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I. INTRODUCTION 

A low collector work function is essen t ia l for efficient 

thermionic energy convers ion (TEC) . Accordingly, a substant ial 

portion of Thermo Elec t ron ' s TEC effort is directed toward a 

minimizat ion of col lec tor work function within the const ra in ts of 

conver ter operat ing condit ions. However, as p rog re s s has been 

made in improving TEC per formance along this avenue seve ra l 

anomalous r e su l t s (discussed in Section II) have become apparent . 

These r e su l t s , coupled with field emiss ion re ta rd ing potential 

(FERP) m e a s u r e m e n t s suggest that e lec t ron reflectivity of the 

col lector may be an important mechan i sm in TEC. These data also 

imply the possibi l i ty of using e lec t ron ref lect ivi ty to an advantage by 

select ively re turning the hotter e lect rons to the p lasma in order to 

reduce the a r c drop l o s s . 

Investigations at The rmo Elect ron indicate that low work 

function surfaces formed by ces ium-oxygen composi tes a r e amorphous 

and a r e of the o rde r of 30 A thick. Since the DeBroglie wavelentgh of 

a t he rma l e lec t ron is of comparab le magnitude, it is not surpr i s ing 

that a s trong in terac t ion (i. e. , reflection) may occur in a conver ter 

between the t h e r m a l e lec t rons and a col lector covered with a ce s ium-

oxygen composi te . 

This topical r epo r t s u m m a r i z e s the re levant experimiental 

evidence for e lec t ron reflect ivi ty effects in TEC and descr ibes the 

analyt ical effort to be t te r unders tand e lec t ron reflectivity as a 

function of the potential configuration of the surface layer . The 

analyses consider rec tangular and t r iangular b a r r i e r models 

1 
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(described in Section III) with, and without, image potentials. The 

calculated results are presented in Section IV and discussed in 

Section V. Details of the solutions are given-in Appendices A. B, 

and C. The computer programs to obtain these results are listed in 

Appendix D. 

These analyses demonstrate that cesium-oxygen composites with 
o 

potential discontinuties around one volt and 20 A thick can be expected 

to be highly reflective to thermal electrons. Consequently, such 

composites would be expected to have significant effects on TEC 

performance. 

2 
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II. EXPERIMENTAL DATA IMPLYING ELECTRON REFLECTIVITY 
EFFECTS 

This section will review the experinaental data at Thermo Electron 

relative to electron reflectivity. First , measurements of electron 

reflectivity using the field emission retarding potential (FERP) 

technique will be reviewed. Next, anomalous thermionic converter 

observations which may be related to electron reflectivity will be 

discussed. 

A. FERP MEASUREMENTS 

Direct measurement of the electron collection characteristics 

have been made using the FERP technique. The underlying principle, 

as shown in Figure 1, involves the collection of field emission 

electrons. The threshold of collection is a direct measure of work 

function in the FERP technique. In contrast, the indirect Kelvin 

method which determines the contact potential difference between a 

reference electrode and test electrode, and one can infer the test 

electrode work function from an assumed value of the reference electrode 

work function. The Kelvin technique is particularly suspect when working 

with adsorbates such as cesium which can drastically change the work 

function of the reference electrode. 

In the FERP method, the field ennitted electrons are conveyed to 

the sample surface by means of an electron optics column (depicted in 

Figure 2) having two Einzel lenses followed by a planar control grid 

which establishes the appropriate distribution of electrons drawn from 

the field emitter tip. Their energy, relative to the vacuum level outside 

the collector, is determined by V which can be varied continuously. 
^ (2) 

The energy distribution of these emitted electrons is known. 

3 
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Although there are distorting effects which a re not well established, they 

can be determined for a particular measurement by means of a 

Faraday cup. Since the FERP gun is located inside the Surface Character' 

ization Chamber, the chemical composition and composite structure of a 

sample collector can be correlated with its collector performance. 

In the absence of electron reflectivity, the FERP collection curve 

I (V ) , would be zero up to the collection threshold at V = 0 , beyond 

which I would quickly approach a saturation value to be maintained 

throughout the remainder of the t race. One hundred percent collection 

is rarely, if ever, observed. Data obtained for a W/Cs /o surface 

composite on (110) oriented single crystal tungsten is shown in Figure 3. 

Taking the maximum amplitude of I (V ) to be the saturation value, it 

is seen that a reflectivity of greater than 50 percent occurs in the 

electron energy range from 3 to 4 eV. Although obscured by the finite 

energy distribution of incident electron beam, the reduced amplitude 

at collection threshold indicates substantial electron reflection for low 

(thernn&l) energy electrons as well. 

The FERP apparatus is mounted in the Surface Characterization 

Chamber, shown in Figure 4. This chamber has provisions for cesiating 

and oxygenating sannples. Electron reflectivity data taken with this equip-

ment are shown in Figure 5, for polycrystalline tungsten subjected to an 

alternating series of exposures to cesium and oxygen. The 1. 30 eV 

composite exhibited significant electron reflectivity at thermal energies 

and substantially higher reflectivity at electron energies above one eV 

The reflection spectra of polycrystalline gallium phosphide 

exposed to cesium and oxygen are given in Figure 6. These spectra 

show low electron reflectivities at thermal energies. It is remarkable 

6 



761-lA 

3 -

o l p 
M > 

< 
c 

u 
H 

2 -

1 

— 

-.. ..J 

1 1 1 1 1 

«^c=i.2lev 

Vp = 1.26V 

die 

I dVc 

\ Ic(Vc) 

1 1 1 

— 

— 

1 1 1 1 1 1 1 1 1 

5 

Vc(V) 

8 10 

Figure 3. Electron Collection Spectrum of W/Cg/O Surface Composite 
on a (110) Tungsten Surface. 



78S-5 

VACUUM 
INTERLOCK' 

PRECISION 
PORT AUGNER 

AUGER 
SYSTEM 

E.B. HEATER 8 PHOTO/ 
THERMIONIC EMISSION 
STATION 

RACK a PINION DRIVE 
FOR SAMPLE TRAY 

ao 

QUADRUPOLE 
MASS SPECTROMETER 

SAPPHIRE 
WINDOW 

CYLINDRICAL MIRROR 
ANALYZER 8 COAXIAL 
ELECTRON GUN FOR 
AUGER ELECTRON 
SPECTROSCOPY 

SILVER OXYGEN LEAK 
BELOW TABLE TOP 

Figure 4. Surface Characterization Chamber 



754-18 

>o 

1.0 

0.9 

0.8 

1 1 \ r 
POLYCRYSTALLINE TUNGSTEN 

(FINE GROUND, UNETCHED) 

=1.30 eV 

—1.40 eV 
v^ 
^>^2.06eV 
. \<2.40eV 
V - ^ ^ X . 0= M 
>C \^l.85eV 

WORK 
FUNCTION 

(eV) 

5.10 
1.85 

2.40 
1.40 
2.06 
1.30 

SURFACE 
TREATMENT 
SEQUENCE 

W, FIRED TO HOGG 
W+Gs 
W+Gs+0 
W+Gs+0+Gs 
W+Cs+O+Gs+0 
W+Gs+0+Gs+O+Gs 

3 4 5 6 7 
INCIDENT ELECTRON ENERGY, eV 

* REFERENCED TO BARE TUNGSTEN (ASSUMED TO BE ZERO) 

Figure 5. Reflection Spectra of Polycrystalline Tungsten Exposed 
to Cesium and Oxygen 



758-9 

4C 

>-
1 -

> 

h-
O 
UJ 
J 
U-
UJ 
01 

z 
o 
Q: 
h-
o 
UJ 
- I 
Id 

1.0 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

.GaP/Cs/0 
<̂  = 2.l4eV 

GaP/Cs 
<̂  = 2.05eV 

6a P 
'<^=5.l4eV 

I 2 3 4 5 6 7 

INCIDENT ELECTRON ENERGY , eV 

REFERENCED TO BARE GALLIUM PHOSPHIDE (ASSUMED TO BE ZERO) 

8 

Figure 6. Reflection Spectra of Polycrystalline Gallium Phosphide Exposed to Cesium and Oxygen 



^ T h e r m o 
K e Electron 
C O R P O B A T I O N 

that a slight change in work function (i. e . , 2. 05 to 2. 14 eV) is 

associated with a large change in reflectivity in the electron energy 

range from 0. 5 to 3 eV. 

Another set of electron reflectivity spectra are shown in Figure 7 

for polycrystalline molybdenum exposed to cesium and oxygen. For 

this substrate, high electron reflectivity at thermal energies is only 

evident for the surface with the 1. 87 eV work function. 



1.0 
773-59 

0.8 

0.6 

0.4 I -

(a) 

(b) 

(c) 

WORK 
FUNCTION 

(eV) 

1.87 

1.45 

4.34 

SURFACE 
TREATMENT 
SEQUENCE 

Mo+Cs+0+Cs 

Mo+Cs+0+Cs+O+Cs 

Mo, AS ADMITTED 

2 3 4 
INCIDENT ELECTRON ENERGY (eV) 

^REFERENCED TO BARE MOLYBDENUM (ASSUMED TO BE ZERO) 

Figure 7. Reflection Spectra of Polycrys ta l l ine Molybdenum Exposed to 
Cesium and Oxygen 



^ Thermo 
lltL Bectron 
C O R P O R A T I O N 

B. RUFEH -LIEB ANOMALY 
(3) 

Rufeh and Lieb were the f i rs t to note that reductions in collector 

work function a r e not fully rea l i zed as i nc reases in thermionic 

conver te r output voltage - as expected f rom simple theory. These 

investigations at tempted to c o r r e l a t e var ia t ions in collector work 

function with changes in output voltage and back-emiss ion . The data 

cover the collector t empera tu re range f rom 560 to 620 K for i n t e r -

e lect rode spacings of 2. 5 to 10 mi l s . 

A compar i son of the col lector work function (as measured by 

both back emiss ion and re ta rd ing potential methods) and the differential 

diode output voltage, ziV is given in F igu re 8 versus the rat io of the 

col lector to ce s ium r e s e r v o i r t e m p e r a t u r e . The curves a r e normal ized 

so that the var ia t ions in output voltage coincide with the var ia t ions in 

col lector work function at low values of T / T . The var ia t ion in 
C R 

output voltage diverge f rom the change in collector work function for 
T / T values above 1.3. 

C R 

The d iscrepancy between expected and measured output voltage 

takes place at quite low values of thermionic back emission. For 
-2 

example, a difference of 0. 1 volt is observed at back emiss ion of 10 

amp as compared to a forward cu r ren t of 2 amp. 

The Rufeh-Lieb anomaly could be explained by electron reflectivity 

if this pa ran ie te r inc reased with decreas ing collector work function in 

a suitable manner . Electron reflectivity at the collector will act as 

v i r tua l back emiss ion . Such emiss ion could contribute to the formation 

of a double-valued sheath adjacent to the col lector . In the case of a 

monotonic sheath, the effect of col lector reflectivity is to adjust the 

sheath height to reduce the output voltage for a given cur ren t . 

13 
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However, the p r e l im ina ry e lec t ron reflectivity data obtained on 

ces ia ted metals do not show a sys temat ic var ia t ion with work function 

of the proper magnitude. Therefore , a definitive argument cannot be 

made for explaining the Rufeh-Lieb anomaly by means of electron 

reflect ivi ty effects. 

It has been suggested by workers in the Soviet Union that the 

Rufeh-Lieb anomoly may be due to patch effects since the init ial 

invest igations used a diode with polycrysta l l ine e lec t rodes . However, 

l a t e r invest igations (see Reference 3 ) using a guarded diode with 

or iented e lect rodes gave the sanae resu l t . 

C. DISCREPANCIES IN COLLECTOR WORK FUNCTION 
DETERMINATIONS 

Collector work function in a thermionic conver ter is measured 

ei ther by back emiss ion or r e t a rd ing potential methods. For cesiated 

meta l e lec t rodes , these two methods usually give consistent values . 

However, col lec tors formed with ces ium-oxygen composi tes frequently 

give inconsistent r e s u l t s . An example (t i tanium oxide col lector ) is 

given in F igure 9. Ea r ly in the diode life, the d iscrepancy between the 

back emiss ion and re ta rd ing potential determinat ions a r e pronounced. 

After the diode was aged, the two measu remen t methods gave 

consis tent r e s u l t s . 

Another example of d i sc repanc ies in back emiss ion and re tarding 

potential de terminat ions is shown in F igure 10. These data a r e for a 

conver te r with a lanthanum hexaboride col lec tor . Since the m e a s u r e -

ments given in F igu re s 9 and 10 were made with unguarded var iable 

spaced diodes, these data a r e som.ewhat suspect . 

15 
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In order to eliminate such reservations, measurements were 

taken with the guarded collector variable spaced converter shown in 

Figure 11. This converter had a platinumt emitter and a nickel 

collector. The emitter temperatures and operating time were such 

that appreciable platinum would be expected to vaporize onto the 

collector during the test period. Initial and'final collector work 

function data for this converter are shown in Figure 12. Again, 

the discrepancy in back emission and retarding potential work 

functions is evident. This discrepancy becomes l e s s pronounced with 

t ime. Note that these measurements were performed on a guarded 

collector converter with metal electrodes at identical spacings, 

ces ium pressures and electrode temperatures. The magnitude of the 

work function difference is well outside the l imits for non-systematic 

error. 

Additional collector work function data were taken at intermediate 

stages of testing. It i s interesting to plot the difference between the 

retarding potential and back emiss ion collector work functions versus 

the minimum value of the back emiss ion determination for a given stage, 

parametric in the ratio of collector and ces ium reservoir temperatures. 

Such a plot i s shown in Figure 13. This figure indicates a systematic 

shift in col lector work function characteristics during the test 

period of this diode. It is surprising that the data points on such 

an expanded scale shown such moderate scatter. The difference between 

the retarding potential and back-emission collector work function values 

becomes more pronounced with decreasing work function (as measured 

by back-emiss ion) . 

18 
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It was expected that the col lector work function would change 

during the test period because the emi t te r t empe ra tu r e was 

deliberately r a i s ed to 1625 K (for per iods of one hour with c e s i u m 

reservoir cold) on th ree occasions to evaporate plat inum onto the 

collector. Thus, the data in F igu re 13 r ep re sen t a nickel col lector 

(probably oxidized) which becomes p rogress ive ly m o r e covered 

with platinum with each evaporat ion. Based on vapor p r e s s u r e 

data in the literature, the final work function determinat ions 

correspond to a col lector with multiple l ayers of plat inum. However, 

these considerations do not r e p r e s e n t an explanation of the d iscrepancy 

between the back-emiss ion and re ta rd ing potential de terminat ions of 

collector work function. 

The shapes of the collector work function curves in F igu re s 9, 

10 and 12 look suspiciously like those given in F igure 8 which 

i l lustrate the Rufeh-Lieb anomaly. This s imi la r i ty may be m o r e 

than accidental s ince the cu r r en t flow in the re ta rd ing potential 

measurement is in the s ame d i rec t ion as that in an operat ing conver te r . 

One in terpre ta t ion of the data in F igures 9, 10 and 12 is that the 

retarding potential de terminat ion shows the effect of e lec t ron 

reflectivity. However, this in te rpre ta t ion is clouded since a sinailar 

reflectivity would be expected for the back emiss ion e lec t rons . 

Alternative explanations invoke pa tches , rectifying junctions and 

negative ions. 

22 
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D. LANTHANUM HEXABORIDE CONVERTER DATA 

Lanthanunn hexaboride is one of the most interesting electrode 

materials for emitters and/or collectors. This refractory compound 

is stable at temperatures up to 1700 K and has a low enough work 

function for practical current densities without cesium. Although 

lanthanum hexaboride has many promising cKaracteristics, the role 

of impurities, stoichometry and crystallinity in this material are not 

well understood. 

A summary of four recent diodes built with LaB, collectors is 

given in Table I. All four diodes are quite different in configuration, 

materials and processing. 

The first Thermo Electron diode gave a better than average 

barr ier index of 2. 0 eV with the lowest measured work function of 

1. 35 eV. This encouraged the construction of a second diode which 

allowed oxygen to be diffused through the sintered collector - analogous 

to a showerhead (see Figure 14). The collector work function data for 

this converter is given in Figure 15. Alternate exposures of the LaB, 

to cesiunn and oxygen lowered its work function to 1. 2 eV at 550 K and 

1. 25 eV at 600 K. Note the good agreement of the back emission and 

retarding potential measurements. These values represent the 

lowest work functions ever measured at Thermo Electron with any 

collector material in a converter configuration. However, the barr ier 

index of this diode ranged around 2. 2 eV. On the basis of a simple 

diode model, a much lower barr ier index around 1.75 eV would have 

been expected. Indeed, investigators in the Soviet Union have 

reported such a low barr ier index in a diode with a LaB, collector. 
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TABLE I 

DIODES WITH LANTHANUM HEXABORIDE COLLECTORS 

ORGANIZATION 

THERMO ELECTRON 

THERMO ELECTRON 

SUKHUMI 
(USSR) 

LEWIS RESEARCH CENTER 
(NASA) 

MINIMUM 
COLLECTOR 

WORK FUNCTION 
(eV) 

1.35 

1.25 

1.2 

"̂" 

BARRIER 
INDEX 

(eV) 

2.0 

2.2 

1.75 

1.9 

COLLECTOR MATERIAL 

SINTERED CERAC™ LaBe 
(SILVER TUBE O2 INLET) 

SINTERED CERAC LaBe 
(SHOWERHEAD O2 INLET) 

SINTERED LaBe POWDER 
ON TOP OF Ta POWDER 

HIGH PURITY ARC 

MELTED LaBe 

EMITTER MATERIAL 

POLYCRYSTALLINE TUNGSTEN 
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Recent results from the Lewis Research Center fall between those 

from Thermo Electron and the Soviet Union. 

Assuming that the unpublished data from Sukhumi are valid, 

there is a discrepancy of almost half an electron volt in barrier 

index between the Soviet Union and the Thermo Electron diodes -

although they agreed well in regard to minimum collector work 

function. In addition, the relationship between the collector work 

functions and barrier indices of the two Thermo Electron diodes 

are opposite from that expected. If the data in Table I are taken 

at face value, it i s clear that the performances of these diodes 

with LaB>> collectors are highly inconsisent. 

It is possible that these discrepancies are related to collector 

electron reflectivity effects. Thus the Thermo Electron showerhead 

diode may represent a LaB>. electrode with a low work function, but 

a high electron reflectivity while the Sukhumi diode may represent 

a LaB/ collector with both a low work function and a low electron 

reflectivity. 
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E. HEAT FLUX MEASUREMENTS 

Although back emission and retarding-mode measurements 

are two m.ethods for determining the collector work function in 

converters, neither can be applied under ignited-mode conditions. 

An independent technique that can be used in this regime is based on 

measuring the heat flow into the collector as a function of converter 
, (4) 

current. 

Assuming an elementary model of the thernlionic diode, the 

thermal flux, q, into the collector is composed of energy carried by 

the electrons constituting the current, the radiation from the emitter 

and the convection from the emitter through the plasma to the 

collector. Thus, 

q = j(0 +2kT^) + r + c (1) 

where j is the current density into the collector, (ft is the collector 

work function, T is the electron temperature of the plasma at the 

collector, and r and c define the radiative and convective components, 

respectively. Differentiating Equation 1 with respect to the current, 

j , at constant electrode temperatures, and assuming constant T̂  

defines an "effective heat transport factor" 
e* 

C = 0^ + 2kT^ (2) 

An accurate determination of this parameter requires precise 

measurement of the change in q as j is varied. In order to minimize 

the interpretation of heat transfer effects caused by the complex 

geonnetry of the converters, a heat flux diode was constructed with 

a thermally "nulling" auxiliary heater positioned 0.75 mm from the 

collector surface. The design of the heat flux diode is shown in 
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Figure 16. The emitter is polycrystalline tungsten and the collector 

is nickel. As the current through the diode was varied (and , 

correspondingly, the temperature of the collector changed), the power 

of the auxiliary heater was adjusted until the collector was returned 

to its initial temperature. The increase (or decrease) in the auxiliary 

heater power represents the change in q. 

Precise and rapid measurements of q require coordinated 

adjustment of the auxiliary power in a manner to maintain almost 

constant enaitter and collector temperatures as the current is 

substantially varied. It is possible to nnaintain the emitter at I6OO + 

1 K and the collector at 850 + 0. 2 K. 

A block diagram of the experimental arrangement is shown in 

Figure 17. The cooling water for the collector was maintained at a 

constant temperature of 305 K in order to avoid fluctuations in the 

baseline temperature of the collector. The power to the auxiliary-

heater, the most critical m.easurement in the experiment, was 

monitored by the computer. Auxiliary heater voltages were measured 

by taps located as close as possible to the heater element. The 

auxiliary current was measured by a calibration shunt. These 

voltages and currents were sampled at five-second intervals by the 

computer, which calculated the instantaneous heater power, its 

running average, and its total average. The error in this power 

measurement was less than 0. 02 W. 

After the current was varied, a thermal equilibration time of 

five minutes was allowed before data were laken. The auxiliary 

heater power was then averaged over a 10-minute period in order to 
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minimize fluctuation effects. A representative curve of auxiliary 

power versus converter current is shown in Figure 18. The 

reproducibility of the data is illustrated by the good comparison of 

points recorded on different dates. 

Collector work function versus T / T is given in Figure 19. 
C R, 

Typical current-voltage curves for variable ces ium reservoir 

temperatures are shown in Figure 20. Current-voltage character-

i s t ics , parametric in collector temperature, are given in Figure 21. 

The operating points at which heat flux determinations were made 

are indicated in this figure. 

Heat flux measurements were made at interelectrode spacings 

of 0. 05, 0. 5, and 2 mm. The converter current was varied between 

one and 5 A. Figure 22 contains curves of the heat flux measured 

at these spacings and currents. A least-squares fit was used to 

determine the straight line slope representing the effective collector 

work function . These results imply a collector work function at 

least 0. 3 eV larger than expected from back emiss ion and retarding 

measurements (assuming an upper limit of 0. 25 eV on the electron 

temperature). The range of parametric variation in q and j will 

be extended in the hope of identifying phenomena that may explain 

this discrepancy. 

Electron reflectivity may account for the apparent collector 

work function discrepancy. If one assumes a slightly more 

sophisticated diode model than considered previously, the mieasured 

current, j , is related to the incident current, J, and electron 

reflectivity of the collector, R, by 

j = (1 - R ) J (3) 
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SO that the heat balance on the col lector is given by 

q = (1 - R) J (0 + 2kT ) + RJ f(T , T^) + r + e (4) 
c e e C 

where f(T , T ) represents the heat t r anspo r t f rom the p lasma into 
e o 

the collector per reflected e lect ron. If the p lasma elect rons 

reflected by the collector a r e the rmal ly equil ibrated with this 

electrode, then 

f(T . T _ ) = 2kT^ - 2kT^ (5) 

e C e L> 

Possible mechanisms for thermal equil ibration a r e phonon sca t te r ing 

and interaction with electron t r aps on and /o r in the adsorbed c e s i u m -

oxygen layer. The express ion in Equation 5 r e p r e s e n t s the maxinaum 

energy transport from the p lasma into the col lector by reflected 

electrons. Equation 4 can be rewr i t t en as 

^ + r + c (6) 

q = j(*^ + dkT^) + (yA^j j[2k(T^ - T^) 

Using the previous definition of the effective heat t r anspor t factor, 

(7) 
C = 0̂  + dkT^ + (^"j 2ĵ ^^ _ ^ 

C 

For the data in Figure 22, T = 850 K, T _ / T _ = I. 54, and (from 

Figure 19) 0 = 1 . 4 5 eV. If one a s s u m e s that R = 0. 6 and T = 3000K, 
c e 

^ = 2. 52 eV, which is in good agreement with the exper imenta l r e su l t s 

given in Figure 22. 

An electron reflectivity of 0. 6 would not be expected with a 

cesiated nickel collector; however, if the col lec tor is oxidized, such 

a value would not be surprising. Indeed, the data in F igu re s 19 

through 21 are indicat ive of an oxygenated conver t e r . An example 

of FERP reflectivity measurentients taken previous ly at Thermo 

Electron is given in Figure 5. These de terminat ions on a tungsten 
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subs t ra te exposed to alternate doses of ces ium and oxygen exhibit 

electron ref lect ivi t ies (at a few tenths of an electron volt) around 0. 5. 

Another poss ible explanation of the high values of effective heat 

t r anspor t factors m e a s u r e d is that a portion of the energy associated 

with the plasmia arc drop arrives at the collector and is converted into 

heat . The a r c d rop is the ave rage useful energy lost per electron due 

to the combined effects of a tomic excitation and ionization (inelastic 

scat ter ing) and p lasma res i s t iv i ty (elastic scattering). Recombination 

and deexcitat ion eventually r e l e a s e the inelastic energy and radiate or 

convert this component to the e lectrodes. Similarly, energy is 

t r a n s f e r r e d by the elastic coll isions from electrons to atoms and ions, 

and this port ion will be converted and conducted to the electrodes as 

well. 
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F. DISCUSSION 

The review of FERP measurements demonstrate that low 

work function electrodes formed by alternate exposures to cesium 

and oxygen sometimes provide significant electron reflectivities at 

thermal energies found in thermionic converters. Anomalies in 

converter output voltage versus collector work function, agreement 

of back emission and retarding potential collector work function 

determinations, lanthanum hexaboride diode performance and 

measurements of collector heat deposition per electron have been 

reviewed. In each case, the experimental data can be interpreted 

in terms of electron reflectivity effects. However, in no case is this 

interpretation unambiguous. Effects due to patch electrodes or nega-

tive ions could provide alternative interpretations for those anomalies. 

In view of the wide variety in the electron reflectivity spectra 

for tungsten, molybdenum and gallium phosphide, it is difficult to 

draw general conclusions. However, the following statements can 

be made: 

0 Typically, low work function surfaces contain cesiunn and 
oxygen. 

• Some low work function surfaces 
electron reflectivity. 

• There is no apparent systematic relationship between work 
function and electron reflectivity (e. g. , small changes in 
work function may involve large changes in electron 
reflectivity). 

Electron reflectivity can have beneficial effects. For example, the 

shape of the 1. 30 eV curve in Figure 5 corresponds to a surface with 

a low reflectivity at thermal energies and a high reflectivity to 

40 



Thermo 
Electron 

C O R P O R A T I O N 

electrons above one eV. Such an electrode would collect thermal 

electrons efficiently (constituting most of the converter current) 

while reflecting many of the incident hot electrons back into the 

interelectrode space where they could promote cesiumi ionization, 

and reduce the arc drop in the converter. A converter with this 

kind of collector should have outstanding perform.ance. 

The balance of this report describes an analytical effort to 

characterize the dimensions and the potential configurations associated 

with the measured electron reflectivities. The analytical results are 
(5) consistent with LEED studies of cesiated-oxygenated surfaces. 
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III. ANALYTICAL MODEL 

The theore t ica l study descr ibed in this repor t was motivated 

by the real izat ion, establ ished in part by the exper imental resu l t s 

d i scussed previously, that ref lect ion of the rmal e lectrons does occur 

and that it can be substant ia l . It is des i rab le to know the cor respond-

ence between the reflection coefficient and the var ia t ion of potential 

energy in the vicinity of the col lector-plasnaa interface. The intent is 

to find a cor re la t ion between theore t ica l and esper imenta l reflectivity 

r e s u l t s . Once such cor re la t ions a r e drawn, at tempts can be made to 

develop a fabrication procedure which would establ ish a surface 

composi te having the des i red c h a r a c t e r i s t i c s . 

It is largely accepted that ces ium and cesium-oxygen surface 

l aye r s produce a low work function by establishing a dipole layer with 

the posit ive side ou t e r -mos t . This potential configuration is descr ibed 

in the idealized models shown in F igure 23. The step potential r e p r e -

sents a clean, defect-free surface . The t r iangular surface b a r r i e r 

r e p r e s e n t s the effect of two p a r r a l l e l and oppositely charged sheets . 

Such a model is descr ip t ive of an adsorved monolayer of ces ium ions 

and the resul tant negative image in the mietal subs t ra te . The plus-minus 

configuration is a lso descr ip t ive of a duo-layer of oxygen and ces ium ions. 

The rec tangular b a r r i e r , is an approximation for the muti layered s t r u c -

tu re s which have been observed experimental ly - a positive surface 

separa ted f rom a negative me t s l in terface by a wel l - sc reened dielectr ic 

l ayer . Although one might justifiably argue that the top of the b a r r i e r 

should slope upward (instead of being f la t ) , it should be kept in mind 

that the purpose of this purpose of this study is to es tabl ish a conceptual 

bas i s for e lectron reflection phenomena, ra ther than a detailed 

ana lys i s . In addition, as will be d i scussed next, there a r e arguments 
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for the top of the b a r r i e r being flat or sloping downward toward the 

subs t r a t e . 

The effect of incorporat ing the finiteness of e lectron charge is 

depicted in F igures 23d and 23e. An electron approaching a conductor 

exper iences an a t t rac t ive image force resul t ing f rom the redis t r ibut ion 

of free charge in the e lectrode in o rder to cancel the field of the 

electron inside the ma te r i a l . Superposition of image and surface 

b a r r i e r potentials should resu l t in a net reduction of the surface 

b a r r i e r maximum, a reduction or r e v e r s a l in the slope of the 

t r iangular b a r r i e r and a downward sloping of the rec tangular b a r r i e r 

toward the underlying metal . However, the point of terminat ion of the 

image potential is not c lear ly defined. At dis tances of the order the 
o 

electron mean free path in the metal (~ 100 A) , one can expect the 

c l a s s i ca l image field concept to b reak down. At these dimensions, 

point exchange and cor re la t ion effects become dominant. Since this 

dis tance is of the o rder g rea te r than the b a r r i e r th icknesses of 

in te res t , it was decided to r e s t r i c t the models d iscussed in this 

repor t to the s implici ty shown in F igure 23. 

The mechan i sm of e lectron collection is indicated in F igure 24. 

The axial symmet ry about the nornaal to the surface b a r r i e r s 

d iscussed in this r epor t allows the separa t ion of coordinates of the 

genera l th ree dimensional Schroedinger equation. Since a s teady-

state situation is being considered, the re is no detailed analysis of 

the behavior of moving wave packets as a function of t ime. T h e r e -

fore,, the t ime independent Schroedinger equation is used. The 

genera l mathemat ica l s tatement of this equation in one dimension can 

be stated as follows: 
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h_ 
2m 

d 0(x) 
dx ^ + V(x) 0(x ) = E0(x) (8) 

where al l pert inent symbols a r e defined in the Glossary of Symbols. 

The e lect ron reflection coefficient is de termined by the ra t io of the 

probabil i ty density c u r r e n t s f rom and toward the surface . The values 

of these cu r r en t s a r e easi ly de te rmined in the free electron case , 

where solutions can be readi ly stated in the form of t ravel ing waves 
ilcx —ilex 

(e , e ) . Since we a r e in te res ted only in the physical situation 

of an e lect ron incident f rom the vacuum and its reflection or t r a n s -

miss ion from the surface b a r r i e r , we s t a r t with positive (f (x) ) and 

negative-going (f (x) ) t rave l ing waves in the vacuum and a posi t ive-

going wave in the subs t r a t e . 

The vacuum wave functions (f, (x) ) and (f (x)) asymptotical ly 

approach posit ive and negative t ravel ing waves as 

infinite. The combination C0 (x) + D0 (x) is the most genera l 

express ion for descr ibing the e lect ron wave in the surface b a r r i e r 

region. On the bas i s of the model depicted in F igure 23, the 

ref lect ion coefficient can be stated as 

B ^ 
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0 
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IV. ANALYTICAL RESULTS 

This sect ion documents the analyt ical solutions and 

computat ional r esu l t s for the potential configurations shown in 

F i g u r e 23. 

A. RECTANGULAR BARRIER 

The e lect ron reflect ivi ty for a f ree electron encountering a 

rec tangular b a r r i e r is the eas ies t to solve. The Schroedinger 

solutions inside the rec tangular b a r r i e r of Figure ' 23b a r e 

expressab le in t e r m s of t r igonomet r ic and hyperbolic functions. 

The e lec t ron reflection coefficient, R, for the rec tangular b a r r i e r 

model can be stated as follows: 

R = (R^ + R2) / (R3 + R4) , for 0 < E < 0^ 

^1 = ^E(E + u + 0g) + (0^ - E) 

>/E + M + ?^ -2̂= >K^ 

tanh 

VE 

/2m(0 - E) b 

S = 
^4 = 

J E ( E + M + 0 )̂ - (0, - E)l tanh V 

^0~rE lyE + u + 0̂  + ^ J 

^ 

2m(0, - E) b 

R = (Sj + S^ ) / (S3 + S^ ) , for E > 0^ 

^1 = \ /E (E + m- 0g) - (E - 0 )̂ tank 2m(E - 0 )b 

^2= <^ 

TT \ 

-\i. E(E + 

^ E + U f 0^ -^^ 

;;T7;] .(F - 0,)] tan [V^-^^^-v ^] 

= [v/^^] [ViTTTTTe + >^] 

lOa) 

10b) 

lOc) 

lOd) 

lOe) 

11a) 

l i b ) 

l i e ) 

l i d ) 

l i e ) 
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The f o r e g o i n g equa t ions a r e a m e n a b l e to e lec t ronix: c o m p u t a t i o n 

( s e e p r o g r a m , l i s t i n g in Append ix D) and a r e a n a l o g o u s to s i m i l a r 

p h e n o m e n a exh ib i t ed by th in f i l m s i n t e r f e r r i n g wi th i nc iden t l igh t . 

F o r e x a m p l e , t h e m i n i m a o c c u r at e l e c t r o n e n e r g i e s c o r r e s p o n d i n g 

to de B r o g l i e w a v e l e n g t h s ( \ = h / p ) wh ich a r e m u l t i p l e s of t w i c e t h e 

b a r r i e r t h i c k n e s s . Such s p e c t r a l s t r u c t u r e of e l e c t r o n r e f l e c t i v i t y 
(6) 

h a s b e e n e x p e r i m e n t a l l y o b s e r v e d . 

B . TRIANGULAR BARRIER 

F o r the ranap p o t e n t i a l b a r r i e r m o d e l , t he r e l a t i o n s h i p b e t w e e n 

e l e c t r o n r e f l e c t i v i t y and e n e r g y c a n b e ob ta ined by m e a n s of a s e r i e s 

s o l u t i o n of t h e S c h r o e d i n g e r equa t ion : 

R 

ik 

ik 

C30 

n^O 

00 

£0 

A b 
n 

n 
00 

Z), nA b 
n=l n 

n - 1 

A b 
n 

n 
06 

E , nA b 
n=l n 

n - 1 

(12a) 

J^mE^ _ j 2 m ( E + U + 0 ) 
- ' , » k - > e^ 

(12b) 

1, A — - i k , •" „ 
-2m (E - 0^) 

(12c) 

- 2 m 

""^^ Xi^ ( n + 1) (n + 2) 
( ^ - V \ - ^ T -..,] ( I2d) 
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Figure 25. Electron Reflectivity Spectra for Rectangular Ener gy 
B a r r i e r s (0 = 0. 5 eV) 
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For large values of barr ier thickness, b, the summations in 

Equation I2a converge very slowly. For such cases, as derived in 

Appendix B, the wave functions in the barr ier region can be expressed 

in terms of Airy functions or Bessel functions, for which more 

rapidly converging forms are known. The expression for reflectivity 

reflection spectra for families of triangular bar r ie rs are shown in 

Figure 26. The values for these curves were calculated from 

Equation l2a. 

C. RECTANGULAR BARRIER WITH IMAGE POTENTIAL 

2 
Incorporation of image potential V(x) = e effects on 

l67rC„x 
electron reflection involves solutions of 

the form 

2 2 2 
h d 0 e 
~~ —2 •*• 0 = E 0 (13) 
2m dx 16'TC X 

o 

Complete algebraic expressions .for the solutions to this 

equation beconae rather complicated. The correct solution must 

asymptotically approach traveling waves for xr*oo in order to be 
(7) 

physically meaningful. The MacCoU solution for electron 

reflection in the presence of an image field was analyzed in order to 

obtain an equation amenable to computer programmiing. Becuase of 

the complexity of Mac Coil's formulas, an analysis of the above 

equation was performed, resulting in simipler expressions involving 

confluent hypergeometric functions of the second kind. Comparison 

with MacColl's solutions showed that the two solutions, derived 

independently, a re identical. Employing the results of the detailed 
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analys is for the constituent functions given in the Appendix A, one 

can obtain the des i r ed reflectivity by the application of Equation 9. 

D. TRIANGULAR BARRIER WITH IMAGE POTENTIAL 

For the special ized ca se of a na r row t r iangular b a r r i e r and an 

image field one can der ive a s imple express ion for reflectivity based 

upon the ana lys is used to der ive Equation I2a. 

R = 

h, f^(-b) - h-fM-b) 
1 + ^ + 

h^ f_(-b) - h2f'(-b) 

2 

(14) 
2 

where confluent hypergeomet ics functions for posit ive and negative 

t ravel ing waves (see Appendix A ) . 

A - See Equation 12 

E. COMPARISONS AMONG REFLECTIVITY SPECTRA 

Because of the g rea te r ease of p rogramming and computing, a 

l a rge r var ie ty of reflect ivi ty curves were made for the cases involving 

no image potent ial . Reflectivity spec t r a for rec tangular potential 

b a r r i e r , in the absence of the image potential , a r e shown in 

F igure 25. The reflect ivi ty maxima and minima a r e analogous to 

s imi la r phenomena exhibited by thin films interfer ing with light. In 

fact, such e lec t ron reflectivity spec t r a have been exper imental ly 

observed for gold films deposited upon polcrysta l l ine i r id ium. 
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For the thinner b a r r i e r s , tunneling is quite substantial , and the low 

energy reflect ivi ty i nc r ea se s as the drop (0 + |a) f rom the free 

e lec t ron potential i n c r e a s e s . F o r thicker surface b a r r i e r s (grea ter 

than 5 A ) , a collect ion threshold is es tabl ished by the b a r r i e r height 

and the reflect ion coefficient is independent of (0 + u ) . 

An analogous set of curves for t r iangular surface b a r r i e r s is 

shown in F igu re 26. The most evident difference between the 

reflect ivi ty spec t ra of the rec tangular and t r iangular b a r r i e r s is the 

l a t t e r ' s lack of osci l la t ions . This is not too surpr i s ing in view of the 

less abrupt potential configuration of the t r iangular b a r r i e r . There 

a r e a number of s im i l a r i t i e s , however . Fo r thinner b a r r i e r s 

ref lect ivi ty i nc r ea se s with (0 + |a) ; for thicker b a r r i e r s the threshold 

for collection - although not so abrupt a s for the rec tangular b a r r i e r -

is s t i l l es tabl ished by b a r r i e r height. F o r a l l rec tangular and 

t r iangular b a r r i e r s studied in the absence of the image potential, the 

ze ro energy value of reflectivity is unity - total reflection. 

The effect of the addition of the image potential to the above 

surface b a r r i e r models should be cons idered f i rs t in t e r m s of the 

f o r m e r ' s re la t ive s t rength. The der ivat ions of reflection coefficents 

for rec tangula r and t r iangular surface b a r r i e r s super imposed with 

the image potential a r e given in Appendix C. As shown in F igure 27, 

the image potent ial is d ramat ica l ly s t ronger for dis tances of l ess than 
o 

1 A. MacCoU, for his b a r r i e r l e s s model, chose to abruptly t e rmina te 

the image potential at that point where it is equal to the predefined 
(7) 

bulk potent ial . The resu l t is a reduction of the ze ro -ene rgy 

reflection coefficient f rom unity to l ess than 0. 06. One must bear in 
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Figure 27. Image Potential : x < 0, Vacuum; x > 0, Metal 
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m.ind that this dramatic change results from the smoothing-out of 

the transition in electron potential brought about by the presence of 

the image potential. The introduction of a surface barr ier , of course, 

breaks up this transition. One must also consider the relative 

magnitudes between the kinetic and potential energies of the incident 

electron. For the barr ier less models if kinetic energy is comparable 

to or greater than the depth of the potential well, which represents the 

collecting material, there is practically no difference for electron 

reflectivity in the absence or presence of an image potential. 

The reflectivity spectra for the rectangular barr ier inodel 

with the image potential, shown in Figure 28, may be compared to 

the reflectivity spectra for the rectangular barr ier without the image 

potential given in Figure 25. The values of barr ier height and 

potential well depth were chosen on the basis of the 1. 6 eV collector 

work function which has been typically measured in the past and on 

the basis of value of conduction band minimum obtained by photo-

electron emission measurements on tungsten. In view of the 

foregoing discussion, it is not surprising that for sufficiently large 

barr ier widths the image potential has a negligible effect upon the 
e 

reflectivity spectrum. At a 1 A barr ier width, however, the image 

potential brings about a reduction of the zero energy value of 

reflectivity from unity to 0.41, For the mid-ranges of barr ier width, 

the image potential reduces electron reflectivity at low energies and 

increases it at higher energies. The physical reason for this behavior 

is not clear. 
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Figure 28. Electron Reflectivities for a Rectangular Barr ier with Image Potential 
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A similar comparison of the triangular surface barr ier 

models can be made by inspecting Figures 26 and 29. Again, for 
o 

barr ier thicknesses greater than about 5 A, the image potential 

has negligible effect upon reflectivity spectra. The effect of 

reducing the reflection coefficient for thin barr iers is more 

dramatic, however. The zero energy reflectivity for a 1 A thick 

triangular barr ier is reduced by the image potential from unity to 

0. 11. 

The above two models ignore the superposition of the barrier 

and image potentials. It seems highly unlikely that the image 

potential would be completely screened out in the surface barr ier . 

Figure 30 shows the effects of such a superposition. The basis for 

the parameter selection has already been mentioned. The barr ier 

depression results in a pronounced lowering of reflection coefficient. 

The sharp minimina in these curves have no analogues in the 

positive barr ier cases studied. It is interesting to note that the 

de Broglie wavelengths corresponding to the sharp reflectivity minima 

are of the order of the surface barr ier thickness. 
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V. DISCUSSION 

As indicated by theore t ica l calculat ions and demonstra ted by 

exper imenta l r e s u l t s , e lec t ron reflect ivi ty at t h e r m a l energies such 

as those encountered in a thermionic conver te r is of substant ial 

magnitude. Rectangular potential b a r r i e r s have a more pronounced 

effect upon e lec t ron ref lect ivi ty. 

The m o r e n a r r o w the surface b a r r i e r , the m o r e pronounced is 

the effect of the image potential . Fo r surface b a r r i e r s g rea te r than 
o 

10 A, the image potential has prac t ica l ly no effect. Tunneling 

through the surface b a r r i e r is apprec iable only for b a r r i e r s less 
o 

than 5 A thick (i. e . , about one mono laye r ) . If innaging effects inside 
o 

of a thicker (> 5 A ) b a r r i e r a r e ignored, the low work functions 
o 

(< 1. 3 eV) observed for sur face composi tes of 30 to 100 A thick 

must occur because the composi te itself is a low work function 

ma te r i a l . If it has i ts own surface b a r r i e r , the la t ter must be of the 

o rde r of a monolayer thick. 
The analyses he re in gave no considerat ion for e lectron spin-spin 

in teract ions which a r e apprec iable for an electron gas inside a metal . 

(9) Theorec t ica l calculat ions based upon je l l ium models and incorporat ing 

exchange and co r r e l a t i on potentials have been made for e lectron 

interact ion with a t e rmina t ion of the meta l . 

Although conver te r e lec t rode ma te r i a l s like tungsten and 

niolybdenum a r e not as je l l ium-l ike as the alkali meta l s , it is worth 

while considering s u r f a c e - b a r r i e r - o n - j e l l i u m calculations simply 

because they do provide a means of determining the effect of e lec t ron-

elect ron interact ions on e lect ron reflect ivi ty at the collector of a 
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thermionic converter. 

The surface barr ier is established by the net combination of 

positive and negative charge distributions which comprise the surface 

composite layer. The surface density formalism of Hohenberg and 

Kohn - a method for determining the minimum energy charge 

distribution is possible naeans of determing the net distribution 

(and, hence, the surface barrier potential). 
o 

Surface composites of the order of 30 to 100 A thick are three 

dimensional mater ials . Hence, considerations should be made for the 

effect of solid state transport phenomena, e. g. , phonon scattering, upon 

electron reflectivity. Plausible qualitative explanations of FERP 

spectra in terms of semiconductor/insulator-like phonon scattering 
(12) 

have been considered. Hence, this subject deserves further study. 
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APPENDIX A 

SOLUTIONS OF THE SCHROEDINGER 

EQUATION FOR AN IMAGE POTENTIAL 

The one-dimensional Schroedinger equation for an image poten-

t ia l in the region x < 0, with the m i r r o r plane at x = 0, can be stated as 

^ ^ ^ 3 6 ^ *'=" = =*"" '^" 

Travel ing wave- l ike solutions can be obtained by t ransforming to 

a form of Whi t taker ' s equation: 

4 = 1 irjx, r}= 2^y2mE/•h (A2a) 

y^=Ti(T, (T = N/2m eV32f i | i e ^/E (A2b) 

o 

2 

—f- + ( 7 - 7 ) ^ = 0 . Whi t taker ' s equation (A2c) 

dr ^̂  ' ^ 
= e"^/^U(l - X, 2, 4 ) , (̂  (€) = e ^ U(l - X, 2, 4 ) , (A2d) 

where U(l - X, 2, ^ ) is a confluent hypergeometr ic function of the 
(2) 

second kind. The t ravel ing wave- l ike na tu re of th is solution can be 

verif ied in t e r m s of the asymptot ic expansion for U(l — X , 2, ^ ) as 

I 4 j approaches indinity. 

<f>(V - 7 ^ « ^ " ^ / ^ = (+ i n x ) ^ ' ^ e + ^'^^/^ (A3) 
§ - * 00 

T / 2 ±ikx , r^—=-,, 
= e ' e , k = ^y2m.E/h 

F o r 4 = —iiix and X = -i<y the solution for l a rge negative va lues of x 

behaves as a de Brogl ie wave, with wave number k, t ravel ing in the 
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pos i t i ve d irec t ion toward the minor plane at x = 0. F o r | = i x and 

X= 10- w e have the c o m p l e m e n t a r y re f l ec ted w a v e . A s in the c a s e for 

t rave l ing plane w a v e s , the i m a g e potential ana logues a r e c o m p l e x 

conjugates of each other . 

(4) 
By m e a n s of r e c u r r e n c e re la t ionsh ips , ^(^ ) and i ts f irs t deriva-

t i v e , both n e c e s s a r y for computing the re f l ec t ion coef f ic ient , caui be 

t rans formed into f o r m s m o r e readi ly p r o g r a m m a b l e : 

(̂ (4) = e ^/^[XU(1 - X , 1, 4) +U(-X. 1, 4)] 

0'(4) = (e'^'^Vz) [XU(1 - X, 1, 4) _ U(-X, 1, 4)] 

(A4a) 

(A4b) 

U ( - X , I. i)= ^ 
T(- X) 

M(-X, 1, 4) In 4 + 

00 {-^)X 

J2 hr ' ^(•-^)+S(^) (A4c) 
r=0 ( r : ) ^ 

U(l - X . 1, 0 = (1 _x!ir( ,X) ^<^ - ^ ' ^' ^ ) i " « + 
(A4d) 

*" ( l - X ) , ^ " " 

f ^ 2 
(r!) 

U(-\) + S ( ) + 1 \ 

(a) (a) z ^ 

M(a, b, z ) = l + f + - ^ + . . . ^ + . - . (A4e) 
n 

(a) = a ( l + a ) (2 + a ) . . • (r - 1 + a ) , (a ) . H 1 (A4f) 
r u 

1^ 

(A4g) 

A - 2 
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Because U(—X, 1, ^) and U(l — X, 1, ^) a r e both common to the 

numera to r and denominator of the express ion for reflection coefficient, 

the gamma function r(—X) factors out and this can be ignored. Sum-

mation formulas and asymptotic expansions for M(—X , 1, ^) and 

M(l — X, 1, 4), the confluent hypergeometr ic functions of the f i rs t 

kind, and 4'(—X) the diganxma function, a r e readi ly avai lable . 

Equations w e r e verif ied by thei r duplication of MacCol l ' s r esu l t s by 

using the b a r r i e r - f r e e model as a l imit ing c a s e . 
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(2) Ibid. p . 504. 
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APPENDIX B 

B. 1 GENERALIZED SOLUTION OF THE SCHROEDINGER EQUATION 
FOR A RAMP POTENTIAL 

The Schroedinger equation inside of a triangular surface barrier 

(V = Hx + <4, ) can be stated as^ 
b 

2 2 
± . d_<iM + (Hx + <f,^) <̂  (x) = E0 (x) (Bl) 

dx 

2/3 2 ^/^ 
By substituting for z = - H " ' " ^ [E - <̂ ^ - Hx]. (B2) 

one obtains the equation 

(B3) 

whose solutions can be stated in terms of Airy and modified 
(2) 

Bes se l functions 

<̂  = CAl(z(x)) + DBi(z(x)) (B4) 

A-i ^ 1 /—FT /2 3 / 2 , ., ,2 3 / 2 , , 
Ax(z) = 3 v/^ [l_^/3(3 z / ) - 11/3(3 == M ] 

= / N N r i - / 3 ) K j / 3 ( | z ^ / ^ 

A i . ( z ) = i z [ l ^ / 3 ( f z 3 / ^ - I _ ^ / 3 ( | z V ^ ] 

= . . - \ z / ^ ) K 3 / 3 ( f z 2 / ^ 

Bi(z) = {^/3) [ I_i /3(f z ^ / ^ + I i / 3 ( | z^/^)] (B5c) 

w-* 

dz^ 

6^ 

— Z0 

[ E -

= 0 

-<^b-
-Hx] , 

(B5a) 

(B5b) 
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Bi'(z) = (Z/NTT) [l_2/3 (f z ^ ^ ^ + l2 /3( f z^ /^ ) ] (B5d) 

(3 4) 
F o r l a rge values of z(x) asymptot ic expansions * a r e readi ly avai l -
able , both for the functions and thei r f i r s t de r iva t ives . 

REFERENCES 

(1) M. Abramiowitz and S. Stegren, Handbook of Mathematical 
Functions,(Dover Publicat ions, I nc . , New York, 1965), p. 446. 

(2) Ibid . , p. 447. 

(3) Ibid . , pp. 448 and 449. 

(4) Ibid . , pp. 377 and 378. 
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APPENDIX C 

ELECTRON REFLECTION FROM A SURFACE 
BARRIER IN THE PRESENCE OF AN IMAGE POTENTIAL 

By incorporat ing the rec tangular b a r r i e r and image potential 

solutions into the general ized fornnula for reflect ion coefficient 

(Equation 9 ) , ref lect ivi ty express ions a r e der ived as shown in 

F igure C I . 

The express ion for reflect ivi ty coefficient for an e lect ron 

travel ing through an imaging field toward a t r iangular b a r r i e r can be 

derived in a s imi l a r fashion by applying the r a m p potential solutions 

in place of those for a rec tangular b a r r i e r (see F igure C2). 

The r a m p slope H is de termined by matching the r amp to the 

image potential at thei r point of in tersec t ion . 
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tanh (3N/0^ - Eb) - f u * + ^ U * ) -N/? -̂:rEtanh(8N/?^^rEb)+ s/ETTir+ir f 

E > ^ ' R = 

ia r T la r ^ + * . +1^ T 

("l -•i;7f^U2' ["̂ ^ - ^ b * " ^̂ '̂ ^̂  - *b ^' +v/E + ^^ + n J - W r ( U j + ; j J ^ U 2 ) [ ( l - ^_^ tan (3s/E - f^ b)J 

|- *^<"? - 4JI"?' [' - V ^ V - T * ^ " (^^/l^^b) ] - (u* + ^ u | ) [N/F^^tan o»/F-r7^b) + VE-HT^TTVI I 

Figure C. 1 Reflectivity Coefficient Expressions for Rectangular Barrier 
in the Presence of an Image Potential 
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'-<7"" 1̂1 1. 

X=b !X=0 
v///////////> ^ 

. . . . .MOUl^^ ip - ,^^ '^ ' '(^4) 

g = u, - ^ u,. g' = i p J F u + -i^^— 

z ; z(x = 0) 
o 

-0 . 64014 (E - 0b> 

/3.5999 + ^ b V / ' 

^, , -0 .64014 

r3.5999 

E - 2 , 
3. 5999 

f= [B'i(z^) z ' - iBi(z^) p yE+ 0̂  + ul Al(Zĵ ) + TlAit^) p JE + 0̂  + u -A'i(%) zJBi (z^) 

f'= [BI'(z^) z>-iBi(z^) pJE+ 0̂  + uJA'i (ẑ )̂ z> +[iAi(z^) p J E + 0̂  + u - A-if̂ )̂ » ' j B'i (ẑ ) 

R= j g f - g' f| ^ / l (g ' )* f - g * d ^ 

Figure C. 2 Ref lect iv i ty Coeff ic ient E x p r e s s i o n for a Triangular B a r r i e r In 
the P r e s e n c e of an Image Potent ia l 



aS Thermo 
W/C Electron 
C O R P O R A T I O N 

A P P E N D I X D 

L i s t i n g of C o m p u t e r P r o g r a m s 

D - l . B A S I C P r o g r a m f o r R e c t a n g u l a r B a r r i e r R e f l e c t i v i t y i n 

A b s e n c e of I m a g e P o t e n t i a l * 

10 REMARK '^rjOGRAM TO COMMUTE REFLECTION COEFFICIENT 
20 P R I N T "VSLL DEPTH V " ; 
2 5 INPUT V 

30 P R I N T "BARRIER HEIGHT VB"J 
3 5 INPUT VI 
40 P R I N T "BARRIER VIDTH B " ; 
4 5 INPUT B 
50 ORINT 
60 P R I N T 
70 PRINT "ENERGY E"., " R E F L E C T I O N " 
80 PRINT 
90 DEF F N A ( X ) = ( E X P ( X ) - E X P ( - y ) ) / ( S X P ( X ) + E X P ( - X > > 
100 DEF F N 3 < X ) = S I N < X ) / C 0 S ( X ) 
110 LET E=V 
120 LET E = E + . I 
130 LET K 1 = ^ Q R ( E - V > 
M 0 LET K2 = S': iRCABS<V+Wl-E) ) 
150 LET K 3 = S Q R ( E ) 
160 I F E>=<V+V1) GO TO 2 3 0 
170 LET R 1 = < K 1 * K 3 + K 2 * K 2 ) * F N A ( . 5 1 2 3 1 * K 2 * B ) 
180 LET R 2 = K 2 * ( K 1 - K 3 > 
190 LET R 3 = < K 1 * K 3 - K 2 * K 2 ) * F N A ( . 5 1 2 3 1 * K 2 * 3 ) 
2 0 0 LET R 4 = K 2 * ( K 1 + K 3 ) 
2 1 0 LET R = < R 1 * R 1 + R 2 * R 2 ) / < R 3 * R 3 + R 4 * R 4 ) 
2 2 0 P R I N T S^R 
2 2 5 GOTO 120 
2 3 0 LET S l = K 2 * C K l - K 3 ) 
2 4 0 LET S 2 = ( K 2 * K 2 - K 1 * K 3 ) * F N B < . 5 1 2 3 1 * K 2 * 3 ) 
2 5 0 LET S 3 = K 2 * ( K 1 + K 3 ) 
2 6 0 LET S 4 = ( K 2 * K 2 + K 1 * K 3 ) * F N B ( . 5 1 2 3 1 * K 2 * 3 > 
2 7 0 LET S = < S 1 * S 1 + S 2 * S 2 ) / ( S 3 * S 3 + S 4 * S 4 ) 
2 8 0 PRINT E^S 
2 9 0 I F S < = 1 0 . GO TO 120 
3 0 0 END 

READY 

F o r E in this p r o g r a m subst i tute the t e r m E + p + |i a s difined 
in the text of this report . F o r we l l depth W substi tute p + | j . 

D- l 



^S Thermo 
f/iz Electron 
C O R P O R A T I O N 

D-2. FORTRAN Program for Triangular Barrier Reflectivity in 
the Absence of Image Potential* 

0 0 0 1 INTEGER W. WE, I , L 

0 0 0 2 REAL C. B. E, G. H, h L, ^ R 

0003 COMPLEX AO, Al, A2, AN, SI, S...i, API, AP2, Z 
0004 C- 26,2A66A 

0005 iO FORMAT (/•'MIX, W I'VX, WE SX, £ / ) 
0006 PRINT 20, W, WE, E 
0007 iO FORMAT (2113,013 6//) 
0008 PRINT 30 
0009 30 FORMAT < E R /) 
0010 W=l 
0011 WE-'*? 
0012 E-=5 
0013 E=W 
0014 70 E=^E+ 1 
0015 G"i:^^(E-W~WE) 
0016 H=C^WB/B 
0017 F L-SORT(i:^E) 
001S i R~-SORT (i: •> (E-W) ) 
0019 PRINT '10, G, H, f L, h R 
0020 40 FORMAT( G, H, r L, KR-- ,4G13 6) 
0 0 2 1 A O ~ I : M P L X ( I , O ) 

0022 Al-^^CMPLX t O, -1 ) -s-̂  L*AO 
0023 A2---Ĝ tA'I»/2 
0024 S1 --AO+A1 •*B+A2̂ B-H"«-2 
0 0 2 5 S2--A1+2 •i»-A2-i!-B 
0026 PRINT 50, 31,S2 
0027 50 FORMAT ( Si, 32=- ,'1013 6) 
0028 L"2 
002'=> SO L--L+1 
0030 AN---^G•*>•Hl+H•^>•AO) / •. L.-a-(L-l) ) 
0031 A0-=A1 
0032 A1-~HN 

0033 APJ=-r;N-*B-̂ '?L 
0034 AP2 L*HN->B-A-4(L-i) 
0035 PRINT 60, A F 1 , H P 2 

0036 60 FORMAT K AFi,AF2-- ,4L-.iJ 6) 
0 0 3 7 S l ^ S l + A P J 
0 0 3 8 S-'---S2+AP7' 
OOS':' PRINT 5 0 , hi , S2 
0 0 4 0 I F ( L LT 2 i ^ GO TO SO 

0 0 4 1 Z - (Ci'lF LX ( 0 , j ) •*!• R•̂ S 1 •i-S2 ) / Ml i'lPLX < 0 , 1 ) «i R*S 1 - S 2 ) 

0 0 4 2 R--Z-!-CONJG<.Z^ 
0 0 ^ 3 PRINT 65 I, R 

0044 65 FORMAT ^ Z, R- , 3013 6) 

0045 PRINT -'0, E, R 
0046 '-H:) F O R M A T (2F20 iO; 
0047 IF (E LT iO 0) GO TO 7u 
0048 100 CONTINUE 
0 0 4 •=> END 

* For E in this program substitute the term E + p + y as defined in 

the text of this report for well depth W substitute y^ + y. 
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^S Thermo 
^ C Electron 

D-3. FORTRAN Programs for Calculations Involving the Image 
Potential 

For PHIE in these programs subsitute |i + jj as defined in the 
text of this report. 

a) Confluent Hypergeometric Function 

b) Main Program for Company Reflection Coefficient for 
Rectangular of Triangular Barr iers in the Presence of 
the Image Potential 

c) Airy Function of a Computer Argument 

d) Comma Functions of Complex Argument and DrGamma 

e) Subroutine for Computing Airy Function of a Complex 
Argument 

D - 3 



^s Thermo 
f/Js Electron 

F i g u r e D - 3 a . Confluent Hypergeometr i c Funct ion 

I COPY UF ON ME 

GU DPOijT I ME i j IR a IB < r < 11.. r r •; a i r ' i ' i 
c or ir iot 1 BL oc K ? C MEC h - C H E C I- i •. c H E C ^ .=• - c HEC ^ u • 
COMMOri BL0C^ '1 ULIM 
COMPLE'; r R , F B - F C i F T 

C OMPL E"; IJ >. R1 r - ' • 1" , 1 V1GRMMR•> C O r F , P'E I n RR< BB i C C 
L OG IC RL MOPE •. C HEC ^ - C HEC f 1 - C HEC ^ c' - C HEC ̂  U 
DRTR COr^ll ' l . E - ? 
DR TR P • •. ?77.E' 15b t .49015 E'c'9 

1000 FOPMRT f 14 •> ^ G11".. 9 - 4'-', i .I'G 1 6 . 9 1 

•E'OOO FOPf 1RT I 11.14 G11.. 9 i 
B •= F L O R T i r i B i 
RR - R 

C = 1 . 
IFfCRBSiTi .GT. ULIMi GO TO 300 
MF'; = 1 
FR =- pc, I I RR I 

I F iC HEC I- 1.11 OUTPUT FR 
FC r- _ p 

FB =• FC 
[i-"iMB . C O . .?i r ? =r r c -I- 1. 
FT " CLOG 1r1 
M r- r r -̂  FR - FC - r p 

J. > 

DO 100 I = 11100000 
•• - ';•« i R + I - 1 . 1*7 1 i H B + I - 1 . i-*I 1 
FR ~ F R + i , R R ; F B =• FBH-l . B^FC " F C - H . C 

H R =-- R R + 1 . 5 B - B + l . ^ C - C + 1 , 
',' =• ",•« I FT + FR - FC ~ FB l 
11 r. 11 + •,• 

I F ' CHEC^ U . RMB. I , GT. 1994 , PP jr-IT 1 0 0 0 , I , ' M i, ',' 

I F I C RB'E. 1 "i' J . L T . C OH' • i GO TO .E'OO 

100 COMTIr^LlE 

OUTPUT ' FUriCTIOM U HI ' iEPGE' ' 

OUTPUT I , ' |M U FR, FB •= FC . FT •>", 
500 I I - I I * I I - 1 . I*«.f^9, i - rnnMRiR- r - iB+ i . , r IF ' , ' i 

I F ! C HEC ̂  U 1 OUTPUT I.. ' .M i , r R , FB ^ FC •. FT 

I F r-IB . E O . 1 I PETUPri 

11 = H -̂  7 GRMMR R a F ' , ' 1 

PETUPM 

;;00 I ' " i . O ! ' i ' - 1 . 

•:' B = 1 . •+ RR-P 

UO - 0 0 I =• I •> .?000 

• ' r- -•,••« Ri=i«Br I i * r i 

RR -- R R + 1 . 
DB =• B B - H . 
I I =• I I - •,• 

IFI C HEC ̂  U . RMB. I . GT. x 9'''4 i PP 11 IT .I'OO01 I ̂  N 'i' 
1 r I C RBS 1 'r 1 . L T. C OM" ' GO "0 500 
iricRBSiFr-^','- .LT. cor̂ ll. GO TO ':;oo 

400 COMTIMUE 
OU TPU"^ I •>' I • • i' - RR •. BB 1 " ' - C R BS i T i - UL IM 

fiOO ' ' =• ' '*• I 7 * ^ ~R ' ' 

RR " 7 - * * ' - H I 
IFfCHECKU) PRINT 2'̂ î"ifi.IjU.HP 
MFX = Z) NPV = 0 

RETURN 

END D-4 
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Electron 

C O B P O H A T I O N 

Figure D-3b. Main Program for Company Reflection Coefficient 
for Rectangular Triangular Barr ie rs in the Presence 
of the Image Potential 

I COPY 7RIF ON m 
COMMON /BLOCKl/flLPHfl> PHlBi PHIE> Bt H, PIO^ L 
COMMOH .••••BL.OCKa.-CHECKJ CHECK 1 ? CHECKS:j CHECI-::U 
COMMON .•••BL.0CK3.--C IU 
COMMO^^ .••••'EiL.0CK4.--UL IM 
COMPLEX U? Ul J U£j F';< j S;:< j CF'y',j CS:=-=:5 F, FP j FS, FJP j R 
COMPLEX R1J flS J CI J C£•. Z5 YV J Z Z 
LOG ICRL riORE ? CHECK j CHECK 1 J C H E C K £ J C H E C K U 

riRTR RL.PHR j SIGMR J U IU n CIU !• UL IM.-- .51173749 J . 93131749 J 3.0 j £3. j 24. / 
TiRTR MORE^ CHECK? CHEC^:: 1 n CHECKSs CHECKU.-T, F, F, F, F.--
MRMELIST 
ir-|PUT 
F::ERIi 1000 !• ES !• EN!' BE 
RERB 1000 ? PHIBS J PHIBN n BPHIB 
RERB 1000 J PHIES J PHIEN J BPHIE 
RERB 1000 J XBS n ::::BN , BXB 

10 PRINT 4000 
BO 100 PHIB = P H I B S J P H I B N . - B P H I B 
BO 100 PHIE = PHIE.S!PHIEN!.BPHIE 
BO 100 XB = ::::BS!.:^BN5BXB 
XBM = -XB 
BO 100 E == E S J E N J B E 

CRLL F i F3 s F3P ? :KBM J NF3 ? NF4 i 
IF(CHECK j OUTPUT F3,F3P 
SI = SIGMR-.-SORTiEJ 
RL = RLPHR»:SQRTI:E.J 

BETR = 3.»;RL 

RI = cMPLXio. J SI:; 
R3 - 1. + Rl 
CI = CMPL.:Ki:0.!. - B E T R ^ X B M ) 

C£ = CMPL'<i0. jRL) 
CRLL. U i H1 > 1, C15 U1!. NF1, NF!5) 
O'ML. U (R3 s 1! C1J U3 J NFS ? rF6 '!• 
IF (CHECK) OUTPUT R11. C1 ? U1 J U 3 
FX = Ui - R1»;U3 
S'-; -• CS^Ul - H L ^ S I * : U 3 

CFv ~ CON.JG(F::::J 

CSX = C0N.jG(s:-;) 
IF (CHECK 3 OUTPUT fX ? SX s C:F::< -^ CSX 

R = F3PSF:::: - F3»:S::< 

Z == FSSCSI^S - FSP:*;I::F:::: 
IF (CHECK) OUTPUT Rr.Z 
R = R/Z 

R2 =r REflL(R«CONJGCB)J 

PRINT 2000; E> PHIB»PHIE, XBM; Hj REjNFl, NF5j NP2, NF6; NP.?;NF̂ 4-

D-5 
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Thermo 
Bectron 

C O R P O R A T I O N 

100 CONTlNLt 
IFC.NOT. MORE) STOP 
INPUT (10J 
GO TO 10 

1000 FOPMRT(1OF) 
2000 FOPMRTCIX,3F8.3JF8.2?2G12.4,2X,611) 
3000 FOPMRT(1X» 4G18.10) 
4000 F0PMRT(/T7-'E',T13,'PHIB'»T21J'PHIE',T30,'XB'rT39, 'H'? 

RT51!. 'R' 5 T60J ' CHECK' > 
9000 STOP 

EtTO 

I OFF 

CPU = .1138 COr̂ =̂  00:10:00 INT = 9 CHG = 0 
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R e Electron 

Figure D-3c . Ai ry Funct ion of a Computer Argument 

IDELETE MftE 
. . 1 F a e s DELETED^ J7 GRONUUES 

I COPY luf? ON ne 
FUNCTION ig(W,2,NF) 

RERL lU 

COMMON BL OC ̂  3 C HEC ̂  • CHEC ̂  1 - C HEC ̂  3 - CHEC^ 'U 
COMMON BLOC^ 3 CI" 
COMPI.E': "I-GRMMRiGR 
L OG IC RL C HEC I- - C HEC ̂  1 •> C HEC ̂  3 - C HEC^ U 
BRTR PI3 6.333185308 
BRTR P11P15 3.14159365 3539 -1.570796336795'^ 
BRTR CONH l.E-13 

1000 FOPMRTI 151G16. 1' I 
IF'CMFCI 11 OUTPUT "• I'lR' 

.S IFiRBSin .GT. CI" GO TO .300 
NF = 1 
MI = ll-rl. 
CR = r.RMMR ii:,rFV* 
•: = r=*r J . 
iF'z".LT. 0.0! •• = -••: 

DO 100 I =•1'3000 
S = S«5</(I«CU+^IJ) 

V « V -I- s 
IFCflBSCSJ .LT. CONW GO TO 150 

ioo cor IT I HUE 
OUTPUT ' I BI'iEPGE' 
OUTPUT I'S-'iMIiR 

150 I" = 'iRDSiZ' 3, !**iii •*•'.' PERLiGRi 
RETURN 

300 IFiZ .L"̂ . 0.0' GO TO 400 

rF = 3 
U = 4 . -v"-! i*i I 
» • .! " . - „ . • e • •! " . - 1 ' »1 

•- . . . •> :• - - i r ~ 1 . 1 :• ' - I f 

BO .350 I = I i lOOO 
Rf \ - U- ! 3-<-1 - 1 I **-3 I - I I * 3 . ^Z! 
•:. = -•:.•̂ ••Rr̂ ; s^ = st *-Rr-i 
•,• = •• + s ; VI- =̂  ','t •+ SI-
IF I R B S ' S I . L T . CON" GO TO 300 

350 CONTINUE 
OUTPUT - I BI"ERGE' 
OUTPUT I iSi ' i ' iRr-l 

300 I " - • E' ;P I r 1 SORT 1 P13-* 7 I I *V 
IF iCHECI- l i OUTPUT ' I ' l V t - I " 
I F eg .GT. O.f l i RETURN 
YK = yK«tes«RT(PI5/'2)«EXPC-2J 
10 - lU + YK^SINCU^PIJ/PIS 
IF(CHECKl) OUTPUT VK,IU 
RETURM 
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^ Thermo 
^ C Electron 
C O R P O n A T l O N 

"1 

F i g u r e D-3d. Comman Funct ions of Complex Argument and 
DtGamima 

DOUBLE PRECISION A(26> 
COMPLEX )(, ^Z, X3/ M, YJ Z , GRMHR 

[||"4"̂ R Fl : . , . 57 ra 1566^ s o 15 3391 - . 65507307153035 33 - - . 042002€3503409S2^ 
. 1 i£ 135 33611 3 3 3 3 9 1 5 - - . 04319 77 3-' 55554-4 3 •« - . 009631971537C77 •. 
. 007.31S94 3341.66 3 - - . 00111:.51675913591 - - . 00031534 1674 11 -19 J 

C , '3001.3305033.3 3383 •< - . 301 3^ 35-'' 7307B- ' i ' - . 1 .ST'O^ 9 34&31B-51 
D . 1 1 3 30373 33B-5 •> - . 3056 3 38417B-61 . 6116095B~81 .50O30O75B- 3 •< 
E - . J. 3 i 3746B-9 , . 104 3437B-- ? •< . 7783 3 B - 1 1 - - . 36963B-11 - . 51B-13 j 
F ~. .:'36B-1 3- - . 5-4B-1-4 - . 1-^B- H - . 1 D-15 

IFCCflBSCV) .GT. 2.a GO TO 200 
NFY » I 
Y = C0.»a.)J Z - Ct,»0O 
DO 100 1 » 1>26 
Z - z*x 
Y « Y H- RC1)*Z 

100 CONTINUE 
cnnriR = i . v 
RE"̂ URN 

2 0 0 Y - CEXP! -• ;! •*• I' ;•«••* I • , - . 51 I •* 13 .50663337 J 6 31 i 

— ' ' , - • * ' ' 

;q =.- ••:;«• • 

3 - 1 . -̂  1„ il3.-*".i + 1 . i338.-^ ' ;3! - 159. ' 51S-0 . -V.3! -
M "-371. . 3-^ 88330 . *'--;4 > 

GnriNR = •,'->7 
MPY a 2 
RSTIMN 
END 
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Thermo 
Electron 

CORPORATION 

FUNCTION PSI(Z3 
COMMON /BL0CK2/CHECK» CHECKl/ CHECKS* CWECW 
LOG I CRL. CHECK, CHECK 1 ? CHECK3 ? CHECKU 
BI MENS I ON ETRi:43:i 
COMPLEX YjPSIiZ^2NiX:iSUHiSUM2 

336?1.303056903159594?1.033333333711138 
061934449?1.008349377381933 

BRTR ETR.-'O.Os 1.64493406C848 
R?1.036937755143369?1.017343 
B? 1. 004077356197944? 1. OOSOOO.i.i-̂ -ccc.o'-nc.c? i .K?io\o-z>':>'^zicziic:.c>:^n 
C? 1.000494138604119? 1.000346036553308? 1.00013371:33:47573 
B?1.000061348135058?1.000030588336307?1.000015383359408 
B?1.000007637197637 
E?1.000003817393364?1.000001908313716?1.000000953963033 
r?1.000000476933986?1.000000338450503?1.OOOOOOl19319935 
G?1.000000059603139?1.000000039803503?1.000000014901554 
H>1.000000007450711?1.000000003735334?1.000000001363659 
I?1.000000000931337?1.000000000465663?1.000000000333831 
.J? 1 . 0000000001 16415? 1 . 000000000058307? 1 . 000000000039103 
K?1.000000000014551?1.000000000007375?1.000000000003637 
L?1.000000000001818?1.000000000000909?1.000000000000454 
M? 1 . 000000000000337.-•• 
BRTR R ? CONU.--. 57731566490153 ? 1. E-15.--
SUN = (0.?0.:i;zN = i:i.?0.:i; S I G N = i. 
BO 10 I = 1?41 
K = I 
ZN « ZM#z 
X * B"raCI+l3«ZN 
S U M = SUN + X^SIQW 
SIGN = -SIGN 
lEfCRBSCXj .GT. 1.E9) K = I? GO TO 30 

10 CONTINUE 
20 V = i-l'i'^'^K^i.ZJ^'^iK+l'i'} 

IF C CHECKU j OUTRUT K ? SUN ? X ? Y 
SUM3 = (0.? 0.j 
BO 30 1 = 1 ? 1 0 0 0 
X = i..--i (I»^»!I:K+I) i»!(i+z:i) 
SUNS = SUN3 + X 
lECCRBSCX) J_.T. iSONU) GO TO 40 

30 CONTINUE 
40 SUMS - SUMS^^Y 

RSI == -R-1..'-Z+SUM+SUM3 
IE iCHECKU 3 OUTRUT SUNS ?I? RSI? X 
RBTUJ?N 
END 
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^s Thermo 
KiE Bectron 

Figure D-3e. Subroutine for Computing Airy Function of a Complex 
Argument 

ICCDPY FR ON WE 
SUBROUTINE F nP2, F2P, XBM> NF3i NP4) 
C ONr 101 -I 3L oc i- I RL F'HR - PH I B •• F 'HIE - E - H« B : M , i_ 
CONNON DLOCl-3 CHECI- -CHECF 1 - CHECI-3-CHECHJ 
I. OG IC RL riORE - C HEC ̂  - C HEC ̂  : - C HEC ̂  3 - C HEC ̂  U 
c oriRi. c ' ; r s - F S R - F , I i- - B T - c i - c 3 
PERL I " - I " l - I " 3 - I"3-. I 'M 
BRTR CI3HI' l . E - 7 
riF3 - M? r!F4 = 05 " B = 'IBri 
',' -- RLPHR^SOPT.E-^RHIEi ? 7 " O.U 
G -- C --RHIB 
H =• i : . i - : "B - P H : E ' T J " I!- " CNPL" 0.-*, ' i 
IF ' I - I J _ - . n „ U ' H -- - H? '-r =• - ' l i:; 
R l - rii.F''HR-fr-*r'-*-H'--''«-i 1 . 3 . . 
70 - --Ol-'^G H 
7B -̂  R l - * ; ; B - G H . 

70R - RBS'70 i ; 7BR - RBS•7B' 
!• : = 1 . :!. ? " ' IN = - I I I 

'113 = c . ' i i i ; ii:.?ri --r -HIS 
ETRO ~ I ' 1.3-* s TOR-*'-̂  1 . 5 i 
ETRB •=• i i I . 3 * i 7BR* - ^1 .5 ' 
I F ' 7 0 J_T. O.Oi ryRO " -C""RO 
i r < 7 r . L T . 0. '3t CTRB - -P-^RD 
IF ' L HEC i- 1 OUT RUT 30 - 73 • E~Rri - ETRB 
I F . RBS I 7 0 ! . L T . B i l l - RR ^ FR i R I . V I , RIR, B IR -70 : ? rF-S^-^ ? GO TO : 
I F i T O . L r . - l O . !RR =- FB iRI -B I?RIR-BIP?70R-ETRO! ; rF3=5;C iO TO 5C 
p i t - I M i H I M - r T R G - r F i 
II13 - I I I - I I I -ETRO-NFi 
T113 =r : i i 'HT , : . , | rTP | | - | , fF ! 
I I M ::r 111 • 1113M-ET RO - l"F' 
r F 3 =-- f F 
: F I Cl-FCF 1 1 OUTPUT 11 • 1 - I ' I3, 1113, 11 u ,ETRO 
IF I 30 . L T . 0 . 0 ' GO TO ."'0 
RI -r 111 -p-E.OPT I 70R I -̂  1 111: - II13 ! 
B I - S0RT'70R 3. ' * i l i i l •+ IUSI 
GO " 0 ••̂ 3 

,-•1.3 RT - I tl-^SORT I rOR * ! l ' i i ^ I'13'I 
B I ^ • :nrT!70R 3. i-^'UHi - I ' lS ' 

40 RIP s -zofl#'ay4 - rv3V3. 
BIP s ZOft̂ ClWA- ••• 1^33/SORTC3.D 
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