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We study electron tunneling through a planar magnetic and electric barrier on the surface of a three-

dimensional topological insulator. For the double barrier structures, we find �i� a directional-dependent tunnel-

ing which is sensitive to the magnetic field configuration and the electric gate voltage, �ii� a spin rotation

controlled by the magnetic field and the gate voltage, �iii� many Fabry-Pérot resonances in the transmission

determined by the distance between the two barriers, and �iv� the electrostatic potential can enhance the

difference in the transmission between the two magnetization configurations, and consequently lead to a giant

magnetoresistance. Points �i�, �iii�, and �iv� are alike with that in graphene stemming from the same linear-

dispersion relations.

DOI: 10.1103/PhysRevB.82.115211 PACS number�s�: 72.25.Dc, 73.20.At, 73.23.Ad, 75.47.De

I. INTRODUCTION

The topological insulator, a recent discovery of a new

quantum state of matter, has attracted a growing interest due

to its great scientific importance.1–7 In a topological insula-

tor, spin-orbit coupling reverse the conduction and valence

bands and opens a gap in the bulk. Surprisingly, the helical

surface states appear in the bulk gap in the absence of mag-

netic fields, and are topologically protected by time-reversal

symmetry,6–9 and are distinct from conventional surface

states, which are fragile and depend sensitively on the details

of the surface geometry and bonding. Topological insulators

are interesting from the viewpoint of fundamental physics as

well as potential applications in electronic devices.

The surface states in Bi-based alloys, Bi1−xSbx, Bi2Se3,

and Bi2Te3, were studied theoretically9,10 and experimentally

by using angle-resolved photoemission spectroscopy.11–14

The surface states of the three-dimensional �3D� topological

insulators �TIs� exhibit Dirac cone-shaped conduction and

valence bands that meet at the � point. Note that this Hamil-

tonian appears to be similar as the one for graphene,16,15 but

topological insulators have an odd number of massless Dirac

cones on the surface, ensured by the Z2 topological invariant

of the bulk, while graphene has twofold massless Dirac

cones at the K and K� valleys. Another essential difference is

the status of the electron spin. In the surface Hamiltonian of

the 3D TI, � acts on the real spin of the charge carriers while

for graphene it stands for the pseudospin, i.e., the A and B

sublattices of graphene. Hence, topological insulators are ex-

pected to show some spin-relevant properties due to the spin-

momentum locking, which is a consequence of their spin-

dependent electron structure.6–8,17,18 These spin-dependent

properties are absent in single-layer graphene.19–24

In this work, we study electron tunneling through two

types of magnetic and electric double barriers where we con-

sidered square-shaped and delta-function-shaped magnetic

fields. The square-shaped magnetic fields can be created by

depositing a superconducting plate interrupted by two strips

above the 3D TI in the presence of a magnetic field with

magnetization perpendicular to the surface, neglecting the

shrinking effect at the edges. Note that the magnetic field is

restricted by the superconductor critical magnetic field Hc1.

However, from recent experiments, one can find that some

materials can sustain superconductivity at very high mag-

netic field, for instance, Nb3Sn of which the Hc1 could be up

to 5.7 T.25 The delta-function-shaped magnetic field is a sim-

plified model for the magnetic field profile created by depos-

iting two ferromagnetic metallic strips on the surface of a 3D

TI with the magnetization parallel to the surface. The ferro-

magnetic strips are electrically isolated from the topological

insulator through, e.g., a thin oxide layer. We investigate

theoretically the transmission and conductance for parallel

and antiparallel magnetic field configurations. We find that

the transmission of electrons through the double barrier

structures depends sensitively on the incident angle, the

Fermi energy, the magnetic fields, and the electric gate volt-

ages. The tunneling processes exhibit momentum and spin

filtering behavior caused by the inhomogeneous magnetic

field and the spin-momentum locking determined by the

Hamiltonian of the 3D TI surface state. The tunneling mag-

netoresistance in such systems can be tuned significantly by

changing the magnetic field and the height of the electric

potential.

The paper is organized as follows. In Sec. II we present

the theory of electron tunneling through magnetic and elec-

tric double barrier structures. In Sec. III, we show the nu-

merical results and present our discussions. Finally, we give

a brief conclusion in Sec. IV.

II. THEORY

We consider a double magnetic barrier with square-

shaped or delta-function-shaped magnetic field on the sur-

face of a 3D TI, as shown in Fig. 1. Such magnetic field

profiles approximate those realized by depositing a patterned

superconducting plate above the 3D TI in the presence of a

perpendicular magnetic field or by depositing two ferromag-

netic metal strips with the magnetization parallel to the sur-

face on top of a 3D TI. Thus, we can create magnetic poten-

tials underneath the superconducting plate or the

ferromagnetic strips.26,27 In all cases, the created relevant

magnetic fields are directed perpendicular to the surface of
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the 3D TI. The low-energy electrons near the � point of the

Dirac cones can be well described by the effective

Hamiltonian,6–8,28

H = vF� · �� � ẑ� + V + HZ, �1�

where vF is the Fermi velocity, �i�i=x ,y ,z� are the Pauli

matrices denoting the real spin of the electrons, V is the gate

voltage applied on the magnetic metal strips, and the last

term HZ�g�B� ·B is induced by Zeeman spin spitting. Note

that for g=23 in Bi2Se3, the Zeeman term affect the trans-

mission slightly at low magnetic field. The momentum is

�=p+eA, where the vector potential A= �0,Ay ,0� is gener-

ated by the magnetic metal strips.

For simplicity, we introduce dimensionless units: lB

= �� /eB0�1/2, B�x�→B0B�x�, Ay�x�→B0lBAy�x�, E→E0E, r

→ lBr, k→k / lB, so that the Hamiltonian becomes

H = � V + g�BB ky + Ay + ikx

ky + Ay − ikx V − g�BB
� . �2�

In the presence of an inhomogeneous magnetic field, the

components of the wave vector satisfy the relationship kx
2

+ �ky +Ay�2= �E−V�2− �g�BB�2. Note that the translational in-

variance along the y direction gives rise to conservation of

the momentum ky along the interface.

In this work we consider two extreme cases for the mag-

netic field profile: �1� square-shaped magnetic barrier and �2�
delta-function magnetic barrier profiles. First we consider

electron transmission through a double constant-field mag-

netic barrier, i.e., V=0 and Bz�x�=B����x−d�−��x�� /2

+����x−2d−L�−��x−d−L�� /2	, which are schematically

shown in Figs. 1�a� and 1�b�, where �= �1 represents the

magnetization configuration corresponding to the parallel

and/or antiparallel configurations. In the free region I �see

Fig. 1�a��, the vector potential Ay is a constant, the corre-

sponding energy is E�= �vF	, and the wave function is,


I =
1


2�
1

− ikx + �ky + Ay�
EF − V

�eikxx +
r


2�
1

ikx + �ky + Ay�
EF − V

�e−ikxx.

�3�

In the barrier region II, the vector potential is given by A

= �0,Bx ,0� and the wave function can be expressed in terms

of the parabolic cylinder functions D�,


II = 
�

c�� D�/2−1��
2�x + ky��

�
2

�
D�/2��
2�x + ky��� �4�

with the complex coefficients c� and ���EF−V�2

− �g�BB�2. In regions III, IV, and V, the corresponding wave

functions can be obtained by repeating a similar procedure.

The scattering-matrix technique is used to calculate the

transmission probability.29

In order to understand the effect of the magnetic field

configurations on the electron tunneling, we also considered

a double magnetic barrier with delta-function-shaped mag-

netic fields at the edges of the barriers as shown in Figs. 1�c�
and 1�d�. The magnetic field is perpendicular to the surface

and is given by Bz�x�=B���x�−�x−d�� /2+���x−d−L�
−�x−2d−L�� /2	. Note that the vector potential is a constant

in the barrier regions, in contrast to the linear function in the

barrier for magnetic barriers with constant field. The electron

wave function in the different regions is similar to that of the

square-shaped magnetic barriers obtained above �see Eqs. �3�
and �4��.

The ballistic conductance at finite temperature is calcu-

lated from the Landauer-Büttiker formalism,30

G�EF� = G0�
−�

� �
−kF

kF

T�EF,ky�FT�E − EF�dEdky , �5�

where G0�
e2Ly

	h
is taken as the conductance unit, Ly is the

sample size along the y direction which is much larger than L

and d, FT�E−EF�=−df�E� /dE is the thermal broadening

function, and f�E� is the Fermi-Dirac distribution function.

III. RESULTS AND DISCUSSIONS

First we consider the tunneling process through a double

square-shaped magnetic barrier with parallel configuration.

The transmission probabilities are shown in Figs. 2�a� and

2�b� for a magnetic barrier �B=1� with the width d=1 and

the distances between the two barriers L=3d and 9d, respec-

tively. We find that the transmission becomes asymmetric

with respect to the in-plane momentum ky along the interface

since the magnetic field leads to a momentum-filtering fea-

ture. When the vector potential Ay exceeds a critical value,

the outgoing state becomes an evanescent wave decaying

FIG. 1. �Color online� �e� Schematic illustration of the consid-

ered double barrier structure created by two ferromagnetic metallic

strips on the surface of a 3D TI. The red vertical/blue horizontal

arrows denote the magnetization directions of the strips that gener-

ate a double square-shaped/delta-function-shaped magnetic barrier.

�a� Parallel configuration for the square-shaped barriers. �b� The

same as in �a� but for antiparallel configuration. �c� Parallel con-

figuration for the delta-function-shaped barriers. �d� The same as in

�c� but for the antiparallel configuration.
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spatially along the propagating direction �see Fig. 2�a��. It is

interesting to notice that tunneling is forbidden for a certain

incident angle � and incident energy EF, i.e., a wave-vector

filtering behavior is found. The boundary of the total reflec-

tion region �T=0� can be approximately given by the rela-

tionship ky +Bd+Bd=EF. The inhomogeneous magnetic field

results in an asymmetric behavior of the transmission as a

function of the incident angle. In the tunneling-forbidden re-

gion, the transmitted electrons are in the evanescent modes

which decay exponentially along the propagating direction.

The total reflection can be understood by the semiclassical

picture: the electron will move on a cyclotron orbit in the

barrier region. If the cyclotron orbit radius Rc�d, the inci-

dent electron will exit the barrier region backward

eventually.31 Note that this cyclotron motion will suppress

the transmission regardless of the incidence angle �. Inter-

estingly, the transmission decreases and even vanishes as the

magnetic field increases. This behavior implies that the Dirac

fermions can be confined by the inhomogeneous magnetic

field while electrons can transmit perfectly through the elec-

tric barrier because of Klein tunneling. The transmission for

larger distance L between the two barriers �see Fig. 2�b��
exhibits more significant oscillation compared to that of the

small L case �see Fig. 2�a�� for the same incident angle. This

is caused by the Fabry-Pérot resonant modes formed be-

tween the two barriers due to the multiple reflections be-

tween the two interfaces. In Fig. 2�c�, we show the Fabry-

Pérot resonances for different distances at a fixed incident

angle �=−	 /4. For a single barrier structure �i.e., L=0�,
there is no oscillating behavior, because no quasibound states

exist between the two barriers. If L�0, Fabry-Pérot modes

appear and become more significant as the distance L in-

creases.

Next we discuss the transmission through double square-

shaped magnetic barriers with antiparallel configuration. The

transmission �see Figs. 3�a� and 3�b�� becomes very different

from that of the parallel configuration. The parallel and an-

tiparallel configurations strongly affect the perfect transmis-

sion region, and therefore provides us with a possible way to

control the transmission by simply reversing the magnetiza-

tion configuration of the ferromagnetic strips. The vector po-

tential is depicted in Fig. 1�b�. As the vector potentials are

the same on each side of the double barrier, i.e., the antipar-

allel configuration, the outgoing wave is always in the propa-

gating modes. Electrons can tunnel through the double bar-

rier structure with the antiparallel configuration even when

the electron wave vector kx is imaginary, i.e., evanescent

modes, in the middle region between the two barriers. There-

fore, electrons can more easily tunnel through the double

barriers in case of an antiparallel configuration than that for

the parallel configuration. The boundary of the tunneling-

forbidden region can be approximately given by the relation-

ship ky +Bd=EF. Figure 3�c� shows the transmission as a

function of the incident energy at different distances between

two barriers. Notice that there are more pronounced resonant

peaks caused by the Fabry-Pérot modes formed between the

two barriers with increasing distance L and larger peak-to-

valley ratio than that for the parallel configuration case.

Note that the regions of the transmission gaps are com-

pletely different between the two magnetization configura-

tions. This is because the total reflection for the parallel con-

figuration stems from the evanescent modes in the outgoing

region �the region V� while that for the antiparallel configu-

FIG. 2. �Color online� �a� The contour plot of the transmission

probability through a parallel square-shaped magnetic double bar-

rier as a function of the incident angle and incident energy, for a

fixed barrier width d=1, distance L=3, and magnetic field B=1.

The magnetic unit B0=1 T, the energy unit is E0=16 meV, and the

length unit is lB=26 nm. �b� The same as panel �a� but for the

distance L=9. �c� The transmission as a function of the incident

energy EF for a fixed incident angle �=−	 /4 for different dis-

tances between the two magnetic barriers.

FIG. 3. �Color online� The same as Fig. 2 but for the antiparallel

configuration.
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ration is determined by the evanescent modes in the middle
region �the region III�.

It is interesting to see the effect of the electrostatic poten-
tial on the perfect transmission and total reflection. In Fig. 4,
we plot the transmission probability as a function of the in-

cident angle � and incident energy EF in case of a nonzero

electrostatic potential V3=2.5 applied in region III. The

transmission is heavily suppressed in an energy interval

around the electrostatic potential for the two magnetization

configurations. According to the relationship kx
2+ �ky +Ay�2

= �E−V�2, the wave vector kx tends to be imaginary with a

larger absolute magnitude as the incident energy becomes

closer to the electrostatic potential. Therefore, the evanescent

modes decay more rapidly in the middle region and lead to

the suppression of transmission �see Figs. 2�b�, 3�b�, and 4�.
In particular, at low incident energy, the transmission behav-

iors are significantly different for the two magnetization con-

figurations. When the electrostatic potential V3 is large

enough, the evanescent modes in region III are turned into

the transmission modes. We find that there are many trans-

mission peaks at the low-energy regime induced by the elec-

trostatic potential for antiparallel configuration �see Fig.

4�b�� since the low-energy transmission-forbidden region

arises from the evanescent modes in the middle region. Such

behavior offers us a possible way to construct an electric

switching device. Notice that the low-energy transmission

gap is almost not modified, e.g., the boundary of the low-

energy tunneling-forbidden region, when the same electro-

static potential is applied �see Fig. 4�a��. This is because the

total reflection is caused by the evanescent modes in the

outgoing region �region V� that are almost unaffected by the

electrostatic potential in region III. Thus, the electrostatic

potential can enhance the difference in the transmission be-

tween the two magnetization configurations.

Interestingly, we can manipulate spin transport on the sur-

face of a 3D topological insulator by controlling the electron

orbital motion since � ·k is a conserved quantity, i.e., there is

spin-momentum locking.17 Figures 5�a� and 5�b� show the

spin orientation as function of the incident angles and ener-

gies for a double square-shaped magnetic barrier with paral-
lel configuration for different electrostatic potentials V3=0
and 3, respectively. From the spin orientation one can see
that the transmitted electron spin no longer points along the
same direction of the incident electron spin, but is rotated
over an angle, which is determined by the incident angle, the
electron energy and the vector potential Ay. Note that Ay in
the region V is determined by the magnetic barrier height
and width, so changing the size of the barrier and/or the
magnetic field can tune the spin and direction of motion of
the transmitted electrons. The electrostatic potential can
strongly reduce the transmission probability for an incident
energy that is close to the value of the electrostatic potential
V3. This feature provides us with a new way to realize direc-
tional filtering of electrons. Electrons with certain incident
angles and incident energies can be transmitted to region V
with a rotated spin orientation �see Fig. 5�b��. The numerical
results for the double square-shaped magnetic barrier with

antiparallel configuration are shown in Figs. 5�c� and 5�d�.
We find that the transmitted electron spin are polarized along

the same direction as the incident electron spin, indicating

that the double magnetic barrier with antiparallel configura-

tion is unable to rotate the electron spin, the reason being

that the first and second magnetic barriers bend the trajectory

of the electron in opposite direction, therefore the outgoing

electron will propagate in the same direction as the incident

electron, and the transmitted electron spin is unchanged due

to the spin-momentum locking. In the presence of an elec-

trostatic potential, the total reflection regions are signifi-

cantly reshaped as shown in Fig. 5�d�. Note that for the an-

tiparallel configuration, the low-energy electrons can

transmit through the double barrier with a rotated spin orien-

tation, while for the parallel configuration, the low-energy

transmission gap is almost unchanged when such an electro-

static potential is applied. The spin orientation of the re-

flected electron, with reversed longitudinal wave vector and

conserved transverse wave vector, is always rotated due to

the spin-momentum locking.

Next we will consider tunneling through the delta-

function-shaped magnetic barriers both for parallel and anti-

parallel configurations. For parallel configuration as sketched

in Fig. 1�c�, the transmission spectra display strong aniso-

tropic behavior with respect to the incident angle �see Fig.

6�a��. In the barrier region, the y-component momentum is

equal to ky +Ay, so electrons with positive incident angles,

i.e., ky �0, are more likely to transmit through evanescent

modes, corresponding to the condition ky +Ay �EF, in the

barriers. The transmission exhibits obvious Fabry-Pérot reso-

nant behavior which is very different from that for the

square-shaped magnetic barrier case, where tunneling is to-

tally forbidden for large positive incident angles or low inci-

dent energies �see Figs. 2 and 3�. As the barrier length d

increases, the evanescent modes in the barriers reduce the

transmission probability more significantly, and thus the

resonant peaks in the region with large positive incident

angles and low incident energies will disappear as shown in

Fig. 6�b�. In this case we find a similar boundary as outlined

above. When we reverse the magnetization direction of the

second ferromagnetic strip, the magnetization configuration

is easily switched to the antiparallel configuration as shown

FIG. 4. �Color online� �a� The same as Fig. 2�b�, i.e., the parallel

configuration but in the presence of a potential barrier V3=2.5. �b�
The same as Fig. 3�b�, i.e., the antiparallel configuration but now

with V3=2.5.
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in Fig. 1�d�. For this configuration, the vector potential Ay�x�
is antisymmetric about the center of the whole structure. The

Hamiltonian possesses a symmetry associated with the op-

eration T̂R̂x�̂y, where T̂ is the time-reversal operator, R̂x is the

reflection operator about the center between the two barriers,

and �̂y is one of the Pauli matrices. This symmetry implies

the invariance of the transmission with respect to the replace-

ment ky→−ky. Our numerical results demonstrate this sym-

metric feature �see Fig. 7�. We also found that the Fabry-

Pérot resonances become more pronounced as the distance

between the two barriers increases.

Next we discuss the transmission through a combined

electric and delta-function-shaped magnetic double barrier.

The electrostatic potentials are applied in the same region as
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FIG. 5. �Color online� The spin orientations of

the incident �black arrows�, transmitted �red ar-

rows�, and the reflected �green arrows� electrons

as a function of the incident angle and energy, for

a fixed barrier width d=1, distance L=9, and

magnetic field B=1. For the parallel configura-

tion, �a� V3=0, �b� V3=2.5, and for the antiparal-

lel configuration, �c� V3=0, �d� V3=2.5.

FIG. 6. �Color online� �a� The contour plot of the transmission

through a parallel delta-function-shaped magnetic double barrier as

a function of the incident angle and energy, for the barrier width

d=1, the distance L=9, and the magnetic field B=1. �b� The same

as panel �a� but with the barrier width d=9.

FIG. 7. �Color online� The same as Fig. 6 but for the antiparallel

configuration. The barrier width d=1 and the distances are: �a� L

=3 and �b� L=9, respectively.
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the magnetic double barrier. In the barrier region, the longi-

tudinal wave vector is given by kx

=
�EF−V�2− �EF · sin �+Ay�2 with Ay �V in dimensionless

units. The vector potentials are the same in the two barriers

for parallel configuration. We notice that for certain incident

angle �=arcsin�−Ay /V�, the longitudinal wave vector kx

=
1− �Ay /V�2 · �EF−V�, is always a real number. Electrons

can always transmit via propagating states in the barrier re-

gion around this incident angle regardless of the incident

energy. Our numerical results agree with this analytical deri-

vation �see Fig. 8�a��. But for antiparallel alignment, there is

no such angle-selected transmission channel, since the vector

potentials are opposite in the two barriers �see Fig. 8�b��.

Interestingly, one can see that the transmission decreases as
the incident energy increases. This is because evanescent

modes appear when the incident energy approaches the

height of the electric barrier �V2=V4=3�, which suppresses

the transmission in such incident energy interval.

Finally, we focus on the conductance G and the magne-

toresistance MR= �GP−GAP� /GAP, where the subscript P

�AP� denotes parallel �antiparallel� configuration. In Fig. 9,

the conductance GP, GAP and magnetoresistance ratio MR

are plotted as a function of the Fermi energy for different

heights of the electric and magnetic barriers. For a square-

shaped double barrier, the conductance for both parallel and

antiparallel configurations exhibit slightly oscillating behav-

iors and the magnetoresistance ratio MR is small over the

calculated energy region as shown in Figs. 9�a� and 9�b�.
This feature is caused by the structure in the transmission

discussed above. The zero conductance at low Fermi energy

corresponds to the transmission gap shown in Figs. 2 and 3.

For a delta-function-shaped double barrier, the conductances

exhibit significant oscillations for both parallel and antipar-

allel configurations �see the blue dashed curves in Figs.

9�c�–9�f��. Note that the position of the conductance peaks

and valleys are distinct for the two magnetic configurations.

This feature comes from the difference in transmission be-

tween the parallel and antiparallel configurations in the dif-

ferent energy regions. The magnetoresistance shows many

peaks which are found for the Fermi energies corresponding

to the peaks �valleys� of GP �GAP� �see red solid curves in

Figs. 9�c�–9�f��. We also find that a strong magnetic field can

effectively increase the magnetoresistance MR. Since a large

magnetic field results in large imaginary wave vectors for the

evanescent modes in the barrier region and strongly suppress

the transmission probability. Therefore, the conductance GAP

FIG. 8. �Color online� �a� The same as Fig. 6�a�, i.e., the parallel

configuration but for V2=V4=3. �b� The same as Fig. 7�b�, i.e., the

antiparallel configuration but for V2=V4=3.

FIG. 9. �Color online� �a� The tunneling con-

ductance GP, GAP �the blue dashed curves� and

magnetoresistance ratio MR �the red solid curve�
as a function of the incident energy EF in the

presence of a double square-shaped magnetic/

electric barrier, for d=1, L=9, B=1, and V=0.

Here, we set V1=V3=V5=0 and V2=V4=V. �b�
The same as panel �a� but for B=2. ��c�–�h�� The

dependence on the incident energy EF of the con-

ductance and MR in the presence of a double

delta-function-shaped barrier, for d=1, L=3, �c�
B=1, V=0; �d� B=1, V=2; �e� B=2, V=0; �f�
B=2, V=2; �g� and �h� the same as the panels �e�
and �f� but for a finite temperature T=77 K. The

magnetic unit B0=0.5 T, the energy unit is E0

=11 meV, and the length unit is lB=36 nm.
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at the valleys are close to zero and thus significantly increase

MR. A giant magnetoresistance MR�200 can be achieved

under such configuration. The electrostatic potential for the

same magnetic barrier can shift the transmission gaps, en-

hance the difference of the transmission between parallel and

antiparallel configurations, and thus can be used to adjust the

MR efficiently. Finally, we estimate the effect of temperature

on the conductance of the delta-function-shaped double mag-

netic barrier that shows a huge magnetoresistance MR at

zero temperature. Our numerical results show that thermal

fluctuations broaden the conductance peaks, making the

magnetoresistance MR drop about one order of magnitude at

T=77 K �see Figs. 9�g� and 9�h��.

IV. CONCLUSION

In summary, we investigated theoretically the quantum

tunneling processes through two types of double magnetic/

electric barriers on the surface of a three-dimensional topo-

logical insulator. For both square- and delta-function-shaped

magnetic barriers, the transmission shows �i� a directional-

dependent tunneling depending sensitively on the magnetic

field configurations and the electric gate voltage, �ii� a spin

rotation locked with electron momentum, �iii� many Fabry-

Pérot resonances in the transmission determined by the dis-

tance between the two barriers, and �iv� the electrostatic po-

tential can enhance the difference of the transmission

between the two magnetization configurations, and conse-

quently lead to a giant magnetoresistance, which provides us

with a new way to construct a topological insulator-based

wave-vector filter and magnetoresistance device.
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