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The reflection from and transmission through a semi-infinite chiral medium are analyzed by obtaining the Fresnel
equations in terms of parallel- and perpendicular-polarized modes, and a comparison is made with results reported
previously. The chiral medium is described electromagnetically by the constitutive relations D = EE + i-yB and H =
i-yE + (1/,)B. The constants , u, and -y are real and have values that are fixed by the size, the shape, and the spatial
distribution of the elements that collectively compose the medium. The conditions are obtained for the total
internal reflection of the incident wave from the interface and for the existence of the Brewster angle. The effects of
the chirality on the polarization and the intensity of the reflected wave from the chiral half-space are discussed and
illustrated by using the Stokes parameters. The propagation of electromagnetic waves through an infinite slab of
chiral medium is formulated for oblique incidence and solved analytically for the case of normal incidence.

INTRODUCTION

In this paper we present a theoretical study of the plane
waves in chiral media. In particular, the problem of reflec-
tion from and transmission through a dielectric-chiral inter-
face and wave propagation in an infinite chiral slab is dis-
cussed in detail. The motivation for this study, beside its
theoretical importance, is provided by its applicability to the
problem of vegetation layers in remote sensing. Since cer-
tain types of terrestrial vegetation layer can be thought of
as chiral media, the analytical results of this paper provide
the necessary tools for analyzing and interpreting the experi-
mental data.

A chiral medium is a macroscopically continuous medium
composed of equivalent chiral objects that are uniformly
distributed and randomly oriented. A chiral object is a
three-dimensional body that cannot be brought into congru-
ence with its mirror image by translation and rotation. An
object of this sort has the property of handedness and must
be either left-handed or right-handed. An object that is not
chiral is said to be achiral. Thus all objects are either chiral
or achiral. Some chiral objects occur naturally in two ver-
sions related to each other as a chiral object and its mirror
image. Objects so related are said to be enantiomorphs of
each other. If a chiral object is left-handed, its enantio-
morph is right-handed, and vice versa. An example of a
chiral object is the wire helix; other simple examples are the

M6bius strip and the irregular tetrahedron.
When a linearly polarized wave is incident normally upon

a slab of chiral medium, two waves are generated in the

medium; one is a left-circularly polarized wave and the other
is a right-circularly polarized wave of a different phase veloc-
ity. Behind the slab the two waves combine to yield a
linearly polarized wave whose plane of polarization is rotat-
ed with respect to the plane of polarization of the incident
wave. The amount of rotation depends on the distance
traveled in the medium, and this implies that the optical
activity occurs not at the surfaces of the slab but throughout
the medium. Optical activity in a chiral medium differs
from the phenomenon of Faraday rotation in, say, a magnet-
ically biased plasma by the fact that the former is indepen-
dent of the direction of propagation whereas the latter is not.
The optical activity is invariant under time reversal, and the
Faraday rotation is invariant under spatial inversion.

The phenomenon of optical activity was first discovered
by Arago' in 1811. He found that crystals of quartz rotate
the plane of polarization of linearly polarized light that is
transmitted in the direction of its optical axis. The experi-
ments of Biot, 2

4 dating from 1812 to 1838, on plates of
quartz established (1) the dependence of optical activity on
the thickness of the plate, (2) the unequal rotations of the
planes of polarization of light of different wavelengths, and
(3) the absence of any optical activity when two plates of
quartz of the same thickness but opposite handedness are
used. In 1815 Biot5 discovered that optical activity is not
restricted to crystalline solids but appears as well in other
media, such ag oils of turpentine and laurel and aqueoug
solutions of tartaric acid. Fresnel 6 showed in 1822 that a ray
of light traveling along the axis of a crystal of quartz is
resolved into two circularly polarized rays of opposite handed-
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nesses that travel with unequal phase velocities. He argued
that the difference in the two wave velocities is the cause of

optical activity. In 1848 Pasteur7 postulated that molecules
are three-dimensional figures and that the optical activity of
a medium is caused by the chirality of its molecules. More

recently, Lindman 8 ,9 (in 1920 and 1922) and Pickering' 0 (in

1945) devised a macroscopic model for the phenomenon by

using microwaves instead of light and using wire spirals

instead of chiral molecules. They illustrated the molecular
process responsible for optical activity by using this model.

Many other experiments were performed, and a thorough
account of them is contained in a book by Lowry."

By the end of the 19th century experimental and empirical
facts on optical activity were well established, and physicists
had started to develop theories in order to explain the inter-
action of electromagnetic waves with chiral media. About
1915, Born,'2 Oseen,"3 and Gray'4 put forward independent-
ly and almost simultaneously the explanation of optical ac-
tivity for a particular molecular model. The molecular
model used was that of a spatial distribution of coupled

oscillators. Kuhn'5 also contributed greatly to solution of
the problem by considering the simplest case of the coupled-
oscillator model to show optical activity. In 1937 Condon et

al.'
6 showed that it is possible to explain optical activity by

considering a single oscillator moving in a dissymmetric

field. A detailed account of these microscopic theories was

given by Condon.' 7 More-recent work includes several pa-

pers by Bohren examining the reflection of electromagnetic
waves from chiral spheres and cylinders,' 8-' 9 a paper on light

reflection from chiral surfaces by Bokut and Federov,20 and
the book by Kong2l and numerous references therein regard-
ing general bianisotropic media. Shortly thereafter, the
macroscopic treatment of the interaction of electromagnetic
waves with chiral structures, which is the theoretical coun-
terpart of Lindman's experiments, was given by Jaggard et

al.
2 2 In their paper the interaction of electromagnetic waves

with a collection of randomly oriented short metallic helices
of the same handedness was studied, and the optical activity
in such media was placed in evidence. The most recent

work includes that on transition radiation at a chiral-achiral
interface by Engheta and Mickelson,2 3 on the reflection of
waves from a chiral-achiral interface by Silverman 2 4- 25 and

Lakhtakia et al.,
2 6 on the scattering of electromagnetic

waves from nonspherical chiral objects by Lakhtakia et al.,
2 7

on light propagation through an infinite chiral medium by
Silverman and Sohn,2 8 and on the dyadic Green's function
and the dipole radiation for an unbounded, isotropic, loss-
less chiral medium by Bassiri et al.

2 9 -30

Silverman24 recently derived the Fresnel amplitudes in
terms of the right- and left-circularly polarized modes of a
chiral medium. He described the chiral medium by two sets
of symmetric and asymmetric constitutive relations. The
symmetric set of constitutive relations described by Silver-
man is physically equivalent to the set used in this paper and
can be shown to produce physically identical results. In the
present paper, the problem of reflection from and transmis-
sion through a semi-infinite chiral medium is revisited and
analyzed in terms of parallell- and perpendicular-polarized
modes for the set of constitutive relations introduced in Ref.
22. The Fresnel reflection and transmission amplitudes are
shown to be physically equivalent to those given in Ref. 24

for the symmetric constitutive relations. In addition, the

conditions for the total internal reflection of the incident
wave from the interface and for the existence of the Brewster
angle are obtained. The propagation of waves through an

infinite slab of chiral medium is also analyzed. Finally, the

conclusions and brief applications of these analyses are giv-

en.

For a chiral medium composed of lossless, reciprocal,

short wire helices that are all of the same handedness, the

constitutive relations for time-harmonic fields [exp(-iwt)]

have the form D = EE + i-yB, and H = i-yE + (1/,4)B, where e,

p, and - are real quantities. Moreover, it was conjectured 22

that these constitutive relations apply not only to chiral

media composed of helices but also to lossless, reciprocal,

isotropic, chiral media composed of chiral objects of arbi-

trary shape. Since D and E are polar vectors and B and H

are axial vectors, it follows that E and /, are true scalars and oy

is a pseudoscalar.

This means that, when the axes of a right-handed Carte-

sian coordinate system are reversed to form a left-handed
Cartesian coordinate system, y changes in sign, whereas E

and pA remain unchanged. Thus the handedness of the me-
dium is manifested by the quantity -y. When -y > 0, the
medium is right-handed and the sense of polarization is
right-handed; when by < 0, the medium is left-handed and
the sense of polarization is left-handed; and when 'y = 0, the

medium is simple, and there is no optical activity.
When (1/ico)V X E is substituted for B in the first consti-

tutive relation, it is evident that the value of D at any given
point in space depends not only on the value of E at that
particular point but also on the behavior of E in the vicinity
of this point; that is, D depends also on the derivatives of
E.3 This nonlocal spatial relationship between D and E is

called spatial dispersion. Therefore the medium described
by the above-mentioned constitutive relations is a spatially
dispersive, isotropic, lossless, reciprocal, chiral medium.

SEMI-INFINITE CHIRAL MEDIA

Laws of Reflection and Refraction

When a plane wave is incident upon a boundary between a

dielectric and a chiral medium, it splits into two transmitted
waves proceeding into the chiral medium and a reflected
wave propagating back into the dielectric. To formulate
mathematically the problem of reflection from and trans-
mission through a semi-infinite chiral medium, a Cartesian
coordinate system (x, y, z) is introduced. The unit vectors
of this coordinate system are denoted by e, ey, and e,. As

shown in Fig. 1, the xy plane is the plane of interface of a

simple homogeneous dielectric with permittivity El, perme-
ability bul, and a homogeneous chiral medium described by
the constitutive relations

D = EE + iyB,

H = iyE + (1/p)B.

(1)

(2)

Inside the chiral medium there are two modes of propaga-
tion: a right-circularly polarized wave of phase velocity w/h,

and a left-circularly polarized wave of phase velocity w/h2.

The wave numbers h, and h 2 are given by30

h, = wwy + (o2
A2y2+ k2)1/2 , (3)
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Fig. 1. Orientation of the wave vectors of the incident wave, the
reflected wave, and the transmitted waves at an oblique incidence
on a semi-infinite chiral medium. In the chiral medium the h, and
the h2 waves are right-circularly (RC) and left-circularly (LC) polar-
ized waves, respectively. The two angles of refraction are denoted
by 0l and 02. For -y = 0, these two angle approach Ot.

02 = arcsinkh2 ) (8)

where Oi is the angle of incidence, ki = ((,ule)'/
2

, and hi and
h2 are given by Eqs. (3) and (4). When ^y = 0, the angle of the
transmitted wave is given by

at= arcsin( k sin O) (9)

where Ot is the refraction angle of a dielectric-dielectric in-
terface. Therefore, as -y - 0, angles 0, and 02 approach Ot.
As -y - a, angles 0, and 02 approach 0 and 7r/2, respectively;
that is, the h2 wave becomes evanescent and only the h, wave
propagates, and its direction of propagation is along the
positive z axis. As -y - -x, angles 01 and 02 approach ir/2
and 0, respectively. In this case the h, wave becomes eva-
nescent and the h2 wave propagates along the positive z axis.

Total Internal Reflection

In general, there can be two propagating transmitted waves
inside the chiral medium, namely, the hi wave and the h2
wave. When neither of these waves propagates inside the
chiral medium, the phenomenon of total internal reflection
occurs. By letting 01 and 02 be equal to 7r/2 in Eqs. (7) and
(8), the critical angles of incidence 0

c1 and 0
c2 can be found:

0', = arcsin[ (+ zy~ 1
2 ] (10)

h2 = -copy + (o)
2
A

2
-y

2 + k2
)1/2,

where k2
= W2,4e and where E and it are the permittivity and

the permeability of the chiral medium, respectively. For -y
> 0 the right-circularly polarized wave is the slower mode,
whereas for y < 0 the left-circularly polarized wave is the
slower mode.

It is assumed that a monochromatic plane wave is oblique-
ly incident upon the interface. The complex-constant am-
plitude vectors of the incident, reflected, and transmitted
plane waves always lie on planes perpendicular to the direc-
tion of their propagation. Therefore it is always possible to
decompose any one of these amplitudes into a component
normal to the plane of incidence and a second component
lying in the plane of incidence (xz plane), as shown in Fig. 1.
The plane of incidence is the plane containing the normal to
the interface and the wave vector of the incident wave.

From the boundary conditions, that is, the continuity of
the tangential electric field and the tangential magnetic field
at the interface, it can be shown that

ki X e, = kr X , = hi X e, = h2Xe, (5)

where ki, kr, h,, and h2 are the wave vectors of the incident
wave, the reflected wave, and the two transmitted waves,
respectively.3 2 When the magnitude of the vector Eq. (5) is
taken it is found that

ki sin 0i = kr sin 0r = hi sin 0, = h2 sin 0 2 ; (6)

since ki = kr, then Oi = 0,. From Eq. (6), the angles 01 and 02

corresponding to the two transmitted waves (see Fig. 1) are
found to be

01 = arcsin ki sn i) (7)

0c2 = arcsin- -y + (t
2

,y
2

+ /Et)1/2
0,2(= arcsin

(11)

When -y > 0 and h 2 < h, < ki, then 0,1 is always greater
than 0C2. There are three possibilities:

(1) If Oi < 0c2 < 0°,1 then both h, and h2 waves propagate.
Their directions of propagation are given by Eqs. (7) and (8).

(2) If c2 < 0i < ,then only the h, wave propagates, and
the h2 wave becomes evanescent. The direction of propaga-
tion for the hi wave is given by Eq. (7).

(3) If 0c2 < 0,, < Oi, then neither of the waves propagates
and there is total internal reflection of the two waves into the
dielectric.

When y < 0 and h, < h2 < ki, then 0,1 is always less than
0c2. There are three possibilities:

(1) If Oi < 0,1 < c2, then both h, and h2 waves propagate.
The directions of propagation of these waves are given by
Eqs. (7) and (8).

(2) If 0', < AO < 0c2, then only the h2 wave propagates, and
the h, wave becomes evanescent. The direction of propaga-
tion for the h

2 wave is given by Eq. (8).
(3) If 0,1 < 0c2 < 0°, then neither of the waves propagates,

and the phenomenon of total internal reflection occurs.

Obviously, there are other possibilities. For example,
wheny > 0 and h2 • hi • hl or wheny < 0 and hl < hki<h2
there is only one real solution for the critical angle of inci-
dence.

Depending on the incidence angle and the relative values

DIELECTRIC

(£1 I, i )

(4)
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of h1, h2, and ki, then one, both, or none of the transmitted

waves propagates inside the chiral medium.
The expressions for E,.I, E,11, E01, and E0 2 in terms of the

components of the incident wave can be written as

Fresnel Equations

In order to study the power carried by the reflected and
transmitted waves and also the polarization properties of
these waves, it is necessary to determine the complex-con-
stant amplitude vectors associated with these waves. This
is done by matching the fields at the interface, using the
boundary conditions33

(Er1 [R,, R121 (Eil N
Erlj J [R 21 R 2 2 Vill

and

1E0L T ll T122 Eil/

~2J LT21 T22- V 1il 

(Eoi + E0r) X e, = (E 0 1 + E 0 2 ) X ev

(Hoi + Hor) X e, = (Ho, + H 0 2 ) X ez'

(12)

(13)

where the 2 X 2 matrix in Eq. (14) is the reflection coefficient
matrix and its entries are

* cos Oi(1 - g2)(cos 01 + cos 02) + 2g(cos2 O, - cos 01 cos 02)

COS Oi(l + g
2
)(COS 01 + COS 02) + 2g(cos2 Oi + COs 01 COs 02)

-2ig cos Oi(cos 01 - cos 02)

cos Oi(l + g
2
)(cos °1 + COS 02) + 2g(cos2 Oi + cos 01 COs 02)

-2ig cos Oi(cos 01 - cos 02)

COS Oi(l + g
2)(COS 01 + COS 02) + 2g(cos2 CO + cos 01 COS 02)

COS Oi(l-g 2
)(COS 01 + COS 02) - 2g(cos2 Oi - COS 01 COS 02)

COS OL(l + g
2
)(COS 01 + COS 02) + 2g(cos2 O, + COs 01 COs 02)

where Ei i and rEf, are the complex-constant amplitudes of

the incident and reflected electric fields, respectively. Simi-
where g = [(A,/Ei),y

2
+ (Al1E/el)I 1/2. The 2 X 2 matrix in Eq.

(15) is the transmission coefficient matrix, and its entries are

-2i cos 0i(g cos Oi + cos 02)

COS Oi(l + g
2
) (COS 01 + COS 02) + 2g(cos

2
Oi + cos 01 cos 02)

2 cos Oi(cos Oi + g cos 02)

cos Os(l + g2)(cos 01 + cos 02) + 2g(cos2 Oi + COs 01 cos 02)

2i cos O(g cos Oi + cos 01)- L~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
"'21 =

T22 =

COS OL(l + g
2
)(COS 01 + COS 02) + 2g(cos2 °i + cos 01 cos 02)

2 cos 0i(cos Oi + g cos 01)

cos Oi(l + g2)(cos 01 + cos 02) + 2g(cos
2

O, + COs 01 COs 02)

(20)

(21)

(22)

(23)

larly, E01 and E0 2 are the amplitudes of the electric fields

associated with the right-circularly and left-circularly polar-
ized transmitted waves, respectively (see Fig. 1).

It is assumed that the amplitude, the polarization, the
direction of propagation, and the frequency of the incident
field are known. To find the complex-constant amplitude

vectors of the reflected and transmitted waves, the boundary
conditions at the interface must be applied to the x and y
components of the electric and magnetic fields. A system of

four nonhomogeneous equations with the four unknowns

E,.I, E,11, Eol, and E0 2 is obtained. The subscript I refers to

the amplitude of the field component that is perpendicular
to the plane of incidence, and the subscript 11 refers to the
amplitude of the field component that lies in the plane of
incidence.

When the incident wave falls normally upon the interface,
that is, 0i = 0, Eqs. (16)-(23) reduce to

Rll = R22 - 1+g'

R12 = R21 = 0

Tll = -iT2 2 = -+

1 + g

T12= -T21= g

(24)

(25)

(26)

(27)

When the Fresnel reflection and transmission amplitudes
above, which are obtained by using parallel- and perpendicular-

(14)

(15)

-i l' (16)

(17)

(18)

(19)
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polarized modes and the constitutive relations given by Eqs.
(1) and (2), are compared with those obtained by Silver-
man,2 4 which are calculated by using the right-circularly and
left-circularly polarized modes and the other symmetric con-
stitutive relations, the physical equivalence between the two
sets of amplitudes is evident. This supports the fact that
the two sets of symmetric constitutive relations lead to phys-
ically equivalent results.

Brewster Angle

Under a certain condition a monochromatic plane wave of
arbitrary polarization, on reflection from a chiral medium,
becomes a linearly polarized wave. The angle of incidence
that satisfies this condition is called the Brewster angle.
The plane containing the electric field vector and the direc-
tion of propagation is called the plane of polarization. For a
linearly polarized wave, the angle between the plane of po-
larization and the plane of incidence is called the azimuthal
angle. This angle lies in the range from -7r/2 to 7r/2. It is
defined to be positive whenever the sense of rotation of the
plane of polarization toward the plane of incidence and the
direction of wave propagation form a right-handed screw.
Let ai and ar be the azimuthal angles of the incident and
reflected waves, respectively. From the above definitions
we can write

tan ci =Eil (28)
Eill

tan a. = X (29)
Er,1

where ai and ar can be complex angles. The amplitudes of
the perpendicular and parallel components of the incident
and reflected waves are related by the matrix equation (14).
By using Eqs. (28), (29), and (14), it can be shown that

tan a,= R12 + R11 tan ai (30)
R2 2 + R2 1 tan a1

If the incident wave is incident upon the interface at the
Brewster angle OB, then the reflected wave must be linearly
polarized. Therefore ar must be a real constant for all ai at
this angle.'4 When Eq. (30) is differentiated with respect to
ai, the following condition is obtained:

R11R22-R12R21 = 0-

Under this condition, Eq. (30) becomes

R12 R11 
tan ar = R =

R 22 R 21

Stokes Parameters

A plane monochromatic TEM wave of the form

E = (EIeI + E11P11)exp(ik. r - iLt) (34)

is by nature elliptically polarized. The Stokes parameters,33
which are defined by

So = E1 E,* + EIIE11*,

S8 = EEI* -EI 1E j*,

S2 = 2 ReJE El1*1,

S3 = 2 ImEIE 1 l1*1,

(35)

(36)

(37)

(38)

describe completely the state of polarization of the wave.
The power carried by the wave is proportional to So, and the
orientation angle 46 of the polarization ellipse, shown in Fig.
2, is given by

S2tan 24,= S (0 < X < ),
Si

and the ellipticity angle x is given by (see Fig. 2)

tan x - (S=/S0 )
1 + [1 -(S3/SO)2]/2

(-7r/4 < x < 7r/4).

(39)

(40)

The numerical value of tan x yields the reciprocal of the
axial ratio ao/bo of the ellipse, where ao and bo are the semi-
major and semiminor axes of the ellipse, respectively. The
sign of x differentiates the two senses of polarization, e.g., for
left-handed polarization 0 < x < 7r/4 and for right-handed
polarization -7r/4 ' x < 0.

The power carried by the reflected wave can be found by
substituting the expressions for Ern and Eri1 into Eq. (35).
These expressions can be found by using Eqs. (16)-(19).
Since the analytical expression for the power involves many
parameters and is not very informative, only the graphs of
the reflected power versus the angle of incidence are given in
Fig. 3. If the incident electric field is in the plane of inci-
dence, then the normalized reflected power is denoted by P11;
if it is perpendicular to the plane of incidence, then the
normalized reflected power is denoted by PI. The normal-

(31)

(32)

When Eqs. (16)-(19) are substituted into Eq. (31) the follow-
ing equation is obtained:

(1 - g
2
)

2
COs

2
01(COs 01 + COs 02)2

4g2
(cos

2
0, - COS

2
01 )(COS

2
0, - COS

2
02), (33)

where 01 and 02 can be written in terms of Oi, using Eqs. (7)
and (8). The incidence angle that satisfies the transcenden-
tal equation (33) is the Brewster angle, and it can be solved
for by using standard numerical techniques.

a
0

e1 l

b
0

Fig. 2. Polarization ellipse for right-elliptically polarized wave
having an orientation angle A and an ellipticity angle x.
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Fig. 3. Normalized reflected power (vertical axes) as a function of the incident angle Oi (horizontal axes). For Case (a), El = 9eo, e = co; for Case

(b), el = eo, E = 
9
e0. The values of y are shown on each plot. For both cases it is assumed that l = M =zo.

ization is with respect to the power carried by the corre-
sponding component of the incident wave. In Fig. 3 the

normalized power is graphed versus the angle of incidence,

as 'y varies, for two different cases, (a) and (b). The follow-

ing conclusions can be drawn from the figures.

Case (a) e < cl; the dielectric is denser than the chiral

medium. In this case, there is a Brewster angle for small

values of -y. For the parallel polarization of the incident
field, the power (P11) is almost totally reflected when y is

large, and as -y increases, the normalized reflected power

increases and approaches unity.
Case (b) E > el; the chiral medium is denser than the

dielectric. In this case, there is a Brewster angle for parallel

polarization of the incident field. As y increases, the Brew-

.2 . I . . .

6 -P,

4 - p

2 F

0 10 20 30 40 50 60 70 80 9

P.

C P

0 l .
0 10 20 90
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ster angle approaches 900 and then disappears, and P11 be-
comes almost equal to unity; that is, most of the incident
power is reflected back into the dielectric.

Polarization characteristics of the reflected wave can be
obtained from Eqs. (39) and (40). By substituting the ex-
pressions for Ej and E,1i into Eq. (37), it may be shown that
S2 = 0. Hence

Case (a)

0

-1

0

. I

10 20 30 40 50 60 70 30 9 D

(boIj?.

(b~~~,/%)%

l .. . . . . [Y. 

1 I0 20 30 400 50 6b 70 St 0

1 . ,

(bo~%

1.0 20 3'0 40 50 d0 70 so0

[ ~~~~~~(bt%

JI 0 20 30 40 50 60 70 30 v0X

0i (degree)

= - arctan( ) = 0; (41)

that is, the major and minor axes of the polarization ellipse
are along en and el1, respectively. The ellipticity (bo/ao) of
the ellipse can be found from Eq. (40) and is plotted versus
the angle of incidence, for different values of -y, in Fig. 4. If
the incident electric field is in the plane of incidence, then

Case (b)

- Il.0_
. o 10 20 3 40 50 60 70 0 D0

_ (bo/li), o r

I1 10 20 3 40 50 60 7 o0

1 Ir 

hi (degree)

incidence angle incidence angle
Fig. 4. Ellipticity of the polarization ellipse of the reflected wave (vertical axis) as a function of the incident angle 0i (horizontal axis). For
Case (a), el = 9e0, c = co; for Case (b), El = so, e = 9co. The values of y are shown on each plot. For both cases it is assumed that Ml = p = Mo.
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the ellipticity is denoted by (bo/ao) 1; if the incident electric
field is perpendicular to the plane of incidence, then the
ellipticity is denoted by (bo/ao)j. Figure 4 shows (bo/ao) for

the two cases, (a) and (b). The following conclusions can be

drawn from the figures.

Case (a) E < El; the dielectric is denser than the chiral
medium. In this case, for small y, there exists an angle of

incidence for which a right-circularly polarized reflected

wave can be observed when the incident electric field is

polarized perpendicular to the plane of incidence. (bc/ao)jj
and (bo/ao)I of the left- and right-elliptically polarized re-
flected waves, respectively, get thinner as y increases.

Case (b) e > El; the chiral medium is denser than the
dielectric. In this case, there is a change of handedness as A

passes through the Brewster angle. As -y increases, (bo/ao) 11

and (bo/ao)1 become almost equal to zero; that is, the polar-
ization ellipse becomes thin. Therefore, in this case, the
reflected wave is almost linearly polarized.

INFINITE CHIRAL SLAB

In this section, plane-wave propagation through an infinite
chiral slab of thickness d is considered. The slab (e, At, 'y) is
confined between two infinitely extended planes, z = 0 and z

= d, and lies between two dielectrics with the same constitu-
tive parameters (El, i,), as shown in Fig. 5. A plane wave is

incident at an angle Oi upon the chiral slab from the dielectric
that borders the slab at z = 0. The purpose of the analysis
that follows is to find the amplitudes of the reflected and
transmitted waves outside the slab. The incident electric
and magnetic fields can be written as (see Fig. 5)

Ej = Eoi exp[iki(z cos Oi - x sin 0i)],

Hi = Hoi exp[iki(z cos Oi - x sin 0i)],

(42)

(43)

DIELECTRIC

(El, Wt)

I~

DIELECTRIC

(£1, z1)

Z

tlI

Fig. 5. Oblique incidence on an infinite slab of chiral medium.
The dielectrics occupying the regions z < 0 and z > d have the same
constitutive parameters. In the chiral slab, the h1 and h2 waves are
right-circularly and left-circularly polarized waves, respectively.

Hc+ = Hol+ exp[ihl(z cos 01 - x sin 01)]

+ H0 2+ exp[ih2 (z cos 02 - X sin 02)], (51)

where

Eo1+ = Eol+(cos 01ex + sin 01Ae + iey)

Ho = -iZ 'Eol+(cos 01ex + sin OPz + iey),

(52)

(53)

and

Eoi = Ei, Y + Eill(cos Ojex + sin Oie,), (44)

E 02 = Eo 2+(Cos 02ex + sin 0 2ez - y)'

H02 = iZ 'Eo2+(cOs 02?X + sin 02?Z - Y).

Hoi = 71-'[Eijy - Ei,(cos Oiex + sin Oie)], (45)

and al = (Al/e l )1/2. The reflected fields may be written as
(see Fig. 5)

E, = E0, exp[-iki(z cos Oi + x sin 0i)],

H, = Ho, exp[-iki(z cos Oi + x sin Oi)],

where

E0, = E, I ey + E,11(cos iX - sin OiP,),

H,. = a711[-E,11ey + E,. 1(cos OiX - sin 0LeZ)].

The electric and magnetic fields of the other two total waves
propagating inside the chiral medium toward the interface z
= 0 may be written as

E,- = E 01- exp[-ihl(z cos 01 + x sin 01)]

(46)

(47)

(48)

(49)

In the chiral slab, it is assumed that there are four total
waves, two propagating toward the interface z = d and the
other two propagating toward the interface z = 0 (see Fig. 5).

The electric and magnetic fields of the two waves propagat-
ing inside the chiral medium toward the interface z = d can
be written as

E,+ = E0 1 + exp[ihl(z cos 01 - x sin 0A)]

+ E02' exp[ih 2(z cos 02 - X sin 02)], (50)

+ E0 2- exp[-ih 2 (z cos 02 + X sin 02)],

H,- = Ho,- exp[-ihl(z cos 01 + x sin 01)]

+ H0 2- exp[-ih 2 (z cos 02 + X sin 02)],

(56)

(57)

where

E01- = E 01-(sin 
0
lz - COS 

0
lex + iey),

Ho = -iZ'lE 0 j7(sin 0z - cos 0x +iY),

(58)

(59)

and

E02- = E02 (sin 02Z - cos 02?x - iY)

H02 = iZ lEo2 (sin 02eA - cos 02A - ieY)

(60)

(61)

and the wave impedance Z of the chiral medium is defined
by Z = (A/E)

1 12
[1 + (A/E)'y2]-/

2
. Outside the slab, in the

where (54)

(55)
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dielectric that borders the slab at z = d, the total transmitted
wave can be written as

Et = Eot exp[ikt(z cos St - x sin 0t)],

H, = Hot exp[ikt(z cos0O - x sin 0t)],

(62)

(63)

where

Eot = EtIey + Et,,(cos Otex + sin Otez), (64)

Hot = 71 -'[Etjiy - Et±(cos 0 tex + sin Otez)], (65)

where kt = ki and Ot = Oi.

To find the complex-constant amplitude vectors of the
reflected and transmitted waves in the two dielectrics and
those of the waves inside the slab, the boundary conditions
at the two interfaces z = 0 and z = d must be applied to the x
andy components of the electric and magnetic fields. When
this is done, a system of eight nonhomogeneous equations
with the eight unknowns, E,.1, E,11, Eo1+, Eo2+, Eol-, Eo2-,
Et±, and Etll, is obtained. This system of equations can be
written in the following matrix form:

EEill.

E01 + Emi,

E02 = Q-1 E ,ill (66)

E01- ~~0

E02- ~~0
Et I 0

_Etl0

where Q is the following matrix:

E, = Erex exp(-ikiz),

where

E, = E (1 + 1 - exp[i(b6 + 62)]

\ / [(1 + g)/(1 - g)]2 - exp[i(b6 + 62)]
(69)

Therefore the polarization of the reflected wave is the
same as that of the incident wave; that is, the chiral slab
behaves as an ordinary dielectric as far as the polarization of
the reflected wave is concerned. The transmitted wave can
be written as

Et = Et 9ex + tan 6
2 - ) 1y]exp(ikiz), (70)

where

2g exp[i(b - bi)] + exp[i(62 - 6)]E ( = E - g) [
'(1 - g)2 [(I + g)/1 - g)]2 - exp[i(b, + 62)]

(71)

Since tan[(6 2 - 6)/2] is real, the transmitted wave is linearly
polarized, and the ratio of its x and y components,

Eel =ak 62 - =
= tan~ tan(-cof-yd),

Etx2
(72)

shows that the plane of polarization of the transmitted wave
is rotated by an angle of -wA-yd with respect to the positive x
axis. If y is positive, then the rotation is toward the negative
y axis; if y is negative, then the rotation is toward the posi-
tive y axis.

0 -1
-1 0

1 0 igRi

0 1 g

0 0 R 1 exp(ibl)

0 0 i exp(i6j)

0 0 -igRI exp(ib6)

0 0 g exp(i6j)

-igR 2

g
R2 exp(i6 2 )

-i exp(i62)
igR2 exp(i62 )

g exp(i62)

-igRi

g
-R 1 exp(-i6j)

i exp(-i6j)

igR 1 exp(-i6j)

g exp(-i6j)

-i
igR2

g
-R2 exp(-i6 2 )
-i exp(-i62)

-igR2 exp(-i62 )
g exp(-i6 2 )

where R 1 = cos 01/cos Oi, R2 = cos 02 /cos Oi, 61 = h1d cos 01, 62 =

h2d cos 02, and 6i = kid cos Oi.

Since the analytical solution of this system of eight nonho-
mogeneous equations leads to involved expressions for the
field amplitudes, it is therefore best to use numerical tech-
niques to invert the matrix equation (66). However, it is
interesting and important to obtain the analytical solution
of this system for the case in which a linearly polarized wave
is normally incident upon the interface. With no loss of
generality, it is assumed that the incident electric field is
directed along the positive x axis. This field can be written
as

EL = Eiex exp(ikiz). (67)

By setting Oi and Ei 1 to zero in the matrix equation (66)
and then solving the resulting matrix equation, the reflected
and transmitted electric fields can be found.35 The reflect-
ed field can be written as

CONCLUSIONS

In this paper, the reflection from and transmission through a
semi-infinite chiral medium are analyzed by obtaining the
Fresnel equations in terms of parallel- and perpendicular-
polarized modes and a set of symmetric constitutive rela-
tions. The results are compared with previous data, and the
physical equivalence of the results is demonstrated. Also,
the conditions for total internal reflection and for the Brew-
ster angle are obtained. By using the Stokes parameters,
the power carried by, and the polarization of, the reflected
wave is studied. The problem of electromagnetic wave
propagation through an infinite slab of chiral medium is
formulated for oblique incidence and is solved analytically
for the case of normal incidence. It is shown that, in this
case, the plane of polarization of the transmitted wave is
rotated with respect to that of the incident wave and that the
plane of polarization of the reflected wave is unchanged with
respect to that of the incident wave.

(68)

0

0

0

0

0

-exp(ibi)
exp(ibi)

0

0

0

0

0

-exp(i6i)
0

0

-exp(i6i)
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The results of this paper have many potential applications
in remote sensing and optics. In remote sensing, for in-
stance, the vegetation layers can, in some cases, be modeled
as chiral slabs. Thus the results obtained in this paper can
be used to analyze radar data from such vegetation layers
and to obtain the physical characteristics of the layers.
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