ELEMENTS OF STOCHASTIC
CALCULUS VIA REGULARISATION

Francesco RUSSOW and Pierre VALLOIS®

(1) Université Paris 13, Institut Galilée, Mathématiques, 99, avenue J.B. Clément,
F-93430 Villetaneuse, France

(2) Université Henri Poincaré, Institut de Mathématiques Elie Cartan, B.P. 239,
F-54506 Vandoeuvre-les-Nancy Cedex, France

June 30th, 2005

Abstract.

This paper first summarizes the foundations of stochastic calculus via regulariza-
tion and constructs through this procedure It6 and Stratonovich integrals. In the
second part, a survey and new results are presented in relation with finite quadratic

variation processes, Dirichlet and weak Dirichlet processes.
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1 Introduction

Stochastic integration via regularization is a technique of integration developed in
a series of papers by the authors starting from [45], continued in [46, 47, 48, 49, 44]
and later carried out by other authors, among them [50, 11, 12, 54, 53, 55, 57, 16,
15, 17, 18, 23]. Among some recent applications to finance, we refer for instance to
[31, 4].



This approach constitutes a counterpart of a discretization approach initiated by
Follmer ( [19]) and continued by many authors, see for instance [2, 21, 14, 13, 10, 22].

The two theories run parallel and, at the axiomatic level, almost all the results
we obtained via regularization can essentially be translated in the language of dis-

cretization.

The advantage of using regularization lies in the fact that this approach is natural
and relatively simple, and can easily be connected with other approaches. We list

now some typical features of the stochastic calculus via regularization.

e Two fundamental notions are the quadratic variation of a process, see Defini-
tion 2.3 and forward integral, see Definition 2.1. Calculus via regularization is
first of all a calculus related to finite quadratic variation processes, see section
4. A novelty of the paper is a new construction of Itd integral with respect to
continuous semimartingales based on forward integrals, see Section 3. Clas-
sical calculus will appear as a particular case of calculus via regularization.
Let the integrator be a classical Brownian motion W and the integrand an
adapted process H such that fOT HZ2dt < oo a.s., where a.s. means almost
surely. We will show that the forward integral fo Hd~W coincides with Ito
integral fo HdW | see section 3.5. On the other hand, the discretization ap-
proach constitues a sort of Riemann-Stieltjes type integral and only allows
integration of processes that are not too irregular, see Remark 3.34. This
fact is slightly alleviated using McShane type integrators, see the lines below
Remark 3.34.

e The calculus via regularization constitutes a bridge between non causal and
causal calculus operating through substitution formulae, see subsection 3.6.
A precise link between our forward integration and the one given by the
theory of enlargement of filtrations may be given, see [46]. Our integrals can
be connected to the well-known Skorohod type integrals, see again [46].

e With the help of symmetric integrals a calculus with respect to processes
having a higher variation than 2 may be developed. For instance the fractional

Brownian motion is the prototype of such processes.

e This stochastic calculus constitutes some kind of barrier separating the pure
pathwise calculus in the sense of T. Lyons and coauthors, see e.g. [35, 34, 30,
27], and any stochastic calculus taking into account an underlying probability.

see Section Section 6.

This paper will essentially focuse on the first point.



The paper is organized as follows. First, in Section 2, we recall the basic definitions
and properties of forward, backward, symmetric integrals and covariations. The
related definitions and properties do not need a particular effort for justification.
A significant example is Young integral, see [56]. In Section 3 we redefine Itd
integrals in the spirit of integrals via regularization and we prove some typical
properties. We essentially define It0 integrals as forward integrals in a subclass and
we prolongate through functional analysis methods. Section 4 is devoted to finite
quadratic variation processes. In particular we establish Cl-stability properties
and It type formula of C2-type. Section 5 provides some survey material with
new results related to the class of weak Dirichlet processes introduced by [11] with
later developments discussed by [23, 7]. Considerations about Ité formulae under
C'-conditions are discussed as well.

2 Stochastic integration via regularization

2.1 Definitions and fundamental properties

In this paper T will be a fixed positive real number. Let f be a real continuous
function defined either on [0, 7] or R;. We will convene that it will be prolongated

using the same symbol to the real line, setting

f f0) i t<o
f(t)_{ f(T) if t>T. 21)

Let (Xt)>0 be a continuous process and (Y;)¢>0 be a process with paths in L}, (R4),

loc
a
i.e. for any a > 0, / |Yi|dt < o0 a.s.
0

Our generalized stochastic integrals and covariations will be defined through a regu-
larization procedure. More precisely, let I~ (e,Y,dX) (resp. I1(¢,Y,dX), I%(¢,Y,dX)
and C(g,Y, X)) be the e-forward integral (resp. e-backward integral, e-symmetric

integral and e-covariation).

I7(e,Y,dX)(t) = /t y(s) 2t 52 — X g 1>, (2.2)
0

It(e,Y,dX)(t) = /t y(s) 28 = XE((S —4) g >0, (2.3)
0

s+e) = X((s —e)y)
2¢e

I°%e,Y,dX)(t) = /ty(s)X( ds; t>0, (2.4)
0



Cle, X, Y)(1) = /Ot (X(s+2) - X(S))E(Y(S )Y e ys0 (2

Observe that previous integral processes are all continuous.

Definition 2.1 1) A family of processes (Ht(a))te[O’T] is said to converge to (Hy)iepo, 1)

in the ucp sense, if sup |Ht(€) — Hy| goes to 0 in probability, as e — 0.
0<t<T

2) Provided that the corresponding limits exist in the ucp sense, we introduce the

following integrals and covariations by the following formulae

¢
a) Forward integral : / Yd~X = lim I~ (g,Y,dX)(t).
0

e—0t

e—0t

¢
b) Backward integral : / Yd"X = lim I7(g,Y,dX)(t).
0

¢
¢) Symmetric integral : / Yd°X = lim I°(e,Y,dX)(t).
0

e—0+
d) Covariation : [X,Y]; = 1i1£1+ C(e,X,Y)(t). When X =Y we often
E—
denote [X] = [X, X].

Remark 2.2 Let X, X' Y,Y’ be some processes with X, X' being continuous and
Y, Y’ with paths in Li, (Ry). x will be a symbol in {—,+o}.

loc
1 (X,)Y) = [(Yd*X and (X,Y) — [X,Y] are bilinear operations.
2. The covariation of continuous processes is a symmetric operation.
3. When it exists, [X] is an increasing process.

4. Let T a random time. Then (X7, X7]; = [X, X]iar and

t t t tAT
/ Y1 d X = / Yd* X" = / Y7 XT = / Yd*X,
0 0 0 0

where X7 is the process X stopped at time T defined by X7 = Xinr.

5. Given &,m be two fized r.v., we have / (&Y5)d*(nXs) = fn/ Ysd* Xs.
0 0

6. Integrals via regularization also have the following localization property. Sup-
pose that Xy = X[, Y, =Y/, ¥t € [0,T] on some subset Qg of Q. Then

t t
190/0 st*stlgo/o Y!d*X!, tel0,T].



N
7. IfY is an elementary process of the type Yy = Z A;lg,, where A; are random
i=1
variables and (I;) a family of real intervals with end-points a; < b;, then

t N
/ Y.d* X, = ZAi(Xbi/\t — Xaint)-
0 i=1

Definition 2.3 1) If [X] exists, X is said to be finite quadratic variation

process. [X] is called quadratic variation of X. .
2) If [X] =0, X is called zero quadratic variation process.

3) A wvector (X1,...,X™) of continuous processes is said to have all its mutual

covariations if [X¢, X7] exists for every 1 <i, j < n.

We will also use the terminology bracket instead of covariation.

Remark 2.4 1) If (X',..., X™) has all its mutual covariations, then we have
(X4 X7, X"+ X7 = [ X', XY+ 2[X%, XI]) + [X7, X7]. (2.6)

From the previous equality, it follows that [ X, X7] is the difference of two in-
creasing processes therefore it has bounded variation; consequently the bracket

s a classical integrator in the Lebesgue-Stieltjes sense.

2) Relation (2.6) holds as soon as three brackets among the four exist. More
generally an identity of the type Iy + - - -+ I, = 0 has the following meaning:
if n — 1 terms among the I; exist, the remaining one also makes sense and
the identity holds true.

3) We will see later, in Remark 5.19, that there exist processes X and Y such that
[X,Y] exist but has no finite variation process; in particular (X,Y’) does not

have all its mutual brackets.

The properties below can be established in a elementary way exploiting the defini-

tion of integrals via regularization.

Proposition 2.5 Let X = (X¢)i>0 be a continuous process and Y = (Yi)i>o0 be a
process with paths in L}, (Ry). Then

t t
1) [X,Y]t:/ Yd*X—/ Yd X.
0

0
t 1 t t
2)/ Yd°X:—</ Yd+X+/ Yd‘X).
0 2 0 0

5



3) Time reversal. We set X, = Xr—1),t €[0,T]. Then we have

t T
1./YdiX:— Yd¥X, 0<t<T;
0 T—t
t T . .
2, / Yd°X = — Yd°X, 0<t<T;
0 T—t

3 [X,YV): =[X,Y]r - [X,Y]r_, 0<t<T.

4) Integration by parts. If Y is continuous we have

t t
XY, = X0Y0+/ Xd—Y+/ Ydtx
0 0

t t
X0Y0+/ Xd*Y+/ Yd X +[X,Y];.
0 0

5) Kunita-Watanabe inequality. If X and Y are finite quadratic variation
processes we have

X, Y] < {[x] y]}/?

6) If X is a finite quadratic variation process and Y is a zero quadratic variation
process then (X,Y) has all its mutual brackets and [X,Y] = 0.

7) Let X be a bounded variation process and Y be a process with locally bounded

paths, and at most countable discontinuities. Then

t t t t

a) / YdtX = / Yd™X = / YdX, where / YdX denotes Lebesgue-
0 0 0 0
Stieltjes integral.

b) [X,Y] =0. In particular a bounded variation and continuous process is

a zero quadratic variation process.

8) Let X be an absolutely continuous process and Y be a process with locally
bounded paths. Then

t t t
/ Yd*X:/ Yd*Xz/ Y X'ds.
0 0 0

Remark 2.6 If Y has more than countable discontinuities then previous point 7)
may fail. Take for instance Y = lsuppav, where V is a strictly increasing continuous
function such that V'(t) = 0 a.e. (almost everywhere) with respect to Lebesgue

measure. Then'Y =0 Lebesque a.e., and Y =1,dV a.e. Consequently

t t
/ YdV =t, I (s,Y,dV)(t) =0 / Yd VvV =0.
0 0



Remark 2.7 Point 2) of Proposition 2.5 states that the symmetric integral is the

average of the forward and backward integrals.

Proof (of Proposition 2.5). Points 1), 2), 3), 4) follow immediately from the
definition. For illustration, we only prove 3); operating a change of variable u =

T — s, we obtain

b X, — X(oe T Xuye — X
/Ysﬁds:—/ YuMdu, 0<t<T.
0 € T—t €

Since X is continuous, we can take the limit of both members and the result follows.

5) follows by Cauchy-Schwarz inequality which says that

1

t
c / (Xs+5 - Xs) (}/s+s - }/s)ds
0

1 t 1 t %
< {—/ (Xose — X.)2ds —/ (Vye —Ys)zds} .
€ Jo €Jo

6) is a consequence of 5).

7) Using Fubini, we have

1 t 1 t s+e
—/ Yi(Xspe — Xo)ds = —/ dSYS/ dX,
€Jo €Jo s
t+e 1 uAt
_ / dX, 2+ Yids.
0 € J(u—e)vo
. . I
Since Y has at most countable jumps, — Yids — Y,,d| X| a.e. where |X]|
(u—e)VvO

denotes the total variation of X. Since t — Y; is locally bounded, then Lebesgue

t t
convergence theorem implies that / Yd X = / YdX.
0 0

t t
The fact that / YdtX = / YdX follows similarly.
0 0

b) is a consequence of point 1).

8) can be reached using similar elementary integration properties. [ ]

2.2  Young integral in a simplified framework

In this section we will consider the integral defined by Young ([56]) in 1936, and
implemented in the stochastic framework by Bertoin, see [3]. Here we will restrict



ourselves to the case that integrand and integrator are Holder continuous processes.
As a result, that integral will be shown to coincide with the forward but also with

backward and symmetric integral.

Definition 2.8 1. Let C* be the set of Holder continuous functions defined on
[0,T] with index o > 0. Recall that f : [0,T] — R belongs to C* if

— Lf(t) — f(s)]
Nolf) = vcater lE—sfr

2. Let X,Y :[0,T] — R be two functions of class C1, then the Young integral
of Y on [a,b] C [0,T), with respect to X is defined as :

b b
/ YdWX = / Y()X'(t)dt, 0<a<b<T.

T
To extend Young integral to Holder functions we need some estimate of Yd¥) X

0
in terms of Holder norms of X and Y. More precisely let X and Y as in Definition

2.8 above; then in [14], it is proved:
T
\ / (Y = Y(a)dWdX| < C,T" "N, (X)Ns(Y), 0<a<T. (2.7)

where o, >0, a+ 3> 1, p€]0,a+ § — 1], and C,, is a universal constant.

Proposition 2.9 1. The map (X,Y) € C*([0,T]) x C*([0,T]) / YdW X
0

taking its values in C*, can be continuously extended to a bilinear map from

CoxCP toC®. The value of this extension at point (X,Y) € C*x CP will still

be denoted/ Yd¥ X and is called the Young integral of Y with respect to
0
X.

2. Inequality (2.7) is still valid for any X € C® and Y € OP.
Proof. 1. Let X,Y be of class C1([0,7]) and
t t
F(t) = / Yd¥ X = / Y(s)X'(s)ds, tel0,T].
0 0

For any a,b € [0,T], a < b, we have



Then (2.7) implies

[F(b) - F(a)] < Cp(b_a)lerNa(X)NB(Y)""Oi‘:ET|Y(t)| No(X)(b—a)®. (2.8)

Consequently F' € C¢.

Then the map (X,Y) € C*([0,T]) x C*([0,T]) — / Yd® X being bilinear, may
be extended to a continuous bilinear map from C' XOCﬂ to C'™.

2. is a consequence of point 1.

Before discussing the relation between Young integral and integrals via regulariza-

tion, we provide an useful technical result.

Lemma 2.10 Let 0 <+’ <y <1,e > 0. With Z in C7 we associate

Z.0t) = é/o (Z(u+ <) — Z(u))du, t € [0,T].

Then Z. converges to Z in CY', ase — 0.

Proof of Lemma 2.10.

1 t 1 t+e 1 £
Za(t):—/ (Z(u—i—e)—Z(u))du:—/ Z(u)du——/ Z(u)du,
€Jo e Jt €Jo

forany 0 <t <T.
Setting A (t) = Z:(t) — Z(t), we get

1 t4e 1 s+e

A(t) — Au(s) = g/ Z(u)du — Z(t) ~ - / Z(w)du + Z(s)
1 ptte e
= g/ (Z(w) — Z(t))du — g/ (Z(u) — Z(s))du,
t s

where 0 < s <t <T.
a) Suppose 0 < s < s + € < t. Previous inequality implies

1 t+e 1 s+e

IAL(E) — Au(s)] < g/ 1Z(u) — 2(t)]du + g/ 1Z(u) — Z(s)|du.
t s
Since Z € C7, then
N Z t+e s+e
AL () — Ac(s)] < ’Ys( ) (/ (u—1t)"du + / (u— S)Vdu)
t s
< 2N (2) .
RS



But € < t — s, consequently

2N,(Z)

e sl (2.9)

|As(t) - A5(5)| <

b) We now investigate the case 0 < s < t < s+ . The difference A.(t) — As(s)

may be decomposed as follows :

t+e t
A(t) - Au(s) = §/+ (Z(u) — Z(s +&))du — é/ (Z(u) — Z(s))du
il (Z(s+¢e)— Z(s)) + Z(s) — Z(t).

3

Proceeding as in previous step and using the inequality 0 < ¢t — s < &, we obtain

2 (t—s)tt t—s
— < —3s)Y
A1) = Acls)] < NW(Z)(V_F% (-
v+ o ’
< Y= — 5|7,
< 2NV(Z)7+15 [t — s

At this point, the above inequality and (2.9) directly imply that N,/ (Z. — Z) <
Ce’="" and the claim is finally established.

In the sequel of this section X and Y will denote stochastic processes.

Remark 2.11 If X and Y have a.s. Hoélder continuous paths respectively of order
a and f witha > 0,6 > 0 and o+ > 1. Then one can easily prove that [X,Y] = 0.

Proposition 2.12 Let X, Y be two real processes indexed by [0, T] whose paths are
respectively a.s. in C® and C°, with a« > 0, > 0 and o + 3 > 1. Then for

any symbol x € {4+, —, 0} the integral / Yd*X coincides with the Young integral
0

/ ' Yyd¥X.
0

Proof of Proposition 2.12.

We establish that the forward integral coincides with the Young integral. The
equality concerning the two other integrals is a consequence of Proposition 2.5 1.,
2. and Remark 2.11.

By additivity we can suppose, without lost generality, that Y (0) = 0.

We set . .
AL(t) == / Yd¥WX — / YdX..
0 0

10



where

X.(t) = g/o (X(ute)— X(u))du, t € [0,T].

t
Since t — X.(t) is of class C*([0,77), then / Y dX. is equal to the Young integral
0

t
/ Yd®¥ X. and therefore
0

t
A(t) = / VdW (X - X.).
0
Let o/ such that : 0 < o/ < a and &/ + 3 > 1. Applying inequality (2.7) we obtain

sup |Ac(t)| < C, T PNy (X — X )Ng(Y), p€l0,a +6—1].
0<t<T

Lemma 2.10 with Z = X and v = « directly implies that A.(t) goes to 0, uniformly

a.s. on [0,T], as ¢ — 0, concluding the proof of the Proposition.

3 Ito integrals and related topics

In this section we propose an alternative construction of It6 integral with respect to
a local martingale, based on calculus via regularization. Our approach is inspired
by McKean ([36]), section 2.1.

3.1 Some reminders on martingales theory

In this subsection, we recall basic notions related to martingale theory, essentially
without proofs, except when they help the reader. For detailed complements, see
[29], chap. 1., in particular for definition of adapted and progressively measurable

processes.

Let (Ft)t>0 be a filtration on the probability space (€2, F, P) satisfying the usual
conditions, see Definition 2.25, chap. 1 in [29].

An adapted process (M;) of integrable random variables, i.e. verifying E(|M;]) <
o0, Vit >0 is:

e an (F;)-martingale if E(M;|Fs) = M, Vit > s;
e a (F;)- submartingale if E(M;|Fs) > M,, Vt>s

In this paper, all the submartingales (and therefore martingales) will be supposed

to be continuous.

11



Remark 3.1 From that definition, we can deduce that if (My)i>0 is a martingale,
then E(M;) = E(My), ¥Vt > 0. If (Mi)>o is a supermartingale (resp. submartin-
gale) then t — E(My) is decreasing (resp. increasing).

Definition 3.2 A process X is said to be square integrable if E(X?) < oo, for
any t > 0.

When one speaks of a martingale, without o field specification, one refers to the

natural filtration.

Definition 3.3 1. A (continuous) process (X¢)t>0, is called (Fi)-local mar-
tingale (resp. local submartingale) if there is an increasing sequence (1,,)
of stopping times such that X™ 1, <o is an (F;)-martingale (resp. submartin-

gale) and lim 7, = +00 a.s.
n—oo

Remark 3.4 o A martingale is a local martingale. A bounded local martingale

is a martingale.
o The set of local martingales is a vector algebra.

o If M is an (Fy)- local martingale, T is a stopping time, then M7™ is again an

(Ft)- local martingale.

o If My is bounded, it is possible to choose a localizing sequence (1,,) such that
MT™ s bounded.

Definition 3.5 A process S is called (continuous) (F;)-semimartingale if it is
the sum of an (F)- local martingale and an (F)-adapted continuous finite variation

process.
A basic decomposition in stochastic analysis is the following.

Theorem 3.6 (Doob decomposition of a submartingale)

Let X be a (Fi)-local submartingale. Then, there is an (Fi)-local martingale M
and an adapted, continuous, and finite variation process V' (such that Vo = 0) with

X =M + V. The decomposition is unique.

Definition 3.7 Let M be an (F)-local martingale. We denote by < M > the
bounded variation process intervening in the Doob decomposition of local submartin-

gale M?. In particular M?— < M > is an (F;)-local martingale.

12



In Corollary 3.20, we will prove that < M > coincides with [M, M], so that the
oblique bracket < M > does not depend on the underlying filtration.

Corollary 3.8 Let M be an (F;)—local martingale vanishing at zero, with < M >=
0. Then M is identically zero.

Proof. Due to stopping properties, we may suppose that M is bounded. Hence
Remark 3.4 implies that M? is a bounded martingale and so E[M?] = E[MZ] = 0.
Consequently, for any ¢ > 0, M; = 0 a.s. Since M is a continuous process, then a.s.,
M; =0, Vi > 0. ]

The following result will be needed in section 3.2.
Lemma 3.9 Let (Mtnqo T]) be a sequence of (F) local martingales such that M =
0 and < M™ > converges to < M >r in probability as n — oco. Then M™ — 0

ucp, when n — oo..

Proof. The proof is based on the following inequality stated in [29], Problem 5.25
Chap. 1, which holds for any (F;)-local martingale (M) such that My = 0:

P(sup (M= 2) < P(< M > 8) + 5 B[5n < M > ], (3.10)
0<u<t
for any t >0, A, > 0. [ |

3.2 The Ito integral

Let M be an (F;)-local martingale. We construct here the It6 integral with respect
to M using stochastic calculus via regularization. We will proceed in two steps.
First we define the It6 integral [; HdM for a smooth integrand process H as the
forward integral [j Hd~ M. Secondly, we extend H — [j HdM with the help of
functional analysis arguments. We remark that the classical theory of It6 integrals

first defines the integral of simple step processes H, see Remark 3.14, for details.

We first observe that the forward integral of a process H of class C! is well defined
because Proposition 2.5 4), 7) imply that

t t t
/ Hd’M:HtMt—HOMO—/ Md*H:HtMt—HOMO—/ M,H!ds. (3.11)
0 0 0

We denote C the vector algebra of adapted processes whose paths are of class C°.

This linear space, equipped with the metrizable topology which governs the ucp

13



convergence, is an F'—space. For the definition and properties of F'—spaces, see [9],
chapter 2.1. We remark that the set M. of continuous (F;)-local martingales is a

closed linear subspace of C, see for instance [23].

We denote by C' the subspace of C of processes whose paths are a.s. of class C!.

The next crucial observation is the following.

Lemma 3.10 If H is an adapted process in C' then (fo Hd_M) is an (F)-local

martingale whose quadratic variation is given by
</ Hd~M >t=</ H2d< M >, .
0 0
Proof. We only sketch the proof. We restrict ourselves to prove that if M is a
local martingale then Y = / Hd™ M is a local martingale.
0
Using localization, we can suppose that H, H and M are bounded processes.
t
Let 0 < s < t. Since H is of class C!, then H; = H, —|—/ H! du. Therefore (3.11)
implies °
s t
Y; = HiMy — HoMy — / M, H, du +/ (M — M,,)H] du. (3.12)
0 s
Let u € [s,t], then
EB[(M, — M,)H}|F.) = E[E(M, - M,)H,|F.]|F,| =o.

Consequently, taking the conditional expectation with respect to Fy in (3.12) yields
to s
E|Y|F,] = H,M, — HyM, — / M, H! du =Y.
0

Using similar arguments we can check that Y2 — / H?d < M > is a martingale.
0

The previous lemma allows to extend the map H — fot Hd~M. Let £L2(d < M >)

be the set of progressively measurable processes such that
T
/ H?d < M >< o0 as. (3.13)
0

L£2(d < M >) is an F-space with respect to the metrizable topology do: (H™)
converges to H when n — oo if fOT(H” — Hy)?d < M >,— 0 in probability, when

S

n — o0.

Let A : C! — Mjqoc be the map defined by AH = JoHd~ M.

14



Lemma 3.11 IfC! (resp. M) is equipped with dg (resp. the ucp topology) then

A is continuous.

Proof. Let H* be a sequence of processes in C', converging to 0 when k — oo,
according to dy. We set N¥ = [ H*d~M. Lemma 3.10 implies that < N* >p

converges to 0 in probability. Finally Lemma 3.9 concludes the proof. [ ]

We can now easily define the It6 integral. Since C! is dense in £2(d < M >), with
respect to d?, Lemma 3.11 and standard functional analysis arguments imply that

A can be uniquely and continuously extended to £2(d < M >).

Definition 3.12 If H belongs to L*(d < M >), then we denote by [, HIM := AH
and we call it the Ito integral of H with respect to M.

Proposition 3.13 If H in L*(d < M >), then ([, HAM) is an (F;)-local martin-
gale with bracket

</ HdM >:/ H?*d < M > . (3.14)
0 0

Proof. Let H € £L*(d < M >). From Definition 3.12, ([, HdM) is an (F;)-local
martingale. It remains to prove that (3.14).

Since H belongs to £2(d < M >), then there exists a sequence (H,,) of elements in
C!', such that H,, — H in £*(d < M >).

Let us introduce N,, = / H"dM and N/, = N>~ < N,, >.
0
Therefore N,, — N, ucp, n — oo and < N,, >= / H?Zd < M >.
0

The stochastic Dini lemma (see Lemma 3.1 in [49]) implies that / H2d < M >
0
goes to / H?d < M > in the ucp sense, as n — oo. Therefore N! converges with
0

respect to the ucp topology, to the local martingale N2 — / H?d < M >, n — oo.
0
This actually proves (3.14).

Remark 3.14 1. We recall that whenever H € C!

/HdM:/ Hd M.
0 0

This property will be generalized in Propositions 3.16 and 3.33.
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2. We emphasize that Ité stochastic integration based on adapted simple step

processes and our method, finally, lead to the same object.

If H is of the type Y1y where Y is an F, measurable random variable,
it is possible to show that fg HdM = Y (Mn, — Mina) Since the class of
elementary processes obtained by linear combination of previous processes is
dense in L2(d < M >) and the map A is continuous, then fo HdM equals

the classical It6 integral.
In Proposition 3.15 below we state the chain rule property.

Proposition 3.15 Let (M, t > 0) be an (F)-local martingale, (Hy,t > 0) be in
L3(d< M >), N := / HydM and (K, t > 0) be a (Fy)-progressively measurable
0

T
process such that / (HSKS)Qd <M >4,< o0 a.s.. Then
0
t t
/ K AN, = / H, K, dM,, 0<t<T. (3.15)
0 0

Proof. Since the map A : H € £*(d < M >) — [j HdM is continuous, it is
sufficient to prove (3.15) for H and K of class C1.
For simplicity we suppose My = Hy = Ko = 0.
We have . .
/ KdN:/ (Nt — N, K, du,

0 0

and . .
N;—N, = / (M; — M,)H, dv — / (M, — M,)H, dv
0 0
¢
= (M;— M,)H, +/ (M; — M,)H, dwv,

where 0 < u < t.

Using Fubini theorem we get

t t t t
/ KdN:/ (Mt—Mu)(K;HquKuH;)du:/ (Mt—Mu)(HK);du:/ HKdM.
0 0 0 0

3.3 Connections with calculus via regularizations

Next Proposition will show that, under suitable conditions, the It6 integral corre-

sponds to forward integral.
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Proposition 3.16 Let X be an (F;)-local martingale and suppose that (Hy) is
adapted and has a left limit at each point. Then / H,d X, = / H,_dX,. In
0 0

particular if H is cadlag then/ H,d X, :/ H,dX;.
0 0

S
Proof. For simplicity we suppose that H is continuous. Since s — / H,du is
S—E€

/Ot (é / Hudu)d*XS

I 1/t
Xt(—/ Hudu) ~ HoXo— - / (H, — H,_.)X,ds.
€ Jt—¢ € Jo

of class C*', then

/Ot (% / Hudu)dXs

We modify the second integral in the right-hand side as follows

t t t
- / (Hy — Hy_)Xods = / Hy(Xope — Xs)ds — / H, X, ds
0 0 t—e

€
+ HO/ Xgds.
0

Consequently
t 1 S 1 t
/ (—/ Hudu)dXS:—/ Hy(Xore — X)ds + Re(t), (3.16)
0 € Js—¢ € Jo
where
1/t 1/t 1 /[c
R.(t) = Xt(—/ Hsds)——/ H,Xysods + Hy <—/ Xsds—XO)
€ Jt—e € Jt—e € Jo

(3.17)

I 1 [c
= - / HS(Xt - XS_;,_E)dS + H() (— / XSdS — X())
€ Jt—e €Jo

1
Since R. — 0, ucp, as ¢ — 0 and the map H — — / Hgds is a continuous operator
€J.—¢

from £2(d < M >) to itself, therefore / H,d™ X, and / H,dX, coincide. [ |
0 0

Remark 3.17 Let H be a progressively measurable process. As the proof of Propo-
sition 3.16 shows, the conclusion of this proposition is still valid as soon as it is
only supposed that, a.s. H. = H;_, d < M >. a.e.

When the integrator is a Brownian motion W, we will see in Theorem 3.33 below

that forward integral coincides with the Ito integral for any integrand in £2(d <
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W >). This is no longer true when the integrator is a general semimartingale.

The following example provides a martingale (M;) and a deterministic integrand h

t
such that both Ito integral / hdM and forward integral / hd™ M exist, but are
0 0
different.

Example 3.18 Let ¢ : [0,00[— R such that ¥(0) = 0, ¢ is strictly increasing, and
Y'(t) = 0 a.e. (with respect to the Lebesque measure). Let (M) be the process:
My = Wy, t >0, and h be the indicator function of the support of the positive
measure dip. Since W2—t is a martingale, < W >;=t. Clearly (M) is a martingale
and < M >;= ¢(t), t > 0. Observe that h = 0 a.e. with respect to Lebesgue

. % Y: .
measure. Then / h(s) (s + 52 () ds =0 and so / hd~—M = 0.
0 0

t
On the other hand, h =1, diy a.e., implies / hdM = My, t > 0.
0

Remark 3.19 A significant result of classical stochastic calculus is Bichteler-Dellacherie
theorem, see [42] Th. 22, Section IIL.7. In the regularization approach, an analogous
property occurs: if the forward integral exists for a rich class of adapted integrands,
then the integrator is forced to be a semimartingale. More precisely we recall the

significant statement of [46], Proposition 1.2.

Let (X, t > 0) be an (Fy)-adapted and continuous process such that for any cadlag,
bounded and adapted process (Hy), the forward integml/ Hd™ X exists. Then (X})
0

is a (F)-semimartingale.
From Proposition 3.16 we deduce the relation between oblique and square bracket.

Corollary 3.20 Let M be an (F;)-local martingale. Then < M >= [M] and

t
M? = M + 2/ Md M+ < M >, . (3.18)
0

Proof. The proof of (3.18) is very simple and is based on the following identity
(Msye — MS)Q = M52+s - M52 = 2M(Msye — Ms).
Integrating on [0, ¢] leads to

1

t
—/ (Myyo — M,)*ds
€ Jo

/ M2 . ds — —/ M2ds — —/ My(M,y. — M,)ds

t+e
2
= - M?ds ——/ Mgds——/ My(M,y. — M,)ds.
€ Ji €Jo

18



Therefore if we take the limit € — 0, we obtain

t
[M]; = M7 — M3 — 2/ Myd~ Ms.
0

Since t +— M, is continuous, the forward integral / M, M coincides with the

0
corresponding Ito integral. Consequently M7 — Mg — [M]; is a local martingale.
This proves both [M] =< M > and (3.18). [ |

Corollary 3.21 Let M, M’ be two (F)-local martingales. Then (M, M') has all

its mutual covariations.

Proof. Since M, M’ and M + M’ are continuous local martingales, Corollary 3.20
directly implies that they are finite quadratic variation processes. The bilinearity
property of the covariation implies directly that [M, M'] exists and equals

1

S (M + M) =[] — 1))

Proposition 3.22 Let M and M’ be two (F;)-local martingales, H and H' be two

progressively measurable processes such that
/H2d<M><oo, /H2d<M’><oo.
0 0

Then . _ .
[/ HdM,/ H’dM’]t:/ HH'd[M, M'];.
0 0 0

Next proposition provides a simple example of two processes (M;) and (Y;) such

that [M,Y] exists even though the vector (M,Y’) has no mutual covariation.

Proposition 3.23 Let (M) be an continuous (Fz)-local martingale, (Y:) a cadlag
and an (F)-adapted process. If M and Y are independent then [M,Y] = 0.

Proof. Let Y be the o-field generated by (Y;). We denote (M;) the smallest
filtration satisfying the usual conditions and containing (F;) and Y (i.e. o(Ms, s <
t)VY C My, Vt>0).

It is not difficult to show that (My) is also an (M;)-martingale.

Thanks to Proposition 2.5 1., it is sufficient to prove that

t t
/Yd’M:/ YdTM. (3.19)
0 0
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Proposition 3.16 implies that the left member coincides with the (M;)- It6 integral

t
Jo YdM.
For simplicity we suppose in the sequel that Y is continuous, and My = 0. We
s+e

proceed as in the proof of Proposition 3.16. Since s — Y.du is of class C!,
S

then

/Ot (é /+ Yodu)d~ M, = Mt(é /+ Yodu) %/Ot(ms — Y.)M.ds.

Since process Y is independent of (M), then the forward integral in the left-hand
side above is actually an It6 integral. Therefore, taking the limit € — 0 and using

Proposition 3.16, we get

t t t
/ YdM :/ Yd M =Y. M, —/ Md™Y.
0 0 0

According to point 4) of Proposition 2.5, the right member of the previous identity
t

is equal to / Ydt M. This proves (3.19). [
0

3.4 The semimartingale case

We begin this section by proving a technical lemma which implies that the decom-

position of a semimartingale is unique.

Lemma 3.24 Let (M, t > 0) be a (Fy)-local martingale with bounded variation.
Then (M) is constant.

Proof. Since M has bounded variation, then Proposition 2.5, 7) implies that
[M] = 0. Consequently Corollaries 3.8 and 3.20 imply that M; = My, ¢t > 0.

It is now easy to define stochastic integration with respect to continuous semi-

martingales.

Definition 3.25 Let (X¢,t > 0) be a (F)-semimartingale with canonical decom-
position X = M + V', where M (resp. V) is a continuous, (Fz)-local martingale
(resp. bounded variation), continuous and (Fy)-adapted process vanishing at 0. Let

(H¢,t > 0) be an (Fy)-progressively measurable process, satisfying

T T
/ H2d[M,M],s < o0, and / |Hy|d||V||s < o0, (3.20)
0 0
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where |V||; is the total variation of V' over [0,t].

We set . . .
/ H.dX, = / H,dM, +/ H,dVs, 0<t<T.
0 0 0

Remark 3.26 1. In previous definition, integral with respect to M (resp. V')
is an Ito-type (resp. Stieltjes-type) integral.

2. It is clear that / HydX; is again a continuous (Fy)-semimartingale, with
0

martingale part/ H,dM, and bounded variation component/ H.dV;.
0 0

Once we have introduced stochastic integrals with respect to continuous semimartin-

gales, it is easy to define Stratonovich integrals.

Definition 3.27 Let (Xy,t > 0) be a (F;)-semimartingale and (Y, t > 0) be a (Fy)-
progressively measurable process. The Stratonovich integral of Y with respect to
X is defined as follows

t t
1
/ Y, 0dX, = / YedX, + 5[V, X t20, (3.21)
0 0

if [Y, X] and [, Y,dX, exist.

Remark 3.28 1. Recall that conditions of type (3.20) ensure existence of the

stochastic integral with respect to X .

2. If (Xy) and (Yy) are (Ft)-semimartingales, then [; Ysod X exists and is called

Fisk-Stratonovich integral.

3. Suppose that (X:) is an (Fi)-semimartingale and (Y:) is a left continuous
and (Fy)-adapted process such that [V, X| exists. We already have observed
(see Proposition 3.16) that/ Y.dX, coincides with/ Y,d~ X,. Proposition

0 0

2.5 1) and 2) imply that the Stratonovich mtegml/ Y odX; is equal to the
0

symmetric integral / Y,d° X,.
0
At this point we can easily identify the covariation of two semimartingales.
Proposition 3.29 Let S* = M® + V*? two (F;)-semimartingales, i = 1,2, where

M? are local martingales and V' bounded variation processes. We have [S*, S?] =
[M*, M?].
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Proof. The result follows directly from Corollary 3.21, Proposition 2.5 7), and

the bilinearity of the covariation. [ |

Corollary 3.30 Let S*, 52 be two (F;)- semimartingales such that their martingale
parts are independent. Then [S',S%] = 0.

Proof. It follows from Proposition 3.23. |
Proposition 3.16 can be generalized as follows.

Proposition 3.31 Let X be an (F;)-semimartingale and suppose that (Hy) is adapted,
with left limits at each point. Then / H,d X, = / H,_dX,. If H is cadlag then
0 0

/Hd_X:/HdX.
0 0

Remark 3.32 1. Forward integral generalizes not only the classical Ito integral
but also the integral issued from the enlargement of filtrations theory, see
e.g. [28]. Let (F:) and (Gi) be two filtrations fulfilling usual conditions with
Fi C Gy, for any t. Let X be a (Fi)-semimartingale with decomposition
M 4+ V, M being a continuous (Fi)-local martingale and V a continuous
with bounded wvariation (Fi)-adapted process. Let H be a cadlag bounded
(Fi)-adapted process. According to Proposition 3.31, the (Fi)-Ité integral
fd HdX equals the (Gt)-1té integral and it coincides with the forward integral
f(; Hd™ X.

2. The result stated above is wrong when H has no left limits at each point.
Using a tricky ezample in [{1], it is possible to exhibit two filtrations (F;¥)
and (Gi) with FiX C Gi for each t > 0, a bounded and (F;X)-progressively
measurable process H, such that fo Hd~ X equals the (F{X)-It6 integral but
differs from the (G;)-Ité integral. More precisely we have.

(a) X is a 3-dimensional Bessel process with natural filtration (FiX) and

decomposition
t 1

where W is an (F{X)-Brownian motion,
(b) X is an (G;)-semimartingale with decomposition M + V,

(¢c) H is (F{X)-progressively measurable process,
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(d) Hi(w) =1 for almost all dt @ dP (t,w) € [0,T] x 2,
(e) By = fot HdX is an (G¢)-Brownian motion.

Property (d) implies that I~ (e, H,dX) = I~ (¢,1,dX) so that f(f Hd~X =

X;. The (F{X)-It6 integral fot HdX equals fot HalVV—i—f(;5 Leds. Theorem 3.33

below and Proposition 2.5 8) imply that the previous integral coincides with

f(f Hd~X. Since a Bessel process cannot be equal to a Brownian motion, the
(Gy)-1to6 integral fg HdX differs from the (F{X)-Ité integral fot HdX.
According to i), [X]y = [W] = t; therefore M is an (G;)-Brownian motion.
Theorem 3.33 below say that [, Hd~M = [ HdM; the additivity of forward
integral and Ito integral imply that [ Hd™V # [  HdV. Consequently it
can be deduced from Proposition 2.5 7) a) that H is not a.s. with countable
discontinuities. This explains why the (Gi)-It6 integral fot HdX is different
from the (F;X)-Ité integral fg HdX.

3.5 The Brownian case

In this section we will investigate the link between forward and It6 integration with
respect to a Brownian motion. In this section (W) will denote a (F%)-Brownian

motion.

The main result of this subsection is the following.

Theorem 3.33 Let (H;,t > 0) be an (Fi)-progressively measurable process satisfy-
T .

ing / HZ2ds < oo a.s. Then the It6 integml/ H,dWy coincides with the forward
0 0

integral / H.,dWj.
0

Remark 3.34 1. We would like to illustrate the advantage of using regulariza-
tion instead of discretization ([19]) through the following example.

Let g be the indicator function of Q NR .
Let 11 = {to = 0,t1, -+ ,tny =T} be a subdivision of [0,T] and
I(IL, g, dW); i= > g(t:) (W (tigr At) — W(t; A t)); 0<t<T.

K2
We remark that

0 fIOCR\Q

I(HagadW)t:{ Wt ZfHCQ
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t
Therefore there is no canonical definition of / gdW through discretization.
0

This is not surprising since g is not everywhere continuous and so is not

Riemann integrable. On the contrary, integration via reqularization seems
t
drastically more adapted to define / gd~W, for any g € L?([0,T)), since
0
this integral coincides with the classical Ito- Wiener integral.
2. In fact, the discretization approach admits several sophistications in the lit-
erature; a significant one is McShane stochastic integration, see [37] chap. 2
and 3. McShane makes use of the so called belated partition in the framework

of discretization approach. In such a case a class of non Riemann integrable

functions g can be integrated versus Brownian motion.

Proof (of Theorem 3.33) 1) Suppose first that H is moreover a continuous pro-

cess. Replacing X by W in (3.16) we get

t 1 S 1 t
/ (—/ Hudu)dWS - —/ H,(Wype — Wy)ds + Re(2), (3.23)
0 € Js—¢ € Jo

where the reminder term R (t) is given by (3.17).

Recall the maximal inequality ([51], chap. I.1): there exists a constant C' such that
for any ¢ € L*([0,T7),

T 1 v 2 T
/ ( sup {—/ (bvdv}) dugC/ P2dv. (3.24)
0 o<n<1 7 (v—m)+ 0
2) We claim that (3.23) may be extended to progressively measurable processes
(H:) satisfying / HZds < oo.
0
t

Let H' = n/ H,du,t > 0.
t—1/n

It is clear that as n — oo

e for a.e. t, H} converges to Hy,

e (H') converges to (Hy) in £2(d < W >) (i.e. / (H" — H,)?ds goes to 0 in
0
the ucp sense).

</0' (% /;Hudu)dws >,= /O (é /_ Hudu)gds,

then (3.24) and Lemma 3.9 imply that (3.23) and (3.17) are valid.

Since
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Taking e — 0 in (3.23), and using once more (3.24) Lemma 3.9 prove Theorem 3.33.

3.6 Substitution formulae

We conclude Section 3, observing that our approach allows us to integrate non
adapted integrands in a context which is covered neither by Skorohod integration
theory nor by enlargement of filtrations. A class of examples is the following.

Let (X (t,x),t > 0,z € RY), (Y(t,2), t > 0, x € R%) be two families of continuous
(F:) semimartingales depending on a parameter x and (H (¢, z),t > 0,z € R?) (F)
progressively measurable processes depending on x. Let Z be a Fr-measurable r.v.,

taking its values in R<.

Under some minimal conditions of Garsia-Rodemich-Rumsey type, see for instance
[48, 49], we have

/H(s,Z)d_X(s,Z):/ H(s,z)dX (s, x)
0 0

e
X(2),Y (. 2)] = [X(2), Y (sa)]|

The first result is useful to prove existence results for SDE’s driven by a semimartin-

gale, with an anticipating initial condition.

It is significant to remark that previous substitution formulae create anticipating
calculus in a setting which is not covered by Malliavin non-causal calculus since
our integrators may be general semimartingales, while Skorohod integral applies
essentially for Gaussian integrators or eventually Poisson type processes. Note
that the usual causal Itd calculus may not be applied since (X (s,Z))s is not a

semimartingale, take for instance a r.v. Z such that Fr = o(2).

4 Calculus for finite quadratic variation processes

4.1 Stability of the covariation

One basic tool of calculus via regularization states that the family of finite quadratic

variation processes is stable through C* transformations.

Proposition 4.1 Let (X', X?) be a vector of processes having all its mutual co-
variations, f,g € C1(R). Then, [f(X1), g(X?)] exists and it is given by

F(XY), g(X2)]; = / F(XDg (XBd[XY, X2,
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Proof. Using polarization techniques (bilinearity arguments), it is enough to con-
sider the case X = X' = X2 and f =g.

Using Taylor’s formula, we expand as follows

f(Xsre) = f(Xs) = f/(XS)(XSJrE — Xs) + R(s,¢)(Xsye — Xs), 52>0,e>0,

where R(s,e) denotes here a generic process which converges in the ucp sense to 0,

when € — 0.

Since f’ is unifomly continuous on each compact, this implies that

(f(Xs+s) - f(XS))2 = f/(XS)Q(Xs+s - XS)Q + R(Svf)(Xs+s - XS)Q

Integrating from 0 to t, we get

1 t
D[ (00— FOX)2ds = B(t.2) + Ba(t.2)
€ Jo
where
Li(t,e) = / (X S”_XS)st,
L(t,e) = 5/0 R(s,¢)(Xgre — X,)%ds.

Clearly we have
1 T
sup I (t,)| < sup|R(s,5)|—/ (Xore — X.)2ds.
t<T s<T €Jo
Since [X] exists then Io(-,€) =% 0. The result will follow if we establish
/ngs il / Y.d[X, X], (4.1)

where p.(t) = Ot %(XHE — X,)? and Y is a continuous process. It is not difficult
to verify that a.s., p.(dt) converges to d[X,Y], when ¢ — 0. This finally implies

(4.1). m

4.2 Ito formulae for finite quadratic variation processes

Even if all the It6 formulae that we will consider can be stated in the multidi-
mensional case, see for instance [48], we will only deal here with dimension 1. Let

X = (X¢)t>0 be a continuous process.
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Proposition 4.2 Suppose that [X, X] exists and let f € C*(R). Then
/O F(X)d X and /O FX)dFX exist. (4.2)
Moreover
a) J(Xe) = [(Xo) + fo J'()dFX £ 4[5 ["(X,)d[X, X]s,

) 1) = 1)+ [ FOOGFX & 51X X,
) 1% = F(X0) + [ F0ax.

Proof. c) follows from b) summing up + and —.

b) follows from a), since Proposition 4.1 implies that

[F/(X), X], = / (X)X, X].

a) and (4.2) follow by similar methods as Proposition 4.1 proceeding this time with

Taylor expansion up to second order. [ |

We emphasize that existence of the quadratic variation is closely connected with

existence of some related forward and backward integrals.

Lemma 4.3 Let X be a continuous process. Then [X, X] exists < / Xd X
0

erists < / Xd*tX exists.
0

Proof. We start with identity
(Xoge — Xo)? = X2, — X2 — 2X(Xope — Xo). (4.3)

We observe that, when ¢ — 0,

1 t
R e ]

Integrating (4.3) from 0 to ¢ and dividing by &, we easily obtain the equivalence

between the two first assertions.

The equivalence between the first and the third one follows replacing €, with —¢ in
(4.3). [ ]

Lemma 4.3 admits the following generalization.
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Corollary 4.4 Let X be a continuous process. The following properties are equiv-

alent

a) [X, X] exists;

b)/ X)d~ X exists Vg € C*;

c) / X)d" X exists Vg € C*.

Proof. The It6 formula stated in Proposition 4.2 1) implies a) = b). b) = a)

follows setting g(x) = = and using Lemma 4.3.

b) < ¢) because of Proposition 2.5 1) which states that

/ X)dtX = / X)d X + [g(X), X],

and Proposition 4.1 saying that [g(X), X] exists. ]
Previous It6 formula becomes as follows in the case when X is a semimartingale.

Proposition 4.5 Let (S;)i>0 be a continuous (F;)—semimartingale, f € C*(R).
We have the following.

F(50) = F(So) + /f dS+/f” 5.

2. Let (S) be another continuous (F;)-semimartingale. The following integra-

1.

tion by parts holds:

t t
StS?:SoSS+/ Sud52+/ S2dS,, + (S, S°);.
0 0
Proof. We recall that It6 and forward integrals coincide, see Proposition 3.16.

Therefore point 1. is a consequence of Proposition 4.2.

2. is a consequence of integration by parts formula Proposition 2.5 4).

4.3 Lévy area

4.8
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At Corollary 4.4, we have seen that f(f 9(X)d™ X exists when X is a one-dimensional

finite quadratic variation process and g € C'(R).

Let X is a two-dimensional so that X = (X, X?) and has all its mutual covariations
and consider g € C'(R?;R?). We naturally define, if it exists,

e—0t+

/Otg(X)-dX: lim I (e,9(X) - dX)(2),

where

X(s+ ) — X(s)
g

I*(g,g(X)-dX)(t):/og(X)(s)- ds; 0<t<T, (44)

and - denotes the scalar product in R2.

Formulating a 2-dimensional It6 formula of the same type as Proposition 4.2, it
is possible to show that fg g(X) - d™ X exists if ¢ = Vu where u is a potential
of class C2. If g is a general C'*(R?) function, we cannot expect in general that
fotg(X) -d~ X exists.

T. Lyons rough paths theory approach, see for instance [35, 34, 30, 27, 8] has
considered in detail the problem of the existence of integrals of the type fot g9(X)-dX.
In this theory, the concept of Lévy area plays a significant role. Translating this in
our context one would say that the essential assumption is that X = (X!, X?) has
a Lévy area type process. This section will only make some basic observations on

that topic from the perspective of stochastic calculus via regularization.

Given two classical semimartingales S, S2, the classical notion of Lévy area is given
by

t t
L(Sl,SQ)tz/ SldSQ—/ S%ds?,
0 0

where previous integrals are of It type.

Definition 4.6 Given two processes X andY, we denote

/t XsY-era - XeraY-s
0 9

ds.

L(X,Y); = lim

e—0*t

where the limit is understood in the ucp sense. L(X,Y) is called the Lévy area of

processes X and Y .

Remark 4.7 The following properties are easy to establish.

1. L(X,X) =0.
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2. The Lévy area is an antisymmetric operation, i.e.
L(X,Y)=-L(Y, X).
Using the approximation of symmetric integral we can easily prove the following.
Proposition 4.8 [ Xd°Y exists if and only if L(X,Y) exists. Moreover

t
2/ XdY = X,Y; — XoYo + L(X,Y),
0

Recalling the convention that an equality among three objects implies that at least

two among the three are defined, we have the following.

Proposition 4.9 1. L(X,Y), = [{ Xd°Y — [[ Vd°X.
2. L(X,Y); = [, Xd“Y — [} Yd~X.
Proof.

1. From Proposition 4.8 applied to X, Y and Y, X, and by antisymmetry of Lévy

area we have

2 [ Xd°Y = X,Y,— XoYo+ L(X,Y),
2 | Yd°X = X,Y,— XoYy— L(X,Y),.
0

Taking the difference of the two lines, 1. follows.

2. follows from the definition of forward integrals.

Remark 4.10 If [X,Y] exists, point 2. of Proposition 4.9 is a consequence of point
1. and of Proposition 2.5 1., 2.

For a real valued process (Xt):>0, Lemma 4.3 says that
[X, X] exists & / Xd™X exists.
0

Given a vector of processes X = (X!, X?2) we may ask wether the following state-

ment is true:
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(X', X?) has all its mutual brackets if and only if
/ X~ X7 exists,
0

for i,7 = 1,2. In fact the answer is negative if the two-dimensional process X does

not have a Lévy area.

Remark 4.11 Let us suppose that (X', X?) has all its mutual covariations. Let
x = o, —,+. The following are equivalent.

1. The Lévy area L(X', X?) ewists.

2. [, X'd*X7 exists for anyi,j =1,2.
By Lemma 4.3, we first observe that indoXi exists since X' is a finite quadratic
variation process. In point 2. the equivalence between the cases * = o,—,+ is

obvious using Proposition 2.5 1) 2). Equivalence between the existence of fo Xtde x?
and L(X', X?) has already been established in Proposition 4.8.

5 Weak Dirichlet processes

5.1 Generalities

Weak Dirichlet processes constitute a natural generalization of Dirichlet processes,
which naturally extend semimartingales. Dirichlet processes have been considered

by many authors, see for instance [20, 2].

Let (Ft)+>0 be a fixed filtration fulfilling the usual conditions. In the present section
5, (W) will denote a classical (F;)-Brownian motion. We will remain for simplicity,

in the framework of continuous processes.

Definition 5.1 1. An (F:)-Dirichlet process is the sum of an (F¢)- local mar-

tingale M plus a zero quadratic variation process A.

2. An (F;)-weak Dirichlet process is the sum of a (Fy)- local martingale M
plus a process A such that [A, N] = 0 for any continuous (F3)- local martingale
N.

In both cases, we will suppose Ag =0 a.s.

Remark 5.2 1. Process (Az) in previous decomposition is an (Fz)-adapted pro-

Cess.
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2. An (F;)-semimartingale is an (F;)-Dirichlet process.

The statement of the following proposition is essentially contained in [12].

Proposition 5.3 1. An (Fy)-Dirichlet process is an (Fi)-weak Dirichlet pro-

CESS.

2. The decomposition M + A is unique.

Proof. Point 1. follows from Proposition 2.5 6).

Concerning point 2., let X be a weak Dirichlet process with decompositions X =
M'+ A = M?+ A% Then 0= M + A where M = M' — M2, A= A — A2, We
evaluate the covariation of both members against M to obtain

0= [M]+[M, A" — [M, A?] = [M].

Since My = Ag = 0 and M is a local martingale, Corollary 3.8 gives M = 0.

The class of semimartingales with respect to a given filtration is known to be stable
with respect to C? transformations, as Proposition 4.5 implies. Proposition 4.1 says
that finite quadratic variation processes are stable through C! transformations.

It is possible to show that the class of weak Dirichlet processes with finite quadratic
variation (as well as Dirichlet processes) is stable with respect to the same type of

transformations.

We start with a result which is a slight improvement (in the continuous case) of a
result obtained by [7].

Proposition 5.4 Let X be a finite quadratic variation process which is (Fy)- weak
Dirichlet, f € CY(R). Then f(X) is again weak Dirichlet.

Proof. Let X = M + A be the corresponding decomposition. We express f(X;) =
M/f + AT where

t
M/ = £(Xo) + /0 FX)dM, Al = f(X,) - M.

Let N be a local martingale. We have to show that [f(X) — M/, N] = 0.

By additivity of the covariation, and the definition of weak Dirichlet process, [X, N| =
[M, N] so that Proposition 4.1 implies that [f(X), N]; = fot f'(Xs)d[M, Ns.
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On the other hand, Proposition 3.22 gives
t
(M N = [ £X)dM. ).
0

and the result follows. [ |

Remark 5.5 1. If X is an a (Fy)- Dirichlet process, it can be proved similarly
that f(X) is an (F¢)- Dirichlet process, see for details [2] and [50].

2. The class of Lyons-Zheng processes introduced in [50] consitutes a natural
generalization of reversible semimartingales, see Definition 5.12. The authors

proved that this class is also stable through C transformation.

We also report a Girsanov type theorem established by [7] at least in a discretization

framework.

Proposition 5.6 Let X = (X¢)icjo,r) be an (F;)-weak Dirichlet process. Let Q
a probability equivalent to P on Fr. Then X = (X¢)tejo,1) 95 (Ft)-weak Dirichlet

process with respect to Q.

Proof. We set D; = %bt. D is a positive local martingale.

Let L be the local martingale such that Dy = exp(L; — $[L];). Let X = M + A be
the corresponding decomposition. It is well-known that M = M — [M, L] is a local
martingale under @). So, X is a Q- weak Dirichlet process. [ |

As mentioned earlier, Dirichlet processes are stable with respect to C!- transforma-
tions. In applications, in particular to control theory, one would need to know the
nature of process (u(t, D;)) where u € C%(R; x R) and D is a Dirichlet process.
The following result was established in [23].

Proposition 5.7 Let (S¢) be a continuous (Fy)-weak Dirichlet process with finite
quadratic variation. Let u € COY (R x R). Then (u(t,St)) is a (Ft)-weak Dirichlet

process.

Remark 5.8 There is no reason for (u(t,St)) to be a finite quadratic variation
process since the dependence of u from the first argument t may be very rough. A
fortiori (u(t,St)) will not be Dirichlet. Consider for instance u only depending on

time, deterministic, with no finite quadratic variation.
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Examples of Dirichlet processes (respectively weak Dirichlet processes) arise directly

from classical Brownian motion W.

Example 5.9 Let f be of class C°(R), u € CO*(R; x R).
1. If f is CY, then X = f(W) is a (F;)-Dirichlet process.
2. u(t, W) is an (Fi)-weak Dirichlet process wich in general is not Dirichlet.

3. f(W) is not always a Dirichlet process, not even of finite quadratic variation

as shows Proposition 5.17.

Previous Example and Remark easily show that the class of (F;)-Dirichlet processes

strictly include the class of (F;)-semimartingales.

More sophisticated examples of weak Dirichlet processes may be found in the class

of the so called Volterra type processes, se e.g. [11, 12]

Example 5.10 Let (Ni)i>0 be an (Fi)-local martingale, G : Ry x Ry x Q — R
continuous random field such that G(t,-) is (Fs)-adapted for any t. We set

t
X, = / G(t, 5)dN,.
0

Then (X¢) is an (Fi)-weak Dirichlet process with decomposition M + A, where
¢

Mt:/ G(s, 8)dNs.
0

Suppose that [G(, s1); G(+, s2)] exists for any s1, s2. With some additional technical

assumption, one can show that A is a finite quadratic variation process with

4], = 2/; (/OSQ[G(-, $1); G- 52)] o dMSl) o dM,,,

Previous iterated Stratonovich integral can be expressed as the sum Ci(t) + Ca(t)

where
) = [ 166 snGe .
Cat) = 2 t ( / ; [G(-,sn;G(-,sQ)]dMsl) dM,,.

Example 5.11 Suppose that N is a classical Brownian motion W and G(t,s) =

Bi_s where B is a Brownian motion for positive indices and 0 for negative ones;
2

t
t
we suppose B independent of W. Then [A] = / (t —s)ds = 7
0

34



One significant motivation for considering Dirichlet (respectively weak Dirichlet)
processes comes from the study of generalized diffusion processes, typically solutions

of stochastic differential equations with distributional drift.

Such processes were investigated using stochastic calculus via regularization by
[17, 18]. We try to express here just a guiding idea. The following particular case
of such equations is motivated by random media modelization:

dX; =dW; + bl(Xt)dt, Xo =xo (51)

where b is a continuous function.

b could be the realization of a continuous process, independent of W, stopped outside

a finite interval.

We do not want to recall the precise sense of the solution of (5.1). In [17, 18] the
authors give a precise sense to a solution (in the distribution laws) and they show

existence and uniqueness for any initial conditions.

Here we can just convince the reader that the solution is a Dirichlet process. For
this we define the real function h of class C'' defined by

h(x):/ e bWy,
0

We set o9 = h’' o h~'. We consider the unique solution in law of the equation
dY; = oo(Yy)dWy, Yy = h(zg)

which exists because of classical Stroock-Varadhan arguments ([52]); so Y is clearly
a semimartingale, so a Dirichlet process. The process X = h~!(Y) is a Dirichlet
process since and A~ is of class C!. If b were of class C, (5.1) would be an ordinary
stochastic differential equation, and it could be shown that X is the unique solution
of that equation. In the actual case X will still be the solution of (5.1), considered

as generalized stochastic differential equation.

We consider now the case when the drift is time inhomogeneous as follows
dX; =dW; + 8rb(t, Xt)dt, Xo=x0 (52)

where b : Ry x R — R is a continuous function of class C' in time. Then it is
possible to define k : R; x R — R of class C! where the solution (X;) of (5.2)
can be expressed as (k(t,Y;)) where Y is a semimartingale and k is of class C%1.
In conclusion X will be a (F;) weak Dirichlet process. For this and more general

situations, see [43].
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5.2 Ito formula under weak smoothness assumptions

In this section, we formulate and prove an It6 formula of C' type. As for the C?
type It6 formula, next Theorem is stated in the one-dimensional framework in spite

of its validity in the multidimensional case.

Let (S;):>0 be a semimartingale and f € C?. We recall the classical It6 formula, as

a particular case of Proposition 4.5: :

750 = fiso)+ [ 180as.+3 [ 5s0as.s).

Using Proposition 3.16 and Stratonovich integral Definition 3.27, we obtain

F(8) = S0+ [ F(8d5+ 517(5). 8l

— f(S0) + / £(8) o ds.

We observe that in formulae (5.3), only the first derivative of f appears. Besides,
we know that f(S) is a Dirichlet process if f € C1(R).

At this point we may ask if formulae (5.3) remains valid when f is only € C(R)
only. A partial answer will be given in Theorem 5.13 below.

Definition 5.12 Let (S;) be a continuous semimartingale. We set S, = St_,t €

[0,T], S is said to be a reversible semimartingale if (gt)te[O,T] 18 again a semi-

martingale.

Theorem 5.13 ([44]) Let S be a reversible semimartingale indexed by [0,T] and
f € CYR). Then, we have

f(51)

f(So) +/O f(S)dS + Ry

150+ [ £1(s)ods.
where R = 1[f'(9), S].

Remark 5.14 After the pioneering work of [5], which expressed the remainder
term (Ry) with the help of generalized integral with respect to local time, two papers
appeared: [21] in the case of Brownian motion and [21] and [44] for multidimen-

sional reversible semimartingales. Later, an incredible amount of contributions on
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that topic have been published. The present paper cannot give precisely the content
of each paper. A non-exhaustive list of papers is given by [1, 13, 14, 22, 23, 38, 39].
Among the C-type It6 formula in the framework of generalized Stratonovich integral

with respect to Lyons-Zheng processes, it is also important to quote [32, 33, 50].

Example 5.15 i) Classical (F:)-Brownian motion W is a reversible semimar-
tigale, see for instance [21, 40, 18]. More precisely we have W, = Wr +

t
W _ . . .
B +/ T SdS; where B is a (Gi)-Brownian motion and (Gt) is the natural
0 _

filtration associated with W,

1) Let (X;) be the solution of the stochastic differential equation
dXt = O'(t, Xt)th + b(t, Xt)dt,

with ,b : R x R — R Lipschitz with at most linear growth, ¢ > ¢ > 0.

Then (X:) is a reversible semimartingale, see for instance [18]. Moreover if

feWh2in [18] it is proved that (f(Xy)) is an (F:)-Dirichlet process.
Proof (of Theorem 5.13). We use in an essential way the Banach-Steinhaus the-

orem for F- spaces, see for instance [9] chap. 2.1.

We define the following maps T+ going from the F- space C°(R) into the F- space
of continuous processes indexed by [0, 7] which is denoted by C([0,T1]) :

0 19
THg = / g(89) 2= 52 g
0 g

Those operators are linear and continuous. Moreover, for each g € C° we have
lim T g :/ g(5)ds,
e—0 0

because of Proposition 3.16 which says that f(f g(S5)dS coincides with Ito’s integral.

Since S is a semimartingale, for the same reasons as above,

T A~ A~
/ 9($)d$ (5.4)
T—t
also exists and it equals It0’s integral.

Using Proposition 2.5 3), it follows that / g(S)d* S also exists.
0
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Therefore Banach-Steinhaus theorem implies that

g / 9(S)d=S, g / 9(S)d* S,
0 0
and by additivity ,
g 19(5),5], g / 9(8)d°S,
0

are continuous maps from C°(R) to C([0,TY)).

Let f € CY(R), (pe)eso be a family of mollifiers converging to the Dirac measure
at zero. We set f. = f * p. where x denotes convolution. Since f. is of class C2, by
the “smooth” It6 formula stated at Proposition 4.5 and Proposition 2.5 1) and 2),

we have
i 1
£8) = £(S0)+ [ 148)S+ 510(S).5)
0

f(5) = f(S0)+ /0 £(8)d°s

Since f! goes to f' in C°(R), we can take the limit term by term and

f(51)

£(50)+ [ 1S5 +517(5).5),

£(S) = £(So)+ / F(S)d°S.

Remark 3.28 says that the previous symmetric integral is in fact a Stratonovich

integral. [ ]

Corollary 5.16 If (St)c(o,1] be a reversible semimartingale and g € C°(R), then

[9(S), S] exists and it is a zero quadratic variation process.

Proof. Let g € C°(R) and let S = M + V be the decomposition of S as a sum
of a local martingale M and a finite variation process V', such that V5 = 0. Let
f € CYR) such that f' = g. We know that f(S) is a Dirichlet process with local

martingale part
t
Mf = 750+ [ g(S)an.
0

Let A7 be its zero quadratic variation component. Using Thereom 5.13, we have

AL = [ )+ 510(5). 51
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Jo 9(8)dV has finite variation, therefore it has zero quadratic variation; since Al is

also a zero finite quadratic variation process, the result follows immediately. [ |

Proposition 5.17 Let g € C°(R) such that g(W) is a finite quadratic variation

process. Then g has bounded variation.

Proof. Suppose that g(W) is of finite quadratic variation. We already know that
W is a reversible semimartingale. By Corollary 5.16, [W, g(W)] exists and it is
a zero quadratic variation process. Since [W] exists, we deduce that (g(W), W)
has all its mutual covariations. In particular [¢g(W), W] has bounded variation
because of Remark 2.4. Let f be such f’ = g; Theorem 5.13 implies that f(WW)
is a semimartingale. A celebrated result of Cinlar, Jacod, Protter and Sharpe, [6]
implies that f(W) is a (F;)-semimartingale if and only if f is difference of two

convex functions; this allow finally to conclude that g is of bounded variation. M

Remark 5.18 Given two processes X and Y, the covariations [X| and [X,Y] may
exist even if Y is not of finite quadratic variation. In particular (X,Y) may not
have all its mutual covariations. Consider for instance X = W, Y = g(W) where

g is continuous but not of bounded variation and we apply Proposition 5.17.

Remark 5.19 ([21] In the case of S being a classical Brownian motion, it is
possible to see that Theorem 5.13 and Corollary 5.16 are wvalid respectively for
feWLAR) and g € L2 (R)

loc

6 Final remarks

We conclude this paper with some considerations about calculus related to processes
having no quadratic variation. The reader can consult for this [12, 25, 26]. In [12]
one defines a notion of n— covariation [X1!,..., X"] of n processes X1!,..., X" and

the n-variation of a process X.

We recall some basic significant results related to those papers.

1. Given a process X having a 3- variation, it is possible to express an It6
formula of the type

f(Xy) =f(Xo)+/O f'(Xs)d"Xs—l—lZ/O fO(X)dIX, X, X]s.

Moreover one-dimensional stochastic differential equations driven by a strong

3-variation were considered in[12].

39



2. Let B = B a fractional Brownian motion with Hurst index H > %, f of

6
class CC. In [25, 26], it was shown that

f(B) =f(30)+/0 f'(B)d°B.

Other types of It6 formulae can be expressed when H is any number in ]0, 1]

using more sophisticated integrals via regularization, see [26].

In [24], the authors show that stochastic calculus via regularization is almost
pathwise. Suppose for instance that X is a semimartingale or a fractional
%; then its quadratic variation
[X] is not only a limit of C(e, X,X) ( see notation (2.5)) in the uniform
convergence in probability sense but also uniformly a.s.. Similarly if X is

Brownian motion, with Hurst index H >

semimartingale and Y is a suitable integrand, the It6 integral fo YdX is not
only limit of I~ (e,Y, dX), see (2.2) but also uniformly a.s.
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