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The electrostatic ion waves are studied for non-Maxwellian or Lorentzian distributed unmagnetized
pair-ion plasmas. The Vlasov equation is solved and damping rates are calculated for electrostatic
waves in Lorentzian pair-ion plasmas. The damping rates of the electrostatic ion waves are studied
for the equal and different ion temperatures of pair-ion species. It is found that the Landau damping
rate of the ion plasma wave is increased in Lorentzian plasmas in comparison with Maxwellian
pair-ion plasmas. The numerical results are also presented for illustration by taking into account the
parameters reported in fullerene pair-ion plasma experiments. © 2010 American Institute of
Physics. �doi:10.1063/1.3520060�

During this decade, theoretical study of pair-ion �PI�
plasma has gained attraction due to stable production of
fullerene ion plasmas in the laboratory experiments.1–3 The
dynamics of symmetric or PI plasma is different from the
usual electron-ion plasma in which both fast and slow time
scales occur due to difference in masses of ions and elec-
trons. The collective behavior of fullerene PI plasmas has
also been studied and three types of electrostatic waves, i.e.,
ion acoustic wave �IAW�, intermediate frequency wave
�IFW�, and ion plasma wave �IPW� have been observed in
the direction parallel to the magnetic field. The observed
frequency ranges for IAW, IFW, and IPW are � /2�
�12 kHz, 12�� /2��20 kHz, and � /2��20 kHz, re-
spectively, and the ion cyclotron frequency is �c /2�
=4.3 kHz at B=0.2 T. A lot of theoretical research work has
already been published on linear and nonlinear electrostatic
waves in PI plasmas. Mostly two fluid plasma theory is used
to study the dynamics of PI plasmas.4–14 In PI plasmas, IPW
and IAW can be derived from linear theory of two fluid
plasma dynamics provided the temperature difference be-
tween the same mass ion species exist. In the experiments, it
has been reported that a difference in temperature exists be-
tween two fullerene ion species which occurs due to different
charging processes, i.e., the electron impact ionization and
attachment for the production of both positive and negative
of fullerene ions in PI plasmas.2 The third mode IFW cannot
be obtained from linear theory using two fluid model in ho-
mogeneous PI plasmas2,7 and its theoretical understanding is
still not clear. The surface ion waves in PI plasmas has been
studied by Hasegawa and Shukla.4 Schamel and Luque15 in-
vestigated electrostatic waves in PI plasmas with the inclu-
sion of trapped ions in the potential troughs in their model.
Recently, the arbitrary amplitude solitary waves in PI plasma
have been study by Dubinov et al.8 They studied that elec-
trostatic solitary waves are formed only when there exist a
small difference of temperatures between PI species. The low
amplitude solitons and shocks have been studied in PI
plasma using reductive perturbation method.10–12 It has been
reported the nonlinear compressive and rarefactive electro-

static structures are formed only when a little difference of
temperature occurs between the PI species. Recently, a crite-
rion for pure PI has been studied for its production in labo-
ratory experiments.16

The electrostatic modes parallel to magnetic field in PI
plasmas have been studied by Vranjes and Poedts17 for same
temperature PI species. They studied the resonant damping
of longitudinal electrostatic waves in PI plasma using the
kinetic model for Maxwellian distributed PI plasmas. How-
ever, it has been mentioned by the authors that the choice of
Maxwellian plasmas in their study is not a good assumption
because ions collected from the exciter hole may not have
completely followed the Maxwellian distribution in PI
�fullerene� plasma experiment.2 The non-Maxwellian veloc-
ity distributed plasmas have been observed in space and as-
trophysical plasma situations. The observed particles are
found to have distribution of quasi-Maxwellian up to mean
thermal velocities with non-Maxwellian suprathermal tails at
high velocities and energies.18 The nonthermal plasmas are
found to exist in the magnetospheres of the Earth and in
planets and also in the solar wind.19–21 In general, the ob-
served non-Maxwellian plasma distributed particles are well
fitted with the generalized Lorentzian or kappa distribution,
which contains both thermal as well as suprathermal parts of
the observed velocity spectra. The kappa distributions have
been used by a number of authors to study the damping rates
of the electrostatic and electromagnetic waves in plasmas.
Therefore, it will be interesting to study longitudinal waves
in PI plasma with kappa distribution function, so that the PI
species are assumed to be nonthermal in the laboratory ex-
periment. The kappa distribution function approaches to
Maxwellian when the spectral index kappa approaches to
infinity. Recently, the damping rate for Langmuir, dust ion
acoustic, and dust acoustic waves are studied in generalized
Lorentzian multicomponent plasmas.22,23

In this brief communication, we study the electrostatic
longitudinal waves in the presence of non-Maxwellian dis-
tributed �generalized Lorentzian or kappa distribution� pure
PI plasma containing positive and negative fullerene �C60
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ions. The Vlasov equation for the � species is given by

� f�

�t
+ v · �f� + a · �vf� = 0, �1�

where a=q��E+v�B� /m� and �=+,− for the positive and
negative ions, respectively. Let us suppose that we have no
macroscopic field E0=0 and B0=0 and the PI plasma is as-
sumed to be unmagnetized or assuming the plasma dynamics
parallel to the magnetic field. The perturbed linear distribu-
tion function is obtained as follows:

f�1 = −
q�

im�

E1·�vf�0

�� − kv��
. �2�

The value of the plasma current can be calculated from the
expression J�=��q�n�v� which is used in order to calculate
the conductivity tensor. The conductivity tensor helps to cal-
culate the dielectric function for above given plasma, where
macroscopic density and velocity, i.e., n� and v� for � spe-
cies, are defined as n�=�����f�d3v and v�

= ����vf�d3v� /n�, respectively. Using the expressions of n�,
v�, and f� in the plasma current density defined in the linear
limit, i.e., Jr1=	rsEs1, where 	rs is the conductivity tensor
defined in plasmas and summation is over the repeated in-
dex, the conductivity tensor is given by

	rs = − �
�

q�
2

im�
	 	 	 v��vf�0

�� − kv��
d3v . �3�

Now choosing the three dimensional non-Maxwellian distri-
bution function such as kappa or generalized Lorentzian dis-
tribution for PI species, which is given by19,20

f�0 =
1

�3/2
��
2 
��

��� + 1�
�3/2��� − 1/2�
1 +

v�
2

�
��
2 +

v�
2

�
��
2 �−�−1

, �4�

where � is the spectral index of Lorentzian distribution hav-
ing values �3 /2 and � is represented for Gamma function.
The Lorentzian thermal speed is related to the particle tem-
perature �in the energy units� by the relation 
��,��

2 = �2�
−3 /��vT��,��

2 and thermal speeds of the ion species are de-
fined as vT��,��

=�T��,�� /m�. The spectral index � is a mea-
sure of the slope of the energy spectrum of the suprathermal
particles in the tail of the velocity distribution function.18

The smaller the value of � the more suprathermal particles
are in the distribution function tail and harder the energy
spectrum. The kappa distribution approaches the Maxwellian
as �→. After using the kappa distribution function de-
scribed above in Eq. �3� the conductivity tensor is obtained
as follows:

	rs = −
i

�3/2
1

4�
�
�

�p�
2


��
2 
��

3

��� + 1�
�3/2 ��� − 1/2�

�� + 1�
�

�	 	 	 vrvs

�� − kv��

1 +

v�
2

�
��
2 +

v�
2

�
��
2 �−�−2

d3v , �5�

where �p�=�4�n0�q�
2 /m� is the plasma frequency of the �

species and the r ,s in the subscript denote the coordinate
axes of the given coordinate system. Now evaluating the

integral in Eq. �5� and using the expressions given as fol-
lows:

	
−



v�
2
1 +

v�
2

�
��
2 �−�−1

dv� =
��

2

��

3 �3/2 ��� − 1/2�
��� + 1�

and

	
−



v�
4
1 +

v�
2

�
��
2 �−�−1

dv� =
3��

4

��

5 �5/2 ��� − 3/2�
��� + 1�

.

The dielectric function in the parallel direction is given by

��� = 1 + �
�

�p�
2

2k2
��
2 
1 + Z �

k
��
�� , �6�

where dielectric tensor �rs= �̂+ i 4�	rs /� has been defined

and �̂ is the unitary tensor. The dispersion function in non-
Maxwellian plasmas is defined as

Z �

k
��
� =

1
�2�

 �

k
��
�	

−

 v�
2

�� − kv��

1 +

v�
2

�
��
2 �−�−1

dv� .

The above defined dispersion function can be expanded in
the limits described as follows, i.e., for �� / �k
�����1,

Z �

k
��
� = − i�� �

k
��
� ��� + 1�

�3/2 ��� − 1/2�
1 +
�2

�k2
��
2 �−�−1

,

and for �� / �k
�����1, we have

Z �

k
��
� = 1 +  k
��

�
�2

+
3�

2�3� − 2�
 k
��

�
�4

+ ¯

− i�� �

k
��
� ��� + 1�

�3/2 ��� − 1/2�
1 +
�2

�k2
��
2 �−�−1

.

There is no wave propagation in the limit �� / �k
�����1, and
the high frequency longitudinal waves can exist only in the
limit �� / �k
�����1.

Therefore, the longitudinal waves in the limit
�� / �k
�����1 in nonthermal PI plasmas can be obtained
through the dielectric function described in Eq. �6� in the
parallel direction as follows:

��� = 1 − �
�

�p�
2

2�2
1 +
3�

2�3� − 2�
k2
��

2

�2 �
+ i��

�p�
2


��
3

�

k3

��� + 1�
�3/2 ��� − 1/2�
1 +

�2

�k2
��
2 �−�−1

= 0. �7�

The angular frequency is described as �=�r� i� for the
slowly growing and decreasing mode with the assumption
that the imaginary part of the dispersion relation is much
smaller than the real part, i.e., ��r�� ���. The dispersion rela-
tion of the ion plasma wave for a kappa distributed �or
Lorentzian� PI plasma can be obtained from Eq. �7� de-
scribed as follows:

�r
2 =

1

2
��p+

2 + �p−
2 � +

3�

�2� − 3�
k2

��p+
2 + �p−

2 �
vTeff

2 , �8�

where effective thermal speed of the species is defined as
vTeff

=�p+
�+�1+�p−
2 
�−

2 /�p+
2 
�+

2 �1/2.
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The damping rate � of the ion longitudinal mode in PI
plasma is obtained by using the definition �=−�i / ���r /��r�,
which is given by

� = −��

8

��� + 1�
�� − 3/2�3/2 ��� − 1/2�

��p+
2 + �p−

2 �
k3

� 
 1

�p+�D+
3 1 +

�2

�k2
�+
2 �−�−1

+
1

�p−�D−
3 1 +

�2

�k2
�−
2 �−�−1� . �9�

From above equation, the damping rate of the ion longitudi-
nal wave in Lorentzian unmagnetized PI plasmas can be cal-
culated with variation of spectral index � and fixed tempera-
ture ratio of the PI species where Debye lengths of the PI
species �D�=�T� /4�n0�q�

2 have been defined.
By using the value of real frequency in the damping

factor given in Eq. �8�, the equation takes the form

� = −��

8

��� + 1�
�� − 3/2�3/2 ��� − 1/2�
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2 �
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3
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2 
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2
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2 �
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+
1

�p−�D−
3 �1 +

1

�2� − 3�k2�D−
2

+
3

�2� − 3�
�−
2 �p+

2 
�+
2 + �p−

2 
�−
2

��p+
2 + �p−

2 �
��−�−1� . �10�

For pure pair-ion plasma, we have mass and number density
of both the species are equal �i.e., mp=mn=m and n0+=n0−

=n�, so we have �p+
2 =�p−

2 .
Therefore, when PI species have the same temperature

T+=T− and the Debye lengths of both the species are the
same, i.e., ��D+=�D−�. Then normalized damping rate of the
ion plasma wave is obtained from Eq. �10� described as fol-
lows:

�

�p+
= −��

8

��� + 1�
�� − 3/2�3/2 ��� − 1/2�

2

k3�D+

3

�
1 +
1

�2� − 3�k2�D+
2 +

6

�2� − 3��−�−1

. �11�

For the case, when PI species have different temperature
T+�T−, so the Debye lengths of both the species are not
equal ��D+��D−�. The normalized damping rate of the lon-
gitudinal waves in PI plasma obtained from Eq. �10� is given
by

�

�p+
= −��

8

��� + 1�
�� − 3/2�3/2 ��� − 1/2�

1

k3�D+

3

� 
�1 +
1

�2� − 3�k2�D+
2 +

3

�2� − 3�
1 +

T−

T+
��−�−1

+ T+

T−
��1 + T+

T−
� 1

�2� − 3�k2�D−
2

+ T+

T−
� 3

�2� − 3�
1 +

T−

T+
��−�−1� . �12�

We have plotted normalized damping rates of electrostatic
ion waves for Lorentzian PI plasmas described in Eqs. �11�
and �12�. The typical parameters of ion temperatures and
densities reported in PI plasmas experiment, i.e., T+=T−

=0.3–0.5 eV and n0+=n0−=2�108 cm−3,3 have been used
for numerical analysis. The normalized damping rates are
plotted against normalized wave number for different values
of spectral index � of the generalized Lorentzian distribution
function as shown in Fig. 1. It is found that damping rate of
the electrostatic ion waves is increased for small values of �
at fixed temperature ratio of positive to negative ions in PI
plasmas. The physical explanation is that at small values of
�, there are more energetic ions in comparison of large �

FIG. 1. �Color online� Normalized damping rates are plotted for electro-
static ion waves in PI plasmas for different spectral indices �=3 �blue dotted
curve�, 5 �red dot-dashed curve�, 10 �green dashed curve�, and 15 �black
solid curve� are shown at fixed ion temperature ratios T+ /T−=1.

FIG. 2. �Color online� Normalized damping rates vs normalized wave num-
bers are shown for the case T+�T− at fixed value of �=3. The damping
curves correspond to T+ /T−=1 �blue dotted curve�, 0.9 �red dot-dashed
curve�, 0.8 �green dashed curve�, and 0.6 �black solid curve�, respectively.
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value �i.e., Maxwellian distribution function� of the spectrum
and the number of particles taking energy from the waves are
increased and therefore the damping rate of the ion thermal
wave is increased in Lorentzian PI plasmas in comparison
with Maxwellian plasmas. In Fig. 2, the normalized damping
rates are plotted in the limit T+�T− for the fixed low value
of spectral index, i.e., �=3. It can be seen from the figure
that as the temperature ratio of the pair ions T+ /T− is de-
creased, the damping rate of the electrostatic ion wave is
decreased in comparison with the case of equal temperature
of the ion species. Figure 3 shows that damping rate of the
electrostatic ion wave is increased for the case T+�T− with
the increase in the temperature ratio of the PI species in
comparison with the temperature of same ion species in PI
plasmas. The damping rates for Maxwellian PI plasma �i.e.,
for large � values� at different ion temperatures T+�T− and
T+�T− and also for same temperature of the ion species are
shown in Figs. 4 and 5, respectively. It can be seen from the
figures that damping rate of the ion plasma waves in kappa
distributed non-Maxwellian PI plasmas is large in compari-
son with the Maxwellian PI plasmas.

In conclusion, we have studied damping rates of electro-
static ion waves in pure pair-ion Lorentzian and Maxwellian
distributed plasmas for same and different temperatures of

the pair-ion species. The Vlasov equation is solved for elec-
trostatic ion waves by considering the generalized kappa dis-
tribution function for the pair-ion fullerene plasmas. The
damping rates of the longitudinal waves are found to be
larger in Lorentzian plasmas in comparison with the Max-
wellian plasmas. It has already been reported the ions are
collected by ion exciter hole and therefore the non-
Maxwellian distributed PI plasmas may exist in the labora-
tory experiments.14 Our findings are general and may be ap-
plicable to explain some aspects of PI plasma experiments.

The authors are thankful to an anonymous referee for his
useful suggestions to improve the manuscript.
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FIG. 3. �Color online� Normalized damping rates vs normalized wave num-
bers are shown for the case T+�T− at fixed value of �=3. The damping
curves correspond to T+ /T−=1 �blue dotted curve�, 1.2 �red dot-dashed
curve�, 1.4 �green dashed curve�, and 1.6 �black solid curve�, respectively.

FIG. 4. �Color online� Normalized damping rates of electrostatic ion waves
are shown for Maxwellian �i.e., �=50� PI plasma for the case T+�T−, where
damping curves correspond to T+ /T−=1 �blue dotted curve�, 0.9 �red dot-
dashed curve�, 0.8 �green dashed curve�, and 0.6 �black solid curve�,
respectively.

FIG. 5. �Color online� Normalized damping rates of electrostatic ion waves
are shown for Maxwellian �i.e., �=50� PI plasma for the case T+�T−, where
damping curves correspond to T+ /T−=1 �blue dotted curve�, 1.2 �red dot-
dashed curve�, 1.4 �green dashed curve�, and 1.6 �black solid curve�,
respectively.
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