
M(A B)M~ " \ zKA \

(C D) M 0 e- WA) (B9

then the Nth power of the ABCD matrix is immediately

given by

A DNKA ) 0

e-f"A) M I

The matrix M which transforms the ABCD matrix into a
diagonal matrix can be constructed from the eigenvec-
tors (B6) of the ABCD matrix. M and its inverse M'
are given by

1 /7a1 3-:a i.)1/ \ 13 13) > (B11)

m(=,1 - fy+3 )1/2 ( 7ja) * (B12)

The two columns in (B11) are simply the eigenvectors

of the ABCD matrix. It can be easily seen by simple

matrix multiplication that (B9) is true as long as M and

M" are given by (B12) and (B11), respectively. The

Chebyshev identity (B1) follows directly from (B10) by
carrying out the matrix multiplication:

1 (+

= aU+P - a13T

(eLNKA
xA

O O Aj-N A J

A sinNKA -sin(N- 1)KA
sinKA

C sinNKA
sinKA

a

13-/

(13-

-a,

B sinNKA
sinKA

DsinNKA - sin(N- 1),KA
sinKA/

The last step is left to the reader.
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Electromagnetic propagation in periodic stratified media. II. Birefringence,

phase matching,and x-ray lasers*

Amnon Yariv and Pochi Yeh
California Institute of Technology, Pasadena, California 91125

(Received 8 November 1976)

The theory of electromagnetic Bloch waves in periodic stratified media is applied to the problems of

birefringence and group velocity in these media. The relevance of periodic media to phase matching in

nonlinear mixing experiments and to laser action in the x-ray region is discussed.

I. PHASE VELOCITY AND GROUP VELOCITY

We have derived in paper Ii some of the important

characteristics of Bloch waves propagating in a period-

ic stratified medium. An exact expression for the dis-
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persion relation between K, 1, and w was derived.
This dispersion relation can be represented by contours
of constant frequency in the B-K plane as in Fig. 1.

It can be seen that these contours are more or less

Copyright O 1977 by the Optical Society of America 438



velocity of an electromagnetic Bloch wave is concerned.
If EK(x) is expanded in a Fourier series

EK(x) = Yen ) ein(2r/A)x
n

The Bloch wave (1) can be written as a linear super-
position of an infinite number of partial plane waves
which are the so-called "space harmonics." From (1)
and (6) we have

E (x, z, t) = E eKn) ef n2T/A)]xei e-t
n

FIG. 1. Contours of constant frequency in P-K plane.

circular with only a slight ellipticity. The origin cor-
responds to the contour of zero frequency. In the long-
wavelength regime (X>> A), these are similar to the
dispersion curves of electromagnetic waves in a nega-
tive uniaxial crystal. The birefringence property of a
periodic stratified medium will be discussed further
in Sec. II. These contours become distorted and modi-
fied at shorter wavelengths and near the boundaries of
the Brillouin zone (KA= 17Tr) where the wavelength is
comparable with the dimension of a unit cell and the
electromagnetic waves interact strongly with the peri-
odic medium.

The concepts of phase and group velocities in period-
ic layered media are subtle and require careful exam-
ination. Let us start by reviewing some of the relevant
results which were derived in paper I.

The electromagnetic Bloch wave is given by

E(x, z, t) = EK(x) eiKx eiBZ e-iwt (1)

where EK(x) is a periodic function of x with period A
and is given by Eq. (28) in paper I. The dispersion re-
lation between K, /3, and w is given by

cosKA = 2 (A + D) = coskjx a cosk2 , b - A sink1 x a sink2 , b, (2)

where A and D are given, respectively, by Eqs. (10),
(13), (15), and (18) of paper I and

| 2(k 2_/kj,+ klx/k2.), TE waves,

l 2(n2kl./n2 k2 x+ n~ k2 /n22 k1 x), TM waves; (3)

k,,, = ff (coc)n 1]2 _ ,B211/2, (4)

k 2, ={[(w/c)n2 ]2
-_ 2}"1/2 

. (5)

It is important to note that the Bloch wave number K
given by (2) is not uniquely defined to the extent that
any integer multiple of 27r/A can be added to it. The
reduced Brillouin zone scheme commonly used in solid-
state physics is no longer useful as far as the phase

where e 9n) are constants. Thus the multivalued nature
of the Bloch wave number embodies the existence of
the whole set of space harmonics. If the periodicity is
removed, i. e., n1 =n2 =n then the Bloch mode should
become an ordinary plane wave and K should be equal
to kx= (w/c)n cosO. Equation (2) in this case reads

cosKA= cos[kx(a+ b)] = cosk A ,

so that when nl - n2 << «n, the principal value of K can
be chosen as that nearest to klx or k2x. We can ensure
that K satisfies the above condition by choosing it in
such a way that

|e5 ) l n) (8)

for all n, or equivalently by choosing K such that the
integral

A {A EK(x) dx (EK) (9)

has a maximum value.

Having a proper choice of the Bloch wave number K
we are now in a position to define the phase velocity of
a Bloch wave. It is defined as

Vt = W/(K 2 + 02)1/2

The phase velocity defined above is, strictly speaking,
the phase velocity of the fundamental (n= 0) space har-
monic which is a plane wave of the form

E(x, z, t) = (EK) ei e e .

In the long-wavelength regime where the whole struc-
ture behaves as if it were homogeneous, the fundamen-
tal space harmonic is the dominant part of the Bloch
wave and can be taken alone as a very good approxima-
tion of the whole wave.

The group velocity for a Bloch wave packet is given
by

(12)

In a homogeneous medium the group velocity represents
the velocity of energy flow of a quasimonochromatic
wave and is thus parallel to the Poynting vector which
is a constant vector in a homogeneous lossless medium.
The Poynting vector of a Bloch wave given by (1) is a
periodic function of x. The group velocity (12) of the
same wave, however, is a constant vector. The dis-
crepancy is due to the fact that in a periodic medium
the power flow is a periodic function of the space coor-
dinates. We will show, however, that the averaged
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(6)

(7)

(10)

(11)

V,=(803i�+ aco a'.
�_K ( ao)K
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velocity of energy flow defined as

ve= (I fA (Poynting vector) dx)

x(1 I (energy density)dx)

points are known as the optical axes. Given a direction

of propagation, there are in general two k values which
are the intersections of the direction of propagation and

the normal surface. These two k values correspond to

13 two different phase velocities w/k of the waves propa-
(13) gating along the chosen direction.

is exactly equal to the group velocity as given by (12)
(see Appendix A). This endows the concept of group

velocity as defined by (12) with a rigorous meaning. It
is an extremely useful concept since it now makes it

possible to consider the propagation of confined finite
aperture beams in a layered medium. The space aver-
aged Poynting vector and energy density are particular-
ly useful in the long-wavelength regime where the me-

dium can be considered as a quasihomogeneous and

anisotropic medium.

IL. BIREFRINGENCE OF PERIODIC STRATIFIED

MEDIA

In this section we review the birefringence which re-

sults from the medium periodicity. We start by re-
viewing in the context of our present discussion the
birefringent behavior of bulk anisotropic media.

The index of refraction of light propagating in an

anisotropic medium depends on its state of polarization.
Given a direction of propagation in the medium there
are, in general, two eigenpolarizations with two re-
spective eigenphase velocities. The directions of

eigenpolarization and their corresponding indices of
refraction for a plane wave of the following form:

Equation (17) can also be derived directly from the
wave equation

- a2
Vx (VxE)+ guT -TE=O .

Substitution for E from (14) gives, if we also recall
k= (w/c)ns:

a2

kX (kXeE)v = E lE,

or equivalently

k/iE,, - k2 _kz

ky k,

kz k,

kxky

22
co 1 E - k2 - kk Z

kz ky

(19)

(20)

k, kz\
kykz

(02,UEz- kX - k2

( E =o.

/z

(21)

In order to have a nontrivial plane wave solution, the

determinant of the matrix in (21) must vanish. This
gives us Eq. (22), which is equivalent to the dispersion

relation (17), if we recall c
2 = 1/1E 0 :

E(r, t) = EeiE(w/0)ns-r-wtI

are given by the following well-known formulas 2 :

r/7E o + fEy Z o 7E H

En ns (sE)
n l-E i/Eo

(14)

(15)

z=xyz,

where E,, Ey, E. are the principal dielectric constants
and s is a unit vector along the direction of polarization.

Equation (15) (also known as Fresnel's equation of
wave normals) can be solved for the eigenindices of re-
fraction, while Eq. (16) gives the directions of polar-
ization.

It is important to notice that Eq. (15) is in fact the
dispersion relation between c and k. If we define k as

(co/c)ns for the plane wave given by (14), then Eq. (15)
can be written

k2 k2
X + 2 Y

+ kk
2  = -1

+ k 2 _(C.2/C')E /E o = 1

where

k2=k2+k +kZ .

(17)

(18)

Equation (17) describes a surface of two shells in k

space known as the normal surface. The two shells of

the, normal surface have only four points in common.

The two lines which go through the origin and these

440 J. Opt. Soc. Am., Vol. 67, No. 4, April 1977

co24c,, - k2y- k2

det ky kx

kZ k,

kx, ky

CO ApEy - k? - kX

kz ky

kx, kz

kykz =0.

2 Ek~X -ky

(22)

Of particular interest is the uniaxial crystal with a nor-
mal surface consisting of a sphere and an ellipsoid of
revolution. If we set Ey =E, in Eq. (17), the equation

breaks into two factors, giving

k
2 k

2 +2 :2 W2
no, ne

k,2 ky+ kz, - W

no no C

where

n.e= EX/Eo , no= E,/E

(23)

(24)

(25)

The section of the normal surface by the coordinate
plane ky = 0 is a circle and an ellipse (see Fig. 2). The

line joining the origin and the osculating points of the
circle and the ellipse is the optical axis.

It can easily be shown that the vectors E and H al-

ways lie in the tangent plane of the normal surface. As
a result the Poynting vector S defined by

S=ExH (26)

is always parallel to the group velocity which is given by

Vg=Vkw(k). (27)
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a periodic medium for waves propagating in an arbi-
trary direction.

It was shown above that the only dynamical variables
needed to describe a monochromatic plane wave propa-
gating in a periodic stratified medium are co, A, and K.
The generalized wave vector is defined

K=axK+az .

FIG. 2. Section of normal surface in k,-k. plane.

To prove that S and V, are parallel, we start from Eq.
(20) and replacing a/at by - iw rewrite it

kX (kx E) + w2jueE = 0. (21

Suppose now that k is changed by a small amount 6k
while w is kept constant. If 6E is the corresponding
change in E, we have, according to (28),

6k(k * E) + k(6k * E) + k(k * 6E) - 6E(k * k) - 2E(k * 6k)

(29

If we multiply both sides of this equation by E, we ob-
tain, using Eij= Efi ,

26k- [k(E- E)-E(k- E)]

The dispersion relation between w and K is given by
Eq. (2).

If the period A is sufficiently small compared to the
wavelength, then the whole structure behaves as if it
were homogeneous and uniaxially anisotropic. The
wave given by (1) thus behaves as if it were a plane
wave of the form given by (11).

In Fig. 1 the contours of constant w are plotted in
the K-,8 plane. These are sections of the normal sur-
faces with the K-,3 plane for various frequencies. It is
evident from inspection that at the long-wavelength
limit (X>> A) the dispersion of a layered medium is
qualitatively similar to that of a negative uniaxial crys-
tal.

To demonstrate this analogy we take the limit of
kla « 1, k2, b - 1, and KA << 1 and expand all the trans -

cendental functions in (2). After neglecting higher-
order terms, we obtain

K2/n + l2 /n' = w2 /c2 , TE,

K 2/n2 + 02/n2 = w 2/c 2  TM

with

n'= (a/At)n 2+ (b/A)n2,

l/n = (a/A) * (1/nD + (1/At) * (/2)

+6E- [k(E *k)-E(k- k)+w,24 =E]=0.

The second term vanishes according to (28) and the
first term can be written 26k- [Ex(kxE)]. Hence, we
have, using H = (1/w~i)kxE,

6k- (EXH)=0, (31)

i. e., E x H is perpendicular to 6k which is an arbitrary
infinitesimal vector in the tangent plane of the normal
surface. The group velocity Vg defined by (27) is also
perpendicular to the normal surface, thus proving our
statement.

Let us now consider the propagation of electromag-
netic waves in a medium consisting of infinitely alter-
nating layers of two different homogeneous and isotro-
pic substances. Although each individual layer is iso-
tropic, the whole structure behaves as an anisotropic
medium. TE waves and TM waves are found to propa-
gate with different effective phase velocities and the
periodic medium is birefringent. This phenomenon is
well known in an anisotropic homogeneous crystal and
is used in the electrooptic modulation of light and in a
variety of polarizing applications.

The electromagnetic properties of a periodic lami-
nated structure have been studied by Rytov,3 who limit-
ed his treatment to cases in which the direction of prop-
agation is either parallel or normal to the layers. In
the present analysis we use the Bloch wave formalism
of Paper I to obtain the exact birefringence behavior of

(33)

(34)

(35)

(36)

Equations (27) and (28) represent the two shells of the
normal surface in the K-,8 plane. One surface (33) ap-
plies to a TE wave and is a sphere while the TM normal
surface (34) is an ellipsoid of revolution. TE waves
thus are formally analogous to the so-called ordinary
waves in a uniaxial crystal, while TM waves are the ex-
traordinary waves. The normal surface becomes more
complicated at higher frequencies. It consists of two
oval surfaces osculating each other at the intersections
with the K axis as long as the frequency is below the
first forbidden gap. For frequencies higher than the
forbidden gap, the oval surfaces break into several
sections. The break points occur at

K=m(7r/A), m = integer, (37)

which is the Bragg condition for the quasi-plane-wave
(11).

III. DOUBLE REFRACTION AT A BOUNDARY

Consider a plane wave incident on the surface of a
semi-infinite periodic stratified medium<. If the inci-
dent wave is a mixture of TE and TM waves, double
refraction takes place. This can be easily seen from
the normal surface in the /3-K plane. A very important
kinematic property of refraction at a plane interface

441 J. Opt. Soc. Am., Vol. 67, No. 4, April 1977

(32)

+ w0 gZ E = 0

(30)
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N -4 I I I

w~o

FIG. 3. Double refraction at the boundary of a periodic strat-

ified medium.

IV. GENERALIZED PHASE MATCHING OF

NONLINEAR PROCESSES

Phase-matched enhancement of nonlinear mixing
processes in a periodic stratified medium was proposed
by Ashkin and Yariv, 4 Bloembergen and Sievers, 5 and

recently by Tang and Bey.6 Experimental evidence for

this effect has been demonstrated recently by van der
Ziel and Ilegems.

In the following we present a general theory of phase

matching in a periodic stratified medium. In our ap-

proach we employ the Bloch electromagnetic wave func-

tions and their space harmonics.

Let us consider three interacting electromagnetic
waves in a periodic stratified medium. The electric
fields are given by their Bloch expressions

E'w 1 (x, z, t) = EKI (x) eMKIX ei
3
lz e`ult , J= 1, 2, 3,

with

(3 = W1 + W2 -

between two dielectric media is the fact that A, the

tangential component of the wave vectors, must be

equal for both the incident and refracted waves. Given

a , value, the two shells of the normal surface in gen-

eral yields two K values, thus giving rise to two re-

fracted waves as shown in Fig. 3. The two refracted

waves are in general both extraordinary waves in the

sense that their phase velocities, i. e., effective in-

dices, depend on j3.

However, at the long-wavelength regime where X >>»A,

TE waves become ordinary waves while TM waves re-

main extraordinary. If the wave vector of the incident

wave is denoted by ko, and 0 is the angle of incidence,

the projection of the wave vector along the boundary

plane is given by

3= kosinO . (38)

(41)

(42)

The y dependence is again suppressed for the sake of

simplicity in illustration. Let the two media compris-

ing the layered structure possess nonlinear optical
properties which cause the two waves at w1 and W2 to

generate a polarization P(x, z) at W3 with a complex

amplitude

P1' 3) (Xz) =di jE I )(xz)E 1 2 (X, Z).

The nonlinear coupling coefficient dij, reflecting the
symmetry of the medium, is a periodic function of x,

dw 12-W
3
(X+ A) =dw 1+W2 @@3(X) . (43)

The power flowing into wave at frequency 0 3 from E (w')

and E (X2) is given by E ('43)* (a/at)P("3), which is pro-

portional to

(K 3 1 d I K, K2) = i| die, (x)E K1(x)Ef 2(X)(EK3(X))*

The transverse wave vectors in the medium are deter-
mined either graphically from Fig. 3 or analytically
from the dispersion relation (2). The angles of refrac-
tion are given by

tanOTE = O/KTE I

tanOTM = (/KTM -

(39)

(40)

The angles given by (39) and (40) are the directions

normal to the wave fronts of the refracted waves. The

directions of energy flow are obtained by taking the

normals to the normal surface.

The effect of double refraction is very pronounced
near the zone boundaries where the medium is very

dispersive and the band gap is different for TE and TM

modes. At the edge of the band gap the group velocity

which is parallel to the normal to the curve, is along

the z axis and has no component normal to the inter-

faces. This is consistent with the fact that at or inside

the gap the reflectivity is unity so that no power can

flow along the x direction.

442 J. Opt. Soc. Am., Vol. 67, No. 4, April 1977

x es (K1+K2-K3)x es (01+ 2-03) dx dz, (44)

where the superscript of diij(x) is dropped and the in-

tegration is over the interaction region. Each of the
periodic functions in the integrand may be expanded in

a Fourier series

difk(x) = a D fk em r/A)x
m

El l1(X) =EA An ein(27/A)x

n

Es 2(X) =YEB 1 ei 1(
21/A)x

Ek 3(X) = ECkP e i p(2r/A )x
Up

Thus, we get

(K3IdIKK2)= (2T)2  j DkAinB'(Cat)*
m, n, 1, P

x 6 (K1+ 2- K3+ (m + n + -p) 2)6 (3+ 3 3)

(45)

(46)

(47)

(48)

(49)
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neff
cidence (3= 0). The effective index of refraction is ob-
tained from (10) and the relation vP= C/neff,

nefrf (o) = cK(co)/lc . (52)

Far from Bragg resonances the effective index is equal
to -

T where

The maximum deviation of neff from ;7 occurs at the
band edges. The band edge frequencies can be approxi-
mated according to (B8b) by

FIG. 4. Typical periodicity dispersion neff VS W.

We see that the nonlinear mixing is allowed only when
the following two conditions are satisfied:

/3=3-1+ 12,

K3=Kl+K2+s(2ir/lA), s=min+ l-p.
(50)

(51)

Cou , -(c/nlA)j(2j+ 1)iT 2[ (A - 1)/(A + 1)]1121

A=~1, (v/n) U+ I) 7T<< 1.

The maximum index deviation An1 /2 is thus

Anl/2 = neff (ao,).- n = cK(co,)/1w - n .

At the (odd) band edges (caj,, wc) we have

K(w,)A= (21+ 1)vr

so that

By analogy with the corresponding phonon-phonon colli-
sions in solid-state physics, one may classify the al-
lowed nonlinear processes into the following two cate-
gories.

A. Normal nonlinear processes (s = 0)

Normal nonlinear processes in a homogeneous medi-
um require either no dispersion or anomalous disper-
sion. The dispersion in a periodic stratified medium
can be separated into two factors which are the natural
dispersion of the material itself and the additional dis-
persion due to artificially periodic stratification. The
latter will be called "periodicity dispersion."

A typical periodicity dispersion is shown in Fig. 4.
An analytic study of the periodicity dispersion is given
in Appendix B. It can be seen from Fig. 5, in which
the periodicity dispersion is superposed on top of the
natural dispersion, that the natural dispersion due, say,
to some absorption resonance at wo is modified by the
periodicity dispersion. As a result, phase matching
can be achieved in a spectral region where it would be
impossible if the medium were homogeneous. This
can be explained as follows: In order to achieve phase
matching in a piecewise homogeneous medium the dis-
persion function n(w) in the relevant spectral region
cannot increase monotonically. The monotony of the
dispersion is removed when the periodic stratification
is introduced since, as shown in Fig. 5, the change in
index due to periodicity changes sign near a Bragg
resonance frequency. It is therefore possible to select
the parameters of the periodic structure so that phase
matching is achieved in a given triplet of waves.

It is interesting to get an expression for the maximum
change in the effective index of refraction which is
achievable by periodicity dispersion. To be specific
we derive an expression for the maximum index devia-
tion An1/2 as defined in Fig. 8.

For simplicity let us consider the case of normal in-

Anl/2 = c(21 + 1 )7r/co At - ii- .

Substituting (54) for co, in the last expression and using
the fact that A - 1 - 1 leads to

An,/ 2 :-[2n/(21 + 1)7r] [(A -1)/ (A+ 1 )]1/2
From (54) we find that the width of the gap is

1/2 - 21(C)U - c) (2c/jiA)[(A - 1)/(A + 1)]1/2.

(55)

(56)

If the amount of natural dispersion that need be over-
come in a given process is less than An1 /2 given by (55),
the normal nonlinear processes can achieve perfect
phase matching by introducing the periodic stratifica-
tion.

Phase matching can also be achieved by utilizing the
birefringence property of the periodic medium. The
difference in the refractive indices of the ordinary
waves and extraordinary waves is given by

However, this quantity is much smaller compared to
An112 (55) for A -1 <- 1.

neff

(57)

V wo

FIG. 5. Typical overall dispersion n.,, vs w.

- ne= (4ab/A 2)[ne/(n 0 ÷ n2)](A2
- 1) .
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(54)

7i = (n, a +,n, b)/A . (53)

A\
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B. Umklapp nonlinear processes (s *0)

An umklapp nonlinear process can be thought of as

the generation of a wave at the mixed frequency (such

as U)3= w1+ w2 ) with, simultaneously, a Bragg reflec-

tion. The additional momentum in this process is ob-

viously provided by the periodic stratified medium (or

in other words, transferred to the periodic stratified

medium). Umklapp phase-matched nonlinear processes

can take place in any dispersive medium under appro-

priate conditions. For example, the phase mismatch
due to the normal dispersion of the material can always

be compensated by the crystal momentum, i. e., choos-

ing the period A so that (51) is satisfied for some com-

bination of en, 1, p. The missing wave momentum is

thus provided by the periodicity of the integrand in (44).

It can come from either the Fourier component of the

nonlinear coefficient, i. e., m 0 0 or the space harmon-
ics of the Bloch waves, or both. The umklapp nonlin-

ear process is thus a way to achieve phase matching
when the periodicity dispersion (55) is not big enough

to compensate the material dispersion.

Traditionally this process can be thought of as an

interaction between the space harmonics of the Bloch

waves (3) since the rate of power transfer will involve
according to (49) the amplitudes of the space harmonics.

V. DISTRIBUTED FEEDBACK SOFT-X-RAY LASERS

IN PERIODIC STRATIFIED MEDIA

In this section we consider the possibility of using a

layered structure as a medium for an x-ray laser. The

huge pump intensities which will be required to over-

come the ordinary photoelectric losses in the x-ray
region will limit the pumped region to very small vol-
umes. Under these conditions the use of an external
resonator structure seems highly unlikely. One pro-
posal advanced earlier 8 was to use the periodicity of
natural crystal to provide distributed feedback by

Bragg reflection. In what follows we consider the pos-

sibility of obtaining Bragg x-ray laser action in artifi-

cial layered media. In such media we have the freedom
of tailoring the period exactly so that the Bragg condi-
tion is satisfied at the oscillation wavelength. In addi-
tion no crystals exist in which the unit cell dimensions
are comparable to oscillation wavelengths of, say,
100 A.

We will thus consider a layered medium in which one

of the layers provides gain at some frequency co. Since

the presence of gain or loss can be represented by the

use of complex indices of refraction we need to extend

the analysis of paper I to the case of media with com-
plex indices. The coefficient of reflectivity of the N

layered structure is given as in (33) of paper I by

rN = C UN-1/(A UN-1- UN-2), (58)

while the transmission is

tN = (A UN_,1- UN- .2) (59)

The complex indices of refraction are taken as

(60)

(61)2 = n2+ ZiK2 -

The imaginary parl of a refr active index is directly re-
lated to the bulk loss constait. (or gain) by the following

relation:

a1,2:= 2 K1,2W/C - (62)

Consider next a periodic stratified medium with alter-

nating gain and loss layers (a, > 0, a2 < 0)°

Such a structure could result if we were to fabricate,

as an example, an artificial layered medium composed

alternately of two media-1 and 2-and then pump it by

an incoherent x-ray beam or an intense laser source.
Since the layers are different the effect of the pump
can be to produce an inversion in layers 2, say, at

some characteristic x-ray frequency. We thus have a
situation where x-ray radiation of the characteristic
frequency is amplified in layers 2 but is absorbed by
the photoelectric effect in layers 1. We will show next
that if the unit cell (i. e., the alternation period) length

A is chosen near the Bragg value 21Xg then oscillation

may result. The determination of the pump threshold

requires an exact formulation of the electromagnetic
problem. This becomes possible with the aid of the
Bloch formalism developed in paper I.

We choose n1 and n2 as well as a, as parameters,
take the layer thicknesses a= b = 2 A, and investigate the

reflectivity rN of a ten-period slab (N= 10) as a function

of wA/c and a2. The contour plot of IrI in the U 2-(O
plane are shown in Fig. 6. A series of points where

IrNI = - is found in the lower half-plane (a2<0). The

coordinates of these poles correspond to the threshold
gains and the oscillation frequencies of the laser. The
number of poles is exactly N, which is the number of

periods. The pole trajectory in the a2-W plane indi-
cates that the pole nearest the bandgap has the lowest
threshold gain. The threshold gain %2, is approximate-

ly equal to loss a, for modes whose frequency is far
away from the band gap. However, it is much less

than the loss when the oscillation is near the band gap.

In our example, I a2t I a,1 . This theoretical result

can be explained as follows: The power dissipation per
unit area is proportional to

(63)J=f a(x)E2(x)dx,

where

{ a 1 >0, layer 1,

a2 <0, layer 2.

If the lasing mode intensity distribution can have its
maxima in the gain layers and minima in the loss

layers, power generation (J< 0) is possible even when

the integrated loss is positive, or in other words when

Ja(x)dx>0. (65)

In the conventional Fabry-Perot laser where a (x) = con-

stant, power generation requires a net positive gain

(negative loss)

aL<0. (66)

(64)
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FIG. 6. Contours of equal reflectivity in Wc-a2 plane.

That means the laser medium of the conventional laser
has to be pumped until the gain conquers the loss. How-
ever, in a periodic multilayer laser the gain constant
of the gain layer does not have to be larger than the loss
constant of the loss layer assuming the same layer
thickness. This is similar to the "Borrman effect" of
an x-ray propagating in a crystal.9 This finding is of
important significance to x-ray lasers since it should
make possible significant reductions in the threshold
pumping requirements.

The field distribution near oscillation of a typical
multilayer x-ray laser is shown in Fig. 7. Note that
the local maxima of the field amplitude are all located
in the gain layers. The parameters correspond to the
low threshold pole of Fig. 6.

VI. CONCLUSION

The matrix Bloch wave formalism has been used to
derive the dispersion behavior of electromagnetic
modes in layered periodic media. The use of periodic
media in phase matching nonlinear optical interactions
was considered as well as their use in obtaining re-
duced threshold x-ray lasers.

APPENDIX A: VELOCITY OF ENERGY FLOW AND
GROUP VELOCITY

The time-averaged flux of energy in an electromag-
netic field is given by

S= 2Re[EXH*]. (Al)

The time-averaged electromagnetic energy density is
given by

U=I(CEr2+ ,luV) (A2)

In the case of a propagating Bloch wave in a periodic
structure, S and U are both periodic functions of x with
a period A. It is desirable to define the space-averaged
quantities in a periodic medium. The mean values over
one period for U and S are given by

(U)= A U(x)dx,

0

Aif

(A3)

(A4)

The velocity of energy flow is defined

Ve=(S)/(U) I (A5)

which gives the rate at which energy flows from one
cell to the next in a periodic medium. The group veloc-
ity of a wave propagating in the same medium may be
taken as

V, = ( aco), ax, + /a C) a, -

It is the purpose of this appendix to prove that

Vg = Ve .

(AG)

(A7)

Equation (A7) will be proved in the case of TE Bloch
waves. The electric field distribution for a TE Bloch
wave is given by (5):

'a~ 0 .
-m. 0-0 F

IO I

IEx)

l --- NA

0 A NA X

FIG. 7. Field distribution near oscillation. The dashed ar-
rows indicate incident and reflected waves, respectively. The
solid arrow at the right-hand side indicates the transmitted
wave. The inset in the upper part is the gain-loss profile.

445 J. Opt. Soc. Am., Vol. 67, No. 4, April 1977 A. Yariv and P. Yeh 445



EY(x, Z) = EK(x) efKx efox

jfle {-iWt

- a<x<O,

(coe 2Zxx+doe-ik2x-) e{lZe-iwt

- A<x<- a.

The corresponding magnetic field is given by

H (x, z) =-(,Bw/Q),)Ey(x, z),

(kjx/,wi)(aoeiklxx - bo e- iklXx)

iot - a<x<O,

H(x, z) = / (co eik2xx - do e-ik2xX)

x ei ~ -A< x <-a

where

(ao B -A)

kbo) k eiKA _A

Co e- i k2xa

do e ik2'

K 2(1 klxlk2x)
/ F(l + kli,/k2,,)\ (- k1x/k2 x)

(aO e-iklxa

boeiklxa

(A8) [A(D) (oA -) bl B1 C (I 1)

(A9) [,D(A 2D) a i (A-JJ bnvw- 21

(A9) L
2 k1Tc 2 /k2,c'

P (A20)
B+2C n2,o _cn22c 1)
2 ", '} J

(A10)

(All)

(A12)

k(1 -k/k2.) A

2I(1 + kllk x)/

(A13)

From (A2), (A3), (A9), (A10), and (All) the averaged

energy density is calculated to be

(U)= [ ai(l ao12+ bo12)+ Ea2(1 col2+ Ido12 )

B+C (32 Ill\/..A-D\+ S.Wklx - ) sinKAS -i 2)
(A14)

From (Al), (A4), (A9), (A10), and (All) the averaged

Poynting vector is given by

(S1) = S.3= 2 _ (I a, l2+- I b0 1
2
)+= 22(|C012 I do 2), (A15)

(S)2 = La- (I aol2+I bo12)+ b(ICl12+ Ido12)

+ +A *klx 1 - I k )sinKA- i 2)j (A16)

The group velocity can be obtained by using implicit dif-

ferentiation. Given a function F(w, ,B, K) = 0, we can

write (A6) as

F 1F /aF\

\8K [ /,,, I3awIK,8  L\ [(31,wK \W/( ,B]
(A17)

where, using (2),

F(w, 3,K)=cosKA- 2(A+D). (A18)

From (A17) and (A18), Vg, and Vg, are obtained as

Ir. IA - D an2o /A - D\bn2wVgk AiKA L\2 ) T1- it- 2 ) T27

2 (C njk L)j (A19)
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where

A i[coskxa - Z (kl + klx sinkla 1,

D=e hIk2ab [cosk!a+ 2i(k 2"+ k,) sinkl a.DeLoaaZk,, k2~/ IX

(A21)

(A22)

It follows from (A5), (A14), (A15), and (A16) that the

velocity of energy flow is given by

r a WMEi 1a01
2
+ Ibo12 b OWUE2 Ic0I

2
+ Id01

2

lA k1 x Ta 0o
2
- IboI2 A k2x I c01

2 
Idol

B+C0 2 ( 1 1 sinKA- i(A - D)/2 1

A ~ kitXX ) Ia 0 I- I b1
2 

b I
Vex ' [,(1a012+ 1bol2)+ (ICoI2+ 1d01

2
)+ +C k ( - ) (sinK -A2D)

x [aEZ(Iao 2+ lbo12)+ 2(ICoI2+ 1do1
2 )

(A23)

B+ C kl(--z)(sinKA-Z 2_ )

(A24)

If we introduce the following three parameters

X=( ao l2+lbo a)/(oa I2
-|boV), (A25)

Y=(lco 
2
+td0o

2
)/ Co|2_ 1d0 1

2
), (A26)

Z =[sinKA -i(A -D)/2]/(i ao|-|o2 A7

the velocity of energy flow (A23) and (A24) can be

written

=A kj , A k 2 y+ 7 * X 12.) Z]
(A28)

V = a.[-- k X+ + Ž- Y+ B+ (44_ )z]
IE A kl1, A ka~A.\I ~71k,2 ./

x [- E ~ j b (0 J10E+ k + C( 2 /l ]
k1  2x A co [)

(A29)

The last equality relation of (A15) was used to derive
the above two equations.

It can be shown from (A12), (A13), (A25), (A26), and

(A27) that

i[(A-D)/2]
sinKA

Y4i[(iA-)/2]
sinKA

Z = - (2 sinKA)-' .

This proves our statement (A7).

(A30)

(A31)

(A32)
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FIG. 8. Periodicity dispersion when n1a =n2 b (or v= 0).

APPENDIX B: PERIODICITY DISPERSION OF
STRATIFIED MEDIA

In this appendix we treat analytically and quantitative-
ly the periodicity dispersion. We obtain expressions
for the locations and sizes of the band gaps. We will
limit our derivation to the case of normal incidence.
The extension of our result to the general case will be
given in the last part of this appendix.

Instead of using n1 , n2 , a, and b, a new set of more
convenient parameters will be defined in the following:

A\ = 2 (n2/n1 + n1/n 2 ) , (Bi)

n= (nla+ n2b)/A, (B2)

v = (n1a - n2b)/A . (B3)

In terms of these new parameters, the dispersion rela-
tion (2) can be written

(B6). If we set KA=mir, we obtain

sin 2 A) -(i ) (2c ) I KA=21v
YC 1 ( lCOS2 ( VW A) , KA= (21+ 1)7T,

1) 2c(B7)
where 1 is an integer. If v - IT which is normally true,
Eq. (B7) can be solved by the method of successive ap-
proximation. The results for the upper and lower band
edge frequencies after one iteration are given by

( |{2± 2 sin'[( A 1) sin nI

KA= 217w, (B8a)

'Du 1 A (21+ 1)7r + 2 sin-' [ Co =: U ) +v( 12) )

KA= (21+ l)rT. (B8b)

Consider a stratified medium consisting of alternating
layers of the same optical thickness which is the case
when v = 0, all the even-order band gaps shrink to zero,
while the odd-order band gaps have a maximum constant
value

4c ,-1A-1W
A max=A sin-'( - 1 (B9)

and the centers of the band gaps are all on the same
straight line

c = (c/IT)K . (B10)

The vanishing of the even-order band gaps is due to the
fact that each layer becomes a half-wave layer at the
even-order Bragg conditions so that reflections from
two adjacent interfaces are out of phase by an odd mul-
tiple of it. The dispersion relation for this special
case is shown in Fig. 8.

In the general case when v * 0, the degeneracy is re-
moved and there is, in general, a finite band gap at
KA= 2 1wr. The band edges of each forbidden gap are al-
ways on both sides of the straight line co= cK/In. The
band gap sizes vary roughly periodically as a function
of the Bragg order for even orders and odd orders
separately. This can be seen from either (B8) or Fig.
9, which is a plot of both sides of (B7) and gives a graph-

f (W)

cosKAm (2 )cosinoA-- (A - .)cosv - A .

By using the following identity

cosx = 1 - 2 sin 2
x/2,

Eq. (B4) can be written

sn2KA= A+ 1\s.2 A- l sin 2vA
2 2 Yem c- 2 )si 2 A.

(B4)

(B5)

(B6)

This equation is especially useful when v «-T. In the
event when v = 0 (n1a= n2b), Eq. (B6) gives us the ex-
plicit form of w as a function of K.

The locations of band edges can be obtained from
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FIG. 9. Graphic method of finding band edges and gap sizes.
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ic solution of the locations of band edges. The ban

gaps are given approximately by

(a sinr' (A 12 sin(n)

A12Kit= 21v,

A-isi-'Cos= (I+1+07
nA (i + 1) X

KA= (21+ 1)7T.

In the usual case of inclined incidence (6*0), all t

above results are applicable provided A, n, and v
defined by

(1 In2 cosO2 +ncos0,\

2\ncosos n2 cos02 I
A=

I 1(n, COS02 n 2 CoS01

2n 2 cosoj nlcOS0 2 /

TE waves,

TM waves,

37= (nacosol+n 2b cos0 2 )/ A,

v = (nja cosOl - n2b COS02 )/IX,

where

ad

(B1i

cosOl = ckj,/nj ,w

COS02 = ck 2 jn 2wA -

(B15)

(B16)

It can be seen from (B8) that the locations of the band

gaps are shifted toward higher frequencies and the sizes

of the band gaps become larger at inclined incidence.
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Interference theory of reflection from multilayered media
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Interference effects normal to the plane of incidence are calculated for a light beam incident on a reflecting

surface consisting of several parallel thin layers. Resonances that arise when one of the thin layers acts as a

two-dimensional waveguide give rise to phase shifts of the plane waves in the reflected beam which vary

rapidly with the angle of incidence. Interference in the reflected beam can then sometimes give it the

appearance of a diffraction pattern. The results are compared with Levy and Imbert's recent experiment.

I. INTRODUCTION

When plane light waves undergo total internal reflection

from a plane interface between dielectric media, the

reflected waves are shifted in phase as a result of the

interactions between the light and the reflecting media.

These phase shifts can give rise to interesting inter-
ference effects causing changes in position and shape of

wave packets constructed out of plane waves. Longi-

tudinal shifts in position (in the plane of incidence),

arising from reflection at a single (nonlayered) surface

were first predicted and observed by Goos and Han-

chen.1 Experimental observations of this effect have

been carried out primarily by Imbert and coworkers 2 "

in recent years. Lotsch4 has given an extensive review

of the Goos-Hinchen shifts.

Similarly, transverse shifts in position (normal to

the incidence plane) occur at critical reflection. This

was first predicted by Federov.5 The phenomenon has

been studied experimentally by Imbert,6 and de Beaure-

gard and Imbert.3

There have been several different approaches to the
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theoretical description of these phenomena. De Beau-
regard, 7 Imbert, 6 "8 and Ricard 9 have discussed the

transverse shifts on the basis of transverse Poynting

vector energy flows in the evanescent waves. Expres-
sions for the transverse shifts based on the method of

stationary phase have been obtained by Schilling,' 0

Boulware," and Ashby and Miller 12 ; these expressions

do not agree well with the predictions based on a Poyn-

ting vector.

Ashby and Miller1 2 have approached the calculation

of the transverse shift and shape by constructing wave

packets which are modified by phase factors arising

from the internal reflection process. This approach

appears to be the only feasible one in cases where the

stationary phase method gives divergent results (at the

critical angle), or when the primary effects are
changes in the shape of the packet due to interference,

Similar effects have been observed in layered struc-

tures. Here one or more thin layers, which act like a

two-dimensional waveguide, are partially isolated from

the first reflecting surface. Due to resonances which
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