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A relativistic electron beam propagating through an unmagnetized, 

underdense, collisionless plasma exhibits a transverse instability due to the 

coupling of the beam centroid to plasma electrons at the ion-channel edge. 

The transverse wakefield corresponding to this "electron-hose" effect is 

calculated in the "frozen-field" approximation, for a low current, cylindrical 

beam. The asymptotic growth of beam centroid oscillations is computed and 

possible damping and saturation mechanisms are discussed. 

PACS: 52.40Mj, 52.35.Py, 52.50 Gj, and 29.~.5 Dt. 



In recent years, the demands of the TeV-energy electron-positron 

collider,l have spurred considerable theoretical interest in the application of 

the "ion-focussed regime" (IFR), for the transport in plasma of intense 

relativistic electron beams. Proposed applications include the plasma lens,2 

the continuous plasma focus,3 and the plasma emittance damper.4 At the 

same time, the IFR has been considered theoretically for the production of 

coherent radiation from intense beams,5,6,7,8 and experimental work in this 

area is in progress.9 These novel concepts for transport, acceleration, and 

radiation, draw on a considerable body of work in beam-plasma physics,10,11,12 

and extensive practical application of the IFR in accelerator and radiation 

research.13,14,15 

In this Letter, we show that IFR devices relying on an unneutralized 

ion-channel, surrounded by a quasineutral plasma, suffer from a previously 

unrecognized hose instability. This instability is similar to the ion-hose 

instability,16 and other varieties of two-species transverse coupling 

instability,17 except that here the coupling is between the beam and plasma 

electrons at the boundary between the ion-channel and the surrounding 

quasineutral plasma. 

To characterize the IFR and the equilibrium to be perturbed, we 

consider propagation of a relativistic electron beam in an unmagnetized, 

preformed plasma. We assume an unperturbed beam charge density of the 

form Pbo=-enbH(a-r), where H is the step function, -e is the electron charge, r 

is the radial coordinate in the x-y plane and a is the beam radius (Fig. 1). The 

beam density on axis is nb and is a function of s=t-zjc, where t is time, z is 

axial displacement and cis the speed of light. 

As the beam head propagates through the plasma, it expels plasma 

electrons from the beam volume, on the time scale of a plasma electron 
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period. Typically, rue'rr>>1, where 'rr is the current rise time, and rue is the 

plasma electron frequency, rui=4nnee2Jm. The electron mass is m and ne is 

the initial plasma density. When the plasma is "underdense" (ne<nb) plasma 

electrons are adiabatically expelled from a cylindrical volume or "ion­

channel" of radius b-a(nblne)l/2. This nonneutral ion-channel is maintained 

for a time of order rui -1, where rui is the ion plasma frequency, rui2=4nnee2fmi, 

with mi the ion mass. We assume 2rui-r<J, where 'tis the pulse length, so that 

ion-neutralization of the beam can be neglected. 

For effective focussing of the beam the transverse pinch force on the 

beam due to the ion charge should be much larger than the transverse force 

due to self-fields. This imposes the Budker conditionlO on the plasma density, 

ne>>nbfy2, where y is the Lorentz factor for the beam. In this limit, the 

Lorentz force equation shows that electrons undergo transverse oscillations at 

the "betatron frequency"18 rup-rue/(2y)1/2. The main attraction of the IFR and 

the primary motivation for using a plasma in beam transport, is that rup is 

much larger than that achievable with conventional magnets. 

For this work, we will assume that the collisionless plasma skin-depth, 

c/rue, is much larger than the channel radius. Thus rueb/c=2(1/I0)1/2<<1, where 

lo=mc3fe-17 kA, and I is the beam current. Since, collisionless plasmas 

characteristically neutralize magnetic fields on the scale of a skin depth, we 

expect the axial plasma electron current, and drift velocity, to be negligible in 

this limit. In this case, the equilibrium plasma electron charge density is Peo=­

eneH(r-b). 

We consider next the effect of a perturbation to the beam centroid (Fig. 

2) in the form of a small displacement, ;, of the beam centroid, in the x 

direction. The perturbation to the beam charge density is then Pb1=-enbg8(a­

r )cos e, where e is the azimuthal angl ~ in the x-y plane. We proceed to 
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compute the perturbed scalar and axial vector potentials, l/>1 and Azl, and the 

perturbed plasma electron density Pel, due to ;. 

Maxwell's equations in the Lorentz gauge are 

{v_~ + ::2 - ;2 ~2 }al = 4 1rPe1 , 

{vi + ::2 - ;2 ~2 }<1>1 =- 4 7r ( Pb1 + Pel) · 
(1) 

where a1=Az1-l/>1· The transverse gradient is V..L. We will change variables 

from z, t to z, s and simplify Eq. (1) with the "frozen-field" approximation, in 

which the D' Alembertian operators are approximated by V..L2 and radiative 

effects are neglected. We shall find that this amounts to a neglect of 

meb/cy<.<1. 

The perturbed plasma electron charge density is determined from the 

potentials through the electron cold-fluid equations, 

(2) 

Inspection of Eq. (2) shows that Pe1 consists entirely of a surface charge layer at 

r=b. Thus it is convenient to define, 

b+ 

P(z ,s)cos 9= Jdr Pe 1 (r,9,z ,s) 
b , (3) 

the dipole moment density induced on the channel wall by the beam charge. 
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and 

In terms of g and P the potentials from Eq. (1) are 

¢I = 2 1T: cos ( 8 ) 

(P - nbeg)r 

nbega 2 
Pr- r 

(Pb 2 - nbega 2)
1
, 

; r < b 

{

Pr 
a1 = - 2 n: cos ( 8 ) p:2 

; b < r 

; r <a 

;a < r < b 

; b < r 

The polarization is determined from g, through Eq. (2), 

(4) 

(5) 

(6) 

where m0=mef21/2. Thus P responds as a simple harmonic oscillator with 

characteristic angular frequency m0. This frequency differs from me because the 

surface at r=b is the boundary between a region of electron density ne, and a 

region of zero density. 

The Lorentz force law for the displacement of the beam centroid is 

( a a . k2 \t: e a az r az +r f3? =- m c2 ax al 
I 

(7) 

where kp-mp/c is the betatron wavenumber. This describes the deflection of 

the beam by the image polarization on the ion-channel wall. 

5 



For an infinite beam and beamline, we may combine Eqs. (6) and (7), 

taking a perturbation varying as ~ocexp(ikz-ims), to obtain the dispersion 

relation, 

(8) 

Equation (8) predicts instability for real m2<mo2 or real k2<kp2 with growth rates 

diverging as oi2~mo2, or k2~kp2 from below. As in the "rigid beam" model of 

the resistive-hose instability,19 we expect these singularities to result in an 

instability which is absolute in both the beam and lab frames. 

To obtain a more quantitative result, we solve the initial value 

problem for a semi-infinite beam and beamline. We invert Eq. (6) to obtain P, 

and using Eqs. (5) and (7), we obtain a "beam break-up equation"20 for ~' 

(9) 

where we identify the electron-hose "dipole wake potential"21 as 

W(s)= Wosin( mos), with Wo=2mofb2. This wake is formally identical to that of 

an undamped microwave cavity,22 with a shunt impedance per unit length23 

of 2/mob2, and a resonant frequency mo. Interestingly, (lflo)Wo=mo3Jc2, 

independent of current, so that the details of the variation I(s') of current 

along the beam are irrelevant to growth. Indeed, inspection of Eq. (9) shows 

that with the scaling of z by kp, and s by ~' for y, mo independent of s and z, no 

free parameters remain. There is only one, universal solution for prescribed 

initial conditions. 
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We obtain this solution up to quadrature by Laplace transforming Eq. 

(9), solving the simple harmonic oscillator equation, and inverting the 

Laplace transform, to find 

;rz ,s) = 2 ~ i 7ap ~ exp ( ps! cos { z [k~- (/dw ( p !1 12

} 
-r- (10) 

where w(p) is the Laplace transform of the wake and the initial condition 

~(O,s)=H(s) is assumed. 

This solution has been studied extensively, in connection with 

microwave cavity BBU,22,23 and the distinction between the "weak" and 

"strong" focussing limits is worth noting.24,25 Focussing is "weak" when 

Af3>Lg, where Lg is the instability growth length, and Af3=2K/kf3 is the betatron 

period. In the ion-channel, k13 and Wo are not free parameters, and when 

(J)oP>l, focussing is always weak with respect to electron-hose growth. This is 

seen by the asymptotic form of Eq. (10), obtained by the method of steepest 

descents, 

23 I 2 A1 I 2 
}! ( ) A • { 3-1 I 2 A " } '=' z , s ,.. -

5
=
1
-
4-- --=-='----e szn OJ

0 
s - . - -

12
- -

3 ~12 WaS . • (11) 

The term in the exponent is A=(z/Lg)2/3, where the growth length is 

(12) 
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and co0s>>A>>1 is assumed. Inspection of Eqs. (11) and (12) confirms the 

frozen field approximation and the weak-focussing approximation. This 

result is remarkable in that it shows ion-focussing is rendered ineffective by 

the presence of free plasma electrons at the channel wall. 

We turn next to consider mechanisms which will tend to reduce 

growth. We observe from the dispersion relation of Eq. (8), that there are in 

principle two methods of "curing" the electron-hose. We may diminish the 

resonance at ro2~co02, or at k2~kri . On the other hand, since focussing is 

typically weak, damping mechanisms relying on a spread or sweep in betatron 

wavenumber, Llkp-1/Lg, are ineffective, as they require an impractically large 

spread, Llkp/kp-1/kpLg>1. This rules out Landau damping due to a spread in 

energy within a beam slice,24 and "BNS damping" due to a sweep in energy 

from head to tail.26 This also rules out "phase-mix damping" of BBU growth 

due to nonlinear focussing, arising from a radially non-uniform plasma.13 

(These conclusions contrast with those for resistive-hose growth,27 where 

focussing is typically strong.) 

Thus, to diminish electron-hose growth, we must look to the resonant 

coupling at co2~co02, and a number of mitigating factors suggest themselves. 

First, the electron-hose could be eliminated entirely by ionizing a channel of 

radius less than b. In this case, all plasma electrons are ejected to the beam­

pipe wall, leaving no free plasma electrons at the channel edge. Alternatively, 

an axial variation in plasma density, as in the continuous plasma focus,3 may 

produce phase-mix damping. In this case, the plasma density should vary 

appreciably over a length Lg<Ap. 

Growth could also be reduced by varying the resonant frequency of 

plasma oscillations, through the external geometry. For example, if we add a 

conducting pipe of radius R to the problem, we find a resonant frequency 
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w0' -w0 (1 +b2j2R2 ), i.e., the image dipole, P oscillates at a slightly higher 

frequency, dependent on R. Thus a variation of the pipe radius on the scale of 

a growth length could in principle produce the effect of "stagger tuning" used 

in conventional microwave beam break-up, where successive cavities are 
< 

slightly detuned to produce phase-mixing in the driving term on the right 

side of Eq. (9). 

In addition, growth will be mitigated somewhat by the plasma return 

current, neglected in the approximation Webfc<<1. In the low current limit 

we have considered, the electron-hose is formally analagous to the image­

displacement effect in conventional accelerators.28 Were a conducting 

boundary or a sufficiently dense plasma nearby, it would carry a dipole image 

current, and the combined Lorentz force on the beam due to the image fields 

would be a factor of 1/y2 less than for the electric field term alone. On the 

other hand, to achieve even Web/c-2 requires I-Io, a current larger than 

typically envisioned. 

Ultimately, as a result of hosing, plasma electrons will be heated, and 

the instability will saturate. The simplest estimate would give saturation 

when l;-b, corresponding to substantial growth in the beam emittance, and a 

significant electron temperature-mc2(Iji0). In fact, this omits the subtler 

feature that, at lesser temperatures, the channel wall will take on the 

character of a Debye sheath, with a radial variation in the plasma frequency 

and a phase-mix reduction of the wake driving term. A simliar effect may 

obtain due to beam "halo". Numerical studies are in progress to assess these 

effects. 

Finally, it is interesting to note that for an infinitely wide planar beam, 

the electron-hose dipole wake vanishes. This is because a one-dimensional 

dipole field vanishes outside the source. However, in this case we have found 

9 



a flu~e-like analog of the electron-hose, where ripples develop in the beam 

density and provide a coupling of the beam and the channel wall. 

Nevertheless, it may be possible that for ellipsoidal beams, electron-hose 

growth could be reduced with a sufficiently large aspect ratio. 

In conclusion, we have set down a simple, first theory for a rapidly 

growing cumulative instability of a relativistic beam-plasma system. Its 

consequences could be severe for a number of recently proposed beam-plasma 

devices, and its role in plasma-heating, radiation, and stable beam-plasma 

equilibria is likely of fundamental importance. Further analytic work and 

numerical simulation is in progress to assess damping and saturation 

mechanisms. 
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FIG. 1. In equilibrium, a relativistic electron beam of radius a propagates 

through a channel of unneutralized ions. Plasma electrons have been 

expelled to a radius b. 

FIG. 2. A beam slice in the ion-channel is displaced by an amount ~in the x­

direction, inducing a polarization Pcos 8 on the channel wall. The 

polarization responds to the beam dipole field as a simple harmonic oscillator 

with characteristic angular frequency ro0• This image dipole then deflects 

follow-on portions of the beam. 
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