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ABS TRACT 

An algorithm based on the method o f  i n teg ra l  equations has been 

developed t o  simulate the electromagnetic response o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-0 bodies i n  

layered earths. The inhomogeneities are replaced mathematically by an 

equivalent current d i s t r i b u t i o n  which i s  approximated by pulse basis 

functions. A matrix equation i s  constructed using the  e l e c t r i c .  dyadic 

Green's funct ion appropriate t o  a layered earth and i s  solved f o r  the 

vector current i n  each c e l l  . Subsequently, scattered f i e l d s  are found 

by in tegrat ing e l e c t r i c  and magnetic dyadic Green's functions over the  

scat ter ing currents. 

E f f i c i e n t  evaluation o f  the dyadic Green's functions i s  a major 

consideration i n  reducing computation time. We f i n d  t h a t  tabulat ion/ 

i n te rpo la t i on  o f  the s i x  e l e c t r i c  and f i v e  magnetic Hankel transforms 

def in ing the secondary Green's functions i s  preferable t o  any d i r e c t  

Hankel transform calcu lat ion using l i n e a r  f i l t e r s .  

A comparison o f  responses over elongate 3-D bodies with responses 

over zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2-0 bodies o f  ident ica l  cross section using plane wave incident 

f i e l d s  i s  the on1 check avai lable on our 

must have before 

and corresponding zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-0 

are i ns ign i f i can t  g l y  on the  layering. The 2-D 

transverse magne 

regardless of  the layered host. 

calculat ions agree c l  osely 

I 



INTRODUCTION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L d  

Developments i n  computer and scale modeling over the past several 

years have contributed profoundly t o  our understanding o f  the re la t ions 

between subsurface three-dimensional zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3-0) r e s i s t i v i t y  structure and 

observed electromagnetic (EM) quanti t ies. However, with a few 

exceptions (Lajoie and West, 1976; Meyer, 1977), EM simulations have 

been confined t o  inhomogeneities i n  half-spaces. 

The importance o f  overburden 1 ayers i n  determining EM s i  gnatures 

over potent i a1 ore deposits has been recognized by m i  n i  ng geophysi c i  s ts  

f o r  some time. I n  addition, large-scale r e s i s t i v i t y  structures such as 

sedimentary basins or  magma chambers, important i n  crust-mantle or  

geothermal investigations, may reside i n  an essentqal l y  one-dimensional 

regional host determined by the physiochemical condit ions o f  the 

p a r t i c u l a r  tectonic envi ronment (Brace 1971 ; Wannamaker e t  a1 . 1980) . 
To i l luminate character ist ics o f  EM scatter ing from bodies i n  

layered earths, we have extended an ex i s t i ng  i n teg ra l  equations 

algor i thm previously used t o  model inhomogeneities i n  half spaces 

(Hohmann, 1975 ; T i  ng and Hohmann , 1981) . Rather than detai 1 responses 

o f  p a r t i c u l a r .  geological structures, which we %tend t o  do i n  subsequent 

communication, we explore the theory and framework o f  t he  algorithm and 

v e r i f y  i t s  accuracy. A major issue which must be addressed i s  the 

der ivat ion and e f f i c i e n t  evaluation o f  the complicated e l e c t r i c  and 

magnetic dyadic Green's functions, the kernels' o f  t he  in tegra l  

equat i ons 

1 



THEORY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOF INTEGRAL EQUATIONS 

Governing Equations 

Consider a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-D body i n  an n-layered host, shown confined t o  layer zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj 

for 'simplicity i n  Figure 1. The to ta l  electric and magnetic fields 

( f t ,  it) as a function of posit ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA? and for  an eGt time dependence 

obey Maxwell 's equations 

(1) 4 

-bf, = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAslit* Mi 

fwH, = 3t + 3; 
and 

( 2 )  
J, 

9 

where 3, = YEt is  the to ta l  current density, y^ = Q + 

t iv i ty  and 2 = iwp is  the impedivity a t  any po in t  and where 5, and $1 

are impressed electric and magnetic source currents. Conductivity, 

dielectric permitt ivi ty and magnetic permeability are u, E and 

i s  the admit- 

/ 

In our solution, the 3-0 body is  replaced by an equivalent 

scatkering current dis t r ibut ion (Warrington, 1961, p. 126). The total 

f ields (Et, it) i n  any layer are hence decomposed into an incident set  

, due t o  3, and ti, and a scattered set (e,, qS), contributed by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ody. Helmholtz uations i n  layer z w i t h  the body In layer j can 

* (3) 

B (4)  

Z # j  (5 )  

Z + j  (6 )  

(7 )  2.: j 

.L. -1 ..- 
(ft+ k$)& = (RVV + $j)& + t x M ,  

, 

2 
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Figure 1. 
layered earth. Dashes outline a typical discretization o f  the body i n to  
rectangular cells,'shown only for the r i g h t  half of the body zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIn section 
and upper r ight-hand quadrant i n  plan. The algorithm can treat bodies 
cutting across layer interfaces, although this is not shown i n  the 
figure. 

Principal views of 3-0 prismatic body i n  an arbitrarily 



and 

i n  which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk, - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm' i s  the wavenumber i n  layer  2. I n  (7)  and (8), 

3, = (yb-7j)tb and fis = (2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-%)Q 

subs t i tu t ing  for the body, while the t o t a l  f i e l d s  w i th in  the body, as 

y e t  unknown, are Eb and Hb. 

subscript 3 re fers  t o  any layer containing a por t ion o f  the body. 

are the equivalent scatter ing currents 
b 3 b  

+ ..b 

When layer  boundaries in te rsec t  the body, 
' 

Henceforth we assume tha t  

everywhere and drop is from consideration. 

currents i n  the earth may be neglected, so tha t  $2 = Q Z  and yb = 

and ut, equal the f ree space value 16 

Furthermore, displacement 
A 

hereafter . 
The solut ions t o  (5 )  throuqh (8) are given by the in tegra l  

equations 

and 

r i p  = ( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq (+;F')* 3,(F')d"' ? (10) 
V 

v a l i d  f o r  bodies cu t t ing  across layers. The 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe!(F;P) are 3 x 3 dyadic Green's functions re la t i ng  a vector 

element a t  F' i n  layer  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi, including 

ant it i es 8: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(?;e') 

. f i e l d  a t  F i n  layer 2 t o  a cur 

These functions are der # zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt = j. 

4 



Matrix Formation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
kJ Van Blade1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 1 A 1  has shown t h a t  (9)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 5  val id even w i t h i n  the 

i nhomogenei ty ,  provided a sui tab1 e pri nci pal value for the i ntegral i s 

defined. A simple matrix solution can t h u s  be found using the method o f  

collocation w i t h  pulse subsectional basis functions (Harrington, 

1968). The body is approximated by N rectangularly prismatic cells, 

each of dimensions MxnAn by MynAn by MZnAn, where Mxn, Myn and M,, are 

positive integers and An i s  the size of a cubic subcell i n  cell .n (see 

Figures 1 and 2). Over each cel l ,  the body conductivity ab and to ta l  

electric field are presumed constant, Rectangular cells are useful 

for  approximating elongated inhomogeneities, since variations i n  t b  are 

more abrupt across shorter dimensions of the body t h a n  across longer 

ones zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
Adding the solution of (3) t o  ( 9 ) ,  the to ta l  electric field a t  t h e  

center of cell m due t o  al l  N cel ls is approximated by (Hohmann, 1975) 

i n  which t h e  electric dyadic Green's function for a rectangular prism of 

. 

5 



Figure 2. Geometric relation between rectangular cel ls m and n.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs defined i n  equations (19) and (21), the 
electric f ield a t  the center of cell m a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPm i s  the sum o f  the fields due to each subcell comprising cell n 
a t  Pn. The subcell position vector i s  Pn(iJk). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- ___ ________ __ -- - _I_l___r-i , , - -________ - 



with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA? and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAko the 3 x 3 i d e n t i t y  and nul 1 dyadics respectively. When 

wr i t ten  f o r  a l l  N values o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm, (13) y ie lds  the matrix equation 

t o  be solved f o r  the e l e c t r i c  f i e l d s  within the c e l l s .  

scattered f i e l d s  about the inhomogeneity a re  canputed using discrete 

versions o f  (9)  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( l o ) ,  spec i f ica l ly  

From these, 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

7 



COMPUTATIONAL CONS1 OE RATIONS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
)cJ 

Integration of Green's Functions 

Calculation of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$:(F~;F,,) from et(~;P') for the matrix elements 

requires some care, When the inhomogeneity does not cut across layer 

interfaces, as i n  Figure 1, 2 = throughout i n  (13). Each cell i n  t h i s  

c a s e j s  coupled t o  every other cell by a Green's function composed of a 

primary or whole space component and a secondary component (see Appendix 

A ) ,  i.e., 

The primary component i n  t u r n  is  split i n to  volume current and free 

charge contributions per ta in ing  t o  the ?iS' and ~ ; 6 6 3 ,  terms i n  

(7).  The free charge contribution can be defined as the gradient of a 

scalar potential 'f' (Hohmann, 1975) . 

1 

*When computing matrix elements, a sufficient approximation for the 

vol ume integration i s 

i 
I 

(19) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAMsn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM 
p?E = z 2°F YE( v Zlmd io1 j - 1  ksf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

Green's function for a cubic 

). As defined i n  Figure 2, the subcell of current as per 

' subcell pos i t i on .  

rmtijk) = (%,+ A,, - d I P  + (z,+ ~,,(y- k)]i  . (20 1 - 

The charge term is  similarly given as 
i 



P U  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
but now y r i  (F,,,;Fntijk)), 

subcell, i s  evaluated using the more involved integro-dif ference scheme 

adopted by Hohmann and Ting (1978). I n  ca lcu la t ing  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsp t(mn) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE we do not  

speci fy charge and current terms, though they can be defined from (7). 

the charge Green's funct ion f o r  a cubic 

An in tegra t ion  analogous t o  (19) applies except t h a t  the cubic subcell 

i s  t reated simply as a dipole current source, meaning 

I f  t he  body cuts across layer interfaces, subscripts Z and i n  

(13) re fer  t o  the layers containing c e l l s  m and n respectively. Cel ls 

i n  d i f fe ren t  layers are coupled only by secondary e l e c t r i c  Green's 

functions, f o r  which charge and current terms are not  given, Added 

e f f o r t  i n  determining fim,, i s  required since accurate analy t ic  

expressions l i k e  {?~(?,,,;FnCiiu) cannot be obtained. Whenever c e l l s  m 

and n are separated by an interface and JFm-Fntidk)\ e A,, , a fu r ther  

d i v i s i o n  o f  the subcell i n t o  e ight  cubes, w i th  each o f  these considered 

as i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( Z Z ) ,  i s  adequate. 

,Fin) i n  (15) and (16) cme about 

the c e l l  , primary both e l e c t r i c  and magnetic 

9) and (21) are also 

integration, w i t  cubic subcells being treated as 

I n  t h i s  l a t t e r  
I 
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I case, a surface in tegrat ion over the cubic subcells i n  the manner o f  

W 

9 



P W €  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHohmann (1975) gives zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAyTt6;Fntijd zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. We add t h a t ,  since no charge 

appears wi th in  any rectangular cel l ,  no scalar potenti a1 contributions 

t o  either matrix elements or scattered fields due t o  interior faces of 

the subcells need be computed i n  (211, thereby increasing the efficiency 

of the algorithm. When a receiver resides i n  a layer different from 

t h a t  of the cell considered, only secondary Green.'s functions exist, 

w i t h  the cubic subcells once more treated as dipoles. ' 

U 

Our  method of i ntegrati ng the dyadic Green' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs functions over 'the 

rectangular cells, for both matrix terms and scattered fields, is  

inherently more accurate t h a n  t h a t  of Das and Verma (19811, who replace 

such prisms by spheres and cylinders regardless of their aspect ratios. 

Calculation of Green's Functions 

Efficient evaluation of the dyadic Green's functions i n  Appendix A 

The primary solutions i s  necessary t o  avoid prohibitive computer time. 

are analytic expressions and present no problems, b u t  the secondary 

Green's functions require Hankel transformation o f  complicated kernel 

functions. 
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A schematic of t h i s  in terpolat ing polynanial appears i n  Figure 3. 

New Hankel transform tab le values must be computed whenever l aye r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu 
parameters, frequency, body geometry o r  range of receiver distances are 

altered. These basepoint values are calculated using Anderson's (1975) 

subroutines ZHANKO and ZHANK1. Note that  exact funct ion values are 

returned whenever zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2-D o r  3-D in terpolat ing polynomials are evaluated a t  

any o f  the basepoints. It therefore pays t o  select basepoints near c e l l  

and recei  ver 1 ocat i ons i f possi b l  e. 

Computation Times 

The cubic in terpolat ing polynomials we use are ce r ta in l y  more t ime 

consumi ng than the 1 inear i nterpol a t ion o f  Hohmann (1975) . However, 

several improvements i n  other aspects o f  the algori thm have resulted i n  

computation times for construction and reduction o f  the matrix t o  be 

essen t ia l l y  those described by Ting and Hohmann (1981). O f  the t o t a l  

run times for bodies consist ing o f  more than about 40 ce l l s ,  computation 

o f  the Hankel transform tables takes less than 2-3%. 

Das and Verma (1981) suggest t h a t  d i rec t  use o f  a l i n e a r  d i g i t a l  

f i l t e r i n g  technique such as tha 

e f f i c i e n t  means of evaluating t h e  Green's functions. We do not agree. 

Linear f i l t e r  methods ve rsa t i l e  enough t o  handle the  wide range o f  

layered earths o f  i n te res t  i n  e lec t  

excess o f  50 terms t o  evalua 1 transform. Furthermore, t he  

kernel values i n  each o f  these terms require time-consuming complex 

exponentiations, the number of which increases w i th  the  number o f  layers 

(see Appendix A). Our equations (21) and (22) have been programmed t o  

requi re  j u s t  32 and 16 complex mul t ip l icat ions and addit ions t o  evaluate 

f Anderson (1975, 1979) i s  an. 

a1 geophysics generally need i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W 
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A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

@ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlnterpola 

@ Desired 

around desired fu  
2-0 gr id  o f  basepoln 

ver a1 1 values o f  r a 
i v e r  distances. 

cubic interpolat ing polynomi 
specif ied t h a t  i s  suf f ic ien  
for  a given body and range 



a Hankel transform. Even so, the interpolat ions const i tu te  the most 

t ime consuming par t  o f  t he  integrations. Thus, we bel ieve that  an 

algori thm such as ours, which employs tabulated transforms, w i l l  perform 

the .necessary integrat ions f o r  a given body-layering geometry I n  a t  

'L/ 

l eas t  an order o f  magnitude less time than w i l l  a rou t i ne  using l i n e a r  

f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi 1 t e r s  throughout 



CHECKS ON THE SOLUTION 

To t h i s  t ime, no one has published calculated responses o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-0 

bodies i n  earths wi th  layer  interfaces both above and below the bodies, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 
i 
I 
I 

$I, 

e i t h e r  for  plane wave o r  f i n i t e  sources. To establ ish the accuracy o f  

our algori thm f o r  t h i s  most general case, we can only compare 

computations f o r  elongate 3-D bodies wi th those f o r  2-D structures o f  

i den t i ca l  cross section using plane wave incident f i e l d s  (see Appendix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
B).  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

1 
Our program can accommodate an a rb i t ra ry  number o f  layers but, f o r  

s impl ic i ty ,  we have considered an inhomogeneity i n  the upper layer o f  a 

two-layer earth (Figure 4). The body i s  a p la te - l i ke  feature 1000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm 

t h i c k  a t  a depth o f  750 m wi th  the lower layer  i n te r face  si tuated 

c losely  below a t  2250 m. I t s  s t r i k e  length i s  40 km. Horizontal p late- 

l i k e  bodies w i th in  compact layer  sequences demonstrate strongly the I 
special e f fec ts  of  host layer ing on inhomogeneity responses. The 

i n t r i n s i c  r e s i s t i v i t y  o f  the body i s  5 n-m while t h a t  o f  the layer i n  

which i t  resides i s  200 n-m. Basement r e s i s t i v i t i e s  o f  10, 200 and 4000 

0-m were examined f o r  plane wave exc i ta t ion a t  1.0 Hz. 
I 
i 

Surface f i e l d s  scattered from t h i s  -D body are compared w i t h  those 

from t h e  corresp i n g  2-D structure, the a t t e r  calculated using a 

f i n i t e  element rout ine (Rijo, 1977), i n  Figures 5, 6 and 7. The 

secondary e l e c t r i c  f i e l d  i n  the y-direct ion, Eys, corresponds i n  the  2-D 

case t o  the transverse magnetic (TM mode) o f  exc i ta t i on  and has been 

normalized i n  the p l o t s  by the incident e l e c t r i c  f i e l d  magnitude a t  t h e  

e, IE,,,I. The transverse e l e c t r i c  (TE) components EXs, 

Hys and Hzs have been normal ized respectively by lExol  , lHyol and lHyol zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

W 
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4. Our solution is verified by comparing the response of this 
elongate zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-0 body to the response of a 2-D body o f  identical cross 
section. Dashed 1 i nes show rectangular cell di scretization w i t h  only 
half o f  the body shown i n  plan and longitudinal section. The smaller 
cel ls near the center give greater accuracy to the scattered fields 
along the y axis over the edge o f  the body. The strike length i s  40 km, 
depth i s  750 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm, depth extent is 1000 m and wid th  is 5 km. 
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Y (km) Y (km) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 7. P r o f i l e s  of normalized real (Re) and imaginary (Im) secondary e l e c t r i c  and magnetic f i e l d  
components a t  1.0 Hz along the y axis  o f  the 3-0 body of Figure 4, a s i m i l a r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-0 body of SL = 60 km, and 
across  a 2-D body of ident ica l  c ross  sec t i on  for  a basement resistivity of 4000, n-m. The response o f  the 
60 km long 3-0 body, p lo t ted  using open t r i a n g l e s ,  shows improved convergence over the response o f  the 40 km 
1 ong body w i t h  the 2-D t ransverse  electric results. 



W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

u zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Agreement i n  Figure 5 between the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2-D and 3-D resu l t s  f o r  the 10 

n-m basement i s  excellent, ind ica t ing  t h a t  the  3-D body i s  s u f f i c i e n t l y  

long a t  t h i s  frequency t o  appear two-dimensional and, more importantly, 

t ha t  our 3-D resu l ts  are accurate. The same statement can be made 

regarding the resul ts  o f  Figure 6 where a 200 n-m basement was used, 

w i th  the possible exception o f  the imaginary component o f  Hys. 

Figure 7 concerning the 4000 n-m basal half-space, however, a serious 

discrepancy i s  apparent between the 2-D TE calculat ions and t h w e  for 

the 40 km long 3-D structure. Evidently, the  length t h a t  a 3-0 body. 

must be f o r  i t  t o  behave two-dimensionally for the  TE mode depends upon 

the 1-D sequence wi th in  which i t  resides. 

In 

. 

By increasing the s t r i k e  length o f  the 3-D body t o  60 km, the  

agreement between 3-D and 2-D TE responses i n  Figure 7 i s  much 

improved. The lack o f  agreement between 3-0 and 2-D responses when the  
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It i s  instead the layered host containing a given zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-D body t h a t  

determines whether 2-D and 3-D resu l t s  agree. Two factors are a t  work 

here. F i r s t ,  d iss ipat ion o f  EM waves i n  r e s i s t i v e  media i s  less than i n  

conductive ones. Second, and we believe more importantly, current 

perturbations about a 3-D body overlying a r e s i s t i v e  basement tend t o  be 

confined t o  the less r e s i s t i v e  upper layer. This leads t o  a geometric 

attenuation o f  the secondary f i e l d s  w i th  distance t h a t  i s  slower when a 

r e s i s t i v e  basement i s  present than when a conductive one is .  I n  

par t icu lar ' then,  the contr ibut ion o f  f ree  charge on the ends o f  the 3-D 

body t o  the secondary e l e c t r i c  f i e l d s  a t  the'receiver points we have 

considered i s  stronger f o r  a r e s i s t i v e  basement than f o r  a conductive 

one. Such f ree charge i s  not  present on 2-D bodies f o r  the TE mode. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi 

Simi lar ly ,  the absence of  scatter ing current beyond the ends o f  the 3-0 i 
st ructure (current which i s  present i n  the 2-D TE case) has an e f f e c t  on 

the secondary i - f i e l d s  a t  the receivers considered t h a t  i s  greater when 

a r e s i s t i v e  basement i s  present than when a conductive one is.. 

It i s  debatable whether the discrepancies remaining between the 3-0 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2-D TE calculat ions i n  Figure 7 seriously a f f e c t  the magnetotelluric 

apparent r e s i s t i v i t y  and impedance phase, since these functions include 

the primary t- and / i- f ields i n  t h e i r  def in i t ions.  However, the 10-15% 

differences i n  the secondary H-fie1 d components would t rans late t o  

commensurate departures between 3-D and 2-D Tipper estimates, which we 

do not f i n d  sat isfacto 

The 2-D TM and 3-D E,, p r o f i l e s  agree closely, regardless o f  the 

layered host, since free charge on the boundaries o f  the body i s  

included i m p l i c i t l y  i n  both these formulations. The lack o f  charge and rcd 
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scat ter ing current beyond the ends of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-0 body, charge and current 

which are present i n  the  2-D TM case do not cont r ibute mater ia l l y  t o  i t s  

secondary f - f ie lds.  A very small component of Hxs e x i s t s  f o r  the 

3-0 body, which i s  zero f o r  the  2-D TM mode, but i t 5  magnitude i s  less  

than 3% of lHxol f o r  the res i s t i ve  basement, and even smaller f o r  the 

other basements, and does not a f fect  i n  any important manner the  

apparent r e s i s t i v i t y  o r  impedance phase. These functions are 

overwhelmingly dominated by i - f i e l d  variat ions, 
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' U  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

CONCLUSIONS 

An algorithm based on in tegra l  equations i s  an accurate and 

f l e x i b l e  means o f  simulating zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEM responses o f  3-0 bodies i n  layered 

earths. The calculat ions we have shown, i n  addi t ion t o  ver i fy ing our 

numerical solution, indicate that  body responses may be strongly 

inf luenced by the nature o f  the layering. Future communication by our 

research group w i l l  pursue t h i s  matter f o r  geological structures o f  

economic and academic i n te res t  f o r  both plane wave and f i n i t e  sources. 

In tegrat ion o f  the dyadic Green's functions f o r  the matrix elements 

and ' the scattered f i e 1  ds i s  the most time-consuming pa r t  o f  our 

routine. We have found tha t  tabulat ion and in te rpo la t i on  of  the many 

r e q u i s i t e  Hankel transforms provide a much more e f f i c i e n t  means o f  

computing the  Green's functions than does a d i rec t  transform evaluation 

using l i n e a r  f i l t e r s  o r  any other method. 

Pulse basis functions are a d e f i n i t e  l i m i t a t i o n  on modeling very 

shallow o r  complex 3-0 r e s i s t i v i t y  distr ibut ions.  Before these l a t t e r  

problems become tractable, modeling techniques requi r ing f a r  fewer 

unknowns than ours must be develo 

equations concepts (Petr 

e, however, t h a t  

design, i n  recognizing f u  

f i n i t e  element- 

; Lee e t  al., 1981). 

method w i l l  be very valuable i n  EM survey 

f 1-D and 2-D a 
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APPENDIX A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W 

DYADIC GREEN'S FUNCTIONS FOR AN AC ELECTRIC 

DIPOLE I N  A LAYERED CONDUCTING EARTH 

E l e c t r i c  and magnetic f ie lds  a t  any po in t  (x,y,z) i n  layer  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 are re la ted t o  a current element Sdv' a t  (x',y',z') i n  layer  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj (see 

Figure A-1), where 
* 
Jdv' = 3,dv't + Jydv ' j  + Jzdv'E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv .  (A-1) 

by 3 x 3 dyadic Green's functions through zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e+*, = 2 : l i ; ; F ' ) .  3W)d"' - ( A-2a) 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
an .4 

H,(F) = Gtb ;P ' ) *  3lr')dv' . ( M b )  

Fields about a dipole i n  a layered ear th  have been been published by 

Weidelt (1975) and Stoyer (1977) using Hertz potent ia ls  and by Tang 

(1979) using a TE-TM formulation. 

may wish t o  use our work, i t  i s  important t ha t  our Green's functions be 

specified i n  deta i l .  

amenable t o  computation. 

However, for the  sake o f  others who 

Care was taken t o  def lne the functions i n  forms 

Our der ivat ion employs the kunoff vector potent ia ls  and p, 

which i s  possible since 6*2z=V.$~%= 0 f o r  a l l  2 except a t  the  source 

r r ington,  1961 p. 129-132). 1s obey the wave 

(A-3a ) 

and 

(A-3b) 
9 

with 2 and d being volume d i s t r i bu t i ons  o f  e l e c t r i c  and magnetic 

current. Note wi th t h i s  d e f i n i t i o n  tha t  our source i n  (A-1), t o  be 
W 
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.. . 
" -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure A-1, Geometric r e l a t i o n  between e l e c t r i c  current element Sdv' a t  ( x ' , y ' , z ' )  i n  l a y e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ t o  f i e l d  
point  a t  (x,y,t)  i n  layer  2. Also shown are  general solutions t o  Debye potent ia ls  + and e i n  each medium 
wi th  upward and downward pointing arrows denoting d i rec t ion  o f  propagation, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 



considered a volume d is t r i bu t i on ,  would be written as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASdd&F-F'l 

for use i n  (A-3a), w i t h  a(F-F') the Kronecker delta function. The 

fields may be obtained i n  each layer through 

(A-4a) 

and 

. (A-4b) 

Following Harrington, we express our current source zdv' i n  terms 

of an equivalent d is t r i bu t i on  of vertical l y  oriented electric and 

magnetic sources. Th is  reduces our task t o  determining only vertical 

components of i z  (hereafter designated $2) and Fz (designated %) which 

obey the scalar wave equations 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(i2+ k i ) G 1  = Miu 9 (A-5b) 

w i t h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJgq and Mfq being the equivalent vertical source distr ibutions. 

Equation (A-4) i n  Cartesian coordinates becanes 

= A  I & aek Hxz = & + 1 &  ay zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB, 2 d Z  9 (A-6a) 
Y, axJz ay 9 

1 & + a  
EYt = &-a+ a x  ? HYZ = 2% f t  dyldt 9 (A-6b) 

-A + -8c 1 a= 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 
anti Hzz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAqb + ki)ez . (A-6~1 

Observe t h a t  E d  i s  formulated solely i n  terms of 42 while H,z is solely 

i n  terms of ez. T h i s  choice of potentials has t h u s  separated the fields 

in to  modes transverse magnetic (TM) and transverse electric (TE) t o  f. 

29 



u zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and 

Using the two-dimensional spat ial  Fourier  transform p a i r ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( A-721) 

? (A-7b) 

the solutions t o  equation ( A - 5 )  i n  (kx,  k,,) space are  given as upward 

and downward propagating plane waves i n  each homogeneous region o f  the 

form 

(A-8a ) - - t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu&-dr-J 
= $ e 

and 

30 



The general solutions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A-8) and (A-9) are constructed as the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsum of 

L, primary or particular solutions, which appear only i n  region3 

containing the source, pl us source-free secondary or complementary 

sol u.tions, which appear everywhere and are chosen to satisfy boundary zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

conditions (Harrington, 1961, p. 129-132). The primary solutions P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt#i 

and 'ej result by equatirig relation (A-lOc) t o  the vertical components 

of electric and magnetic fields fo r  current components J, and 3, i n  a 

whole space of wavenumber k j  . These fields i n  turn are obtained by 

applying equation (A-4) t o  the whole space potentials (Harrington, 1961, 

p. 78) 

* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
. ik j [ (x-x9 '+ (y-y1I2* 0 - 2  I ) a 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAh 

( A-lla 
3 dv' t 

2 '12 C A  
P 

% zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4- [(x-x9* + (y-y')2+~z'z') 3 

and 

*-We drop c s ide ra t i on  o f  J fo r  now. Gr  n's func t ion  
elements f o r  th is  component &e derived by analogy w i t h  
those f o r  J ,  and a r e  simply s t a t e d  a t  the end of t h i s  
ana lys i s .  
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and 
L, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

9 (k-13b) 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf applies above/below the current element. For zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ,, we find zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

~ 

j (A-14a) 

and 

. (A-14b) 

Equating (A-lOc) with (A-13), we have for  an x-directed current element 
I 

(A-15a) 



The equivalent sources are  not discrete current elements a t  (x '  ,y' ,z' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) 

but a re  d ist r ibuted over the x-y plane a t  z = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2'  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb 

The upward and downward waves o f  equation (A-8) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi n  any layer  above 

the d ipole  are related through re f lec t ion  coef f ic ients  -RIn and -RiE by 



and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
. (A-21b) 

Similar ly ,  equation (A-9) i n  layer zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 becomes, f o r  z > z ' ,  

(A-22a) 
t * t TPl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ua(z-dj) e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-ujb-djr 1 
+ j =  +j[ R j  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 

and 

The r e f  1 e c t  ion coef f i c 

dipole,  a r e  

(A-22b) . -  

ents here, and f o r  any other l a y e r  below t h e  



t 

and 

Below the source, however, t he  primary po ten t ia ls  are downqoing, and the  

, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAahd 

+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATH tq(2-d~) which must equal equation (A-22). 

and + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAej *' R j  TE e +q'-di) represent.only secondary upward re f l ec t i ons  due t o  the 

basal l aye r ing  so, w i t h  (A-26), we f i n d  

I n  t h i s  l a t t e r  re la t i on ,  $ R,c 

(A-27a) + + +  rn s tujhj 
+j R j  = +;e 

and 

(A-27b) 
+ + t  TE LI s - +uj& 

'4 ej e 

d (A-26) t o  get 

(Ab28a) 

. {A-28b) 

and P - -  ej depe 

r 3, alone, from 



a nd zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

where 

and 

(A-30a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
. (A-30b) 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi Ck,$ + kyy') 
For conciseness we have set s, 3 Jx e For zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3, only, from 



We have also defined 

and 

I 

, '(A-3%) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 1  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATH -2u-h. +uj(~'-dj-,) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr m  -Uj(Z'dj-l) 
2 Tm, R i  e "e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr-h e 
A j  - f TH - T~I -2ujhj 

1 -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARj R j  e 

Conti noi ty of tangenti a1 e l e c t r i c  and magnetic f i e l d s  across 

interfaces, along w i t h  (A-21) and (A-221, y ie lds  the potent ia ls  i n  other 

layers. For layer  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt > zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj, we obtain 

I 

(A-37a ) + TH %hm + +  t m + +  
= 'Zj fi 

2 
+ +  [if Rd6 
41 e. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11- [I + t R ; f i ~ ~ h m ]  +j 

mr jtl l 

and 

(A-37b) 

Speci f icat ion o f  the so lut ion f o r  2 = n i s  given l a t e r  w i th  the Green's 

functions, Combining (A-33) nd (A-37), we get  f o r  J, 
1 

(A-38a 

I 

I 

. (A-38b) 

(A-39 1 
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFor layer  2 < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj above the current element, we have 

(A-40a 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and.  I 

-%An - - 
(A-40b) 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT€ - -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 r: f [;+ +'RT,Ec -RZ+,]: Urn m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA€lj = Bzj 9 
M= j-l 

Specif ication when 2 = 0 i s  also given l a t e r  with the  Green's 

functions. Combining (A-33) and (A-401, we get  f o r  J, 

and 

F i n a l l y ,  with (A-34) and (A-40), f o r  J, and 2 < j we have 

re1 a t i  ons 



where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF.T. denotes Fourier Transformation, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
, (A-45) 

In  addition we must use (Erdelyi, 1954, v. 2, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e-i ki R 

X,J,(Xr) = (A-46) 
P 



a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAnd zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
. I n  layer  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi, the par t icular  and complementary potent ial  solutions 

give r i s e  to primary and secondary dyadic elements, i.e., 

and 

P N E  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS N E  c i  = Gj + Gj (A-51) 

Using (A-331, (A-34) and (A-43) through (A-471, the primary e l e c t r i c  

elements are 



and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
U 

where 

(A-521) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
R 

and 

(A-53b) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p E e-ikjR 

vaj = - R . (A -53~)  

We have returned t o  consideration o f  Jy t o  specify a l l  nine tensor 

members. Fran (A-33) , (A-341, (A-431, (A-48) and (A-49), the secondary 
I 

, e l e c t r i c  elements are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
i 
I S E  1 2(X-X'12 I s E (X-X'F 

I 

= f [ ~  - 71 '13 [ - r ~  3': + ki%:j 3 , (A-54a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S E  1 E(X-X')(Y-Y'I s E (x-x')(y-y') s zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE 

q j  mI[ r3 1 x,j - I rg I ~ z j {  9 (A-54b) 

1 

c c  ' Z x j  ~9~ (A.154~) 

(A-54e) 

S L :  2 C Y 9 1  Syf 
Gvj '  -!I- r I qj I 9 (A-54f) 

L, 



(A-54h) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

, (A-541) 

wf t h  Hankel transforms 



U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI P I (  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-(2-29 YY 
ex, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4% 

*GSj= 0 

where 

and 

(A-56d) 

(A-56e) 

[A- 5 6 f  ) 

(A-56h) 

(A-561 ) 

(A-57) 







a n d .  

For receivers i n  the  basal half-space, the  t r a n s f o n s  simplify t o  



and 

In  layer zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj, the electric Hankel transforms are 



U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand 



along zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwi th  



APPENDIX B 

PLANE WAVE FIELDS I N  A LAYERED EARTH zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.For a vertical ly downward propagating incident plane wave a t  the 

surface, the general solution fo r  the electric f ield i n  layer zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 i s  



Since tangential zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE-fields zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare continuous across interfaces, we find 
IC; 

so zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt h a t  


