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The electron correlation in a narrow energy band is discussed taking into account the 

multiple scattering between two electrons. The discussion is an adaptation of Brueckner's 

theory of nuclear matter. It is assumed that electrons interact with each other only when 

they are at the same atom. The effect of the electron correlation depends in an intricate 

way on the energy spectrum of a given band. An approximate expression of the effective 

magnitude of the interaction is derived. The condition for the occurrence of ferromagnet

ism is investigated for various types of bands. The ferromagnetism of Ni and the paramagnet-

. ism of Pd can be understood reasonably through the present approach The degeneracy of 

the d bands is taken into account in the discussion of these metals. 

§ I. Introduction 

The purpose of this paper is to present a semi-quantitative discussion of 

the electron correlation and its bearing on the ferromagnetism of transition 

metals. Although the importance of the role of the electron correlation in 

metallic ferromagnetism is emphasized by many authors/>· 2> all explicit calcula

tions have been confined to the fr:ee electron model. This model, however, is 

hardly justified for the d electrons. The present approach is essentially based 

on the contrasting tight binding approximation, which may be justified for metals 

near the end of the transition metal series. The discussion is intended to clarify 

the role of the intra-atomic exchange interaction of the d electrons. Ni and 

Pd will be the main subjects of this discussion. 

In 1936 Slater3> discussed the ferromagnetism of Ni by use of the Hartree

Fock approximation in calculating the interaction energy of the ,d electrons, 

concluding that the origin of the ferromagnetism is in the intra-atomic exchange 

interaction. His theory has been criticized since then by several authors par

ticularly on the fact that the electron correlation is not taken into account in 

the calculation.· It was argued, for example by Wohlfarth2> that the electron 

correlation reduced the intra-atomic interaction to the extent that it was less 

important than the inter-atomic interaction. On the other hand, Slater showed 

that the necessary amount of the exchange interaction to produce the ·ferro

magnetism is of the order of the intra-atomic exchange interaction between two 

· d electrons in different atomic d orbitals, which is characterized by the exchange 

integral of the order of 0.6 ev. If, however, the Hartree-Fock approximation is 
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276 J. Kanamori 

honestly applied, the exchange interaction between two d. band electrons involves 

the Coulomb self-energy of an atomic d orbital, which is of the order of 10 ev. 

This arises from the fact that two band electrons having antiparallel spins can 

enter into the same atomic orbital, while those with parallel spins cannot. The 

importance of the intra-atomic interaction, therefore, depends critically on how 

and to what extent this Coulomb self-energy effect is reduced by the electron 

correlation. We calculate this reduction by taking into account the multiple 

scattering between two electrons. The calculation is essentially an adaJ?tation 

of Brueckner's theory of nuclear matter and He8•4l When the number of elec

trons is ~mall, the main feature of the electron correlation is the modification 

of electron trajectories by the two-body collision. The present approach takes 

into account this effect fully, and it will ~erve to semi-quantitative understanding 

of the electron correlation effect even when the electron number is moderately 

high. 

The s electrons, which are free electrons to good approximation, will shield 

the interaction between two d electrons to a considerable extent, when the d ' 

electrons are at different atoms. It is assumed in the present paper that the 

interaction between two d electrons vanishes unless they are at the same atom. 

Within the same atom the interaCtion will not be shielded appreciably. When 

the Bohm-Pines theory is applied to Ni which has 0.6 4s electrons per atom, 

the shielded interaction changes its sign at about the distance between the nearest

neighboring lattice sites. Though this result may not be taken for a quantitative 

verification, the above-mentioned assumption can be regarded as a semi-quanti

tatively correct simplification to make the calculation feasible. In calculating 

the matrix elements of the interaction, we shall neglect the overlap ·between 

the atomic orbitals belonging to the neighbm;ing atoms. In other words, the 

atomic orbitals are replaced by the corresponding Wannier functions. This last 

assumption may be justified for a nondegenerate band in the limit of tightly 

bound electrons. It will be re-examined later (§ 4), when the degeneracy of 

the d bands is taken into account. 

With the above-mentioned assumptiqns we can show that the correlation 

effect reduces the intra-atomic interaction (the Coulomb self-energy) to the. 

magnitude of the order of the band-width when the self-energy is much larger 

than the band width. This result may be understood physically as follows. 

When the intra-atomic interaction is large, electrons will avoid entering into the 

same atom by the sacrifice of the one electron energy of the order of the band 

width. Thus this increase of the one electron energy corresponds to the effective 

magnitude of the interaction. Since the reduction is more effective for smaller 

number of electrons, the paramagnetic state is stable for a sufficiently small 

number. of electrons regardless of the energy spectrum of the band. Also the 

condition for the occurrence of ferromagnetism is more stringent than in the 

Hartree-Fock approximation. It will be shown that the occurrence of ferro-
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Electron Correlation and Fe1-romagnetism of Transition Metals 277 

magnetism for such a small number of holes as in Ni requires a special charac

teristic of the state-density vs energy relation. 

When the electron correlation is taken into account, the definition of the 

one electron energy is no(a simple problem. It is assumed in the present paper 

that one can choose an approximate one electron energy spectrum which suffices 

for practical purposes. This energy .spectrum is assumed to be independent of 

spin states and to include self-consistently the effect of the interaction among 

electrons that does not depend on the spin states of the interacting electrons. 

This problem will be discussed in more detail in the following sections. 

· In §§ 2 and 3 we discuss the case of nondegenerate band, calculating the 

multiple scattering in § 2 and discussing the stability of the paramagnetic state 

in §' 3. The possibility of other types of spin ordering than ferromagnetism is 

neglected in the latter discussion. Section 4 deals with the discussion of Ni 

and Pd. In § 5 Ni-Cu alloys and other cases will be discussed briefly. 

§ 2. Multiple scattering between . two electrons in a 

nondegenerate band 

We discuss first the multiple scattering between two electrons in the absence 

of other electrons. The Hamiltonian governing the motion of two electrons is 

represented by 

H=Ho(1) +Ho(2) + V(1, 2), (1) 

where 1 and 2 denote the coordinates of electrons 1 and 2, respectively, H 0 is 

the one electron energy, V (1, 2) the interaction between two electrons. The 

eigenvalue of H 0 associated with a given wave vector k is denoted by e (k). 

The corresponding wave function rp (x, k) with x= 1 or 2 is connected to the 

Wannier function associated with a given lattice site R, W (x, R), by the well

known relations, 

rp (x, k) = (1/ N)I12.L;R W (x, R) exp (ik · R) (2) 

and 

W (x, R) = (1/ N)I12.L;"rp (x, k) exp (- ik· R), (3) 

where N is the number of the lattice sites in a given volume. 

As was. mentioned in § 1, the matrix elements of V (1, 2) referred to the 

Wannier functions are assumed to be 

J W* (1, /t.1) W* (2, R 2) V (1, 2) W(1, R 3) W (2, R 4) dv1 d·u2 

- = U if R 1 = R2 = R 3 = R 4, = 0 otherwise. (4) 

·u defined by (4) will be identified with the Coulomb self-energy of the atomic 

orbital. The matrix elements of V (1, 2) referred to rp's are easily calculated 

by the use of (2) and ( 4) to be 
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with 

J. Kanarnori 

J cp* (1, k1) cp* (2, k2) V (1, 2) cp (1, ks) cp (2, k4) dv1dv2 

= (U /N) o(k1, k2; ks, k4) 

0 (kh ka ; ks, k4) = 1 if k1 + k2 = k 3 + k4 + K, 

= 0 otherwise, 

where K represents a reciprocal lattice vector. 

(5) 

(6) 

Let i/.:10'1> k20'2) be the antisymmetrized wave function of the state where 

the one electron states specified by k1 with the spin coordinate 0'1 and k2 with 

0'2 are occupied. In the Hartree-Fock approximation, the interaction energy of 

two electrons in this state is given by 

(7) 

where o (0'10'2) = 1 for parallel spins (0'1 = 0'2), o (0'10'2) = 0 for anti parallel spins 

(0'1~0'2). In the case of parallel spins, the wave function lk10'1, k20'2) is an eigen

function of the total Hamiltonian H. In the case of antiparallel spins, however, 

the eigenfunction of H is of the form given by 

'IJI'(k1, ka) = lk1, k2)+ (1/N) ,E"•k• r"-'•1;•o(k1 k2; ks k4) lks k4), (8) 

where the spin indices are omitted for simplicity. Inserting this expression into 

the Schroedinger equation, we can easily determiner and the energy eigenvalue 

to be 

and 

with 

JE(kh k2) = (U /N) {1/ (1 + UG(k1, k2)) }, 

where G (kh k2) is defined by 

(10) 

G (kh k2) = (1/ N) .Eka,l··· o (k1 'k2 ; ks k4) / (c (ks) + c (k4) - c (k1) - c (k2)). (11) 

In (9) and (11) , JE in the factor 1/ [ c (k3) + c (k4) - c (k1) - c (k2) - JE] is neg

lected because it is of the order of 1/ N. *l Comparing JE given by; (10) with 

JEnF of (7), we can see that the reduction of the interaction energy due to the 

*l When the energy of the initial state, c(k1) +c(k2), is high enough to yield 1+ UG(k1, k2) 

:s::;O (G becomes negative for sufficiently high initial energy), t1E cannot be neglected, being not 

of the order of 1/N. In such a case the exact solution yields a quasi-bound state of two electrons. 

In the present discussion we are interested only in the low-lying initial states for which t1E is of 

the order of 1/N. 
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Electron Correlation and Ferromagnetism of Transition Metals 279 

electron correlation is indicated by the factor 1/ (1 + UG (k~> k2)) . 

In order to take into account the presence of other electrons than the 

interacting pair, we make the following modification of the above calculation. 

In the first place, we restrict the states k 3 and k 4 in the sum of (8) and (11) 

to the unoccupied states above the Fermi level, since the occupied states below 

the Fermi level are not available for the scattering. In the second place, we 

.assume that other electrons affect the motion of the interacting pair only through 

a self-consistently defined potential energy. This potential energy is understood 

to be included already in the one electron energy H 0 of (1). We may define 

the modified one electron energy s (k) by 

s (k) =co (k) + L;k' JE (k, k'), (12) 

where c0 (k) is the one electron energy in the absence of other electrons, and 

the sum of the second term is taken over the occupied states below the Fermi 

level. It is s (k), not co (k), that should enter into the expressions of JE and 

G(k~> k2), (10) and (11). One might regard (12) as the equation of self

consistency to define s (k). As was disussed by Brueckner, however, the energy 

of excited levels may not be determined uniquely, since it may depend on the 

states below the Fermi level from which the electrons are excited. To make 

the whole calculation self-consistently, one may follow Brueckner and Gammel's 

procedure faithfully, reformulating the scattering problem in terms of the reaction 

matrices and solving an infinite ladder of self-consistency equations. We assume 

in the present paper, however, that (12) defines the self-consistent one electron 

energy spectrum for either the occupied or the unoccupied levels. 

With the above-mentioned assumptions, the effective value of U in the 

paramagnetic state can be defined as 

(13) 

where the sum m (11) which defines G(k1, k2) is understood to be taken over 

the unoccupied states. Since G(k~, k2) is generally of the order of 1/W, where 

W is the band width, (13) yields 

U,j'f= W if U'!> W, (14) 

whose physical meaning was discussed in § 1. If the bottom of the band corre:;,

ponds to a point of high symmetry such as k=O or k=K/2, G of the pair of 

electrons, both of which occupy the state of lowest energy, can be written as 

w 

G (0, 0) = (1/2) J {r; (s) Is} ds, (15) 

EF 

where r; (c) is the state density per unit energy per atom per spm, and sF is 

the Fermi energy. Except for a negligibly small number of pairs, G(k~> k2)

does not differ much from G(O, 0). This is because: the scattering process is 
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280 J. Kanamori 

the s wave scattering that does not depend on the relative momentum of the 

interacting pair, and also because the energy of low-lying excited levels involved 

in G (kh k2) is generally separated from the unperturbed energy by an energy 

of the order of ep by the condition of the crystal momentum conservation (6). 

Thus we obtain an approximate estimate of U.rr, 

U~rr=U/(1+UG(O, 0)). (16) 

The difference between (16) and the average of (13) over k 1 and k2 below the 

Fermi level is estimated by numerical calculation to be within 5 percent for 

the case of 'l/ =constant. The details of the band having a constant state density 

will be discussed m § 4. 

§ 3. The stability of the paramagnetic state 

In the Hartree-Fock approximation, the paramagnetic state becomes unstable 

if the condition, 

(17) 

is satisfied. This condition is obtained by comparing the energy of the para

magnetic state with that of the ferromagnetic state having an infinitesimal mag

netization. The corresponding condition in the present approximation is given 

to good approximation by 

(18)' 

In order to derive this condition, we compare the energy of the paramagnetic 

state first with the state in which the + spin levels are occupied up to the energy 

ep~ and the - spin levels up to the energy ep -. ep + and ep- satisfy the relation, 

ep +- ep= ep- ep- =Lie to the first order of Lie. The energy difference between 

the paramagnetic state and the ferromagnetic s.tate consists of two terms,*> 

LIE1 =the difference of eo in (12) (19) 

and 

eF+ eF-

L/E2 = j' J U,rr (eh e2 ; ep +, ep-) 'l/ (el) 'lj Ce2) de1 de2 

0 0 

*l In the state having infinitesimal magnetization, the one electron energy defined by (12) is 

shifted compared with E(k) of the paramagnetic state through the second term of (12). Since 

the shift may not be a constant for all states, there will be a change in the functional form of 

1J(E). This change of 7} is neglected in deriving (19) and (20), because the shift is approximately 

constant for the states having the same spin (it is of opposite sign for opposite spin state). E in 

(20) represents the energy measured from the bottom of the band which is different for different 

spin in the ferromagnetic state. 
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Electron Correlation and Ferromagnetism of Transition Nietals 281 

Ep Ep 

-J J U.f]'(ci> c2; cp, cp)"fJ(ct)1J(c2)dctdc2, (20) 

0 0 

where fJ.fl' is the average of U.fl' over the states having the energies c1 and c2 ; 

the dependence of fJ.fl' on c/s, which arises from the dependence of G on the 

Fermi energies, is explicitly indicated. 

L1E2 can be rewritten up to the second order of Llc 

as 

Ep+ Ep-

L1E2 = I \ {fJ.fl' (ch c2 ; cp +, cp-) - fJ.fl' (ct, c2 ; cp, cp)} "fJ (ct) 1J Cc2) dc1 dc2 

" " 0 0 

Ep 

+ (LlcY"fJ (cp) I {8U.rr (ct = cp, c2 ; Sp, cp) /8 c1} "fJ Cc2) dc2. (21) 

"o 

The last term of (21) may be interpreted as a part of the one electron energy; 

adding it to L1E1 given by (19), we obtain (LlcY1J (cp). The first term of (21) 

corresponds to the energy change arising from a modification of the electron 

correlation. Since the modification arises in the present approximation from a 

change in the availability of the states near the Fermi surface for the scattering, 

and since these states do not contribute much to the electron correlation because 

of the condition of the crystal momentum conservation, we may expect generally 

that the first term is small. It is shown in the Appendix that the first term is 

actually small in the case of "fJ =constant. Neglecting thus the first term, we 

obtain for the condition of the occurrence of the ferromagnetism 

(22) 

The condition (22) is too stringent, because we assumed a special type of 

ferromagnetism. Let c (k) be dependei1t on the magnitude of the wave vector 

only. G(k1, k2) with both k1 and k2 lying at. the Fermi surface diverges for 

k1 = -k2 and is smallest for k1 =k2 according to (11). Correspondingly, U.tr for 

k1 = - k2 vanishes, and U.tr for k1 = k2 will be the largest for the states at the 

Fermi surface. If an electron is removed from the -spin level with k at the 

Fermi surface and put in the +spin level with a wave vector close to k, the 

gain of the interaction energy is specified by U.tr(k, k) which is larger than 

· the average, fJ.ff(cp, ep). It is shown in the Appendix that U.rr(k, k) with k 

at the Fermi surface is equal to U.0rr given by (16) to good approximation in 

the caf>e of the band having a constant state density. In this case, fJ.ff(cp, cp) 

is smaller by about 10 percent than U.ff(k, k). Thus U.ff in the condition (18) 

may be understood to be given by (16). 
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282 J. Kanamori 

In the following we assume the condition (18) with U,0ff defined by (16). 

From (15) and (16) we can see that G increases and U~ff decreases with de

creasing number of electrons. Thus there is a lower limit for the number of 

electrons to satisfy the condition (18) even when U = oo. Of various state den

sity functions, this critical number of electrons is calculated for the cases of 

U = oo and U = 2W. The result is summarized in Table I, where n is defined 

to be the total number of electrons of both spins per atom and r; (e) is nor

malized to satisfy j :'r; (e) de= 1. Also the minimum value of U required to satisfy 

the condition (18) for the optimum number of electrons (n = 1) is listed in the 

Table. Though the present approximation is not valid for n~1, the result may 

be useful. for semi-quantitative discussions. 

Table I. 

n(E) WG(O, 0), x=Ep/W I ncr(U=oa)ncr(U=2W) Ucr/W 
--~---·~-----

1/W (1/2) log(1/x) 0.271 0.446 (0.000) 1.53 

2EjW2 1-x 0.222 0.500 (0.125) 0.89 

2(W-E)jW2 x-logx-1 0.233 0.440 (0.000) 1.12 

4E/W2 (E< W/2) 
2log2-2x 0.214 0.395 (0.063) 0.62 4(E- Wj2)jW2(E> W/2) 

6E(W-E)jW3 (3/2) (1-x)2 0.208 0.367 (0.047) 0.89 

n is the state density per atom per unit energy per spin, W the .band width, Ep the Fermi 

energy. ncr is the minimum number of electrons per atom required for obtaining ferromagnet· 
ism, Ucr is the minimum of U required to produce ferromagnetism for the optimum number 

of electrons (n=1), the figures in parenthesis are the corresponding values obtained in the 

Hartree-Fock approximation. 

§ 4. Ferromagnetism of Ni and Pd 

In Ni and Pd, the d bands are occupied by about 0.6 holes per atom. The 
calculations of the 3d bands made by Fletcher,5> Segal1,6> and Yamashita et al_7> indi

cate that these holes are distributed mostly among the three d bands whose atomic 

orbitals correspond to the de orbitals, i.e. d (xy), d (yz), and d (zx) orbitals, 

where xy, etc. denote the angular part of the d orbitals. These three bands 
are degenerate by cubic symmetry. The states of highest energy (the bottom 

of the band for holes) of the d (xy) band are specified by the k vectors, (2n/ a) 

( ± 1, 0, 0) and (2n/ a) (0, ± 1, 0), where a is the lattice parameter of the cubic 

unit cell, those of the d (yz) band by (2n/ a) (0, ± 1, 0) and (2rr/ a) (0, 0, ± 1), 

and those of the d (zx) band by (2rr/ a) (0, 0, ± 1) and (2n/ a) ( ± 1, 0, 0), two 

of the three bands being degenerate at each of these points. At a general point 

in the k space, these degenerate bands are mixed with each other by the 

periodic potential. We shall neglect this band mixing in the following discussion. 

primarily because the mixing is small in the vicinity of the top of the bands and 

will not be essential for the intended semi-quantitative discussion. It might be 
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Electron Correlation and Fe1-romagnetism of T1·ansition lvfetals 283 

worth while, however, to discuss briefly the definition of the Wannier function 

in degenerate bands. 

If the band mixing is taken into account, the eigenfunction is generally a 

linear combination of the Bloch orbitals, each of which is constructed with a 

given atomic d orbital. Correspondingly, the degenerate energy eigenvalues are 

· split by the mixing. When an energy band is defined by the requirement that 

the energy is a continuous function within a band, the level of the highest energy 

at each point in the k space belongs always to the first band, the second highest 

to the second band, and so on. With the energy band thus defined, it is impos

sible to assign a unique atomic orbital to each band and accordingly the Wannier 

function does not correspond to any atomic orbital. The energy band is in

variant with respect to the transformation of the coordinate axes belonging to 

the cubic group in the sen;:;e that the operation transforms a given wave func

tion into another wave function of the same band. Thus the Wannier function, 

which is a sum of all wave functions belonging to the band, is invariant under 

the operation, while the atomic d orbitals are not invariant. The Wannier func

tion associated with a given lattice point consists of the d orbitals of surrounding 

atoms ; the envelope of their amplitudes is zero at the central atom, perhaps 

having a maximum at the nearest neighbors, then decreasing with increasing 

distance from the central atom. On the other hand, if the band mixing is neg

lected, the d (xy) band, etc. are not invariant with respect to the coordinate 

transformation, and the Wannier functions correspond to the atomic orbitals. 

·Treating the three d bands separately, we assign 0.2 holes to each band. 

The intra-band interaction, which is defined as the interaction between two holes 

belonging to the same band, is characterized by the Coulomb self-energy U as 

in the case of a single band. On the other hand, the inter-band interaction may 

be divided into three scattering processes ; the process in which the interacting 

electrons (holes) remain in the original bands after scattering is characterized 

by the Coulomb integral defined by 

U' = f W* (1) W'* (2) V (1, 2) W (1) W' (2) dv1dv2 ; (23) 

the process in which the electrons are exchanged between two bands 1s charac

terized by the exchange integral defined by 

J= f W* (1) W'* (2) V(1, 2) W' (1) W(2)dv1 dv 2 ; (24) 

the process which · corresponds to the transfer of a pair of electrons from one 

band to another is characterized by the integral, 

J' = JW* (1) W* (2) V (1, 2) W' (1) W' (2) dv1 dv2. (25) 

In (23), (24), and (25), W and W' represent the Wannier functions of two 
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284 J. Kanamori 

different bands associated with the same atom. If W and W' are identified 

with the corresponding atomic d orbitals, integrals other than those mentioned 

above vanish by symmetry. U' is of the same order of magnitude as U. J and 

J', which are equal to each other within the present approximation, are much 

smaller than U or U', since they correspond to the exchange integral between 

different atomic d orbitals of the order of 0.6 ev. 

The inter-band interactions will be reduced by the electron correlation to 

roughly the same extent as the intra-band interaction. This reduction can 'be. 

discussed by adapting the theory developed in § 2. If only the scattering process 

characterized by (23) is considered, the effective value of U' is obtained by 

replacing in (13) U by U' and G by G' defined by 

G' (kh ~) = (11 N) ~o (k1 k2 ; k3 k4) I (e (k3) + e' (k4) - e (k1) - s' (k2)) , (26) 

where e (k) and s' (k) represent the one electron energies of a given pair of 

the bands. Since the interaction is independent of the spin states of interacting 

electrons, we may suppose that its effect is self-consistently incorporated in the 

one electron energy. 

The effect of other scattering processes is negligibly small. If the exchange 

scattering is taken into account, the interaction energy of a pair of electrons 

with parallel spins,, which belong to different bands, is modified to be given by 

JE= (1IN) {(U'-J)I[1+ (U'-J)G']} 

2:. (1IN) {U' I (1 + U'G') -JI (1+ U'G')2}, 

and JE of antiparallel spins by 

JE = (112N) { (U' + J) I [1 + (U' + J) G'] 

+ (U' -J) 1[1 + (U' -J) G']}, 

~ (1IN) {U' I (1 + U'G') -PG' I (1 + U'G')3}. 

(27) 

(28) 

Comparing (27) and (28) with corresponding expressions in the Hartree-Fock 

approximation, we can see that the difference of the inter-band interaction between 

the case of parallel spins and. that of anti parallel spins is reduced approximately 

by the factor 11 (1 + U'G'Y which is estimated to be less than 0.1. Also the 

transfer process given by (25), which is effective only for anti parallel spins, 

modifies the intra-band interaction only slightly. *l The smallness of the above

mentioned effects may be understood qualitatively from the argument that the 

effective magnitude of the inter-band exchange interaction is reduced by the 

electron correlation to the same extent as the intra-band interaction is reduced, 

since the reduction arises in both cases from the decrease of the probability of 

finding two holes at the same atom. 

*l The effect of the transfer process can be taken into account approximately by replacing· 

U by U(1-2PJU) in (10). 
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w 0 

Fig. 1. A state density vs energy 

curve which favors the ferro

magnetic state. The hatched 

region (the high density region) 

contains x states per atom ·per 

spin in total. The state density 

of the high density region is 

defined to be y/W; the state 

density of the low density region 

can be expressed in terms of x 

andy. 

y/W 

..-----Jb 
w 

Fig. 3. A state density curve as· 

sumed for Pd. The hatched 

region is assumed to be occupied 

by holes of 0.2 per atom. The 

state density at the Fermi level 

is assumed to be 2.4/W. 

X 

0.7 

Para. ACU==) 

0.5 

BCU=2W) 

0.3 

0.10 1 y='JW 

Fig. 2. The region in the x-y plane (x 

and y are defined in Fig. 1.) in 

which the ferromagnetic state is 

favored energetically for n=0.2. 

The condition lJDeff7/=l is satisfied 

on curve A for U=oo and on curve 

B for U=2W. 

With the considerations so far discussed, 

the problem is now reduced to that of a single 

band. According to the available calculations 

of the d bands in Ni, the band width W is 3 

to 4 ev. U of Ni is estimated by Van Vleck1> 

to be about 7.6 ev. Thus we may assume 

U-2W for Ni. Table I shows that simple 

state density functions such as those listed in 

the Table do not yield ferromagnetism for 

n = 0.2. To satisfy the condition (18), we must 

have a high state density at the Fermi level, 

and furthermore, a relatively low average 

state density, 1/W. Without the latter condition the reduction of U,w by the electron 

correlation is too large to produce ferromagnetism. A. simplified state density 

vs energy curve which satisfies the requirements is shown in Fig. 1. 

Although the state density function 7J (c) defined implicitly by (12) is not 

necessarily equivalent to that ~btained in the usual band calculation in which 

the charge neutrality of an atom is assumed, the difference will be small when 

the number of electrons is small. The state density of the d bands calculated 

by Fletcher is actually characterized by the region of high state density at the · 

top of the bands. A simplified model of the d bands was proposed by Gautier.6> 

If the d (xy) band is taken as the representative band, the energy of this band is 

nearly independent of k. in the vicinity of the top specified by (2rr/ a) ( ± 1, 0, 0) 

and (2rr/ a) (0, ± 1, 0), since the overlap of the atomic d (xy) orbitals of neigh

boring atoms in the z direction is small there. BJ Thus the energy is approximately 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/3

0
/3

/2
7
5
/1

8
6
5
7
9
9
 b

y
 g

u
e
s
t o

n
 1

6
 A

u
g
u
s
t 2

0
2
2



286 J. Kanamori 

represented by the kinetic energy of a two-dimensional gas. The constancy of 

the state density near the top of the band can be easily verified with this simplified 

model. Since the correlation reduction of U does not depend much on the details 

of a given band, the state density curve shown in Fig. 1 can be regarded as an 

approximation which has the essential feature of the de bands in Ni. 

According to the specific heat measurement at low temperatures, the state 

density of ferromagnetic Ni at the Fermi level is about 3.1 states per atom per 

ev. Subtracting the contribution of the s band of about 0.3 states per atom per 

ev and dividing by 3, we obtain an approximate estimate of 1J (e) to be about 

0.9 per atom per ev per spin. Since there will be a small contribution by other 

(dr) bands and also since the state· density seems to be at maximum at the 

Fermi level of ferromagnetic Ni, the averaged 1J to be used for the state density 

curve of Fig. 1 will be around 0.75 states per· atom per ev per spm. This 

corresponds to y = 1J W = 3 if W is taken to be 4 ev. 

. With the state density .curve of Fig. 1 and by the use of (16), the condi-

tion for the occurrence of ferromagnetism, (18), is investigated for various pairs 

of x and y which are defined in Fig. 1. The curve in the x-y plane on which 

the condition U~ff1J = 1 is satisfied is shown in Fig. 2; We can see from the 

figure that the ferromagnetic state is favored energetically for y = 3 and U = 2W 

if x is smaller than 0.28. According to Fletcher's calculation x seems to be 

smaller than 0.25. Thus we may conclude that the ferromagnetic state has lower 

energy than the paramagnetic state in Ni. This conclusion does not depend on 

our choice of the band width. The magnitude of U~fl' is mainly determined by 

U and y/W besides x, but only slightly dependent on W.*l 

The specific heat measurement9l indicates that the state d~sity at the Fermi 

level of paramagnetic Pd is about 4 states per atom per ev (including both spin 

states). Subtracting again 0.3 states per atom of the s band, and dividing by 

6; we obtain 1J (ep) ~o.6 per atom per ev per spin. U of Pd will be about the 

san1e as that of Ni. If we assume W = 4 ev and the state density curve of Fig. 1, 

we obtain y = 2.4. The corresponding x which favors the ferromagnetic state 

is less than 0.19 states per atom per spin. This seems to indicate that the 

paramagnetic state is very likely lower in energy than the ferromagnetic state 

within the present approximation. This conclusion does not depend on the as

sumed shape of the state density curve. If the state density curve shown in 

Fig. 3 is taken, the paramagnetic state is still found to be stable. This state 

density curve resembles more closely the one which is suggested by the specific 

heat measurement of Pd-Rh and Pd-Ag alloys.9l 

*l If a larger W is assumed, y becomes larger since 7)=y/W is fixed. Then, however, U/W 

should be smaller, which cancels the effect of larger y. 
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§ 5. Supplementary discussions 

The ferromagnetism of Ni-Cu alloys with Cu concentration less than 60 

percent was regarded as a support for the simple theory of band electron fer

romagnetism. Since the present theory denies the occurrence of ferromagnetism 

for such a small number of d holes as in the case of 50 percent Ni-50 percent 

Cu, the observed ferromagnetism might look a contradiction with the theory. 

However, the repulsive interaction between the d holes and the Cu atoms reduces 

the effective volume available for the d hole correlation and thereby the ef

fectiveness of the hole correlation. Thus U,rr in Ni-Cu alloys will remain about 

the same as in Ni in spite of the smallness of the number of d holes. 

In Co and Fe, where more than one d holes per atom are present, the 

exchange interaction between different atomic d orbitals will make some con

tribution to the energy difference between the ferromagnetic state and the para

magnetic state. The discussion of these metals, however, requires both detailed 

knowledge of the d band and a more refined treatment of the electron correla

tion. The discussion of light transition metals such as V and Ti will be also 

not feasible, since a simple tight binding approximation such as that employed 

in the present paper will not be justified in these metals, and the inter-atomic 

interaction neglected in the present paper might play an important role. 

The auther would like to express his sincere: thanks to Professor T. Nagamiya 

and Dr. M. Tachiki for valuable discussions. The present research was supported 

in part by the Scientific Research Fund of the Education Ministry. 

Appendix 

As was mentioned m the text, the energy spectrum of a two-dimensional 

gas given by 

· c.=a(k,/+ky2) (Al) 

yields the constant state density per unit energy. We define vectors u and v 

(two-dimensional) by 

(A2) 

The condition of the momentum conservation requires U1 = u2. In terms of u 

and v, G (k1, k2) is expressed as 

G(kl> k2) = (7Jo/2rc) Jdv2{v2/Cv22-v12)} f('v2; u, kF), (A3) 

where "f/o is the state d<;msity per unit energy per atom per spin, and /Cv2; u, kF) 

is the weight function that is obtained by the integration of the angular part of 

v2• From the conditions, k/>kF2 and k/>k/, we obtain 
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288 J. Kanamori 

/(7-'2; u, kF) =0 for v2< (k/i'2-u2)112, 

= 4 sin-1 { (u2 + v/- kF2) /2v2 u} 

for (k/-u2Y12<v2<kF+u, 

= 2n- for kF+ u<v2. 

Putting u = 0 and v1 = 0, we obtain from (A3) 

G(O, 0) =7Jofdv2/v2. 

/c]i' 

The difference between (A3) and (A5) is given by 

LlG(kh k2) =7Jof th2/v2Cv22-v12) ·dv2 

lc]i'+U 

kF+u 

+ (2'1]o/7r) r {v2d·v2/('P22-v/)}sin-1{(u2 +v/-kF2)/2uv2} 
oJ 
(kp2--u2)1/2 

(A4) 

(A5). 

(A6) 

The upper limit of the integral of the first term in (A6) will be assumed to 

be independent of u. The resulting error is negligible for small kF. Putting 

u=kF and v1=0, we obtain G(k, k) with k lying at the Fermi surface to be 

2/c]i' 2/c]i' 

LJG(k, k) = (27]o/7r) J (dv2/t'2) sin- 1(7'2/2kF) -'l]oJ (dv2/v2). (A7) 
0 kp 

It can be shown easily that (A 7) vanishes. 

In order to estimate the first term of (21) of the text, we expand U.rr in 

powers of LJG to obtain 

The first term of (21) is now expressed to the first order of LJG' by 

(A9) 

with U.0rr defined by (16) and Lli.v defined by 

"F++u 

L1Ibv =(J (7]o/2n-) (v2dv2/("-'22 -"-'12)) (/(v2; u, kF+, kF-) -f(v2; u, kF)) ).v, 
<~cF•-u•>' 12 (A10) 

where the average is taken over v1 and u of occupied states ; kF + and kF- satisfy 

the relation kp~-kF- 2 =kF+ 2 -kF 2 =L1; JCv2; u, kF+, kF-) is given by 
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fCv2; u, kF +, kF-) = 2 [sin-1 { (u2 + v2
2 - kF2 - J) /2uv2} 

+ sin-1 { (u2 + v22 - k,/ + J) /2uv2}] 

for (k/-u2Y12<v2<kF-+u, 

= TC + 2 sin-1 { (u2 + V22 - k/- J) /2u·u2} 

for kF-+u<v2<kF++u. (All) 

The contribution to the integral (AlO) is made mainly by the region v 2 ~kp+u. 

Defining g (x) by 

g(x) =sin-1x for x< 1, 

=TC/2 for x>1, 

we can easily show that 

1+8 

\ dx{(1/2) (g(x+o) +g(x-o)) -g(x)} = -0'2/2+0(0'4). (A12) 
~ 
0 ~ 

In (A12) the region x<l makes a positive contribution which is overcome by 

the contribution from x~l. Thus taking the contribution from ·v 2 ~kF+ u in 

(A10), we obtain a rough estimate of (A9) given by 

.dE/= (1/Srr) U2tr2 1Jo2 ·7Jo (aJ)2. (A13) 

Comparing with the corresponding increase of the one electron energy given 

by 1/o (aJ)\ we can see that (A13) amounts to only 4 percent of the one electron 

energy increase for U,01f1Jo = 1. A more exact estimate shows that JE/ is even 

smaller than the above estimate. 
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