e  a n d  

p h ase  o f  th e  in d u c e d  c u r re n t  c a n  b e  o b ta in e d  from  (4 , 8) a n d  (4 , 10 ) on  rep la c in g  

e(t) b y  Eeiat.

W h e n  th e  field is ap e rio d ic , th e  tim e facto rs  i(t) a n d  a re  fo u n d  by  solving th e

o p e ra tio n a l eq u a tio n s  (4 , 9 ), (4 , 10), th e  o p era to rs  I (p )  a n d  F ( p ,p )  b e in g  g iven  by  

(4 , 11)—(4 , 13 ). T h e  so lu tio n  o f  a n y  o p e ra tio n a l e q u a tio n , say g(t)  =  ) f), w here

G(p)  is a kn o w n  o p e ra to r , is g iven  b y

d
g(t)  =  ^ r j  e[t, (4 , 14)

w here
t -

(4 , 15)

th e  p a th  o f  in te g ra tio n  L  b e ing  a cu rv e  from  zoo t o r  -f  i cc , w h ere  c is positive a n d  

fin ite, a n d  th e  singu laritie s  o f  th e  in te g ra n d  a re  on  th e  left side o f  , w ith  | a rg  A | <  

T h is  c o n to u r in teg ra l (4 , 15 ) is d u e  to  B ro m w ich  (1916); th e  fu n c tio n  h (t) ,  w h ich  it 

de te rm in es , is th e  v a lu e  o f  g(t) wh en  e[t) is eq u a l to  H eav is id e ’s u n it  fu n c tio

defined  by  H { t ) =  0 w h en  t 0 , H (t)  =  1 w h en  / >  0 . H en ce  h(t) gives th e  re su lt for a

 D
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su d d en  increase  in  th e  in d u c in g  field. W h e n  h(t) has  b een  d e te rm in e d , th e  fo rm u la*  

(4, 14 ) gives th e  re su lt fo r an y  o th e r  v a r ia tio n  o f  th e  in d u c in g  field, b eg in n in g  a t  tim e  

t  =  0.

T h u s  to  d e te rm in e  i(t) o r f ( t , p ) ,  w e h av e  sim ply  to  su b stitu te  /(A) o r  F (X ,p )  r e ­

spec tively  fo r G(A) in  th e  ab ove fo rm u lae . A lte rn a te ly , h av in g  found  f ( t , p ) ,  w e m ay  

o b ta in  i{t) from  (4 , 6), w h ich  gives

e ( t ) - n q n+lf(t,\).(4 , 16 )

T h e  above g en e ra l fo rm u lae  ho ld  good  fo r an y  sp h erica l c o n d u c to r  in  w h ich  is a  

(d ifferen tiab le) fu n c tio n  o f  p  only. I t  w ill be  observed  th a t  ic(p) affects th e  re su lt 

en tire ly  th ro u g h  th e  fu n c tio n  R ( p , p ) ,  w h ich , from  (4 , 11) a n d  (4 , 1) is th e  so lu tio n  o f

T p ^ l ^ )  =  {n(n +  l )  +  4:nfia2p 2ic (p )p }R ,  (4

w h ich  does n o t becom e in fin ite  as p  ten d s  to  zero . T h e  a rb itra ry  c o n s tan t fac to r r e ­

m ain in g  in  R  c a n  be  g iven  a n y  v a lu e , since it  w ill obv iously  cancel o u t in  th e  expressions 

for I (p )  a n d  F (p , p ) .

5. T h e  f u n c t i o n  R ( p ,  p ) ,  w h e n  k  — k p ~ m

T h e  p a r tic u la r  case w h en  a: is a  c o n s ta n t has  b een  d e a lt  w ith  in  th e  m em oirs  a lre a d y  

c ited , a n d  th e  so lu tio n  is expressib le in  te rm s o f  Bessel func tions o f  h a lf  a n  o d d  in teg er. 

A n o th e r case o f  in te re s t is w h en  k  =  k p ~ 2 , w here  A is a  co n s tan t, fo r in  this case th e  

above  e q u a tio n  for R  reduces to  a hom ogeneous lin e a r  one, a n d  is solved b y

R  =  A p - * - s + B p - t +s,s =  J { n ( n + 1) +  | + £ 2}, (5 , 1 )

w h ere  £2 =  ±n/ia2kp. (5 ,2 )

I n  th e  m o re  g en e ra l case w h e re  k  =  kp~m, w h e re  rn is a n y  re a l c o n s ta n t ex cep t +  2, 

th e  e q u a tio n  for R ,  on  w ritin g

D - i  i —im 1 
R  =  wp *,p l i m =  

reduces to  th e  Bessel eq u a tio n

=  ( v 2 + z 2 )  w > ( 5 > 4 )

o f  w h ich  th e  g en e ra l so lu tio n  is

w =  A ' I „ ( z ) + B ' K v(z ) ,  (5 , 5 )

w h e re  /„ a n d  K v a re  th e  m odified  Bessel func tions o f  th e  first a n d  second  k inds a n d  o f  

o rd e r v.

* T h is  fo rm u la  ex p resses a  su p e rp o s i t io n  p r in c ip le  d isc o v e re d  in d e p e n d e n t ly  in  m a n y  b ra n c h e s  o f  

p h y s ic s ; i t  is t r u e  w h e n  th e  d if fe re n tia l  e q u a tio n s  in v o lv e d  a re  l in e a r  a n d  h e n c e  w h e n e v e r  th e  m e th o d s  

o f  th e  o p e ra t io n a l  c a lc u lu s  a r e  a p p lic a b le .  R e fe re n c e s  to  v a r io u s  p ro o fs  a re  g iv e n  b y  G o ld s te in  (1932, 

p . 104 ).
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S ince R ( p , p )  is to  re m a in  fin ite  as p  ten d s  to  zero , w e find  th a t  (i) fo r 2, A '  is 

zero , (ii) fo r m  =  2, B is zero , a n d  (iii) for rn <  2, B '  is ze ro . H en ce , tak in g  th

a rb it ra ry  c o n s ta n t in  each  case to  b e  u n ity , w e  h av e

m > 2

R ( fa  P~i+S> P~i J v{z).  (5 , 6 )

6. T h e  i n d u c e d  f i e l d  a n d  c u r r e n t -d i s t r i b u t i o n  w h e n  — — 1

O n  su b s titu tin g  th e  ab o v e  expression  fo r in  (4 , 12) a n d  (4 , 13 ) a n d  tak in g

p  — 1, w e o b ta in , a f te r som e tran sfo rm a tio n s  using  th e  re c u rre n c e  re la tio n s  o f  Bessel 

fu nc tions,
m > 2m — 2  <  2

( 2 w + l  ) _ f  ( 2 n ± l  ) g ”

(w + 1) CRv+ i(z i )’ («  +  l )  ( j + » + i ) ’ ( « + l )  ’

T(  i \ \  n f n + l K ^ \ ( Z l )  « g 2 n + 1 ( J - W- | )  ” g 2" + 1 4 + 1 ( g 1)

(re+1) J(Cv+l(z1j'* ( » + l )  (•S'+« +  i ) ’ (k +  1) / v_i(Zi) *
( 6 , 2 )

w h ere  z , is th e  v a lu e  o f  z  w h en  p ~ 1. F ro m  these w e ca n  now  d

th e  in d u c e d  field a n d  c u r re n t  w h en  th e  in d u c in g  field is e ith e r  p e rio d ic  o r  ap e rio d ic .

(i) Periodic field. T h e  a m p litu d e  ra tio , ije say, a n d  th e  p h ase  d iffe rence, i — say, o f  

th e  field a t  r =  a0are  g iven  by

ije — m o d  I ( ia ) ,  t — e — a r g / ( i a ) ,  ( 6 ,  3 )

w h e r e  I  (in) i s  o b t a i n e d  f r o m  ( 6 ,  2) o n  w r i t i n g  in f o r  s o  t h a t  z x — x j i ,  w h e r e

x  =  

T h e  n u m e ric a l e v a lu a tio n  o f  I(ioc) is easy w h en  I t  is also easy  w h en  m >  2

a n d  v is h a lf  a n  o d d  in teg er, because  th e n  th e  Bessel fu nc tions in  (6 , 2 ) a re  o f  spec ia lly  

s im ple fo rm , a n d  I( ia )  co n seq u en tly  re duces to  a ra tio n a l fu n c tio n  o f  J ( i n ) . I n  a few 

o th e r  cases, e.g ., w h en  v is a  sm all in teg er, i t  is possible to  m ak e  use o f  tab les o f  k e r an d  

kei fu nc tions w h en  m> 2, o r b e r  a n d  bei fu nc tions w h en  b u t  in  g en e ra l v 

f rac tio n a l, a n d  i t  is necessary  to  use th e  ascen d in g  p ow er series expressions fo r th e  Bessel 

fu nc tions w h en  x  is sm all, o r  th e ir  asy m p to tic  expansions w h en  x  is la rge .

W h e n  m >  2, w e find , on  expressing K v( x j i )  in  te rm s o f  I v( x j i )  a n d  I_ v( x j i ) ,  a n d  

e x p a n d in g  these in  ascen d in g  (fractional) pow ers o f  x,

K v( x j i )  — %-jt cosec vn { ($ _ v+ i*P _v) e~ivn/i— (d>v +  i P v) e‘vn/i}, ( 6 ,  5 )

, « ( - ) r ( ^ ) v+4r u ,  £  ( “” )r ( i ^ + 4 r + 2  -
” rt 0 ( 2 r ) ! r ( y  +  2 r + l ) ’ rf 0 ( 2 r + l ) ! T ( r  +  2 r  +  2 ) -

( 6 , 6 )

Vo l . CCXXXVII. A. 65
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T his is useful for ev a lu a tin g  I( ia )  w hen  x  is suffic iently 

v <  1 to  th e  ap p ro x im a tio n

Tr\ nq2n+1r ( l  — v) ( x \ 2v / v v \  „  •

~  , -+ i  / - ( l + v i h ) (c o s^ + , s i n ¥ ) ’ ' * » . * • » » « *  (6>7 )

If, how ever, y > l ,  th e  a p p ro x im a tio n  becom es

7C«) =  ^  v > l , x  sm all. (6, 8)

I t  follows from  (6, 7 ) th a t,  w h en  v <  1 a n d  a2ka->  0, -> 0  a

(6, 8) w h en  v > 1 an d  a2k a -> 0 , i[e—>0 a n d  L — e~~>\Ti. H en ce , as th e  su rface  co n d u c tiv it

is decreased , th e  phase  d iffe rence t — e will ten d  to  9 0 ° on ly  

I f  m  is g re a te r  th a n  this, th e  p h ase  d iffe rence w ill te n d  to  x  9 0 °.

W h e n  x  is m u c h  g re a te r  th a n  2, th e  series in  (6, 5 ) do  n o t converg e v ery  ra p id ly , 

b u t  in  this case w e can  use th e  asy m p to tic  expansions o f  th e  Bessel func tions to  o b ta in

fa ir ly  ac c u ra te  results. W e find

=  J { \ n x ~ l e~xV2 (A2+ / / 2)}, (6, 9 )

a r g  K v{x j i )  =  ta n _ 1 f - ^ - f  > (6 , 10)

w h e r e  ( 6 , 1 1 )

T his  leads to  th e  a p p ro x im a tio n

7(*a ) ==?^ x ( 1 _ ^ + ?“ ) ’ (m ~ 2)^ la rge . (6 ,1 2 )

I f  m  is m a d e  to  ten d  to  in fin ity  in  (6, 7 ) o r A; is m ad e  to  ten d  to  i n f i n i t y  in  (6, 12), w e g e t 

th e  co rrec t resu lts  fo r a n  in fin ite ly  co n d u c tin g  sphere , viz. — 1) a n d

i ~ e  =  0.

T h e  co rresp o n d in g  resu lts  for m < 2ca n  be  o b ta in e d  b y  s im ila

n o t re q u ire d  a t  p resen t.

T h e  in d u ced  c u r re n t density  is g iven  by

c =  — ( r  a  g ra d  S n) a0 k p ~) R(ioc, (6, 13 )

a n d  if  w e w rite  c  =  c sv, (6, 14 )

w h ere  is th e  v a lu e  o f c  a t  th e  su rface  o f  th e  c o n d u c to r , w e h av e

c * =  -  (r  Ag r a d S n) a0 kioi{ ^ + ^ )* * * >  (6, 15 )

v - D-m R f a p )
V ~ P RI ) '  (6’ 16)
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IN D U C T IO N  IN  N O N -U N IF O R M  C O N D U C T O R S 519

T h u s  th e  su rface  c u r re n t  c s c a n  be  o b ta in e d  from  th e  in d u c e d  field a lre a d y  co n sid ered , 

a n d  for th e  d is tr ib u tio n  o f  c  below  th e  su rface  w e h av e  on ly  to  consider th e  com plex  

fu n c tio n  v, w hose m o d u lu s  a n d  a rg u m e n t w ill give th e  a m p litu d e  a n d  p h ase  o f  c  as 

c o m p a re d  w ith  c s.

W h e n  m >  2 , w e h av e  • v — ■ p - m~i, y  — p~^m+l. 
K v{ x j i )

T h is  expression  c a n  b e  e v a lu a te d  im m e d ia te ly  b y  m ean s o f  th e  v a rio u s  fo rm u lae  a lre a d y  

g iven  fo r K v{ x j i ) .  W h e n  yx  is su ffic ien tly  sm all, w e o b ta in  from  (6, 5 ) a n d  (6, 6) th e  

a p p ro x im a tio n

V =  ^ \ z A { l x y ) 2V J i p j  , 

w h ich  shows th a t ,  if  th e  su rface  co n d u c tiv ity  is suffic ien tly  sm all, th e  in d u ced  cu rren ts , 

d o w n  to  a  c e r ta in  d e p th , w ill increase  o r dec rease  in  in ten s ity  acco rd in g  as m  is g re a te r  

o r less th a n  n. A lso, th ro u g h o u t th is d e p th , th e  p h ase  o f  th e  in d u c e d  cu rren ts  w ill 

re m a in  p ra c tic a lly  th e  sam e. B u t, in  an y  case, yx  w ill b eco m e la rg e  a t  a c e rta in  d e p th , 

d ep e n d in g  o n  m  a n d  x. W h e n  th is  la rg e  v a lu e  is re ach e d , th e  a sy m p to tic  expansions 

(6, 9)—(6, 11) m ay  b e  used  to  d e te rm in e  v. F ro m  these w e o b ta in  th e  ap p ro x im a tio n s

m o d v  — p ~ im~l e x p { ( l  — y) x / j 2 }, a rg  f  =  ( 1 — x j j 2 , (6, 1 9 )

w h en  yx  is v ery  la rge . T h is  shows th a t  th e  in ten sity  o f  th e  in d u ced  cu rren ts  w ill decrease  

v ery  ra p id ly  w ith  in creasin g  d e p th  a fte r a c e r ta in  d e p th  has  b een  re ach e d , since  th e  

ex p o n e n tia l fac to r in  m o d  r decreases, a n d  becom es m u ch  m o re  im p o r ta n t  th a n  th e  

o th e r  (in creasing) fac to r w h en  p reaches a  sufficiently sm all v a lu e . A lso, w h en  this 

d e p th  is re ach e d , a rg  v w ill b e  la rge , a n d  th ere fo re  th e  p hase  o f  th e  in d u ced  c u r re n t  

w ill ch an g e  ra p id ly  w ith  in creasin g  d ep th .

(ii) Aperiodic field. In  th is case w e first o b ta in , as ex p la in ed  in  § 4 , th e  spec ia l form s 

assum ed  by  th e  tim e fu nc tions i(t)  a n d  f ( t , p ) ,  w h en  e[t) is tak en  eq u a l to  H ( t ) .  T hese  

spec ia l form s w ill be  d en o ted  b y  p i t )  a n d  f { t , p )  respectively .

W h e n  m> 2, w e find, on  e v a lu a tin g  th e  c o n to u r in te g ra l (4 , 15 ), w ith  A) re p laced  

b y  /(A) a n d  F (X ,p ) ,  respectively ,

</>{*) =
nq2n+1 8r (»  2</r_

n +  1 n 2] 0
( 6 , 2 0 )

w h ere

f { t , p )  = q- uHIt T v+i(u) -  Y fiuy )  J , + 1 («) du\ 

j v+i(u) +  Y v+2(u) u2/ ’

r =  16na2k / ( m — 2 )2, y  =  i m+1.

( 6 , 2 1 ) 

( 6 , 2 2 )

A lte rn a tiv e  expressions for (p(t) a n d  i]r{t, p),w h ich  a re  m o re  co n

ca lcu la tio ns, c a n  be  o b ta in e d  b y  e x p an d in g  th e  o p era to rs  I (p )  an d  F (p ,  p) in  descend ing  

o r ascend ing  (fractional) pow ers o f  p ,  a n d  in te rp re tin g  te rm  by  te rm , using  th e  know n 

resu lt p vH{t) — t ~ v j r (  1 — v), w h ich  satisfies (4 , 15 ) (H eav iside 1899, p . 6 9 ; Je ffr

6 5 - 2
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520 B. N. L A H IR I AND A. T. PR IC E O N  EL EC T R O M A G N ETIC

1931, ch. 5). T h e  cond itions u n d e r  w h ich  th e  fo rm al expansio n  o f  an y  o p e ra to r  such  as 

I (p )  in  ascend ing  (fractional) pow ers o f  p  w ill lead  to  a  series o f  (frac tional) pow ers  o f 

(1 //), w h ich  is asy m p to tic  to  <j){t), h av e  b een  in v estiga ted  b y  S u tto n  (1934). T h u s , by  

using th e  asy m p to tic  expansions o f  th e  K v(z)  functions, w e o b ta in  a n  ex pansio n  fo r 

I (p )  in  descend ing  pow ers o f  p ,which leads to  th e  follow ing  ascend

for p i t ) ,

m -
nq2n+1

n + 1

c2t c4 t2

1 + T + 2l72

2 \ t ,

3 r

23r= 

3 .5  72
(6, 2 3 )

w here

cs =  as{ v - l )
s - 1

2 cras_r( v + l ) ,
r — 0

~~ i j
.  M  __ (4v2- l )  (4 r 2- 32) ...  (4v2- ( 2 . f - l ) 2} 

s { ) ~  8*.  S l

- (6, 2 4 )

T h is  exp ression is co n v en ien t w h en  t/T  is sm all. F o r la rg e r  values  o f  t , w e find  th e  

a sy m p to tic  expansio n

nq2n+1 n l 4lt\ ~ 1~v 1 (3 — 2 v) ( l  +  i>) ,

( n + l ) n i + v ) [ \ 7 )  - 2 \ 7 /  +  v ( l - v )  I f )  +

1 2 y ( i - - ) } g

■"l" / ,( 2 + v ) / ,( l - 2 v )
+  •••)• (6 , 2 5 )

W h e n  p{t) h as b een  o b ta in e d  in  th e  above  w ay, th e  v a lu e  o f  i{t) co rresp o n d in g  to  

an y  g iven  e{t) , c a n  be  fo u n d  b y  su b s titu tin g  p[u) fo r h{u) in  (4 , 14) ;  th is  fo rm u la  c a n  b e  

ev a lu a te d  by  n u m eric a l in te g ra tio n  w h en  e(t) is a n  em p irica l fu n c tio n . W h e n  e(t) is 

a n  an a ly tica l fu n c tio n , i t  is som etim es m o re  co n v en ien t to  express e(t) in  th e  o p e ra tio n a l 

fo rm  E ( p )H {t)  b y  m eans o f  th e  th eo rem *

f*oo
E {p )  =  p  

Jo
(6, 2 6 )

a n d  th e n  to  ev a lu a te  i[t) b y  su itab ly  ex p a n d in g  th e  co m b in ed  o p e ra to r  I (p )  E { p ) .  A n  

im p o r ta n t  case is
E ( p ) = p / ( p + l ) ,  ( 6 , 2 7 )

w h ich  leads  to  vario u s  expressions fo r i ( t )depending o n

w h en  A* is sm all b u t  t jr  is la rge , w e find  (cf. 6, 2 5 )

1 2{T (1-v)}2

r ( 2 + v )  r ( i - 2 v )
( 7 )  (6 , 2 8 )

w here  M _ s(z)  is a  co n flu en t h y p erg eo m etric  fu n c tion , defined  b y

M _ s{z) =  1 ( 2 - j ) “ ( i - s )  ( 2 - s )  ( 3 - j )  +  " -- ^6’ 29^

* C a rs o n  ( 1926, p . 16 ). T h e  th e o re m  w a s  s ta te d  b y  H e a v is id e  (1912, p . 3 2 7 ), b u t  n o t  e x p lic it ly  

p ro v e d .
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I N D U C T I O N  IN  N O N -U N I F O R M  C O N D U C T O R S 521

T h e  series (6, 2 8 ) is a sy m p to tic  to  i(t)  fo r large t /r ,  th o u g h  ea ch  te rm  o f th is  series is 

expressed  in  (6, 2 9 ) b y  m ean s o f  a n  ascending series in  W h e n  A is itse lf la rg e , 

has th e  a sy m p to tic  ex p an sio n

S 5 (j + l |

I t  ¥ F ~

j (j + i ) (*+

A3;3
(6, 30 )

T h e  co rresp o n d in g  resu lts  fo r m < 2will n o t b e  g iven  in  d e ta il, b u t  

th a t  in  this case (j){t ) a n d  f { t ,  p) a re  ex pressib le as series o f  e x p o n e n tia l te rm s o f  

fo rm  Cs ex p  ( — asf /r ) ,  w h e re  th e  a ’s a re  th e  (rea l a n d  positive) zeros o f  J v_ x{z) (see, fo r 

ex am p le , th e  re su lt fo r m  == 0 g iven  b y  P rice  1931). T h is  is b ecau se  /(A) 

re g a rd e d  as fu nc tions o f  a  co m p lex  v a r ia b le  A, possess M ittag -L effle r expansions, so 

th a t  i(t) an d  i/r(t,p) c a n  b e  d e te rm in e d  from  a n  ex tension  o f  th e  H eav is id e  p a r t ia l

f rac tio n  ru le .

I t  is o f  in te re s t to  n o te  how  th e  fo rm  o f th e  so lu tio n  changes as m  passes th ro u g h  th e  

v a lu e  2. As m ap p ro ach e s  2 from  below , v tends to  in fin ity  a n d  th e  sim ple  poles o f  

7 (A) (cf. (6, 2)) converge  to g e th e r  a t  th e  o rig in , w h ich  becom es a n  essen tia l s in g u la rity  

fo r m^=2. T h e  in fluence  o f  th is  o n  is to  re p la ce  th e  ab o v e -m en tio n

series b y  a n  ex p o n e n tia l in te g ra l o f  th e  fo rm  (6, 20).

I n  th e  tra n s itio n a l case m  =  2, w e find

w h ere Tj =  1 6 T r a 2k / ( 2 n +  l ) 2, (6, 32 )

a n d  Z)_3(z) is a  W e b e r p a ra b o lic  fu n c tio n  (W h itta k e r a n d  W a tso n  ( 1920), ch . 16), 

w h ich  c a n  b e  co n v en ien tly  expressed  in  te rm s o f  th e  e r ro r  fu n c tio n .

T h e  d is tr ib u tio n  o f  in d u c e d  cu rren ts  a t  tim e  t, d u e  to  a  su d d en  ch a n g e  in  th e  in ­

d u c in g  field, is o b ta in e d  b y  su b s titu tin g  f  (t,p) forf i t ,  p) in  (4, 

fo r f { t , p )  h as b een  o b ta in e d  in  (6 , 2 1 ), b u t  th is is n o t v ery  co n v en ien t fo r n u m eric a l 

ca lcu la tio n s . A lte rn a tiv e  expressions fo r th e  c u r re n t  d ensity  ca n  be  o b ta in e d  b y  su b ­

s titu tin g  th e  o p e ra tio n a l fo rm  for f { t , p )  in  (4, 8 ), a n d  su itab ly  tran sfo rm in g  th e  

re su lta n t o p e ra to r  in  th e  m a n n e r  a lre a d y  described . D e n o tin g  th e  v a lu e  o f  c w hen  

e(t) — H i t )  b y  C , w e find

C  =  ~ '{ m + \ ) r  2 <r * ^ *(*■ f ' l ’ <6- 33)

w h ere  X(‘,p )  =  VO?) • <6’ 34>

U sing  th e  asy m p to tic  ex pansio n

K f y z )  e f f f f

K v + i ( z )  ~  J r

(6, 35 )

 D
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w here  th e  coefficients bx, b2, ...  a re  read ily  fo und  by  d iv id in g  th e  asy m p to tic  series fo r 

K v(yz) by  th a t  for K v{z), w e o b ta in

X { ^ p ) ~ P  1 H E o m + b ^ t / r )  +  b2E 2(t/r) +  ...}, ( 6 , 3 6 )
w here

E 0( t / r ) = J ( £ ) e - e ,

? ■ (6 , 37 )

> = ( 7 - l ) 2T/ ( 4 *). (6 , 3 8 )

T h is  fo rm  o f th e  resu lt is useful for all values  o f p (in c lu d in g  u n ity ) p ro v id ed  t is suffi­

c ien tly  sm all. If, how ever, p d iffers sufficiently from  u n ity  to  m ake  y — 1 la rge , th e  ab o v e  

expression m ay  be red u ced , by  m eans o f  th e  asy m p to tic  series for th e  e rro r  fu n c tio n , 

to  th e  m u ch  sim p le r fo rm

5) ^ i + M r a } +? M A } 2+- ] ’' (6,39)
w h ich  is useful fo r a ll values  o f  t  a n d  p  w h ich  m ak e  2 t j  

o f  t, w e find, b y  ex p a n d in g  1 / K v+l U i TP)}  in  ascen d in g  pow ers 

x ( t , p )  ~  / - ( 1  ̂  1 + v e ~ y r ! [  l  +  * f w 2(7 7 ) + 2  22( i ^ y )  7 4w4(7 7 )  +  —

+  j ^ 2  +  ■ ■ •), (6, 4 0 )

w here  r / =  yr/(4:t), (6 ,4 1 )

a n d  th e  fu n c tio n  ws(z) is g iven  in  term s o f  th e  co n flu en t h y p erg eo m etric  

W k m(z) (W h itta k e r a n d  W a tso n ’s n o ta tio n ) b y

ws{z) =  - frz-K t+ l+ri W ¥ s +l+vhhv{z),  (6, 42)

r 2— ( j '+ v )2 ( r 2+ ( j  +  r ) 2}{r2+ ( . y + v - 2 ) 2}

4z 2! (4  ̂ 5 '

T h e  series (6, 40) is asy m p to tic  to  x ( t ,p )  for la rg e  t, a n d  is useful w h en  ( =  y r/(4 /))  is 

fa irly  sm all. T h e  values o f  p  a n d  t  w h ich  a re  o f  m ost in te re s t (e.g. th e  v a lu e  o f  p a t  w h ich  

th e  m ax im u m  c u r re n t  d ensity  occurs fo r a  g iven  v a lu e  o f  t) a re  freq u en tly  those  fo r 

w h ich  7/ is sm all b u t  yrj is larg e . I n  such  cases it  is c o n v e n ie n t to  use th e  series (6, 40), 

w h ich  is asy m p to tic  to  y i t ,  p) fo r small rj, b u t  to  ev a lu a te  each  te rm  o f  this series b y  

m eans o f  (6, 42) w h ich  is a sy m p to tic  to  tvs(yrj) for large yij.

T h e  g en e ra l c h a ra c te r  o f  th e  in d u ced  c u r re n t  d is tr ib u tio n  c a n  b e  re ad ily  d ed u c ed  

from  th e  above  expressions fo r y. T h e  c u r re n t den sity  is p ro p o r tio n a l to  y, a n d  (6, 39) 

shows th a t,  as t->  0, %-> 0 for p < 1 b u t  -> 00 fo r 1. A lso
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follow ing, in  w h ich  t<^r, x  is p ro p o r tio n a l to  n/(t /£) a t  th e  su rface  (i.e. a t  

fo r p o in ts  in side  th e  c o n d u c to r  ( p <  1) w e h av e  th e  a p p ro x im a tio n

exDl I f
eXP i ------

■ y y J w h en  e ith e r  t<£.j o r  £<5(1 — y) r. (6, 4 4 )

T h is  increases  as t  increases , a n d  also as p increases , in  th e  ra n g e  o f  v alues o f  t for w h ich  

th e  a p p ro x im a tio n  ho lds. H e n ce  th e  first effec t o f  a su d d en  ch a n g e  in  th e  in d u c in g  

field  is to  p ro d u c e  a  sh e e t-c u rre n t d is tr ib u tio n  on  th e  su rface  o f  th e  c o n d u c to r , w h ich  

th e n  g ra d u a lly  p en e tra te s  in w ard s . T h is  is, o f  co urse, in  ag re e m e n t w ith  phy sica l 

co n sidera tions.

F o r  la rg e r  values o f  t  w e o b ta in , from  (6, 4 0 ), th e  a p p ro x im a tio n

x =~î ) ( s ) ,+’ r ” ' " ' l e x p ( “ « ) ’ w h e n < > ? -  (6> « )

I n  th is case ~  =  0, w h en  t =  m  ■
dp ff l+ n  +  1 4

T h is  v a lu e  o f  t  is sufficiently la rg e  for th e  ab o v e  a p p ro x im a tio n  to  ho ld  good  if

7 ( = / 0

a n d  this co n d itio n  ca n  alw ays b e  satisfied b y  tak in g  p sm all e n o u g h ; ac tu a lly , fo r la rg e  

values o f  m, i t  is satisfied even  w h en  p differs on ly  sligh tly  from  u n ity . A lso for th e  sam e 

v a lu e  o f  t, dyldp  w ill becom e n eg a tiv e  if  p is in creased , a n d  positive i f  p  is decreased . 

H en ce  a t  suffic ien tly  g re a t d ep th s  for th e  ab o v e  cond itio n s  to  be  satisfied, th e  c u r re n t  

d is tr ib u tio n  a t  t im e  t  has  its m ax im u m  in ten s ity  a t  p 0 w h ere

( « . * »

a n d  th e  above  a p p ro x im a tio n s  (6, 4 5 ) w ill h o ld  good  for a p o rtio n  o f  th e  fo rw ard  p a r t,  

a n d  fo r th e  p eak  a n d  th e  w hole  o f  th e  re a r  p a r t  o f  th e  w ave o f  c u r re n t  d en sity  w h ich  

is g ra d u a lly  p e n e tra tin g  inw ards. T h e  p ea k  o f  th is w ave , i.e. th e  p o in t o f  m ax im u m  

c u r re n t  density , trave ls  in w ard s  w ith  a  velocity

- ^  =  4 (" '+r” ± 1 ) ^ " ’ (6 ’ 47)

w h ich  thus co n tin u a lly  decreases w ith  in creasin g  d ep th . T h e  m a g n itu d e  o f  th is m ax i­

m u m  c u r re n t density  a t  p0 is p ro p o r tio n a l to  %0, w here , from  (6, 4 5 ) a n d  (6, 4 6 ),

2+„w +  w + l

r ( l + J>)A) 2
exp

m  +  n-{-1\ 

m — 2 / *
(6, 4 8 )

T h is  shows th a t, if  k  increases dow nw ards a t  a  ra te  g re a te r  th a n  th a t  co rresp o n d in g  to 

k  =  kp~2, a n d  a su d d en  ch an g e  occurs in  th e  in d u c in g  field, rep resen ted  by  th e  first 

spherica l h a rm o n ic  n — 1, th e n  th e  pulse o f in d u ced  c u rre n t w ill ac tu a lly  increase in
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in tensity , as i t  p en e tra tes  (m ore  a n d  m o re  slowly) in to  th e  in te rio r  o f  th e  co n d u c to r . 

I f  n =  2 it  w ill re m a in  co n s tan t in  in ten sity , w h ile  i f  re> 2  it  w ill dec rease. T h e  total 

a m o u n t o f  in d u ced  c u r re n t w ill, o f  course, co n tin u a lly  decrease, in  sp ite  o f  th e  fac t th a t ,  

for n —  1 , th e  m ax im u m  in ten s ity  w ill co n tin u a lly  increase. T h is  im plies th a t  th e  

m ax im u m  becom es m o re  a n d  m o re  sh a rp  as is dec reased  (see, for exam ple , fig. 3 ) ;  

thus (6, 4 5 ) show s th a t  w h en  p 0 d iffers suffic ien tly  from  u n ity , th e  c u r re n t density  w ill 

fall ra p id ly  from  th e  m ax im u m  as p  increases from  p 0, b ecause  o f  th e  fac to r p~m~n~l, a n d  

also as p  decreases, because  o f  th e  fac to r ex p  { —r/?2-m/(4/)}, a n d  th is fa lling  aw ay  from  

th e  m ax im u m  becom es m o re  a n d  m o re  p ro n o u n c ed  as p0 is decreased .

7. T h e  t e r r e s t r i a l  m a g n e t i c  v a r i a t i o n s

T h e  p reced in g  th eo ry  w ill now  be used  to  show  th a t  th e  observed  re la tio n s  b e tw een  

th e  ex te rn a l a n d  in te rn a l p a r ts  o f  c e rta in  m ag n e tic  v a ria tio n s  ca n  b e  ex p la in ed  co n ­

sisten tly  on  th e  hypothesis  th a t  th e  in te rn a l p a r t  is d u e  to  e lec tric  cu rren ts  in d u c e d  

in  th e  e a r th  b y  th e  p r im a ry  e x te rn a l p a r t ,  a n d  th a t  these re la tio n s  in d ica te  th e  d is­

tr ib u tio n  o f  co n d u c tiv ity  d o w n  to  a  c e rta in  d e p th  w ith in  th e  ea rth .

A ny  tim e  v a r ia tio n  o f  th e  e a r th ’s m ag n e tic  field, o f  a  suffic ien tly  w orld -w ide  

c h a ra c te r , m ay  be  ana ly sed  b y  sp h erica l h a rm o n ic  analysis in to  te rm s o f  th e  fo rm

=  ( 4̂ j c o s /d - f ^ s in ^ A )  , ( 7 , 1 )

w h ere  6 is th e  n o r th  p o la r  d istance , A th e  east lo n g itu d e , a n d  a re  each  o f  th e

fo rm

4  =  < e £ s P no + i L P o n- 1),  (7 , 2)

in  w h ich  a0 is th e  rad iu s  o f  th e  e a r th  a n d  p 0 =  r/a. T h e  coefficients efis a n d  if*s w ill be  

func tions o f th e  tim e , a n d  w ill re la te  to  th e  fields o f  ex te rn a l a n d  in te rn a l o rig in  

respective ly .

T h e  p a r tic u la r  v a ria tio n s  w h ich  w ill be  considered  a re  th e  so lar d iu rn a l v a ria tio n s , 

d en o ted  by  5 , a n d  th e  sto rm -tim e  v a ria tio n s , d en o ted  b y  D sV T h e  a c tu a l o b se rv a tio n a l 

d a ta  w ill be  th e  sam e as those  used  b y  C h a p m a n  a n d  P rice  (1930): th e y  a re  co llec ted  

a n d  ta b u la te d  h e re  for conven ience, b u t  for a  full d esc rip tio n  a n d  e x p lan a tio n , 

re fe rence shou ld  be  m ad e  to th e ir  p ap e r.

T h e  so lar d iu rn a l v a ria tio n s  d ep e n d  on ly  on  local so lar tim e, a n d  th ere fo re  a  ty p ica l 

te rm  in  th e ir  p o te n tia l c a n  be  expressed in  th e  fo rm

a0{egp$cos (pA+ oct+eg) + i g p o n~l cos ( p k + a t + i P ) } P g  (c o sd ) ,  (7 , 3 )

w h e r e  a  =  2 tt/)/86400, (7, 4)

i f  t  is m easu red  in  seconds. T h e  p r in c ip a l h a rm o n ic s  a re  those  fo r w h ich  =  1, 2 ,  3 , 4 ,  

a n d  n =  p or p-\-  1. T h e  a m p litu d e  ra tio s  e/i a n d  th e  p h ase  d ifferences e — t o f  th

m onics, as d e te rm in e d  b y  C h a p m a n  (1919), a re  g iven  in  T a b le  I .
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T a b l e  I. A m pl i t u d e  r a t io s  a n d  ph a s e  d i f f e r e n c e s  o f  h a r m o n ic s  i n  s o l a r

D IU R N A L  VARIATIONS AS FO UND BY  C H A P M A N  

190 5  1902

(su n sp o t m a x im u m )  (su n sp o t m in im u m )

M e a n M e a n M e a n M e a n

Pl e q u in o x so lstice e q u in o x so lstice M e a n

PI (2 -9 , -  5*) 2-8, -  3° 2-7 , - 2 3 ° 3 0 , - 2 0 ® 2-8 , - 1 3 °

Pi 2-4 , - 1 8 ° 2-3 , - 1 9 ° 2 0, - 1 7 ° 2 -2 , - 1 8 ° 2 -2 , - 1 8 °

PI 2-4 , - 2 1 ° 2-7 , - 2 0 ° 2-5 , - 2 1 ° 2-4 , - 2 1 ° 2-5, - 2 1 °

Pi 2-2 , - 2 3 ° 2-3, - 1 5 ° 2-9 , - 3 0 ° 3-2, - 2 4 ° 2-7 , - 2 3 °

S e a so n a l h a rm o n ic s  (m e a n  o f  1902  a n d  1905)

|  ( su m m e r-w in te r ) |  ( s p r in g -a u tu m n )

Pi 2-5, -  7° 2 -1 , -  1° 2-3, _  4 0

Pi 2-3 , -  8 ° 2 -6 , +  2 ° 2-45, -  3°

Pi 2 -0 , - 3 2 ° 2-2 , - 1 3 ° 2 1 , - 2 2 °

Pi 1-7, - 3 0 ° 1-7, - 1 9 ° 1-7, - 2 4 °

T h e  re g u la r  p a r t  o f th e  changes o f th e  e a r th ’s m ag n e tic  field d u r in g  a  ty p ica l m ag n e tic  

s to rm  w ere  se p a ra te d  b y  C h a p m a n  (1918) in to  th e  d is tu rb a n c e  d iu rn a l  v a ria tio n s  a n d  

th e  s to rm -tim e  v a ria tio n s . T h e  field o f  th e  s to rm -tim e  v a ria tio n s  is sy m m etrica l a b o u t 

th e  e a r th ’s axis a n d  it  varies w ith  th e  tim e  m easu red  from  th e  co m m en cem en t o f  th e  

sto rm . T h is  field for m id d le  a n d  low er la titu d e s  w as sep a ra te d  in to  p a r ts  o f  ex te rn a l 

a n d  in te rn a l o rig in  b y  C h a p m a n  a n d  P rice . Its  p o te n tia l is expressed in  te rm s o f zo n a l 

ha rm o n ic s, i.e. p  =  0, a n d  (in low er a n d  m id d le  la titu d es) on ly  th e  first h a rm o n ic  

P x is fo u n d  to  b e  o f im p o rtan ce . T h e  values  o f ex a n d  i lP as fo u n d  b y  C h a p m a n  a n d  

P rice , a re  given  for a  series o f  tim es a fte r th e  co m m en cem en t o f th e  sto rm  in  th e  first 

co lu m n  o f T a b le  I I I ,  a n d  a re  show n g ra p h ic a lly  in  fig. 2.

8. D i s t r i b u t io n s  o f  c o n d u c t iv i t y  w i t h i n  t h e  e a r t h  w h i c h  a r e  c o n s is t e n t

W ITH  TH E SOLAR D IU R N A L VARIATIONS

I t  w as show n by  C h a p m a n  th a t  th e  in te rn a l p a r t  o f S  cou ld  be  ex p la in ed  by  e lec tro ­

m ag n e tic  in d u c tio n , i f  th e  e a r th  w ere  assum ed  n o n -c o n d u c tin g  dow n  to  a  d e p th  o f 

a b o u t 250  km ., a n d  u n ifo rm ly  c o n d u c tin g  below , w ith  a co n d u c tiv ity  o f 3*6 x l O -13 

e .m .u ., w h ich  is co n sid erab ly  h ig h er th a n  th e  m easu red  v a lu e  for m ost su rface  rocks 

(a b o u t 10” 15 e .m .u .) . B u t C h a p m a n  a n d  P rice  fo und  th a t  this  d is tr ib u tio n  w ould  

n o t lead , on  th e  in d u c tio n  theo ry , to  su fficiently la rg e  values for t t (t) in  th e  la te r  stages 

o f th e  s to rm -tim e  va ria tio n s , th o u g h  a  d is tr ib u tio n  in  w h ich  k  is ze ro  dow n  to a b o u t 

375 km ., a n d  eq u a l to  4*4 x  10“ 12 e .m .u . below  this d ep th , w ou ld  do  so. In  view  o f 

th is th ey  Considered th a t  a  d is trib u tio n  in  w h ich  k  c o n tin u ed  to  increase  w ith  in creasing  

d e p th  for som e d istance  below  th e  e a r th ’s surface m ig h t lead  to a  co nsisten t e x p lan a tio n  

o f th e  in te rn a l p a r ts  o f b o th  S  an d  Dst.

Vo l . C C X X X V I I .  A , 66
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T o  investiga te  this possibility , d is trib u tio n s  o f  k  w ill now  be co nsidered  w h ich  a re  

given, as in  § 5 ab ove, b y

0 f o r / ? > l ,  k =  f o r  / ? <  1 , ( 8 ,  1)

w here  p  =  r/qa0 a n d  q <  1. T h is  w ill a llow  for th e  possib ility  o f  a  (rel

c o n d u c tin g  lay er ju s t  below  th e  surface, to g e th e r w ith  a  c o n d u c tin g  co re o f  ra d iu s  qa0, 

in  w h ich  th e  co n d u c tiv ity  increases  (assum ing m  positive) w ith  increasing  d e p th . I t  

shou ld  be  observed , how ever, th a t,  since th e  in d u ced  cu rren ts  flow in  a n  o u te r  shell o f  

th e  e a r th  w hose th ickness is p ro b a b ly  less th a n  0 -2<z0 (cf. § 11), th e  v a lu e  o f  k  a t  g re a te r  

d ep th s  th a n  this w ill n o t in fluence th e  in d u ced  fields. H en ce  results  d e riv ed  fo r th e  

d is tr ib u tio n  (8, 1) w ill still ho ld  goo d  i f  (8, 1) is t ru e  on ly  for th e  o u te r  shell o f  thickness 

0-2a0, a n d  an y  in fe rence as to  th e  a c tu a l d is tr ib u tio n  o f  k  w ith in  th e  e a r th  w ill ap p ly  

on ly  to  this o u te r  shell.

By choosing su itab le  values  o f  m, k  a n d  q, vario us d is trib u tio n s  o f  k  w ill firs t be  fo u n d  

w h ich  a re  co m p a tib le  w ith  th e  observed  re la tio n s  b e tw een  th e  e x te rn a l a n d  in te rn a l 

p a r ts  of>S. W e shall th en  investig a te  w h e th e r a n y  o f  these d is trib u tio n s  w ill also a c c o u n t 

sa tisfac to rily  for th e  in te rn a l field o f  th e  s to rm -tim e  v aria tio n s . T h e  in fluence w h ich  

e lec tric  cu rren ts  in d u ced  in  th e  oceans m ay  h av e  on  th e  in te rn a l fields w ill be  ig n o red  

for th e  p resen t, b u t  w ill be  co nsidered  la te r  in  § 10.

O n  th e  assu m p tio n  th a t  th e  in te rn a l field is d u e  to  cu rren ts  in d u ced  in  th e  e a r th  

in  w h ich  th e  d is tr ib u tio n  o f  k  is g iven  by  (8 , 1), th e  values  o f  a n d  e — L fo r an y  

h a rm o n ic  in  S  a re  g iven  b y  (6 , 3) a n d  (6 , 2 )* , w h ere  a  is g iven  b y  (7 , 4 ). H e n ce  i f  o n e  

o f  th e  th re e  d isposab le  co n stan ts  ( m , k, q) is chosen , th e  observe

for a  single h a rm o n ic  in  S  w ill d e te rm in e  th e  o th e r  tw o constan ts .

T h e re  is, o f  course, no  a  p r io r i  reason  for supposing  th a t  a  set o f  values o f  

(m, k, q)thus  found  for one h a rm o n ic  w ill necessarily  fit th e  o th e r  ha rm o n ic s, th o u g h

C h a p m a n  fo u n d  th a t  w ith  m  =  0, i.e  w ith  a  u n ifo rm ly  co n d u c tin

k  — 3-6 x  1CT13 e .m .u ., q =  0-96 gave a  sa tisfac to ry  fit fo r those  h a rm o n ic s  fo r w h ich

th e  analysis o f  th e  observatio ns gave consisten t a n d  re liab le  resu lts . T h e  m ost sa tis­

fac to ry  resu lts  a re  those fo r th e  h a rm o n ic s  P f, P f, P f, a n d  it  is o f  in te re s t to  n o te  th a t  

th e  values  o f  efi an d  e —i a re  n e a rly  th e  sam e fo r a ll these h a rm o n ic s  (cf. T a b le  

In d e e d , C h a p m a n  o b ta in e d  th e  ab o v e  values- o f  k  a n d  q b y  c o m p arin g  th e  c a lc u la ted  

results  fo r P \  w ith  th e  m e a n  o f  th e  observed  resu lts  fo r a ll fo u r h a rm o n ic s  P | ,  P f, P f , 

a n d  P f, in s tead  o f  th e  observed  resu lts  for P \  on ly.

T h e  p re sen t ca lcu la tio n s  a re  based  m ain ly  on  th e  o b se rv a tio n a l results  for P | ,  as 

these  seem  to  be  th e  m ost re liab le . S om e p re lim in a ry  ca lcu la tio n s  fo r 0 show ed  th a t  

th e  co rresp o n d in g  values o f  k  a n d  q , d ed u c ed  from  th e  valu

h arm o n ic , gav e  resu lts  fo r th e  o th e r  ha rm o n ic s, w h ich  a re  ac tu a lly  r a th e r  m o re  sa tis­

fac to ry  th a n  in  th e  case m  =  0 ab ove . T h e  q u estio n  o f  fittin g  a ll th e  h

fac to rily  is d e a lt  w ith  fu r th e r  in  § 12.

* A c tu a l ly  th e  th e o ry  le a d s  m o re  d i r e c t ly  to  th e  v a lu e s  o f  a n d  t —e, as in  th e s e  e q u a tio n s ,  b u t  i t  is 

c o n v e n ie n t  to  c o n v e r t  to  th e  fo rm s e/i  a n d  e — t fo r  c o m p a r is o n  w i th  p re v io u s  m e m o irs .
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W h ile  i t  w o u ld  b e  possible, h av in g  ch osen  one o f  th e  co n stan ts  (m. ky q )y to  e q u a te  

th e  observed  v alues o f  i/e a n d  c — e to  m o d  I( ia )  a n d  a rg  I(ioc) re spec tive ly  (cf. eq u a tio n s  

(6, 3 )), a n d , using  (6, 2), to  solve fo r th e  o th e r  tw o  co n stan ts , th e  m e th o d  w o u ld  in  

g en e ra l b e  lab o rio u s , since (6, 2) in  g en e ra l involves Bessel func tions o f sm all f rac tio n a l 

o rd e r a n d  com p lex  a rg u m e n t. H e n ce  th e  p ro c e d u re  a d o p te d  w as to  s ta r t  w ith  th e  

values fo u n d  for k  a n d  q b y  C h a p m a n  w h en  m  =  0, a n d  to  find  th e  changes in  eji a n d  

e — i p ro d u c e d  b y  tak in g  la rg e r  values o f  m, b u t  th e  sam e k  a n d  q. T h ese  changes in ­

d ic a te d  h o w  k  a n d  q sh ou ld  b e  m od ified  to  o b ta in  th e  observed  values o f  eji a n d  e — t, 

a n d  n ew  ca lcu la tio n s  w ere  th e n  m a d e  w ith  these m od ified  A;?s a n d  </’s. T h u s , w h en  

772 ===== 8, i t  w ill b e  seen  from  T a b le  I I  A  th a t  th e  o rig in a l values o f k  a n d  q g ive a  v a lu e

T a b l e  II A. Ca l c u l a t e d  a m pl i t u d e  r a t i o s  a n d  ph a s e  d i f f e r e n c e s  f o r

TH E HARM ONIC P f IN S y CORRESPONDING TO VARIOUS ASSUMED DISTRIBUTIONS

IN D U C T I O N  IN  N O N -U N I F O R M  C O N D U C T O R S  527

OF CONDUCTIVITY W IT H IN  TH E E A R TH

_______ Pl_

i s t r ib u t io n  o f  c o n d u c tiv ity ,  k  = k p  m fo r p  <  1, eji e — c

0 fo r  p  >  1 w h e re  p =  r/qa0, a0 jifc ra d iu s  o f  e a r th O b s e rv e d  v a lu e s
■.■ - -- -■ - -' 2*2 — 18

q I 0 u k m C a lc u la te d  v a lu e s

0-96 3*6 0 2*41 - 1 8 - 9 °

0-96 3*6 2 2*41 - 1 7 - 9 °

0*96 3*6 8 2*43 - 1 5 - 5 °

0-96 1*8 8 2*70 - 1 8 - 3 °

1-0 1*8 8 1*96 - 1 8 - 1 °

0*992 1*45 16 2*20 - 1 8 - 0 °

0*99 0*36 30 2*70 - 1 7 - 3 °

1 0 0*36 30 2*55 - 1 7 - 3 °

T a b l e  IIB. Ca l c u l a t e d  a m pl i t u d e  r a t io s  a n d  ph a s e  d i f f e r e n c e s  f o r  t h e  h a r ­

mo n ic  P f IN Sy ASSUMING T H A T TH E OCEANS H A V E A N  EFFECT EQ UIVA LEN T TO A  

UNIFORM  SHELL OF TO TAL CONDUCTIVITY 2  X 1 0 “ 6 e .U l .U . X CHL., A N D  CORRESPONDING  

TO VARIOUS ASSUMED DISTRIBUTIONS OF CONDUCTIVITY W IT H IN  TH E EA R TH

D is t r ib u t io n  o f  c o n d u c tiv ity , k  =  kp m fo r  p  < 1, eji e — i

=  0  fo r p  >  1 w h e re  p — r / ^ 0, a 0 lm  r a d iu s  o f  e a r th V a lu e s  ju s t  in s id e  su rfa ce  shell

2*4 — 15

q 1 0 1H m C a lc u la te d  v a lu e s

0*96 3*6 8 2*43 - 1 5 - 5 °

0*96 3*6 12 2*42 " - 1 4 - 8 °

0*964 2*73 16 2*40 - 1 5 - 0 °

1*0 0*36 37 2*37 - 1 4 - 8 °

1*0 0*1 51 — - 1 2 - 9 °

for e — t w h ich  is (num erically ) too sm all a n d  a  v a lu e  o f  eji w h ich  is too la rg e  (b u t n o te  

th a t  this v a lu e  o f eji is very  n ea rly  th e  sam e as th a t  for m — 0, w h ich  differs som ew hat 

from  th e  observed v alue , ow ing  to  th e  fa c t m en tio n ed  a lre ad y  th a t  C h a p m a n  took  

th e  av erag e  o f  th e  resu lts  for several d iffe ren t h arm o n ics  in  his ca lcu la tio n s). T h e  

resu lt for e — i is im p ro v ed  by  h a lv in g  th e  v a lu e  o f ky as in  th e  n ex t en try  in  th e  tab le ,

6 6 - 2
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b u t  t h i s  m a k e s  e/i to o  l a r g e ;  t h is  c a n  b e  r e m e d i e d  b y  i n c r e a s i n g  q, w h i c h  s c a r c e l y  a

e — i . T h e  n e x t  r e s u l t  s h o w s  t h a t  q =  1 i s  t o o  l a r g e ;  e v i d e n t l y  a

b e  s a t i s f a c t o r y .  N o a t t e m p t  w a s  m a d e  t o  d e t e r m i n e  exact v a l u e s  o f  k  a n d  q c o r r e s p o n d i n g  

t o  e v e r y  m, a s  o u r  o b j e c t  i n  t h e s e  p r e l i m i n a r y  c a l c u l a t i o n s  w a s  t o  e x p l o r e  t h e  g e n e r a l  

r a n g e  o f  p e r m i s s i b l e  v a l u e s  o f  k, q a n d  m.

T h e re  is, ho w ever, ju s t  one case, viz. w h en  1 6 ,  w h en  th e  co rresp o n d in g  ex ac t 

values o f  k  a n d  q c a n  be  found  very  s im p ly ; this form s a  useful g u id e  w h en  o th e r  values  

o f  m  a re  considered . W h e n  m =  1 6  a n d  n =  3 , th e  v a lu

th a t  th e  Bessel func tions in  (6 , 2 ) a re  o f  a  spec ia lly  s im ple ty p e  a n d  I{ ix)  re duces to  th e  

ra tio n a l fu n c tio n

' W - f c ’ i l l s ’ (8' 2)

w h e r e  x  i s  g i v e n  b y  ( 6 ,  6 )  a n d  is  t h e r e f o r e  p r o p o r t i o n a l  t o  q j k  .

O n  e q u a tin g  a rg  I(ioc)to th e  observed  v a lu e  o f  ( 1 8 ° ) ,  w e find  x  — 1 - 4 7 .  

s titu tin g  this v a lu e  o f  x  in  m o d /(? a ) , a n d  e q u a tin g  m o d  / ( ia ^  to  th e  observed  v a lu e  o f  

i/e ( 0 - 4 5 ) ,  w e find q — 0 * 9 9 2 .  S u b stitu tin g  th is v a lu e  for q, to g e th e r  w ith  th e  k n ow n  

values o f  a0 a n d  a, in  th e  expression ( 6 ,  4 )  fo r x, w e find  k  =  1 - 4 5  X 1 0 “ 13 e .m .u . I t  w ill 

be  observed  th a t  q is now  ap p ro a c h in g  u n ity , w hile  k  has  ra th e r  less th a n  h a lf  th e  v a lu e  

fo u n d  w h en  m — 0 .

In  th e  ca lcu la tio n s  for w h ich  m <  16 (som e fu r th e r  resu lts  a

was fo u n d  perm issib le to  use th e  asy m p to tic  expression for th e  Bessel fu n c tio n  a p p e a r in g  

in  I(icc), since  x  w as th e n  suffic ien tly  la rge . W h e n  m >  16 , th e  ascen d in g  series for th e  

Bessel fu nc tions m u st be  used , a n d  these do  n o t converg e v ery  ra p id ly  w h en  m  is n e a r  1 6 . 

H en ce  la rg e r values o f  m  w ere  first co nsidered  a n d  ca lcu la tio n s  w ere  m a d e  for 51, 

44, 37, 30, these  n u m b ers  b e in g  chosen  because  th ey  m ak e  =  re spectively

a n d  sligh tly  sim plify th e  co m p u ta tio n s . F o r 51, i t  w as fo u n d  th a t  th e  a p p ro x i­

m a tio n  ( 6 ,  7) cou ld  be  used . T h is  show ed  th a t  th e  p h ase  d iffe rence w o u ld  be  e q u a l to  

Y x  90°, w h ich  is too  sm all, a n d  would be practically unaffected by any change in k .  T his 

im plies th a t ,  fo r 51, th e  co n d u c tiv ity  increases  d o w n w ard s  so ra p id ly  th a t  th e  

o u te r  lay e r o f low  co n d u c tiv ity  is too  th in  to  sh ield th e  in n e r  a n d  m o re  h ig h ly  co n d u c tin g  

re g io n  sufficiently, no  m a tte r  how  sm all k  is ta k e n  a t  th e  su rface , p ro v id ed , o f  course, 

it  is n o t a c tu a lly  zero. T h u s  th e  o bserved  v a lu e  o f  e — i is o f  itse lf suffic ien t to  show  th a t  m  

c a n n o t b e  g re a te r  th a n  a b o u t 50. T h e  resu lts  fo r 30 a re  show n in  th e  la s t tw o  lines 

o f  T a b le  I I  A . H e re  e —i is still s ligh tly  too  sm all (n u m eric a lly ), a n d  e/i is too  la rg e , 

even  w h en  q is g iven  its  la rgest possib le v a lu e . T h e  d isc rep an cy  in  th e  values o f  e/i 

cou ld  b e  rem o v ed  b y  tak in g  a  v a lu e  o f  A; a  little  la rg e r  th a n  th e  chosen  v a lu e  3*6 x  10 —14; 

th is w ou ld , ho w ever, fu r th e r  d ecrease  (b u t on ly  slightly ) th e  v a lu e  o f  e — i. W e co n c lu d e  

th a t  m  =  30, w ith  q  = 1 a n d  k  a b o u t 4 x  10~14 e .m .u ., w o u ld  g ive results  

possibly ju s t  w ith in  th e  m a rg in  o f  e r ro r  in  th e  o b se rv a tio n a l results. B u t m  c a n n o t b e  

g re a te r  th a n  a b o u t 30, because  q has  to  be  in c reased  as m  is in c reased  a n d  i t  re aches 

u n ity , its m ax im u m  possib le v alue , w h en  m  is a b o u t 30. T h u s  th e  v alues o f  (m, k ,  q),

 D
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w ith  m  positive , w h ich  a re  consisten t w ith  th e  observed  results  for P f  in  S,  ra n g e  from  

(0, 3*6 X 10~13, 0*96) to  (30, 4 x  1 0 '14, 1). T h e  d is trib u tio n s  o f  k  w h ich  co rresp o n d  to  

these  values, w h en  m  =  2 , 8 a n d  30 respectively , a re  show n g ra p h ic a lly  as th e  curves  

a , b a n d  c in  fig. 1 .
d e p th  f ro m  su rfa c e  d iv id e d  b y  r a d iu s

Fig . 1. D is tr ib u tio n s  o f  c o n d u c tiv ity  w i th in  th e  e a r th  c o m p a t ib le  w i th  th e  m a g n e t ic  v a r ia tio n s .  A ll 

th e  d is tr ib u t io n s  re p re s e n te d  a r e  c o m p a t ib le  w i th  th e  o b se rv e d  r e la t io n  b e tw e e n  th e  e x te rn a l  a n d  

in te r n a l  p a r ts  o f  th e  h a rm o n ic  P I  in  S } b u t  o n ly  d  a n d  e a r e  c o m p a t ib le  a lso  w i th  th e  D st o b se rv a tio n s . 

I n  th e  case  o f  d  a n d  e th e re  is a  th in  sh e ll o f  r e la tiv e ly  h ig h  c o n d u c t iv ity  a t  th e  su rfa c e . T h is  is r e p re ­

se n te d  b y  a  th ic k  s h e l f  fo r  w h ic h  th e  p r o d u c t  o f  th e  th ic k n e ss  S a n d  th e  c o n d u c t iv i ty  /c0 h a s  th e  c o r re c t  

v a lu e  fo r  th e  th in  sh e ll. T h u s  th e  a r e a  u n d e r  c u rv e  d  (o r  e) n e a r  th e  su rfa c e  g ives  a  c o r re c t  in d ic a t io n  

o f  th e  to ta l  c o n d u c tiv ity  o f  th e  su rfa c e  sh e ll, b u t  th e  v a lu e s  c h o se n  fo r  S a n d  k 0 h a v e  n o  s e p a ra te  

s ig n if ic a n ce .

9. D i s t r i b u t i o n  o f  k  c o n s is t e n t  w i t h  t h e  z o n a l  (“ s t o r m-t i m e 55) pa r t  o f

FIELD OF MAGNETIC STORMS

T h e  field no w  to  be considered  is essen tia lly  o f  a n  ap e rio d ic  c h a ra c te r . T h e  tim e 

facto rs  ex(t) a n d  i x(t)y assoc ia ted  w ith  th e  first zo n a l h a rm o n ic  in  th e  field p o te n tia l 

(cf. § 7), a re  g iven for a  series o f values  o f t in  T a b le  I I I ,  a n d  a re  show n g ra p h ic a lly  in  

fig. 2.

T h e  fu n c tio n  ex{t), d u rin g  th e  la te r  p a r t  o f th e  sto rm  (w hich  is th e  p a r t  o f m a in  

in te re s t in  th e  p re sen t inv estig a tio n ), can  b e  w ell rep resen ted  b y  Ae~Mt~1o\  w here  

A  =  28, A =  3*2 x  10“ 6 a n d  t0 =  18 x  3600, so th a t  t — t0 is th e  tim e in  seconds, m easu red  

from  18 h r. a fte r th e  co m m en cem en t o f th e  sto rm . T h is  is show n b y  th e  follow ing 

ta b le :
T im e  in  h o u rs 18 24 30 36 42 48

O b s e rv e d  ex(t) 28 26 24 23 21 20

28*0 26*1 24*4 22*7 21*2 19*7

In  th e  p re lim in a ry  ca lcu la tio ns w e take , for s im plic ity , n o t th e  a c tu a l ex te rn a l field 

as rep resen ted  by  ex ( t) , b u t  th e  field rep resen ted  by  Ae~X(t~to) H { t — 10) , w here  — =  0

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



530 B. N . L A H I R I  A N D  A. T . P R IC E  O N  E L E C T R O M A G N E T IC

for t < t 0 a n d  =  1 for t > t 0. T h is  assum ed  field igno res th e  in itia l p h ase  o f  th e  sto rm  in  

w h ich  e1 it) first ra p id ly  assum es a  n eg a tiv e  v a lu e  b u t  recovers its in itia l v a lu e  ag a in  in  

a b o u t 4 h r. I t  also rep laces th e  g ra d u a l (th o u g h  ra p id )  increase  o f  b e tw een  4 h r . 

a n d  18 h r. b y  a n  in s tan tan eo u s  increase  a t 18 h r.

As re g ard s  th e  in itia l p h ase , n o  serious e r ro r  ca n  arise from  ig n o rin g  th is, because  

th e  c u r re n t system s in d u ced  by  th e  first ra p id  dec rease  o f  w ill b e  a lm ost exac tly  

an n u lled  by  th e  eq u a l a n d  opposite  c u r re n t system  in d u ced  b y  th e  ra p id  recovery  o f  

e{t). T h is  is, in  fac t, p ro v ed  by  th e  observations, w h ich  show  th a t  i x(t) recovers its in itia l 

v a lu e  a t  a lm ost exactly  th e  sam e tim e  as el ( t ) .

A n  in s tan tan eo u s  increase  o f  ex (/), such  as th a t  assum ed  a t  t — t0, w ou ld  p ro d u c e  th e  

m ax im u m  possible v a lu e  o f  q(£0), viz. j q 3A ,  w h ich  is in d e p e n d e n t o f  k . T h is  v a lu e  o f  

i\{t0) w ou ld  co rresp o n d  to  a d is tr ib u tio n  o f  in d u ced  cu rren ts  on  th e  surface  o f  th e  

c o n d u c to r , w h ich  w ou ld  ra p id ly  diffuse in to  its in te rio r. T h erefo re , fo r a  sh o rt p e rio d  

a fte r tim e t  — t(), th e  in d u ced  field w o u ld  ra p id ly  decrease. H en ce  th e  effect o f  re ­

p lac in g  th e  g ra d u a l rise o f  th e  observed  ) b y  th e  assum ed  in s tan tan eo u s  rise a t  

t =  t0w ill be  to  give too h ig h  a  v a lu e  o f  q  (t) a t  tim e  t  =  t0, a n d  too  ra p id  a  decrease  o f  

i\{t) for a  sh o rt p e rio d  follow ing  this tim e . If, how ever, th e  c a lc u la ted  a n d  observed  

values  o f  i f t )  ag ree  a t  som e in s ta n t sh o rtly  a fte rw ard s  (say a b o u t a n  h o u r  la te r ) ,  a

co m p ariso n  o f  th e  su b seq u en t changes in  th e  tw o  values w ill in d ic a te  w h e th e r a  su itab le  

d is tr ib u tio n  o f  k  has b een  a d o p ted .

U sing  th e  fo rm u lae  (6 , 2 3 )- (6 , 32), ca lcu la tio n s  o f  i f f )w e re  first m ad e , co rresp o n d in g  

to  th e  ab o v e  a p p ro x im a tio n  fo r el (t), a n d  tak in g  m =  2 , 8 ,1 2 ,1 6 , w i

values o f  k  a n d  q a lre a d y  fo u n d  su itab le  for P f . T h e  results  fo r 2 a n d  8 a re  

show n as curves a' a n d  b' in  fig. 2 . I t  w ill be  seen  th a t  th e  c a lc u la ted  i x(t) decays too  

ra p id ly  in  these cases; in creasin g  m  w as found  to  im p ro v e  th e  re su lt, th o u g h  th e  d ecay  

w as still too ra p id  w h en  m =  16.

T h e  la rg est pe rm issib le  v a lu e  o f  m  co nsisten t w ith  th e  P f  observa tio ns has b een  seen 

to  be  a b o u t 30, th e  co rresp o n d in g  d is tr ib u tio n  o f  k  b e in g  re p re sen te d  b y  cu rv e  c o f  

fig. 1. T h e  tim e fac to r q  ( t ) was there fo re  n ex t c a lc u la ted  fo r this lim itin g

I n  th is case, in  o rd e r to  o b ta in  g re a te r  accu racy , th e  ac tu a lly  observed  as g iven  

in  T a b le  I I I ,  w as u sed ; th e  fu n c tio n  w as first c a lc u la te d  from  (6 , 23) a n d  (6 , 25), 

a n d  (f>(u) su b s titu ted  fo r h{u) in  (4, 14), th e  in te g ra l b e in g  ev a lu a te d  g ra p h ic a lly  fo r 

vario u s  values o f  t. T h e  re su lt o b ta in e d  is show n as cu rv e  c' in  fig. 2. T h is  cu rv e  is m u ch  

closer to  th e  observed  values o f  q  it) th a n  is th e  cu rv e  , b u t  i t  is still co n sis ten d y  below  

those values , a n d  th e  d isc rep an cy  c a n  h a rd ly  b e  a c co u n ted  fo r b y  th e  pqssib le e rro rs  in  

th e  o b se rv a tio n a l m a te r ia l. M o reo v er, i t  seems u n like ly  th a t  th e  a c tu a l d is tr ib u tio n  

o f  co n d u c tiv ity  shou ld  ju s t  h a p p e n  to  co inc ide  w ith  th e  lim itin g  case 30) o f  a  

series o f  d is trib u tio n s  o f  special fo r m  w h ich  a re  co m p a tib le  w ith  th e  P |  observatio ns. 

I t  is m o re  p ro b a b le  th a t  t h e  fo r m  o f  th e  d is tr ib u tio n  differs in  som e re sp ec t from  th e  

(m, k , q)-m odel, since  th e  observa tio ns a p p e a r  to  re q u ire  in  som e reg io n  a  h ig h e r 

v a lu e  o f  k  th a n  this m odel c a n  allow , i f  i t  is to  re m a in  co nsisten t w ith  th e  observed
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resu lts  fo r P f. W e co n c lu d e  th a t ,  th o u g h  th e  cu rv e  c o f  fig. 1 is a m u c h  b e tte r  a p p ro x i­

m a tio n  to  th e  a c tu a l  d is tr ib u tio n  o f  k  w ith in  th e  e a r th  th a n  is th e  cu rv e  a (w h ich  is 

p ra c tic a lly  th e  sam e as th e  u n ifo rm  co re  d is tr ib u tio n  p rev io usly  co n sid ered  b y  C h a p m a n  

a n d  P r ic e ) , a  still b e t te r  a p p ro x im a tio n  w o u ld  be  o b ta in e d  i f  th e  m o d e l co u ld  b e  m o d i­

fied  so as to  allow  for a  g re a te r  c o n d u c tiv ity  o f  th e  in n e r  core.

h o u rs

Fig . 2. V a lu e s  o f  ix(t) fo r s to rm - tim e  v a r ia tio n s  c a lc u la te d  fo r  th e  d is tr ib u t io n s  o f  

c o n d u c tiv ity  sh o w n  in  fig . 1 .

T a b l e  I I I .  O b s e r v e d  v a l u e s  o f  ex a n d  i x f o r  t h e  s t o r m -t i m e  v a r i a t i o n s , a n d

V A L U E S  OF i j  C A L C U L A T E D  O N  T H E  IN D U C T IO N  H Y P O T H E S IS , F O R  V A R IO U S  D IS T R I­

B U T IO N S o f  k . U n i t  =  1 y. T i m e  m e a s u r e d  f r o m  \  h r . b e f o r e  c o m m e n c e m e n t

OF STORM

T im e  O b s e rv e d  C a lc u la te d  v a lu e s  o f  i% fo r v a r io u s  d is tr ib u t io n s  o f  k
in  ,--------- ---------  ̂ /------------------------- — ------ ^ ----------------------------------

h o u rs h a! V d '

0 0 0 — — 0 0 0
1 - 1 1 -  5 — — __ __ -  4
3 -  6 -  2 — — • __ I_ -  2*2
6 11 3 — *— 3*9 4*0 4*0

12 26 10 — — 9*0 9*3 9*6
18 28 10 (12) ( 12) 9*6 10*1 10*3
24 26 11 7*8 8-1 8*7 9*1 9*4
30 24 9 6*2 7*0 7*8 8*0 8*8
36 23 8 5-0 5*6 7*0 7*4 8*4
42 21 7 3-3 4*5 6*5 7*2 7*7
48 20 7 1-8 4*1 5*7 7*1 7*4
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T h e  co n d u c tiv ity  o f  th e  in n e r  co re co u ld  b e  in creased  i f  i t  w ere  screened  m ore  

effectively, in  th e  case o f  th e  p e rio d ic  v a ria tio n s , b y  th e  su rro u n d in g  layers. T h is  cou ld  

be  d one  b y  increasing  (w ith in  lim its) th e  co n d u c tiv ity  n e a r  th e  su rface  o f  th e  e a rth . 

T h is  a d d itio n a l co n d u c tiv ity  m ig h t e ith e r  b e  c o n c e n tra te d  in  a  th in  shell a t  th e  surface, 

o r sp read  th ro u g h o u t th e  th ick  shell su rro u n d in g  th e  core. T h e  av a ilab le  direct ev idence 

ap p e a rs  to  fa v o u r th e  first o f  these a lte rn a tiv e s , for th e  th in  shell m ig h t b e  ac co u n ted  

for as rep resen tin g  th e  in fluence o f  th e  re la tiv e ly  h igh ly  c o n d u c tin g  oceans, w h ich  

cover th e  g re a te r  p a r t  o f  th e  e a r th ’s surface. T h e  co n d u c tiv ity  o f  sea -w ate r is, in  fact, 

a b o u t 4 x  10~u  e .m .u ., w h ich  is con sid erab ly  h ig h e r th a n  th e  su rface  v a lu e  (4 x  10" 14 

e .m .u .) , o f  k , g iven  b y  th e  d is tr ib u tio n  c  o f fig. 1 ; on  th e  o th e r  h a n d , th e  m easu red  

co n d u c tiv ity  o f  su rface  rocks is on ly  a b o u t 10“ 16 o r 10“ 15 e .m .u .

10. T h e  i n f l u e n c e  o f  t h e  o c e a n s

T h e  possib ility  th a t  th e  elec tric  cu rren ts  in d u ced  in  th e  oceans h av e  a n  ap p re c ia b le  

effect o n  th e  m ag n e tic  v a ria tio n s  w as p o in te d  o u t b y  C h a p m a n  a n d  W h ite h e a d , w ho  

show ed  th a t  th e  in te rn a l field o f  d iu rn a l v a ria tio n s  cou ld  arise from  in d u c tio n  in  a  

u n ifo rm  co re , su rro u n d e d  b y  a  th in  u n ifo rm ly  co n d u c tin g  su rface  shell, o f  w h ich  th e  

co n d u c tiv ity  d id  n o t exceed  th a t  o f  a u n ifo rm  o cean  a b o u t h a lf  a  m ile  deep . T h e  

a c tu a l oceans, i f  un ifo rm ly  d is tr ib u te d , w o u ld  cover th e  e a r th  to  a  d e p th  o f  over 2 m iles, 

b u t  th ey  a re  so b ro k en  u p  b y  la n d  m asses th a t  th e ir  sh ie ld ing  effec t is g re a tly  re d u ced .

I f  th e  to ta l in d u ced  field co rresp o n d in g  to  an y  ex te rn a l m ag n e tic  v a r ia tio n  is d u e  

p a r tly  to  cu rren ts  in  a  co n d u c tin g  core , a n d  p a r tly  to  c u rren ts  in  a  th in  n o n -u n ifo rm  

ocean ic  shell, w e m ay  expect th e  tw o  p a r ts  to  d iffe r co n sid erab ly  in  d is trib u tio n . U n d e r  

th e  p ro b a b le  assu m p tio n  th a t  th e  co n d u c tin g  co re  has sp h erica l sym m etry , th e  first 

p a r t  w ou ld  h av e  a  d is tr ib u tio n  s im ila r to  th a t  o f  th e  in d u c in g  field, since, as show n in  

§ 4, an y  p a r tic u la r  sp h erica l h a rm o n ic  in  th e  in d u c in g  field w ill give rise to  th e  sam e 

h a rm o n ic , a n d  to  no  o thers , in  th e  in d u ced  field. T h e  second p a r t  w o u ld , how ever, b e  

la rge ly  in fluenced  b y  th e  g eo g rap h ica l d is tr ib u tio n  o f  th e  oceans, a n d  its d is tr ib u tio n  

m ig h t d iffe r g re a tly  from  th a t  o f  th e  in d u c in g  field.

T h e  fa ir ly  c o n s ta n t values  o f  th e  a m p litu d e  ra tio s  fo r th e  d iffe ren t h a rm o n ic s  in  

T a b le  I  in d ica te  a  close sim ila rity  b e tw een  th e  a c tu a l d is trib u tio n s  o f  th e  ex te rn a l a n d  

in te rn a l p a r ts  o f  S.  T h is  does n o t necessarily  im p ly  th a t  th e  in d u c e d  field is d u e  en tire ly  

to  cu rren ts  flow ing in  th e  sp h erica lly  sy m m etrica l co re ; i t  does, how ever, show  th a t ,  

so f a r  as the local time variations S  are concerned, an y  in fluence w h ich  t

be  re p resen ted  a p p ro x im a te ly  b y  a  u n ifo rm ly  co n d u c tin g  shell. T h e  n o n -u n ifo rm ity  o f  

d is tr ib u tio n  o f  th e  a c tu a l oceans w o u ld  in tro d u c e  h a rm o n ic s  in to  th e  in d u c e d  field , 

w h ich  do  n o t d ep e n d  solely o n  local tim e. T hese , how ever, w ou ld  b e  e lim in a ted  b y  

th e  analysis o f  th e  observations b y  w h ich  S  is d e te rm in e d .

I n  th e  case o f  th e  s to rm -tim e  v a ria tio n s , th e  m e th o d  o f  analysis e lim in a tes a ll 

h a rm o n ic s  o th e r  th a n  zo n a l h arm o n ics, a n d  th e  observed  in te rn a l a n d  e x te rn a l fields
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a re  a g a in  v e ry  s im ila r, b e in g  re p re sen te d  a lm o st e n tire ly  b y  J \  in  m id d le  a n d  low er 

la titu d e s . W e  in fe r th a t ,  fo r these v a r ia tio n s  also, th e  ocean s c a n  be  re p re sen te d  b y  a  

u n ifo rm ly  co n d u c tin g  shell. T h e  c o n d u c tiv ity  o f  th is  shell m ay , how ever, b e  d iffe ren t 

from  th a t  re q u ire d  in  th e  case o f  S ; p ro b a b ly  it  w ill be  r a th e r  less b ecau se  th e  in d u c e d  

c u r re n t  c ircu its  in  th e  case o f  Dst co in c id e  w ith  th e  circles o f  la ti tu d e , a n d  there fo r e 

h a v e  alw ays to  pass th ro u g h  co n sid e rab le  la n d  areas.

W h e n  th e  e q u iv a le n t u n ifo rm  shell is ta k e n  in to  ac co u n t, i t  is necessary  to  d e te rm in e  

th e  field ju s t  in side  th e  shell in  te rm s o f  th a t  ou tside , a n d  to  use this inside  field, in s tead  

o f  th e  observed  field, in  a n y  ca lcu la tio n s  invo lv in g  k  a t  g re a te r  d ep th s . F o r a  shell o f  

c o n d u c tiv ity  k 0 a n d  thickness 8 (sm all) , th e  re la tio n s  b e tw een  th e  tim

for th e  field o u tside  th e  shell, a n d  th e  co rresp o n d in g  fu nc tions e' a n d  i' for th e  field ju s t  

in side  th e  shell, a re  fo u n d  to  b e

e' =  e - C-%jt {ne- ( n + 1)*}> #  ( 10> !)

w h e re  q, =  ( 10> 2)

W h e n  th e  field is p e rio d ic  w ith  p e rio d  2tt/oc, w e re p la ce  djdt  b y  ioc a n d  e b y  E e iat etc. 

in  ( 10 , 1); th e n  th e  m o d u lu s  a n d  a rg u m e n t o f  / give, respectively , th e  a m p litu d e  

ra tio  a n d  p h ase  d iffe rence o f  th e  field ju s t  in side th e  shell in  te rm s o f  th e  a m p litu d e  

ra tio  (m od  I / E )  a n d  p h ase  d iffe rence (a rg  I /E )  o f  th e  field o u tside  th e  shell. As k 08 is 

in c reased  from  zero , th e  a m p litu d e  ra tio  a n d  p h ase  d iffe rence o f  th e  field ju s t  in side th e  

shell, co rresp o n d in g  to  a  given field ou tside , w ill b o th  decrease. N ow , i f  th e  p a r t  o f  

in te rn a l o rig in  o f  th e  field ju s t  in side is d u e , as w e suppose, to  in d u c tio n  in  a  spherica lly  

sy m m etrica l core , th e  a m p litu d e  ra tio  a n d  p hase  d iffe rence o f  th e  field w ill b e  eq u a l to  

th e  m o du lus a n d  a rg u m e n t o f  th e  fu n c tio n  I{ ia ) ,  g iven  b y  (4 ,1 3 ) ;  i.e. I ' / E '  ** I(ia) . B ut, 

i f  p  — I ,  a rg  I( ia )  lies b e tw een  0 a n d  90°; i t  tends to  ze ro  i f  th e  co n d u c tiv ity  o f  th e  

core, near its surface, ten d s  to  in fin ity , a n d  to  90° if  th e  co n d u c tiv ity  tends every w here

to  zero. H en ce  th e  m ax im u m  perm issib le v a lu e  o f  k 08, consisten t w ith  a  g iven  field 

ou tside  th e  shell, w ill b e  o b ta in e d  w h en  a rg  — 0 , a n d  th e  su rface  v a lu e  o f  k  for

th e  co rresp o n d in g  co re w ill th e n  be  in fin ite .

I n  th e  case o f  th e  h a rm o n ic  P f  in  S, w e find  th a t  th e  m ax im u m  v alu e  o f  co n ­

sisten t w ith  th e  observed phase  d iffe rence o f  th e  ou tside  field, is

K  =  5T x  10~6 e .m .u . X cm . ( 10 , 3 )

w h ich  is ro u g h ly  eq u iv a len t to  a u n ifo rm  ocean  o f  d e p th  1 km . I f  w e now  suppose  th a t  

th e  co n d u c tin g  core  has a d is trib u tio n  o f  k  o f  th e  fo rm  (8, 1), we find  th a t,  co rre ­

spo n d in g  to  an y  v a lu e  o f  k 08 less th a n  K,  th e re  is a  c e rta in  ra n g e  o f  values o f  m  co nsisten t 

w ith  th e  observed resu lts  for P f ; th e  u p p e r  lim it o f  this ra n g e  tends to  in fin ity  as k{)8 > 

A lso, if  m  is fixed a n d  k 8 g ra d u a lly  increased  from  zero, th e  co rresp o n d in g  v a lu e  o f  k  

re q u ire d  to  fit th e  P f  ob servations increases, a n d  th a t  o f  q dec reases; as k ->  oo

Vo l . C C X X X V I I .  A . 6 7
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a n d  # - > 0 *9 0 3 . T h is  lim itin g  d is trib u tio n , w h ich  is th e  sam e as th a t  o b ta in ed  w hen  

m ->  oo, consists o f a th in  surface shell o f to ta l co n d u c tiv ity  K  su rro u n d in g  a n  in fin ite ly  

co n d u c tin g  core  o f  rad iu s  0 *903<z0. I t  is rep resen ted  d ia g ra m m a tic a lly  by  th e  cu rve  e 

o f fig. 1.

In  the  case o f th e  s to rm -tim e v aria tio n s , th e  on ly  im p o r ta n t  h a rm o n ic  (in  low  a n d  

m id d le  la titu des) is P l5 a n d  it is p ro b ab le , as in d ica ted  above, th a t  th e  co n d u c tiv ity  

o f  th e  eq u iv a len t un ifo rm  ocean ic shell is now  ra th e r  less th a n  in  th e  case o f an y  h a rm o n ic  

in  £, an d  there fo re  less th a n  th e  m ax im u m  v a lu e  K  found  above  for P |.  T o  estim ate  th e  

effect o f a  shell o f this co n d u c tiv ity  on  th e  s to rm -tim e  va ria tio n s , th e  co rresp o n d in g

values o f Cq^ { m x — i x} w ere  fo und  g ra p h ica lly  from  th e  values  ex a n d  i v  d e te r­

m in ed  from  th e  observations a n d  show n in  T a b le  I I I .  T hese  values \yere found  to  be 

less th a n  1 y, excep t n e a r  th e  b eg in n in g  o f th e  sto rm . I t  follows from  (10, 1) th a t  ex — e[ 

a n d  i\ — i[ a re  o f th e  sam e sign a n d  n u m erica lly  less th a n  0 *5 y a n d  0 *3 3 7, respectively, 

so th a t  th e  in fluence o f th e  oceans on  th e  la te r  s to rm -tim e  v a ria tio n s  is p ra c tica lly  

neg ligible , an d  is, in  an y  case, con sid erab ly  less th a n  in  th e  case o f th e  d iu rn a l v a ria tio n s .

I t  has b een  seen above th a t  th e  in tro d u c tio n  o f th e  surface  shell enab les us to  take , 

co nsisten tly  w ith  th e  P |  observations, a g re a te r  v a lu e  o f m  o r k  for th e  co re  th a n  w as 

p rev iously  possible. T h is  increase  in  e ith e r  m  o r k  w ill p ro d u c e  a  g en e ra l rise in  th e  

ca lc u la ted  values  o f i x(t) for th e  s to rm -tim e  v a ria tio n s , a n d  th e  m ax im u m  possible i x(t) 

on  th e  in d u c tio n  th eo ry  w ill c lea rly  be  o b ta in e d  by  tak in g  th e  ex trem e  d is tr ib u tio n  e. 

T h is  th eo re tic a l m ax im u m  for i x(t) is show n as co lu m n  e' in  T a b le  I I I  a n d  as cu rv e  e' 

in  fig. 2. I t  w ill be seen th a t  th e  observed  values  o f i x(t) a re  very  close to  this th eo re tica l 

m ax im u m , b u t  do  n o t exceed  it, excep t in  one case (p =  2 4 ), a n d  it  seems q u ite  possible 

th a t  th e  ex cep tio n a lly  h ig h  v a lu e  o f th e  observed  i x (t) in  this case is d u e  to  som e irre g u la r  

flu c tu a tio n , w h ich  th e  analysis o f th e  observations d id  n o t co m ple te ly  e lim in a te . T h is  

m ay  be  re g a rd e d  as good  co n firm a tio n  o f th e  in d u c tio n  h y p o th es is ; a t  th e  sam e tim e 

it shows th a t  th e  ob served  resu lts  for P \  a n d  Dst w ill no t, o f  themselves, in d ica te  a n  u p p e r  

lim it to  th e  v a lu e  o f  k  for d ep th s  g re a te r  th a n  a b o u t 0*la0. I t  shou ld  also be  n o ted  th a t  

resu lts  d iffe ring  in a p p re c ia b ly  from  th e  above  w ill be  o b ta in e d  if, in s tead  o f  tak in g  k  

to  be  in fin ite  below  r  =  0 *90 3 <z0, as in  e> w e tak e  it  to  h av e  an y  v a lu e  g re a te r  th a n  a b o u t 

10“ 11 e .m .u . H en ce  th e  observations so fa r considered  a re  co m p a tib le  w ith  th e  c o n ­

d u c tiv ity  o f  th e  e a r th  below  a  d e p th  o f  a b o u t 0*1 a0 h av in g  an y  v a lu e  g re a te r  th a n  

a b o u t 10“ n  e .m .u .

T h e  least v a lu e  w h ich  k 08 c a n  h av e  in  th e  (/c0$, m, k , q)-m ode l is a b o u t 

2 x 10“6 e .m .u . x  cm ., because  th e  observed  resu lts  for P |  th e n  a llow  m  to  be  as g re a t 

as 37, a n d  w e find  th a t  th is v a lu e  o f  m  is ju s t  la rg e  en o u g h  to  give a  su itab le  in te rn a l 

field for Dst. T h u s , w ith  this v a lu e  o f /c0$, w h ich  co rresponds to  an  ocean  o f  u n ifo rm  

d e p th  o f  a b o u t J  m ile, w e find  th a t  th e  a m p litu d e  ra tio  (m od E r/ / ' )  a n d  th e  p h ase  

diffe rence (a rg i? 7 P ) ju s tin s id e th e s h e ll ,  co rresp o n d in g  to  th e  observed  values  (2*2, — 18°) 

for P |  ou tside  th e  shell, a re  respectively  2*4 a n d  — 15°. V a rio u s  d is trib u tio n s  o f  k  in
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th e  co n d u c tin g  co re  w h ich  g ive rise to  these  values o f  m o d  E ' / I '  a n d  a rg  a re  show n 

in  T a b le  I I B .  O f  these , on ly  th e  d is tr ib u tio n  fo r w h ich  3 7 , =  4  1 0 -14 e .m .u .,

q — 1 (rep re se n ted  d ia g ra m m a tic a lly  b y  cu rv e  d  o f  fig. 1 ), gives a  sa tis fac to ry  tim e  

fu n c tio n  i ^ t ) .  T h is  is show n as co lu m n  a?' in  T a b le  I I I ,  a n d  as cu rv e  d' in  fig. 2 . I t  w ill 

b e  seen  from  this figu re  th a t  th e  cu rves d '  a n d  e' d iffe r o n  th e  w ho le  b y  less th a n  1 y, 

a n d , w ith  one  ex cep tio n  (t  =  24), th e  o bserved  values o f  i l (t) lie on  o r b e tw e en  these  

cu rves . I t  th u s  a p p e a rs  th a t  an y  d is tr ib u tio n  b e tw een  those  re p re se n te d  b y  d  a n d  e o f  

fig. 1 w ill lead , o n  th e  in d u c tio n  th eo ry , to  th e  co rrec t in te rn a l  fields for b o th  P f  a n d  D st. 

I n  th e  case o f  e, th e  h ig h ly  co n d u c tin g  in n e r  co re is p a r tia lly  sh ie lded  from  th e  p e rio d ic  

v a r ia tio n s  b y  th e  ocean ic  sh e ll; in  th e  case o f  d, th is sh ie ld in g  is d u e  on ly  in  p a r t  to  th e  

o cean ic  shell, a n d  in  p a r t  to  th e  o u te r  lay ers o f  m o d e ra te  co n d u c tiv ity  o f  th e  co re  itself.

T h e  v a lu e  2 x  10-6 e .m .u . x  cm . fo r k 0S in  th e  d is tr ib u tio n  d  does n o t, how ever, 

necessarily  re p re se n t a low er lim it to  th e  possib le in fluence  o f  th e  oceans, b ecause  

th e re  is still th e  possib ility  th a t  th e  o b serva tio ns a re  c o m p a tib le  w ith  a  d is tr ib u tio n  in  

w h ich  k  is, th ro u g h o u t th e  u p p e r  lay ers, g re a te r  th a n  th e  v a lu e  w h ich  has  to  be  tak en  

w h e n  i t  is supposed  expressib le in  th e  fo rm  kp~m. I n  co n n ex io n  w ith  th is, w e  find  th a t  

th e  d is tr ib u tio n  in  w h ich  k =  2-3  x  10~13 e .m .u . fo r r > 0 -89a0, a n d  

v a lu e  g re a te r  th a n  10-11 e .m .u .)  fo r r<C ()-89<70, gives th e  co rrec t a m p litu d e  ra tio  a n d  

p h ase  d iffe rence fo r P | ,  b u t  leads to  a  tim e  fa c to r i Y(t) fo r w h ich  lies b e tw een  th e  

cu rves c' a n d  d' o f  fig. 2, a n d  is ju s t  s ligh tly  too  low  to  give a  sa tisfac to ry  ag re e m e n t w ith  

th e  observed  i ^ t ) .  N ow  th e  on ly  w ay  o f  im p ro v in g  this re su lt fo r w ou ld  be  b y  

in c reasin g  (slightly) th e  ra d iu s  o f  th e  h ig h ly  co n d u c tin g  core , b u t  this w o u ld  u p se t th e  

re su lt fo r P f , unless a t  th e  sam e tim e k  w ere  in c reased  a t  o r  n e a r  th e  su rface , a n d  d e ­

creased  a  little  low er dow n. T h is  show s th a t  th e  observed  results  a re  n o t  en tire ly  

co m p a tib le  w ith  a n y  d is tr ib u tio n  in  w h ich  k  does n o t som ew here  dec rease  (e ith e r 

su d d en ly  o r g ra d u a lly ) w ith  in creasin g  d ep th , before  th e  d e p th  (a b o u t OTa0) is re ach e d  

w h ere  i t  ra p id ly  increases.

I t  follows from  th e  ab o v e  th a t ,  i f  th e  oceans w ere  assum ed  to  h av e  no  ap p re c ia b le  

in fluence, i t  w ou ld  b e  necessary  to  suppose th a t  th e re  is a  reg io n  a t  o r n e a r  th e  e a r th ’s 

surface  w h ere  k  is g re a te r  th a n  2-3 x  10~13 e .m .u ., a n d  th a t ,  b e tw een  this reg io n  a n d  

th e  d ee p e r a n d  m o re  h ig h ly  co n d u c tin g  re g io n , th e re  is one  w h ere  k  is d is tin c tly  less 

th a n  2-3 x  10-13 e .m .u . T h is , how ever, seems un likely , especially  as th e  m easu red  co n ­

d u c tiv ity  o f  su rface  rocks seldom  exceeds 10“ 15 e .m .u . I t  seems m o re  p ro b a b le  th a t  th e  

oceans h av e  a n  effec t o f  th e  sam e o rd e r as th a t  rep re sen te d  by  th e  th in  shells in  o r 

ab ove. A n  in d e p e n d e n t e stim ate  o f  this effect, based  on  a n  investig a tio n  o f  th e  in d u c e d  

cu rren ts  in  a su itab le  non-uniform th in  shell, w ou ld  obv iously  be  o f  v a lu e  in  this co n ­

nexion.

11. T h e  d e p t h  o f  p e n e t r a t i o n  o f  t h e  i n d u c e d  c u r r e n t s

T h e  inferences, w h ich  ca n  be  d ra w n  from  th e  ab ove resu lts  as to  th e  d is tr ib u tio n  o f  

co n d u c tiv ity  w ith in  th e  e a rth , a re  o f  course  re s tr ic ted  by  th e  fac t th a t  th e  in d u ced

67-2
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cu rren ts  w ill n o t p e n e tra te  (ap p rec iab ly ) b ey o n d  a  c e rta in  d ep th . I n  th e  case o f  th e  

ex trem e th eo re tic a l d is tr ib u tio n  e th e  cu rren ts  do no t, in  fact, p e n e tra te  below  th e  

surface  o f  th e  c o n d u c tin g  core. I n  th e  o th e r  cases considered , th e  g en e ra l c h a ra c te r  

o f  th e  in d u ced  c u r re n t d is tr ib u tio n  has  b een  d e te rm in e d  q u a lita tiv e ly  in  § 6.

5 m ins

lAhrs 6 h rs

d e p th  f ro m  s u rfa c e  d iv id e d  b y  r a d iu s

F ig . 3. D is t r ib u t io n  o f  in d u c e d  c u r r e n t  d e n s i ty  w h e n  k , w i th in  th e  e a r th ,  is g iv e n  b y  c u rv e  d , fig . 1. 

C u rv e  v sh ow s th e  a m p l i tu d e  o f  th e  in d u c e d  c u r r e n t  as c o m p a re d  w i th  th e  su rfa c e  c u r r e n t  fo r  th e  

p e r io d ic  v a r ia t io n  P f . T h e  c u rv es  x  sh o w  th e  d is t r ib u t io n  o f  c u r r e n t  a t  v a r io u s  tim e s , fo llo w in g  a  s u d d e n  

c h a n g e  in  th e  a p e r io d ic  fie ld  P x (cf. e q u a tio n s  (11 , 1) a n d  (6, 4 4 ) - ( 6 ,  4 8 )) .

F o r p erio d ic  fields, such  as P f, th e  a m p litu d e  o f  th e  c u r re n t  d en sity  is p ro p o r tio n a l 

to  m o d  v, w h ere  v is given  as a  fu n c tio n  o f  p  by  (6, 17 ) th is w as e v a lu a te d  for th e  case 

w h en  k  h as th e  d is tr ib u tio n  d  (in  w h ich  37 , — 4 x  10~ 14 e .m .u ., <7 =  1), th e

h a rm o n ic  b e in g  P f. T h e  re su lt is show n as th e  cu rv e  v in  fig. 3 . I t  w ill b e  seen  th a t  th e  

m ax im u m  c u r re n t  d ensity  is a t  a  d e p th  o f  a b o u t OT2«0 (o r 800  k m .) , a n d  th e  m a in  

p a r t  o f  th e  in d u c e d  c u r re n t  flows b e tw een  th e  d ep th s  0 *0 5 a0 a n d  OT5a0, th e  c u r re n t  

b e in g  neg lig ib le  a t  a b o u t 0-20a(). T h is  in d ica tes  th a t  th e  in fo rm a tio n  as to  th e  co n ­

d u c tiv ity  o f  th e  e a r th , w h ich  is likely to  be  a ffo rd ed  by  th e  d iu rn a l  v a ria tio n s , re la tes  

to  d ep th s  d is tin c tly  less th a n  one-fifth  o f  th e  e a r th ’s rad iu s .

T h e  d is tr ib u tio n  o f  in d u ced  cu rren ts , w h en  th e  field is ap e rio d ic , is less s im ple  in  

c h a ra c te r  th a n  th e  ab ove . I t  has  b een  show n in  § 6 th a t  th e  pu lse  o f  in d u c e d  c u r re n t  d u e  

to a su d d en  ch a n g e  in  th e  in d u c in g  field w ill, in  spec ia l c ircum stances, increase in
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in ten s ity  as i t  p e n e tra te s  in w ard s . T h is  w ill be  so w h e n  n =  1 (as in  th e  case o f  th e  s to rm ­

tim e  v a ria tio n s) a n d  w h e n  th e  co n d u c tiv ity  increases d o w n w a rd s  a t  a  ra te  g re a te r  

th a n  th a t  co rre sp o n d in g  to  k  k* kp~ 2. I n  th e  p a r tic u la r  case w h e n  th e  d is tr ib u tio n  o f  k  

is o f  th e  fo rm  d , th e  e q u a tio n  (6, 3 3 ) shows th a t  th e  in d u c e d  c u rre n t,  re su ltin g  from  a n  

in s ta n ta n e o u s  c h a n g e  o f  1 y in  ex a t  tim e  t =  0, is ev e ry w h ere  p e rp e n d ic u la r  to  th e  ra d iu s  

v ec to r a n d  eas tw ard s , a n d  is o f  m a g n itu d e

i v  l o - 5

C  =  167r^  x{*>P) s in #  =  3 * 3 x l 0 “ 14x(£,/>)sin d ,  (11, 1)

w h e re  %(£,/?) is g iven  in  v a rio u s  form s in  (6, 30 )—(6 , 4 5 ). T h is  fu n c tio n  w as c a lc u la te d  

as a  fu n c tio n  o f  p fo r a  series o f  values o f  £, a n d  is show n  g ra p h ic a lly  in  fig. 3 . T h is  figure  

show s th a t  th e  shee t c u r re n t  d is tr ib u tio n , w h ich  is in itia lly  p ro d u c e d  o n  th e  su rface , 

ra p id ly  p e n e tra te s  in w ard s , re a c h in g  a  d e p th  o f  som e 200 km . w ith in  5 m in . T h e  m a x i­

m u m  c u r re n t  d en sity  a t  first dec reases  as it  p en e tra te s  in w ard s , b u t  a f te r a  d e p th  o f  

a b o u t 900  km . is re a c h e d  (in  a b o u t 6 h r.)  i t  beg ins to  in crease  ag a in , be in g , in  fa c t, 

p ro p o r tio n a l to  l / p . A lso th e  speed  w ith  w h ich  th e  p o in t o f  m a ^ m u m  c u r re n t  d en sity  

m oves in w ard s  now  decreases  ra p id ly , b e in g  p ro p o r tio n a l to  p 36. T h e  to ta l in d u c e d  

c u r re n t  is, o f  course, c o n tin u a lly  d im in ish in g , so th a t  th e  m a x im u m  gets sh a rp e r  a n d  

s h a rp e r  as i t  p en e tra te s  fa r th e r  in w ard s .

T h e  ex a c t c a lc u la tio n  o f  th e  c u r re n t  d is tr ib u tio n  co rresp o n d in g  to  th e  a c tu a l ex o f  

th e  s to rm -tim e  v a ria tio n s  w o u ld  b e  ted ious, b u t  its g en e ra l n a tu re  a n d  o rd e r o f  m a g n i­

tu d e  c a n  b e  in fe rred  from  th e  ab ove . T h e  first ra p id  d ecrease  in  ex (co rresp o n d in g  to  

th e  in itia l increase in  th e  h o riz o n ta l force) p ro d u ces  a  pu lse o f  w estw ard  c u rre n t,  w h ich  

is tra n sm itte d  in w ard s  in  th e  w ay  ju s t  described . T h is  is follow ed , w ith in  a b o u t 4 h r ., 

b y  a m u ch  g re a te r  increase  in  el9 w h ich  p roduces a  co rresp o n d in g ly  g re a te r  pu lse  o f  

ea s tw a rd  c u rre n t, follow ing  th e  w estw ard  one in w ard s  a n d  g ra d u a lly  o v erta k in g  it. 

T h e  su b seq u en t slow recovery  o f  th e  ex te rn a l field th e n  p ro d u ces  a  less in tensive  b u t  

m o re  ex ten d ed  pulse o f  w estw ard  c u rre n t, w h ich  a g a in  g ra d u a lly  overtakes th e  p rev ious 

one, a n d  ev en tu a lly  cancels i t  o u t. F ig. 3 shows th a t  th e  first pu lse o f  c u r re n t  w ill h av e  

re a c h e d  a  d e p th  o f  a b o u t 0*2a0 a fte r 48  h r. H e n ce  th e  s to rm -tim e  changes, d u rin g  th e  

first 48 h r ., w ill b e  affec ted  on ly  b y  th e  co n d u c tiv ity  a t  d ep th s  less th a n  0 *2a09 a n d  w ill 

n o t y ie ld  an y  in fo rm a tio n  a b o u t th e  co n d u c tiv ity  a t  d ep th s  g re a te r  th a n  this.

T o  es tim ate  th e  o rd e r o f  m a g n itu d e  o f th e  in d u c e d  cu rren ts , w e n o te  from  fig. 3 

th a t  th e  m ax im u m  v a lu e  o f %(/, /?), follow ing a n  in s tan tan eo u s  ch an g e  in  e, has d ecreased  

in  5 m in . from  in fin ity  to  a b o u t 1*5 , w hile  in  1J  h r. i t  has dec reased  to  a b o u t 0 *9 , a n d  

does n o t v a ry  m u ch  from  th is v a lu e  for th e  n ex t 96  h r. W e in fer from  (11, 1) th a t  th e  

m ax im u m  c u r re n t density , in d u ced  b y  th e  re g u la r  p a r t  o f th e  s to rm -tim e  ch anges, is 

a b o u t 3 x  10“ 14 e .m .u . p e r  l y  ch an g e  in  ex for th e  m o re  ra p id  changes a n d  ra th e r  less 

for th e  o thers. S ince th e  m ax im u m  v a r ia tio n  in  ex for th e  av e rag e  sto rm s now  u n d e r  

co n sid e ra tio n  is a b o u t 28 y, th e  co rresp o n d in g  m ax im u m  c u r re n t density  is a b o u t 

10“ 12 e .m .u . T h is  is, as w ou ld  be expected , so m ew h at la rg e r  th a n  th e  v a lu e  

3 x  1 0 "13 e .m .u ., found  by  C h a p m a n  a n d  P rice  w h en  considerin g  th e  un ifo rm  core
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m odel, w h ich  gave too sm all a  v a lu e  for (T h e  v a lu e  g iven  in  th e ir  p a p e r  on  p. 456 

shou ld , o f  course, re ad  3 x  10“ 13 e .m .u ., not 3 x  1013 e .m .u .)

12. T h e  d i s t r i b u t i o n  o f  e l e c t r i c a l  c o n d u c t i v i t y  w i t h i n  t h e  e a r t h

T h e  foregoing  resu lts  show  th a t  th e  in te rn a l fields o f  b o th  th e  d a ily  v a ria tio n s  a n d  

th e  s to rm -tim e v a ria tio n s  ca n  be sa tisfacto rily  ex p la in ed  as d u e  to  elec tric  cu rren ts  

in d u ced  in  th e  e a r th  by  th e  co rresp o n d in g  p rim a ry  ex te rn a l fields, p ro v id ed  a  su itab le  

n o n -u n ifo rm  d is tr ib u tio n  is assum ed  for /c. A p a r t  from  gen e ra l co nsidera tions, th e  

precise n a tu re  o f th e  in te rn a l field in  th e  case o f  th e  s to rm -tim e  v a r ia tio n s  leaves 

no  reaso n ab le  d o u b t th a t  this  in d u c tio n  hypothesis  is th e  co rrec t one, a n d  co nsequen tly  

those assum ed  d is trib u tio n s  o f /c, w h ich  h av e  b een  found  su itab le  for both S  a n d  Ds0 

in d ica te  th e  n a tu re  o f th e  a c tu a l d is tr ib u tio n  o f k  w ith in  th e  ea rth .

T h e  m ost obvious a n d  im p o r ta n t  d ed u c tio n  as to  th e  co n d u c tiv ity  o f  th e  e a rth , 

w h ich  can  be d ra w n  from  th e  above resu lts, is th a t  it  beg ins to  rise v ery  ra p id ly  w ith  

increasing  d e p th  a t  a  d is tan ce  o f a b o u t OTa0 (600 o r 700 km .) from  th e  surface , because  

all th e  assum ed  d is trib u tio n s  (cf. fig. 1), w h ich  give resu lts  in  sa tisfac to ry  ag reem en t 

w ith  th e  observations, h av e  this fe a tu re  in  com m on. T h is  is in  g en e ra l a g reem en t w ith  

th e  conclu sion  re ach e d  by  C h a p m a n  a n d  P rice  th a t  th e re  is a ra p id  rise in  k  w ith  

increasing  d e p th  som ew here  be low  250 km ., b u t  it  now  ap p e a rs  th a t  th e  d e p th  a t  w h ich  

this ra p id  increase  occurs is som e 600 o r 700 km . from  th e  su rface . T h e  co n d u c tiv ity  

be low  this d e p th  m u st be  a t  least as h ig h  as 10“ u  e .m .u ., a n d  m ay  co n tin u e  to  rise 

to  m u ch  h ig h e r values. I f  i t  does c o n tin u e  to  rise, e.g. as in  th e  d is tr ib u tio n  J , th e n  th e  

in d u ced  cu rren ts  w ill n o t p e n e tra te  to  an y  a p p rec iab le  ex ten t b ey o n d  a b o u t 0-2a0. 

H en ce  th e  in fo rm a tio n  as to  th e  co n d u c tiv ity  a ffo rded  b y  these v a ria tio n s  w ill n o t 

ex ten d  to  dep th s  bey o n d  0*2a0 unless m o re  e lab o ra te  ca lcu la tio n s  using , e .g ., th e  o th e r  

h a rm o n ic s  in  th e  d a ily  v a ria tio n s  show  th a t  k  does n o t rise m u ch  above  10~n  e .m .u . 

be tw een  0 T a0 a n d  0*2a0.

T h e  es tim ate  o f th e  co n d u c tiv ity  a t  d ep th s  less th a n  OT<z0 is a ffec ted  b y  th e  possible 

influence, on  th e  m ag n e tic  v a ria tio n s  considered , o f  e lec tric  cu rren ts  in d u ced  in  th e  

oceans. I f  this in fluence is neg ligible , th e  m ean  co n d u c tiv ity  o f th e  e a rth , d o w n  to  a  

d e p th  o f  a b o u t 0 T a0, m u st be o f  th e  o rd e r 2 x  10~13 e .m .u ., a n d  th e  co n d u c tiv ity  in  

som e reg io n  n e a r  th e  surface  m u st be  so m ew h at higher th a n  this (§ 10). T h e  o b se r­

vations are , how ever, also co m p a tib le  w ith  th e  oceans h av in g  a n  effect e q u iv a le n t to  a 

u n ifo rm  ocean  covering  th e  w hole e a r th  to  a d e p th  n o t g re a te r  th a n  1 km . I f  th e ir  

a c tu a l effect is o f  this o rd e r, th e  co n d u c tiv ity  o f  th e  e a r th  for som e d is tan ce  below  th e  

surface  m u st be  so sm all th a t  i t  has  p ra c tica lly  no  effect on  th e  p a r tic u la r  v a r ia tio n s  

considered , i.e. k  in  this re g io n  m u st be  n o t g re a te r  th a n  a b o u t 10“ 15 e .m .u . T h is  w ou ld  

im p ly  th a t  k  do w n  to d ep th s  o f 200 o r 300 km ., a n d  possibly as fa r as 600 km ., w o u ld  be  

o f  th e  sam e o rd e r as th e  m easu red  co n d u c tiv ity  o f  rocks a t  th e  e a r th ’s su rface . T h is  

d is tr ib u tio n  o f k  seems m ore  p ro b a b le  th a n  th e  a lte rn a tiv e  one desc ribed  above.

T h e  ab ove in fo rm atio n  as to  th e  d is tr ib u tio n  o f  k  has b een  d eriv ed  m ain ly  from  th e
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h a rm o n ic  P f in  the* d a ily  v a ria tio n s , a n d  fro m  th e  s to rm -tim e  v a ria tio n s . I t  m ig h t b e  

re n d e re d  m o re  p recise  b y  co n sid erin g  o th e r  (su ffic ien tly  re liab le ) h a rm o n ic s  in  th e  

d iu rn a l  v a ria tio n s . A n  in d ic a tio n  o f  th is  is a ffo rd ed  b y  th e  p h ase  d iffe rences o f  th e  

h a rm o n ic s  P \ ,  P f, P | ,  P | ,  th e  observed  v alues o f  w h ich  a re  13°, 18 °, 21°, 2 5 °. N ow  th e  

v alues fo r these  p h ase  d ifferences  ca lc u la te d  b y  C h a p m a n  fro m  his o rig in a l u n ifo rm  

co re  m o d e l (^ =  0 -9 6 , k  =  3-6 x  1 0 -13 e .m .u .)  w ere  19°, 19°, 2 0 °, 2 1 °,

show  a  suffic iently  ra p id  in crease  w ith  th e  in c reasin g  o rd e r  o f  th e  h a rm o n ic s . O n  th e  

o th e r  h a n d , th e  values w e find  for these p h ase  d ifferences , w h e n  th e  ex tre m e  d is tr ib u tio n  

e is used , a re  8°, 18°, 2 5 °, 3 0 °, th e  increase  b e in g  n o w  co n s id e rab ly  to o  ra p id . T h is  show s 

th a t  th e  d is tr ib u tio n  e is too  ex trem e  ; i t  has too  m u c h  c o n d u c tiv ity  in  th e  su rface  shell 

a n d  th e re fo re  also to o  m u c h  co n d u c tiv ity  in  th e  core . H e n ce  th e  effec tive m e a n  c o n ­

d u c tiv ity  o f  th e  o cean ic  shell is p ro b a b ly  less th a n  th e  v a lu e  5 x  1 0 -6 e.m .u.;X  cm ., 

assigned to  it  in  e.Also a d efin ite  u p p e r  lim it to  th e  v a lu e  o f  a t  a b o u t 700  km . 

p ro b a b ly  b e  d e te rm in e d  b y  fu r th e r  ca lc u la tio n s  fo r these fo u r h a rm o n ic s . I t  is, h o w ­

ever, d o u b tfu l w h e th e r  i t  w o u ld  b e  possib le to  d is tingu ish  b e tw e en  a  g ra d u a l  in crease  

in  k  w ith  in c reasin g  d e p th  as, fo r exam ple , in  d, o r  a  v e ry  a b r u p t  increase , as in  e, b u t  to  

som e fin ite  v a lu e  in s tead  o f  in fin ity . I n  an y  case, th e  conclusions b ased  on  th e  p re sen t 

series o f  observa tio ns sho u ld  n o t b e  p u sh ed  too  far. I t  is d es irab le  to  check  th e ir  r e ­

liab ility  befo re  m o re  ex tensive ca lcu la tio n s  a re  m ad e , a n d  a  fresh  analysis  o f  a  m o re  

re c e n t set o f  m a g n e tic  d a ta  is now  in  p rogress a t  th e  Im p e r ia l C ollege. I t  m a y  also b e  

n o te d  th a t  i f  th e  non -cyclic  v a r ia tio n  co u ld  be  ana ly sed  in to  e x te rn a l a n d  in te rn a l  

p a r ts  in  th e  sam e w ay  as th e  D st v a r ia tio n — o f w h ich  it  is ev id en tly  a  la te r  p h ase— th e  

re la tio n s  b e tw een  these  p a r ts  w ou ld  be  a  fu r th e r  check  o n  th e  resu lts , a n d  w ou ld  p ro b ­

a b ly  ex ten d  o u r k now ledge  o f  k  to  sligh tly  g re a te r  d ep th s .

Su m m a r y

T h e  results  o f  p rev ious investigations b y  C h a p m a n  a n d  P rice  o f  th e  in d u ced  fields 

a n d  c u r re n t d is trib u tio n s , associa ted w ith  th e  m ag n e tic  d a ily  a n d  s to rm -tim e  v a ria tio n s , 

suggest th a t  m o re  precise  in fo rm a tio n  as to  th e  d is tr ib u tio n  o f  e lec trica l co n d u c tiv ity  ( 

w ith in  th e  e a r th  m ig h t be  o b ta in e d  b y  consid erin g  e lec tro m ag n e tic  in d u c tio n  in  a  

n o n -u n ifo rm  sphere . T h e  g en e ra l th eo ry  fo r an y  n o n -u n ifo rm  c o n d u c to r  is h e re  co n ­

s idered , a n d  th e  fo rm al so lu tio n  fo r a n y  c o n d u c to r  w ith  sp h erica l sy m m etry  is o b ta in ed . 

D e ta iled  fo rm u lae  fo r th e  in d u ced  field a n d  c u r re n t  d is tr ib u tio n , in  th e  spec ia l case 

w h en  k  — kp~m, w h ere  k  a n d  m  a re  co nstan ts , a re  o b ta in e d  a n d  a p p lied  to  th e  te rre s tr ia l 

m ag n e tic  v a ria tio n s . T h e  resu lts  o b ta in e d  su p p o rt th e  view , expressed  by  C h a p m a n  

a n d  P rice , th a t  th e re  is a co nsiderab le  increase  o f  w ith  in creasin g  d e p th , b ey o n d  250  km . 

I t  seems, ho w ever, th a t  th e  rea lly  im p o r ta n t  increase  in  k  takes p lace  a t  a b o u t 700  km . 

d e p th , b ey o n d  w h ich  k  is a t  least as g re a t as 10“ 11 e .m .u ., w hile above  this d e p th  th e  

m e a n  co n d u c tiv ity  m ay  be  o f  th e  sam e o rd e r as fo r rocks on  th e  e a r th ’s su rface  (1 0-16 

o r 10 15 e .m .u .) . T h is  suggests th a t  th e re  is som e ch an g e  in  th e  com positio n  o f  th e  e a r th  

(e.g. to  a m o re  m eta llic  co n ten t) a t  a  d e p th  o f  a b o u t 700  k m .; seism ological ev iden ce 

ap p e a rs  to  in d ica te  th a t  such  a  tran s itio n  occurs a t  a m u ch  g re a te r  d ep th . T h e  resu lts
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also show that there is an effective distribution of k  at or near the surface of the earth, 

and it seems most probable that this represents the influence of the relatively highly 

conducting oceans. The induced currents do not penetrate appreciably beyond a 

depth of about one-fifth of the earth’s radius, so that the knowledge of k  afforded by the 

daily variations and the storm-time variations will be restricted to an outer shell of this 

thickness.

{ N o t e  a d d e d  in  p r o o f  20 S e p t e m b e r  1 9 3 8 .) Following publication of the abstract of 

this paper, Dr K. E. Bullen has kindly drawn our attention to further seismological 

evidence which indicates a change in the composition of the earth at a depth of the 

same order as that obtained by us. In particular he has shown (Bullen 1936, 1937) 

that unless there is a sharp increase in density at a depth of the order of several 

hundred km. the deduced moment of inertia of the central core involves a most im­

probable distribution of matter. Also the work of Byerly (1926), Jeffreys and Bullen 

(1933, 1935) and Lehmann (1934) on seismic waves indicates a change in the elastic 

properties at a depth which, on the assumption of a s u d d e n  change, Jeffreys (1937) 

estimates at 4 7 4 ± 2 0  km.
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