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ELEMENTARY DUALITY OF MODULES

IVO HERZOG

ABSTRACT. Let R bearing. A formula ¢(x) in the language of left R-modules
is called a positive primitive formula (ppf) if it is of the form EIy(AB)(’y‘) =0
where 4 and B are matrices of appropriate size with entries in R . We apply
Prest’s notion of D¢(x), the ppf in the language of right R-modules dual to ¢,
to show that the model theory of left R-modules as developed by Ziegler {Z] is
in some sense dual to the model theory of right R-modules. We prove that the
topologies on the left and right Ziegler spectra are “isomorphic” (Proposition
4.4). When the lattice of ppfs is well behaved, there is a homeomorphism D
between the left and right Ziegler spectra which assigns to a given pure-injective
indecomposable left R-module U the dual pure-injective indecomposable right
R-module DU . Theorem 6.6 asserts that given a complete theory T of left
R-modules, there is a dual complete theory DT of right R-modules with cor-
responding Baur-Garavaglia-Monk invariants. In the end, we give some condi-
tions on a pure-injective indecomposable zU which ensure that its dual DU
may be represented as a hom set of the form Homg(rUs, Es) where S is
some ring making pUs into a bimodule and Eg is injective.

Prest [P, Chapter 8] defined the dual of a positive-primitive formula ¢(x) of
the form 3w (H;H,)(}) = 0 to be (Do)(x) & v (xv)(,f,l ,(}2) = 0 (Definition
2.1). In this paper, we develop an elementary theory of duality for modules by
extending Prest’s definition to an appropriate category of functors. From this
and the work of Ziegler [Z] arises a reflexive class of pure-injective indecom-
posable modules.

In §1, we define (R-Mod)®d, a category of functors from R-Mod, the cate-
gory of left R-modules, to Ab, the category of abelian groups. (R-Mod)® is an
abelian reduct of Shelah’s L [P, §10.T] which has proven sufficient for most
purposes. We define (Mod-R)®, the right analogue of (R-Mod)®d, similarly
and the content of Theorem 2.9 is that these two categories are isomorphic.

Nearly all our proofs depend on the following paraphrase of [S, Proposition
1.8.8].

Proposition 3.2. If a € Nr and ¢ € RM are tuples of the same length, then
a®c=0 in NOr M iff there is a ppf ¢(x) € rL such that gkM E ¢(c) and
Nr F (Dg)(a).
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38 IVO HERZOG

As a consequence, the definition of tensoring may be extended to the objects
of (R-Mod)®d.

Ziegler [Z, Theorem 4.9] noticed that the set of (isomorphism types of) left
(right) pure-injective indecomposables may be endowed with a topology and
that a basis for this topology may be taken as the set of supports of the objects
of (R-Mod)®® ((Mod-R)®9). The duality between (R-Mod)*® and (Mod-R)%
shows that the left and right Ziegler spectra have the same topology (Proposition
4.4). This leads to the definition of a reflexive pure-injective indecomposable
U and its dual DU whose lattices of pp-definable subgroups are related by

Theorem 4.10. Duality, the map which takes U to DU, is a bijection from
the set of (isomorphism types of ) reflexive pure-injective indecomposable left R-
modules to the set of (isomorphism types of) reflexive pure-injective indecompos-
able right R-modules and conversely. For a reflexive U, we have

(i) DDU =U,
(ii) Latt(DU) = Latt(U)°P via the map which takes ¢(U) to Dp(DU) =
{ceDU|c®ep(U)=0 in DURU}.

As an example, the dual of a pure-injective indecomposable module over a
Dedekind domain is determined in §5.

Prest’s notion of localization [P, Chapter 8] is then applied to our previous
results and one can define the dual DT of a complete theory 7 of left (right)
R-modules. This allows us to show that, model-theoretically, left and right
R-modules are intimately related.

Theorem 6.6. Duality, the map which takes T to DT, is a bijection from the
class of complete theories of left (right) R-modules to the class of complete theories
of right (left) R-modules. DT is uniquely determined by T via the equation
lo/w|r = |Dw/De|pr. If U is reflexive, then D(Th(U)) = Th(DU).

As an application of Theorem 6.6, the dual of an indecomposable strongly
minimal module may be endowed with a topology which makes it a compact
(Hausdorff) topological module (see §7).

Our shift of emphasis (from finitely presented modules) to the pure-injective
indecomposables is justified by

Proposition 8.1. N N rM ispureiff U ®@g N 2N ®r M is injective for
each pure-injective indecomposable right R-module U .

This gives rise to the notion of local purity and the result (Proposition 8.9)
that DU is a direct summand of Hom(U, DU Q U).

As an application of §8, we prove that the dual of a flat (pure-injective)
module is injective and we put such findings in the context of the work of Eklof
and Sabbagh [E-S, S-E] on (left) coherent rings. We also prove

Theorem 10.5. If rU is a totally transcendental indecomposable R-module and
S =Endr U, then DUg = Homg(rUs, DU ® Us).

Theorem 11.2. If U is a definably finitely generated totally transcendental in-
decomposable module, then DU ® Us = E(As), where S = Endg U, A is its
residue ring and E(Ag) is the injective hull of As,
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I thank Edgar Enochs and Zeljko Sokolovi¢ for some very helpful conversa-
tions.

0. PRELIMINARIES

Although this article is not meant to be self-contained, we shall set down in
this section some of the necessary definitions and notation. We also take this
opportunity to emphasize certain aspects of the basic notions which are usually
left implicit, but will be of great use to us in the sequel. The reader is referred
to [P] or [Z] for a thorough treatment of what follows. Indeed, both of these
references are comprehensive enough that we shall routinely cite them in favor
of the original source.

We use left subscripts to indicate that left R-modules are in question and a
right subscript to indicate the same for right R-modules. The symbol < will
be used to express equality of formulae (as opposed to mere equivalence) and
tuples a will be printed boldface, while single elements a are written plainly.
[(a) is the length of a.

The language gL = (+, —, 0, r),cr used for the study of left R-modules
consists of the binary function symbol +, the unary function symbol —, a
consiant symbol 0, and for each r € R a unary function symbol, also denoted
by r. A similar language Ly = (+, —, 0, r),cr 1s used for studying right R-
modules. In this latter case, however, each r € R interprets a unary function
which acts on its argument from the right. 1 € R and all modules are unitary.

A. Positive primitive formulae.

Definition 0.1. A positive primitive formula (henceforth ppf) of rL is one of
the form ¢(x) & 3y Ax+ By =0 where 4 and B are matrices with entries in
R and Ax e.g. really means Ax’. A ppfin Lyr has the similar form ¢(x) &
Jy x4 + yB = 0. Unless it is said otherwise, ¢, ¥, 0,7, p,d and ¢ will
always denote ppfs. If ¢(x) is a ppf in, say, one variable, then

p"(x) & /\{(p(xi) |0<i<n} wherel(x)=n.

Given gM € R-Mod and ¢(x), then ¢(M) = {a € M"|M F ¢(a)} where
n = Il(a) = [(x). This is a subgroup of (M", +) and all such subgroups will
be referred to as a pp-definable. The mapping which assigns to A the pp-
definable subgroup ¢(M) constitutes a functor from R-Mod to Ab if for each
R-homomorphism f: M — N weset ¢(f) to be the restriction of f to ¢(M).
Note that the functor ¢ commutes with direct sums. The same considerations
hold for right R-modules.

The pp-definable subgroups of M form a lattice under the operations N
and + and if ¢(M) and w(M) are such subgroups (in the same number of
variables) we denote by ¢ + y the ppf 3Ty, z|p(y) A w(z) Ax =y + z| which
defines the subgroup ¢(M) + y(M) and by ¢ A y the ppf which defines the
subgroup ¢(M)Ny(M). The prominence which ppfs enjoy in the model theory
of modules stems from the fact due to Baur [P, Corollary 2.16; Z, Theorem 1.1]
that modulo a complete theory 7, every formula is equivalent to a boolean
combination of ppfs. We shall not have recourse to this result directly, only
because it has been so completely absorbed into the subject.
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40 IVO HERZOG

A pp-pair ¢/y is just a pair of ppfs ¢ and y (in the same number of vari-
ables) such that F y — ¢ . If it ever happens that we mention a pair ¢/7 where
it is not clear that F 7 — g, it is because we really mean ¢/g A 7. As above,
each pp-pair ¢/y determines a functor from R-Mod (Mod-R) to Ab, the quo-
tient of the functor ¢ by the functor y. So ¢/w(M) = ¢(M)/w(M) and
for f € Morg(M, N), o/w(f): o/w(M) — ¢/w(N) is just the induced Ab-
morphism. The importance of pp-pairs lies in the fact [P, Corollary 2.18] that
two modules M and N are elementarily equivalent iff |¢/w(M) E |@/w(N)|
(mod oc) for each pair of ppfs in one variable (x = A (mod o) if Kk =4 or
both are infinite).

Definition 0.2. For a complete theory 7 and a pp-pair ¢/y, |¢/v|r € wU{co}
is defined as |¢/w|r = sup{n|T E |¢/w| > n} (where n < oo for each n € w).

The |¢/w|r are called the BGM-invariants (Baur-Garavaglia-Monk) of a
theory T and according to the above, they determine T .

If a € M, then tp*(a) = {(o( X)|M E (p a)} and tp~a) = {y(x)|M E
-y(a)}. Then pp-tp(a) = tp ) U {-y(x) | w(x) € tp~(a)} is the pp-type
of a. Conversely, a pp-type p(x ) is a maximal consistent (with some theory
of R-modules) set of ppfs and their negations. p*(x) = {(o(x) | p(x x)} is
the positive part of p and p~(x) = {y(x) | ~w(x) € p(x)} is the negatlve part
of p. If p isapp-type and ¢/y is a pp-pair, we say ¢/y € p to indicate that
pept and y€p~
B. Purity. A homomorphism f: gM — gN is pure if one of the conditions
of the next proposition hold.

Proposition 0.3 [S, §1.11]. The following are equivalent :
(i) For each ppf 9(x), N E o(fa) implies M F ¢(a).
(il) Kr® M — Kr ® N is injective for each K € Mod-R.
(iil) As (ii), but with K finitely presented.

Note that f is pure iff for each pp-pair ¢/w, ¢/w(f) is an injection. So,
in particular, pure homomorphisms are imbeddings.

A module M is pure injective if every pure imbedding of M splits. Thus a
homomorphism from a pure submodule of N to M lifts to a homomorphism
from N to M. If 4 C M is just a subset, then Hjs(A4), a pure injective hull
of A in M is nothing more than a minimal direct summand of M containing
A. It always exists and it is unique up to A-isomorphism [P, Theorem 4.10,
Z, Theorem 3.6]. Indeed, the isomorphism type of Hjs(A4) depends only on
the pp-tp(4) and so it makes sense to speak about H(p), the hull of the pp-
type p(x). If we have the occasion to mention H(A4) without there being any
pure-injectives in sight, it is because we always assume that we live in a huge,
sufficiently saturated (and hence pure-injective) model of g7 (Tr) (see below).
For our ends, the following characterization of pure-injectives will be the most
useful.

Proposition 0.4 [P, Theorem 2.8). M is pure-injective iff every type p*(x/A)
of ppfs with parameters in A C M which is finitely satisfiable in M, has a
realization ce M .

A pure-injective module is indecomposable iff it has a local endomorphism
ring [Z, Theorem 4.3]. A pp-type p(x) is indecomposable if H(p) is.
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ELEMENTARY DUALITY OF MODULES 41

C. The Ziegler spectrum. Ziegler noticed {Z, Theorem 4.9] that g/ (Ir), the
space of isomorphism types of pure-injective indecomposable left (right) R-
modules may be endowed with a topology in which the support of the functor
/v, (p/w)={U € rlI (Ig) | ¢/w(U) # 0}, is an open set. In fact, we may
take {(¢/w) | ¢/w is a pp-pair of ppfs in one variable} as a basis for Ziegler’s
topology. We shall adhere to the convention that O denotes an open subset of
rI (Ir) and I C gl (Ig) a closed set.

Given a complete theory T, we may associate to T the closed set I(T) =
{U € rI (Ig) | U occurs as a direct summand of some model of 7} and
given a closed set I, there is a complete theory T for which I = I(T) (just
let T =Th(@{U | U € I})) [Z, Corollary 4.10]. There is a unique complete
theory T(I) closed under products for which I = I(T(I)) and if I = I(T),
then T% = T(I). We abbreviate T(rl) (T(Ir)) by rT (Tg). For a module
N,set I(N)=I(Th(N)). If U € gl (Ig), then I(U) is the closure of {U} in
rI (IR).

The lattice of ppfs of a complete theory T = Th(N), Latt(T), is defined as a
lattice isomorphic to Latt(N), the lattice of pp-definable subgroups of N. This
determines Latt(7) within isomorphism and does not depend on the particular
model chosen. To be precise, we have for each n < w, Latt,(T), the lattice
of ppfs in n variables, but whatever we prove about Latt,(7") will hold for
arbitrary n so we omit the subscript. The elements of Latt(T") are represented
by ppfs ¢. If I = I(T) = I(T"), then Latt(T) = Latt(7’) and so we can
associate to I a pp-lattice Latt(/) = Latt(7). We endow I with a dual nature.
Along with being a closed set, I will also be the (not necessarily complete) theory
given in
Definition 0.5. 7 = {¢(x) — w(x) | ¢ < v in Latt(l)} U {~(p(x) — w(x)) |
-(¢ < y) in Latt(I)}.

Note that IN(p/y) =@ iff ¢ <y in Latt(I). We can think of I as a set
of formulae of the form |p/w| > 1 or |¢/w| = 1 so that I can distinguish
between trivial (= 1) and nontrivial (> 1) BGM-invariants, but it does not
know their cardinalities. The BGM-invariants of T([) are given as

oyl _{oo if1E|p/y|> 1,
PIVITO =11 if1E|o/pE L.

For example rI (Ig) F |p/w| =1 @(M) C y(M) if for every left (right) R-
module M , which we shall write as gl (Ig) F ¢(x) — w(x). It will always be
clear from the context whether we are considering I as a closed set or a theory.

There is a measure of complexity, m-dimension, that one may place on
Latt(I) which indicates how well behaved I is.

Definition 0.6. For a pp-pair ¢/y, m-dim;(¢/w) > « is defined by recursion
on the ordinal o as follows.

(1) m-dim;(p/w) >0 if IF|p/y|> 1.

(ii) If A is a limit ordinal, then m-dim;(¢/y) > 4 if m-dim;(¢/y) >y for
all y< 4.

(iii) m-dim;(p/w) > a+ 1 if there is an infinite descending chain ¢ = ¢ 2
@1 2 @3 D --- D w such that m-dim;(¢,/¢n+1) > @ for each n < w or if
there is an infinite ascending chain ¥ = ¥y C ¥; C ¥ C --- C @ such that
m-dim;(Yn41/¥n) > a foreach n < w.
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We set m-dim;(¢/y) = o if m-dim;(¢/y) > o but not m-dim,;(¢/y) >
a+ 1. If m-dim;(p/y) > o for every ordinal «, we say m-dim;(¢/y) =
and we say m-dim;(¢/y) < oc otherwise. m-dim(I) is defined as

m-dim;(x = x/x = 0).

If, for example, m-dim(I/(M)) = 0, then M has a pp-composition series. In [Z.
Theorem 8.6], Ziegler expressed the intimate relationship between the Cantor-
Bendixson rank of the closed set I and Latt(/). The following is a special
case.

Proposition 0.7. If m-dim(I) < oo, then for each pp-pair ¢y, m-dim;(p/w) =
CB-rk(I N (¢/w)), the Cantor-Bendixson rank of IN(gp/y).

1. THE CATEGORY (R-Mod)*d

In this section, we make an abelian category out of the functors ¢/ . The
morphisms will be the pp-definable natural transformations. We call this cate-
gory (R-Mod)®d. Let us define (R-Mod)®.

a. Ob((R-Mod)®9), the objects of (R-Mod)®?, are the functors {¢/v | ¢/y
is a pp-pair in gL}. We mean, by this, that if I F ¢ < ¢’ and gl F ¥
y', then ¢/y and ¢'/y’ are identified, as they represent the same functor.
Sometimes we shall refer to the objects of (R-Mod)®? as sorts.

b. peMor(¢/v, a/t) iff there is a ppf p(x, y) € gL such that

(1) rIFo(x)—3Jypx,y),
(i) rIFy(x) - p(x, 0),

(ii1) gl F3x p(x,y) — a(y),

(iv) rIF p(0,y)— (y).

This makes sense, for if M € R-Mod and p(x,y) is a ppf as above, then
we can define a morphism of abelian groups py: ¢(M)/w(M) — o(M)/1(M)
as follows. For a € ¢(M), py(a+ w(M)) =b+ 1(M) for some b € M for
which M E p(a,b). (i) assures us that such a b exists, (iii) guarantees that
b € ¢(M) and (iv) implies that b is unique modulo 7(M). (ii) says that w(M)
is contained in the kernel of this map and so pjs is just the homomorphism
induced on ¢(M)/w(M). We say that p is represented by the ppf p(x,y) and,
as for objects, we identify elements of Mor(¢/y, ¢/7) which are represented
by rI-equivalent ppfs.

Note that we have not restricted ourselves to ppfs in one variable. If, for
example, ¢ and y are ppfs in m variables and ¢ and 7 are ppfs in n
variables, then a ppf p(x,y) representing p € Mor(p/y, d/7) is a ppf in
m + n variables, /(x)=m, [(y)=n.

Given p, € Mor(¢/y, g/7) and p, € Mor(a/7, ¢/3) and representing ppfs
pi1(x,y) and pi(y, z), it is easy to check that the ppf (or one equivalent to
it) papi(x, z) & Iy p1(x, y) A p2(y, z) represents the natural transformation in
Mor(p/v, €/d) obtained by composing p; with p,.

The definition of (Mod-R)®, the corresponding category for right R-modules,
is similar, with all formulae involved coming from Lgz. But by this, we mean
that p € Mor(y /¢, t/0) is a natural transformation from the functor t/o to
the functor y/¢. In other words, p acts on the right when right R-modules
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are in question. Thus in SMod-R)eq:

b’. peMor(y/¢, t/o) iff there is a ppf p(x,y) € Lg such that
(1) IrF(y) =3 p(x,y),
(i) IrEa(y)—p(0,y),
(i) IxF 3y p(x,y) = v(x),

(iv)) IrF p(x,0) - p(x).
For p, € Mor(y /¢, t/0) and p, € Mor(t/a, d/¢), the composition p,p; is
represented by 3y pi(x, y) A pa(y, z).

All this said, we are given an opportune moment to state

Goursat’s Theorem. The morphism

p € Mor(3y p(x, y)/p(x, 0), 3x p(x, ¥)/p(0,)),
represented by the ppf p(x,y), is an isomorphism.

2. DuALITY

Mike Prest noticed that to each ppf ¢(x) € gL, there corresponds a dual
ppf Dg(x) € Lg and conversely. We shall extend the definition of D to the
objects and morphisms of (R-Mod)®® in order to prove that (R-Mod)*® and
(Mod-R)®9 are isomorphic categories.

A. The dual of p(x). We shall b'egin with a brief mention of things contained
in [P, Chapter 8].

Definition 2.1. (i) For a ppf ¢(x) € gL with ¢(x) & 3w (H, H»)(}) = 0,
define Do (x) € Lg as Dy (x) & 3v (xv)(,f ) =0 where I isthe nxn
identity matrix, # = /(x) = the number of columns in H; and /(v) = the
number of rows in (H{H>).

(ii) Dually, if w(x) € Lg with y(x) < 3v (xv) (g;) =0, thenlet Dy (x) € gL
be the ppf 3x(§ 1) (%) =0.

That D behaves well is the content of the following.

Proposition 2.2. (i) rI (Ir) E D%p(x) « @(x) for each ppf ¢(x) € rL (LR).
(i) If rI (Ir) F y(x) — ¢(x), then I (rI)F Do(x) — Dy(x).

(i) follows from the definition of D and (ii) is just [P, Proposition 8.20].
Proposition 2.2 says that D is an anti-isomorphism between Latt(zx/) and
Latt(Ig).

Example 2.3. If ¢(x) & rx = 0, then Dg(x) & Jv(xv)(}) = 0 which is
equivalent to r|x. Suppose that g/ F rx =0 — sx = 0. Then, since R/RrE
r(1 + Rr) =0, it must be that R/Rr F s(1+ Rr) =0 i.e., that s € Rr and that
s =tr for some ¢t € R. But then it follows that Ig F s|x — r|x.

Since D is inclusion reversing, rI (Ir) E D(p(X) Ay (x)) « Do(x)+ Dy (x),
but one can easily check that when x and y are disjoint,

rI (Ir) F D(p(x) A w(y)) « Do(x) A Dy(y)

so that some must be taken when computing the dual of ¢(x) as a formula in
more than /(x) variables. For if we take /(x) = 1(y) =1 and x # y, then
Do (x) Ay =0 will be the dual of ¢(x) as a formula in two variables.
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B. The dual of p(x,y). We now turn out attention to ppfs of the form
p(x,y). If we are working in gL (Lg), we think of p as acting on the left
(right) so x is called the domain (codomain) variable and y the codomain
(domain) variable. It is because of this perspective that the dual of p(x,y) is
not simply the dual of p(x Ay) as given in Definition 2.1, but is rather that
dual with a twist.

Definition 2.4. The dual of
X
pix,y)e3w(H  H, H;) [y | =0
w
is
I 0 0
Dpx,y)eIvixy){ 0 —-I 0 | =0.

H, H, H,
If p(x,y) € Lg is given as

H,

I 0 Hl X
Dpix,y)e3w |0 -1 H, y | =0.
0 0 H3 w

Example 2.5. If p(x,y) & y =rx, then Igx F Dp(x, y) & x = yr so that the
dual of the action by r € R on left R-modules is the action by r on the right.

H,
p(x,y) & v (xyv) (Hz) =0,

then

We will often be interested in the dual of p(x,y) as a formula with just one
sort of variable, i.c., we will want to take the dual of p(x,y) in the sense of
Definition 2.1. In such cases we shall denote that dual by Dp(x"y). Note that
in that case, gl (Ir) F Dp(x,y) « Dp(x~—y). But Dp(x~ —Yy) is ambiguous!
It may be the dual x in the sense of Definition 2.1) of the ppf p(x~ —y) or
it may be ¢(x, —y) where ¢(x,y) & Dp(x"y). It is easily verified that these
two formulae are equivalent. These considerations and Proposition 2.2 yield

Proposition 2.6. (i) g/ (Ir) E D?p(x,y) « p(x,y) for each ppf p(x,y) €
RL (LR).

(ii) If rI (Ir) F p(x,y) — o(x,y), then I (rI) ¥ Da(x,y) — Dp(x,y).
C. The isomorphism. We begin by relating the duals of p(x, y) and ¢(y). As
in the next proposition, we shall from time to time lapse into proving a result

just for left R-modules when a dual argument suffices to prove that same result
for the right side.

Propesition 2.7. For p(x,y) and ¢(y) in rL (Lg),
Ir (rI) E D(3y p(x, y) A 9(y)) < 3y (Dp(x, y) A Do(y)).

Proof. Assume that p(x,y) and ¢(y) arein gL. Let

):0

p(x,y) & 3w (H, H, Hj) (

$ <
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and let ¢(y) & 3v (J; /)(}) =0. Then

I 0 O
Dp(x,y) = 3w (xywo) | O -1 0 | =0
H, H, H,

and I o
Do(y) = 3 (o) (5 ) =0

On the one hand we get
Ir F 3y (Dp(x, y) A Do(y))

I 0 0 0 O
0O -1 0 I O
< 3y, Vo, Wo (XyvoWo) 0 0 0 & O =0
H1 H2 H3 0 0
I 0 0 0
o 3w, Wo (xvowo) | 0 1 0 Jp | =0,
H, H, H3 0
whereas
X
H, H, Hy; 0 Y1-
rRIF 3y p(x, y)A@(y) = Ty, W, v (0 Ji 0 Jz) w| ="
A\ 4

so that

7 0O 0 0
IrEDQy p(x,y)Ao(y)) « 3wy, vo (xwovo) | Hy H, H3 0 | =0
o Ji 0 J

and the proposition follows. 0O

Corollary 2.8. (i) Ir F Dp(x, 0) —« D3y p(x,Y)),

(i) Ir F D(p(x, 0)) < 3y Dp(x, Y),

(i) Ig F D(3z pi(x, 2) A pa(z,y)) & 32 Dp1(X,2) ADps(z,y).

Proof. (i) Let ¢(y) & y =y in Proposition 2.7. Then Ix F DTy p(x,y)) <
Jy (Dp(x, y) Ay = 0) and the result follows since Ig F Iy(Dp(x,y)Ay=0) «
Dp(x,0).

(ii) Iz & 3y Dp(x,y) = D*3y(Dp(x,y)) = D(D*p(x,0)), by (i). But
Izl = D*p(x, 0) & p(x, 0).

(iii) Let o1(x7y, z) & p1(x,Z) Ay =y and let 03(x7y, z) & pa(z, Y)AX =
x. Then Igr E Do|(x7y,z) <& Dp(x,2) Ay =0 and Ig k Dor(x"y,z) <
Dpy(z,y) Ax =0. Thus Iz F D(3z py(x, 2) A pa(z,y)) <« D(3z 01(x"y, z) A
02(x7y, z)) < Da\(x7y, z) + Dax(X7y, z)|.=0, by (i). But this is equivalent
to the ppf 3x;, X2, Y1, ¥2, 21,22 Dp1(X1, 21)) Ay1 = OADpa(z2, y2) A X2 =
OAX=X1+X Ay =Yy +Y2AZ =12 +2 = 0 which reduces to the ppf
3z Dpi(x, z) ADpy(z,y). O

It is now possible to define an isomorphism D: (R-Mod)®? — (Mod-R)*
by letting D(¢/w) = Dy /D¢ and if p € Mor(¢/y, o/t) is represented by
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p(x,y), then Dp € Mor(Dy /D¢, Dt/Do) is represented by Dp(x,y). We
just need to show that this makes sense. If we apply D to the four conditions
which assure that p(x, y) represents a natural transformation we get, by use of
Proposition 2.2 and Corollary 2.8, the following implications:
(i) rIF @(x)— 3Jyp(x,y) implies (i) IxF Dp(x, 0) - Do(x),

(ii) I F w(x) — p(x,0) implies (ii') Irk3yDp(x,y) — Dy(x),

(i) gIE3x p(x,y) — o(y) implies (iii') Iz E Da(y) — Dp(x, 0),

(iv) rIE p(0,y) — t(y) implies (iv') Ir E Dt(y) — Ix Dp(x,y).
But (i')-(iv’) are exactly the properties (permuted) that Dp(x, y) must have
in order to represent a natural transformation Dp € Mor(Dy /D¢, Dt/Dg).

Theorem 2.9, D: (R-Mod)*® = (Mod-R)®.

Proof. By Propositions 2.2 and 2.6, D? = identity so we just need to show that
D respects composition of morphisms. In other words, we must prove that
D(p2p1) = DpaDp. prp; may be represented by the formula (p;p0,)(x,y) &
3z pi(x,z) A py(z,y). Applying D and Corollary 2.8(iii), we get

I F D(p2p1)(X, ) < D(3z pi(x, 2) A pa(z, Y))
= (32 Dpi(x, 2) ADpy(z,)),

a ppf which represents Dp,Dp;. O

3. TENSOR, TENSORS!

To show that the definition of duality is a natural one, we shall explore how
duality behaves under tensoring. Example 2.3 has already hinted at what hap-
pensto ¢(rM) and Dg(Ngr) in N®rM . One by-product of our considerations
will be that it is possible to define tensoring sortwise. Y {x; ® y;|0 < i < I(x) =
/(y)} will be denoted by x ® y. Note: all tensors in this paper are over R.

Lemma 3.1 [S, 1.8.8] Let {y;|i € I} be a family of generators of RkM and let
{x; | i €I} e Ng with almost all x; =0. Then > {x;®y;|ie€lI} =0 in
N ®r M iff there exists a finite family {u; | j € J} of elements of Nr and
row-finite matrix H with |J| rows and entries in R so that

(1) Hy=0

(i) x=uH. O

The model-theoretic formulation of Lemma 3.1 is nicer.

Proposition 3.2. If a € Ng and ¢ € gM are tuples of the same length, then
a®c=0 in N®r M iff there is a ppf ¢(x) € rRL such that M E ¢(c) and
Nr E Dg(a).

Proof. Suppose that a®c = 0. By Lemma 3.1, there is an e € xkM (a finite
subfamily of an extension of ¢ to a generating family for xM and a finite
matrix H = (H, H,) such that (H, H,)({) = 0 and there exists u € Ng such
that (a, 0) = u(H; H;). So if p(x) & v (H; H,)(¥) =0 then g M F p(c) and
since Ng F a=uH; AuH, =0 we have that Nz F (a—u)(4 5 ) =0 and hence
Nr E Dq)(a) .
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If RM E p(c) and NgF Dg(a) with ¢(x) & Iv (H; H,)(¥) =0, then

Ng E 3u (au) (él I%) =0.

Thus ae=—-uH; @c=—-u® Hc=—-u®-Hyv=uH,v=0@v=0. O

Corollary 3.3. a®d =c®b in N®r M iff there is a ppf p(x,y) such that
RM E p(d, b) and Ngr E Dp(a, ¢). We shall write this as cDpd=c®pd. 0O

The last statement of Corollary 3.3 is telling, for it says that one can “pass
over” the tensor not only with the action of R, but with any pp-defined action.
Now pp-action is in general only partially defined and even then it is all too often
many-valued. This is why we choose as our objects of study the pairs ¢/y , for
it is on an appropriate pp-pair that a pp-action becomes a (total, well-defined)
function.

Corresponding to each ¢/y € Ob(R-Mod)®®, we can define a subfunctor of
- ®-, which takes Nz x g M € Ob(Mod-R x R-Mod) into Dy (N) ®g ¢(M),
the abelian subgroup of N ®g M generated by the set {a ® c|gM F ¢(c) and
Ng E Dy(a)}. That this is indeed a functor is easily verified and we denote it by
Dy @ ¢ . This illustrates that it is in M®1 that tensoring really takes place. If,
moreover, we set R(p/y) = Mor(p/w, ¢/v), then a special case of Theorem
26 is

Proposition 3.4. R(p/y) = R(Dy/Dg) as rings.

Proof. We just need to check that the duality D respects addition. If p;, p; €
R(¢/w), then p; + py is represented by

(p1+ p2)(x,y) & Jz pi(Xx, 2) A pa(X, y — 2).

It is straightforward to check that this does indeed conform to the conditions
for being an element of R(¢/y). We aim to show that Ir F D(p; +p3)(X, y) <
(Dpy + Dpy)(x,y). To prove this, let g1(x7y, z) & pi(x,z) Ay =1y and let
02(X7y, z) & p2(x, y—2z). Then

IrF Do\(x7y, z) = Dpi(x, ) Ay =0
and
Ir F Doy (x7y, z) & Dpy(x, —y)Az=Yy.
Thus

IR ED(p) + p2)(X7y) & D(3z 6/ (x7y, z) A 02(X7Y, Z))
« Do (XY, z) + Doy (XY, 2)|5-0

by Corollary 2.8(i). But this is equivalent to the ppf 3x,, X2, ¥1,¥2,21, 22
Dpi(x1, 1) Ayt =0ADpa(X2, —V2) AL =2 AX=X1 + X Ay =Y1 + Y2 AZ=
2, +Z; = 0 which reduces to the ppf 3z Dp,(x—z, —y)ADpy(z, —y). It follows
that Ig F D(p1+p2)(X, y) « D(p1+p2)(x~—y) & 2 Dpi(x-z, y)ADp,(2, y) <
(Dp1 + Dp2)(x,y). O

If we identify these two rings, simply calling it R(p/w), then ¢/w(M) is
naturally endowed with the structure of a left R(¢/y)-module and Dy /Dg(N)
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can be thought of as a right R(¢/w)-module. All that said, we can illustrate the
above scenario with the diagram

Dy |D¢(N) x ¢/y(M) —— Dy /D¢(N) ®rp/y) ¢/ W (M)

I l

Dy(N)x o(M) —— Dy(N)® ¢(M)

which is commutative and whose vertical arrows represent surjections.
In order to make some basic observations about the function which sends the
functor ¢/ to the functor Dy ® ¢ we need to make the following definition.

Definition 3.5. ¢/y < o/t if there is a p € Mor(¢/y, o/7) such that p:
e(M)/w(M)— o(M)/t(M) is an imbedding for each M € R-Mod.

If p(x,y) represents some p € Mor(¢/y, g/1) which witnesses ¢/y <
o/t, it is easily seen that in addition to the usual properties of p(x,y), we
have that g/ F y(x) < p(x, 0).

Proposition 3.6. (i) 3y Dp(x, y)(N) ® 3y p(x, y)(M) C 3Ix Dp(x, y)(N) ® 3x
p(x, y)(M).

(i) If ¢/w < o/7, then Dy(N)r® ¢(M) C DT(N) ®r 6(M).

Proof. (i) Let a € M such that M F 3y p(a,y) and let b € M witness this
and take ¢ € N for which N F 3y Dp(c,y) and let e € N be a witness. It is
enough to prove that c¢®a isin 3x Dp(x, y)(N)®3Ix p(x, y){M). But Corollary
3.3 implies that cQa=eDpQa=e® pa=e®b where M F 3x p(x, b) and
N E 3x Dp(x, e) so the result follows.

(i1) Let p(x,y) represent some p € Mor(¢/y, ¢/t) which witnesses ¢/y <
o/t. We have noted above that, in this case, g/ F y(x) « p(x, 0), so from
Corollary 2.8 we get that Ir F Dy(x) < 3y Dp(x, y). By (i) and the properties
of p(x,y) we see that Dy(N)g ® ¢(M) C 3x Dp(x, y)(N) ® o(M). Since
rI E 1(y) < p(0,y), another application of Corollary 2.8 gives Iz F D1(y) <
Ix Dp(x, y) and the proposition is proved. O

Now that we have defined tensoring sortwise, we are forced to consider sort-
wise homing. Lest the notation become overly oppressive, we shall assume for
the rest of this section that ¢/y is a pp-pair of formulae in one variable. Of
course, what follows may be applied to arbitrary pp-pairs. Let Im be a tuple
of elements from ¢/y (M), then each m € m is in ¢(M) and 7 € m is its
image in ¢/ (M) under the natural projection.

Definition 3.7. If (i) m € ¢/y(M) has /(m) = n, then tp*(m) = {o(x) €
tp*(m)| F y"(x) - o(x) and F g(x) — ¢"(x)}.

(i1) For R-modules M and N, f:¢/y(M) — ¢/w(N) is a member of
Homg(p/w(M), p/w(N)) iff tp*(f) 2 tp* (@) for each W € p/y(M).

We shall refer to /' € Homg(¢/w (M), ¢/w(N)) as a sort homomorphism
and if M = N, then we call f a sort endomorphism of A . The only fact
about sort endomorphisms which we shall need is the following

Proposition 3.8. If M is pure-injective, then each sort endomorphism of M is
induced by an endomorphism of M .
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Proof. Let f € Homg(p/w(M), ¢/w(M)) and let c € C = p(M), l(c)=n.
For each ¢ € ¢ choose ¢; € ¢(M) such that (c + w(M))f = c¢; + y(M)
and let ¢, = (cslc € ¢). Consider o(x) € tp*(c) such that F a(x) — ¢"(x).
Then o(x) + w"(x) € tp™(€) and so, by hypothesis, o(x) + y"(x) € tp*(Tf)
and hence o(x) + y"(x) € tp*(cy). This means that tp*(c) U {w(x —¢s)}
is finitely satisfiable in A/ and hence that tp*(C) U {w(x. — ¢f)ic € C} is
ﬁnltely satisfiable in M. As M is pure-injective, Proposition 0.4 says that
tp*( U{l/l x—cy)|c € C} isrealized in M by, say, {cf|c € C}. But then the
function f defined on ¢(M) which takes ¢ to ¢f is a partial homomorphism
from M to itself and hence, by [Z, Corollary 3.3], lifts to an endomorphism
f of M. For ¢ € p(M) we have that M E w(cf — cs) and so f induces on
@/w(M) the sort endomorphism which behaves as (c+w(M))f = cf+w(M) =
cr+ !//(M) = (c+ w(M))f and so must be equal to f. O

4. THE ZIEGLER SPECTRUM

In this section, we use Theorem 2.9 to relate the left and right Ziegler spectra.
Some conventions need to be set. If ®(x) is a filter of ppfs in the variable x,
then we shall often confuse ®(x) with the infinitary formula A{e(x)|e(x) €
®(x)}. Dually, an ideal ¥ of ppfs i.e., a downward closed set which is also
closed under +, will be confused with Y {y(x)|y(x) € ¥(x)}. For ®(x), a
filter as above, D®(x) will denote the ideal {Dg(x)|p(x) € ®(x)} and dually.
We need a

Lemma 4.1. If ® C gL (Lg) is a filter of ppfs and ¥ C rL (Lg) is an ideal,
maximal with respect to the property that ¢lp € PU {-y|ly €¢ ¥} = @ is
consistent (in gT), then there is an indecomposable pp-type p(x) C Lgr (rL)
such that DY = p*(x). In particular, p~(x) 2 D®.

Proof. Given the hypotheses, DY is a filter of ppfs maximal with respect to
the property {Dy|Dy € D¥} N {-D¢|Dg € D®} = @ (in Tr). The lemma
then follows immediately from {P, Theorem 4.33]. O

Definition 4.2. Let O C gl (Ig) be open. Then the reflection of O, O =
U{(Dy/Dy)l(¢/w) C O}y CIr (r]).

It is clear from the definition that ' respects C.
Lemma 4.3. (¢/y) C U{(¢:/wi)l1 < i < n} implies

(Dy/Dy) C | J{(Dy:/Dpi)|1 < i< n}.

Proof. Suppose to the contrary. Let Ug € (Dy/Do)\U{(Dy;/D¢;)|1 <i< n}
and take a € Dy(U)\D¢(U). Let D¥(x) = tp*(a) and let DP(x) be an ideal
maximal with respect to the properties Dg(x) € D® and D®NDY¥Y = o. By
Lemma 4.1, ®(x) = tp*(c) for some ¢ with H(c) = Vx indecomposable. As
¥ C tp~(c), we get that ¢ € p(V)\w(V) and so V € (¢/w). By hypothesis,
there is an i, 1 < i < n, such that V € (¢;/w;). As in the proof of [Z,
Theorem 4.9], there is a ppf o(x, y) such that

Jy (%, ¥) A gily)
3y a(x, y) A wi(y)

€ pp-tp(c)
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and it follows that D(3y a(x, y) A ¢;(y)) € D® and hence by Proposition 2.7,
Jdy Do (x, y) A Dgi(y) € D®. Since Dy;(U)/Dg;(U) =0, UFE Iy Da(x,y) A
Dy;i(y) — 3y Da(x, y) A Dg;(y). This means that the ideal generated by D®
and {3y Da(x,y) A Dy;(y)} is contained in tp~(a). By maximality of D®,
3y Da(x, y) A Dy;(y) € D®, so applying D, D(Jy Da(x,y) A Dy;i(y)) € ®.
Another application of Proposition 2.7 shows that Jy a(x, y) A wi(y) € ® =
tp*(c), a contradiction. 0O

Lemma 4.3 is enough to prove that the topologies on g/ and Ip are the
same in the following sense.

Proposition 4.4. (i) (¢/y) = (Dy/Dyp),

(i) 0" =0,

(ui) ({Oili e 1}) =U{O]i e I},

(iv) (N{Oil1 <i<n}) =N{0/|1 <i<n}.
Proof. (i) (Dy/De¢) C (¢/w) follows from the definition of ’, so it is enough
to prove that (Dy/Dg) D (¢/w)' . Suppose that (g/7) C (¢/y). Then Lemma
4.2 implies (D1/Da) C (Dy/Dg) so that (¢p/w) = U{(Dt/Da)l(c/t) C
(p/w)} € (Dy /D).

(i) O € 0" isciear. Toprove O’ C O, let (p/w) C O =J{(a/7)|(D1/Da)
C O0'}. By compactness of (¢/y), there are (D1;/Dg;) C O for 1 <i<n
such that (¢/y) C U{(ai/7;)|]l € i < n}. Lemma 4.2 yields (Dy/Dg) C
U{(D7;/Do;)|1 < i < n} C O. Repeating this whole argument gives that
(p/w) C O. By (ii), the lattices of open sets are isomorphic, whence (iii) and
(iv). O

Thus the topologies on g/ and I are indeed the same. We do not mean to
say that g/ and I; are homeomorphic, although this point will be addressed
shortly. We shall refer to any action of ’ as reflection. So, for example, for
I C rI (Ig) a closed set, its reflection I’ is defined via complements, i.e.,
I' = IR\(rI\I)'(rI\(Ir\I)") . The relationship between I and I’ is as expected.

Proposition 4.5. (i) I < |p/y|>1 iff I' E|Dy/Dg| > 1,
(ii) Latt(l') = Latt(I)°P.
Proof. (i) By use of Corollary 4.4 and the definition of I’, I F |p/w| > 1 iff
In(p/w)#£ 2 ff I'n(p/y) #@ iff IN(Dy/Dy)# 2 iff I' E|Dy/Dy|> 1.
(ii) The function which takes ¢ € Latt(I) to D¢ € Latt(I’) is inclusion
reversing by (i) and it has an inverse, D. O

There are a number of ordinal (or oo)-valued measures of complexity which
may be placed on a lattice and which attain the same value for a given lattice
and its opposite. We have already encountered m-dimension in §0 and breadth
and width [P, Chapter 8] are other examples of such measures. Proposition 4.4
then implies m-dim(/) = m-dim(I’) (and br(I) = br(I’) and w(l) = w(l')).

Although we shall not give a complete treatment of localization until §6, the
following lemma will be our first local statement. It will serve to prove local
versions of things proved by Lemma 4.1.

Lemma 4.6 (local version of Lemma 4.1). Let T be a complete theory of left
(right) R-modules and ® C gL (Lr) a filter of ppfs and ¥ C gL (Lg) and ideal,
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maximal with respect to the property that ®U{-y|y € ¥} is T-consistent. Then
there is an indecomposable pp-type p(x) C Lr (rL) such that DY = p*(x) and
H(p)e I(T).

Proof. Let T = T(I(T)"). Then DY is a filter of ppfs, maximal with respect
to the property that DY U {-Dg|¢p € ®} is T’-consistent. If we relativize [P,
Theorem 4.33] to T', we obtain T’-consistent indecomposable pp-type p(x),
for which D¥ = p*(x) and H(p) e I(T). O

Next, we consider how close reflection comes to defining a homeomorphism
between rI and Ir. The approach which we propose depends on the existence
of generic points of the irreducible closed subsets of gl (Ig). Recall that an
irreducible closed set I is one which cannot be written as a union of proper
closed subsets and that a generic point U € I is an element whose closure is .

Lemma 4.7. If I C rI(IR) is an irreducible closed set so that the relative topology
on I has a countable basis, then I has a generic point.

Proof. Let {O,jn < w} be an enumeration of the nonempty members of the
basis. We define a sequence {(¢,/¥,)|n < w} of nonempty open subsets of
I such that (¢,/w,) C O, and ¥, C ¥,11 € @pp1 C @, with all ppfs in one
variable. Assume, for ease of argument, that Oy = g/ (Iz) and so we can take
po< x=x and yy « x =0. Given ¢,/y, , we know that (¢,/y,)NO,,1 # @
since [ is irreducible. Let U € (¢,/¥,)N O,y and take ¢ € ¢,(U)\y,(U). By
[Z, Theorem 4.9], there is a @,y 1/Wny1 € tp(c) such that y, C ¥,y C @pyr C
¢n and (@n11/Wns1) C Onyr -

Let @ be the filter generated by the {¢,|n < w} and ¥ the ideal generated
by the {y,|n < w}. Applying [P, Lemma 4.33] at T(I), gives us a T(I)-
consistent indecomposable pp-type p for which F pt(x) —» ®(x) and ¥ C
p~(x). It is now clear that U = H(p) is a generic point of I, since U €
(pn/Wn) C O, foreach n<w. O

Definition 4.8. For U, V € gl (Ig), set U = V if I(U) = I(V). Denote by
rl/=~ (Ir/=) the quotient space endowed with the quotient topology.

Corollary 4.9. If R is countable, then rl/~ and Ir/=~ are homeomorphic.

Proof. Let U € grI (Ig) represent a class in grl/ ~ (Ig/ =). I(U) is an
irreducible closed set. It follows from Proposition 4.4 that I(U)’ is irreducible
as well. Since R is countable, g/ (Ig) has a countable basis. By Lemma 4.6,
I(U) has a generic point V' and if }; is another such point, then V = I}, so
that the function A: gl — Ig (h': Ig — gI) defined by A(U) = V induces a
well-defined function from gI/~ (Iz/=) to Ir/~ (rI/=). Since h~!(I/=)
=1I'/ ~, h is continuous (and similarly for A’). hoh’ and A’ o h induce the
identity maps on gJ// = and Ir/ =~ respectively and the result follows. O

Let U € gI (Ig) and let I = I(U). Suppose that U realizes an /-minimal
i.e., Latt(/)-minimal, pair ¢/ . In other words, ¢(U)/w(U) # 0 and there is
no o which, as far as I is concerned, lies strictly between y and ¢ . Call such
a U reflexive. By Proposition 4.5, Dy /D¢ isan I’-minimal pair. Let DU € I
realize Dy /Dy . By [Z, Lemma 7.10], DU is unique and by Proposition 4.4 it
does not depend on our choice of the minimal pair ¢/y . We say that DU is
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the dual of U . Occasionally, we shall use the fact (which follows quickly from
[Z, Theorem 4.9]) that if U realizes an I-minimal pair, then for every a € U
there is an /-minimal pair ¢/7 € tp*(a) i.e., 6(x) € tp*(a) and 7(x) € tp~(a).

Theorem 4.10. Duality, the map which takes U to DU, is a bijection from
the set of (isomorphism types of) reflexive pure-injective indecomposable left R-
modules to the set of (isomorphism types of) reflexive pure-injective indecompos-
able right R-modules and conversely. For a reflexive U, we have

(i) D?U=U,

(i) I(DU)=1(U),

(iil) Latt(DU) = Latt(U)°P via the map which takes ¢(U) to Do(DU) =

{ceDU|c®p(U)=0 in DU U}.

Proof. (i) follows immediately from the definition of DU .

(i1) follows as soon as we notice that because /(U) is an irreducible closed
set, so is I(U)’ and DU is a generic point of I{U) . So I(U) = I(DU).

(iii) Using Proposition 4.5, everything is immediate except that Dp(DU) =
{c e DUle® ¢(U) = 0 in DU ® U}. From Proposition 3.2, we know that
Dyp(DU)C {ce DU|c® ¢(U)=0 in DU® U}.

To prove the other inclusion, suppose that e € DU but that e ¢ Dp(DU).
Let D1/Dg € tp*(e) be an I(DU)-minimal pair. By [Z, Corollary 4.6], we may
choose D1/Da sothat Dg C Dag C D1. Now let D® be an ideal maximal with
respect to the properties that Do € D® and D®ntp*t(e) = &. Then ® = DDP
is a filter and, by Lemma 4.6 at Th(DU), there is an indecomposable type p(x),
H(p) € I(U) such that ® = p*(x) and p~(x) 2 Dtp*(e). Let F p(a). Then
H(a) € I(U) and o/t € tp*(a) so H(a) € (¢/1). This forces H(a) = U and as
a(U) C p(U), we have that a € ¢(U). But, using Proposition 3.2, e®a # 0 in
DU ® U because if y € tp*(a) = ®, then Dy ¢ tp*(e), by the definition of
D®. Thus e ¢ {ce DU|c® ¢(U) =0 in DU ® U} and the second inclusion
is proved. 0O

Problem 4.11. Compute DU @ U .

Since we have associated to the left module U a right module DU , Problem
4.11 is a natural one to pose. We shall see in the sequel that it is easier to
compute DU ®x U en route to understanding DU .

If m-dim(I) < 0o and U € I, then m-dim(I(U)) < co and hence U realizes
an I(U)-minimal pair and is, therefore, reflexive. As m-dim(/') = m-dim(J),
the same considerations show that each V' € I’ is reflexive (cf. Proposition 0.7).
It follows that reflection is a homeomorphism between I and I'.

5. DEDEKIND DOMAINS

In this section, we determine the reflection of a pure-injective indecomposable
over a Dedekind domain. We shall rely heavily upon the consequence of Theo-
rem 4.10 that for a reflexive U, U F y(x) — ¢(x) iff DU E Dg(x) - Dy(x).
Recall that a pure-injective indecomposable U has a local endomorphism ring.
Thus when U is over a commutative ring R, there is a prime ideal p C R,
p=mnNR, m C Endg U the maximal ideal, such that U is a module over
R, , the localization of R at p. In the following lemma, assume that U is a
reflexive pure-injective indecomposable.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




ELEMENTARY DUALITY OF MODULES 53

Lemma 5.1. (i) ann(U) = ann(DU).
(ii) rtU=U if DU[r1=0 (M[r]={m € Mirm =0 (mr = 0)}).
(iii) If R is commutative and U is an R,-module, then so is DU .
Proof. (i) If r € ann(U), then U F rx =0 — x = x. Applying D shows that
DUEr|x & x =0 ie., that DUr = 0. The other inclusion is similar.
(i) rtU=U if Ukrx e x=x iff DUFxr=0~ x=0 iff DU[r]=0.
(iii) follows immediately from (i) and (ii). O

Thus if R is a commutative (von Neumann) regular ring, then U = DU for
each reflexive U € gI . This is so because both U and DU are indecomposable
modules over some field of the form R, .

Ziegler [Z, Lemma 5.1] has determined all of the pure-injective indecompos-
ables over a Dedekind domain, R. They are

(i) Q, the field of fractions of R and for each nonzero prime ideal of R,

o

(i) R/p" for n>1,

(i) ﬁp the p-adic completion of the localization of R at g, and

(iv) Q/R,.
As a matter of fact, m-dim(gl) = 2, so that all of these are reflexive. We
proceed to determine their reflections.

(i) As Q is the only pure-injective indecomposable over Ry , Lemma 5.1(iii)
implies that DQ = Q.

(ii) D(R/p"™) must be a pure-injective indecomposable over R, whose an-
nihilator is p” so it has no choice but to be itself. _

(iii) and (iv) Both R, and Q/R,, are faithful R,-modulesand R, is torsion-
free, but not divisible and Q/R,, is divisible, but not torsion-free. It follows

then from Lemma 5.1(ii) that Dﬁp = @/R, and hence that D(Q/Rp) = INQP.

6. LOCALIZATION AT A CLOSED SET

Mike Prest has introduced [P, Chapter 8] the notion of localization at a closed
set I. Localization is tantamount to doing things modulo T'(I). Although
seemingly innocuous, it will be useful for us in making some key observations.
In particular, we shall show that a notion of duality exists for complete theories
of modules.

As Ob(R-Mod) = {M|I(M) C rI}, we define its localization at I, I-Mod,
to be the full subcategory of R-Mod for which Ob(/-Mod) = {M|I(M) C I}.
In continuity with the definition of (R-Mod)®?, (/-Mod)*? will be the category
of functors from I-Mod to Ab expressible as pp-pairs in Latt(/).

Definition 6.1. (I-Mod)®d ((Mod-I')®9), the localization of (R-Mod)®
((R-Mod)®d) at I (I') is defined as follows.

(a) Ob((I-Mod)®d) Ob((Mod-I')*?) = {p/y|I(I') F w — ¢ and both formu-
lae are ppfs in gL (Lg)} modulo I (I') i.e., we identify ¢/w and ¢o/yq if
II'Fg g and I (I')Fy o yp.

(b) p € Mor(p/y, a/t) (Mor;(y/9, t/0)) iff there is a ppf p(x,y) €
rL (LR) such that

(i) TFe(x)—3ypx,y) I'F1(y)— 3 p(x,y),
(i) Ik y(x)— p(x,0)['Fa(y)— p0,y)),
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(iil) IT'F3x p(x,y)— a(y) (I'F 3y p(x,y) = y(x),
(iv) IFp(0,y)—1(y) (I'F p(x, 0) = ¢(x)).

As with (R-Mod)® ((Mod-R)®?), we identify morphisms which are represented
by I-equivalent ppfs.

Consider the category R-Top (Top-R) whose objects are the closed subsets
of gl (Ig) and such that Mor(J/, J) = @ iff J ¢ I and if J C I, then
|Mor(I, J)| = 1. Reflection, taking I to I’, may be thought of as an isomor-
phism between R-Top and Top-R. There is a functor Latt from R-Top (Top-R)
to the category of modular lattices which takes a closed set I to Latt(/), its
pp-lattice. If J C I, then there is a natural projection of Latt(/) onto Latt(J)
which takes the element of Latt(7) represented by the ppf ¢ to the element
of Latt(J) represented by ¢ . This is well defined because I F ¢ — y implies
J E ¢ —« w . Proposition 4.5 states that Latt commutes with reflection.

More generally, I E |p/w| =1 implies J F |¢/w|=1 when J C I and this
gives rise to a functor from (/-Mod)®® to (J-Mod)®® which takes an object of
(I-Mod)*? represented by a given pp-pair into the object of (J-Mod)®? repre-
sented by that same pair and similarly for morphisms. This constitutes a functor
( -Mod)®? ((Mod- )*?) from R-Top (Top-R) to the category of categories. As
above, Proposition 4.5 asserts that this functor commutes with reflection. If, in
the proof of Theorem 2.9, we replace gl F with I F and Ig F with I'| =, we
get

Proposition 6.2 (local version of Theorem 2.9). (/-Mod)®? = (Mod-1')%4.

In particular, we can localize at I the ring R(¢/y) = Mor(e /v, ¢/v) to get
(definition) R(p/w)! = Mor;(¢/w, ¢/w). The following is then a consequence
of Proposition 6.2.

Corollary 6.3 (local version of Proposition 3.4). R(p/w)! = R(Dy/Dg)" .

If U is a pure-injective indecomposable, then S = Endg U is a local ring.
Denote by A the residue division ring of S If U € R-Mod, let S acton U
from the right and if U is reflexive, let S’ = Endg DU act on DU from the
left and denote the corresponding division ring by A’.

Proposition 6.4. A=A’

Procof. Let ¢/y be a I(U)-minimal pair and let 7 = I(U). To prove the
proposition, it is enough, by Corollary 6.3, to show that A = R(¢/y)! and
A’ = R(Dy/Dg)"" . As in the case of vector spaces, these isomorphisms are not
canonical. Since the two assertions have the same proof, we only prove the first.
We shall show that ¢(U)/y(U) is a one-dimensional (left) vector space over
the division ring R(¢/y)! and a one-dimensional (right) vector space over A.
The two actions respect each other —A = R(p/y)! will follow.

(a) The right action. ¢(U)/w(U) is a right S-module. Let a € o(U)\w(U).
By [P, Corollary 9.25], U F pp-tp(a) < tpt(a) A -y (x). So if f € S is not
a unit then [P, Corollary 4.13] implies U F w(af) and ¢(U)/w(U) is killed
by f. This means that ¢(U)/w(U) has the structure of a right vector space
over A. We want to show that it is one dimensional. So let ¢ € @(U)\w(U).
If 0 € tp*(a) and F 0 — ¢, then since ¢/ is minimal ¢ + ¥ = ¢. Thus
{e=x+Yy, w(y), o(x)|a(x) € tp*(a)} is finitely satisfiable in U and hence, by
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Proposition 0.4, realized in U bysay (b, d). Let f € S besuchthat (a)f =b.
Then Uk w((a)f—c¢) and (a)f = ¢ (mod w(U)). This means that ¢(U)/y(U)
is a one-dimensional vector space over A.

(b) The left action. We saw earlier how ¢(U)/w(U) is a left R(p/y)!-
module. Since ¢/y is an I(U)-minimal pair, an argument akin to the proof
of Schur’s Lemma shows that each nonzero p € R(¢/w)’ is an isomorphism
and hence that R(p/y)! is a division ring. We want to show that ¢(U)/y(U)
is one dimensional over R(¢/y)’.

Using the I-minimality of ¢/y and the fact that I = I(U), the definition of
R(p/w)! = Moryy(¢/v, ¢/w) indicates that we may identify it with the pp-
definable Z-endomorphisms of ¢(U)/w(U). Thus if a, ¢ € o(U)\y(U) are
such that their images in @(U)/w(U) are linearly independent over R(¢/y)!,
we would get, by Proposition 3.8, an f € .S that induces a sort endomorphism
of ¢(U)/w(U) which fixes a and takes ¢ to 0. This means that F -y(af)
and F w(cf) so that [P, Corollary 4.13] gives the contradiction that f is at
the same time a unit as well as a nonunit of S. O

Corollary 6.5. If ¢/v is a U-minimal pair, then

lp(U)/w(U)| = |Dy(DU)/Dp(DU)|.
Proof. By the proof of Proposition 6.4,

lo(U)/w(U)| = |A| = |A| = |Dy(DU)/Dyp(DU)|. O

Let T be a complete theory of left (right) R-modules and I = I(T) its
closed set. Let I, be the closed set {U € I|U is T-unlimited i.e., T@Th(U) =
T}. This is closed because by [P, Corollary 4.44] any 7-limited U realizes
a T-finite pair ¢/t and hence a T-minimal pair which isolates U among
I(T). In particular, every U € I\I, is reflexive. If ¢/ is T-minimal and
isolates U € I\I,, then |p/w|r is a power of |p(U)/w(U)| and dy(T) =
log, ) v vy 1@/ wlr is the number of times that U occurs as a direct summand
of any pure injective model of T (cf. [Z, p. 180]). Define the complete theory of
right (left) R-modules DT as DT = Th({@DU)* DU € NLHP V|V €
L,}).

Theorem 6.6. Duality, the map which takes T to DT, is a bijection from the
class of complete theories of left (right) R-modules to the class of complete theories
of right (left) R-modules. DT is uniquely determined by T via the equation
le/vw|r =|\Dw/Do|pr. If U is reflexive, then D(Th(U)) = Th(DU).

Proof. From the definition of DT, we have that I(DT) = I(T) so that
Latt(DT) = Latt(J(DT)) = Latt(I(T)') = Latt(/(T))° = Latt(7)°P. We split
the proof of |¢/w|r = |Dw/De|pr into two cases, depending on whether or
not ¢/y has a composition series of pp-definable subgroups (in T).

(i) If not, then Dy /D¢ does not have such a composition series either and
we get that |¢/y|r = oo = |Dy/De|pr.

(i) If ¢ = o2 9y 2 --- D ¢,y = Y is a composition series of ¢/y in
T, then Dy = D¢, C Dp, C--- C Dp; C Dpy = Do is one of Dy /D¢ in
DT . Since |p/y|r = [1{|9i/9i+117|0 < i < n} (mod o) and |Dy/Dg|pr =
[T1{iD¢i+1/Deilpr|l0 < i < n} (mod oo) we may assume that ¢/y is a minimal
pair. Take U € I(T) isolated by ¢/w. If U € I,, then (¢p/y)NI, # @
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and so (Dy/Dp)Nn I, # @ and so, by definition of DT, |¢/y|r = 00 =
|Dw /De|pr . On the other hand, if U ¢ I,, then |p/y|r < oo and |p/y|r =
lp(U)/y(U)|%") . But |Dy/Dg|pr = |Dy(DU)/De(DU)|*vPT) and we de-
fined DT so that dpy(DT) = dy(T). By Corollary 6.5, |o(U)/w(U)| =
|Dy(DU)/Do(DU)| and so |¢/y|r = |Dy/De|pr follows.

For U reflexive, D(Th(U)) = Th(DU) follows from computing the respec-
tive BGM-invariants and applying the first part of the theorem. O

Let kN T and N'= DT and I =I(T). Then ¢/w(N) isaleft R(p/w)!-
module. Let 4 = R(p/w)!. We also know that (Dw/Dg)(N') is a right
A-module, from Corollary 6.3.

Proposition 6.7. Under the above conditions,

D(Th(4¢/y(N))) = Th((Dy/Dg)(N')4).
Proof. We may assume that ¢/y is a pair of ppfs in one variable.

Lemma 6.8. For each 40(x) € 4L, l(x) = n, there is a ppf ro(x) € rL with
E y"(x)— ra(x) and k ro(x) — @"(x) such that 40(4¢/w(N))=ra(N)/w(N)
and D(40)(Dy/Dp(N')4) = D(ro)(N')/Do(N').

Once this lemma is proved, the proposition follows from Theorem 6.6 and
the fact that for every pp-pair 46/47 € 4L in one variable |(40/47)(49/W(N))|
= |[rO(N)/W(N)/rRT(N)/W(N)| = |ro/rt(N)| = |D(r7)/D(ro)(N')| =
|D(rT)(N")/Do(N")/D(ro)(N')[Do(N')| = |D(47)/D(40)(Dy /Dp(N") 4)] .

Proof of Lemma 6.8. Let 40(x) & Jy (HJ)(’y‘) =0 with H an m x n matrix
over A and J and m x kK matrix over 4. Thus /(x) = #n and [(y) = k. Note
that (HJ) € Mor((p/w)"**, (p/w)™) and that if we denote by (HJ)(x"y, z)
a ppf representing (HJ), then the dual D(HJ)(x"y, z) represents (cf. Ex-
ample 2.5). (HJ) € Mor((Dw/Dg)"**, (Dw/Dg)™), the morphism which
acts from the right as (HJ): (Dy/Dg)" — (Dy/De)"tk. Let p(x,y) &
Iz (HJ)(x7y, z) A (y™)(z) and let ro(x) & Jy p(x,y); then ro(x) induces
40(x) on ¢/w . By Proposition 2.7, we get I' E Dp(x"y) « I3z D(HJ)(X"y, Z)A
D(y™)(z) and so it follows that I’ F Dp(x,y) « 3z D(HJ)(x~ —y,z) A
D(y™)(z). Applying to (HJ)(x"y,z) condition (i) of the definition of a
morphism, we get I £ ro(x) < 3y p(x,y) A ¢¥(y). By Proposition 2.7
I' e D(ro)(x) < 3y Dp(x, y) A D(¢p¥)(y) so that

I' B (ro)(x) = 3y, z D(HJ)(x™ ~y, ) A D(y"™)(2) A D(¢*)(y)

follows and hence I' E D(z0)(x) ~ 3y, z D(HJ)' (X™y, z) AD(y™)(z) AD(¢*)(y) .
But it is clear that D(zo)(x) induces on (Dy/Dg)"(N') the subgroup defined
by 3zz(HJ) = (}) Ay = 0 i.e., the subgroup defined by 3z zH =zAzJ =0
i.e., the subgroup defined by D(40)(x). O

7. STRONGLY MINIMAL INDECOMPOSABLES

As an application of Theorem 6.6, this section is devoted to the example
of strongly minimal modules. Recall that an infinite module M is strongly
minimal if every proper pp-definable subgroup ¢(M) (¢ in one variable) of
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M is finite. All such modules are pure injective [P, Theorem 3.1] and one can
readily verify that in this case m-dim(M) < 1. Thus every strongly minimal
indecomposable module U is reflexive and so, in particular, are all V € I(U),
although I(U) is not very big, as we shall see.

Note that if U is strongly minimal, then for each r ¢ ann(U), rU = U so
that R/ann(U) has no zero divisors. We separate our analysis into two cases,
depending on m-dim(U).

(i) If m-dim(U) = 1, we may endow DU with a topology which makes
it a compact (Hausdorff) topological module. In this case, U has arbitrarily
large finite pp-definable subgroups and I(U) contains only one point apart
from U. This point, to which we shall refer as A, is called the unlimited
indecomposable. A is not isolated in /(U) and there is a unique nonzero type
p(x) for which A = H(p). This type p(x) is called the unlimited type and
it is determined by the equation p~(x) = {w(x)||w(U)| is finite}. A is thus
pp-simple i.e., contains no nontrivial pp-definable subgroups, and belongs to
that class of strongly minimal indecomposables considered in (ii).

Let DU be the reflection of U. By Corollary 6.5, every nonzero definable
subgroup of DU is of finite index in DU . As I(U) and I(DU) are home-
omorphic, I(DU) also has a unique nonisolated point, DA, the dual of A.
DA is also called the unlimited indecomposable. As above, DA is pp-simple
and there is a unique nonzero pp-type Dp(x), the unlimited type, for which
DA = H(Dp). Dp(x) is determined by Dp*(x) = {e(x)|[DU : ¢(DU)] is
finite}.

Consider the topology on (DU, +) whose basis of (clopen) neighborhoods
of the identity is given by the nonzero pp-definable subgroups of DU. DU is
Hausdorft since it omits Dp(x)—so if a € {@(DU)|[DU : ¢(DU)] is finite}
then a = 0. + is continuous by definition and for every r € R and ppf ¢(x)
for which [DU : ¢(DU)] is finite we have that r~!(p(DU)) is a subgroup of
DU of finite index defined by the ppf ¢(xr). DU is thus a topological module.

We claim that DU is compact. For let DU = {J{¢.(DU) + ¢, | @ < K}
be a cover consisting of basis neighborhoods no finite subset of which covers
DU. Then {-@.,(x —c,) | @ < K} is consistent and realized by a € M,

some pure-injective extension of DU . By [Z, Theorem 9.1], M =DU & DA?

SO a = a; +a, with a; € DU and a; € DA* . But then M E po(az) for
each o < k and it follows that a; realizes {-@.(x — ¢,) | @ < K} as well,
contradicting the assumption that |J{@.(DU)+c, | @ <k} be a cover of DU .

(ii) If U is pp-simple, then there is a ring homomorphism R — A of R into
a division ring A such that gU = gA and DU = Ag.

First we note that if U is strongly minimal and m-dim(U) = 0, then U
is pp-simple. This is so because if 0 C ¢(U) C -+ C 9,1 (U) C U is a
pp-composition series, then, as in the proof of Corollary 6.5, all the quotients
¢r+1(U)/9i(U) have the same cardinality. This must be infinite and so by
the definition of strongly minimal, U must be pp-simple. Conversely, any
infinite pp-simple indecomposable is strongly minimal. Thus the only other
indecomposables which we take into account when considering pp-simple ones
are the finite pp-simple indecomposables.

As in the proof of Proposition 6.4, U is a one-dimensional (left) vector space
over the division ring A = R(¢/y)! . There is a ring homomorphism a: R — A
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which sends r € R into the action of r on A and so we see that R/ann(U)
imbeds into A, making A a left R-module. Then gU & gA. Using a similar
argument for DU yields DUgr = DAr and our claim follows from Proposition
6.4.

8. LOoCAL PURITY

To test a homomorphism N N rM for purity, it is enough, according

to Proposition 0.3, to tensor f against each finitely presented K € Mod-R.
Another class of test modules is provided by the next result. The method of
proof brings together many elements of this paper. We shall have occasion to
use it more than once.

Proposition 8.1. N L, rM is pure iff U®gr N ey ®r M is injective for
each U € Ig.

Proof. Left to right is trivial, so assume that the right-hand side holds. Let
a € N and suppose that M F ¢(af). We must show N E ¢(a). Suppose not.
Let D¥(x) = tp*(a) and let D® be an ideal of ppfs, maximal with respect to
the properties that ¢ € D® and DP® N DY = @. By Lemma 4.1, there is an
indecomposable type p(x) such that F p*(x) & ®(x) and ¥ C p~(x). Let
F p(c) and let U = H(c) be the indecomposable hull. Proposition 3.2 implies
that c®a # 0 in U @ N because for every y(x) for which N F y(a) we
have that U £ -Dy/(c). But c®af =0 in U® M since M F ¢(af) and
U E Dg(c). This contradicts the injectivity of 1 ® f. 0O

For I C grl, a closed set, we shall say that the homomorphism gN N rRM

is I-pureiff U®g N LN ®gr M is injective for each U € I’. Note that we

have not placed on f the requirement of being injective. We shall also need
the following

Definition 8.2. If ®(x) is a filter of ppfs € gL and I C gl is a closed set,
then the localization of ® at I is ®/(x) = {w(x) | there is a ¢(x) € ® and
ITEp— y}.

Proposition 8.3, RN =R RM is I-pure iff tp*(af) C tp*(a)! for each a€ N.

Proof. (=) Suppose to the contrary that M F y(af) and y ¢ ®(x) = tp*(a)!
for some a € N. Thus for each ¢ € tp*(a), I F |p/w| > 1. Let ¥(x) be an
ideal of ppfs maximal with the properties ¥ € ¥ and ®U{-c | g € ¥} is T(I)-
consistent. Then Lemma 4.6 at 7(I) implies that F D¥(x) < p™(x) for some
indecomposable type p(x), H(p) € I'. Let F p(c) and let U = H(c) € I'.
Then, using Proposition 3.2, c®a#0in U N,but c®af=0in U M,
contradicting the I-purity of zN N rRM .

(<) Supposethat UeI'’, ae M and ce U,and ¢c®af=0in U M.
By Proposition 3.2, thereisa w € tpt(af) and Dy € tp*(c). Since tp*(af) C
tp*(a)!, thereisa ¢ € tp*(a) suchthat /F ¢ — . Then I’ E Dy — D¢ and
so D¢ € tp*(c). But then, Proposition 3.2 implies that a® c=0. O
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Corollary 8.4 (local version of Proposition 8.1). gk N N rM is pure iff it is
I(Th(rN))-pure.

Proof. Let I = I(Th(gN)). One direction is clear, so take gN N rRM to

be I-pure. By Proposition 8.3, tp*(af) C tp*(a)! for each a € N. But if
¢ €tpt(a) and I F ¢ — v, then y € tp*(a). Hence tp*(a) = tp™(a)!. Since
tpt(af) 2 tp*(a) is always true, we get that tp*(af) = tp*(a) and hence that
f ispure. O

Thus to test zN N rM for purity, it is enough to tensor this homomor-
phism against the pure-injective indecomposables which live in the reflection of
I(Th(N)). In a similar vein, we can define a homomorphism g N <, RM to

be U-pure, for a reflexive U if DU®zr N LN DU ®r M is injective. In this

case, we also say that xN is U-pure injective if every U-pure homomorphism
rN N rM 1is a split imbedding. There is a canonical way of constructing
U-pure-injective modules.

Example 8.5. Let S be a ring making ¢DUg an S-R-bimodule and let ¢F be
an injective left S-module. Then we claim that g Homg(sDU , s E) is U-pure-

injective. For suppose that g Homg(sDU , sFE) =R rM is U-pure. Then

0 — sDU ® Homg(sDU, sE) L5 sDU @ M

is exact. Since gFE is injective,
Hom(sDU @ M, sE) — Hom(sDU ® Homg(sDU, sE), sE) — 0
is exact. But his is tantamount to the exactness of
Hom(M , Hom(DU, E)) - Hom(Homg(sDU, sE), Homg(sDU, sE)) — 0.
If we choose a preimage of 1 € End(Homg(sDU, sE)), g say, then fg isthe
identity on Homg(sDU, gE) and so f is a split imbedding.

To prove a pointwise version of Corollary 8.4, we need the following lemma,

whose proof appears as a proof of [P, Corollary 9.25] in an early draft of [P].
Lemma 8.6. Suppose that U = H(p), ¢/w € p is a U-minimal pair. Then
Fp(x) o pt(x)U{-o(x)| I(U)Fa—y}.
Proof. It is enough to show that F p*(x)U{~0d(x) | I E o — y} - p~(x).
So let 6 € p~(x). By [Z, Theorem 4.4], there is a 7 € p*(x) such that
F1(x) = ¢(x) and (tNd)+ (tNy)ep(x). Now tny CtNy+1tNdCr
and 7/tNy isa U-minimal pair, so it mustbe that U ¢ (tny+1tNd/tNy) =
(tnéd/tndny)=(tNd+y/y) and E (TA-~(tNI+y)) —» TA~(tNJ). Since
Te€pt(x),and (tNd)+y € {-o(x) | [(U)F o — y},and F tA~(TNJ) — -4,
the result follows. O

Proposition 8.7. Suppose that H(gkN) = U and that U is reflexive. Then
rN L, rRM is pure iff it is U-pure.
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Proof. Suppose that xN =R rM is U-pure, so that 0 — DU ® N LN
DU ® M is exact. Let a € N and let ¢/y € tp*(a) be a U-minimal pair.
If we assume that zN SN rM is not pure, then f restricted to a is not a

partial isomorphism i.e., tp*(af) strictly contains tp*(a). By Lemma 8.6,
we can assume that there is a ¢ € tp*(af) which is not in tp*(a) and that
I(U)E 6 — y . Replacing y with (6Ng)+y , we can assume that M F y(af).
Let ®(x) = tp*(a) and let ¥(x) be an ideal of ppfs which is maximal with
respect to the properties that ¥ € ¥ and ®U{-c | 6 € ¥} is Th(U)-consistent.
Applying D and Lemma 4.6 at Th(U), we get an indecomposable type p(x)
such that H(p) € I(U)', F p*(x) & D¥(x) and p~(x) D {D®(x)}. But then
H(p) € (Dy/Dg) and H(p) has no choice but to be DU. Let k p(c) with
¢ € DU. We know that DU E Dy(c) so by Proposition 3.2, c®af =0 in
DUgr ® M . But, by choice of ® and Proposition 3.2, c®a #0 in DUr® N,

contradicting the U-purity of gN L, rRM. O

Corollary 8.8. U is U-pure-injective.

Proof. H({U) = U, so any U-pure mapping of U is pure and hence splits, by
Proposition 8.7. O

In §12, we treat modules of the form Hom(U, E), exhibited in Example
8.5. But in the general case, we content ourselves with the next result. There is
a natural map T: DUg — Homg(rUs, DU ® Us) which takes ¢ € DU to the
homomorphism T¢ defined by Tc(a)=c®a.

Proposition 8.9. If U is reflexive, then T: DUgr — Homg(gUs, DU ® Us) is a
split imbedding.

Proof. By Corollary 8.8, it is enough to show that T is DU-pure, i.e., that
0—-DURU 2% Hom(U, DU®U)®U is exact. Let ¢ € DU and a€ U be
of the same length and suppose that Tc®a =0 in Hom(U, DU U)® U . By

the definition of tensoring, there isamap E: Hom(U, DUQU)®U - DURU
which is determined by E(f ®c) = f(c). Then c®a=E(Tc®a)=0. O

9. COHERENT RINGS

In this section, we consider reflection as it pertains to flat and injective mod-
ules. In fact, it is the absolutely pure modules that are, in some sense, the
reflections of flat modules—a module M is absolutely pure if every imbedding
of M is pure.

Proposition 9.1. If I(rM)' is a set of flat modules, then M is absolutely pure.

Proof. Let 0 —» g M =R rN be exact. By hypothesis, 0 — F @x M 18/,

F ®@r N is exact for each F € I(xM)'. Thus f is I(M)-pure and hence, by
Corollary 8.4, pure. O

If M is pure-injective and satisfies the hypothesis of Proposition 9.1, then
M is injective. Thus we get
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Proposition 9.2. (i) If Ug € Ig is flat and reflexive, then rDU is injective.
(ii) If I C Ig is a closed set of flat modules, then I' C rl is a set of injective
modules.

Proof. (ii) is immediate from Proposition 9.1. To prove (i), let 0 — gRDU N

rM be exact. By hypothesis, 0 — U ®p DU RNy ®gr M is exact and so f
is DU-pure. But, by Corollary 8.8, DU is DU-pure-injective so f splits. O

In 1971, Eklof and Sabbagh wrote two articles, [E-S] and its reflection [S-E].
[E-S, Theorem 3.16 (with Proposition 3.23)], states that if R is left coherent,
then the class of absolutely pure left R-modules is elementary. It follows that
the absolutely pure pure-injective i.e., injective, indecomposable left R-modules
form a closed subset iy of rI. [S-E, Theorem 4] says that if R is left coherent,
then the class of flat right R-modules is elementary (in the language Lg). As
above, it follows that the flat pure-injective indecomposable right R-modules
form a closed subset Iy, C Ir of the right Ziegler spectrum. For the purposes
at hand, this is all that one needs to know about left coherent rings.

Theorem 9.3. If R is left coherent, then iI' = Iny . Thus the largest theory
T(Ina) of flat right R-modules is the dual of T (injI), the largest theory of abso-
lutely pure left R-modules.

Before proving Theorem 9.3, we make a few observations and recall some
facts. For a right module Fx and ¢ € Lg in ppf in one variable, denote by
Fo(R) the subgroup of F consisting of linear combinations of elements in F
with coefficients in ¢(R).

Fact 9.4 [P, Theorem 14.9]. A right module F is flat iff ¢(F) = Fo(R) for each
ppf ¢ € Lg in one variable.

If R is left coherent, then by the remarks above, I(Rg) C Iy, . But if
F € Iy, and F € (¢p/y), then ¢(F) ¢ w(F) and so Fo(R) ¢ Fy(R) and
hence ¢(RRr) ¢ w(RR) ie., I{(RR)N(p/w) # @ . This means that F is in the
closure of I(Rg) and hence that F € I(Rg) and hence that Iy, = I(RR).

Fact 9.5. If M is injective, a € M, and p(x) = pp-tp(a), then pt(M) =
annys(ann(a)).

Proof. p*(M) C anny(ann(a)) is easy to let ¢ € anny(a)). By the injectivity
of M thereis an f € Endg M such that af = ¢ and hence F p*(c). O

Proof of Theorem 9.3. By Proposition 9.2(ii), Iy, C injl, 50 Ina = Iy, C injl’.
To prove the other inclusion, let Fg € j,jI’ and ¢ € Lg a ppf in one variable.
Let M be an |R + Ry|*-saturated (and hence pure-injective) model of T'(jy/) .
Let a € M be such that M FE tp*(a) « De(x). Since M is pure injective
and absolutely pure, it is injective and hence M F tp*(a) « ann(a)x = 0.
This follows from Fact 9.5 and the saturation of M . Consequently, M F
ann(a)x = 0 & Dg(x). Since Dg(x) is finitary and M saturated, this means
that there are ry, ..., r, € ann(a) such that M F Dp(x) & A{rix=0]|1<i<
n}. Since this equivalence then holds in T'(ip), an application of D yields
i’ E o(x) & Y{rilx|l <i < n}. Because Fg € j,jI’ the same equivalence
holds in Th(F). Therefore ¢(F) = Y Fr;. Similarly, Iy, = I(Rg) implies
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that Rg E ¢(x) « Y {ri|x|]1 < i < n} and hence that ¢(R) = > Rr;. Thus
@(F)=>Fri=% FRri=F(3>Rr;)=F¢(R) and F isflat, by Fact 9.4. O

Note that in the course of the above proof, we showed that every pp-definable
subgroup of Rp, R left coherent, is a finitely generated left ideal. The converse
holds for arbitrary rings and so we see that Latt(Rg) is isomorphic to the lattice
of finitely generated left ideals of R. By Proposition 4.5 and Theorem 9.5,
m-dim(ip; 1) < oo iff m-dim(Jpy) < oo iff m-dim(Rgr) < oo iff the lattice of
finitely generated left ideals of R does not contain a dense chain [Z, Lemma
8.5]. Applying the considerations made at the end of §4 gives us the following

Corollary 9.6. If R is left coherent and the lattice of finitely generated left ideals
does not contain a dense chain, then duality constitutes a bijection between the
(isomorphism types of) injective indecomposable left R-modules and the (iso-
morphism types of) flat pure-injective indecomposable right R-modules.

Corollary 9.6 applies, in particular, to left noetherian rings.

10. TOTALLY TRANSCENDENTAL MODULES

In this section, we specialize to the case of totally transcendental modules.
Recall [P, Theorem 3.1] that a module is totally transcendental iff it has the de-
scending chain condition on pp-definable subgroups. Every totally transcenden-
tal module M is pure-injective and m-dim(M) < cc sothatevery U € I(M) is
reflexive. A main feature of a totally transcendental module A is that for each
a € M, there is a ppf ¢(x) such that M F ¢(x) « tp*(a). We shall regularly
exploit the fact [Z, Corollary 3.3] that ¢ € ¢(M) iff there is an f € Endg M
such that af = ¢. We begin with a closer look at the situation in Proposition
8.9 by showing that in this case, elements of Homg(rUs, DU ® Us) locally re-
semble elements of DU . Throughout this section and the next, .S will denote
the endomorphism ring of rU .

Lemma 10.1. Suppose that rU is a totally transcendental indecomposable mod-
ule and that f € Homg(Us, DU®Us). Then for each a € U, thereisa ¢ € DU
such that f(a)=c®a.

Proof. Let f(a) =b®e and let p(x, y) be a ppf such that U F p(x, y) «
tp*t(e, a). We aim to show that D(p(x, 0)) € tp*(b). By Theorem 4.10, it
suffices to prove that for each d € U for which U F p(d, 0), we have that
b®d =0 inDU®U. Butif UF p(d, 0), then by the choice of p(x, y),
thereis a g € Endg U such that eg =d and ag =0 andso b@d=b®eg =
f(ag) = 0. By Corollary 2.8(ii) this means that DU & 3y Dp(b, y) and if
¢ € DU witnesses this, then Corollary 3.3 gives that f(a) =b®e = (c)Dp®e =
c®pe=c®a. O

If U is totally transcendental, we may define elementary socles on it.

Definition 10.2. For each ordinal o, we define soc®(U) C U by recursion on
«.
(1) soc®(U)=0.
(i1) soc**!(U) =
soc*(U).
(iii) soc*(U) = S {soc*(U) | @ < A} if A is a limit ordinal.

S{o(U) | ¢(U) ¢ soc*(U) and ¢(U) is minimal such} +
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ht(U) is defined as the least o for which soc*(U) = U and rk(p(U))
will denote the foundation rank of ¢(U) in Latt(U). Since everything is de-
fined inside U, one may prove by induction on «a that if tk(¢(U)) < «, then
p(U) C soc*(U). We shall often confuse soc*(U) with the ideal {y | w(U) C
soc®*(U)}. Since Latt(DU) = Latt(U)°? (Theorem 4.10), we may dually define
the elementary radicals rad*(DU) of DU.

Definition 10.3. rad®(DU) = D(soc*(U))(DU), the subgroup of DU defined
by the filter of ppfs dual to the ideal soc*(U). We would like to be able to con-
fuse rad*(DU) with the filters D(soc®(U)) and {D¢ | Dg(DU) 2 rad*(DU)}
and we may, according to

Proposition 10.4. ¢ € soc*(U) iff Dp(DU) 2 rad*(DU).

Proof. (=) follows from the definition so we just prove (<«). Suppose that
¢ ¢ soc®(U) is a minimal such ¢. Let a € ¢(U)\soc*(U). Then U F
¢ — tpT(a) and we can find ¥ such that ¢/y € tp(a) is a U-minimal pair.
By the minimality of ¢, ¥ € soc®(U). Lemma 4.6 at Th(U) provides us
with an indecomposable type p, H(p) € I(U)’ = I(DU), for which F pt —
D(soc*(U)) and -D¢ € p. As Dy /D¢ € p it must be that H(p) = DU and
if ¢ € DU is a realization of p, then ¢ € rad*(DU), but ¢ ¢ Dp(DU). O

It is sometimes easier to determine DU ® U than DU .

Theorem 10.5. If U is a totally transcendental indecomposable module, then
DUgr = Homg(rUs, DU ® Us) .

Proof. Let f € Hom(U, DU ® U). For each ordinal «, we shall provide an
element ¢, € DU such that (f — T¢,)(soc*(U)) = 0 (T is defined prior to
Proposition 8.9). Letting a = ht(U) together with Proposition 8.9 will yield
the theorem. We proceed by induction on «.

(i) cg=0.

(i) For the successor case, it suffices to prove that f(soc*(U)) = 0 implies
that there is a ¢ € DU such that (f — T¢)(soc®*'(U)) = 0. Then, if we replace
f with f— Tc¢, and let ¢,y 1 = ¢, + ¢, the induction goes through.

Let F = {p,(U) |y <k, ¢,(U) ¢ soc*(U) is minimal such} be a family
of pp-definable subgroups of U maximal with respect to the property that for
each finite J C x and y ¢ J, ¢,,(U) ¢ > {o,(U)|y € J} +soc*(U). By
the maximality of F, soc®(U) + F = soc**'(U). Let yp < k and a,, €
9y,(U)\ soc®(U). By the minimality of ¢,,(U), U E ¢, < tp*(a,) and if
@4/ Wy, € tp(ay,) is a U-minimal pair, then y,,(U) C soc*(U).

By Lemma 10.1, there is an e,, € DU such that f(a,) = e, ® a),. As
each m € y, (U) may written as a, g with g € § = Endg U, we get that
e, ®m = e, Qayg = flay)g = fla,g) = f(m) = 0, by assumption, so
that Theorem 4.10 implies that e,, € Dy, (DU) and Proposition 3.2 gives
that if f(a,) # O, then Dy, /Dy, € tp(ey,). If v € rad*(DU) is such that
Ew — Dy, and J C « is finite, then, by the definition of F, it follows that
0(U) ¢ $:{9,(U) | 7 € J} + Dy(U) so that (\{Dp,(DU) | y € J}ny(DU) ¢
Dy, (DU), by Theorem 4.10. Now the same argument used in part (a) of the
proof of Proposition 6.4 shows that {e,, = x + ¥, Dy, (y), x € rad*(DU),
Dg,(x) | y # yo} is finitely satisfied in DU and hence, by Proposition 0.4,

realized by say (e, , e, —e,) € DU. Then we have that e; € rad*(DU),
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DU E Dy,(e,,) foreach y # yo and Do, (e,,—e, ) so that, by Proposition 3.2,
flay) =e,®ay, =e) ®ay. If fa,)=0,let e} =0.

Set e,, = e, . Thus we may assume that we have for each y <k, e, € DU
such that f(a,) = ¢, ®a,, e, € rad*(DU) and that DU k Dg;(e,) for each
0 # y. It is easy to see now that {x € rad*(DU)} U {Dg,(x —¢,) | y < K} is
finitely satisfied in DU . In fact, if J C « is finite, then Y {e, | y € J} isa
realization of {x € rad*(DU)}u{D¢,(x—e,) | y € J}. By Proposition 0.4, there
isa ¢ € DU such that ¢ € rad”(DU) and DU F Dg,(c —e,) for each y < k.
Since each m € ¢,(U) may written as a,g with g € § = Endg U, it follows
that soc**!(U) = Y{a,S | y < k} + soc*(U). So for each b € soc**1(U),
there is a finite J C k¥ and a € soc*(U) such that b =Y {a,8, | v € J} +a
with g, € S and therefore f(b) = /(S {a,8, |7 € J} +a) = »-{f(a,)8 | 7 €
J}+fla)=>{e,®8, |7y€eJ}+0=3{c®g |yeJ}+c®a, by choice of ¢
and Proposition 3.2. Thus f(b) = c® b and hence (f — Tc)(soc**(U)) =0.

(iii) Suppose that A is a limit ordinal and that for each a < A, we are
given an element ¢, € DU such that (f — T¢,)(soc®(U)) = 0. We claim that
{x — ¢, € rad*(DU) | @ < A} is finitely satisfied in DU . This is so because
if p <d <4, then T(c, — ¢s5)(soc’(U)) = 0 i.e., for each ¢ € soc?’(U),
(c;—¢5)®9(U) =0 in DUQ® U . By Theorem 4.10, this means that (¢, —¢;) €
D¢(DU) for every such ¢ and hence that (¢, — ¢s) € rad®(DU). Thus if
a) <ay <---<ay, =0 < 4 is a finite sequence of ordinals less than A, then
cs realizes {x —¢c,, € rad®(DU) |1 <i < n}. Let ¢; € DU realize {x — ¢, €
rad*(DU) | o < A}. Then for each a < 4, T(c¢; — ¢,)(soc*(U)) = 0 and hence
foreach a < A, (f—=Tc¢)(soc®(U)) =0 and hence (f—Tc;)(soc*d(U))=0. O

If o/w is a gU-minimal pair, then we see from the proof of Proposi-
tion 6.4 how ¢(U)/w(U) is a one-dimensional right vector space over A,
the residue division ring of S = Endg U, and how Dy (DU)/De(DU) is a
one-dimensional left vector space over A. Thus Dy (DU) ® ¢(U) is a (one-
dimensional) A-A-bimodule when viewed as a submodule of the S’-S-bimodule
DU ® U where S" = Endg DU . We shall refer to Dy(DU) ® ¢(U) as g/Ag.
This does not, however, give ¢/ any prominence among U-minimal pairs,
for if o/t is another such pair, then [Z, Corollary 4.6] supplies us with a third
U-minimal pp-pair d/e such that d/¢ <; ¢/y and d/¢ <; g/t (Definition
3.5 localized at I = I(U)). By Proposition 3.6(ii) at I, De(DU) ® 6(U) is
an §’-S-submodule of both Dy (DU)® ¢(U) and D7(DU)® a(U) and hence
Dt(DU)®o(U) = s/As.

In the following, E(M) denotes the injective hull of M .

Proposition 10.6. If U is a totally transcendental indecomposable module, then
E(DU ® Us) = E(Ag) as right S-modules.

Proof. We will show that for each a@b € DU ® U, there is an f € S such
that a®bf € Ag, i.e,, that DU ® Us is an essential extension of Ag. Suppose
that U F ¢/y < pp-tp(b) and Uk ¢ — tp*(b). If agb #0 in DUR U,
then DU E -De¢(a), by Proposition 3.2. By [Z, Corollary 4.6], there is a DU-
minimal pair D7/Da € tp(a) such that Dp C Dg C D1. Then 1 C o C ¢ and
o/t is U-minimal. Let ¢ € g(U)\7(U). Then U k ¢(c) so thereisan f€ S
such that bf = ¢ and hence it follows that a®@bf =a®c € Dt(DU)®c(U) =
Ag. O
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If U is an indecomposable injective left R-module over a left noetherian
ring R, then, according to Fact 9.5, all of its pp-definable subgroups have the
form Jx =0, J aleft ideal of R. Thus U is totally transcendental and the
above results apply.

11. FINITELY GENERATED MODULES

We now solve Problem 4.11 for a certain class of modules. S = Endg U in
this section.

Definition 11.1. A module M is definably finitely generated by a € M if for
each ¢ € M, there is a ppf p(a, x) € tp*(c/a) and M E p(0, x) - x=0.

If M is definably finitely generated by a, then M is the positive definable
closure of a. If M is finitely generated as an R-module by a, then it is
definably finitely generated by a. If M is definably finitely generated, then
|M| < |R| + Ro, the cardinality of the language gL, so if R is countable and
U is a pure-injective indecomposable which is definably finitely generated, then
U must be totally transcendental. This does not hold for uncountable R and
not every totally transcendental module is definably finitely generated (Z(p*),
for example).

Theorem 11.2. If rUs is a definably finitely generated totally transcendental
indecomposable module, then DU @ Ug = E(Ag) .

Proof. Let U be definably generated by a. Then DU @ U = DU ® a, for if
e®ce DU®U is an elementary tensor, then there is a ppf p(a, x) € tpT(c/a)
such that U F p(0, x) & x = 0. By Theorem 4.10 and Corollary 2.8 DU k
Jy Dp(y,x) @ x=x andso e®c=e® p(a) =eDp ®a. Choose ¢(x) such
that U F ¢(x) « tp*(a). We have proved that DU ® U = (DU)" ® ¢(U) =
((x=x)"®@)(DU x U) (in the sense of §3) where n = /(a).

Next we see that ¢(U)s = Ss . This is so because for each ¢ € ¢(U) there is,
by choice of ¢, an f €S for which af =c. If ¢=0 and e € U is arbitrary,
then considering a ppf p(a, x) € tp*(e/a) such that U F p(0,x) - x =0
shows that U k p{af, ef) and hence that ef =0 and that f=0.

It follows that R(¢)! C Endg¢(U)s where I = I(U) and ¢ is an abbrevi-
ation for ¢/(x = 0)". We claim that, in fact, equality holds, for if ¢ € ¢(U)
and p(a,y) € tp*(c/a) is such that U F p(0,y) <~ y = 0 then the following
four conditions are satisfied.

() TFp() -3y p(x, V),
(i) TEx=0— p(x,0),

(i) IF3x p(x,y)— o(y),

(iv) IFp(0,y)—y=0.

Thus p(x,y) represents an element p € R(p)! for which p(a) =c.

Thus we have that R(¢)! = S and s¢(U)s = S. It was noted earlier (just
after Proposition 3.4) how #: (DU)*/De(DU)s = (DU)'/De(DU)s ® S —
(DU)Y'/De(DU) ® 9(U) = DU ® Us induced by 7n(e) = e®a is surjective. On
the other hand if 5(e) = e ® a = 0, then Proposition 3.2 forces DU F Dg(e)
so that 7 is injective as well. By Proposition 6.7, Th((DU)"/Dg(DU)s) =
DTh(s¢(U)) = DTh(sS) = Th(D(sS)). But by the isomorphism and Proposi-
tion 10.6, (DU)"/Dg(DU)s is a pure-injective indecomposable right .S-module.
It is pure injective because, by Lemma 6.8, every S-pp-type p*(x/4), A C
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(DU)*/Dgp(DU)g is induced by a pp-type tpt(e/C), C C (DU)", e € (DU)"
and hence realized by e + Do(DU)s. It must be that (DU)"/Dgp(DU)g =
D(sS). By Proposition 9.2(i), (DU)"/De(DU)s is injective. The theorem
now follows from Proposition 10.6. 0O

In the proof of the previous theorem, we used without mentioning the fact
that S is a reflexive pure-injective module. This is obvious just as soon as we
extract the following consequence of the proof of Theorem 11.2.

Corollary 11.3. If rUs a totally transcendental indecomposable which is defin-
ably finitely generated by a, [(a) = n, then S is totally transcendental as well
and tkg S < n-rk(U).

Proof. We interpreted the module S as the left R(¢)-module ¢(U). By
Lemma 6.8, each pp-definable subgroup of ¢S is defined on ¢(U) by a ppf in
rL. If [(a) = n, then rk(sS) < tk(p(U)) < n-tk(U). O

A ring R is said to be left pure semisimple if every left R-module is a direct
sum of indecomposable modules. In this case, every U € gl is totally tran-
scendental and finitely generated [P, §11.1]. In fact m-dim(g/) < oo so that all
left and right pure-injective indecomposables are reflexive.

Corollary 11.4. Let R be a left pure semisimple ring. Then the duality D, which
takes the indecomposable left R-module U to DUg = Homg(rUs, E(A)s), isa
homeomorphism between gl , the left Ziegler spectrum and Iy, the right Ziegler
spectrum. 0O

Example 11.5. If U is definably finitely generated and m-dim(U) = 0, then
m-dim(DU) = 0, but DU need not be definably finitely generated. The follow-
ing is an example where U is only finitely generated. This is a counterexample
to the mistake [H, Proposition 1.11.1].

Let K/L be an infinite dimensional field extension of L with L = K. Let
i: L — K be an isomorphism. Let the ringbe R={(‘"*)|kec K, neL}.
Rz will play the role of the U above. Note that R is a local ring with maximal
ideal J(R) = (5% satisfying J(R)2=0 and R/J(R) = L;. Now rJ(R) =
LK where the left action of L on K is got from xK by restriction of scalars
along i. Thus gJ(R) is simple and zR is artinian with a composition series
of length 2. On the other hand, J(R)g & K; where the right action of L on
K is that induced by field multiplication. Thus J(R)g is not finitely generated
and Ry is not artinian.

The pp-lattice of Rz looks like the lattice of left ideals of R. It consists of
three points x = 0 C ¢(x) C x = x where Ry F ¢(x) — r|x for every r €
J(R), r # 0. By Proposition 9.2(i), gkE = D(Rp) is injective and its pp-lattice
consists of three points x = 0 C w(x) C x = x where gE E y(x) o rx =0
for every re J(R), r #0.

rM = pJ(R) is the unique (up to isomorphism) simple left R-module. Since
every left R-module contains a copy of M, E = E(M) where E(M) denotes
the injective hull of M. Let N = {(}) | k; € K} and define the action of R

on N by . . s 4k
(' 2 )= (")
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Consider (K 0) = {(§) | k € K} C N. It is a simple submodule which is pp-
definable—(K 0) = y(N) for any w(x) of the form rx =0, re J(R), r#0.
N is an essential extension of (K 0) = M so that E(N) = E(M) =E. If we
think of N as a submodule of E, then (K 0) coincides with M . We claim
that N=FE . For,let c€ E. Thereisan r€ R such that rce M, rc #0. If
r is a unit, then ¢ € M C N. Otherwise, r = (3%) € J(R) and rc = (X)), say.
But then r(, S,,) =rc so r(c— (X)) =0 and ¢ — (X) € M and hence ce N.
Thus N=E.

By looking at the bottom component of elements in E, it it clear that E is
not finitely generated. Indeed, it is not even definably finitely generated. For, if
c,e€ E and ¢ ¢ Re=ZXRe;, then Rc + Re/Re is isomorphic to M whence
arises a homomorphism f from Rc + Re to M which kills e but f(c) #0.
f lifts to an endomorphism of E. Thus ¢ cannot be pp-definable from e.

12. MORITA DUALITY

Recent work of Zimmermann-Huisgen and Zimmermann deals with the pp-
lattice of the right R-module Homg(gMs, Eg) when Eg is injective; S is a
ring making gMs into a bimodule.

Proposition 12.1 [ZH-Z, Lemma 2]. If Eg is injective, then Dp(Homg(gr My, Es))
= Homg(M/o(M), Es). Thus I(Homg(gMs, Eg)) C I(M)' and if Eg is a
cogenerator, equality holds.

Proof. Do(Homg(grMs, Es)) = Homg(M/9(M), Eg) follows from the proof
of [ZH-Z, Lemma 2]. Since Es is injective, (¢/w)NI(M) = @ iff p(M) C
w(M) implies that

Homg(M/y(M), Es) C Homs(M/p(M), Es)

iff
Dy (Homg(rMs , Es)) C Dp(Homg(rMs, Es))
iff
(Dy /D) N I(Homg(rMs, Es)) = @,
thus

I(Homg(r My, Es)) C I(M)'.

If, in addition, Eg is a cogenerator, then all the above implications become
equivalences and we get that I(Homg(gMs, Eg))=I(M) . O

Corollary 12.2. If My is injective, then I(M)' C I(gR). If M is a cogenerator,
equality holds.

Proof. Apply Proposition 12.1 to Mg = Hom(gRg, Mg). O

IfS and T are arbitrary rings, recall that the functor Homg(-, rCs) is
equivalent to a Morita duality between T-mod and mod-S iff 7Cs is an in-
jective cogenerator as both 7-module and S-module and 7 = Endg Cs and
S = Endy 7C [F, 23.16]. The functor Homg(-, 7Cs) is called a rCg-duality.
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Proposition 12.3. Suppose that rCs-duality constitutes a Morita duality between
T-mod and mod-S. If rUs is a reflexive pure-injective indecomposable R-
module which is 7Cg-reflexive, then tDUgr = Homg(rUs, 7Cs) and rUs =
Homy(rDUg, rCs).

Proof. As in Example 8.5, Homg(xUs, 7Cs) is pure-injective. From the hy-
pothesis and Proposition 12.1, I(Homg(gUs, 1Cs)) = I(U) . By [F, 23.15],
the class of 7Cs-reflexive T-modules is a Serre class forcing Homg(gUs, 7Cs)
to be indecomposable. Let ¢/y be an I(U)-minimal pair. Then Dy/Dg
is an I(U)'-minimal pair. It is realized by the pure-injective indecomposable
Homg(rUs, rCs) € I{(U) . By the definition of dual, Homg(gUs, 7Cs) =
tDUgR. pUs = Homp(rDUg, 7Cys) is proved similarly, O

Proposition 12.4. Suppose that rU and DUyr are both definably finitely gen-
erated and totally transcendental. Let S = EndgU and T = Endg DU and
1Cs = rDUr ® Us. 1Cs-duality is a Morita duality between T-mod and mod-
S and Us (yDU) is rCs-reflexive.

Proof. Both S and T are local rings with residue ring rAg (cf. Proposition
6.4). By Theorem 11.2, Cs = E(As) and rC = E(7A) so rCs is an injective
cogenerator on both sides. By Theorem 10.5, both Us and 7DU are 7Cs-
reflexive [S, 1.6.7]. By Proposition 12.3,

T = HomR(DU, DU) = HomR(DU, Homs(RUs, TDUR ® Us))
= Homg(rDUr ® Us, 71DUR ® Us) = Endg Cs.

The proof of S = Endr rC is similar. O

Note that when Proposition 12.4 applies, both U and DU have a pp-
composition series.

Example 12.5. If U is a finite indecomposable R-module, then it is pure in-
jective and reflexive. By Theorem 6.6, |DU| = |U| so that U and DU satisfy
the hypothesis of Proposition 12.4.

Example 12.6. If R is representation finite, then every indecomposable (right)
R-module is pure-injective and finitely generated [P, §11.4]. Proposition 12.4
applies to U and DU for every U € gl .

Example 12.7. If R is an Artin algebra with center C(R), then every finitely
generated module M has a composition series as C(R)-module. Since pp-
definable subgroups of M are C(R)-submodules, M has a pp-composition
series. Thus a finitely generated indecomposable U is pure-injective. Let
0C @(U) C -+ C gnp(U) = U be a pp-composition series for U. Then
foreach 0 < k < n, ¢x1(U)/0i(U) = ¢(ryA as C(R)-modules so that A is
a finitely generated C(R)-module. Acg) is also finitely generated and since
0=Dg,(DU)C--- C Dp,(DU) C DU is a pp-composition series for DU and
D@y (DU)/Dgi(DU) = Ac(ry for each 0 < k < n, DU is finitely generated
as C(R)-module and hence as R-module. Thus Proposition 12.4 applies to U
and DU for every finitely generated indecomposable U .
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