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Elementary method in the theory of congruences
for a prime modulus

by
8. A. StepAvov (Moscow)

- L. Let m, n = 2 be coprime natural numbers and lat 7 = dmin(n—1)2
be any prime number. We denote a finite field of order P by %,. Let I, be
the number of solutions in. , ¥ ¢k, of the equation
(1) ¥" = fla),

Wwhere
f@) ="+ e ™ hay, ot
is a polynomial with infegral coefficients.
In the case n =2, m = 3 Hasse [2] proved. that
Z,—pl< 2Vp.
Later Yu. I. Manin {3] propesed an elementary proof of Hagse’s theorem.
The inequality
\L,—p| < 20Vp

where g iy the genug of curve (1) follows from Weil’s result T4]. In ]
I proved for » = 2 and every odd m by an elementary method the follo-
wing resuls

[Ip;pI < Vamm¥p.

In the present paper I prove by the same method the following: _
THEOREM. Let ¢ = (n, p—1). Then

Hy—p| < ]/A‘Zq_m?,qm]/}_?.

2. We divide the all elements of %, into thres classes:
I. The first class consists of such ack, for which f(a) # 0 and the

| equation " = f(a) is solvable in %,. Let I, be the number of those a.
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Those « and only they satisfy the equation «
p-1

_..f Tmo.

TI. The second class consists of ﬁek for which the equation ¥* = f(8)
is insolvable in k,. Let I_; bhe the number of those f. Those ﬁ and. only
they satisfy the equatmn

p=1 2{p~3) (g—L)(p—1)

THfB) § HFB) ¢ 4. HfB) ¢ =0

1IT. The third class consists of y ek, for which f(y) == 0. Let I, be the
number of those y.
Obvionsly

I I+ I =2
Further we can write
| I, = gl + 1.
Af last we note that for all zek,

—w =0.

Teyma 1. Let g= 2. For ony natural N < 1/19 [2qm there ewists

o polynomial R,(x), not idéentically equal to zero, of degree at most

(ij);p_—ﬂ m-+Np-+ (m— L) N*+m

such that all the elemmts of the second dlass are roots of Ry(w) of order at
least N +[ ] +1.
 Proof. We shall look for R,(x) in the form

g-1 E 1,(1: 1) N -2 z(ngl) N

By(p) = Zf(m Zr(")(m) (2P —w -1+2 fla) Zma-)

where 7% (), t00{x), 1 = 0,1, ,q— 1§ =1, 2 .., N, are indeterminate
polynomial 'coefhclents Defme the operator of differentiation

d
D=as

and denote

Ri(w) = D*Ry(@), % =1,2,...

icm
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Lot us find B, (z) taking into aceount that %, has a characteristic p.

=1 §p-D 2
Ry(#) = 2 (D) (@® — )~ —
. i=0 =1
¢-1 ip- 2
F 7 NG @) e —oy-
i=0

=t iy N

df f—l y f q y?’;u)(m)(ﬁp—ﬂ?)j_l—{—

§= 1
2 ipen X

£ o) e —ay -

i=0 = 1

g—2

< 1(?:-9

-.--J 23 W) (e2) (2P — @)= —

_ 47 f‘lj ft(:i?q—l) Zt(ﬂl Y

If we add and subtract the following expression

f 2 4p-1)

N
d o=y
w20 Y e e

t=0 j=1

(g—1)

on the right-hand side of the last equality, we get

o=l dp—1)
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g-l gp—1y NI

,yfq

L
b1

d :
(Dﬂ gl — (=) d_if."”"?)) (# —ay ™

=) i=1
i;fzmg—n (Daﬂ%’?*(q— f"l?fw)) (67— 2) VL

- 472 f(p-1 N--1

af

Y z(Dti?}—q%l)tﬁf'hl—i;j;f“‘iﬁ?ﬁ
im0 =1 .
' 4=t ip-1) .
NN L § e af
a1 oo 3T (i)
=2 4p-1) df
o+ DS (=1 5 £ — ).
If we take
af )
@) 0 = (= 1—) L, im0,1, 0,02,

then R,(») can be written in the form

-1 (211 N g-2 ip-1) N

2 Playe®—ay 7+ D f T Y i) (@ —a,

=1 d=0 Fral

)
!
=)

where
. . if
7’§1_) = D"?)—Wﬂl (g— 1) f 11,(0

df

j=1,8,...,N~1,

= D"R’r}_— (Q—l)‘?l;v‘f e,
(3) .
) = DY gl Ui g 1)L o,
P=0,1,...,¢—2; j =1,8, .., N~1,
d
L, = Do, — di. agﬂ;“ i=0,1,..., q—2.

Himilarly, the relations

o o
E}:(q-—l—z)—&g«f‘lr?), i=0,1,...,4—2,
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are sufficient for E,{x) to have the form

g1 dip—-1) N q-2 ip-1) N
=277 YiPw@—art N Zt“”(m)(aﬂ’ z)
1=0 =1 feei)

We shall suceessively construet R(w), & =1,2,..., ¥+ [L—l—] which

differ from the corresponding derivatives of B,(#) by constant factors
unequal to zere in k&,. If we take

@) g = (g—1— i) Y,
<1

. . N1
t=0,1,..,¢-2; k=1,2, ---’l\"‘|‘[ g—1 ]7

then R, (z) will be written in the form

g—1 i(p—-1) N g—-2 ip-1} N

e ACICE At W Zt‘“(mxmﬂ ay,

where

- ~ e af ..o . ;
79 = Dt — g = (=D Y =18, N,

' - af e
9 = DA — (=) 5 g,

- _ f ] ]
OF V) — D g i (g 1~z>—f i,
i=0,1,...,—2;7=1,2,...,,N—1,

(= D1 o, 0,1, m.

In the following, sueh a form of B, {(z) wil be called “necessary”. :
The condition that R{z), ¥ =1,2,..., N, hag the “necessary”

torm allows us to find the connection between t{“} and ff, ¢ =10,1,

¢—2; j=1,2,...,N. We shall prove Dy induction on j that q’g‘t‘“’

will be present as lmear forms

i
©) i) = MNP, i=0,1, ..,
I==1

q—2; ] =1,2,..., N,

where the coefficients FU} are.rational functions. By (2) the result is
obviously true for § = 1. In accordance with (3) we get changing j to j—1

af af
d

)y = D) — ity — i == f ) g —1— D)2 s

£=0,1,...,q—2.
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By a-ssumption. of induction we have

¢ D 21”" s

f—1

i—1¢ [) - (3--1) (0}
(-1 t”— —‘I;SIFM I,
Henece for ¢ =0,1,...,4—2, we have
e S
m i g gt i) S
=D j:; F(i—l) {0) j;_‘l'_p(f—l). AL _C,Ei -1 7':111?6_1) A0
= é i1 h '“‘1_:1‘, it 1 %dm'f % 51 ¥ 4

af

4G 1)! (q—-l_@)%flﬂw)_

Expressing ¢, {0, ..., 7 in terms of 7Y, r, ..., " by (3) we get

: i1 i—1 i—1
., - . i 7 "
gt = 2 (DFf; ?J>r%°’+21?.&zz ”Dri‘?’—z B DA+
- I= I=1

+ QZZFU—HT%DT)FF(Q 1) f~1 y}ﬂb l)y(ﬂ)

m(q(j—l) -?a ?ﬂf’l(.v 1)'(q—~ —1) g;:f 1);”}")-1“

af

ng—ﬂ9~g°>+ I e Ik

af :
'%‘Z(DF(? 1)+g(lm )ng 1%+(q_1_”;)”&:£".f—1j1'£y,l—l}) 7-_}0),

Thus the result hag been provecl foralli =0,1,

=2 =1,2,.., N
and fnrthermore o )

. d
(@) B = DR g 1)F-"”+(q_1—i>g£’f“lﬁ’£f“,

1,11

$=0,1,0=2;§=1,2,..,N; 1 = 1,3, ..., j—1

?

8) Fi = qUi—DPG) @ =1 (g—1—i _dif—l-
-’L‘

i=0,1,..,9—2;j=1,2,.., N
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<

From (8) we get

9)  FY) =@ EY, i=0,1,..,¢-2;j=1,2,..., .

N—-1
N-{-[ 1 ] has the “neces-

The condition, that By (x) for £ = N+1, .

sary” form allows us -to find the connection hetween #%,+, ..., #%
We have
¥
Noar 40 N A0 .
FNUY = D F, i=0,1,...,¢-2.
o
In a similar way

N Z‘F(W}”, i=0,1,...,9—2.
But in view of (3)

{1) — Dt(ﬂ)

df .
dm f—_l gﬂv: 1=0,1,...,4—2.

Hence we have for ¢ =0,1,...,9—2

DZ TR0 — Z’ FE 44

or in accordance with (3)

L TF&,’;” P

N N

y(ppm),,m)_n_> TE DAY = yFN)DN“} QZU 1) B

71 F=1 F=1
N

f*lZF”” O f‘lz B
that is

) g 1— ) f-llﬂf;)) 9 =0,

i=0,1,...,¢—2.

N
(N)
E( D+ q(j—1)Ff

J=1
We ghall write it in the form
N
DEEE =0, i=0,1,..,4-5,
f=1
‘where
B = D+ i) Bt =1 o T,

i=0,1,..,9—2;§=1,2,...,N.
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Thess relations are corollaries of the fact that By, (%) has the “necessary”
form. X we demand that Ky (), ..., RN+ LY (@) should have the

a—1

5‘necessa-ry” form, we shall get (g—1) [ -

1] analogous relations

' N—
1,00, 0—2; k=N+1,.. N-l_[q_;]
j= 1

Find recurrence relations between F(%_,, ## and FEH, Applying the

2,979

N—1
operator D to (10) for some &, N1 < 7:;< N+ [?—T]’ we geb

N N ‘
(11) M OFD O SFEDY =0, i=0,1,...,0—2.
j=1 F=1

Further .
N
D =0, =01, 0-2.

This Gives by (3)

d N
5‘ FEDH QZ j—1) P 7,gp) / f—lz TR0 =

fe=1
i=0,1,...,4—2.

Subtracting the last equalities from the corresponding equ‘l(hhe% (11
we gel
N : af
(12) Z(DF”Jrg(g 1)F£2 i a—1) = f 1F&?}) W =0,
pr .
t=0,1,...,g—3.
At lagt subtracting the equa.]ities

f-l YF(’%(M =0, i=0,1,...,q—3,

from the correspondmg equalities (12) we get

N
f (DF?Hqu 1)1f1 ot (g—1—17) d—if“llﬂif’}) 1 =0,
thati is

%

W) F = gy rH{g— 1) — - o - fE,

i=0,1,.,0-2;j=1,2,...,N; h = ¥, §+1, ...,N+[N“§];1,
| | a—

Further it iy clear that

N .
- . N—1
(A0 2 F® =0, ¢=0,1,...,4—2; k = N1, ...,'N—}«,[ ],
i=1 :
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Find non—tnwal solutions of the system (10) in polynomial ORI
9. At first we prove by induction on % that

g - . F-1
Fg“}, 7,mO,l,...,q—E;j=1,2,...,N;k::l,?:,...,N+[ ];

¢—1
Tk,
are rational funetions of the type
P&
{5 s
1y B =

and that the degree of the polynomials P{¥ does not exceed

(15) @ = (h—j+ 1) (m—1).
This result is obviously true for % =1 sinece by (2)
af

FY = {(g—1—1) I ' i=0,1,...,0—2.

By (9) the result is true for k¥ =3§,j =1,2,..., ¥N. By the assumption

of induction we have for ¢ =0,1,...,¢—2; j=1,2,...,k—2; j< W,
that

F(L 1) ‘Pk Y F(}'c 1) — ‘Pk:i'_-l}

1,7 Jc?u i ? i — fk-y’-y—l

and we infer that the degrees of polynomials P ("‘” and P%7Y do not

2,51

exceed (k—j) (m—1) and (k—j-+1)(m—1). Bub for k# 7 by (7) and (13)
(16) B = D g DR (g 1— i R,
' i’=0,1,...,q—2;j:1,2,..., 1) j <N,

Q(k 1)

E—1
'DF( ) = f]c—9+1 3

i=0,1,...,9—2; ) = 1721--':15“"15 JEN

and that the degree of the polynomial Q%2 does not exceed (h—j+ 1)
% (m—1). In this case the result easily follows from (16). Then (14) shows
that system (10) is equivalent to the following system

g—1

E"‘l % fk-—-N El’ 2
('::} (i',:% ‘
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We shall look for r{¥ in the form

A = YD, =1,2, ., N.

(18)

Then system (17) turns info .the gystem

¥ ' ¥—1
(19 SWng?Fgo):(}, @:011,...,5{—2; k =N+1”NW}-[E-:T],

e '

i=1

with polynomisl coefficients PL.

Let
d(j"g
P = 3 afa,
=0
' N—1
P 0,0, g2 i =18 Ny B= Nl N =],

We shail look for #?, j =1,2,..., ¥, in-the form

. 6?'
q—,}n) - Z’ b:gz} o,
=0

: (
where ¢; = (¥*— N 4j){(m—1). Then system (19) takes the form

) s,
ayite  x .

3 (3 3 ) o,

p=1 i=1 prr=p

_[N-1
§ =0,y g2 b= Nob Ly, N |

- Henee there are equalities

N 4

o)

j=1.t=l

a1 =0,

N-1
g—1

i=0,1,..,0—2; k'ml\ﬁk—l, ...,N+[ ]; p=0,1,..., dﬁfﬁ-qj.

In the last system. there are

variables b and

e

o conenie

S Y

b

e AR i e,
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equations. We have by (15)

A
L=(m—1) Y (F—=F+j)+¥ = (m—-1) ¥ — 1}2.;-1N2+ mjlx’
a = |
M (m—1){g—1) }: (Nl-!*l‘i‘l)"!'(g""l)[i:j]
mzizl

N4 mil N—m.

2 2

< (m—1) ¥ —

Thus T— M = m and system (20) has non-trivial solutions in elements
b of k,. It is clear from (6) and (13) that

#, i=0,1,...,4-2;j=1,2,.., N

are also polynomials.
Further we note that the relations (6) and (10) are not only necessary

'

bub sullicient for R (), k =1,2,..., N+ [ ]to have the “neecessary”

N

- 1
form. Since all the By (x), k =0,1,..., N+ [ ] have the “necessary”

Y

form, all the derivatives of order to N+ [——mi-] inclusive of the polynoﬁ{ia;l

Ry(x) vanish at the points pek, for which the equation 3" = fg) is
ingolvable in k,. To finish the proof of the lemma, we must show that
the polynomial R, () is not identical to zero and estimate the degree
of B,(#). Denote the degree of the polynomial ¥ by 4, and the degree
of the polynomial £ by 7, ;. Since the degree of the polynomial AP does
not exceed {N?— N -\-j)(m—1), we infer from (18) that & < N*(m—1)+
+ N+ m—j. Further, by (6) and (13), y;; < N*(m—1)+ N +m-—j—1for
allg = 0,1, ..., ¢—2. Under the condition p > dmin(n—1)%, N Voj2qm.
Hence

5,4 m< Nm—1)+ N+t2m—j<plg, §=1,2,...,F,
i+ m < N (m—1)+ N+2m—j < plg,
i 0,1, 0—255 = 1,2, ..., N,

1)

The degree of the polynomial

s

—L p—1

f o @ —ap

o
I

[¢]
is equal to

———»»-—(q_l);pwl) mt 8,4 p{j—1)
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and the degree of the polynomial

iB=1) .
;oo —ay
iy equal to ) 1.)
w’i.ﬂ' = “_'p"gj—m+y®,j+pj .

Since i < g—2, (m,q) =1, it follows from (21) that w, # vt-.{ﬂ .fmgo any
= (}515 feny g_'?l;j’ k= 1327 -.-,-N-a:ﬂdth‘rl:t wy = Wy for ¢ > i Ty )(50)’
9,;9) (m)?tgul)c(w) do not equal fo zero, Hence the members

a—1 ip=1) i1}

ST Pee—a,

1=0

#9) () (a” — )

in the polynomial R,(x) cannot be cancelled out. Af last we estimate the
degrée‘ of the polynomial R,(#). The degrees of polynomials

=1 1) ,
i @@, j=1,2,.., 5,
T =0

do not exceed

=Dl L Pt

and the degrees of the polynomials

ifp—=1)

f¢@mer—ef, i=01,..,0-2;j=1,2%,.., N

do not exceed

Ww& (m—1) N+ Np+m—1.
Hence the degree of Ry(x) is at mogt
E—Lq@_l)m—k(m—ml)l\?z—i—ﬂp—l—m.

Lemms 1 is fully proved.

‘ 1
LEMMA 2, Let g>2. For any natural l\T g-q—_—:—l_ nggm there
ewists « polynomial Ty(x), not idewiically equal 6 zero in ky, of degree
at most : '
(g—1}(p-—1)
- q

m+ (m—1)(g— 1 N+ Np+m

- Acta Arithmetica XVIL3
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such that oll the elements of the first class are roots
order at lenst Ngq.

Proof. We shall look for Ty{x) in the form

of polynomial Ty(x) of

¢—1 (p—1 N N
Tyfa) = 3 f 7 2 @) —ay iy j 4 (@) (2 —
where - = j=1
“P}(w)& t}n)(m)) 7::132)“-’q_1§jil:2a~--}—NT:
are indeterminate polynomial coefficients. Define T, () as
Ty (=) :DTCTO(‘”): k=1,2,..
By analogy with Lemma 1 one can show that condikion

—1
. af s
R PN
dx o

ig gufficient for T.(x) to have the next form
g—1 i{p-1) N

N
Ty(@) = 3 {i=f © ) ) @) —ay =+ Yt () (@~ o,

g=1 jwml Fe=1

where

% E- o (b=l s 1 (e
i = Dﬂ(:,f K “Qﬂ?g,iﬂ—?'—d fefs Y,
m .
. i =1,9, ., 0—1;§=1,8,..., N—1,
' o B .
1, = DTﬁ"Nl)—@——dm Y, i=1,2,..,0—1,

. -1
: SN JPURE « FUMIN |
## = _Dtg" ”-g(j—[—l)tyj_ll}—f—af 12"""%411): j=12,...,N-1,
=1
1 = D,

In the following such a form of Ty(x) will be called “necessary™.

Ay was done in Lemma 1, we can prove by induction on j, that if

-1

]
(22) ity = 3 Mrl, j=1,2,..,7,

i=1 I=1
then T (2),k=1,2,..., ¥, has the “necessary” torm and, furthermore that
P = DRSO - B i g,
i=1,2,..,¢—1;i=1,2, ., N;1l=1,2,...,i—1,
Bl = q(jﬂ)F&%fﬂJr-iq"*le)!%f‘%

'i=1,2,._..,g——l; i=1,%2,...,N.
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By analogy, the condition that Tk(w'), k=N+1,.., Ng--1, has the

“necessary” form gives

q— N
(23) Zﬁg’? W) =0, k=N+1,..,Ng—1
1.—1 F==
where
i—1) . (1—1} . daf -1 glk—1)
F‘Ekj) ‘:DFE,‘;— +_Q(j~1) 2,f—1 ?'E:(‘;f if

i=1,2,..,0—1;§=1,2,..,N; k= §+41 o Ng—1,
Find a non-trivial solution of system (93) in polynmmals 9”(“) It is easy
to show by induction on % that F{} are rational functions of tiype

P(h
CONNS GRS =

?;=1,.1,...,g-— ;j=1,2, ...,N; k =1,2,...,NQ—'1; j\‘\:k

" and that the degrees of polynomials P¥ do not exceed

(25) @) = (k—j+1)(m—1).

Tt follows from (24) that system (23) is equivalent to the system
g—-1 N '

(26) 3 D FEE <0, b =N+1,.., Vo1,
i=1 j=L _ :

where S
T Jo—. 3
Fil) = feN ),

Wa shall look for #{” in the form
{27) ?ASLO; ﬂfNAHlf(i?y)'y ":=172’---1ﬂ_15j=172:'-'1-N-

Then the system (26) turng into the mystem
g-—1

(28) > P&’j}ﬁg—o b =N+1,..,Ng—1,

. g=1 Fe=l

with polynomial eoefficients P, Let

%
¥
IR k)
P = 3,
’ u=i

§=1,2,..,q0-1;j=1,2,.
We shall look for 7} in the form

N3 B = N1, ..., Ng—1

)
= S,

where ¢, ; = (N*(g—1) N‘i‘.?)('m—) - -
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Then systemn (28) iz written in the form

Sl g1 N

().
27
2; (DY 3 dsnder =0, B=N+1,.., 51

i=1 j=1 pho=p
Hence we have the equalities

g=1 N Gf

(29) 2 a(k,?—r) b(r) - 0

=1 f=1 v=0

o2

k:l\T“]'—l,--.,NQ'—'l; 0 =0,1’.. m-{—g”

In the last systemn there are

-1 N

L=} ¥ les+1)

. . =1 je=1

variables {7 and
Ng—1

M< D (@3 4esD)

E=N41
equations. We have by (25)

L = (m—1)(qg— 1)2 g 1P~ N+j)+(g—1)F

v,

N(g-1)—-1
M<(m=1) 3 (¥(g—1)+1+1)+N(g—1)
=1 .
< m—1) g1y F_ = 11(%1) o (m+1;(q—1>

N

Thus L— M = m and the system (29) has a non-trivial solution in elements
b of k,. If follows from (22) and {(27) that #¥, § =1,2,..., N, are
alzo polynomlals Since all the Ty{w), k=10,1,..., N¢g—1, have the
‘necegsary” form, all the derivabives of order np to qul incluisive of
the polynomial T (x) vanish at the points aek, for which f{a)+ 0, and

© equation y™ = f(a) is solvable in F,.

An argument similar to that used in Lemma 1 proves that T,{z)
it not identically equal to zero. '

At last we estimate the degree of the polynomial T, (z). The degrees
of the polynomials '

ip—1)

(1__f ¢ )?'-g?a)i(m)(mp—m)f.-l: i=1,2,...,4—1;i=1,2,...,, N,
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do not exceed

{g—1)(p—1)
g

mt (m—1)(g—1) N+ (N —1)p+ m,

and the degrees of the polynomials
(@) (P —af, §=1,2,..,N,
do not exceed
(m—1)(g—1P N+ Np+m—1.
Hence the degres of the polynomial T (#) is at most
(g—1{p—1)

p 1PN 4 Np-+m.

m4(m—1)(g—

Thus the proof of Lemma 2 iz finighed.

3. Let us prove the theorem. If g =1, then it is easy to soe that
I, = p and henee in this case the theorem is true.

Let g 3> 2. Since the number of roots of a polynomial does not exceed
the degree of that polynomial, the inequality

[t e

follows from Lemma 1. Since

-+ Np -+ {m—1) N>+ m

N—|—[N 11]+1_>,N+?if—

1
we gef
N

(N—I——)I <Np—]—mp+(mu 1)N*®
or :

N I I, :

( +——-)( = - pq' 2 —IO) < Np-+-mp-+(m— L) N,
ButI < m. Hence.
—1
I, >p-(q—1)m—£mﬁ2-@ —(m—1)(g—1)N

Take N = [ —-——-] Then

I, >p— V2q 2qm1/_

icm
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By Lemma 2

—1){p—1
Nyl < —(Q—%J m—+ Np+(m—1)(g—17 ¥ +m,

or

N(I,—1,) < Np+mp-4-(m—1)(g—1) N°.

Henece

mp .
L, < p+mt S5+ (m—1)(g—1F N

1
Take ¥ = [———]/ ?_|. Then
g—1 2qm :

I,< p+Vigm 2qm V.

Therefore
Ul < Vagm 2gm V’j;,
and thug the theorem is fully proved.
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