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V� 1 *�×

��xjSכ��¤n> »ÇÔ¡õk�â«�̀g�+ 5�³À

��"é¶ /BG����Ér >hÃº l���<Æõ� &ñ
Ãº�:r 1px\�"f |9�×�æ&h�Ü¼�Ð ���½̈÷&#Q M®oÜ¼ 9, s� ÅÒ

]j\� �'a�#���H �©�{©�ô�Ç Õþ�s� µ1Ïçß�÷&#Q e����. þj��H\���H �è���Ãº ì�rK�[80, 105, 106,

143]ü<�èÃºóøÍ&ñ
ZO�[7,48,125]\�Ä»6 xô�Ç·ú��¦o�7£§�̀¦[O�>����HX<��6 x÷&#QM®o��.

��� ñ�<Æ_� ���½̈\���H ��"é¶ /BG����Ér /BN>hv� ��� ñ r�Û¼%7�[67,100], _��� èß�Ãº µ1ÏÒqt

l�[62,63], {9�~½Ó�¾Ó u�8̈�[64]_� ½̈$í
\� �Ö̧6 x÷&�¦ e����. ���Ér �Ö̧6 x ì�r���Ð��H ÂÒ ñ

s��:r ×�æ �ª� ñô�Ç �̧ÀÓ &ñ
&ñ
 ÂÒ ñ[36,46,147]�̀¦ ½̈���H X< s�6 x�)a��.

��"é¶ /BG��� ��� ñ r�Û¼%7��Ér l��>r_� /BN>hv� ��� ñ r�Û¼%7�\� q�K� Âúª�Ér v�_� U�́

s��Ð 1lx1pxô�Ç îß����$í
�̀¦ ���F�&h�Ü¼�Ð ]j/BNô�Ç��. Âúª�Ér v� U�́_�, &h��Ér @/%i� ;�¤, &h��Ér

Bj�̧o�1px�ÉrÛ¼��àÔ
�×¼1px\�6£x6 x���HX<��H���©�×�æ¹כô�Ç¹כ�è�Ð���6 xô�Ç��.s�

Õþ��Ér ��"é¶ /BG����̀¦ s�6 xô�Ç ò́Ö�¦&h���� îß����ô�Ç /BN>hv� ��� ñ r�Û¼%7��̀¦ ½̈�&³���H ��

0px$í
�̀¦ ��~½Ó���Ü¼�Ð ���½̈ô�Ç��.

s� Õþ�_� ?/6 x�Ér ���̂&h�Ü¼�Ð Ø�æì�rô�Ç ?/6 x�̀¦ �í�<Ê�%i����¦ Òqty�����, �íd����

_� �â
Äº\���H Koblitz_� Õþ�[68] ×�æ 6�©��̀¦ Äº��� {9���H ��s	כ Ä»6 x½+É �.���s	כ

2�©�\�"f��H Ä»ô�Ç �̂ �©�\�"f ��"é¶ /BG���\� �'aô�Ç &h�]X�ô�Ç s��:r�̀¦ .��¹���ô�Çכ 3�©�

\���H ³ðÃº 2_� Ä»ô�Ç�̂ �©�\�"f ���ª�ô�Ç ��"é¶ /BG���_� Ãº\�¦ [j#Q�Ð�¦ &ñ
o�ô�Ç��. s�

�©�_� ���õ���H ��� ñ r�Û¼%7��̀¦ ½̈�&³���H X< &h�]X�ô�Ç /BG����̀¦ ���×þ����H X< Ä»6 x½+É �	כ

s���.

4�©�\�"f��H s�íß� @/Ãº ë�H]j\� �'aô�Ç ·ú��9��� ·ú��¦o�7£§�̀¦ çß�éß�y� l�Õütô�Ç��. :£¤

s� ��"é¶ /BG����̀¦ �í�<Ê�#� #Q�"� ç�H\�"f @/Ãº ë�H]j��H Ä»ô�Ç�̂ �©�_� @/Ãº ë�H]j�Ð

»¡¤�è÷&��H ��\�¦ ]jr�ô�Ç��. 5�©�\�"f��H ��"é¶ /BG���_� @/Ãº ë�H]j\�¦ Ä»ô�Ç�̂ �©� @/Ãº

ë�H]j�Ð »¡¤�è���H �¦̀�	כ ��ê�r��. s� »¡¤�è��H ��"é¶ /BG���_� :£¤Z>�ô�Ç ÂÒÀÓ, 7£¤ �í:£¤s�

��"é¶ /BG���\� Ä»6 x���. s� ���õ��Ð ��� ñ r�Û¼%7��̀¦ [O�>�½+É M: ��"é¶ /BG���õ� l�ìøÍ
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6 ]j 1 �©� ��"é¶/BG��� ��� ñr�Û¼%7�_� >h¹כ

�̂\�¦ ���×þ����H X< ÅÒ_��#��� ô�Ç��.

6�©�\�"f��H ��"é¶ /BG��� ��� ñ r�Û¼%7�_� ò́Ö�¦&h���� ½̈�&³\� @/�#� #��Q��t� ë�H

]j\�¦ �¦�9ô�Ç��. s���� r�Û¼%7��Ér �×¼J?#Q�� �èáÔàÔJ?#Q\� �̧¿º z�́6 x&h�s��¦ &h�

½+Ëô�Ç �¦̀�	כ ]jr�ô�Ç��.

/BG���_����×þ��Érs�íß�@/Ãºë�H]j\�@/ô�Ç·ú��9���/BN���ZO�\�y©���̧2�¤���H@/éß�

y� ×�æ¹כô�Ç ���\O�s���. 7 �©�\�"f��H ³ðÃº 2_� Ä»ô�Ç�̂ �©�\�"f ��"é¶ /BG���_� &h��̀¦ >�

Ãº���H Schoof ·ú��¦o�7£§�̀¦ �¾Ó�©�r�v���H ·ú��¦o�7£§�̀¦ ]jr�ô�Ç��.

s� ��«Ñ��H ô�Ç²DG &ñ
�Ð :�x��� @/�<Æ"é¶ @/�<Æ�§_� 1999�̧� 2�<Æl� ��� ñü< &ñ
�Ð�Ð

îß� :£¤y©�_� Ãºy©�Òqt\�>� ��"é¶ /BG��� ��� ñ r�Û¼%7�_� ���½̈ü< 6£x6 x\� �Ð×þ�s� ÷&�¦��

Menezes_�Õþ�×�æ/BN>hv���� ñr�Û¼%7�\��'aô�Ç 1�©�_�?/6 x�̀¦Òqt|ÄÌ��¦ �̧��H?/6 x

�̀¦ ���%i��%i���. s� Õþ���\�¦ :�x�#� ��"é¶ /BG��� ��� ñ r�Û¼%7� ���½̈\� ²DG?/ ���½̈��

[þt\� �̧¹¡§s� ÷&l�\�¦ �B}©�� 9, ��f�� $���ü< Ø�¦óøÍ��ü< $�����Ý¶\� �'aº�� �)a ���½Ós�

a�?_�÷&t� ��m��#� &ñ
d�� Ø�¦çß��̀¦ ÆÒÊê\� ����Ð½+É \V&ñ
s���.



V� 2 *�×

��xjS +�<n¤�כ� �¿5�

s� �©�\�"f��H ��"é¶ /BG���\� @/ô�Ç l��:r >h¥Æ��̀¦ �è>h��¦ V,�o� s�6 x|̈c Ãº e����H #�

�Q ��t� ���õ�\�¦ l�Õütô�Ç��. �̧��H �¦̀�	כ ���ÂÒ �è>h��H 3lw��¦ Koblitz_� Õþ�[68]_�

6�©�\� ?/6 x�̀¦ SX��©�ô�Ç��. Z>��̧�Ð ���/åL÷&t� ��m��%i�Ü¼���, �:r ���õ�_� 7£x"î
�Ér J.

Silvermann_� Õþ�[140]\�"f ¹1Ô�̀¦ Ãº e����. ��"é¶ /BG���\� @/ô�Ç l��:r >h¥Æ��̀¦ s�K�

�l� 0A�#���H Charlapõ� Robbins_� Õþ�[26]õ� þj��H_� Õþ�Ü¼�Ð Silvermanõ� Tate

Õþ�[141]�̀¦ �Ý¶�¦ô�Ç��.

V� 1 â�
 Ça��+

Fq��H q>h_� ¦�\¹�èכ ����� Ä»ô�Ç �̂�Ð ³ðl���¦ q��H �èÃº_� "4�5pxs����¦ ���. ëß�

{9� K�� �̂����� K��H �̂_�@/Ãº�<Æ&h� �̀ (algebraic closure)���¦���. (ëß�{9� K =

Fq s����, K = ∪m≥1Fqm s���.) K �©�_� ÈÒ%ò
 /BNçß� (projective plane) P 2(K)��H

K3\{(0, 0, 0)} �©�_� ���6 x���H �'a>� ∼ _� 1px�� �'a>�_� |9�½+ËÜ¼�Ð u ∈ K∗�� �>rF�

�#� x1 = ux2, y1 = uy2, z1 = uz2�� ÷&��H (x1, y1, z1) ∼ (x2, y2, z2) s���. s����

(x, y, z)\�¦ �í�<Ê���H 1px�� �'a>�\�¦ (x : y : z)�Ð ³ðl�ô�Ç��. Weierstrass ~½Ó&ñ
d���Ér

��6£§õ� °ú �Ér +þAI��Ð 	�Ãº�� 3	���� homogeneous ~½Ó&ñ
d��s��� .

Y 2Z + a1XY Z + a3Y Z3 = X3 + a2X
2Z + a4XZ2 + a4XZ2 + a6Z

3

#�l�"f a1, a2, a3, a4, a5, a6��H K_� "é¶�ès���.

ëß�{9� ÈÒ%ò
 /BNçß� �©�_� �̧��H &h� P = (X : Y : Z) ∈ P 2(K)

F (X,Y, Z) = Y 2Z + a1XY Z + a3Y Z2 −X3 − a2X
2Z − a4XZ2 − a6Z

3 = 0
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8 ]j 2 �©� ��"é¶ /BG���_� �è>h

�̀¦ ëß�7á¤��¦ 3>h_� ¼#�p�ì�r δF
δX

, δF
δY

, δF
δZ
×�æ &h� P\�"f &h�#Q�̧ ô�Ç >h��H 0s� ����� �â


Äº Weierstrass ~½Ó&ñ
d���Ér smooth ¢̧��H non-singular ���¦ ô�Ç��. Õªo��¦ #Q�"� &h�

P\�"f �̧��H ¼#� p�ì�r °úכs� 0s� ÷&��� P��H singular���¦ ��¦ Weierstrass ~½Ó&ñ
d��

�Ér singular���¦ ÂÒ�Ér��.

��"é¶/BG��� E�Ér (genus 1���@/Ãº/BG���) smooth Weierstrass~½Ó&ñ
d��_� P 2(K)�©�

\� �̧��H K�_� |9�½+Ë�̀¦ _�p�ô�Ç��. Z ýa³ð °úכs� 0s� ÷&��H E �©�\� &h�s� ô�Ç >h�� �>r

F�ô�Ç��. 7£¤, (0:1:0)s� 9 s� &h��̀¦ Áºô�Ç "é¶&h� (point at infinity) s����¦ ��¦ O�Ð
³ðl�ô�Ç��.

¼#�_��©���"é¶/BG����̀¦0Aô�ÇWeierstrass~½Ó&ñ
d���Ér���2;ýa³ð x = X/Z, y=Y/Z

\�¦ s�6 x����

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6 (2.1)

s� �)a��.

��"é¶ /BG��� E��H Áºô�Ç@/ &h� O\�¦ �í�<Ê��¦, ���2; î̈
��� A2(K) = K × K\�"f

d��(2.1)_� �̧��H K�_� |9�½+Ës���. ëß�{9� a1, a2, a3, a4, a5, a6�� K_�"é¶�è�� ÷&��� E��H

K �©�\�"f &ñ
_��)a�� (defined over K)���¦ ��¦ E/K���¦ ³ðl�ô�Ç��. ëß�{9� E��

K �©�\�"f &ñ
_�÷&��� E_� Ä»o�Ãº &h��̀¦ E(K)���¦ ³ðl���¦ O &h��̀¦ ³ð�<Ê�#� K

�©�_� 2>h ýa³ð °úכ[þt_� |9�½+Ës� �)a��. d��(2.1)\�¦ çß�éß�y� E���¦ ³ðl�ô�Ç��.

ÈÒ%ò
���ª��̂ (projective varieties)�Ð"f 2>h_���"é¶/BG���s�1lx+þAs���� (isomor-

phic) 2>h_� ��"é¶ /BG����Ér 1lx+þAs����¦ ô�Ç��. çß�éß�y� ����, �̂ K �©�\� &ñ
_�÷&��H

2>h_� ÈÒ%ò
 ���ª��̂ V1, V2��H ëß�{9� ���©� φ : V1 → V2, ψ : V2 → V1 (φ, ψ��H K�©�\�

"f &ñ
_�H�d)s� e��#Q ψ ◦ φ ü< φ ◦ ψ�� y��y�� V1õ� V2\� identity maps� ÷&��� K �©�

\�"f 1lx+þAs����¦ ô�Ç��. ��6£§_� ���õ���H ��"é¶ /BG���_� 1lx+þAs�����H >h¥Æ�õ� /BG����̀¦

&ñ
_�ô�Ç Weierstrass ~½Ó&ñ
d��_� >�Ãºü<_� �'a>�\�¦ �����·p��.

Ça�h� 2.1 ��6£§_� ~½Ó&ñ
d��Ü¼�Ð ÅÒ#Qt���H 2>h_� ��"é¶ /BG��� E1/K, E2/K��

E1 : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

E2 : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

E1/K ∼= E2/K�Ð ³ðr����H K �©�\� 1lx+þAs� ÷&��H ¹כ��9 Ø�æì�r �̧|	��Ér K �©�\� "é¶

�è�Ð u(6= 0), r, s, t�� �>rF��#�, ���Ãº_� ���8̈�

(x, y) → (u2x + r, u3y + u2sx + t) (2.2)
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�� E1�̀¦ E2�Ð ���8̈�½+É M:s���. 1lx+þA ���©�_� �'a>���H 1px�� �'a>� (equivalent rela-

tion)s���.

d��(2.2)_����Ãº���8̈��̀¦)�6 x���H���Ãº���8̈� (admissible change of variables)��

�¦ ÂÒ�Ér��. ëß�{9� K �©�\� E1
∼= E2 s��¦ d��(2.2)�� ~½Ó&ñ
d�� E1�̀¦ E2�Ð ���8̈�ô�Ç��

���, ���Ãº ���8̈�

(x, y) → (u−2(x− r), u−3(y − sx− t + rs)) (2.3)

�Ér ~½Ó&ñ
d�� E2\�¦ E1Ü¼�Ð ���8̈����H �Ü¼�Ð	כ d�� (2.3)��H )�6 x���H ���Ãº ���8̈�s� �)a

��. ¢̧ô�Ç,

φ : (x, y) → (u−2(x− r), u−3(y − sx− t + rs)) (2.4)

��H E1_� &h��̀¦ E2_� &h�Ü¼�Ð ���©���¦

ψ : (x, y) → (u2x + r, u3y + u2sx + t) (2.5)

��H E2_� &h��̀¦ E1_� &h�Ü¼�Ð ���©�ô�Ç��.

Õª�Q��� K �©�\�"f E1
∼= E2s���� d��(2.2)_� ���Ãº ���8̈��Ér ~½Ó&ñ
d�� E1�̀¦ ~½Ó&ñ


d��E2�Ð ���8̈�ô�Ç��. s� ��Ér	כ ��6£§_� ~½Ó&ñ
d��_� +þAI�\�¦ °ú���H��.

ua1 = a1 + 2s

u2a2 = a2 − sa1 + 3r − s2

u3a3 = a3 + ra1 + 2t (2.6)

u4a4 = a4 − sa3 + 2ra2 − (t + rs)a1 + 3r2 − 2st

u6a6 = a6 + ra4 + r2a2 + r3 − ta3 − t2 − rta1

��6£§_� &ñ
o���H &ñ
o�(2.1) õ� °ú ��.

Ça�h� 2.2 K �©�\� 2>h_� ��"é¶ /BG��� E1/K ü< E2/Ks� 1lx+þAs� |̈c ¹כ��9 Ø�æì�r �̧

|	��Ér K �©�_� "é¶�è u(6= 0), r, s, t �� d��(2.6)\�¦ ëß�7á¤ ½+É M:s���.

V� 2 â�
 !B��+ ß��ÓÏ�

��"é¶ /BG��� �©�_� &h�[þt�Ér #Q�"�  »	!lr\� @/�#� ��6\� ç�H�̀¦ +þA$í
���H ��Ér	כ ú̧� ·ú��9

4Re����. E\�¦d��(2.1)Ü¼�ÐÅÒ#Qt���H��"é¶/BG���s����¦���. »	!lr½©gË:�Ér��6£§õ�

°ú ��. �̧��H P, Q ∈ E\� @/�#�
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(i) O + P = P, P +O = P . (O��H �½Ó1px"é¶s� �)a��.)

(ii) −O = O

(iii) ëß�{9� P = (x1, y1) 6= O s����, −P = (x1,−y1 − a1x − a3)s���. Pü< −P��H

E�©�\� x ýa³ð�� x1 s� ÷&��H Ä»{9�ô�Ç &h�e���̀¦ ÅÒ_�ô�Ç��.

(iv) ëß�{9� Q = −Ps����, P + Q = O

(v) ëß�{9� P 6= O, Q 6= O, Q 6= −P s���� R�Ér P 6= Qs���� ���ì�r PQõ� ¢̧��H

P = Qs���� P �©�\�"f ]X����( P = (a, b)\�"f /BG��� f(x, y) = 0_� ]X�����Ér
δf
δx

(P )(x− a) + δf
δy

(P )(y − b) = 0 s� ÷&��H ���s���.) s� ëß�����H ]j 3_� �§&h�

�̀¦ Rs��� ���� P + Q = −Rs� �)a��.

Ça�h� 2.3 (E,+)��H �½Ó1px"é¶ O�̀¦ �����  »	!lrç�Hs� �)a��. ëß�{9� E�� K �©�\� &ñ
_�÷&

��� E(K)��H E_� ÂÒì�r ç�Hs���.

&ñ
o�(2.3)�̀¦ 7£x"î
���H #Q�9¹¡§�Ér  »	!lr ½©gË:\�"f ���½+Ë ZO�gË:�̀¦ 7£x"î
���H ��s	כ

��. 2 ��t� 7£x"î
ZO�Ü¼�Ð [24]\� l���<Æ&h� ~½ÓZO�s� e���¦ [26]\���H divisor s��:r�̀¦ s�

6 xô�Ç @/Ãº�<Æ&h� ~½ÓZO�s� e����.

d��(2.4)\�"f&ñ
_�ô�Ç φ��H E1(K)ü< E2(K)çß�_�ç�H1lx+þAs���.����"fëß�{9�E1/K ∼=
E2/K s���� E1(K)ü< E2(K)��H��6\�ç�HÜ¼�Ð1lx+þAs��)a��.%i��Ér{9�ìøÍ&h�Ü¼�Ð��z�́

s� ��m���.

�â
Äº(v)\�"f_� Pü< Q_� ýa³ð °úכÜ¼�Ð P + Q_� >�íß�d���̀¦ ½̈���H ��Ér	כ ~1���.

P = (x1, y1), Q = (x2, y2), P + Q = (x3, y3)�� ���. ëß�{9� P 6= Qs���� l�Ér Pü<

Q\�¦ t�����H ���ì�r ¢̧��H P = Qs���� P�©�\�"f_� ]X����s����¦ ���. l_� l�Ö�¦l���H

λ =





y2 − y1

x2 − x1

, if P 6= Q,

3x2
1 + 2a2x1 + a4 − a1y1

2y1 + a1x1 + a3

, if P = Q.

ëß�{9� β = y1 − λx1s���� l�̀¦ &ñ
_����H ~½Ó&ñ
d���Ér y = λx + β�� �)a��. lõ� /BG���

õ� ëß�����H ]j3_� �§&h��̀¦ ½̈�l� 0A�#���H y = λx + β\�¦ d��(2.1)\� @/{9�����

x3 + a2x
2 + a4x + a6 − (λx + β)2 − a1x(λx + β)− a3(λx + β) = 0 (2.7)
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Õª�Q��� d��(2.7)_� ��H�̀¦ x1, x2, x3���¦ ���� ���Ãº ì�rK��� ÷&#Q

(x− x1)(x− x2)(x− x3) = 0 (2.8)

d��(2.7)ü< d��(2.8)\�"f x2_� >�Ãº\�¦ q��§����

−(x1 + x2 + x3) = a2 − λ2 − a1λ.

����"f

x3 = λ2 + a1λ− a2 − x1 − x2

s��¦

y3 = −(λ + a1)x3 − β − a3

�� �)a��.

ëß�{9� P, Q ∈ E(K)s���� P + Q_� >�íß��Ér �̂ K �©�\�"f çß�éß�ô�Ç íß�Õüt ���íß�\�

_��#� ÷& 9 K�� Ä»ô�Ç�̂s������ P + Q��H (���&ñ
&h�) ���½Ód�� r�çß�\� ��0px���.

V� 3 â�
 ÷5�ß~
ÐÏ�ø� j-��·£o>%�×

E\�¦ d��(2.1)õ� °ú s� ÅÒ#Q &������� ��6£§�̀¦ &ñ
_�ô�Ç��.

d2 = a2
1 + 4a2

d4 = 2a4 + a1a3

d6 = a2
3 + 4a6

d8 = a2
1a6 + 4a2a6 − a1a3a4 + a2a

2
3 − a2

4

c4 = d2
2 − 24d4

∆ = −d2
2d8 − 8d3

4 − 27d2
6 + 9d2d4d6 (2.9)

j(E) = c3
4/∆ (2.10)

∆ °ú̀�כ¦ Weierstrass ~½Ó&ñ
d��_� óøÍZ>�d��s����¦ ��¦ j(E)��H ëß�{9� ∆ 6= 0s���� j-

Ô�¦���|¾Ós����¦ ô�Ç��. ��6£§_� &ñ
o���H 0A_� 2 ��t� °úכ_� _�p�\�¦ &ñ
_�ô�Ç��.

Ça�h� 2.4 E��H ��"é¶ /BG���s� ÷&��H ¹כ��9 Ø�æì�r �̧|	��Ér ∆ 6= 0��� Weierstrass ~½Ó&ñ


d��s� non-singular s�#Q�� ô�Ç��.

Ça�h� 2.5 ëß�{9� E1/K ü< E2/K �� K�©�\� 1lx+þAs� ÷&���, j(E1) = j(E2)s���. ëß�

{9�, K�� @/Ãº&h�Ü¼�Ð {��)�e����H �̂�� ���� %i��̧ $í
wn�ô�Ç��.
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V� 4 â�
 Ø̧ÊÁ�� 2�� 3l� ��ä�> K(�×�+ <n¤�כ�

ëß�{9� ��"é¶ /BG���s� ³ðÃº (characteristic)s� 2�� 3s� ����� �̂ K �©�\� &ñ
_��)a�����,

Weierstrass ~½Ó&ñ
d���Ér �©�{©�y� çß�éß�y� �)a��. E/K\�¦ d�� (2.1)\� _��#� ÅÒ#Qt���H

��"é¶ /BG���s����¦���� ëß�{9� char(K) 6= 2s���� )�6 x���H ���Ãº ���8̈�Ü¼�Ð

(x, y) → (x, y − a1

2
x− a3

2
)

s� E/K\�¦ ��6£§õ� °ú s� ���8̈�ô�Ç��.

E ′/K : y2 = x3 + b2x
2 + b4x + b6

K �©�\�"f E ∼= E ′e���̀¦ ÅÒ_����.

ëß�{9� char(K) 6= 2, 3s���� )�6 x���H ���Ãº ���8̈�Ü¼�Ð

(x, y) → (
x− 3b2

36
,

y

216
)

s� E ′�̀¦ ��6£§õ� °ú s� ���8̈�ô�Ç��.

E ′′/K : y2 = x3 + ax + b

%i�r� K �©�\� E ′ ∼= E ′′ s�Ù¼�Ð K�©�\� E ∼= E ′′�� �)a��.

ëß�{9� char(K) 6= 2, 3s���� E/K_� +þAI���H

E : y2 = x3 + ax + b, a, b ∈ K (2.11)

s� ÷&�¦ a1 = a2 = a3 = 0s� ÷&�̧2�¤ Weiestrass ~½Ó&ñ
d���̀¦ �½Ó�©� ���×þ�½+É Ãº e��

��.

ëß�{9� E/K�� d��(2.11)Ü¼�Ð ÅÒ#Q��� ��"é¶ /BG���s����¦ ���� �'aº���)a °úכÜ¼�Ð

∆ = −16(4a3 + 27b2)

Õªo��¦

j(E) = −1728(4a)3/∆

�� �)a��.

E�� non-singular���¦ ���� ∆ 6= 0s� �)a��. &ñ
o�(2.2)\�¦ :£¤Z>��o���� ��6£§_�

���õ�\�¦ %3���H��.
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Ça�h� 2.6 ��"é¶ /BG��� E1/K : y2 = x3 + ax + b, E2/K : y2 = x3 + ax + b�� K�©�\�

"f 1lx+þAs� |̈c ¹כ��9 Ø�æì�r �̧|	��Ér K∗ �©�\� u�� �>rF��#� u4a = aü< u6b = bs���.

ëß�{9� K�©�\� E1
∼= E2 s����, 1lx+þA ���©��Ér

φ : E1 → E2, φ : (x, y) 7→ (u−2x, u−3y),

s��¦

ψ : E2 → E1, ψ : (x, y) 7→ (u2x, u3y).

s���

Á'û�g �ÐÏ«כ�

ëß�{9� P = (x1, y1) ∈ E s���� −P = (x1,−y1)s���. ëß�{9� Q = (x2, y2) ∈ E,

Q 6= −Ps���� P + Q = (x3, y3)�Ér ��6£§õ� °ú ��.

x3 = λ2 − x1 − x2

y3 = λ(x1 − x3)− y1

éß�,

λ =





y2 − y1

x2 − x1

, if P 6= Q

3x2
1 + a

2y1

, if P = Q

Ud 2.1 Z11 �©�\� ~½Ó&ñ
d�� E : y2 = x3 + x + 6 �Ér ��"é¶ /BG����̀¦ &ñ
_�ô�Ç��. �=���

��� ∆ = 4 6= 0s�l� M:ë�Hs���. E�©�_� Ä»o�Ãº &h��Ér

E(Z11) = {O, (2, 4), (2, 7), (3, 5), (3, 6), (5, 2), (5, 9), (7, 2), (7, 9), (8, 3), (8, 8), (10, 2), (10, 9)}

s��¦,  »	!lr ½©gË:�̀¦ &h�6 x���� (2, 4) + (2, 7) = O, (2, 4) + (3, 5) = (7, 2), (2, 4) +

(2, 4) = (5, 9) s���.



14 ]j 2 �©� ��"é¶ /BG���_� �è>h

V� 5 â�
 Ø̧ÊÁ�� 2ê�> K(�×�+ <n¤�כ�

K\�¦ ³ðÃº�� 2��� �̂s��¦ E/K��H ��6£§_� Weierstrass ~½Ó&ñ
d��Ü¼�Ð ÅÒ#Qt���H ��"é¶

/BG���s����¦ ô�Ç��.

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

j−Ô�¦���|¾Ó�Ér j(E) = (a1)
12/∆�� �)a��.

ëß�{9� j(E) 6= 0 (a1 6= 0), )�6 x���H ���Ãº ���8̈��Ér

(x, y) → (a2
1x +

a3

a1

, a3
1y +

a2
1a4 + a2

3

a3
1

)

s� E\�¦ ��6£§õ� °ú s� ���8̈�ô�Ç��.

E1/K : y2 + xy = x3 + a2x
2 + a6 (2.12)

s� M:, ∆ = a6s��¦ j(E) = 1/a6�� �)a��.

ëß�{9� j(E) = 0 (7£¤, a1 = 0)s����, )�6 x���H ���Ãº ���8̈��Ér

(x, y) → (x + a2, y)

s� E\�¦ ��6£§Ü¼�Ð ���8̈�ô�Ç��.

E2/K : y2 + a3y = x3 + a4x + a6 (2.13)

E2\� @/�#���H ∆ = a4
3ü< j(E2) = 0s���.

j(E) 6= 0 ��
 D1 Á'û�g �ÐÏ«כ�

P = (x1, y1) ∈ E1s��� ��¦, −P = (x1, y1 + x1)s���. ëß�{9� Q = (x2, y2) ∈ E1

s��¦ Q 6= Ps���� P + Q = (x3, y3)�Ér ��6£§õ� °ú ��.

x3 =





(
y1 + y2

x1 + x2

)2

+
y1 + y2

x2 + x1

+ x1 + x2 + a2 P 6= Q

x2
1 +

a6

x2
1

P = Q

Õªo��¦
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y3 =





(
y1 + y2

x1 + x2

)(x1 + x3) + x3 + y1 P 6= Q

x2
1 + (x1 +

y1

x1

)x3 + x3 P = Q

j(E) = 0 ��
 D1 Á'û�g �ÐÏ«כ�

P = (x1, y1) ∈ E2s��� ��¦, −P = (x1, y1 + a3)s���. ëß�{9� Q = (x2, y2) ∈ E2

s��¦ Q 6= Ps���� P + Q = (x3, y3)�Ér ��6£§õ� °ú ��.

x3 =





(
y1 + y2

x1 + x2

)2 + x1 + x2 P 6= Q

x4
1 + a2

4

a3

P = Q

Õªo��¦

y3 =





(
y1 + y2

x1 + x2

)(x1 + x3) + y1 + a3 P 6= Q

(
x2

1 + a4

a3

)(x1 + x3) + y1 + a3 P = Q

V� 6 â�
 !B� Ä©�¿

E\�¦ Fq �©�\�"f &ñ
_��)a ��"é¶ /BG���s����¦ ���. Õªo��¦, q = pm s��¦ �èÃº p��H

Fq_� ³ðÃº���¦ ���. E(Fq) �©�_� &h�_� Ãº\�¦ #E(Fq) �Ð ³ðl����.

ëß�{9� E�� d��(2.1)Ü¼�Ð ÅÒ#Q��������, x ∈ Fq\� @/�#� y�� ~½Ó&ñ
d���Ér 2>h_� K�

\�¦ ��|9� �,s�Ù¼�Ð	כ #E(Fq) ≤ 2q + 1 s���. f���'a&h�Ü¼�Ð �Ð��"f, d��(2.1)��H SX�Ò�¦

1/2�Ð Fq �©�\� K�\�¦ ��|9� �.���s	כ ����"f #E(Fq) ≈ q {9� �.���s	כ ��6£§_� &ñ
o�

��H s���s	כ ú́�����H �¦̀�	כ SX����ô�Ç��.

Ça�h� 2.7 (Hasse) ëß�{9� #E(Fq) = q + 1− ts���� |t| ≤ 2
√

q s���.

Hasse&ñ
o�_�ÅÒ¹כô�Ç���õ��ÐÄºo���H E(Fq)_���"é¶/BG����©�\�&h� P\�¦SX�Ò�¦&h�

Ü¼�Ð ���½Ód�� r�çß�?/\� ç�H{9���¦ �½� ü��>� ���×þ�½+É Ãº e������H �.���s	כ s���Ér	כ ��

6£§õ� °ú s� ���� �)a��. Äº��� e��_�_� &h� x1 ∈ Fq\�¦ ���×þ�ô�Ç��. x1s� E(Fq) �©�_� e��

_�_� &h�_� x ýa³ðs������, Fq �©�\�"f y\� �'aô�Ç ��H�̀¦ >�íß��#� (x1, y1) ∈ E(Fq)s�
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÷&�̧2�¤ y1�̀¦>�íß�ô�Ç��. Fq �©�\�"fSX�Ò�¦&h�������½Ód��r�çß�?/\���H�̀¦¹1Ô��H~½ÓZO��Ér

#��Q��t�[10]�� e����. ëß�{9� /BG���_� ~½Ó&ñ
d��s� d��(2.11)s������ P = (x1, y1) ¢̧��H

(x1,−y1)Ü¼�Ð[O�&ñ
ô�Ç��. (¢̧��Hd��(2.12),d��(2.13) �̀¦����������y��y�� P = (x1, y1)

¢̧��H (x1, y1 + x1) P = (x1, y1) ¢̧��H (x1, y1 + a3)�� �)a��.)

Hasse_� &ñ
_�\� _����� x1s� E(Fq) �©�\� #Q�"� &h�_� x ýa³ð�� |̈c SX�Ò�¦�Ér &h�

#Q�̧ 1/2 − 1/
√

q s���. t��FK_� ~½ÓZO�Ü¼�Ð 0AÃº�� 2��� &h��̀¦ ���×þ�½+É SX�Ò�¦�Ér ���Ér

&h��̀¦ ���×þ�½+É SX�Ò�¦�Ð�� 2C��� ÷&��H �¦̀�	כ ÅÒ_����. Õª�Q��, s���Ér	כ 0AÃº�� 2���

&h�s� þj@/ 3>h�� e��Ü¼Ù¼�Ð ë�H]j�� ÷&t� ��m�ô�Ç��.

��6£§_� ���õ���H Waterhouse[152]\� _�ô�Ç �Ü¼�Ð	כ E�� q = pm��� Fq �©�\�"f &ñ


_�ô�Ç �̧��H ��"é¶ /BG��� �©�\� ����o½+É M: #E(Fq)_� ��0pxô�Ç °ú̀�כ¦ ���&ñ
ô�Ç��.

�×�¿Ça�h� 2.1 ��6£§�Ér E(Fq)�� Fq�©�\�0AÃº�� q+1−t\�¦��t���H��"é¶/BG���E/Fqs�

�>rF�½+É ¹כ��9 Ø�æì�r �̧|	�s���.

(i) t 6≡ 0 (mod p) Õªo��¦ t2 ≤ 4q

(ii) m�Ér f.ËÃºs��¦ ��6£§_� ô�Ç �̧|	��̀¦ ëß�7á¤ô�Ç��.

(1) t = 0

(2) t2 = 2q Õªo��¦ p = 2

(3) t2 = 3q Õªo��¦ p = 3

(iii) m�Ér ���Ãºs��¦ ��6£§_� ô�Ç �̧|	��̀¦ ëß�7á¤ô�Ç��.

(1) t2 = 4q

(2) t2 = q Õªo��¦ p 6≡ 1 (mod 3)

(3) t = 0 Õªo��¦ p 6≡ 1 (mod 4)

ëß�{9� q = p �� �èÃº�����, |t| ≤ 2
√

p��� �̧��H t\� @/�#� #E(Fp) = p + 1− t���

Fp �©�\� &ñ
_�÷&��H ��"é¶ /BG��� E�� &h�#Q�̧ �����H �>rF�ô�Ç����H �¦̀�	כ ÅÒ_����.

��z�́�Ér E�� Fq �©�_� ��"é¶ /BG���Ü¼�Ð ����o½+É M:, #E(Fp) °úכ�Ér p + 1\� ×�æd��°úכ

Ü¼�Ð ��¦
√

p °úכ ëß��pu_� ��s�\�¦ ç�H{9��>� ì�r�í½+É �.���s	כ s���Ér	כ ��6£§_� 7£x"î


Ü¼�Ð "î
SX��#� t� 9 Lenstra_� ��"é¶ /BG����̀¦ s�6 xô�Ç �è���Ãº ì�rK� ~½ÓZO�[80]\� ×�æ

¹ô�Çכ .���¹�èsכ
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Ça�h� 2.8 �ª�Ãº_� >�íß� ��0pxô�Ç �©�Ãº c1õ� c2�� �>rF��#� p ≥ 5��� �èÃºü< ½̈çß�

[p + 1 − √
p, p + 1 +

√
p] �©�\� e����H &ñ
Ãº_� ÂÒì�r |9�½+Ë S\� @/�#� �½� ü�ô�Ç �©�

(a, b) ∈ Fp × Fp�� #E(Fp) ∈ S ��� ��"é¶ /BG��� E : y2 = x3 + ax + b\�¦ &ñ
_����H

SX�Ò�¦ rS��H ��6£§õ� °ú s� ]jô�Ç÷&#Q e����.

#S − 2

2b√pc+ 1
· c1(log p)−1 ≤ rS ≤ #S

2b√pc+ 1
· c2(log p)(log log p)−2

��"é¶/BG��� E��H#E(Fq) = q+1−t\�"fëß�{9� p�� t\�¦��è�H����� supersingular��

�¦ô�Ç��.ÕªXO�t���m����� non-supersingular���¦ô�Ç��. p = 2, 3\�"f E��H j(E)°úכ

s� 0s� ÷&��� supersingular s���. Lemma (2.1)\�"f ��6£§�̀¦ ÆÒØ�¦½+É Ãº e����.

����̧Ça�h� 2.1 E�� Fq �©�\� &ñ
_��)a�����, t2 = 0, q, 2q, 3q, 4qs���� E��H supersin-

gular�� �)a��.

��6£§_� &ñ
o���H E(Fq)_� ç�H_� +þAI�\�¦ ÅÒ#Q�����. n>h_� "é¶�è\�¦ ����� í�H8̈�ç�H

�̀¦ Zn( ¢̧��H Z/n) ��6\� ç�H �:r\�"f l��:r&h���� ���õ�\�¦ Äº��� ��t��¦ �:r��. �̧��H Ä»

ô�Ç ��6\� ç�H G��H í�H8̈�ç�H_� f��½+Ë(direct sum)Ü¼�Ð ì�rK�|̈c Ãº e����.

G = Zn1 ⊕ Zn2 ⊕ · · ·Zns

#�l�"f �̧��H i = 1, 2, . . . , s− 1\� @/�#� ni+1|nis��¦ ns ≥ 2s��� ¢̧ô�Ç, ��6£§

_� _�p�\�"f Ä»{9����. ëß�{9�

G = Zm1 ⊕ Zm2 ⊕ · · ·Zmt

s� �̧��H i = 1, 2, . . . , t, mt ≥ 2\� @/�#� mi+1|mis���� í�H8̈� ç�H_� ¢̧���Ér ì�rK��Ð

÷&��� s = ts��¦ y��y��_� i = 1, 2, . . . , s\� @/�#� ni = mis���. Õªo��¦ G��H type

(n1, n2, . . . , ns)s��¦ rank�� ss����¦ ÂÒ�Ér��.

Ça�h� 2.9 E(Fq)��H rank�� 1 ¢̧��H 2�����6\�ç�Hs���.ç�H_� type��H (n1, n2)s���.7£¤,

E(Fq) ∼= Zn1 ⊕ Zn2s��¦ n2|n1õ� n2|q − 1 s���.

ëß�{9� E�� supersingular /BG���s������ E(Fq)_� ç�H ½̈�̧��H ��6£§_� ���õ�\� _��

#� ���&ñ
�)a��.

�×�¿Ça�h� 2.2 ([137]) #E(Fq) = q + 1− t�� ����
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(i) ëß�{9� t2 = q, 2q, 3qs���� E(Fq)��H í�H8̈�ç�Hs���.

(ii) ëß�{9� t2 = 4qs���� t = 2
√

q ¢̧��H t = −2
√

q\� y��y�� E(Fq) ∼= Z√q−1⊕Z√q−1

¢̧��H E(Fq) ∼= Z√q+1 ⊕ Z√q+1 s���.

(iii) ëß�{9� t = 0s��¦ q 6≡ 3 (mod 4)s���� E(Fq)��H í�H8̈�ç�Hs���. ëß�{9� t = 0ü<

q ≡ 3 (mod 4)s���� E(Fq)�� í�H8̈�ç�Hs����� E(Fq) ∼= Z(q+1)/2 ⊕ Z2 �� �)a

��.

ëß�{9� l�� �èÃº�����, vl(n)�̀¦ lvl(n)|n ��� ���©� 	�H &ñ
Ãº���¦ ���. &ñ
o� (2.9)Ü¼

�Ð ÂÒ'� #E(Fq) = Ns���� ç�H E(Fq)��H ��6£§_� ½̈�̧\�¦ �������.

Z/pvp(N) ⊕⊕l 6=p(Z/lal ⊕ Z/lbl) (2.14)

#�l�"f al ≥ bl, al + bl = vl(N), bl ≤ vl(q−1)s���.\V\�¦[þt���, gcd(N, q−1) = 1s�

���, E(Fq)��Hí�H8̈�ç�Hs���. ¢̧ô�Ç, N = #E(Fq)��Ä»{9�ô�Ç�èÃº�Ð���Ãºì�rK���÷&���

E(Fq)��H í�H8̈�ç�Hs���.

��6£§_� �Ð�̧&ñ
o���H Fq �©�\� &ñ
_�÷&��H �̧��H non-supersingular /BG���Ü¼�Ð E��

����o½+É M: ��0pxô�Ç �̧��H ç�H E(Fq)\�¦ ���&ñ
ô�Ç��.

�×�¿Ça�h� 2.3 ([132, 150]) t 6≡ 0 (mod p), t2 ≤ 4q {9� M: N = q + 1 − t�� �

��. ëß�{9� al > bl, al + bl = vl(N)s��¦ �̧��H �èÃº l 6= p\�"f bl ≤ vl(q − 1)�̀¦ ëß�

7á¤���H &ñ
Ãº al, bls� e�������, E(Fq)�� ç�H ½̈�̧�Ð d��(2.14)�̀¦ °ú���H Fq �©�\� non-

supersingular /BG��� E�� �>rF�ô�Ç��.

/BG��� E��H Fq_�SX�&ñ
 �̂ L = Fqk �©�_���"é¶/BG���Ü¼�Ð �̂¦Ãºe����.7£¤, E(Fq)��H

E(L)_� ÂÒì�r ç�Hs���. ��6£§_� Weil &ñ
o�\� _����� (1943�̧�\� Hasse�� 7£x"î
�<Ê)

#E(Fq)�Ð ÂÒ'� k ≥ 2��� #E(Fqk)\�¦ >�íß�½+É Ãº e����.

Ça�h� 2.10 E\�¦ Fq�©�\�&ñ
_��)a��"é¶/BG���s��¦ t = q+1−#E(Fq)s������.Õª�Q

���,#E(Fqk) = qk+1−αk−βks��¦#�l�"f α, β��H 1−tT +qT 2 = (1−αT )(1−βT )

�� ÷&��H 4�¤�èÃº °úכs���.

Õª�Q��� E = E(F q)��� ç�H ½̈�̧\� �'aô�Ç ���õ�\�¦ ���/åLô�Ç��. E��H torsion ç�Hs���.

7£¤, y�� &h� P ∈ E\� @/�#� �ª�_� &ñ
Ãº k�� e��#Q kP = O\�¦ ëß�7á¤ô�Ç��. Õª�Qô�Ç ��

�©� &h��Ér &ñ
Ãº\�¦ P_� 0AÃº (order)���¦ ô�Ç��. n-torsion &h��Ér nP = O\�¦ ëß�7á¤�
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��H &h� P ∈ E(F q)s���. E(Fq)[n]��H n 6= 0��� E(Fq)�©�\�"f n-torsion &h�[þt_� ÂÒì�r

ç�HÜ¼�Ð ���.

E(F q)[n]\�¦ E[n]Ü¼�Ð ³ðl����. ëß�{9� nõ� p�� "f�Ð �è�����, E[n] ∼= Zn ⊕
Zns��� ëß�{9� n = pe�����, E�� supersingulars���� E[pe] ∼= {O}s��¦ E�� non-

supersingulars���� E[pe] ∼= Zpes���.

Ud 2.2 ��"é¶ /BG��� E/Fq : y2 = x3 + ax + bs��¦ char(Fq) 6= 2, 3s��� ���. e��

_�_� &h� P��H ëß�{9� P = −P = (x,−y)s���� 0AÃº 2\�¦ °ú���H��. 7£¤, y = 0s���.

x1, x2, x3�� 3	� ~½Ó&ñ
d�� x3 + ax + b_� ��Hs������ (∆ 6= 0s���� x1, x2, x3��H y��y�� ��

�Ér °ú̀�כ¦ °ú���H��. ) ����"f,

E[2] = {O, (x1, 0), (x2, 0), (x3, 0)}

Ud 2.3 q\�¦ q ≡ 2 (mod 3)�̀¦ëß�7á¤���Hf.ËÃº�èÃº_�"4�s����¦���. b ∈ Fq, b 6=
0s��� ��¦, ��"é¶ /BG��� E1/Fq : y2 = x3 + b\�¦ Òqty�����. q ≡ 2 (mod 3)s�Ù¼

�Ð ���©� x 7→ x3 + b��H Fq�©�_� permutations���. x3 + bs� Fq �©�_� (%ò
s� �����)

quadratic residue�� ÷&��H y��y��_� (q-1)/2 >h_� ¹�èכ x ∈ Fq�Ér E1(Fq)\� 2 >h &h�

_� x ýa³ðs���. 7£¤, (x,±√x3 + b)s���. E1(Fq) �©�_� ���Ér &h��Ér ( 3
√−b, 0)ü< Os�

Ù¼�Ð #E1(Fq) = q + 1s��¦ E1�Ér supersingulars���.

�Ð�̧&ñ
o� (2.2)_� (iii)\� _����� E1(Fq)_� ç�H type_� 2��t� ��0px$í
�Ér ((q +

1)/2, 2)ü< (q + 1)s���. E1(Fq)�©�\�"f Ä»{9�ô�Ç 2-torsoin &h��Ér Oü< ( 3
√−b, 0)s��¦

E1(Fq)[2] ∼= Z2s���. ����"f, E1(Fq)��H 0AÃº q + 1_� í�H8̈� ç�Hs���.

Ud 2.4 q\�¦ q ≡ 3 (mod 4)�̀¦ëß�7á¤���Hf.ËÃº�èÃº_�"4�s����¦���. a ∈ Fq, a 6=
0s��� ��¦, ��"é¶ /BG��� E2/Fq : y2 = x3 + ax\�¦ Òqty�����.

q ≡ 3 (mod 4)s�Ù¼�Ð -1�Ér Fq �©�\�"f quadratic non-residues���. (−x)3 +

a(−x) = −(x3 + ax)�� H�d�̀¦ �'a¹1Ïô�Ç��. x3 + ax 6= 0��� y�� x ∈ Fq\� @/�#�

x,−x ×�æ �����H E2(Fq) �©�\�"f 2 &h�_� x ýa³ð�� �)a��. ëß�{9� x ∈ Fq, x 6= 0s�

x3 + ax = 0\�¦ ëß�7á¤����, (x, 0), (−x, 0)��H E2(Fq)�©�_� 2 &h�s���. (0,0õ� O\�¦ �<Ê
a� E2(Fq) �©�_� 0AÃº��H q + 1s��¦ E2��H supersingulars���.

E2\���H 0AÃº�� 2��� 3>h_� &h�s� e����. 7£¤, P1 = (0, 0), P2 = (
√−a, 0), P3 =

(−√−a, 0)s���. ëß�{9�
√−a ∈ Fqs���� 7£¤, a�� Fq_� quadratic non-residues����

P2ü< P3��H E2(Fq)\��>rF�ô�Ç��.ëß�{9� a�� Fq�©�_� quadradic residues���� E2(Fq)��H

í�H8̈�ô�Ç��.ìøÍ��� E2(Fq)��Hëß�{9� a�� Fq �©�\� quadratic non-residues���� type ((q+

1)/2, 2)\�¦ °ú���H��.
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��"é¶/BG���õ��'a>���e����H division polynomial�̀¦&ñ
_����. E/Fq\�¦ char(Fq) 6=
2, 3�����"é¶/BG��� y2 = x3+ax+b�����. n ≥ 0\�"f���½Ód�� Ψn(x, y) ∈ Fq[x, y]\�¦

��6£§õ� °ú s� &ñ
_����.

Ψ0(x, y) = 0

Ψ1(x, y) = 1

Ψ2(x, y) = 2y

Ψ3(x, y) = 3x4 + 6ax2 + 12bx− a2

Ψ4(x, y) = 4y(x6 + 5ax4 + 20bx3 − 5a2x2 − 4abx− 8b2 − a3)

Ψ2n+1(x, y) = Ψn(Ψn+2Ψ
2
n−1 −Ψn−2Ψ

2
n+1)/2y, n ≥ 2

Ψ2n(x, y) = Ψn+2Ψ
3
n −Ψ3

n+1Ψn−1, n ≥ 3

y�� Ψn�Ér Fq[x, y]\�"f���½Ód��s�÷&��H�¦̀�	כ n\�@/�#� induction�̀¦���� ½̈K�

t���H �¦̀�	כ ~1�>� ·ú� Ãº e����. Ψ′
n�̀¦ Ψn\�"f y2\�¦ x3 + ax + b�Ð ìøÍ4�¤&h�Ü¼�Ð @/�̂

ô�Ç ���½Ód��s����¦ ���. ëß�{9�

fn =





Ψ′
n(x, y) if n is odd

Ψ′
n(x, y)/y if n is even

�Ð &ñ
_����� fn ∈ Fq[x]s���. ��6£§�Ér E_� n-torsion &h��̀¦ ½̈���H X< division

polynomial_� Ä»6 x$í
�̀¦ �����·p��.

Ça�h� 2.11 P = (x, y) ∈ E\{O} �� ���.

(i) Ψn(x, y) = 0 s���� P ∈ E[n]s���. 7£¤, E�©�\� ���½Ód�� Ψn��H %ò
s� ����� n-

torsion &h�\� ��H�̀¦ ��t��¦ e����.

(ii) ëß�{9� P 6∈ E[2] s���� fn(x) = 0s�#Q�� ëß� P ∈ E[n]s���. (7£¤, fn_� ��H�Ér

E[2]\� e��t� ·ú§��H n-torsoin &h�_� &ñ
SX��>� x ýa³ð�� �)a��.)

(iii) ëß�{9� P 6∈ E[n]s����

nP = (x− Ψn−1Ψn+1

Ψ2
n

,
Ψn+2Ψ

2
n−1 −Ψn−2Ψ

2
n+1

4yΨ3
n

)

#�l�"f Ψk��H Ψk(x, y)\�¦ _�p�ô�Ç��.
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V� 7 â�
 Divisor l�Òeµ

Divisor��HÄ»o��<ÊÃº\�"f%ò
&h�(zero)ü<�FG&h�(pole)�̀¦ �̧�����HX<Ä»6 x���. 5�©�

\�"f ��"é¶ /BG���\�"f s�íß� @/Ãº ë�H]j\�¦ #Q�"� Ä»ô�Ç�̂\�"f s�íß� @/Ãº ë�H]j�Ð »¡¤���

���H X< s�6 x�)a��. s�]X�\�"f ���:rô�Ç ���õ�_� l��í&h���� 7£x"î
�Ér [26]�̀¦ �ÃÐ�̧���.

K = Fq, E/Fq\�¦��"é¶/BG���s����¦���. divisor D��H F q &h�[þt_� formal sums�

��.

D =
∑

P∈E

nP (P )

#�l�"f nP ∈ Z s��¦ �̧��H Õªo��¦ Ä»ô�Ç&h�Ü¼�Ð ú́§�Ér P ∈ E\� @/�#� nP = 0s�

��. supp(D)�Ð³ðr����H divisor D_� support��H {P ∈ E|nP 6= 0}&h�_�|9�½+Ës���.

�̧��H divisor_� |9�½+Ë�Ér D�Ð ³ðr����� ç�H�̀¦ +þA$í
���H X<  »	!lr�Ér

∑

P∈E

nP (P ) +
∑

P∈E

mP (P ) =
∑

P∈E

(nP + mP )(P )

D��H E_� &h�\� _��#� Òqt$í
�)a ��6\� ç�Hs���.

Divisor D =
∑

nP (P )_� 	�Ãº��H deg(D) =
∑

nPs���. D0\�¦ 	�Ãº 0��� �̧��H

divisor_� |9�½+ËÜ¼�Ð ³ðl�ô�Ç��. Õª�Q��� D0��H D_� ÂÒì�r ç�Hs� �)a��.

ëß�{9� E�� ��6£§_� (���2;) Weierstrass ~½Ó&ñ
d��Ü¼�Ð &ñ
_��)a�����

r(x, y) = y2 + a1xy + a3y − x3 − a2x
2 − a4x− a6

éß�, r ∈ K[x, y]s��¦, K0A_� E_� coordinate ring�̀¦ K[E]�Ð ³ðr����� s���Ér	כ

integral domains� �)a��.

K[E] = K[x, y]/(r)

éß�, (r)�Ér r\� _��#� µ1ÏÒqt�)a K[x, y]\� e����H ideal�̀¦ _�p�ô�Ç��. Ä»���>�

K[E] = K[x, y]/(r)

\�¦&ñ
_�ô�Ç��.y�� l ∈ K[E]\�@/�#� y2\� y2− r(x, y)�ÐìøÍ4�¤&h�Ü¼�Ð@/�̂������

6£§�̀¦ ½̈ô�Ç��.

l(x, y) = v(x) + yw(x), where v(x), w(x) ∈ K(x)

K �©�_� function field K(E)��H K[E]_� ÂÒì�r[þt_� �<ÊÃºs���. (ëß�{9� I�� Integral

domains���� Õª��_	כ ÂÒì�r[þt_� �<ÊÃº F��H ]�� a/b, a, b ∈ I, b 6= 0 _� 1px�� ÀÓ[þt_�
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|9�½+Ës��)a��. F_� »	!lrõ�Y�L!lr�Ér�����Û¼XO�>�&ñ
_��)a����H���l©�¦̀�	כ���).Ä»��

�>� K �©�_� E_� function field��� K(E)��H Õª��_	כ ÂÒì�r[þt_� fields���. K[E]_�

¦�\¹�èכ Ä»o� �<ÊÃº (rational function) ���¦ ��¦ K��H K(E)_� ï�r �̂ (subfield)s�

��.

f ∈ K(E)∗ �̀¦ %ò
s� ����� Ä»o��<ÊÃº���¦ ��¦ P ∈ E\{O}�� ���. Õª�Q

��� f(P ) 6= 0s��¦ g, h ∈ K[E]\� @/�#� f = g/h�Ð ³ðr�|̈c Ãº e������� f��H

P\�"f &ñ
_��)a�� (defined at P )�¦ ô�Ç��. ëß�{9� f�� P\�"f &ñ
_��)a�����, f(P ) =

g(P )/h(P )�Ð Z�~��H��. s���Ér	כ well-defined �)a �¦̀�	כ ~1�>� ·ú� Ãº e����. 7£¤, f(P )_�

°úכ�Ér gü< h_� °úכ\� _��>r�t� ��m�ô�Ç��. ëß�{9� f(P ) = 0s����, f��H P\�"f %ò
&h��̀¦

��&�����¦ ��¦ ëß�{9� f�� P\�"f &ñ
_�÷&t� ��m� ô�Ç�����, f��H P\�"f �FG&h��̀¦ ��&��

���¦ ��¦ f(P ) = ∞���¦ ��H��.

Ud 2.5 char(K) 6= 2, 3��� Ä»ô�Ç �̂ K = Fq�©�\� ��"é¶ /BG��� E : y2 = x3 − x\�¦ Òqt

y�����. P = (1, 0) ∈ E�Ð ��¦ f = (x2 − x)/y ∈ K(E)�Ð Z�~��.

ëß�{9� f\�¦ ���½Ód��_� ]��, 7£¤ f ∈ K(x, y)�Ð Òqty������ f��H P\�"f &ñ
_�÷&t� ��

m�ô�Ç��. Õª�Q��, K(E)_� ¹�è�Ðכ Òqty������

f =
(x2 − x)

y
=

(x2 − x)y

y2
=

(x2 − x)y

x3 − x
=

y

x + 1

�Ð f(P ) = 0s� �)a��.

&h� O\�"f f °ú̀�כ¦ &ñ
_����H X<��H [26]\�"f 2[ô�Ç ~½ÓZO��̀¦ ���Ér��. l ∈ K[E]\�

@/�#� l(x, y) = v(x) + yw(x)�Ð jþt Ãº e����. #�l�"f v(x), w(x) ∈ K[x]s���. x\�

2_� Áº>�\�¦ ¿º�¦, y\� 3_� Áº>�\�¦ ¿º��. l_� 	�Ãº��H ��6£§õ� °ú s� &ñ
_�ô�Ç��.

Deg(l) = max(2 degx(v), 3 + 2 degx(w)).

g, h ∈ K[x, y]/(r)\�"f f = g/h�Ð Z�~��H��. ëß�{9� Deg(g) < Deg(h)s����

f(O) = 0s���. ëß�{9� Deg(g) > Deg(h)s���� f(O) = ∞s���. ëß�{9� Deg(g) =

Deg(h)s���� gü< h\�"f þj�¦	��½Ós� y��y�� axd, bxds�Ù¼�Ð f(O) = a/bs���. ÕªXO�

t� ��m�����, þj�¦	��½Ós� cyxdü< dyxds�Ù¼�Ð f(O) = c/ds���.

Ud 2.6 ��"é¶/BG��� E : y2 = x3 + ax + b\�¦ Òqty�����. f = y, g = x/y, h = (x2 −
xy)/(1 + xy) ∈ K[E]�Ð ���� f(O) = ∞, g(O) = 0, h(O) = −1s���.
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y�� &h� P ∈ E\� @/�#� Ä»o��<ÊÃº u ∈ K(E), u(P ) = 0�� �>rF��#� ëß�{9�

f ∈ K(E)∗s���� f = uds�Ð jþt Ãº e���¦ #�l�"f s ∈ K(E), s(P ) 6= 0,∞s���. &ñ
Ãº

d��H u °úכ\� _��>r�t� ��m�ô�Ç��. �<ÊÃº u\�¦ P\� @/�#� ç�H{9� ���Ãº (uniformizing

parameter)���¦ ÂÒ�Ér��. ��6£§ ���õ�[44, p.70]��H ç�H{9� ���Ãº\�¦ ¹1Ô��H X< �̧¹¡§s� �)a

��.

Ça�h� 2.12 P ∈ E�Ð Z�~��. ëß�{9� l : ax + by + c = 0s� P\�"f E_� ]X����s� �����

P\�¦ t�����H #Q*�ô�Ç ���s������ l�Ér P\� @/�#� ç�H{9� ���Ãºs���.

Ud 2.7 char(K) 6= 2, 3���Ä»ô�Ç�̂ K = Fq�©�\�"f��"é¶/BG��� E : y2 = x3+ax+b\�¦

Òqty�����.

• P = (c, d) 6∈ E[2]s��¦ P\�"f E_� ]X����

(−3c2 − a)(x− c) + 2d(y − d) = 0

s���. d 6= 0s�Ù¼�Ð, P\� @/ô�Ç ç�H{9� ���Ãº��H u = x− cs���.

• P = (c, 0) ∈ E��H 0AÃº 2_� &h�s���. P\�"f E_� ]X�����Ér

(−3c2 − a)(x− c) = 0

s���. u = y��H P\� @/ô�Ç ç�H{9� ���Ãºs���.

• O\� @/ô�Ç ç�H{9� ���Ãº\�¦ ¹1Ôl� 0A�#���H ���Ér ýa³ð >�\�"f ���\O��̀¦ �#���
ô�Ç��. E\� @/ô�Ç homogeneous ~½Ó&ñ
d��s� Y 2Z = X3 + aXZ2 + bZ3�̀¦ �©�l�

���. ���2; ýa³ð u = X/Y, w = Z/Y�Ð ���� ~½Ó&ñ
d���Ér f(u, w) = vm3 +

avw2 + bw3−w = 0s� �)a��. Õª�Q���, δf
δv

(O) = 0, δf
δw

(O) = −1s� �)a��. O\�
"f E�Ð ]X����_� ~½Ó&ñ
d���Ér w = 0s���. ���ì�r v = 0��H O�̀¦ t���t�ëß� O\�"f
]X�����Ér ��m���. "é¶A�_� (x, y) ýa³ð\�"f u = x/y��H cl\� @/�#� ç�H{9� ���Ãº

s���.

f ∈ K(E), P ∈ Es����¦ ���. f = uds���¦ ���� u��H P, s ∈ K(E)\� @/�#�

e��_�_� ç�H{9� ���Ãºs��¦ s(P ) 6= 0,∞s���. P\�"f f_� 0AÃº(order)��H d\�"f &ñ
_�

|̈c Ãº e����. s� M:\�¦ ordP (f) = d�Ð ³ðl�ô�Ç��. &h� P��H ordP (f) > 0{9� M:ëß� f_�

%ò
&h�Ü¼�Ð ÷&�̧ s� �â
Äº C�Ãº(multiplicity)��H ordP (f)�Ð &ñ
_��)a��. Ä»���>� &h�

P��H ordP (f) < 0s���� �FG&h��̀¦��t�>�÷&�¦s�M:C�Ãº��H −ordP (f)���)a��.�<ÊÃº
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f�� E �©�\�"f Ä»ô�Ç_� %ò
&h�õ� �FG&h��̀¦ ��t�Ù¼�Ð div(f), f_� divisor\�¦ ��6£§õ� °ú 

s� &ñ
_�½+É Ãº e����.

div(f) =
∑

P∈E

ordP (f)(P )

Ä»o��<ÊÃº\� @/ô�Ç l��:r ��z�́�Ér ëß�{9� f ∈ K(E)∗s���� div(f) ∈ D0s���. �8¹¡¤s�,

f ∈ K
∗
s�#Q��ëß� div(f) = 0s���.

Ud 2.8 char(K) 6= 2, 3���Ä»ô�Ç�̂ K = Fq�©�\�"f��"é¶/BG��� E : y2 = x3+ax+b\�¦

Òqty�����.

• P = (c, d) 6∈ E[2]s��� ���. Õª�Q���

div(x− c) = (P ) + (−P )− 2(O).

• P1, P2, P3 ∈ E �� 0AÃº 2_� &h�s��� ���.

div(y) = (P1) + (P2) + (P3)− 3(O).

• b 6= 0s��¦ P4 = (0,
√

b), P5 = (0,−√b) �� ���. Õª�Q���

div(
x

y
) = (P4) + (P5) + (O)− (P1)− (P2)− (P3)

e��_�_� f ∈ K(E)∗\� @/�#� ëß�{9� D = div(f)s���� divisor D ∈ D0��H princi-

pals��� ô�Ç��. ��6£§�Ér principal divisor\� @/ô�Ç ×�æ¹כô�Ç :£¤fç
s���.

Ça�h� 2.13 D =
∑

nP (P )��H divisors���. Õª�Q���
∑

nP = 0 õ�
∑

nP P = Os����
D��H principals���.

Dl�̀¦ principal divisor_� �̧��H |9�½+Ës����¦ ���. ëß�{9� f1, f2 ∈ K(E)s����

div(f1f2) = div(f1) + div(f2)s���. s���Ér	כ Dls� D0_� ÂÒì�r ç�H�̀¦ +þA$í
ô�Ç��. quo-

tient group D0/Dl�Ér E_� (%ò
 ÂÒì�r_�) divisor class group ¢̧��H Picard groups�

���¦ ô�Ç��.

ëß�{9� D1 − D2 ∈ Dl 7£¤, #Q�"� f ∈ K(E)\�"f D1 = D2 + div(f) |̈c M: 2>h_�

divisor, D1, D2 ∈ D0 ��H 1px�����¦ ��¦ D1 ∼ D2���¦ ³ðl�ô�Ç��. y�� D ∈ D0\�

@/�#� Ä»{9�ô�Ç &h� Q ∈ E�� �>rF��#� D ∼ (Q) − (O)s���. ��z�́, ëß�{9� D =
∑

nP (P )s���� Q =
∑

nP Ps���. σ : D0 → E��H s��Qô�Ç ���©��̀¦ _�p�ô�Ç����� σ��H

ç�H D0/Dlõ� Eçß�_� 1lx+þA ���©� (isomorphism)�̀¦ Ä»µ1Ïô�Ç��.
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V� 8 â�
 Zn (�×�+ ��xjS <n¤�כ�

8̈� Zn �©�\�"f_� ��"é¶ /BG���_� >h¥Æ��̀¦ &ñ
_����. Zn �©�_� ��"é¶/BG����Ér Lenstra_�

�è���Ãº ì�rK� ·ú��¦o�7£§ [80]õ� Goldwasser-Kilian_� �èÃº óøÍ&ñ
 ·ú��¦o�7£§[48]\� s�

6 x�)a��.

n�̀¦ gcd(n, 6) = 1��� �ª�_� &ñ
Ãº�Ð ���. Zn �©�_� ��"é¶ /BG����Ér ��6£§_� ~½Ó&ñ
d��

Ü¼�Ð ÅÒ#Q�����.

Ea,b : y2 = x3 + ax + b (2.15)

#�l�"f a, b ∈ Zns��¦ gcd(4a3 + 27b2, n) = 1s���. Ea,b(Zn)Ü¼�Ð ³ðl����H Ea,b�©�

_�&h��ÉrÁºô�Ç"é¶&h�O\�¦�í�<Ê�#�d�� (2.15)_� Zn×Zn\�"fK�_�|9�½+Ës���. p\�¦ n_�

e��_�_� �èÃº_� divisor���¦ ��¦ a��H a modulo p\�¦ �í�<Ê���H congruence class��

�¦ ���. Ea,b��H Fp�©�\�"f &ñ
_��)a ��"é¶ ~½Ó&ñ
d��e���̀¦ ÅÒ_����. P ∈ E(Zn)s���

���.

ëß�{9�

PP =





(x, y), if P = (x, y)

Op, if P = On

�Ð &ñ
_���¦ Op\�¦ Ea,b(Fp)\�"f Áºô�Ç "é¶&h�s��� ���� PP ∈ Ea,b(Fp) s���.

Äºo���H]X� (4)\�"f&ñ
_�ô�Ç1lx{9�ô�Ç »	!lr½©gË:�̀¦��t��¦ Ea,b(Zn)�©�_�&h��̀¦_�

��  »	!lr�̀¦ &ñ
_����. Ä»ô�Ç�̂\�"f &ñ
_�ô�Ç ��"é¶ /BG���õ� ²ú�o� Ea,b(Zn)�Ér s����  »	

!lr\� @/�#� ç�Hs� ��m���.  »	!lrs� ìøÍ×¼r� &ñ
_�÷&t� ��m�ô�Ç ��Ér	כ ì�r"î
���. ëß�

{9� gcd(x2 − x1, n) > 1 (7£¤, P 6= Q ��� �â
Äº) ¢̧��H gcd(2y1, n) > 1 (7£¤, P = Q���

�â
Äº)\���H λ\��'aô�Ç/BNd��\�"f Zn �©�_���%i�s¹כ�������è\�_�ô�Ç��Ðüw!lr�̀¦��t�

�¦ e����.

_���  »	!lr\� �'aô�Ç ��6£§_� $í
|9��Ér ~1�>� ���7£x½+É Ãº e����.

(i) ëß�{9� P,Q ∈ Ea,b(Zn)s��¦ P + Q�� &ñ
_��� ÷&t� ��m�����  »	!lr ZO�gË:�̀¦ r�

'������ n_� non-trivial divisor\�¦ Òqt$í
ô�Ç��.

(ii) ëß�{9� P,Q ∈ Ea,b(Zn)s��¦ P +Q��_��� »	!lr\�_��#� ú̧�&ñ
_��)a����� n_�

�̧��H prime divisors p\� @/�#� (P + Q)p) = Pp + QPs���.

(iii) ëß�{9� P ∈ Ea,b(Zn), k ∈ Zs��¦ kP�� _���  »	!lr_� ìøÍ4�¤ &h�6 x\� _��#� ú̧�

&ñ
_��)a����� n_� �̧��H prime divisors p\� @/�#� (kP )p = kPps���.
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ns� 2>h_� �èÃº p, q_� Y�Ls����¦ ��&ñ
��¦

Ẽa,b(Zn) = Ea,b(Fp)× Ea,b(Fq)

s��� ���.

2>hç�H_�f��]X�(direct product)s�Ù¼�Ð Ẽa,b(Zn)��Hç�Hs���.y��&h� P ∈ Ea,b(Zn)�Ér

Ẽa,b(Zn)\�Ä»{9�ô�Ç¹כ�è\��©�6£xô�Ç��.7£¤, (Pp, Pq)s���. P = Op ¢̧��H Q = Oqs���

(P, Q�� �̧¿º�� O���%ò
����â
Äº��H��m�t�ëß�)¹כ�è (P, Q)\�¦]jü@ô�Ç Ẽa,b(Zn)�©�_�

�̧��H ¦�\¹�èכ _�p�ô�Ç��. 0A_� (ii) $í
|9�\� _��#� &ñ
_��� ÷&��H Ea,b(Zn)�©�_� �Ë	!lr

�Ér Ẽa,b(Zn)�©�_� ç�H ���íß�õ� {9�u�ô�Ç��.

Õª�Q����è���Ãº p, q\�¦ �̧ØÔ�¦�̧ç�H Ẽa,b(Zn)�©�\�"f���íß�s���0px���.ç�H���íß�

�Ér$í
/BN�����, ¢̧��Hz�́J����� n_� non-trivial factor\�¦%3���H��.ëß�{9� pü< q��ß¼

�����, (100 ��o� s��©�s����) n_� �è���Ãº��H intractable ë�H]js����¦ b���¦ e����. ç�H

���íß�s� z�́J�½+É �â
Äº�� µ1ÏÒqt½+É �â
Äº��H �FGy� ×¼Óüt���¦ Òqty��ô�Ç��.
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ËÂø5�W� (�× ��xjS +�<n¤�כ� �â ÌfC ÇÚ

�:r �©�\�"f��H Ä»ô�Ç�̂ K�©� ��"é¶ /BG���_� 1lx+þAÀÓ(isomorphism class)\�¦ >�Ãºô�Ç��.

K = F2m ��� �â
Äº, y�� 1lx+þAÀÓ\�¦ Weierstrass +þAd��Ü¼�Ð @/³ð+þA�̀¦ ��\P���¦ F2m�©�

\� &ñ
_��)a y�� �í:£¤s� ��"é¶ /BG��� E\� @/�#� #E(F2m)�̀¦ ���&ñ
ô�Ç��.

V� 1 â�
 "�Òeµ

(a
b
)��H :�x�©�_� Jacobi l� ñ�Ð ³ðl�ô�Ç��. Õªo��¦ ��6£§�̀¦ &ñ
_�ô�Ç��.

(
a

2

)
=





1, if a ≡ ±1 mod 8,

0, if a ≡ 0 mod 2,

−1, if a ≡ ±3 mod 8.

Waterhouse[152] (¢̧ô�Ç [137])��H Äº��� #Q*�ô�Ç 8̈�s� #Q�"� ��"é¶ /BG���_� endormor-

phism 8̈�Ü¼�Ð"f Òqtl���H ��\�¦ ���&ñ
��¦ ÅÒ#Q��� endormorphism 8̈�\�"f ��"é¶ /BG

���_� 1lx+þA ÀÓ_� Ãº\�¦ >�Ãº�<ÊÜ¼�Ð�#� Ä»ô�Ç�̂ Fq�©�\� &ñ
_��)a ��"é¶ /BG���_� 1lx

+þA ÀÓ_� Ãº\�¦ >�íß��%i���. Õª��H ¢̧ô�Ç, Fq �©� 1lx+þA ÀÓ_� Ãº��� Nq(t)\�¦ #E(Fq) =

q + 1− t�� ÷&�̧2�¤ ���&ñ
�%i���. %3��Ér ���õ���H ��6£§õ� °ú ��.

Ça�h� 3.1 (152) Fq��H Ä»ô�Ç�̂s���. Fq�©�\� &ñ
_��)a ��"é¶ /BG���_� 1lx+þA ÀÓ_� Ãº��H

��6£§õ� °ú ��.

Nq = 2q + 3 + (
−4

q
) + 2(

−3

q
)

27
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Ça�h� 3.2 p��H �èÃºs��¦ q = pms��� ô�Ç��. t��H |t| ≤ 2
√

q��� &ñ
Ãº���¦ ô�Ç��. Õª�Q

���

Nq(t) =





H(t2 − 4q) if t2 < 4q, and p 6 |t.
H(−4q) if t = 0 and m odd.

1 t2 = 2q, p = 2,m odd.

1 t2 = 3q, p = 3,m odd.
1
12

(
p + 6− 4(−3

p
)− 3(−4

p
)
)

t2 = 4q and m even.

1− (−3
p

), if t2 = q and m even.

1− (−4
p

), if t = 0 and m even.

0, otherwise

s���.

H(∆)��H ∆_� Kronecker class number�Ð, ∆°úכ�Ér6£§_�&ñ
Ãº�Ð modulo 4\� 0 ¢̧��H

1�̀¦��t� 9,óøÍZ>�d�� ∆_� positive definite quadratic form_� SL2(Z)-orbit_�Ãºs�

��. H(∆)\�¦ ���&ñ
���H ~½ÓZO��Ér H(∆) = #B̃(∆) ����H ��z�́\�"f ½̈K� �����.

B̃(∆) = {(a, b, c) ∈ Z3 : a > 0, b2 − 4ac = ∆, |b| ≤ a ≤ c,

and b ≥ 0whenever a = |b| or a = c}.

(ëß�{9� (a, b, c) ∈ B̃(∆)s����, a ≤
√
|∆/3s��¦ B̃(∆)��H Ä»ô�Ç |9�½+Ës���.) binary

quadratic formõ� s�_� ��"é¶ /BG���_� endormorphism ringçß�_� �'a>���H [137]�̀¦ �ÃÐ

�̧)

&ñ
o�(3.1)_� l��:r 7£x"î
�̀¦ ]j/BNô�Ç��. &ñ
o� (2.2)�̀¦ s�6 x�#� 1lx+þA_� &ñ
_��ÐÂÒ

'� 7£x"î
�̀¦ çß�éß�y� ½+É Ãº e����. ¼#�o� �©� .��¹���ô�Çכ

Tr��H Trace �<ÊÃº�Ð ���+þA ~½Ó&ñ
d�� Tr : F2m → F2\�¦ ³ðl�� 9 ��6£§õ� °ú s� &ñ


_��)a��.

Tr : α 7→ α + α21

+ α22

+ · · ·α2m−1

ëß�{9� ms� ���Ãº�����, Te\�¦ �<ÊÃº Te : F2m → F4�Ð ��6£§õ� °ú s� &ñ
_�ô�Ç��.

Te : α 7→ α + α22

+ α24

+ · · ·α2m−2

F4_�"é¶�è��H 0, 1, c1, c2�Ð³ðl�ô�Ç��.Õª�Q����½Ó1pxd�� c2
1+c1+1 = 0, c2

2+c2+1 = 0,

c1c2 = 0, c1 + c2 = 1�̀¦ %3���H��. Te(c1α) = c1Te(α), Te(c2α) = c2Te(α) e���̀¦ ÅÒ

_�ô�Ç��.
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2	� ~½Ó&ñ
d��

x2 + ax + b = 0, a, b ∈ F2m , a 6= 0

��H Tr(a−2b) = 0s�#Q�� ëß� F2m�©�\�"f K��� e����. ëß�{9� x1s� ���_� K�s���� ��

�Ér K���H x1 + a �� �)a��.

Ä»ô�Ç�̂\�"f ���2; ���½Ód��_� ��H\� Ãº\� @/ô�Ç [98]\�"f {9�ìøÍ&h���� ���õ�\�¦ s�6 x

�#�, ��6£§_� 4	� ~½Ó&ñ
d��\�"f

x4 + ax + b = 0, a, b ∈ F2m , a 6= 0 (3.1)

F2m�©�\� K�_� Ãº��H ��6£§_� ���õ�\�¦ %3���H��.

(i) ëß�{9� ms�f.ËÃºs����,d��(3.1)�ÉrK���\O�~����&ñ
SX��>� 2>h_�K�\�¦�������.

(ii) ëß�{9� ms� f.ËÃºs��¦ a�� 35px��H(cube)s� ��m���� d��(3.1)�Ér &ñ
SX�y� ô�Ç >h_�

K�\�¦ �������.

(iii) ëß�{9� ms�f.ËÃºs��¦ a�� 35px��H(cube)s����d��(3.1)�Érëß�{9� Te(b/a4/3) = 0s�

��� 4>h_� K�\�¦, ëß�{9�Te(b/a4/3) 6= 0s���� K�\�¦ ��t�t� ��m�ô�Ç��.

V� 2 â�
 char(Fq) 6= 2, 3ê�> Fq (�×Uc +�<n¤�כ� �â ÌfC ÇÚ

E1/Fq : y2 = x3 + ax + b, E2/Fq : y2 = x3 + ax + b��H 2>h_� ��"é¶ /BG���Ü¼�Ð Fq\�

"f 1lx+þAs����¦ ���. &ñ
o�(2.6)\� _��#� u4a = aü< u6b = b ~½Ó&ñ
d��\� u′ ∈ F ∗
q\�

"f K��� �>rF�ô�Ç��. Õª�Qô�Ç K� u ∈ F ∗
q_� Ãº\�¦ Aut(E1)s����¦ ³ðl���¦ Ãº\�¦ K�

���9 �:r��. (Aut(E1)�Ér Fq�©�\� &ñ
_��)a E1_� automorphism_� Ãºs���.) a = 0{9�

M: a = 0ü< b = 0{9� M: b = 0��� M:\�¦ �¦�9ô�Ç��. ��6£§_� 3��t� �â
Äº�� e����.

(i) ëß�{9� a 6= 0, b 6= 0 (Õª�Q��� j(E) 6= 0, 1728) s���� u2 = ab
ab
s��¦ K���H u ∈

{u′,−u′}s���.

(ii) ëß�{9� a = 0, b 6= 0s���� (Õª�Q���, j(E) = 0) u6 = b/b\�¦%3���H��.ëß�{9� F ∗
q��0A

Ãº 3_�"é¶�è α\�¦��t��¦e�������, 6>h_�K� u ∈ {u′, αu′, α2u′,−u′,−αu′,−αu′}��
e����. ÕªXO�t� ��m����� u ∈ {u′,−u′} s���.

(iii) ëß�{9� a 6= 0, b = 0s���� (Õª�Q���, j(E) = 1728) u4 = a/a\�¦ %3���H��. ëß�{9�

F ∗
q�� 0AÃº 4_� "é¶�è β\�¦ ��t����, u ∈ {u′, βu′, β2u′, β3u′} s� 9 ÕªXO�t� ��
m����� u ∈ {u′,−u′} s���.
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Õª�Q��� )�6 x���H ���Ãº ���8̈��Ér u ∈ F ∗
q\�"f (x, y) → (u2x, u3y)_� +þAI�s���.

ÅÒ#Q��� /BG��� E/Eq\�"f 1lx+þAs� ÷&��H /BG���_� Ãº��H (q − 1)/Aut(E)s���. Fq�©�\�

&ñ
_�÷&��H/BG���_�Ãº��H q2− qs���.�=������,~½Ó&ñ
d�� 4a3 +27b2 = 0_�K� (a, b)_�

Ãº��H qs�l� M:ë�Hs���. ����"f

∑

E

q − 1

Aut(E)
= q2 − q

Õªo��#�
∑

E

1

Aut(E)
= q

s���. #�l�"f ½+Ë�Ér Fq�©�\� &ñ
_��)a ��"é¶ /BG���_� 1lx+þA ÀÓ_� @/³ð /BG���_� |9�½+Ës�

��.

gcd(q, 6) = 1s�Ù¼�Ð q ≡ 1, 5, 7, 11 (mod 12)\�¦%3���H��.Õª�Q���ëß�{9� q ≡ 1, 7

(mod 12)s���� F ∗
q��H0AÃº 3_�"é¶�è\�¦�������.Õªo��¦ëß�{9� q ≡ 1, 5 (mod 12)s�

���F ∗
q��H0AÃº 4_�"é¶�è\�¦�������.s���z�́�̀¦ Aut(E)_�ß¼l�\�@/ô�Ç���õ�\�¦�D¥½+Ë

���� ��6£§_� &ñ
o�\�¦ %3���H��.

Ça�h� 3.3 char(Fq) > 3��� Ä»ô�Ç�̂ Fq �©�\� ��"é¶ /BG���_� 1lx+þA ÀÓ_� Ãº��H q =

1, 5, 7, 11 (mod 12)\� y��y�� 2q + 6, 2q + 2, 2q + 4, 2qs���.

³ð (2)�Ér �̂ F5�©�\� ��"é¶ /BG���_� 1lx+þA ÀÓü< y�� /BG���_� ß¼l�ü< ç�H ½̈�̧ü< �<Ê

a� ]jr��%i���. í�H"f �©� (a, b)��H /BG��� y2 = x3 + ax + b\�¦ �����·p��

��6£§�Ér ��6\� ç�HÜ¼�Ð 1lx+þAs� ÷&��H 2>h_� q� 1lx+þA ��"é¶ /BG���_� \Vs���.

Ud 3.1 F5 �©�\�"f y2 = x3 + 1 õ� y2 = x3 + 2\�¦ Òqty�����. y�� /BG����Ér 0AÃº 6�̀¦

�������. Õªo��¦ 2>h_�ç�H�Ér Z6\� 1lx+þAs� �)a��. Õª�Q�� F5 �©�\���H 1lx+þAs� ÷&t�

��m�ô�Ç��. �=������ 2u6 = 1�̀¦ ëß�7á¤���H u ∈ F ∗
5�� �>rF��t� ��m�ô�Ç��.

V� 3 â�
 F2m(�×Uc j� �ï§�́l� +�<n¤�כ� �â ÌfC ÇÚ

��6£§_� d��Ü¼�Ð E1õ� E2��H F2m�©�\� q� �í:£¤s� ��"é¶ /BG���s����¦ ���.

E1 : y2 + xy = x3 + a2x
2 + a6 (a6 6= 0)

E2 : y2 + xy = x3 + a2x
2 + a6 (a6 6= 0)

&ñ
o�(2.2)\�¦:£¤Z>��o�#�ëß�{9�ìøÍ×¼r� a6 = a6a2 = a2+s+s2��� s ∈ F2ms��>rF��

��� E1
∼= E2e���̀¦·ú�Ãºe����.+'_� �̧|	��Ér Tr(a2 +a2) = 07£¤, Tr(a2) = Tr(a2)e��

õ� 1lxu���� �.���s	כ s��Ð"f ��6£§_� ���õ�\�¦ %3���H��.
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³ð 3.1: F5�©�_� ��"é¶ /BG���_� 1lx+þA ÀÓ

1lx+þA ÀÓ &h�_� Ãº ç�H type

(0,1)(0,4) 6 Z6

(0,2)(0,3) 6 Z6

(1,0) 4 Z2 ⊕ Z2

(2,0) 2 Z2

(3,0) 10 Z10

(4,0) 8 Z2 ⊕ Z4

(1,1)(1,4) 9 Z9

(1,2)(1,3) 4 Z4

(2,1)(2,4) 7 Z7

(3,2)(3,3) 5 Z5

(4,1)(4,4) 8 Z8

(4,2)(4,3) 3 Z3

Ça�h� 3.4 q = 2ms��¦ F2m�©�\� q� �í:£¤s� ��"é¶ /BG����Ér 2(q − 1) >h_� 1lx+þA ÀÓ��

e����. γ ��H Tr(γ) = 1 (ëß�{9� ms� f.ËÃºs����, γ = 1�Ð ô�Ç��.) s� ÷&��H "é¶�è�� ô�Ç

��. 1lx+þA ÀÓ_� @/³ð /BG���_� |9�½+Ë�Ér ��6£§õ� °ú ��.
{
y2 + xy = x3 + a2x

2 + a6|a6 ∈ F ∗
2m , a2 ∈ {0, γ}

}

E1\�1lx+þA��� q/2>h_�/BG����Ér y2+xy = x3+αx2+a6s��¦ α��H Tr(α) = Tr(a2)\�¦

ëß�7á¤���H F2m�©� q/2>h ×�æ ���s���. ëß�{9� F2m�©�\� E1
∼= E2s���� 1lx+þA ���©��Ér

φ : (x, y) → (x, y + sx)�Ð ÅÒ#Qt��¦ s2 + s = a2 + a2s���.

V� 4 â�
 ©NêÊÁ m�+ F2m (�× �ï§�́l� ��xjS +�<n¤�כ� �â ÌfC

ÇÚ

ëß�{9� ms� f.ËÃºs����, 2m − 1 ≡ 1 (mod 3)s���. F ∗
m��H 0AÃº 3_� "é¶�è\�¦ ��t��¦

e��t� ��m��Ù¼�Ð ���©� f : F2m → F2n�Ér ���éß������ f : x → x3Ü¼�Ð &ñ
_��)a��.

E ′/F2m�Ér ��6£§_� d��Ü¼�Ð ÅÒ#Q��� /BG���s��� ���.

E ′ : y2 + a′3y = x3 + a′4x + a′6(a
′
3 6= 0.)
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r =3
√

a′3 �� ���. )�6 x���H ���Ãº ���8̈� (x, y) → (r2x, r3y)�Ð E ′�Ér ��6£§_� /BG

���Ü¼�Ð ���8̈�ô�Ç��.

E : y2 + y = x3 + a4x + a6 (3.2)

f.ËÃº m\� @/�#� F2m �©�\� e��_�_� �í:£¤s� ��"é¶ /BG���s� d�� (3.2)ü< °ú �Ér +þAI�\�¦

��t�%3����¦ ��&ñ
ô�Ç�� ; s���� /BG����Ér q2>h�� e����. éß� q = 2ms���. ëß�{9� E�� ��

6£§õ� °ú s� ÅÒ#Q��������

E : y2 + y = x3 + a4x + a6

&ñ
o� (2.2)\�¦ :£¤Z>��o���� s, t ∈ F2ms� ��6£§õ� °ú s� �>rF�½+É M:\�ëß� F2m�©�\� E ∼=
Es���.

s4 + s + a4 + a4 = 0 (3.3)

t2 + t + s6 + a4s
2 + a6 + a6 = 0 (3.4)

)�6 x���H���Ãº���8̈��Ér (x, y) → (x+ s2, y + sx+ t)_�+þAI�\�¦��t��¦ s, t ∈ F2ms�

��.

E1�̀¦ /BG���

E1 : y2 + y = x3

s��� ���. F2m�©�\� E ∼= E1s��� ��&ñ
ô�Ç��. Õª�Q��� s1, t1 ∈ F2ms� �>rF��#� ��

6£§_� ~½Ó&ñ
d���̀¦ ëß�7á¤ô�Ç��.

s4 + s + a4 = 0 (3.5)

t2 + t + s6 + a6 = 0 (3.6)

ms� f.ËÃºs�Ù¼�Ð d�� (3.5)��H F2m\� &ñ
SX�y� 2>h_� K� 7£¤, s1õ� s1 + 1�̀¦ �������.

(s1, t1)s� d�� (3.6)_� K�s�Ù¼�Ð Tr(s6
1 + a6) = 0�̀¦ �������. Õªo��¦ d�� (3.5)ü<

(3.6)�̀¦ ëß�7á¤���H (s, t)�� &ñ
SX�y� 2>h_� K�\�¦ ��t�Ù¼�Ð Tr((s1 + 1)6 + a6) = 1 s�

��.)�6 x���H���Ãº���8̈�s� q2s�e��Ü¼Ù¼�Ð E1\�1lx+þA��� q2/2/BG���s�e������H�¦̀�	כ

����:r t��̀¦ Ãº e����.

E2��H /BG���

E2 : y2 + y = x3 + x
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���¦ ���. Tr(s4 + s) = 0s��¦ Tr(1) = 1s�Ù¼�Ð F2m �©�\� K��� \O�#Q F2m �©�\�

E1 6∼= E2s���. ëß�{9� F2m �©�\� E ∼= E2s���� ��6£§_� d���̀¦ ëß�7á¤���H s1, t1 ∈ F2ms�

�>rF�ô�Ç��.

s4 + s + 1 + a4 = 0 (3.7)

t2 + t + s6 + s2 + a6 = 0 (3.8)

d��(3.7)�Ér 2>h_�K� s1õ� s1 + 1�̀¦�������. Tr(s6
1 + s2

1 + a6) = 0 s�Ù¼�Ð��6£§�̀¦·ú�

Ãº e����.

Tr
(
(s1 + 1)6 + (s1 + 1)2 + a6

)
= 0

d�� (3.7)õ� (3.8)�Ér 4>h_� K�\�¦ ��t��¦ e��Ü¼Ù¼�Ð E2\� 1lx+þA��� q2/4 >h_� /BG���s�

e����.

���²DG E3�̀¦ ��6£§_� /BG���Ü¼�Ð ���.

E3 : y2 + y = x3 + x + 1

d�� (3.3)õ� (3.4)�� F2m�©�\� K��� \O��̀¦ ���7£x�#� F2m�©�\� E1 6∼= E3Õªo��¦ E2 6∼=
E3e���̀¦ ~1�>� �����½+É Ãº e����. ��� ]X�\�"fü< °ú s� E3\� 1lx+þA��� q2/4>h_� /BG���s�

e������H �¦̀�	כ ���7£x½+É Ãº e����. ����"f �̧��H �í:£¤s� ��"é¶ /BG���\� @/ô�Ç K�\�¦ ¹1Ô�̀¦

Ãº e���¦ ��6£§õ� °ú s� .��¹���ô�Çכ

Ça�h� 3.5 f.ËÃº m\� @/�#� F2m �©�\� �í :£¤s� ��"é¶ /BG���\���H 3��t� 1lx+þA ÀÓ��

e����. y��y��_� @/³ð /BG����Ér

(i) y2 + y = x3

(ii) y2 + y = x3 + x

(iii) y2 + y = x3 + x + 1

V� 5 â�
 ÆÇÐÊÁ m�+ F2m (�× �ï§�́l� ��xjS +�<n¤�כ� �â ÌfC

ÇÚ

���Ãº ms��¦ F2m (q = 2m) �©� �í:£¤s� ��"é¶ /BG���_� 7��t� 1lx+þA ÀÓ�� e������H �¦̀�	כ

%3�x9�y� 7£x"î
ô�Ç��.
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E/F2m�Ér ��6£§_� /BG���s��� ���.

E : y2 + a3y = x3 + a4x + a6 (a3 6= 0)

��6£§_� 3��t� +þAI�\�¦ �¦�9ô�Ç��.

Type I: a3s� 35px��Hs� ��_��

Type II: a3s� 35px��Hs��¦ Te(a4) 6= 0

Type III: a3s� 35px��Hs��¦ Te(a4) = 0

Type I <n¤�כ�

x_� >�Ãº�� 0��� Type I_� /BG����̀¦ Type Ia���¦ ÂÒØÔ��. E1�̀¦ Type Ia /BG���s�

�� ���.

E1 : y2 + a3y = x3 + a6

Õªo��¦

E2 : y2 + a3y = x3 + a4x + a6

s� F2m�©�_� /BG���s��¦ E1\� 1lx+þAs����¦ ���. F2m�©� E1
∼= E2s�Ù¼�Ð ��6£§_� d��

�̀¦ ëß�7á¤���H u1, s1, t1 ∈ F2ms� �>rF�ô�Ç��.

u3 = a3/a3 (3.9)

s4 + a3s + u4a4 = 0 (3.10)

t2 + a3t + s6 + a6 + u6a6 = 0 (3.11)

a = a3/u
3s��¦ a3�Ér 35px��Hs� ��m�Ù¼�Ð a3�̧ 35px��Hs� ��m���. E1�̀¦ E2�Ð ���8̈�

���H )�6 x���H ���Ãº ���8̈�_� Ãº\�¦ [j#Q �:r��. s� ��Ér	כ F2m\�"f d�� (3.9), (3.10),

(3.11)\�"f K� (u, s, t)_� �̧��H ��f±	 Ãº\�¦ [j��� ��0px���.

d�� (3.9)��H &ñ
SX�y� 3>h_� K� u1, c1u1, c2u1s� e����. a3s� 35px��Hs� ��m�Ù¼�Ð

d��(3.10)�Ér u_�y�����×þ�\�@/�#�&ñ
SX�y� 1>h_�K���e����. u = u1, c1u1, c2u1\�@/

�#�d��(3.10)\�_�Ä»{9�ô�ÇK���Hy��y�� s = s1, c1s1, c2s1s���.���²DG (u, s) = (u1, s1),

(c1u1, c1s2), (c2u1, c2s1)\� @/�#� d��(3.11)\���H 2>h_� K� 7£¤, t1õ� t1 + a3�� e����.

E1�̀¦ E2�Ð ���8̈����H 6>h_� )�6 x���H ���Ãº ���8̈�s� e����.

)�6 x���H ���Ãº ���8̈�_� 8úx ��f±	Ãº�� (q − 1)q2s�Ù¼�Ð E1\� 1lx+þA��� /BG���_� Ãº

��H (q− 1)q2/6s���. E1�̀¦ Type Ia�Ð ���8̈����H )�6 x���H ���Ãº ���8̈��Ér (q− 1)q>h
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��e����.s���Ér	כ a4 = (s4+a3s)/u
4s�Ù¼�Ð s = 0s�#Q��ëß� a4 = 0s���. E1 ���̂\�¦

�í�<Ê�#� E1Ü¼�Ð1lx+þA��� Type Ia/BG���s� (q− 1)q/6>h��e����.8úx 2(q− 1)q/3>h

_� Type Ia/BG���s�e��Ü¼Ù¼�Ð, Type Ia/BG����Ér 47áxÀÓ_�1lx+þAÀÓ\�ì�r�í÷&#Qe���̀¦

�.���s	כ y�� 1lx+þA ÀÓ\���H (q− 1)q2/6>h_� Type I /BG���s� e��Ü¼ 9 Õª ×�æ (q− 1)q/6

>h_� Type Ia /BG���s� e����. s���� 4 7áxÀÓ��H 2(q − 1)q2/3 >h_� Type I /BG����̀¦ }©�

��ô�Ç��.

Type II <n¤�כ�

a3s� 35px��Hs�Ù¼�Ð Type II (Õªo��¦ Type III)/BG����Ér y2+y = x3+a4x+a6_�+þA

I�\�¦��������¦��&ñ
ô�Ç��.)�6 x���H���Ãº���8̈��Ér (x, y) → (u2x+s2, u3y+u2sx+t)

s��¦ u, s, t ∈ F2ms��¦ u3 = 1s���. E1s���6£§õ�°ú s� Type II_�/BG���s������.

E1 : y2 + y = x3 + a4x, Te(a4) = 1

Õªo��¦

E2 : y2 + a3y = x3 + a4x + a6

��H E1 \� 1lx+þA��� F2m �©�_� e��_�_� /BG���s����¦ ���. Õª�Q��� a3�Ér 35px��Hs�#Q��

ô�Ç��. Õªo��¦ a3 = 1s����¦ ��&ñ
ô�Ç��. F2mE1
∼= E2s�Ù¼�Ð ��6£§_� ~½Ó&ñ
d���̀¦ ëß�

7á¤���H u1, s1, t1 ∈ F2ms� �>rF�ô�Ç��.

u3 = a1 (3.12)

s4 + s + a4 + ua4 = 0 (3.13)

t2 + a3t + s6 + a4s
2 + a6 = 0 (3.14)

s���. Õªo��¦

Te(a4) = Te(
s4 + s + a4

u
)

= Te(
s4

u4
+ Te(

s

u
) + Te(

a4

u
) = Te(

a4

u
)

s���.

ëß�{9� u = 1, c1, c2 s���� y��y�� Te(a4/u) = 1, c2, c1 s���. ÕªA�"f Te(a4) 6= 0s�

�¦ E2�̧ Type II /BG���s���. E1\�"f E2�Ð ���8̈����H )�6 x���H ���Ãº ���8̈� ��f±	Ãº

\�¦ [j#Q�:r��.

u3 = 1s�Ù¼�Ð u = 1, c1, c2s���. y�� u °úכ\� @/�#� y��y�� Te(a4 + ua4) = 0 ¢̧

��H Te(a4 + ua4) 6= 0\� ���� (F2m\�"f) d�� (3.13)�Ér 4>h_� "f�Ð ���Ér K��� e��~��
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�� K��� \O���. u = 1, c1, c2\� @/�#� d��(3.13)�Ér Te(a4) = 1, c2, c1s�#Q��ëß� y��y��

4>h_�K�\�¦��t��¦e������H�9}¦̀�
ú���¤��.{9�ìøÍ$í·¦̀�	כ�t�·ú§�¦, Te(a4) = 1s����¦

��&ñ
���. Õª�Q��� ~½Ó&ñ
d��

s4 + s + a4 + a4 = 0

�Ér 4>h_�"f�Ð���ÉrK�, s = s1, s1+1, s1+c1, s1+c2\�¦�������. (s1, t1)s�d��(3.14)\�

_� K�s�Ù¼�Ð

Tr(s6
1 + a4s

2
1 + a6) = 0

s� �)a��. Õª�Q���

Tr
(
(s1 + 1)6 + a4(s1 + 1)2 + a6

)
= Tr(a4) = 0,

T r
(
(s1 + 1)6 + a4(s1 + c1)

2 + a6

)
= Tr(c2a4) = 1,

T r
(
(s1 + 1)6 + a4(s1 + c2)

2 + a6

)
= Tr(c1a4) = 1.

d��(3.14)��H s = s1 õ� s = s1 + 1{9� M:\�ëß� K�\�¦ �������. d�� (3.12) - (3.14)\�

@/�#� 4>h_� K� (u, s, t)�� e�����¦ ����:r�̀¦ ?/�2;��.

Õª�Q��� 3q2_�)�6 x���H���Ãº���8̈�s�e���¦ E1õ�1lx+þA��� 3q2/4>h_� Type II/BG

���s� e����. Type II /BG���_� 8úx ��f±	 Ãº��H 3q2/4>h s�Ù¼�Ð Type II /BG����Ér ��"é¶

/BG���_� 1lx+þA ÀÓ\�¦ +þA$í
ô�Ç���¦ ����:r t��̀¦ Ãº e����.

Type III <n¤�כ�

E1�Ér Type III /BG���Ü¼�Ð ��6£§õ� °ú �Ér ~½Ó&ñ
d��Ü¼�Ð ÅÒ#Q�����.

E1 : y2 + y = x3

Õªo��¦

E2 : y2 + y = x3 + a4x + a6

���¦ ��¦ E1\� 1lx+þA��� F2m�©�_� e��_�_� /BG���s����¦ ���. F2m�©�\� E1
∼= E2s�

Ù¼�Ð ��6£§�̀¦ ëß�7á¤���H u1, s1, t1 ∈ F2ms� e����.

u3 = 1 (3.15)

s4 + s + ua4 = 0 (3.16)

t2 + t + s6 + a6 = 0. (3.17)



]j 5 ]X� ���Ãº M_� F2M �©� �í:£¤s� ��"é¶ /BG���_� 1lx+þA ÀÓ 37

Õªo��¦

Te(a4) = Te(
s4 + s

u
) = Te(

s4

u4
) + Te(

s

u
) = 0

�̀¦ ÅÒ_���¦ E2 /BG����Ér Type III /BG���s� �)a��. ·ú¡\�"fü< °ú s� E1�̀¦ E2�Ð ���8̈�

���H )�6 x���H ���Ãº ���8̈�_� ��f±	Ãº\�¦ [j#Q�:r��.

u3 = 1s�Ù¼�Ð u = 1, c1, c2\�¦ %3���H��. Te(a4) = 0s�Ù¼�Ð Te(c1a4) = 0õ�

Te(c2a4) = 0�̀¦ %3���H��. y�� u = 1, c1, c2\� @/�#� d�� (3.16)�Ér F2m�©�\� 4>h_� "f

�Ð ���Ér K�\�¦ �������.

d��(3.16)\� 12>h_� K���H ��6£§õ� °ú ��

u = 1 ; s = s1, s1 + 1, s1 + c1, s1 + c2

u = c1 ; s = c1s1, c1s1 + 1, c1s1 + c1, c1s1 + c2 (3.18)

u = c2 ; s = c2s1, c2s1 + 1, c2s1 + c1, c2s1 + c2

(s1, t1)s� d��(3.17)\� K�s�Ù¼�Ð Tr(s6
1 + a6) = 1�̀¦ %3���H��. s� ��z�́�̀¦ s�6 x�

#� d��(3.18)\�"f s\� @/�#� 12>h_� y�� ���×þ�\� @/�#� Tr(s6 + a6) = 0�̀¦ ~1�>�

�����½+É Ãº e����. ÕªA�"f d��(3.15) -(3.17)�Ér 24>h_� K� (u, s, t)�� e����.

3q2>h )�6 x���H ���Ãº ���8̈�s� e��Ü¼Ù¼�Ð E1\� 1lx+þA��� 3q2/24>h_� Type III /BG

���s� e����. s���Ér	כ q2/4>h_� Type III /BG���_� ìøÍ�̀¦ }©���ô�Ç��.

E3\�¦ Type III /BG���Ü¼�Ð

E3 : y2 + y = x3 + α

�� ��¦ α ∈ F2m , T r(α) = 1s��� ���. E1 6∼= E3s�Ù¼�Ð ��6£§_� ~½Ó&ñ
d��

u3 = 1

s4 + s = 0

t2 + t + s6 + α = 0

�Ér F2m�©�\�"fK� (u, s, t)��\O���.����"f�� Qt� q2/4>h_� Type III/BG����Ér E1\�

1lx+þAs� ��_���̀¦ Ä»�̧��¦ E3���¦ ³ðr����H 1lx+þA ÀÓ\� 5Åq½+É �.���s	כ s� ���õ�\�¦

���¹כ���� ��6£§õ� °ú ��.

Ça�h� 3.6 ms� ���Ãºs��¦ F2m �©�\� �í :£¤s� ��"é¶ /BG����Ér 7>h_� 1lx+þA ÀÓ�� e����.

γ\�¦ F2m\� 35px��Hs� ��m��¦ α, β, δ, ω ∈ F2ms� e��#Q Tr(γ−2α) = 1, T r(γ−4β) =

1, T e(δ) 6= 0, T r(ω) = 1s����¦ ���. y�� ÀÓ\�¦ @/³ð���H /BG����Ér :
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(i) E1 : y2 + γy = x3 (Type I)

(ii) E2 : y2 + γy = x3 + α (Type I)

(iii) E3 : y2 + γ2y = x3 (Type I)

(iv) E4 : y2 + γ2y = x3 + β (Type I)

(v) E5 : y2 + y = x3 + δx (Type II)

(vi) E6 : y2 + y = x3 (Type III)

(vii) E7 : y2 + y = x3 + ω (Type III)

³ð(5)\���H y�� /BG���_�ß¼l�ü< ç�H ½̈�̧ü< �<Êa� F4 �©�\�"f ��"é¶ /BG���_� 13>h 1lx

+þA ÀÓ_� @/³ð /BG����̀¦ &ñ
o��%i���. F4_� "é¶�è\�¦ 0, 1, c1, c2���¦ ô�Ç��.

³ð 3.2: F4�©� ��"é¶ /BG���_� 13>h 1lx+þA ÀÓ_� @/³ð /BG���

@/³ð /BG��� E j-Ô�¦���|¾Ó #E(F4) ç�H ½̈�̧

y2 + xy = x3 + 1 1 8 Z8

y2 + xy = x3 + c1x
2 + 1 1 2 Z2

y2 + xy = x3 + c1 c2 4 Z4

y2 + xy = x3 + c1x
2 + c1 c2 6 Z6

y2 + xy = x3 + c2 c1 4 Z4

y2 + xy = x3 + c1x
2 + c2 c1 6 Z6

y2 + c1y = x3(Type I) 0 3 Z3

y2 + c1y = x3 + 1(Type I) 0 7 Z7

y2 + c2y = x3(Type I) 0 3 Z3

y2 + c2y = x3 + 1(Type I) 0 7 Z7

y2 + y = x3 + x(Type II) 0 5 Z5

y2 + y = x3(Type III) 0 9 Z3 ⊕ Z3

y2 + y = x3 + c1(Type III) 0 1 Z1
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V� 6 â�
 �\��+ ÊÁ

F2m�©�\� �í:£¤s� /BG���, E\� @/ô�Ç #E(F2m)�̀¦ ���&ñ
���. s���� /BG���_� ç�H ½̈�̧��H

�Ð�̧&ñ
o� (2.2)\� _��#� ���&ñ
�)a��.

(i) ©NêÊÁ m

s� �â
Äº F2m�©� �í:£¤s� /BG���_� 3>h 1lx+þA ÀÓ_� y��y���Ér F2\�"f >�Ãº\�¦ @/³ð�Ð

��t��¦e����. Weil&ñ
o�\�¦s�6 x�#� F2m�©�/BG���_�0AÃº\�¦~1�>����&ñ
½+ÉÃºe����.

���õ���H ³ð (6)\� &ñ
o��%i���. (³ð ×�æ\� k°úכ�Ér ÆÒÊê\� l�Õütô�Ç��.)

³ð 3.3: ms� f.ËÃº��� M:, F2m�©� �í:£¤s� /BG���_� 0AÃº

/BG��� E m #E(F2m) ç�H +þAI� k

y2 + y = x3 f.ËÃº q + 1 í�H8̈� ç�H 2

y2 + y = x3 + x m ≡ 1, 7 (mod 8) q + 1 +
√

2q í�H8̈� ç�H 4

m ≡ 3, 5 (mod 8) q + 1−√2q í�H8̈� ç�H 4

y2 + y = x3 + x + 1 m ≡ 1, 7 (mod 8) q + 1−√2q í�H8̈� ç�H 4

m ≡ 3, 5 (mod 8) q + 1 +
√

2q í�H8̈� ç�H 4

(ii) ÆÇÐÊÁ m

1 ≤ i ≤ 7\� @/�#� #Ei = #Ei(F2m) = q + 1 − ti éß�, q = 2m �� ���.

/BG���[þt�Ér &ñ
o� (3.6)\� &ñ
_��)a �.���þts]	כ &ñ
o� (3.2)\� _��#� ti_� 7��t� °úכ�Ér

0, 2
√

q,−2
√

q,
√

q,
√

q,−√q,−√q (ìøÍ×¼r� s���� í�H"f��H ��m���.) s���.

Äº��� #E1 + #E2 = 2q + 2 s��¦ t1 = −t2 ��� M:\�¦ �¦¹1Ïô�Ç��. s���Ér	כ y��

x ∈ Fq\�"f Tr(γ−2x3) = 0 ¢̧��H Tr(γ−2x3 + γ−2α)−) s����� Ñüt �� ÕªXO�t�

��m�ô�Ç M: $í
wn�ô�Ç��. /BG��� E1, E2��H ��"é¶ /BG���_� twisted pair_� ô�Ç��t� \Vs���.

E3, E4ü< E6, E7��H twisted pairs��¦���²DG t3 = −t4, t6 = −t7s���.Õªo��¦ t5 = 0s�

��.

E6_� >�Ãº��H F2\� e��Ü¼Ù¼�Ð #E6\�¦ ���&ñ
���H X< Weil &ñ
o�\�¦ &h�6 xô�Ç��. Õª

o��¦ #E7�̧ &h�6 xK� �:r��. m ≡ 02 (mod 4)\� ���� y��y�� t6 = 2
√

q − 2
√

q\�¦ ¹1Ô

��H��.

Õªo��¦ t1, t3 =
√

q−√q�̀¦îß���.Õª�
ñ&�_	כSX�ô�Ç°ú��6£¦̀�כ§õ�°ú s����&ñ
ô�Ç��.

γ = g−1�� ��¦, g��H F2m��H Òqt$í
"é¶s���. Õªo��¦ ��6£§ |9�½+Ë�̀¦ Òqty��ô�Ç��.
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A = {x3 : x ∈ F2m} = {g3i : 1 ≤ i ≤ (2m − 1)/3} ∪ {0},
B = {γ−2x3 : x ∈ F2m} = {g3i+2 : 1 ≤ i ≤ (2m − 1)/3} ∪ {0},
C = {γ−4x3 : x ∈ F2m} = {g3i+1 : 1 ≤ i ≤ (2m − 1)/3} ∪ {0},

(A\{0}, B\{0}, C\{0})��H F ∗
2m_� ÂÒì�rs�Ù¼�Ð trace�� 0��� F2m_� "é¶�è��H &ñ
SX�

y� ìøÍs� e��Ü¼Ù¼�Ð ��6£§�̀¦ Ä»�̧ô�Ç��.

#E1 + #E3 + #E6 = 3q + 3

Õªo��¦ t1 + t3 = −t6s���.

ëß�{9� m ≡ 0 (mod 4)s���� t1 = t3 = −√q�̀¦ ��|9� �,¦��s	כ ëß�{9� m ≡ 2

(mod 4)s���� t1 = t3 =
√

q�̀¦��|9�����s���./BG	כ Ei, 1 ≤ i ≤ 7_�0AÃº��H³ð (6)\�

��\P��%i���. E1 : y2 + γy = x3õ� E2 : y2 + γ2y = x3�Ér ��"é¶ /BG���Ü¼�Ð"f��H 1lx+þA

s� ��m���, E1(Fq)ü< E3(Fq)��H 1lx+þAs���.

³ð 3.4: ms� ���Ãº{9� M:, F2m �©� �í :£¤s� /BG���_� 0AÃº

/BG��� Ei m #Ei(F2m) ç�H +þAI� k

y2 + γy = x3 m ≡ 0 (mod 4) q + 1 +
√

q í�H8̈�ç�H 3

m ≡ 2 (mod 4) q + 1−√q í�H8̈�ç�H 3

y2 + γy = x3 + α m ≡ 0 (mod 4) q + 1−√q í�H8̈�ç�H 3

m ≡ 2 (mod 4) q + 1 +
√

q í�H8̈�ç�H 3

y2 + γ2y = x3 m ≡ 0 (mod 4) q + 1 +
√

q í�H8̈�ç�H 3

m ≡ 2 (mod 4) q + 1−√q í�H8̈�ç�H 3

y2 + γy = x3 + β m ≡ 0 (mod 4) q + 1−√q í�H8̈�ç�H 3

m ≡ 2 (mod 4) q + 1 +
√

q í�H8̈�ç�H 3

y2 + y = x3 + δx m ���Ãº q + 1 í�H8̈�ç�H 2

y2 + y = x3 m ≡ 0 (mod 4) q + 1− 2
√

q Z√q−1 ⊕ Z√q−1 1

m ≡ 2 (mod 4) q + 1 + 2
√

q Z√q+1 ⊕ Z√q+1 1

y2 + y = x3 + ω m ≡ 0 (mod 4) q + 1 + 2
√

q Z√q+1 ⊕ Z√q+1 1

m ≡ 2 (mod 4) q + 1− 2
√

q Z√q−1 ⊕ Z√q−1 1
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F2m�©�e��_�_��í:£¤s���"é¶/BG��� E��ÅÒ#Qt����,Äº���#Q�"�1lx+þAÀÓ\�5Åq���H

��\� ���� #E(F2m)�̀¦ >�íß�½+É Ãº e����. s���Ér	כ &ñ
o� (2.2)\� ÅÒ#Q��� &h�]X�ô�Ç ��H

�ÃÐÒ�o ë�H]j\�¦ K�������� %3��̀¦ Ãº e����. F2m�©�\� ���½Ód��_� ��H�̀¦ ½̈���H Y>���t� ò́

Ö�¦&h���� ·ú��¦o�7£§s� e����. \V\�¦[þt��� [10]�̀¦ �ÃÐ�̧ô�Ç��.

V� 7 â�
 ½ÇÔ�¿ ��/�×

Waterhouse_� ���½̈��H Deuring_� �7Hë�H[32]\� ��H���Ð ��¦ e����. Deuring�Ér Fq�©�

\� &ñ
_��)a 2>h_� ��"é¶ /BG���s� Õª[þts� 1lx+þAs���� Fq\� 1lx+þA{9� �¦��s�o	כ Òqty���

%i���. Waterhouse_�Y>���t����½̈��H Rück\�_��#�Ä»ô�Ç�̂�©�\� genus 2_�@/Ãº

/BG���_� JacobianÜ¼�Ð {9�ìøÍ�o�%i���.

3]X�\�"f 6]X���t�_� ?/6 x�Ér [94]\�"f ���6 x�%i���.
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V� 4 *�×

l�ñ5Ñ 7�ÊÁ %K�V�

#Q�"�ç�H G�©�\�"fs�íß�@/Ãºë�H]j_�#Q�9¹¡§\�ç�H��\�¦é�H ú́§�Ér/BN>hv���� ñr�Û¼

%7�s� e����. þj��H\� s�íß� @/Ãº ë�H]j��H ú́§�Ér ÅÒ3lq�̀¦ ~ÃÎ��¤�¦, #��Q��t� l�ZO��̀¦ s�

6 xô�Ç Ãº ú́§�Ér ·ú��¦o�7£§s� ]jr�÷&%3���. 1]X�\�"f��H s� ë�H]j\�¦ K�����l� 0Aô�Ç ·ú�

�¦o�7£§�̀¦ �̧����¦ 2]X�\�"f��H :£¤s� ��"é¶ /BG���õ� #Q�"� ç�H �©�_� s�íß� @/Ãº ë�H]j

\�¦ Ä»ô�Ç�̂ �©�_� s�íß� @/Ãº ë�H]j�Ð »¡¤������H ~½ÓZO��̀¦ /BNÂÒô�Ç��.

V� 1 â�
 N±Ó�§h�¤æ̧

G�� 0AÃº n_� Ä»ô�Ç (Y�L!lr) í�H8̈� ç�Hs����¦ ��¦, α\�¦ G_� Òqt$í
"é¶s����¦ ���.

l�$� α��� β_� s�íß� @/Ãº��H logα β�Ð ³ðl���¦, β = αx�� ÷&�̧2�¤ ���H Ä»{9�

ô�Ç &ñ
Ãº x, 0 ≤ x < ns���. α\�¦ >�5Åq�#� "4�5px�̀¦ �#� β�� ÷&�̧2�¤ ���H ·ú��¦o�

7£§s� "î
Ñþ�y� $í
wn����, O(n)_� ç�H ���íß�s� ¹כ��9�Ù¼�Ð ns� 9þt �â
Äº\���H Ô�¦Ø�æì�r

���.

@/Ãº\�¦ ¹1Ô��H ·ú��¦o�7£§�Ér ��6£§õ� °ú s� ì�rÀÓ½+É Ãº e����.

(i) e��_�_� ç�H\�"f 1lx������H ·ú��¦o�7£§ (Square root ~½ÓZO�)

(ii) e��_�_�ç�H\�"f1lx������ï�rç�H(subgroup)_� ½̈�̧\�¦s�6 x���H~½ÓZO� (Pohlig-

Hellman ~½ÓZO�)

(iii) Index calculus ~½ÓZO�

(iv) ç�H ��s�_� 1lx+þA ���©��̀¦ s�6 x���H ~½ÓZO�

43
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1.1 Square root '�×ß��

m = d√ne���¦ ���.

Baby-Step Giant-Step Method

x = logα βs���� x = jm + i (éß�, 1 ≤ i < m) �Ð ³ðl� ½+É Ãº e����. 0 ≤ i < m\�

"f �©� (i, αi)\�¦ >�íß���¦ 2���P: °úכÜ¼�Ð ³ð\� ��\P�ô�Ç��. j(0 ≤ j < m)\� @/�#�

βα−jm\�¦ >�íß���¦ s� °úכs� ³ð �©� 2���P: °úכõ� {9�u����H t�\�¦ �̧��ô�Ç��. #Q�"� i,

0 ≤ i < m\�@/�#�ëß�{9� βα−jm = αis����, β = αi+jms�Ù¼�Ð logα β = i+ jms�

��.

s� ·ú��¦o�7£§�Ér ³ð\� O(m)>h °ú̀�כ¦ ¹�Ðכ��9 ô�Ç��. ³ð\�¦ &ñ
§>=��¦ y�� j °úכ\� @/

ô�Ç �ÃÐÒ�o���H X<, 8úx O(m log m)_� ���íß��̀¦ ¹�Ðכ��9 ô�Ç�� (���íß�s����¦ ���� ç�H�©�

_����íß� ¢̧��Hq��§\�¦_�p�ô�Ç��.). 1040>h¹כ�è\�¦°ú���Hç�H�Ér�&³F�_�l�Õüt�Ðs�/BN

���s� Ô�¦��0px�>� ô�Ç��.

Pollard ρ Method

Pollard[123]��H @/Ãº ë�H]j\�¦ SX�Ò�¦&h�Ü¼�Ð ¹1Ô��H ~½ÓZO��̀¦ ]jr��%i���H X< �����\�

³ð >�íß�_� ̀�
¹$íכ��9¦ \O�Ó�x��.

ç�H G\�¦ ��_� ç�H1pxô�Ç ß¼l���� 3>h_� |9�½+Ë S1, S2, S3Ü¼�Ð ½̈ì�rô�Ç��. (\V\�¦[þt���

1 6∈ S2 ÷&�̧2�¤ ÅÒ_��#��� ô�Ç��.) x0 = 1�Ð ��¦ ç�H_� ¹�èכ x0, x1, x2, . . ._� Ãº\P�

�̀¦ x0 = 1�Ð ��¦ i ≥ 1\� @/�#� ��6£§õ� °ú s� &ñ
_�ô�Ç��.

xi =





βxi−1, xi−1 ∈ S1

x2
i−1, xi−1 ∈ S2

αxi−1, xi−1 ∈ S3

xi−1_�°ú9|�����¦̀�כ�½+Ë S1, S2, S3\����� a0 = b0 = 0s��¦ ai+1 ≡ ai +1, 2ai, ai

(mod n)õ� bi+1 ≡ bi + 1, 2bi, bi (mod n)�Ð ���H &ñ
Ãº Ãº\P� {ai}, {bi}��� �¦̀�	כ &ñ

_����� ~1�>� ç�H ¦�\¹�èכ Òqt$í
½+É Ãº e����. Floyd_� ÅÒl� �ÃÐÒ�o ·ú��¦o�7£§�̀¦ s�6 x�

��� Pollard��H 6>h °úכ (xi, ai, bi, x2i, a2i, b2i)\�¦ i = 1, 2, . . .\� xi = x2i�� ÷&�̧2�¤ ¹1Ô

��H��. s� éß�>�\�"f

βr = αs

�̀¦ ½̈ô�Ç��. éß�, r ≡ ai − a2i, s ≡ b2i − bi (mod n)s���. s��Ü¼�Ð	כ

r logα β ≡ s (mod n)
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�̀¦ %3���H��. logα β\� @/ô�Ç d = gcd(r, n)>h_� ��0pxô�Ç °úכs� e����. ëß�{9� d�� ���Ü¼���

y��y��_� ��0px$í
\� @/�#� �̀����Ér °ú̀�כ¦ ¹1Ô�� èq Ãº e����.

ëß�{9� G_� �½� ü� Ãº\P�_� �¹�è%�!3כ {xi}�� '��1lx���H ��&ñ
�̀¦ ô�Ç����� s� ~½ÓZO�_�
l�@/÷&��H�è¹כr�çß��Ér O(m)_�ç�H���íß�s���.ëß�{9� G_�0AÃº�� 1040 s��©�s����s�

~½ÓZO��Ér Ô�¦��0px���.

1.2 Pohlig-Hellman '�×ß��

í�H8̈� ç�H[122]\�"f @/Ãº\�¦ >�íß����H ~½ÓZO��Ér ç�H_� 0AÃº\�¦ �è���Ãº ì�rK����H ~½ÓZO�

�̀¦ s�6 x���.

n =
t∏

i=1

pλi
i

�Ð ��¦ pi��H �èÃº, λi��H y�� 1 ≤ i ≤ t\� �ª�_� &ñ
Ãºs���. ëß�{9� x = logα β�� ����

y��y��_� i, 1 ≤ i ≤ t\� @/�#� x mod pλi
i \�¦ Chinese Remainder Theorem\�¦ s�6 x

�#� x mod n�̀¦ >�íß�½+É Ãº e����. Äº��� z ≡ x (mod pλ1
1 )Ü¼�Ð r�������.

0 ≤ zi ≤ p1 − 1\� @/�#�

z =
λ1−1∑

i=0

zip
i
1

\�¦ ��&ñ
���.

γ = αn/p1��H G �©�\�"f p1	� éß�0A ç�H (root of unity)s��� ���. Õª�Q��� square

root ~½ÓZO��̀¦ s�6 x�#� G\�"f 0AÃº p1_� í�H8̈�ç�H\�"f l�$� γ�Ð ���H γz0_� @/Ãº

\�¦ ���&ñ
½+É Ãº e����. s��Ð"f z0\�¦ >�íß�ô�Ç��. ëß�{9� γ1 > 1s���� z1�̀¦ >�íß���¦

(βα−z0)n/p2
1 = (α

∑λ1−1

i=1
zip

i
1)n/p2

1 = γz1

��ðøÍ��t��Ð z1�Ér square root~½ÓZO�\�_��#�>�íß�ô�Ç��.Ä»���>� 0 ≤ i < λ1\�

@/ô�Ç �̧��H zi\�¦ >�íß��#� x mod pλ1
1 �̀¦ ½̈ô�Ç��.

s� l�ZO��Ér O(
∑t

i=1 λi(log n +
√

pi log pi)) ç�H ���íß�s� ¹כ��9��¦ [122] 0AÃº��

smooth integers���� (7£¤, ns� ����Ér �èÃº�Ðëß� ��¾º#Q �����.) ò́õ�&h�s���.

1.3 Index Calculus '�×ß��

4�¤ú̧��̧ s��:r\� _����� subexponential ·ú��¦o�7£§s�êøÍ ��6£§õ� °ú �Ér Ãº'�� r�çß�s�

¹ô�Çכ��9 �.���s	כ

L[x, c, α] = O(exp((c + o(1))(ln x)α(ln ln x)1−α)) (4.1)
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#�l�"f x��H {9�§4� /BNçß�_� ß¼l�s��¦ c��H �©�Ãºs��¦ 0 < α < 1s���. subexponential

·ú��¦o�7£§�Ér {9�§4� ß¼l�\� exponential(polynomial) ·ú��¦o�7£§\� q��#� &h���H&h�

Ü¼�Ð ��ØÔ�� (Ö¼o���). d��(4.1)\�"f α = 0s���� ln x\� @/�#� ���½Ód��s� ÷&�¦,

α = 1s���� ln x\� @/�#� exponential r�çß�s� �)a��.

SX�Ò�¦&h� ï�r ���½Ód�� (subexponential) r�çß� ·ú��¦o�7£§s�êøÍ �½� ü� ·ú��¦o�7£§Ü¼�Ð

l�@/÷&��H Ãº'�� r�çß�s� {9�§4� ß¼l�_� ï�r ���½Ód�� (subexponential) �Ð ]jô�Ç÷&#Q e��

����H �¦̀�	כ _�p�ô�Ç��.

Index calculus ~½ÓZO�_� 'Í	���P: éß�>��Ð �¦&ñ
�)a ÂÒì�r |9�½+Ë 7£¤, factor base���¦

���H Γ = {γ1, γ2, . . . , γt}_� �\¹�èכ @/ô�Ç @/Ãº ë�H]j\�¦ ½̈���H �.���s	כ �½� ü� Ãº

s\�¦ i(v��, αs\�¦ Γ�©�_� �_¹�èכ Y�LÜ¼�Ð ³ð�&³K� �Ð��.

αs =
t∏

i=1

γai (4.2)

ëß����$í
/BN����d��(4.2)_��ª����\�@/Ãº\�¦2[�������+þA congruence~½Ó&ñ
d���̀¦%3���H

��.

s ≡
t∑

i=1

ai logα γi (mod n) (4.3)

d��(4.3)õ�°ú �Ér+þAI�_��'a>�\�¦Ø�æì�ry� �̧�ÉrÊê\��B}©�&h�Ü¼�Ðp�t�Ãº logα γi, 1 ≤
i ≤ t\�¦ >�íß�½+É Ãº e����.

2���P: éß�>��Ð logα β\�¦ ��6£§õ� °ú s� ½̈ô�Ç��. ìøÍ4�¤&h�Ü¼�Ð &ñ
Ãº s\�¦ αsβ�� Γ

�©�_� ¹�è�Ðכ

αsβ =
t∏

i=1

γbi
i (4.4)

�� ÷&�̧2�¤ ���×þ�ô�Ç��.

�ª����\� @/Ãº\�¦ 2[����

logα β =
t∑

i=1

bi logα γi − s (mod n) (4.5)

\�¦ %3���H��. Index calculus ~½ÓZO�_� l�Õüt�̀¦ ��u��9��� factor base Γ\�¦ &h�]X�y� ���

×þ����H~½ÓZO�õ�d��(4.2)õ�d��(4.4)_��'a>�\�¦ ò́õ�&h�Ü¼�Ðµ1ÏÒqt���H~½ÓZO�s��9¹כ��

��.&h�]X�ô�Ç Γ���<Ê�Ér|9�½+Ë_�Ãº������¦ ( 1éß�>�\�"f~½Ó&ñ
d��s��-Áº ú́§t���m�½+É

�(	כ 1lxr�\� G_� ��¹�èכ Γ\� ú́§�̀¦ �	כ (d��(4.2)ü< d��(4.4)_� �'a>�\�¦ r��̧���H X<

r��̧ S��Ãº�� ú́§t� ��m�½+É �¦̀�(	כ _�p�ô�Ç��.
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p�� �èÃº��� �̂ Fp\�"f Γ��H Äº��� t>h_� �èÃº\�¦ ���×þ�ô�Ç��. d��(4.2)_� �'a>�\�¦

µ1ÏÒqt�l� 0A�#� αs\�¦ ½̈çß� [1, p − 1]\�_� &ñ
Ãº�Ð ³ð�&³��¦ trial division\� _�

�#� Γ�©�\� αs_� �è���Ãº ì�rK�\�¦ r��̧ô�Ç��. &h�]X�y� t\�¦ ���×þ����� Index calculus

~½ÓZO�_� l�@/ �è¹כ r�çß��Ér L[p, 2, 1/2]s���. Fp_� �&³z�́&h���� ���õ��Ð Ãº'��r�çß�s�

L[p, 1, 1/2]��� Gauss&ñ
ÃºZO�[30]s�e����.�&³z�́&h�s�t���H��m��t�ëß� Fp\����©���

�Ér ~½ÓZO�Ü¼�Ð Ãº'��r�çß�s� L[p, 32/3, 1/3]��� Ãº�̂ ���Z>�ZO�[50]s� e����.

Ä»ô�Ç�̂ F2m (¢̧��H, {9�ìøÍ&h�Ü¼�Ð p�� �¦&ñ
�)a Fpm) \�"f F2m_� ¦�\¹�èכ m-1 	�

���½Ód��Ü¼�Ð F2[x]_� ���½Ód��Ü¼�Ð ³ð�&³½+É Ãº e����. Y�L!lr�Ér F2[x]�©�\� �¦&ñ
�)a l����

���½Ód��Ü¼�Ð modulo\�¦ 2[�#� ���íß�s� ��0px���. |9�½+Ë Γ��H e��_�_� ô�Ç>��Ð þj@/

b 	�_� �̧��H l���� ���½Ód��_� |9�½+ËÜ¼�Ð 2[ô�Ç��. d��(4.2)_� �'a>�\�¦ ½̈�l� 0A�#�

αs\�¦ þj@/ m− 1	�_� ���½Ód��Ü¼�Ð ³ð�&³��¦ Γ\� e����H ���½Ód��_� Y�LÜ¼�Ð F2[x]�©�

\�"f �è���Ãº ì�rK�ô�Ç��. s� ~½ÓZO�_� Ãº'�� r�çß��Ér (���çß�_� �¾Ó�©� Êê) L[2m, c, 1/3]s�

�¦ 1.3507 ≤ c ≤ 1.4047s���.

Fpü< F2m\�"f���/åLô�Ç·ú��¦o�7£§�Ér �̧¿ºSX�Ò�¦&h�s��¦Ãº'��r�çß��Ér%3�x9��>�7£x

"î
s� ÷&t� ��m�ô�Ç �â
+«>&h���� ��z�́\� _��>rô�Ç��. Fpü< F2m �©�_� þj|¾Ó_� ·ú��¦o�7£§

�Ér Pomerance[124]\�_��#�%3�����>�7£x"î
÷&%3�Ü¼ 9,l�@/÷&��HÃº'��r�çß��Éry��

y�� L[p,
√

2, 1/2], L[2m,
√

2, 1/2] s���.

ms� �¦&ñ
�)a �̂ Fpm\� @/�#���H Ãº�̂ ���Z>�ZO�[51]s� ���©� a%~�Ér ·ú��¦o�7£§Ü¼�Ð

�â
+«>&h���� Ãº'�� r�çß��Ér L[pm, c, 1/3] (éß�,c��H m\� _��>r���H �©�Ãº) s���. log p <

m0.98��� °úכ\�"f Fp2ü< Fpm\� %3�x9�y� 7£x"î
�)a ·ú��¦o�7£§�Ér Lovoron[84]\� _�����

Ãº'��r�çß�s� L[pm, c, 1/2] (éß� c��H �ª�_� #Q�"� Ãº)s���.

1.4 ��xjSכ��¤n> (�×�+ Index Calculus '�×ß��

Miller[100]��H ��"é¶ /BG��� ç�H\�"f_� Index calculus ~½ÓZO��̀¦ �Ð_��%i���H X<, F ∗
qü<

²ú�o� factor base Γ�� ��ÅÒ �����&h���� ( ����Ér ß¼l�_� �èÃº, ����Ér 	�Ãº_� l���� ��

�½Ód��) Êê�Ð�� E(Fq) �©�\���H \O��̀¦ �	כ °ú ���¦ �%i���. ���©� �����Û¼�Ðî�r ��Ér	כ Q��

Ä»o�Ãº_� �̂s���� E(Q)�©�\� height��±ú��Ér&h�[þts���. (&h�_� height��HÕª&h��̀¦³ð

�&³���H X< ¹ô�Çכ��9 q�àÔ_� Ãº\�¦ _�p�ô�Ç��.) Õª�Q��, E(Q) �©�\���H ����Ér height_�

&h�[þts� ��s� \O��̀¦ �¦����s	כ ÅÒ�©��%i���. �8¹¡¤s�, Õª�Qô�Ç Γ�� �>rF�ô�Ç�� ��8��

�̧ E(Fq)�©�_�&h��̀¦ E(Q)�Ð lifting���H ò́Ö�¦&h����·ú��¦o�7£§�̀¦¹1Ô��H���Ér]X�}©�&h	כ

s���.
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V� 2 â�
 #aÄ> 7�ÊÁ %K�V���· ËÂø5�W��×�+ ��́�¿

1lx{9�ô�Ç 0AÃº\�¦ ����� 2>h_� í�H8̈�ç�H�Ér 1lx+þA{9� t����̧ ô�Ç /BM\�"f @/Ãºë�H]j\�¦ ò́

õ�&h�Ü¼�Ð ó�r���¦ �#� ���Ér ô�Ç Aá¤\�"f ìøÍ×¼r� ò́Ö�¦&h�s����¦ ½+É Ãº \O���. 0AÃº

n�̀¦�����e��_�_�í�H8̈�ç�Hs� »	!lrç�H Znõ�1lx+þAs������ Zn\�"f_�@/Ãº>�íß��ÉrSX�

�©� Ä»ß¼o�×¼ ·ú��¦o�7£§�̀¦ s�6 x���� ~1�>� K���� �)a����H ��Ér	כ ��"î
���. ���²DG, s�

íß�@/Ãºë�H]j��H��6£§õ�°ú s�F�&ñ
_�\�¦½+ÉÃºe����.0AÃº n�̀¦�����í�Hô�Çç�Hõ� Zn

 »	!lr í�H8̈� ç�Hçß�_� 1lx+þA ���©��̀¦ >�íß�&h�Ü¼�Ð ò́õ�&h���� ·ú��¦o�7£§�̀¦ ¹1Ô��H �.���s	כ

#�l�"f��H #Q�"� ç�H\�"f @/Ãº ë�H]j\�¦ #Q�"� Ä»ô�Ç �̂ �©�_� @/Ãº ë�H]j�Ð ( ���½Ó

d�� ¢̧��H SX�Ò�¦&h� ���½Ód�� r�çß�\�) »¡¤�è���H �¦̀�	כ ���½̈ô�Ç��. Fq �©�\� &ñ
_��)a :£¤s�

��"é¶ /BG��� E_� @/Ãº ë�H]j��H Fqk (éß�, k = 1, 2s��¦ E�� node\�¦ ��t��¦ e���̀¦ M:)

�©�_� @/Ãº ë�H]j�Ð�� #Q§>�t� ·ú§��. ëß�{9� E�� cusps���� @/Ãº ë�H]j��H ~1�>� >�íß��)a

��. ¢̧ô�Ç, Fq �©�\� Pell ~½Ó&ñ
d��Ü¼�Ð &ñ
_��)a genus 0 ��� ��"é¶ /BG��� ÀÓ_� @/Ãº ë�H]j

��H Fqk (éß�, k = 1, 2) �©�_� @/Ãº ë�H]j�Ð�� #Q§>�t� ·ú§��.

s� ���õ�[þt�Ér s���� ç�H\�"f_� ç�H ���íß�s� Fq �©�\�"f_� Y�L!lr ���íß� �Ð�� 4�¤ú̧��

Ù¼�Ð %�6£§\���H Z�t��î�r ��9}	כ Ãº�̧ e����. s���� ç�H\�"f_� ç�H ���íß��Ér Fqk �©�_� ç�H

���íß��Ð�� �8¹¡¤ q���l� M:ë�H\�, ·ú¡\�"f_� ç�H[þt�Ér s�íß� @/Ãº ë�H]j_� #Q�9¹¡§\� îß�

���$í
�̀¦ é�H ��� ñ áÔ�Ð�Ðc+t�̀¦ ½̈�&³���H X<��H ��Áº��� s�&h�s� \O����¦ ����:r t�Ö�¦ Ãº

e����.

2.1 §�́l� ��xjS <n¤�כ�

E��H �̂ F �©�\�"f &ñ
_��)a :£¤s� ��"é¶ /BG���s����¦ ���. 7£¤, E��H ��6£§_� :£¤s�

Weierstrasss ~½Ó&ñ
d��Ü¼�Ð ÅÒ#Q�����.

f(x, y) = y2 + a1xy + a3y − x3 − a2x
2 − a4x− a6 = 0 (4.6)

Õª�Q���, E��H &ñ
SX�y� ���_� :£¤s�&h��̀¦ ��t��¦ s� &h�s� P = (x0, y0) ∈ E(K) ��

�¦ ��&ñ
ô�Ç��. ���Ãº ���8̈� x → x′ + x0, y → y′ + y0�Ð ��¦, :£¤s�&h��̀¦ P = (0, 0)s�

���¦ ��&ñ
ô�Ç��. f(P ) = 0, δf
δx

(P ) = 0, δf
δy

(P ) = 0 s�Ù¼�Ð a6 = a4 = a3 = 0s��¦

Weierstrass ~½Ó&ñ
d���Ér ��6£§õ� °ú s� çß�éß�y� �)a��.

E : y2 + a1xy − x3 − a2x
2 = 0, a1, a2 ∈ K (4.7)

y2 + a1xy − a2x2 = (y − αx)(y − βx)���¦ ��¦ α, β ∈ K ¢̧��H (K_� quadratic

extension���) K1 s���. Õª�Q��� P��H ëß�{9� α 6= βs���� node���¦ ÂÒØÔ�¦ α = βs�
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��� cusp ���¦ ÂÒ�Ér��. Ens(K)\�¦ &h� P\�¦ ]jü@��¦ Áºô�Ç "é¶&h��̀¦ �í�<Êô�Ç (x, y) ∈
K × K_� K� |9�½+ËÜ¼�Ð ô�Ç��. Ens(K)��H E(K)_� non-singular ÂÒì�rs����¦ ÂÒ�Ér

��. Äºo���H Ens(K) �©�_�  »	!lr�̀¦ tangent-and-chord ZO�gË:�̀¦ &ñ
_�½+É Ãº e����. ��

6£§ ���õ���H Ens(K)�� ç�Hs��¦ ç�H_� ½̈�̧\�¦ &ñ
_�ô�Ç��. #�l�"f K∗��H K %ò
s� �����

�_¹�è[þtכ Y�L!lr ç�H�̀¦ _�p���¦, K+��H K_�  »	!lr ç�H�̀¦ _�p�ô�Ç��.

Ça�h� 4.1 E��H :£¤s�&h� P\�¦ ����� Ä»ô�Ç �̂ K�©�\� &ñ
_��)a :£¤s� ��"é¶ /BG���s��� ô�Ç

��.

(i) ëß�{9� P�� nodes��¦, α, β ∈ Ks���� ��6£§Ü¼�Ð &ñ
_��)a ���©� φ : Ens(K) →
K∗�Ér

φ : O 7→ 1 φ : (x, y) 7→ (y − βx)/(y − αx)

ç�H 1lx+þAs� �)a��.

(ii) ëß�{9� P�� nodes��¦, α, β 6∈ K1s���� Ls� norm 1��� ¦�\¹�èכ ½̈$í
���H K∗
1_�

ÂÒì�r ç�Hs��� ô�Ç��. ��6£§Ü¼�Ð &ñ
_��)a ���©� φ : Ens(K) → L�Ér

ψ : O 7→ 1 ψ : (x, y) 7→ (y − βx)/(y − αx)

ç�H 1lx+þAs� �)a��.

(iii) ëß�{9� P�� cusps��¦ ��6£§Ü¼�Ð &ñ
_��)a ���©� ω : Ens(K) 7→ K+��H

ω : O 7→ 0 ω : (x, y) 7→ x/(y − αx)

ç�H 1lx+þAs� �)a��.

0A_� ���õ�\�¦ s�6 x���� ��6£§�̀¦ %3��̀¦ Ãº�� e����.

Ça�h� 4.2 E��H :£¤s�&h� P\�¦ ����� Ä»ô�Ç�̂ Fq �©�\� &ñ
_��)a :£¤s� ��"é¶ /BG���s��� �

��.

(i) ëß�{9� P�� nodes����, Ens(Fq)�©�_� @/Ãº ë�H]j��H α ∈ Fq ¢̧��H α 6∈ Fq\� ��

�� y��y�� Fq ¢̧��H Fq2 �©�_� @/Ãº ë�H]j�Ð ���½Ód�� r�çß�Ü¼�Ð »¡¤�è(reducible)

�)a��.

(ii) ëß�{9� P�� cusp s����, Ens(Fq)\�_� @/Ãº ë�H]j��H F+
q �©�_� @/Ãº ë�H]j�Ð ��

�½Ód�� r�çß�Ü¼�Ð »¡¤�è�)a��.
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p�� Fq_� ³ðÃºs��¦ q = pms������

F+
q
∼= F+

p ⊕ · · ·F+
p︸ ︷︷ ︸

m

s���. F+
p �©�_� @/Ãº ë�H]j��H SX��©� Ä»ß¼o�×¼ ·ú��¦o�7£§\� _��#� ���½Ód�� r�çß�?/

\� ò́õ�&h�Ü¼�Ð Û�¦ Ãº e��6£§\� ÅÒ_�ô�Ç��. ����"f ëß�{9� Fp �©�\� Fq_� l�$��� ÅÒ#Q

�������� F+
q \�"f @/Ãº ë�H]j��H ���½Ód�� r�çß�Ü¼�Ð Û�¦ Ãº e����

Ça�h� 4.3 E�� cusp\�¦ ����� Fq�©�\� &ñ
_��)a ��"é¶ /BG���s������ Ens(Fq)�©�_� @/Ãº

ë�H]j��H ���½Ód�� r�çß�Ü¼�Ð Û�¦ Ãº e����.

2.2 ¤4 ÊÁ 0�+ £¿ ��ÒR� ÇÚ

Jeff Shallit[139]\� _�K� t�&h��)a ��"é¶ /BG����̀¦ l�Õütô�Ç��.

q\�¦ odd prime power���¦ ��¦ D\�¦ Fq_� non-zero element���¦ ô�Ç��. C��H

��6£§_� Pell ~½Ó&ñ
d��\� (x, y) ∈ Fq × Fq_� K� |9�½+Ës����¦ ô�Ç��.

x2 −Dy2 = 1 (4.8)

C_� "é¶�è\�¦ d��(4.8)\� _�K� &ñ
_�÷&��H genus 0_� @/Ãº /BG���_� ���2; &h�s����¦ �

��. ���íß� ⊕��H C �©�\� ��6£§õ� °ú s� &ñ
_�ô�Ç��. ëß�{9� (x1, y1), (x2, y2) ∈ Cs����,

(x1, y1)⊕ (x2, y2) = (x1x2 + Dy1y2, x1y2 + x2y1).

�×�¿Ça�h� 4.1 (C,⊕)��H ��6\� ç�Hs���.

Proof:  »	!lr ���íß��Ér {��)�e���¦, ���½+Ë ZO�gË:õ� �§8̈� ZO�gË:s� $í
wn�ô�Ç��. �½Ó1px"é¶�Ér

(1,0)s��¦ (x, y)_� %i��Ér (x,−y)s���. 2

χ(a)��H a ∈ Fq _� quadaric characteristics����¦ ô�Ç��. 7£¤.

χ(a) =





0, if a = 0

1, if a is a quadratic residue in Fq

−1, if a is a quadratic non-residue in Fq

χ(a) = a(q−1)/2 e���Ér V,�o� ·ú��94R e����. ��6£§�Ér C_� ç�H $í
|9��̀¦ ���&ñ
ô�Ç��.

Ça�h� 4.4 (C,⊕) ��H 0AÃº q − χ(D)\�¦ ����� í�H8̈� ç�Hs���.
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Proof: Case(i) (χ(D) = −1) : f(W ) = W 2−D ∈ Fq[W ]�Ð���.Õª�Q��� f(W )��H

Fq �©�\� irreducibles���. Õªo��¦, Fq2
∼= Fq[W ]/(f(W ))s��¦ (F (W ))��H f(W )\�

_�K�Òqt$í
�)a Fq[W ]_� ideals���. H\�¦0AÃº q +1_� Fq2_�Ä»{9�ô�ÇY�L!ssÂÒì�rç�Hs�

���¦³ðl�ô�Ç��. α = x+yW��H Fq2 �©�_�e��_�_�"é¶�è�����.Õª�Q���, αq+1 = 1s�

#Q��ëß� α ∈ Hs���.

αq+1 = (x + yW )q(x + yW )

= (x + yW q)(x + yW ).

W q = W (W 2)(q−1)/2 = WD(q−1)/2 = −W

s�Ù¼�Ð

αq+1 = (x− yW )(x + yW )

= x2 − y2W 2

= x2 −Dy2

\�¦ °ú���H��. ���²DG,(x, y) ∈ Cs�#Q�� ëß� α ∈ H�� $í
wn�ô�Ç��. ����"f, ��6£§Ü¼�Ð &ñ


_��)a ���©� φ : C → H��H

φ : (x, y) 7→ x + yW

��H ���éß��� ���©�s���. Õªo��¦ φ�� ç�H ï�r 1lx+þA ���©� (homomorphism)s�����H ��Ér	כ

~1�>� ���7£x�)a��. H��H 0AÃº q + 1_� í�H8̈� ç�Hs���.

Case(ii) (χ(D) = 1) : α ∈ Fq��D_� 25px��Hs���ô�Ç��.d��(4.8)�Ér (x−ay)(x+ay) =

1�Ð jþt Ãº e����. u = x− ay Õªo��¦ v = x + ay���¦ ����

x =
u + v

2
and y =

v − u

2a

\�¦ %3���H��. s���Ér	כ d��(4.8)_� (x, y)ü< uv = 1_� K� (u, v)\�¦ 1-1 @/6£xr������. ~½Ó&ñ


d�� uv = 1�Ér Fq × Fq \�"f &ñ
SX�y� q − 1>h_� K� (u, v), 7£¤, y�� u ∈ F ∗
q\� @/�#�

Ä»{9�ô�Ç K�\�¦ °ú���H��. ����"f ��6£§Ü¼�Ð &ñ
_��)a ���©� ψ : C → F ∗
q��H

φ : (x, y) 7→ x− ay

��H ���éß���s���. ¢̧ô�Ç φ�̧ ç�H ï�r 1lx+þA ���©�e���̀¦ ~1�>� ���7£x�)a��. ����"f, C��H 0A

Ãº q − 1��� í�H8̈� ç�H�̀¦ +þA$í
ô�Ç��. 2

ëß�{9� χ(D) = −1 s����, 1lx+þA���©� φ��H ~1�>� >�íß��)a��. ìøÍ��� χ(D) = 1s���� 1lx

+þA ���©� ψ��H Fq �©�\� D_� 25px ��Hs� ÅÒ#Qt���� ~1�>� >�íß��)a��. Fq �©�_� 25px ��H�Ér

SX�Ò�¦&h� ���½Ód�� r�çß�Ü¼�Ð >�íß�÷&Ù¼�Ð[10] ��6£§_� ���õ�\�¦ %3���H��.
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Ça�h� 4.5 ëß�{9� χ(D) = −1 s���� C �©�_� @/Ãº ë�H]j��H Fq2 �©�_� @/Ãº ë�H]j�Ð {9�

&ñ
 r�çß�\� »¡¤�è�)a��. ëß�{9� χ(D) = 1 s���� C �©�_� @/Ãº ë�H]j��H Fq �©�_� @/Ãº ë�H

]j�Ð SX�Ò�¦&h� ���½Ód�� r�çß�Ü¼�Ð »¡¤�è�)a��.

V� 3 â�
 ½ÇÔ�¿ ��/�×

s�íß� @/Ãº ë�H]j\� @/ô�Ç þj��H_� �̧�� ���õ���H McCurley[87]_� l���\�¦ �ÃÐ�̧��¦

Odlyzko[115]��H ³ðÃº�� 2��� Ä»ô�Ç�̂\�"f @/Ãº ë�H]j\�¦ ÉÒ��H ��\	כ @/ô�Ç 7áx½+Ë&h����

���õ�\�¦ ]jr��%i���.

genus 0���e��_�_� smooth curve��H projective line\�1lx+þAs�����H��s�V,�o�·ú	כ

�94R e����. #�l�"f genus 0��� /BG����̀¦ ]jr�ô�Ç ��Ér	כ 1lx+þA ���©��̀¦ ~1�>� >�íß�½+É Ãº

e��l� M:ë�Hs���.



V� 5 *�×

��xjS <n¤�כ� (�× 7�ÊÁ %K�V�

�:r�©�\���HWeil paring�̀¦�è>h��¦,s���_	כ ò́Ö�¦&h����>�íß�·ú��¦o�7£§��� Miller~½Ó

d���̀¦�è>hô�Ç��. Weil pairing�̀¦s�6 x�#���"é¶/BG����©�@/Ãºë�H]j\�¦Ä»ô�Ç�̂�©�_�

@/Ãº ë�H]j�Ð »¡¤�èô�Ç��. »¡¤�è\� ���Ér ��� ñ�<Æ&h� _�p�\�¦ �¦¹1Ï��¦, Weil pairing�̀¦

��"é¶ /BG��� ç�H_� type\�¦ ���&ñ
���H X< s�6 xô�Ç��.

V� 1 â�
 Weil pairing

��"é¶/BG��� E\�¦ characteristic p��� Ä»ô�Ç�̂ K = Fq�©�\� &ñ
_�ô�Ç��.

D =
∑

nP (P ) ∈ D��H���Ãº(divisor)s��¦, f ∈ K(E)∗��H Dü< div(f)�� disjoint

support\�¦ °ú��̧2�¤ ���H Ä»o��<ÊÃº���¦ ô�Ç��. Õª�Q���, D\� &ñ
_��)a f\�¦ ��6£§õ� °ú 

s� &ñ
_�ô�Ç��.

f(D) =
∏

P∈supp(D)

f(P )nP

1.1 Ça��+

m�̀¦ pü<"f�è�è����ª�_�&ñ
Ãº���¦��¦, µm ⊂ K
∗
�̀¦ m-th roots of unity_�ç�Hs�

���¦ ���.

P,Q ∈ E[m]s��¦ Aü< B��H	�Ãº 0_����Ãº�Ð A ∼ (P )−(O), B ∼ (Q)−(O)s�

�¦ A,B��H disjoint support\�¦ ��t��¦ e�����¦ ô�Ç��. fA, fB ∈ K(E)\�¦

div(fA) = mA, div(fB) = mB

�Ð ô�Ç��.

53
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Pü< Q�� �̧¿º m-torsion point s���� fAü< fB��H �>rF�ô�Ç��. div(fA)ü< B��H

disjoint supports��¦ div(fB)ü< A�̧ ��ðøÍ��t�s���.

Weil pairing, em�Ér ��6£§_� �<ÊÃºs���.

em : E[m]× E[m] → µm

�Ð ��6£§õ� °ú s� &ñ
_��)a��.

em(P, Q) = fA(B)/fB(A).

em(P, Q)_� °úכ�Ér A,B, fA, fB_� ���×þ�\� Áº�'a���.

Weil pairing[140]\� @/ô�Ç Ä»6 xô�Ç $í
|9��̀¦ l�Õütô�Ç��.

(i) Identity : �̧��H P ∈ E[m]\�"f, em(P, P ) = 1s���.

(ii) Alternation : �̧��H P, Q ∈ E[m]\�"f em(P, Q) = em(Q,P )−1 s���.

(iii) Bilinearity : �̧��H P,Q, R ∈ E[m]\�@/�#� em(P+Q,R) = em(P,R)em(Q,R)s�

�¦ em(P, Q + R) = em(P, Q)em(P,R)s���.

(iv) Non-degeneracy : ëß�{9� P ∈ E[m] s���� em(P,O) = 1s���. �8¹¡¤s�, �̧��H

Q ∈ E[m]\� @/�#� ëß�{9� em(P, Q) = 1 s���� P = Os���.

(v) ëß�{9� E[m] ⊆ E(K)s���� �̧��H P,Q ∈ E[m] (7£¤, µm ⊆ K∗) \� @/�#�

em(P,Q) ∈ Ks���.

(vi) Compatible : ëß�{9� P ∈ E[m], Q ∈ E[mm′]s����, emm′(P, Q) = em(P,m′Q)s�

��.

1.2 ÌÁ ê�>ÊÁ�+ Áþ�ÊÁ N�ñ5Ñ

Ä»{9�ô�Ç P ∈ Es��¦ #Q�"� f ∈ K(E)\� @/�#� 	�Ãº 0_� ���Ãº D ∈ D0��H ��6£§õ�

°ú s� jþt Ãº e����.

D = (P )− (O) + div(f) (5.1)

f��H K_� non-zero element\� _�ô�Ç Y�L!lrÜ¼�Ð ���&ñ
�)a��.

canonical formÜ¼�Ð ÅÒ#Qt���H 2>h_� ���Ãº\�¦ �8���H ~½ÓZO��̀¦ ]jr���¦ ���õ�\�¦

canonical formÜ¼�Ð ³ð�&³���.
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D1õ� D2�� 	�Ãº 0_� ���Ãº���¦ ���. #�l�"f

D1 = (P1)− (O) + div(f1), D2 = (P2)− (O) + div(f2),

s��¦ P1, P2 ∈ Es��¦ f1, f2 ∈ K(E)s���. ¢̧ô�Ç, D1 6∈ Dls��¦ D2 6∈ Dl (7£¤,

P1 6= O, P2 6= O)s����¦ ��&ñ
ô�Ç��.

D1 + D2 = (P3)− (O) + div(f1f2f3)

s��¦, P3 = P1 +P2, f3 = l/vs��¦ l�Ér P1õ� P2\�¦t�����Hf�����_�~½Ó&ñ
d��s��¦, v��H

P3�̀¦ t�����H Ãºf�� ���ì�r_� ~½Ó&ñ
d��s���. (ëß�{9� P3 = Os����, v = 1�Ð Z�~��H��.) s�

��Ér	כ div(f1f2f3) = div(f1) + div(f2) + div(f3)s��¦ div(f3) = div(l)− div(v)s�l�

M:ë�H\� ��z�́s���. #�l�"f

div(l) = (P1) + (P2) + (−P3)− 3(O)

div(v) = (P3) + (−P3)− 2(O)

s���.

ëß�{9� P1, P2 ∈ E(K)s��¦ f1, f2 ∈ K(E)s���� P3 ∈ E(K)s��¦ f3 ∈ K(E)s�

��. �̧��H >�íß��Ér �̂ K ���̂\�"f {9�#Qèß���. f3 (K(x, y)_� "é¶�è�Ð"f) ��H P3ü<

−P3&h�\�ëß� &ñ
_�÷&t� ·ú§�¦, 1/f3 (%i�r� K(x, y)_� "é¶�è�Ð"f)��H P1, P2,−P3\�"f

&ñ
_�÷&t� ��m�ô�Ç��. (ëß�{9� Äºo��� f3\�¦ Ä»o� �<ÊÃº�Ð"f 2[/åLô�Ç�����, div(f3) =

(P1) + (P2) − (O)s�Ù¼�Ð f3�� &ñ
_�÷&t� ��m����H E �©�_� Ä»{9�ô�Ç &h��Ér P3ü<

(O)s���.)

Õª�Q��� D =
∑n

i=1 ai(Pi)\�¦ ÅÒ ���Ãº���¦ ���. D = div(f)�� ÷&�̧2�¤ f ∈
K(E)\�¦ ¹1Ô�̀¦ Ãº e����.

(i) D =
∑n

i=1 ai((Pi)− (O))�Ð ��H��. s���Ér	כ D_� 	�Ãº�� 0 s�Ù¼�Ð ��0px���.

(ii) y�� i, 1 ≤ i ≤ n\� @/�#� ��6£§õ� °ú �Ér P ′
i ∈ Eü< fi ∈ K(E)\�¦ >�íß�ô�Ç��.

ai((Pi)− (O)) = (P ′
i )− (O) + div(fi)

1 = d1, d2, . . . , dt = ai��H ai_� �¦&ñ
�)a addition chains����¦ ���. 7£¤, y��

dj, j ≥ 2��H k < j, l < j \� @/�#� dj = dk + dl�Ð %3�#Q�����. t ≤ 2r, r =

dlog2 aie U�́s�_� ai\� @/ô�Ç addition chain�Ér ìøÍ×¼r� �>rF�ô�Ç��. canoical
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formÜ¼�Ð ���Ãº\�¦ �8���H ~½ÓZO��̀¦ s�6 x�#�, dj((P )− (O), j = 1, 2, . . . , T\�

@/ô�Ç canonical form�̀¦ >�íß�½+É Ãº e����.

fi =
∏

k

(
lk
vk

)bk

(5.2)

#�l�"f lk, vk��H K(E)\�"f ���+þA ���½Ód��s���. ¢̧ô�Ç, d�� (5.2)\�"f Y�L ���íß�\�

"f lk/vk �½Ó_� Ãº��H þj@/ 2rs��¦ y�� exponent bk��H þj@/ 22r s���.

(iii) Õª�Q���, ���Ãº (P ′
i )− (O) + div(fi), 1 ≤ i ≤ n�̀¦ �8ô�Ç��.

ëß�{9� Pi ∈ E(K)s���� f ∈ K(E)s��¦ �̧��H ���íß��Ér K �©�\�"f s�ÀÒ#Q �����.

K�� Ä»ô�Ç�̂���¦ ��&ñ
��¦ y�� Pi ∈ E(K)s��� ���. s� ·ú��¦o�7£§_� ë�H]j��H

s��½Ó Ä»o� �<ÊÃº fs� {9�§4�_� ß¼l�\� q��#� exponential ß¼l� {9� Ãº�̧ e������H �	כ

s���. f\�¦ explicit�>�æ¼��H��Ð����H	כ f\�¦���Ãºì�rK�ô�Ç+þAI�(factored form)�Ðé�H

��. (ii)\�_�K�,y�� fi��H factored formÜ¼�Ð f��H���½Ód��ß¼l�\�¦���������H��ú·¦̀�	כ

Ãº e����. �8¹¡¤s�, s� ~½ÓZO��Ér ���½Ód�� r�çß��̀¦ °ú���H��. f��H &h� P\�"f (f(P ) �� ÅÒ

#Q��������) >�íß�|̈c Ãº e����.

×�æçß� ���Ãº_� canonical forms� Dj = (Qj) − (O) + div(gj)�Ð ���. Õª�Q��� f

(K(x, y)_� "é¶�è�Ð"f) ��H ±Qj&h�\�"f &ñ
_�|̈c Ãº \O���. Weil pairing\�¦ >�íß����H

·ú��¦o�7£§�̀¦ s�6 x���� >�íß�½+É Ãº e����.

Ud 5.1 F13\�"f &ñ
_��)a y2 = x3 + 7x\�¦ Òqty�����. ³ð (5.1)\���H E(F13)_� &h�õ�

0AÃº\�¦ y��y�� ³ðr��%i���. s� ³ð�ÐÂÒ'� #E(F13) = 18s��¦ E(F13) ∼= Z6 ⊕ Z3s�

��

D = 6(P8) − 6(O)�� ���. s���Ér	כ ÅÒ ���Ãºs���. div(f) = D�� ÷&�̧2�¤ Ä»o�

�<ÊÃº f\�¦ ¹1Ô�� �Ð��.

(P8)− (O) = (P8)− (O) + div(1).

2(P8)− 2(O) = [(P8)− (O)] + [(P8)− (O)]

= (P7)− (O) + div(
−x + y + 3

x− 4
)

4(P8)− 4(O) = [2(P8)− 2(O)] + [2(P8)− 2(O)]

= (P6)− (O) + div

(
(−x + y + 3)2

(x− 4)3

(5x + y + 7)

(x− 4)

)
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³ð 5.1: E : y2 = x3 + 7x\�"f F13 Ä»o�&h�

&h� 0AÃº &h� 0AÃº

P0 = O 1 P9 = (5, 11) 6

P1 = (0, 0) 2 P10 = (8, 3) 6

P2 = (2, 3) 6 P11 = (8, 10) 6

P3 = (2, 10) 6 P12 = (9, 5) 3

P4 = (3, 3) 3 P13 = (9, 8) 3

P5 = (3, 10) 3 P14 = (10, 2) 3

P6 = (4, 1) 3 P15 = (10, 11) 3

P7 = (4, 12) 3 P16 = (11, 2) 6

P8 = (5, 2) 3 P17 = (11, 11) 6

6(P8)− 6(O) = [2(P8)− 2(O)] + [4(P8)− 4(O)]

= div

(
(−x + y + 3)3

(x− 4)3

(5x + y + 7)

(x− 4)

(x− 4)

1

)
.

����"f "é¶���H �<ÊÃº��H factored formÜ¼�Ð

f =
(−x + y + 3)3

(x− 4)3
(5x + y + 7)

s���. F13(x, y)_� "é¶�è�Ð"f f��H P6ü< P7\�"f &ñ
_�÷&t� ��m�ô�Ç��. Õª�Q��, Ä»o�

�<ÊÃº�Ð"f Òqty��ô�Ç�����, s� &h�\�"f &ñ
_�|̈c Ãº e����. s���Ér	כ ��6£§õ� °ú s� s�Ä»s�

��.

f =
(−x + y + 3)3

(x− 4)3

(x + y − 3)3

(x + y − 3)3
(5x + y + 7)

=
(y2 − x2 + 6x− 9)3

(x− 4)3

(5x + y + 7)

(x + y − 3)3

=
(x3 + 7x− x2 + 6x− 9)3

(x− 4)3

(5x + y + 7)

(x + y − 3)3

=
(x3 − x2 + 4)3

(x− 4)3

(5x + y + 7)

(x + y − 3)3

=
(x− 4)3(x− 5)6

(x− 4)3

(5x + y + 7)

(x + y − 3)3
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= (x− 5)6 (5x + y + 7)

(x + y − 3)3

s��Ð"f SX�z�́y� P6ü< P7\�"f &ñ
_�|̈c Ãº e����.

1.3 Weil pairing�+ N�ñ5Ñ

m�Ér pü< "f�Ð �è��� &ñ
Ãºs��¦ P, Q ∈ E[m]s��� ���. em(P,Q)\�¦ >�íß����.

2&h� T, U ∈ E\�¦ P + T 6= U,Q + U Õªo��¦ T 6= U,Q + U÷&�̧2�¤ ���×þ�ô�Ç��.

A = (P + T )− (T )�� ��¦

A− (P ) + (O) = (P + T )− (T )− (P ) + (O) ∈ Dl

s�Ù¼�Ð A ∼ (P )−(O)s���.Ä»���>�, B = (Q+U)−(U)������, B ∼ (Q)−(O)

s���.

fA, fB ∈ K(E)��

div(fA) = m(P + T )−m(T )div(fB) = m(Q + U)−m(U)

s����¦ ô�Ç��. fA, fB��H ���Õütô�Ç ~½ÓZO�Ü¼�Ð >�íß� ½+É Ãº e����. Õª�Q���

em(P,Q) =
fA(B)

fB(A)
=

fA((Q + U)− (U))

fB((P + T )− (T ))
=

fA(Q + U)fB(T )

fA(U)fB(P + T )

s���. em(P,Q)��H Tü< U_� ���×þ�\� _��#� &ñ
_��)a����H �¦̀�	כ ÅÒ_����. ëß�{9�

P,Q ∈ E(K)s���� T, U ∈ E(K)\�¦ ���&ñ
��¦ fA, fB ∈ K(E)s��¦ �̧��H ���íß��Ér

K �̂ �©�\�"f s�ÀÒ#Q �����.

K�� Ä»ô�Ç �̂s����¦ ��&ñ
��¦ P, Q ∈ K(E)s��¦ T, U ∈ E(K)�Ð ���×þ�ô�Ç��.

Ä»o� �<ÊÃº fA, fB��H {9�§4�_� ß¼l�\� q��#� t�Ãº�<ÊÃº&h�Ü¼�Ð ß¼>��)a��. ����"f,

fAü< fB��H factored formÜ¼�Ð ³ð�&³ô�Ç��.

m\� @/ô�Ç addition chain 1 = a1, a2, . . . , at = ms����¦ ���. R ∈ E(K)s��¦

f��H ���Õütô�Ç ~½ÓZO�Ü¼�Ð >�íß�ô�Ç �<ÊÃº��¦ ���. #�l�"f

m(R)−m(O) = (P ′)− (O) + div(f)

s���. ×�æçß� ���Ãº��H (aiR) − (O) + div(fi), 1 ≤ i ≤ t s���. K(x, y)_� "é¶�è�Ð f��H

þj@/ �̧��H &h� ±a1R,±a2R, . . . ,±atR\� @/�#� &ñ
_�÷&t� ��m� ½+É Ãº�̧ e����.

Ä»o��<ÊÃº�Ð"f fA��H Uü< Q + U\�"f &ñ
_��)a��. Õª�Q��, K(x, y)_� "é¶�è�Ð

"f fA��H Uü< Q + U\�"f &ñ
_��� ·ú§÷&��H �â
Äº�̧ e����. fA�� (K(x, y)_� "é¶�è
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�Ð"f) &h� Q + Uü< U\�"f &ñ
_�÷&��H �¦̀�	כ �Ð7£x�l� 0A�#���H Uü< Q + U��

±a1T,±a2T, . . . ,±atT,±a1(P +T ),±a2(P +T ), . . . ,±at(P +T )ü<��ØÔ>�÷&�̧2�¤

U\�¦���&ñ
ô�Ç��.�¦&ñ
�)a T\�@/�#���Hs� �̧|	��̀¦ëß�7á¤�t���m����H&h� U_�Ãº��H

þj@/ 8ts���.Ä»���>�, fB�� P +Tü< T\�"f&ñ
_�÷&��H��©��Ð¦̀�	כ�l�0A�#���H

Tü< P +T�� ±a1U,±a2U, . . . ,±atU,±a1(Q+U),±a2(Q+U), . . . ,±at(Q+U)ü<

��ØÔ>�÷&�̧2�¤ T\�¦���&ñ
ô�Ç��.�¦&ñ
�)a U\�@/�#�s� �̧|	��̀¦ëß�7á¤�t���m����H

&h� T_� Ãº��H þj@/ 8ts���. ����"f, (T, U) ∈ E(K) × E(K)�� s� �̧|	��̀¦ ëß�7á¤�

t� ��m����H &h�_� Ãº��H þj@/ 16t#E(K)s���. U�́s� t ≤ 2 log2 m�̀¦ ����� m_� ad-

dition chain�Ér ìøÍ×¼r� �>rF��Ù¼�Ð a%~�Ér �©� (T, U)\�¦ ���&ñ
½+É SX�Ò�¦�Ér m ≥ 1024{9�

M: 1/2 �Ð�� ß¼��.

���²DG, SX�Ò�¦&h� ���½Ód�� r�çß�\� ��"é¶ /BG����©�\� �½� ü� &h��̀¦ ���×þ�½+É Ãº e��Ü¼Ù¼�Ð

K�� Ä»ô�Ç�̂s���� em(P, Q)\�¦ >�íß����H ·ú��¦o�7£§�Ér SX�Ò�¦&h� ���½Ód�� r�çß��̀¦ �����

��.

Ud 5.2 E/F13 : y2 = x3+7x\�¦�¦�9���. P = P4 = (3, 3)s��¦ Q = P6 = (4, 1)s�

�� ���. e3(P, Q)\�¦ >�íß����.

�½� ü� &h� T = (8, 3), U = (5, 20)\�¦ Äº��� ���×þ���¦ P + T = (2, 10), Q + U =

(5, 11)\�¦ >�íß�ô�Ç��. ��6£§õ� °ú s� canonical formÜ¼�Ð ���Ãº\�¦ ³ð�&³���.

3(P + T )− 3(O) = (P1)− (O) + div(
(8x + y)(x + y + 1)

x(x + 3)
).

3(T )− 3(O) = (P1)− (O) + div(
(11x + y)(8x + y + 11)

x(x + 4)
).

3(Q + U)− 3(O) = (P1)− (O) + div(
(3x + y)(x + y + 10)

x(x + 9)
).

3(U)− 3(O) = (P1)− (O) + div(
(10x + y)(12x + y + 3)

x(x + 9)
).

fAü< fB�� div(fA) = 3(P + T ) − 3(T ), div(fB) = 3(Q + U) − 3(U)��� �<ÊÃº����H

�¦̀�	כ �©�l����. 'Í	 ���P: 2>h_� ~½Ó&ñ
d���̀¦ NS���

fA =
(8x + y)(x + y + 1)(x + 4)

(x + 3)(11x + y)(8x + y + 11)

��t�}�� 2>h_� ~½Ó&ñ
d���̀¦ NS���

fB =
(3x + y)(x + y + 10)

(10x + y)(12x + y + 3)
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���²DG

em(P,Q) =
fA(Q + U)

fA(U)

fB(T )

fB(P + T )
= 9

s���. "é¶�è 9��H F13\�"f 0AÃº�Ð 3�̀¦ ��f���̀¦ ÅÒ_����.

V� 2 â�
 ��xjS <n¤�כ� 7�ÊÁ %K�V���· ËÂø5�W� 7�ÊÁ %K�V��×

��́�¿

��6£§_� ���õ���H [63]\�"f ���:r �Ü¼�Ð	כ ��"é¶/BG��� E(Fq)_� &h��̀¦ þj@/ 0AÃº_� &h�

P\�_�K�Òqt$í
�)aÂÒì�rç�H E(Fq)_� < P >_� cosetÜ¼�Ð��¾º��H~½ÓZO��̀¦]jr�ô�Ç��.

�×�¿Ça�h� 5.1 E(Fq)�Ér group type (n1, n2)�̀¦ ����� ��"é¶ /BG���s����¦ ��¦, P\�¦

þj@/ 0AÃº n1�̀¦ ����� "é¶�è���¦ ���. Õª�Q���, �̧��H &h� P1, P2 ∈ E(Fq)\� @/�#�

ëß�{9� en1(P, P1) = en1(P, P2)s�#Q��ëß� P1õ� P2��H < P >_� 1lx{9�ô�Ç coset\� �>rF�

ô�Ç��.

��6£§_� ���õ���H 0Aü< Ä»����� ¢-a����<Ê�̀¦ 0A�#� l�Õütô�Ç��.

�×�¿Ça�h� 5.2 E(Fq)�� E[n] ⊆ E(Fq)��� ��"é¶ /BG���s����¦ ���. éß�, nü< p�� "f

�Ð �è��� �ª�_� &ñ
Ãºs���. P ∈ E[n]s� 0AÃº n��� &h�s����¦ ���. �̧��H P1, P2 ∈
E[n]\� @/�#� ëß�{9� en(P, P1) = en(P, P2)s������ E[n]îß�\� < P >_� 1lx{9�ô�Ç

coset\� �>rF�ô�Ç��.

Proof: ëß�{9� P1 = P2 + kPs����,

en(P, P1) = en(P, P2)en(P, P )k

= en(P, P2)

%i�Ü¼�Ð P1õ� P2s� E[n]�©�\�< P >_����Ér coset\�e�����¦���.Õª�Q���, P1−P2 =

a1P + a2Q�Ð ½+É Ãº e����. #�l�"f (P,Q)��H a2Q 6= Os��¦ E[n] ∼= Zn⊕Zn\� Òqt$í


÷&��H �©�s���. ëß�{9� b1P + b2Q�� E[n]_� e��_�_� &h�s������,

en(a2Q, b1P + b2Q) = en(a2Q, P )b1en(Q, Q)a2b2

= en(P, a2Q)−b1
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ëß�{9� en(P, a2Q) = 1s���� en_� non-degeneracy $í
|9�\� _��#� a2Q = Os���. s�

��Ér	כ �̧í�Hs���. ����"f en(P, a2Q) 6= 1s���. ���²DG

en(P, P1) = en(P, P2)en(P, P )a1en(P, a2Q)

6= en(P, P2)

2

�ÃÐ�̧\�¦ 0A�#� ��6£§_� ���õ�\�¦ ���/åLô�Ç��.

�×�¿Ça�h� 5.3 G��H ç�Hs��¦, α ∈ G�� ���. n =
∏k

i=1 pβi
i ��H n_� �è���Ãº ì�rK����¦

���. Õª�Q���, α��H 0AÃº n�̀¦ ��t���H ¹כ��9 Ø�æì�r �̧|	��Ér

(i) αn = 1 and

(ii) αn/pi 6= 1 for each i, 1 ≤ i ≤ k.

�×�¿Ça�h� 5.4 G��H type (cn, cn)_� ��6\� ç�Hs����¦ ���. ëß�{9� ¹�èכ {ai}\�¦ G�Ð

ÂÒ'� ç�H{9���¦ Ïþ� ü��>� ���×þ�ô�Ç�����, {cai}��H type (n, n)\�¦ ����� G_� ÂÒì�r ç�H

_� ¹�è\�"fכ ç�H{9��>� ì�r�íô�Ç��.

2.1 ��́�¿

E(Fq)\�¦ ç�H ½̈�̧ Zn1 ⊕ Zn2 (n1|n2) \�¦ ����� Ä»ô�Ç�̂ Fq�©�_� ��"é¶/BG���s����¦ �

��. E(Fq)_�&ñ
_��)a~½Ó&ñ
d��Ü¼�ÐÂÒ'� Schoof·ú��¦o�7£§[136]\�_��#� #E(Fq)��H

���½Ód�� r�çß�\� >�íß�½+É Ãº e����. ¢̧ô�Ç gcd(#E(Fq), q − 1)_� �è���Ãº ì�rK��� ÅÒ#Q

��������, ÊêÕüt½+É 4]X�\�"f ]jr����H ·ú��¦o�7£§\� _��#� SX�Ò�¦&h� ���½Ód�� r�çß�Ü¼�Ð

n1õ� n2\�¦���&ñ
½+ÉÃºe����.ëß�{9� gcd(#E(Fq), q) = 1��&ñ
���� E[n1] ∼= Zn1⊕Zn1

s���.

P ∈ E(Fq)�� 0AÃº n_� &h�s��¦ n�Ér n1_� divisors��¦ R ∈ E(Fq)o� ���. ns�

·ú��94R e�����¦ ���� ��"é¶ /BG��� @/Ãº ë�H]j��H ��6£§õ� °ú �� : ÅÒ#Q��� Pü< R�Ð ÂÒ

'� R = lP�� ÷&�̧2�¤ Ä»{9�ô�Ç &ñ
Ãº l, 1 ≤ l ≤ n − 1�̀¦ (ëß�{9� Õª�Qô�Ç &ñ
Ãº�� �>rF�

ô�Ç�����) ���&ñ
���.

en(P, P ) = 1s�Ù¼�Ð Lemma 5.1Ü¼�Ð ÂÒ'� nR = O Õªo��¦ en(P,R) = 1s����

R ∈< P >e���̀¦ Ä»�̧½+É Ãº e����.

P�� þj@/ 0AÃº\�¦ ����� �â
Äº, �̂ Fq ���̂\�"f s�íß� @/Ãº ë�H]j\�¦ Û�¦#Q"f l\�

@/ô�Ç ÂÒì�r &ñ
�Ð\�¦ ¹1Ô��H ·ú��¦o�7£§�̀¦ l�Õüt���.

Algorithm 1
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Input : An element P ∈ E(Fq) of maximun order n1, and R = lP .

Output : An integer l′ ≡ l (mod n′) where n′ is a divisor of n2.

Step 1. Pick a random point T ∈ E(Fq).

Step 2. Compute α = en1(P, T ) and β = en1(R, T ).

Step 3. Compute l′, the discrete logarithm of β to the base of α in Fq.

Ça�h� 5.1 Algorithm 1�Ér n′s� n2_� #Q�"� divisors���� l′ ≡ l (mod n′)�̀¦ �̀���ØÔ

>� >�íß�ô�Ç��.

Proof: G ∈ E(Fq)s��¦ 2>h_� &h� (P, Q)�� E(Fq)\�¦ Òqt$í
���H 0AÃº n2_� "é¶�è��

�¦ ���. Õª�Q���, T = c1P + c2Gs����¦ ���. Õª�Q���,

αn2 = en1(P, T )n2 = e1(P, P )c1n2en1(P, c2n2G) = en1(P,O) = 1

α_� 0AÃº�� n′Ü¼�Ð��¦ n2\�¦ ��è�H���¦ ���. n1|q − 1 s�Ù¼�Ð α ∈ Fqs���. Õªo�

�#�

β = en1(R, T ) = en1(lP, T ) = en1(P, T )l = αl = αl′

s�Ù¼�Ð Fq �©�\�"f l�$� α_� β_� s�íß� @/Ãº\�¦ >�íß��<ÊÜ¼�Ð"f l′�̀¦ >�íß�½+É Ãº e��

��. 2

#E(Fq)?/\� < P >_� n2 cosets�e��Ü¼Ù¼�Ð, Lemma (5.1)Ü¼�ÐÂÒ'� n′ = n_�

SX�Ò�¦�Ér φ(n2)/n2e���̀¦ Ä»�̧½+É Ãº e����. ëß�{9� n2�� n1\� q��#� &h������ (ëß�{9� /BG

���s� �½� ü��>� ���×þ��)a����� n2| gcd(n1, q − 1)_� ��0px$í
s� l�@/�)a��.) s� ~½ÓZO��Ér

l\� @/�#� _�p� e����H &ñ
�Ð\�¦ ]j/BN�t� 3lwô�Ç��. ÆÒÊê\� l (mod n)�̀¦ >�íß����H

~½ÓZO��̀¦ l�Õütô�Ç��.

Ça�h� 5.2 P ∈ E�� 0AÃº n_� &h�s����¦ ô�Ç��. Q ∈ E[n]s� �>rF��#� en(P, Q)��

primitive n-th root of unitys���.

Proof: Q ∈ E[n]s�����¦ Weil pairing_� bilinearity\� _��#� ��6£§�̀¦ %3���H��.

en(P, Q)n = en(P, nQ) = en(P,O) = 1

����"f, en(P,Q) ∈ µn éß�, µn�Ér Fqk�©�\�"f n-th roots of unity_� ÂÒì�r ç�H�̀¦ ����

�·p��.
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E[n]\���H < P >_� n cosets�e����. Lemma (5.2)\�_��#� Q��s���� n coset_�

@/³ð"é¶\� ���� ����o½+É M:, en(P,Q)��H mun_� �̧��H "é¶�è\� ���� ����oô�Ç��. ����

"f ���õ���H ëß�7á¤ô�Ç��. 2

Q ∈ E[n]s�����¦ en(P,Q)��H primitive n-th root of unity���¦ô�Ç��.��6£§&ñ


o�_� 7£x"î
�Ér {©�������.

Ça�h� 5.3 f :< P >→ µn�Ér f : R 7→ en(R, Q)�Ð &ñ
_��)a��. Õª�Q���, f��H ç�H 1lx+þA

s���.

����"f ��"é¶ /BG���_� s�íß� @/Ãº ë�H]j\�¦ Ä»ô�Ç�̂ �©�_� s�íß� @/Ãº ë�H]j�Ð »¡¤�è

���H ~½ÓZO��̀¦ "fÕüt ½+É Ãº e����.

Algorithm 2

Input: An element P ∈ E(Fq) of order n, and R ∈< P >.

Output : An integer l such that R = lP .

Step 1. Determine the smallest integer k such that E[n] ⊆ E(Fqk)

Step 2. Find Q ∈ E[n] such that α = en(P, Q) has order n.

Step 3. Computer β = en(R, Q).

Step 4. Compute l, the discrete logarithm of β to the base α in Fq.

Algorithm 2s� �̀���H ��Ér	כ ��6£§õ� °ú ��.

β = en(R,Q) = en(lP,Q) = en(P,Q)l = αl

Remark

Algorithm 2��H k�� {9�ìøÍ&h�Ü¼�Ð t�Ãº&h�Ü¼�Ð ß¼>� ÷&��� {9�ìøÍ&h�Ü¼�Ð (ln q_�) t�Ãº

�<ÊÃº r�çß��̀¦ °ú���H��. Algorithm 2��H K\�¦ ���������H ~½ÓZO�õ� Q\�¦ ¹1Ô��H ~½ÓZO�s� ]j

/BN÷&t� ��m��%i�Ü¼Ù¼�Ð ¢-a���ô�Ç ��Ér	כ ��m���. ��6£§\� �í:£¤s� ��"é¶ /BG���ÀÓ\�"f

s��¦̀�	כ ���/åL���.
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Ud 5.3 E/F13 : y2 = x3+7x\�¦Òqty�����. P = (3, 3), Q = 2P = (3, 10)s������.

Algorithm 2_� ³ðl�\� _��#� n = 3�̀¦ %3���H��. E[3] ⊆ E(F13) s�Ù¼�Ð k = 1s�

��. Q = (4, 1)�̀¦ ���×þ�ô�Ç��. \V (5.2)\� _��#�

α = e3(P, Q) = 9

\�¦ %3��¦ 0AÃº��H 3s���. Ä»��ô�Ç >�íß�Ü¼�Ð

β = e3(R,Q) = 3

�̀¦ %3���H��. 92 ≡ 3 (mod 13)s�Ù¼�Ð logP R = 2\�¦ %3���H��.

2.2 �ï §�́l� <n¤�כ�

Algorithm 2\�¦ �í:£¤s� ��"é¶ /BG���_� �â
Äº, SX�Ò�¦&h� ���½Ód�� r�çß�Ü¼�Ð »¡¤�è ë�H]j\�¦

�Ð_�ô�Ç��. Ä»ô�Ç�̂\�"f s�íß� @/Ãº ë�H]j\�¦ 0Aô�Ç ï�r t�Ãº r�çß�_� ·ú��¦o�7£§õ� �D¥½+Ë

����, �í :£¤s� /BG���\� e��#Q"f ��"é¶ /BG��� ·ú��¦o�7£§�̀¦ >�íß����H SX�Ò�¦&h� ï�r t�Ãº

r�çß�_� ·ú��¦o�7£§�̀¦ %3��̀¦ Ãº e����.

E(Fq)��H Fq �©�_� 0AÃº q + 1 − t_� �í:£¤s� ��"é¶ /BG���s����¦ ��¦ q = pm s�

�� ô�Ç��. Õª�Q��� E��H ��6£§_� ì�rÀÓ ×�æ ���_� /BG���s���.

I t = 0, E(Fq) ∼= Zq+1.

II t = 0, E(Fq) ∼= Z(q+1)/2 ⊕ Z2, q ≡ 3 (mod 4).

III t2 = q (and m is even.)

IV t2 = 2q (and p = 2 and m is odd.)

V t2 = 3q (and p = 3 and m is odd.)

VI t2 = 4q (m is even.)

P��H E(Fq)\�"f0AÃº n_�&h�s����¦���. n1|(q+1−t),p|ts�Ù¼�Ð gcd(n1, q) =

1�̀¦ %3���H��.

Weil &ñ
o�ü< �Ð�̧&ñ
o� 2.13�̀¦ s�6 x����, E[n1] ⊆ E(Fqk) s� ÷&�̧2�¤ ���H þj

�è_� �ª� &ñ
Ãº k\�¦ ���&ñ
½+É Ãº e����. ��6£§�Ér (IV)ÀÓ_� /BG���\� @/ô�Ç \V]j >�íß��̀¦

�Ð#�ï�r��.
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�×�¿Ça�h� 5.5 (IV)ÀÓ_� ��"é¶ /BG����Ér k = 4\�¦ %3���H��.

Proof: q = 2m (m odd) s��¦ #E(Fq) = n = q + 1 +
√

2q ���¦ ô�Ç��. (n =

q + 1 − √
2q��� �â
Äº�̧ Ä»���>� 2[/åL ��0px���.) �Ð�̧&ñ
o� 2.13(iii)\� _��#�

E(Fq)��H í�H8̈�ç�Hs���. Õª�Q��� Weil theorem�̀¦ s�6 x���� #E(Fq2) = q2 + 1õ�

#E(Fq3) = q3 + 1−√2q3�̀¦ %3���H��. �Ð�̧&ñ
o� 2.13(iii)\� _��#� E(F 2
q )��H í�H8̈�

ç�Hs��¦, �Ð�̧&ñ
o� 2.13(i)\� _��#� E(F 3
q )��H í�H8̈�ç�Hs���. ���²DG

E(Fq2)
⋂

E[n] = E(Fq)

ü<

E(Fq3)
⋂

E[n] = E(Fq)

�� �)a��. ���²DG, #E(F 4
q ) = q4 + 1 + 2

√
q4�� �)a��. �Ð�̧&ñ
o� 2.13(ii)\� _��#�

#E(Fq4) ∼= Zq2+1 ⊕ Zq2+1�̀¦ %3���H��. q2 + 1 = (q + 1 +
√

2q)(q + 1 −√2q) s�Ù¼

�Ð E[n] ⊆ E(Fq4)�� �)a��. 2

¼#�_� �©�, �í:£¤s� /BG���\� @/�#���H ��6£§_� 2>h ³ð�Ð &ñ
o�ô�Ç��.

³ð 5.2: �í:£¤s� ��"é¶ /BG���\� @/ô�Ç &ñ
�Ð

/BG��� ÀÓ t ç�H ½̈�̧ n1 k

I 0 cyclic q + 1 2

II 0 Z(q+1)/2 ⊕ Z2 (q + 1)/2 2

III ±√q cyclic q + 1∓√q 3

IV ±√2q cyclic q + 1∓√2q 4

V ±√3q cyclic q + 1∓√3q 6

VI ±2
√

q Z√q∓1 ⊕ Z√q∓1
√

q ∓ 1 1

y��/BG���ÀÓ\�"f E(Fqk)_� ½̈�̧��H&h�]X�ô�Ç c\�@/�#� Zcn1⊕Zcn1_�+þAI�\�¦��

t��¦ e����. Õª�Q���, �í:£¤s� /BG���\� @/�#� »¡¤�è\� �'aô�Ç �©�[jô�Ç ���õ�\�¦ ��6£§\�

l�Õütô�Ç��.

Algorithm 3

Input: An element P of order on a supersingular curve E(Fq) and R ∈< P >.
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³ð 5.3: �í:£¤s� ��"é¶ /BG���\� @/ô�Ç &ñ
�Ð

/BG��� ÀÓ E(Fqk)_� type c

I (q + 1, q + 1) 1

II (q + 1, q + 1) 2

III (
√

q3 ∓ 1,
√

q3 ± 1)
√

q ± 1

IV (q2 + 1, q2 + 1) q ±√2q + 1

V (q3 + 1, q3 + 1) (q + 1)(q ±√3q + 1

VI (
√

q ∓ 1,
√

q ∓ 1) 1

Output : An integer l such that R = lP .

Step 1. Determine k and c from Tables (5.2) and (5.3).

Step 2. Pick a random point Q′ ∈ E(Fqk) and set Q = (cn1/n)Q′

Step 3. Compute α = en(P,Q) and β = en(R,Q).

Step 4. Compute the discrete logarithm l′ of β to the base α in Fqk .

Step 5. Check whether l′P = R. If this is so, then l = l′ and we are done. Other-

wise, the order of α must be less than n, so go to Step 2.

�Ð�̧&ñ
o� (5.2)\�_����� Q��H E[n]�©�_��½� ü�&h�s�����H�.��ÅÒ3lqô�Ç¦̀�	כ ¢̧ô�Ç,

�̂ "é¶�è α�� 0AÃº n�̀¦ ��|9� SX�Ò�¦�Ér φ(n)/ns���. �Ð�̧&ñ
o� (5.2)ü< Fqk\���H 0AÃº

n_� φ(n)_� "é¶�è�� e������H ��z�́�Ð ÂÒ'� E[n]?/\���H < P >_� n cosets� e����.

��6£§�Ér Algorithm 3s� (ln n\�@/ô�Ç)SX�Ò�¦&h����½Ód��_�»¡¤�è����H�jr�ô�Ç[¦̀�	כ

��.

Ça�h� 5.4 ëß�{9� E(Fq)���í:£¤s�/BG���s������, E(Fq)�©�_�s�íß�@/Ãºë�H]j\�¦ Fq�Ð

_� »¡¤�è��H (ln n\� @/ô�Ç) SX�Ò�¦&h� t�Ãº r�çß�_� »¡¤�ès���.

Proof: �èÃº �̂�©�_� Fq_�l�$���SX�z�́y�ÅÒ#Q4Re�����¦��&ñ
ô�Ç��. Fqk �©�_����

íß��̀¦0A�#���H Fq �©�_�	�Ãº k_�l�������½Ód�� f(x)���9¹כ����.s���Ér	כ [10]\�"f

ÅÒ#Q���~½ÓZO�Ü¼�ÐSX�Ò�¦&h����½Ód��r�çß�\�'��K������.Õª�Q��� Fqk
∼= Fq[x]/(f(x))��
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÷&�¦ (f(x))��H f(x)\� _��#� Òqt$í
�)a ideal �̀¦ t�g�Aô�Ç��. Fq[x]\�"f �©�Ãº ���½Ód��

�Ér Fq\� 1lx+þA��� ÂÒì�rç�Hs� �)a��.

Q′ ∈ E(Fqk), k ≤ 6s�Ù¼�Ð&h� Q′��HSX�Ò�¦&h����½Ód��r�çß�\����&ñ
�)a��. Miller_�

·ú��¦o�7£§\� _��#�, "é¶�è α, β��H SX�Ò�¦&h� ���½Ód�� r�çß�\� >�íß��)a��.

n

φ(n)
≤ 6 ln ln n, for n ≥ 5

s�Ù¼�Ð[131], en(P, Q)�� 0AÃº n�̀¦ ��t��̧2�¤ ���H Q\�¦ ¹1Ôl� ��t�_� ìøÍ4�¤_� l�@/

°úכ�Ér O(ln ln n)s���. ���²DG, l′P = R�Ér ���½Ód�� r�çß�\� ���7£x÷&�¦, n = O(q)�� �)a

��. 2

Algorithm 3_� Step 4\�"f ÉÒ��H Fqk�©�_� s�íß� @/Ãº ë�H]j��H 0AÃº n,(n < qk −
1)_� l�$� "é¶�è α\�¦ ��|9� Ãº�� e����. Ä»ô�Ç�̂\�"f s�íß� @/Ãºë�H]j\�¦ ÉÒ��H Index

calculus ~½ÓZO��Ér SX�Ò�¦&h� ï�r t�Ãº r�çß� ·ú��¦o�7£§Ü¼�Ð l�$� "é¶�è�� primitives�#Q

�� ô�Ç��. s��¦̀�	כ s�6 x���� ��6£§�̀¦ %3���H��.

����̧Ça�h� 5.1 P��H �í:£¤s� ��"é¶ /BG��� E(Fq)\�"f 0AÃº n_� "é¶�è���¦ ��¦, R =

lP��H E(FQ) �©�_� &h�s����¦ ô�Ç��. ëß�{9� q�� �èÃº, ¢̧��H q�� �èÃº_� "4�5px �¦&ñ
�)a

p\� @/�#� q = pms���� Algorithm 3�Ér SX�Ò�¦&h� ï�r @/Ãº r�çß�\� l�̀¦ ���&ñ
½+É Ãº e��

��.

Proof: Fqk �©�\�"f l�$� α\� @/ô�Ç β_� @/Ãº\�¦ ¹1Ô��H ë�H]j��H ��6£§õ� °ú s� ï�r t�

Ãº r�çß�\� >�íß��)a��.

Äº���,�è���Ãºì�rK�~½ÓZO� (\V\�¦[þt���,�â
+«>&h�Ãº'��r�çß�ì�r$3�\�_�ô�Çz�́]j&h����

·ú��¦o�7£§ [79] ¢̧��H [142], %3�x9�ô�Ç Ãº'�� r�çß� ì�r$3�\� _�ô�Ç ·ú��¦o�7£§ [82], [125]\�

_��<Ê) _� #��Q��t� ~½ÓZO� ×�æ \� ���\�¦ s�6 x�#�, qk − 1_� �è���Ãº\�¦ ½̈ô�Ç��. ��

6£§\� qk − 1_� ÂÒì�r ���Ãº ì�rK�\�¦ ½̈ô�Ç�� :

(I) q2 − 1 = (q + 1)(q − 1)

(II) q2 − 1 = (q + 1)(q − 1)

(III) q3 − 1 = (q − 1)(q + 1−√q)(p + 1 +
√

q)

(IV) q4 − 1 = (q − 1)(q + 1)(q + 1−√2q)(q + 1 +
√

2q)

(V) q6 − 1 = (q − 1)(q + 1)(q + 1−√3q)(q + 1 +
√

3q)(q2 + q + 1)
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Õªo��¦ Fqk �©�\��½� ü¹כ��è λ��0AÃº qk−1s�÷&�̧2�¤�½� ü��>����×þ�ô�Ç��.l�

@/÷&��H r�'�� S��Ãº��H (qk − 1)/(φ(qk − 1) s� 9, s���Ér	כ k ≤ 6s�Ù¼�Ð O(ln ln q)s�

��. λ_� 0AÃº��H �Ð�̧&ñ
o� (5.3)\� _��#� ���½Ód�� r�çß�\� ���7£x�)a��. Fqk �©�\�"f

2>h_� s�íß� @/Ãº ë�H]j\�¦ Û�¦#Q"f, Ä»{9�ô�Ç &ñ
Ãº sü< t (0 ≤ s, t ≤k −1)\�¦ α = λs,

β = λt�� ÷&�̧2�¤ ½̈½+É Ãº e����.

β = αl′s�Ù¼�Ð sl′ ≡ t (mod qk − 1)_� ½+Ë1lxd���̀¦ ½̈ô�Ç��. w = gcd(s, qk −
1)�� ��¦, v = (qk − 1)/w\�¦ α_� 0AÃº���¦ Z�~��H��. Õª�Q���, l′ = (s/w)−1(t/w)

(mod v)�� �)a��.

Fqk_�@/Ãºë�H]j��H\V\�¦[þt��� [30]\�e����H·ú��¦o�7£§�̀¦s�6 x�����èÃº qü< k =

1,�èÃº qü< k > 1, ô�Ç �èÃº_� "4�5px q, �â
Äº\� ln qk_� ï�r t�Ãº r�çß� �<ÊÃº >�íß��)a

��. 2

z�́]j��"é¶/BG���_�@/Ãºë�H]j\�¦K������9���, n�̀¦�è���Ãºì�rK��#���ô�Ç��.�è

���Ãº\�¦ s�6 x�#� α_� 0AÃº\�¦ ~1�>� ���7£xô�Ç��. Q\�¦ ¹1Ôl� 0A�#���H α�� 0AÃº n�̀¦

��|9� M: ��t� E[n]�©�\� �½� ü� &h��̀¦ ìøÍ4�¤&h�Ü¼�Ð ���×þ�ô�Ç��.

l′s� z�́]j�Ð ls� ÷&l� �����t� Y>�>h_� s�íß� @/Ãº ë�H]j\�¦ Û�¦#Q�� ���H ��0px$í


�̀¦ x�½+É Ãº e����. s� ~½ÓZO��Ér Algorithm 3\�"f ]jr�ô�Ç ~½ÓZO�õ���H ��ØÔ�¦, Ä»ô�Ç�̂

\�"f s�íß� @/Ãº ë�H]j�Ð SX�Ò�¦&h� ���½Ód�� r�çß�_� »¡¤�è�� ��m���.

��� ]X�\�"f "fÕütô�Ç ·ú��¦o�7£§_� ÅÒ�)a ÂÒì�r�Ér Fqk\�"f s�íß� @/Ãº\�¦ >�íß����H

��t�}�� éß�>�s���. &ñ
Ãº n\� @/ô�Ç �è���Ãº ì�rK� ~½ÓZO� ×�æ Ãº�̂ ���Z>�ZO� [79]��H Ãº'��

r�çß�_� l�@/u���H L[n, c, 1/3]s���. ����"f Ãº'�� r�çß�_� l�@/u���H Fqk\�"f s�íß�

@/Ãº ë�H]j\�¦ ÉÒ��H ���©� a%~�Ér ·ú��¦o�7£§_� Ãº'�� r�çß�\� _��>r�#� L[qk, c, 1/2] ¢̧

��H L[qk, c, 1/3]s� �)a��.

����:rÜ¼�Ð�í:£¤s���"é¶/BG���_��â
Äº\���Hs����\�b��%3�~����_����"é¶/BG����Ð	כ

s�íß�@/Ãº ë�H]j��H �s̀��� �8 ~1�>� Û�¦ Ãº e��>� �)a��.

2.3 j� �ï��xjS <n¤�כ�

E\�¦t�³ð p_� �̂ Fq �©�_�&ñ
_��)aq��í:£¤s�/BG���s����¦���. P ∈ E(Fq)��H0AÃº

n_�&h�s��¦, R ∈< P >���¦���. logP R�̀¦>�íß����H Algorithm 2��H gcd(n, q) =

1 ��� �â
Äº\�ëß� Ä»ò́���. Õª�Q�� gcd(n, q) 6= 1��� �â
Äº\��̧ ��6£§õ� °ú s� ~1�>� SX�

�©��)a��.

n = psn′, s ≥ 1s��¦ gcd(n′, p) = 1s����¦ ���. P ′ = psP , R′ = psRs����¦

���. Õª�Q��� R′ ∈< P ′ >s�Ù¼�Ð Algorithm 2��H log′P R′�̀¦ >�íß����H X< 6£x6 x|̈c
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Ãº e����.

log′P R′ ≡ logP R (mod n′) (5.3)

Õª�Q���, P ′′ = n′P,R′′ = n′R�� ���. ord(P ′′) = pss��¦ R′′ ∈< P ′′ >\�¦ ÅÒ_�ô�Ç

��. Pohlig-Hellman ~½ÓZO��̀¦ ��6 x�#� log′′P R′′\�¦ ½̈ô�Ç��.

log′′P R′′ ≡ logP R (mod ps) (5.4)

s� �)a��. ëß�{9� p�� ���Ü¼���, log′′P R′′_� >�íß��Ér ò́Ö�¦&h�s���. (þj���_� �â
Äº��H q =

p��� M: µ1ÏÒqt) ���²DG, d��(5.3)õ� d��(5.4)\� CRT\�¦ &h�6 x���� logP R�̀¦ ½̈ô�Ç��.

gcd(n, q) = 1s����¦ ��&ñ
ô�Ç��. Fq �©�\�"f s�íß� @/Ãº ë�H]j\�¦ ÉÒ��H þj|¾Ó_� ·ú�

�¦o�7£§_� Ãº'�� r�çß��̀¦ L[q, c, 1/3]s����¦ ����, Algorithm 2��H E(Fq) �©�_� @/Ãº

ë�H]j\�¦ Fqk�©�_� ë�H]j�Ð »¡¤����)a��. s� ë�H]j��H L[qk, c, 1/3]_� 4�¤ú̧��̧\�¦ ��t��¦ e��

��. ln q �©�\�"f L[qk, c, 1/3]s� ï�r t�Ãº�� ÷&l� 0Aô�Ç ��Ér	|¹�̧כ��9 k ≤ (ln q)2s���.

E[n] ⊆ E(Fqk)_� ���_� ��Ér	|¹�̧כ��9 n|qk − 1s���. 7£¤, modulo n ��A�_� q_� 0A

Ãº��H k_� ���Ãºs���. �½� ü�ô�Ç n ≈ q\�"f k ≤ (ln)2_� ��0px$í
�Ér �B~ÃÌ���. s� ���õ�

��H qü< ns� �̧¿º �èÃº��� �â
Äº\�[72] "î
SX����. ����"f @/ÂÒì�r_� q� �í:£¤s� ��"é¶

/BG���\� @/�#� Algorithm 2_� »¡¤�è ~½ÓZO��Ér ��"é¶ /BG��� @/Ãº ë�H]j\� ¢-a���y� t�Ãº

r�çß�_� ·ú��¦o�7£§s� �)a��.

V� 3 â�
 »ÇÔ¡õÁþ��\� �+i�

La Macchiaü< Odlyzkyo[76]��H index calculus ~½ÓZO�_� Gauss &ñ
Ãº ���+þA óøÍ�̀¦ ½̈

�&³�%i���. ���õ���H Fp (p��H 192 q�àÔ)\�"f @/Ãº ë�H]j��H ~1�>� Û�¦ Ãº e����. Ãº�̂

���Z>�ZO�s� Gauss &ñ
ÃºZO��Ð�� a%~�Ér &h���H&h� Ãº'�� r�çß��̀¦ ��t��¦ e��Ü¼��, �̂ Fp (

p ≤ 2512)\�"f��H z�́]j&h�s�t� 3lw���. F2m\� @/�#� Gordonõ� McCurley[52]��H

ms� ��� 500��� �â
Äº F2m_� @/Ãº ë�H]j >�íß��Ér �©�{©�ô�Ç >�íß� ��"é¶s� ��6 x���� ��

_� ��0px�o����¦ �%i���. ����"f, Ä»ô�Ç�̂\�"f s�íß� @/Ãº ë�H]j_� þj|¾Ó_� ·ú��¦

o�7£§õ� þj�¦_� ��6 xô�Ç (��ÉÓ'� ��"é¶s� ÅÒ#Q �������� 2600�Ð�� 	�H Ä»ô�Ç�̂\�"f��H

intractable ���.

��"é¶ /BG��� ��� ñ r�Û¼%7�_� ½̈�&³\� e��#Q"f ]jr��%i�~�� �í:£¤s� ��"é¶ /BG���_�

4��t� ÂÒÀÓ\� @/�#� ���/åLô�Ç��. �̧��H s���� /BG����Ér k�� 2s���. 7£¤, s� /BG���\�"f

_� ��"é¶ /BG��� @/Ãº ë�H]j��H underlying field_� quadratic extension\� _��� @/Ãº

ë�H]j�Ð ò́Ö�¦&h�Ü¼�Ð »¡¤�è�)a��.
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(A) y2 + y = x3 + b over F2m , m odd (Class I)

(B) y2 = x3 − ax over Fp, where p > 3 is a prime, a is a quadratic non-residue

in Fp, and p ≡ 3 (mod 4). (Class I)

(C) y2 = x3 − ax over Fp, where p > 3 is a prime, a is a quadratic residue in

Fp, and p ≡ 3 (mod 4). (Class II)

(D) y2 = x3 + b over Fp, where p > 3 is a prime, and p ≡ 2 (mod 3) (Class I)

F2m�©�_� /BG��� E : y2 + y = x3��H ��6£§ �©�\�"f �Ð1pws� ½̈�&³\���H :£¤Z>�y� B�§4�

&h�s���. F2m �©�_� E\�¦ ��6 x���H ��Ér	כ F22m �©�_� non-zero element_� í�H8̈� ç�H�̀¦

��6 x���H������Ð��îß	כ�t���m�ô�Ç��./BG����©�_����íß�q�6 x�Ér F22m �©�_����íß�q�

6 x�Ð�� Z�}l� M:ë�H\� s���� /BG����Ér �&³�>r���H r�Û¼%7�\� ��� ñ�<Æ&h� 6£x6 x\���H éß�&h�

s� �)a��. (B), (C), (D)_� /BG���\� @/�#��̧ Ä»��ô�Ç ����:r�̀¦ %3��̀¦ Ãº e����.

Koblitz[67]����"é¶/BG������ ñr�Û¼%7�_� ½̈�&³\�"f F2m �©�\�/BG��� y2+y = x3�̀¦

þj�í�Ð]jîß��%i���. [9]\���H$���[þt�Ér m = 61õ� m = 127����â
Äº\�]jr��%i���.

index calculus~½ÓZO��̀¦s�6 x�#� �̂ F2122ü< F2254\�@/�#�s�íß�@/Ãºë�H]j��HK����

s� ��0px�Ù¼�Ð s���� /BG����Ér ��� ñ�<Æ&h� 3lq&h�Ü¼�Ð��H &h�½+Ë�t� ·ú§��H��. m = 91õ�

m = 251_� :£¤Z>�ô�Ç °úכ\� @/�#��̧ [93]\� ]jîß�÷&%3���. s���� /BG����̧ 1lx{9�ô�Ç s�Ä»

�Ð x��#��� ô�Ç��. Miller[100]\� _��#� /BG���ÀÓ (B)ü< (C)�� ]jîß�÷&%3���. [9]\�

��H/BG���ÀÓ(D)�� ½̈�&³�̀¦0A�#�]jîß�÷&%3�Ü¼ 9 Kaliski[62]\�_��#�îß����ô�Ç_���

èß�Ãº µ1ÏÒqtl�\�¦ 0A�#� ]jîß�÷&%3���. ��"é¶ /BG��� (B)ü< (D)\�¦ 167 q�àÔ �èÃº �̂�©�

\�"f ��� ñ r�Û¼%7��̀¦ ]jîß��%i�Ü¼��[65] s� r�Û¼%7��̧ îß�����t� 3lw���.

y2 + y = x3_� @/�̂ /BG���Ü¼�Ð odd m_� F2m\� @/ô�Ç �í:£¤s� /BG��� y2 + y =

x3 + xü< y2 + y = x3 + x + 1s���.

ëß�{9� q� �í:£¤s� /BG���s� ,���&÷̈½¹כ K�{©����H k °úכs� Ø�æì�ry� ß¼�̧2�¤ ���×þ��

#��� ô�Ç��. E\�¦ Fq �©�\� &ñ
_��)a q� �í:£¤s� /BG���s����¦ ���. P ∈ E(Fq)\�¦ 0A

Ãº n_� &h�s����¦ ô�Ç��. n�Ér 	�H �èÃº v\� _��#� ��¾º#Q ������¦ ���. (s� �̧|	�

�Ér Pohlig-Hellman_� s�íß� @/Ãº /BN��� ~½ÓZO��̀¦ x��l� 0A�#� (Ê>�¹כ��9 Algorithm

2_� /BN����̀¦ x��l� 0A�#���H, Ø�æì�ry� 	�H c\� @/ô�Ç k > c\�¦ �Ð7£x�#��� ��¦

|9�½+Ë E[v]�� y�� l (1 ≤ l ≤ c)\� @/�#� E(Fql)\� �í�<Ê÷&t� ��m��#��� ô�Ç��

��H �¦̀�	כ &h�����#��� ô�Ç��. (Ø�æì�ry� 	�H c����H _�p���H Fqc �©�_� s�íß� @/Ãº ë�H]j��

intractable�>� 2[/åL÷&��H �¦̀�	כ _�p�ô�Ç��.) E[v] 6⊆ E(F l
q)_� 2��t� Ø�æì�r �̧|	��Ér

v2�� #E(Fql)\�¦ ��¾ºt� 3lw��¦, v�� ql − 1�̀¦ ��¾ºt� 3lw���H �̧|	�s���. s� �̧|	�
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�Ér ~1�>� ���7£x�)a��. ëß�{9� s� �̧|	�s� ëß�7á¤÷&���, l�$� P\� @/ô�Ç @/Ãº ë�H]j\�¦ ÉÒ��H

þj|¾Ó_�·ú��¦o�7£§�Ér Pohlig-Hellman~½ÓZO�s��¦Ãº'��r�çß��Ér
√

v\�@/|ÄÌ&h�Ü¼�Ðq�

YVô�Ç��.

V� 4 â�
 !B� Ä©�¿�+ ¿ÇÔaËc

E��H Fq�©�_���"é¶/BG���s����¦��¦ N = #E(Fq)�����. N_��è���Ãºì�rK���·ú�

�94Re�����¦��&ñ
ô�Ç��. ¢̧ô�Ç, gcd(N, q) = 1�Ð��&ñ
ô�Ç��. E(Fq)��H type (n1, n2)\�¦

��&�����¦ ���. Miller[100]\� _��#� n1õ� n2\�¦ ¹1Ô��H ·ú��¦o�7£§�̀¦ ]jr�ô�Ç��. Äº

��� ��6£§�̀¦ �¦¹1Ïô�Ç��.

�×�¿Ça�h� 5.6 P, Q ∈ E(Fq)s��¦ r = lcm(ord(P ), ord(Q)), α = er(P,Q)s����

ord(α)| gcd(r, n1)s���.

Proof: ord(P ) = a, r = ar′�Ð ���. Õª�Q���, Q ∈ E[ar′], P ∈ E[a]s���. Weil

pairing_� compatible $í
|9�\� _��#�

α = er(P,Q) = ear′(P, r′Q)

{9�ìøÍ$í
�̀¦ {9�t� ·ú§�¦, ord(P ) = rs����¦ ��&ñ
ô�Ç��.

Õª�Q���, (P, R)s� E[r]_� Òqt$í
 �©�s��¦ c1, c2�� Q = c1P + c2P_� &ñ
Ãº���¦ �

��. E(Fq)[r] ∼= Zr ⊕ Zl (éß�, l = gcd(r, n2))s��¦ c2R = Q − c1P ∈ E(Fq)s�Ù¼�Ð

lc2P = Os���. ����"f

αl = er(P, Q)l = er(P, c1P + c2R)l

= er(P, P )c1ler(P, lc2R)

= 1 · er(P,O) = 1

2

����̧Ça�h� 5.2 P, Q ∈ E(Fq)s��¦ r = lcm(ord(P ), ord(Q)), s = ord(er(P,Q))��

���. ëß�{9� rs = ns���� n1 = r Õªo��¦ n2 = ss���.

Proof: r|n1ds��¦ s|n2s�Ù¼�Ð ��"î
���. 2

0A_� ��2£§&ñ
o�\� _��#� E(Fq)_� ç�H ½̈�̧\�¦ >�íß����H ·ú��¦o�7£§s� ��6£§õ�

°ú ��.
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Input : An equation defining an elliptic curve E over a finite field Fq such that

gcd(N, q) = 1 where N = #E(Fq), and the prime factorization of N is

known.

Output : The group type (n1, n2) of E(Fq).

Step 1. Pick P, Q ∈ E(Fq) at random

Step 2. Compute ord(P ), ord(Q) (using the factorization of N) and r = lcm(ord(P ), ord(Q))

Step 3. Compute α = er(P,Q).

Step 4. Compute s = ord(α)

Step 5. If rs = N , then output n1 = r, n2 = s. Otherwise go to Step 1.

Step 5_� $í
/BN SX�Ò�¦�̀¦ ì�r$3�ô�Ç��. Äº���

Pr(P has order n1) ≥ φ(n1)

n1

ÑütP:�Ð �Ð�̧&ñ
o� (5.2)\� _��#�

Pr(α has order n2|P has order n1) =
φ(n2)

n2

·ú��¦o�7£§s� ×�æt��l� ���_� ìøÍ4�¤ S��Ãº_� l�@/u���H

≤ n1

φ(n1)

n2

φ(n2)
= O((ln ln N)2) = O((ln ln q)2)

·ú��¦o�7£§_� y�� ìøÍ4�¤�Ér SX�Ò�¦&h� ���½Ód�� r�çß�\� Ãº'��÷&Ù¼�Ð ·ú��¦o�7£§�Ér l�@/

÷&��H ���½Ód�� r�çß�\� ×�æt�ô�Ç��.

gcd(N, q) = 1s�����H �̧|	��Érs��:r���>h\�¦çß�éß�y��l�0A�#���&ñ
�%i�6£§�̀¦

µ1ß)� é�H��. gcd(N, q − 1)_� �è���Ãº ëß��̀¦ ·ú��¦ e������� s� ·ú��¦o�7£§�Ér SX�Ò�¦&h� ��

�½Ód�� r�çß�Ü¼�Ð ~1�>� 1lx���ô�Ç��.

V� 5 â�
 ½ÇÔ�¿ ��/�×

Weil pairing_� ¢̧ ���Ér &ñ
_�ü< pairing_� $í
|9� 7£x"î
\� @/�#� [26]õ� [142]\�¦ �ÃÐ

�̧ô�Ç��. 5.1]X�_� Weil pairing_� >�íß� ·ú��¦o�7£§�Ér Miller_� p�µ1Ïçß� �7Hë�H[101]\�
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��H���Ð �%i�Ü¼ 9, 4]X�_� ��"é¶ /BG���_� ç�H ½̈�̧ >�íß��̧ ��ðøÍ��t� s���. s� ·ú��¦

o�7£§�Ér z�́]j�Ð @/éß�y� Ä»ò́���. Zuccherato[154]��H SUN-2 SPARC\� ½̈�&³�#�

m ≈ 200\� /BG��� E(F2m)\�¦ >�íß����H X< Ãº ì�rs� �è%3&÷¹כ����¦ �Ð�¦�%i���.

5.2]X�_� ���õ���H [92]�Ð ÂÒ'� ���6 x�%i�Ü¼ 9, IEEE�Ð ÂÒ'� )���\�¦ 1pq�#� 4�¤

���%i���.

5.2.3\�"f_�»¡¤�è·ú��¦o�7£§_�SX��©��ÉrMiyaji[103]\�_��#��¦¹1Ï�%i�Ü¼ 9, Fq

�©�\�&ñ
_��)a��"é¶/BG���_� �̧��H n-torsion point\�¦¹1Ô��H7£¤, E[n] ⊆ F (Fq)�9¹כ�Ø�æ

ì�r �̧|	��Ér [137]\� ]jr� ÷&%3���.

Freyü< Rück[43]�Ér local field �©�\� Abelian variety\�¦ 0Aô�Ç Tate pairing_� ���

+þA�̀¦ s�6 x�#�, (char(Fq)s� nõ� "f�Ð �è���) Fq �©�\� projective irreducible non-

singular curve_� divisor class group_� n-torsion part \�"f_� @/Ãº ë�H]j\�¦ k��

n|qk − 1s� ÷&��H þj�è_� &ñ
Ãº k\� @/�#� Fqk \�"f_� s�íß� @/Ãº ë�H]j�Ð_� »¡¤�è

\�¦ ]jr��%i���. ��"é¶ /BG���\� @/�#� s� ~½ÓZO��Ér 2]X�_� ~½ÓZO�\� q��#� �©�&h�s� e��

��. �=������ �̧|	� n|qk − 1s� �̧|	� E[n] ⊆ E(Fqk)�Ð�� :�x�©� ����l� M:ë�Hs���.

Huangõ� Ierardi[57]\�"f��H ordinary multiple pointsëß��̀¦����� projective plane

�©� principle divisor_� rational function�̀¦ ½̈$í
���H ���½Ód�� r�çß� ·ú��¦o�7£§�̀¦ ]j

r��%i���.
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V� 6 *�×

��xjS <n¤�כ� »ÇÔ¡õ k�â«�̀g�+ Ä©«Å�

�:r�©�\�"f��HÄ»ô�Ç�̂0A\���"é¶/BG������íß��̀¦Ãº'�����Híß�ÕütáÔ�Ð[j"f_� ò́Ö�¦&h����

½̈�&³ ��0px$í
\� @/�#� �ÃÐÒ�oô�Ç��. ���Õütô�Ç ��ü< °ú s� /BG���õ� l�ìøÍ �̂ (underlying

field)��H�&³"î
�>����&ñ
÷&#Q��ô�Ç��.Õª�Q��,ÅÒ#Q���l�ìøÍ �̂\� @/�#��̧���×þ��

#��� ���H ��"é¶ /BG���s� �-Áº�̧ ú́§��. �í :£¤s� /BG��� �©�_� @/Ãº ë�H]j�� Ä»ô�Ç�̂ �©�

_� @/Ãº ë�H]jü< &ñ
ú́��Ð #Q�9î�r ë�H]j�����, ¢̧��H q� �í:£¤s� /BG��� �©�\�"f @/Ãº ë�H

]j�� &ñ
ú́��Ð untractable ������, #�l�"f ���/åL���H r�Û¼%7��Ér ò́Ö�¦&h�s��¦ îß����

� 9 z�́]j ��6 x\� @/éß�y� B�§4�&h�s���.

�:r �©��Ér ��6£§õ� °ú s� ½̈$í
÷&#Q e����. 1]X�\���H F2m�©�\�"f_� ò́Ö�¦&h���� ���íß�

�̀¦ ]jr��%i���. 2]X�\�"f 5]X���t���H ElGamal ��� ñ r�Û¼%7��̀¦ ½̈�&³���H X< q� �í

:£¤s� ��"é¶ /BG����̀¦ ��6 x���H #��Q��t� ~½ÓZO��̀¦ ]jr�ô�Ç��. 6]X�\���H �í:£¤s� /BG���

\� @/�#��̧ 1lx{9�ô�Ç &h��̀¦ �Ð_�ô�Ç��. 7]X�\���H 8̈� Zn �©�\� ��"é¶ /BG����̀¦ s�6 x���H

RSA ��� ñ r�Û¼%7�õ� Ä»��ô�Ç ~½ÓZO��̀¦ ���½̈��¦ 8]X�\���H ��"é¶ /BG��� ��� ñ r�Û¼%7�

_� Y>���t� ½̈�&³\� @/�#� ���/åLô�Ç��.

V� 1 â�
 F2m(�×Uc"� W� ¥o>ñ5Ñ

³ðÃº 2��� Ä»ô�Ç_� �©�\� ��"é¶ /BG���\� @/�#� @/éß�y� <Éªp� e��l� M:ë�H\� Õª�Qô�Ç �̂

\�"f íß�Õüt ���íß��̀¦ ò́Ö�¦&h�Ü¼�Ð Ãº'�����H l�ZO��̀¦ l�Õütô�Ç��.

�̂ F2m��H F2 �©�\�"f m 	�"é¶  7�'� /BNçß�Ü¼�Ð �̂¦ Ãº e����. 7£¤, F2m �©�\� m >h

"é¶�è_� |9�½+Ë, α0, α1, . . . , αm−1 s� e��#Q, y�� α ∈ F2m��H ��6£§õ� °ú s� Ä»{9��>� jþt

Ãº e����.
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α =
m−1∑

i=0

aiαi, where αi ∈ {0, 1}

Õª�Q��� α��H 0-1  7�'� (a0, a1, . . . , am−1)�Ð ³ð�&³�)a��. �×¼J?#Q�Ð��H "é¶�è[þt

s� m U�́s�_� /'áÔàÔ YUt�Û¼'�\� $��©��)a��. �̂ "é¶�è_�  »	!lr�Ér  7�'� ³ð�&³ �©�_�

bitwise XOR ���íß�Ü¼�Ð Ãº'��÷& 9 1 9þt!3� ��s�9þt µ1Ú\� ¹כ��9�t� ·ú§��.

{9�ìøÍ&h�Ü¼�Ð F2 �©�_� F2m\���H ú́§�Ér #��Q��t� l�$��� e����. F2 �©�_� F2m_�

normal basis ��H ��6£§_� +þAI�\�¦ �������.

{β, β2, . . . , β2m−1}
éß�, β ∈ F2ms���. s���� l�$��� ìøÍ×¼r� �>rF�ô�Ç����H ��Ér	כ ·ú��94R e���� [83]. F2m

�©�\�"é¶�è α��ÅÒ#Qt����, α =
∑m−1

i=0 aiβ
2i
�ÐjþtÃºe����.éß�, ai = {0, 1}s���. 25px

�Ér F2m �©�\�"f ���+þA ���íß���s�Ù¼�Ð

α2 =
m−1∑

i=1

aiβ
2i+1

=
m−1∑

i=0

β2i

= (am−1, a0, . . . , am−2)

�� �)a��. F2m �©�\� Normal basis ³ð�&³�̀¦ ���� ]jY�L ���íß�s�  7�'� ³ð�&³ °úכ_� éß�í�H

�r���s��¦ 1 9þt!3� ��s�9þtëß�s� �×¼J?#Q�Ð Ù¼�Ð&÷̈½¹כ ½̈�&³\� �©�&h�s� e����.

Normal basis_�Y�L!lr�Ér���è4�¤ú̧����. A = (a0, a1, . . . , am−1), B = (b0, b1, . . . , bm−1)

s� F2m �©�\� e��_�_� "é¶�è�� ���. C = A ·B = (c0, c1, . . . , cm−1) s��� Z�~Ü¼���

C =
m−1∑

k=0

ckβ
2k

(6.1)

s� �)a��.

ëß�{9�

β2i

β2j

=
m−1∑

k=0

λ
(k)
ij β2k

, λ
(k)
ij ∈ {0, 1} (6.2)

s���� d��(6.1)\� β2k
_� >�Ãº\�¦ q��§����

ck =
m−1∑

i=0

m−1∑

j=0

aibjλ
(k)
ij , 0 ≤ k ≤ m− 1 (6.3)

d���̀¦ %3���H��. d��(6.2)_� �ª����\� 2−l 5px�̀¦ ����

β2i−l

β2j−l

=
m−1∑

k=0

λ
(k)
i−l,j−lβ

2k

=
m−1∑

k=0

λ
(k)
ij β2k−l

(6.4)



]j 1 ]X� F2M�©�\�"f �̂ ���íß� 77

�� �)a��. d��(6.4)\�"f β20
_� >�Ãº\�¦ °ú >� ����,

λ
(l)
ij = λ

(0)
i−l,j−l, for all 0 ≤ i, j ≤ m− 1

����"f d��(6.3)�Ér ��6£§õ� °ú s� ��r� jþt Ãº e����.

ck =
m−1∑

i=0

m−1∑

j=0

aibjλ
(0)
i−k,j−k =

m−1∑

i=0

m−1∑

j=0

ai+kbj+kλ
(0)
ij

{9�§4�s� Aü< B��� �7Ho� �r�Ð�� Y�L_� >�íß� c0\�¦ >�íß�ô�Ç�����, {9�§4� A2−k
ü< B2−k

\�

1lx{9�ô�Ç{9�§4��̀¦V,�Ü¼����)a��. A2−k
ü< B2−k

��H Aü< B_� 7�'�³ð�&³\�çß�éß�ô�Ç cyclic

shift�� �)a����H &h��̀¦ ÅÒ_����. s� ~½ÓZO�Ü¼�Ð C��H m �r_� 9þt!3� ��s�9þt�Ð ���íß�s�

��0px���. Masseyü< Omura[119]��Hs���� normal basis_�:£¤fç
�̀¦s�6 x�#� serial-

in serial-out Y�L!ssl�\�¦ ½̈$í
�%i���.

s���� �r�Ð_� 4�¤ú̧��̧��H CNs����¦ ���� λ
(0)
ij _� non-zero �½Ó_� Ãºs��¦, Aü< B

x9� C\�¦�í�<Ê���HYUt�Û¼'�çß�_�������Ãºs���.ì�r"î
y� CN ≤ m2s���. CN_��ô�Ç

u���H CN ≥ 2m− 1[110]s���. ëß�{9� CN = 2m− 1s����, normal basis��H optimals�

���¦ ô�Ç��. ONB��H Mullin, Onyszchuk, Vanstone, Wilson [110]\� _��#� �è>h÷&

%3�Ü¼ 9, s� l�$��� �>rF����H �̂\� �'aô�Ç ³ðü< �<Êa� ½̈$í
~½ÓZO��̧ ]jr��%i���. s�

��� ½̈�̧_��×¼J?#Q ½̈�&³�Ér [2]\�]jr�÷&%3�Ü¼ 9,s� ½̈�̧\�¦s�6 x����,Y�L!lr�Ér m

9þt!3� ��s�9þtëß�\� Ãº'���)a��.

���²DG, Y�L!lr Ãº\�¦ þj�è�o���H �'a&h�\�"f �Ð��� F2m �©�\� %i�"é¶�̀¦ >�íß����H ��

&ñ
 ò́Ö�¦&h����·ú��¦o�7£§�Ér Itoh, Teechai, Tsujii [59]\�_�K�]jîß�÷&%3���.ëß�{9� α ∈
F2m , α 6= 0s����

α−1 = α2m−2 = (α2m−1−1)2

s���. ëß�{9� ms� f.ËÃºs����,

2m−1 − 1 = (2(m−1)/2 − 1)(2(m+1)/2 + 1)

s�Ù¼�Ð

α2m−1−1 =
(
α2(m−1)/2−1

)2(m−1)/2+1

s���.

α2(m−1)/2−1�̀¦>�íß�K�¿º%3������, (]jY�L\����o���H>�íß��ÉrÁºr�ô�Ç�����) α2m−1−1\�¦

>�íß����H X<��H 1�r_� Y�L!lrs� ¹כ��9���. ëß�{9� ms� ���Ãºs����,

2m−1−1 = α2(2(m−2)/2−1)(2(m−2)/2+1)+1
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s�Ù¼�Ð {9�éß� α2(m−2)/2−1s� >�íß�÷&%3�Ü¼���, 2�r_� Y�L!lrÜ¼�Ð α2m−1−1�̀¦ >�íß�½+É Ãº

e����. s� õ�&ñ
�̀¦ F�)&h�Ü¼�Ð ìøÍ4�¤ô�Ç��.

Ud 6.1 F2155\�¦ Òqty��ô�Ç��.

2155 − 2 = 2(277 − 1)(277 + 1)

277 − 1 = 2(219 − 1)(219 + 1)(228 + 1) + 1

219 − 1 = 2(29 − 1)(29 + 1) + 1

29 − 1 = 2(2 + 1)(22 + 1)(24 + 1) + 1

Õªo��#� F2155 �©�_� %i�"é¶ >�íß�\���H 10�r_� Y�L!lrs� ¹כ��9���.

Induction\� _��#� s� ~½ÓZO��Ér &ñ
SX�y� I(m) = blog2(m− 1)c+ ω(m− 1)− 1

�r_� �̂ ���íß�s� ¹כ��9���, éß�, ω(m− 1)�Ér (m− 1)�̀¦ 2��� ³ð�&³�̀¦ �%i��̀¦ M: 1_�

>hÃº\�¦ _�p�ô�Ç��.

V� 2 â�
 �n>ø¤�כ� W� K�+ ¤n>f9c

¼#�o� �©� 2.4]X�õ� 2.5]X�\�"f &ñ
_�ô�Ç  »	!lr /BNd���̀¦ ���6 x���.

E : y2 = x3 + ax + b �+ Á'û�g �ÐÏ«כ�

ëß�{9� P = (x1, y1) ∈ E s���� −P = (x1,−y1)s���. ëß�{9� Q = (x2, y2) ∈ E,

Q 6= −Ps���� P + Q = (x3, y3)�Ér ��6£§õ� °ú ��.

x3 = λ2 − x1 − x2

y3 = λ(x1 − x3)− y1

éß�,

λ =





y2 − y1

x2 − x1

, if P 6= Q

3x2
1 + a

2y1

if P = Q

E/F2m : y2 + xy = x3 + a2x
2 + a6�+ Á'û�g �ÐÏ«כ�
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P = (x1, y1) ∈ E1s��� ��¦, −P = (x1, y1 + x1)s���. ëß�{9� Q = (x2, y2) ∈ E1 s�

�¦ Q 6= Ps���� P + Q = (x3, y3)�Ér ��6£§õ� °ú ��.

x3 =





(
y1 + y2

x1 + x2

)2

+
y1 + y2

x2 + x1

+ x1 + x2 + a2 P 6= Q

x2
1 +

a6

x2
1

P = Q

Õªo��¦

y3 =





(
y1 + y2

x1 + x2

)(x1 + x3) + x3 + y1 P 6= Q

x2
1 + (x1 +

y1

x1

)x3 + x3 P = Q

E/F2m : y2 + a3y = x3 + a4x + a6�+ Á'û�g �ÐÏ«כ�

P = (x1, y1) ∈ E2s��� ��¦, −P = (x1, y1 + a3)s���. ëß�{9� Q = (x2, y2) ∈ E2 s�

�¦ Q 6= Ps���� P + Q = (x3, y3)�Ér ��6£§õ� °ú ��.

x3 =





(
y1 + y2

x1 + x2

)2 + x1 + x2 P 6= Q

x4
1 + a2

4

a3

P = Q

Õªo��¦

y3 =





(
y1 + y2

x1 + x2

)
(x1 + x3) + y1 + a3 P 6= Q

(
x2

1 + a4

a3

)
(x1 + x3) + y1 + a3 P = Q

����"f, ��"é¶ /BG��� �©�_�  »	!lr�Ér 3>h_� Y�L!lrõ� l�ìøÍ �̂ K �©�\�"f_� 1>h_� %i�

"é¶ >�íß�\� _��#� ��0px� 9, 2C���H K �©�\�"f 1�r_� %i�"é¶ >�íß�õ� 4�r_� Y�L!lrs�

¹כ��9���.

 »	!lrõ� õü�!lr\� @/�#���H �©�@/&h�Ü¼�Ð çß�éß��l� M:ë�H\� �¦�9�t� ��m�ô�Ç��.

/BG���õ� �̂ F\�¦ 2&h�_�  »	!lr\�"f �̂ ���íß�_� Ãº�� þj�è�o÷&�̧2�¤ ���&ñ
���� �)a��.

K = F2m �©�\� /BG����Ér ��6£§_� 4��t� s�Ä»�Ð Äº����)a��.
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(i) ³ðÃº�� 2 s��©�_� Ä»ô�Ç�̂\�"f_� ���íß��Ð�� F2m �©�\�"f_� ���íß�s� �×¼J?#Q

�Ð ~1�>� ½̈�&³�)a��.

(ii) F2m �©�\�"f_� ONB ³ð�&³�̀¦ s�6 x����, "é¶�è_� ]jY�L�Ér  7�'� ³ð�&³_� 1�r

cyclic shiftü< °ú >� �)a��. 2&h�_�  »	!lr\�"f Y�L!ss_� �rÃº�� y���è�)a��.

(iii) F2m �©�\�"f_� /BG����̀¦ s�6 x����, ÅÒ#Q��� x ýa³ð °úכ\� ÂÒÃº&h���� 1 q�àÔ &ñ


�Ð\�¦ s�6 x���� y ýa³ð °ú̀�כ¦ ½̈½+É Ãº e����. ElGamal ��� ñ r�Û¼%7�\� e��#Q"f

Bjr�t� SX��©��̀¦ »¡¤�è���H X< Ä»6 x���.

(iv) 4���P: s�Ä»��H �í:£¤s� /BG���\� &h�6 x�)a��. F2m �©�\�"f_� �í:£¤s� /BG���\� @/

�#� &h�_� 2C����H X< %i�"é¶ >�íß��Ér a3 = 0Ü¼�Ð ���� �èY>�÷&�¦ ���²DG ���íß�

�rÃº\�¦ ×�¦s�>� �)a��.

s��Qô�Ç s�Ä»�Ð F2m �©�\�"f q� �í:£¤s� /BG����̀¦ �¦�9�>� �)a��. �í :£¤s� /BG���

_� ½̈�&³\� @/�#���H 6]X�\�"f ���/åL���x��.

Fq, q = 2m �©�\�"fq��í:£¤s���"é¶/BG���_�1lx+þAÀÓ��H 2(q− 1)>h��e��Ü¼ 9y��

class_� @/³ð /BG���_� |9�½+Ë�Ér

y2 + xy = x3 + a2x
2 + a6 (6.5)

éß�, a6 ∈ Fq\{0}, a2 ∈ {0, γ}s��¦ γ��H trace 1_� Fq �©�_� "é¶�ès���.

���Õütô�Ç����e����H Algorithm 2\�_�ô�Ç/BN���s�z�́|9�&h�s�t���m��Ù¼�Ð,q��í

:£¤s� ��"é¶ /BG���\� @/ô�Ç @/Ãº ë�H]j\�¦ 0Aô�Ç ·ú��9��� þj|¾Ó_� ·ú��¦o�7£§�Ér baby-step

giant-step ·ú��¦o�7£§s���. q� �í:£¤s� ��"é¶ /BG����Ér 0AÃº�� 	�H �èÃº 7£¤, 40��o� s�

�©�_� �è���Ãº�Ð ��¾º#Q |9� Ãº e���̧2�¤ �#���, ��� ñ�<Æ&h� 6£x6 x\� &h�½+Ë���. ���²DG

l�ìøÍ �̂_� ß¼l���H þj�è 2130s�#Q�� ô�Ç��. l�ìøÍ �̂��H ò́Ö�¦&h���� �̂ ���íß��̀¦ 0A�#�

ONB\�¦ ��4R�� ô�Ç��. ÂÒ���#�, /BG���s� í�H8̈� ç�Hs� ÷&#Q�� ��¦ 7£¤, #E(Fq) ��

×�æ4�¤÷&��H �è���Ãº�� \O�#Q�� ô�Ç��.

/BG���_����&ñ
~½ÓZO�\���H Fq�©�\�E\�¦���×þ����H�Ü¼�Ð	כ q��HØ�æì�ry�&h�#Q#E(Fq)\�¦

f��]X� >�íß� ½+É Ãº e���¦, &h�]X�ô�Ç n\� @/ô�Ç ç�H E(Fqn)�̀¦ s�6 xô�Ç��. Weil &ñ
o�\� _�

�#� #E(Fqn)��H #E(Fq)�Ð ÂÒ'� >�íß��)a��. ëß�{9� ls� n�̀¦ ��è�H�����, #E(Fql)s�

#E(Fqn)�̀¦ ��¾º�¦, n�̀¦ �èÃº�� ÷&�̧2�¤ ���&ñ
���H��, ����Ér �èÃºü< 	�H �èÃº_� Y�L

Ü¼�Ð �#��� ô�Ç��.

Ud 6.2 F2155 �©�\�"f q� �í:£¤s� ��"é¶ /BG����̀¦ ���&ñ
���H X<��H F25�©�\� &ñ
_��)a /BG

����̀¦ i(v�̀¦ Ãº e����. #E(F25)\���H 12>h_� ��0px$í
s� e����. Óüt�:r, #E(F2155)�� 	�H
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³ð 6.1: F25 �©�\�"f_� q� �í:£¤s� ��"é¶ /BG���

#E(F25) #E(F2155)_� þj@/

�èÃº ���Ãº_� ��o�Ãº

22 37

28 36

36 46

38 36

42 41

�èÃº�Ð ��¾º#Q t���H 5>h_� °úכs� e����. 5>h_� °úכ\� @/ô�Ç #E(F2155)\� @/ô�Ç ���©�

	�H �èÃº divisor_� ß¼l�\�¦ ³ð(6.1)\� ]jr��%i���. #E(F25) = 3642�� ��� ñ 3lq&h�

\���H þj&h�s���.

ëß�{9��½� ü�ô�Ç��"é¶/BG��� E���9¹כ�������, #E(Fq)��H Schoof·ú��¦o�7£§ [136]\�

_����� ���½Ód�� r�çß�\� >�íß��)a��. Koblitz\� _��#� ³ðÃº 2��� �â
Äº\��̧ SX��©�÷&

%3��� [71]. ��6£§\� s� ~½ÓZO�_� ½̈�&³�̀¦ ���½̈ô�Ç��. Koblitz��H �â
+«>&h���� ~½ÓZO�Ü¼�Ð

E/Fq��H �½� ü��>� q� �í:£¤s� ��"é¶ /BG����̀¦ ���&ñ
���� N = #E(Fq)�� �è���Ãº

(≥ N/B)\� _��#� ��¾º#Q |9� SX�Ò�¦�Ér ��� 1
m

log2(B/2)s���. ����"f, \V\�¦[þt���,

F2155 �©�\� q� �í:£¤s� ��"é¶ /BG���s� 0AÃº�� 40 ��o� �èÃº�Ð ��¾º#Q |9� SX�Ò�¦�Ér ���

1

155
log2

(
2155

2 · 1040

)
≈ 0.136

s���.

V� 3 â�
 ÏÙÆZ� ��Ø̧

 »	!lr /BNd��Ü¼�Ð ÂÒ'� K = F2m �©�\� q� �í:£¤s� ��"é¶ /BG���_� "f�Ð���Ér 2>h &h��̀¦

�8���H ��Ér	כ 2�r_� �̂ Y�L!lrõ� 1�r_� %i�"é¶ >�íß�s� ¹כ��9���. F2m�©�\�"f %i�"é¶ >�

íß�\� :£¤Z>�ô�Ç ~½ÓZO�s� e������8���̧, %i�"é¶ >�íß��Ér Y�L!lr\� q��#� q�6 xs� �s̀��� ú́§

s���H��. 2&h��̀¦�8½+ÉM:�9¹כ�ô�Ç%i�"é¶>�íß��ÉrÈÒ%ò
ýa³ð (projective coordinate)\�¦

s�6 x���� Ô�¦�9¹כ��>� �)a��.

E/K\�¦ q� �í:£¤s� /BG��� y2 + xy = x3 + a2x + a6���¦ ô�Ç��. /BG��� E��H 1lx	�

3	� ~½Ó&ñ
d�� y2z + xyz = x3 + a2x
2z + a6z

3�̀¦ ëß�7á¤���H ÈÒ%ò
 î̈
��� P 2(K)\�"f �̧
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��H &h�[þt_� |9�½+ËÜ¼�Ð �̂¦ Ãº e����. P = (x1 : y1 : z1) ∈ E, Q = (x2 : y2 : 1) ∈ Es�

�¦ P, Q 6= O, P 6= Q,P 6= −Qs��� ��&ñ
ô�Ç��. P = (x1/z1 : y1/z1 : 1)��H affine ýa

³ð\�"f E\�¦ 0Aô�Ç  »	!lr�̀¦ ��6 x���� P + Q = (x′3 : y′3 : 1)�̀¦ ��6£§õ� °ú s� %3��̀¦ Ãº

e����.

x′3 =
B2

A2
+

B

A
+

A

z1

+ a2,

y′3 =
B

A

(
x1

z1

+ x′3

)
+ x′3 +

y1

z1

éß�, A = (x2z1 + x1), B = (y2z1 + y1)s���. x′3õ� y′3_� ³ð�&³d��\�"f ì�r�̧ $í
ì�r�̀¦ \O�

E�l� 0A�#� z3 = A3z1, x3 = x′3z3, y3 = y′3z3�Ð Z�~Ü¼��� P + Q = (x3 : y3; z3)�Ér ��

6£§õ� °ú s� �)a��.

x3 = AD

y3 = CD + A2(Bx1 + Ay1)

z3 = A3z1

#�l�"f C = A + B, D = A2(A + a2z1) + z1BCs���. s�  »	!lr�Ér ���2; ýa³ð\�"f��H

2�r_�  »	!lr�Ð�� ú́§�Ér 13�r_� Y�L!lrs� Ãº'���)a��. Õª�Q��, °úכ q�øß� %i� >�íß�s� ¹כ��9

\O���. Pü< Q_� ÂÒ�� $��©� YUt�Û¼'��� ¹כ��9��¦  »	!lr\�"f ×�æçß� °úכ_� $��©����H

/BNçß�_� q�6 xs� �è¹כ�)a��.

2P = (x3 : y3 : z3)_� >�íß� /BNd��Ü¼�Ð��H

x3 = AB

y3 = x4
1A + B(x2

1 + y1z1 + A)

z3 = A3

#�l�"f A = x1z1, B = a6z
4
1 + x4

1s���. 2C���H 7�r_� Y�L!lrÜ¼�Ð Ãº'��÷& 9, 1�r %i�

>�íß�õ� 3�r Y�L!lrs� ¹ô�Çכ��9 ���2; ýa³ð�Ð�� 1pqs� e����.

k��H�ª�&ñ
Ãºs��¦, P��H���2;&h� (x1, y1, 1)s������Y�L!lr kP��H accumulator_� 2C�

ü< �¹rכ��9 Pü<_�  »	!lr\� _��#� >�íß��)a��. ���õ� °úכ kP = (x3, y3, z3)�Ér y�� ýa³ð

°úכ\� z−1
3 \�¦ Y�L���� ���2; ýa³ð °ú̀�כ¦ %3��̀¦ Ãº e����. ëß�{9� ω(k) = t + 1s���� kP\�¦

>�íß����H X< 8úx ���íß� Ãº��H 13t + 7m + 2_� �̂ Y�L!lrõ� 1�r %i� >�íß�s���.
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V� 4 â�
 ElGamal »ÇÔ¡õ k�â«�̀g

��"é¶ /BG��� ç�H�̀¦ s�6 x�#� message passing�̀¦ 0Aô�Ç ElGamal ��� ñ r�Û¼%7��̀¦ �¦¹1Ï

ô�Ç��.

E��H F2m �©�\�"f_� q� �í:£¤s� ��"é¶ /BG��� y2 + xy = x3 + a2x
2 + a6���¦ ��¦

P��H E\� ·ú��9��� &h�, E_� generator���¦ ô�Ç��. F2m_� "é¶�è[þt�Ér normal basis\�

_��#� ³ð�&³÷&%3����¦ ��&ñ
ô�Ç��. ��6 x�� A��H &ñ
Ãº a\�¦ �½� ü��>� ���×þ���¦, /BN

>h &h� aP\�¦ Òqt$í
��¦ a��H q�x9��Ð ô�Ç��. Bjr�t���H F2m �©�\�"f "é¶�è_� í�H"f �©�

Ü¼�Ð ½̈$í
÷&%3����¦ ��&ñ
ô�Ç��. Bjr�t� (M1, M2)\�¦ A\�>� �Ð?/l� 0A�#� 5Åx�����

B��H �½� ü� &ñ
Ãº k\�¦ ���×þ��#� kP ü< akP = (x, y)\�¦ >�íß�ô�Ç��. x, y 6= 0 (x 6 0 ¢̧

��H y = 0{9� �â
Äº��H �½� ü�ô�Ç k\� @/�#� Áºr�½+É Ãº e����H SX�Ò�¦�Ð µ1ÏÒqt) ���¦ ��&ñ


����, B��H A\�>� kP&h�õ� M1xü< M2y\�¦ �Ð�·p��. Bjr�t�\�¦ 4�¤ ñ�l� 0A�#���H

A��H&h� kP\������_�q�x9�v� a\�¦Y�L�#� (x, y)\�¦%3��¦, 2�r_���Ðüw!lrÜ¼�ÐM1õ�

M2\�¦ 4�¤½̈ô�Ç��.

s�~½ÓZO�_� ���&h�Ü¼�Ð��H &h�s� Äº���y� M1 (¢̧��H M2)\�¦ ·ú�>� ÷&��� M2 (¢̧��H

M1)\�¦ ~1�>� %3��̀¦ Ãº e����. s���� /BN����Ér (kP, M1x)\�¦ �ÐÍÇrÜ¼�Ð ~½Ót��)a��. ElGa-

mal��� ñr�Û¼%7�\�e��#Q"f 2>h_� �̂"é¶�è\�¦�����Bjr�t�\�¦���5Åx�l�0A�#���H,

4>h_� �̂ "é¶�è\�¦ �Ð?/�� ô�Ç��. s���� ��Ér	כ Bjr�t� SX��©�s� 2C��Ð �)a �.���s	כ Bjr�

t� SX��©��Ér P = (x1, y1)�̀¦ �Ð?/��H @/���\� x1õ� y1/x1_� (ëß�{9� x1 6= 0) ô�Ç q�àÔ

\�¦ �Ð�·p����� 3/2�Ð ×�¦#Q [þt Ãº e����. Äº��� ëß�{9� x1 = 0s������ y1 =
√

a6�Ð ô�Ç

��. ëß�{9� x1 6= 0s������ ���Ãº ���8̈� (x, y) → (x, xz)��H d��(6.5)_� /BG��� ~½Ó&ñ
d���̀¦

z2 + z = x + a2 + a6x
−2�Ð ���8̈�ô�Ç��. α = x1 + a2 + x6x

−2\�¦ >�íß�ô�Ç��. 2	� ~½Ó

&ñ
d�� z2 + z = α\�¦ Û�¦#Q"f z = (z0, z1, . . . , zm−1), α = (α0, α1, . . . , αm−1)\�¦ y��y��

zü< α_�  7�'� ³ð�&³s����¦ ����

z2 + z = (zm−1 + z0, z0 + z1, . . . , zm−2 + zm1−).

s� �)a��. y�� z0 = 0 ¢̧��H z0 = 1s���� z2 + z = α_� Ä»{9�ô�Ç K� z\�¦ ���&ñ
ô�Ç��. �̀���

�Ér °úכ z��H �Ð?/��� y1/x1_� K�{©� q�àÔü< q��§�#� ���&ñ
ô�Ç��. ���²DG, y1�Ér x1z�Ð 4�¤

"é¶�)a��.

ëß�{9� �̧��H ��6 x���� 1lx{9�ô�Ç ��"é¶ /BG���õ� l�$� &h� P\�¦ ��6 xô�Ç�����, /BN>hv�

7£¤, &h� aP��H m + 1 q�àÔ�� �)a��. ÕªXO�t� ��m�����, /BN>hv���H a6 (a2��H 0Ü¼�Ð �¦

&ñ
 ��0px), &h� Pü< aP�Ð ½̈$í
÷&#Q 3m + 2 q�àÔ�� �)a��.
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V� 5 â�
 Å]� �æ 

ElGamal /BN>hv� ��� ñ r�Û¼%7�õ� Ä»��ô�Ç ��"é¶ /BG����̀¦ s�6 x½+É M:, ��� ñ�o 5Åq�̧\�¦

ÆÒ&ñ
���. ÆÒ&ñ
�Ér kP >�íß�\� _��>r� 9, ElGamal x9� {9�ìøÍ�oô�Ç NIST "f"î
 ·ú��¦

o�7£§\� &h�6 x�)a��. ½̈�̂�o �l� 0A�#� "î
SX�$í
�̀¦ 0A�#� F2155 , (m = 155) �©�_�

q� �í:£¤s� ��"é¶ /BG����̀¦ �¦�9ô�Ç��. F2155 \�"f ONB�� e��Ü¼Ù¼�Ð s� ���×þ��Ér &h�]X�

���.

F2155 �©�_� Y�L!lr�Ér 155�r 9þt!3� ��s�9þts� .��a(�̈½¹כ ìøÍ��� %i� >�íß��Ér I(155) =

10�r_� Y�L!lrs� .��a(�̈½¹כ ÈÒ%ò
 ýa³ð\�¦ s�6 x���� 2&h�_�  »	!lr\� 13�r Y�L!lrõ� 7�r

2C� >�íß�s� ����2;��.

ElGamalr�Û¼%7�\�"f kPü< kaP_�>�íß�\���H�½� ü��>����&ñ
�)a k\�@/�#� î̈


ç�H&h�Ü¼�Ð m�r  »	!lrõ� 2m�r_� 2C� ���íß�s� ¹כ��9���. r�Û¼%7�_� 5Åq�̧\�¦ �¾Ó�©�õ�

��� ñ�o_��©�ô�Ç�̀¦&ñ
�l�0A�#���H k_� Hamming weight\�¦e��_�_� d ( d ≤ m)�Ð

]jô�Çô�Ç��.Ä»��ô�Çl�ZO�s� RSA\���6 x[55],[2]�)a��.&ñ
Ãº d��H
(

m
d/2

)
s�&�"f square

root /BN���\� @/q�½+É Ãº e���̧2�¤ ���×þ��#��� ô�Ç��. �&³F� d = 30Ü¼�Ð ���.

kP_� >�íß��Ér 29�r  »	!lrõ� 155�r 2C� >�íß�, 1�r %i� >�íß�, 1�r Y�L!lrs� ¹כ��9�

��. kaP_� >�íß�\��̧ 1lx{9��>� �è¹כ�)a��. kaP = (x, y)\�"f M1xü< M2y_� >�íß�

\� Z>��̧�Ð 2�r_� Y�L!lrs� ¹כ��9���. ����"f, ��� ñ�o���H X< 2950�r �̂ Y�L!lr�̀¦ �

#��� 2>h_� �̂ "é¶�è\�¦ %3���H��. ���²DG, 40MHz 9þt!3� 5Åq�̧�����, ��� ñ�o 5Åq�̧�Ð

310× 40, 000, 000

1000× 2950× 155
≈ 27Kbits/sec.

���)a��.ëß�{9�ÆÒ��YUt�Û¼'�_�s�6 xs���0px��¦,�èáÔàÔJ?#Q½̈�&³{9��â
Äº kP_�

���íß��Ér P °úכ_� C�Ãº\�¦ ����� >�íß��<ÊÜ¼�Ð�#� [17] �©�{©�y� 5Åq�̧ �¾Ó�©��̀¦ ½+É Ãº e��

��.

V� 6 â�
 �ï§�́l� +�<n¤�כ� l�£� 

t��FK��t� q� �í:£¤s� /BG���\� @/�#� ô�Ç&ñ
ô�Ç �Ð_�\�¦ �%i���. Õª�Q�� ÆÒ:£¤s� /BG���

�Ér ½̈�&³\� �©�{©�y� B�§4�&h�s���. Fm
2 ( odd m ) �©�_� �í:£¤s� /BG���_� �â
Äº\�¦ �¦�9

ô�Ç��.

Fm
2 ( odd m ) �©�_� �í:£¤s� /BG����Ér 3 7áxÀÓ_� 1lx+þA ÀÓ�� e����. y�� ì�rÀÓ_� @/

³ð /BG����Ér ��6£§õ� °ú ��.
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E1 : y2 + y = x3

E2 : y2 + y = x3 + x

E3 : y2 + y = x3 + x + 1

s� 3>h_� /BG���_� k °úכ�Ér y��y�� 2,4, 4s���. E2ü< E3 /BG��� ëß��̀¦ �¦�9���. Äºo�

_� �&³F� t�d��Ü¼�Ð s� /BG���_� @/Ãº ë�H]j��H SX��©� �̂ F24m\�"f @/Ãº ë�H]jü< 1lx1px

���. E2ü< E3_�  »	!lr /BNd���Ér ��6£§õ� °ú s� çß�éß��o �)a��.

x3 =





(
y1 + y2

x1 + x2

)2

+ x1 + x2 P 6= Q

x4
1 + 1 P = Q

Õªo��¦

y3 =





(
y1 + y2

x1 + x2

)
(x1 + x3) + y1 + 1 P 6= Q

x4
1 + y4

1 + 1 P = Q

ëß�{9� normal basis ³ð�&³�̀¦ F2m _� "é¶�è ³ð�&³\� ���×þ��%i������, E2 ¢̧��H E3\�

"f 2C���H ��ÅÒ ~1���. ìøÍ���, 2&h�_�  »	!lr�Ér 2�r_� Y�L!lrõ� 1�r_� %i� >�íß�Ü¼�Ð ��0px

���.&h� P_� kP��H repeated square-and-multiply�Ð>�íß�|̈cÃºe����.ëß�{9� ω(k) =

t + 1s������ t�Ãº5px�Ér 2t_� Y�L!lrõ� t�r_� %i� >�íß�s� �è¹כ�)a��.

2&h�_�  »	!lr\�"f ¹ô�Çכ��9 %i� >�íß��Ér ÈÒ%ò
 ýa³ð\�¦ s�6 x���� ]j���)a��. /BNd���̀¦

>�íß�����, E��H E2 ¢̧��H E3�� ��¦, P = (x1 : y1 : 1) ∈ E), Q = (x2 : y2 : z2) ∈
Es��¦ P, Q 6= O, P 6= Q,P 6= −Q���¦��&ñ
ô�Ç��.Õª�Q��� P +Q = (x3 : y3 : z3)��H

x3 = A2Bz2 + B4

y3 = (1 + y1)z3 + A3z2 + AB2x2

z3 = B3z2

éß�, A = (y1z2 + y2), B = (x1z2 + x2)s���. s�  »	!lr /BNd���Ér �̂ "é¶�è_� 9�r_� Y�L!lr

s� .��a(�̈½¹כ

s��Q��� repeated square-and-multiply ~½ÓZO�\� _��� P�� ���2; &h� (x1, y1, 1)���

kP\�¦ >�íß� ½+É Ãº e����. ���õ� kP = (x3, y3, z3)��H y�� ýa³ð °ú̀�כ¦ z−1
3 �̀¦ Y�L�#� ��



86 ]j 6 �©� ��"é¶ /BG��� ��� ñ r�Û¼%7�_� ½̈�&³

�2;ýa³ð°úכÜ¼�Ð"é¶A����8̈�s��)a��.ëß�{9� ω(k) = t+1s����, kP\�¦���íß����H8úx�r

Ãº��H 9t + 1 �r_� �̂ Y�L!lrõ� 1�r_� %i� >�íß�s���.

q� �í:£¤s� ��"é¶ /BG���õ� ��ðøÍ��t��Ð E2 ¢̧��H E3\�¦ s�6 x�#� ElGamal ��� ñ

r�Û¼%7��̀¦ ½̈�&³���H X< s�6 x�)a��. ��ðøÍ��t��Ð Bjr�t� SX��©� >�Ãº\�¦ kP_� x1ýa³ð

ü< kP_� y1 ýa³ð_� 1 q�àÔ\�¦ �ÐÍÇrÜ¼�Ð �#� 3/2�Ð ×�¦{9� Ãº�� e����.

y1�Ér ��6£§õ� °ú s� s� &ñ
�Ð�Ð ÂÒ'� ~1�>� 4�¤½̈�)a��. Äº��� α = x3
1 + x1 ¢̧��H

x3
1 + x1 + 1�̀¦ y��y�� E = E2 ¢̧��H E3\� ���� x1 õ� x2

1_� éß�í�H Y�L!lr\� _��#� >�

íß�ô�Ç��.

α_� trace�� 0s�Ù¼�Ð Äºo���H ��6£§_� 2��t� ×�æ ���\�¦ %3���H��.

y1 = α + α22

+ α24

+ . . . + α2m−1

y1 = α + α22

+ α24

+ . . . + α2m−1

+ 1

d��Z>��� 1�Ér all 1_�  7�'��Ð ³ð�&³�)a��. Õªo��¦ y1_� ô�Ç q�àÔ��H y1\� @/ô�Ç ���Ér

°ú̀�כ¦ ¹1Ô��H X< s�6 x�)a��. y1_� >�íß��Ér Õªo� q���t���H ��m����. �=������, y1_�

>�íß� /BNd��\���H y�� �½Ó�Ér α\�¦ ���5Åq ]jY�L�#� ½̈½+É Ãº e��l� M:ë�Hs���.

ElGamal /BN>hv� ��� ñ r�Û¼%7�õ� Ä»��ô�Ç ��"é¶ /BG��� ��� ñ\�¦ s�6 x�%i��̀¦ M: ���

 ñ�o 5Åq�̧\�¦ ÆÒ&ñ
ô�Ç��. F2m\�"f Y�L!lr�Ér m 9þt!3� ��s�9þts� ¹כ��9��¦ %i� >�íß��Ér

I(m) = blog2(m − 1)c + ω(m − 1) − 1_� Y�L!lrs� ¹כ��9���. çß�éß�y�, �̂_�  »	!lr

õ� ]jY�L�Ér Áºr�ô�Ç��. ��"é¶ /BG��� &h��Ér ÈÒ%ò
 ýa³ð\� _��#� ³ð�&³�)a��. r�Û¼%7�_�

5Åq�̧\�¦ Z�}y�l� 0A�#� ¢̧ô�Ç ��� ñ�o r�çß�_� �©�ô�Ç�̀¦ ¿ºl� 0A�#� k_� Hamming

weight��H 30Ü¼�Ð ]jô�Çô�Ç��.

kPü< kaP_� >�íß�\���H 58�r  »	!lrõ� 2�r %i� >�íß�õ� 4�r Y�L!lrs� ¹כ��9���.

kaP = (x, y)�� ���� M1xü< M2y >�íß����H X< ¢̧ ���Ér 2�r_� Y�L!lrs� ¹כ��9�

��. 2>h �̂ ���íß��Ér 528 + 2I(m)�r �̂ Y�L!lr\� _��#� ��� ñ�o |̈c Ãº e����. ½̈�̂&h�

Ü¼�Ð F2239 �©�_� E3���¦ ���. s� ���×þ��Ér F2239\���H ONB�� �>rF��Ù¼�Ð &h�]X��

��. ¢̧ô�Ç, #E3(F2239��H 72 ��o� �èÃºs�Ù¼�Ð ��"é¶ /BG��� @/Ãº ë�H]j_� square root

attack�Ér &h�6 x÷&t� ��m�ô�Ç��. ���²DG I(239) = 12e��Ü¼�Ð 9þt!3� 5Åq�̧\�¦ 40MHz���¦

���� ��� ñ�o 5Åq�̧��H ��6£§õ� °ú ��.

478× 40, 000, 000

1000× 552× 239
≈ 145 Kbits/sec

³ð (6.2)��H ONB�� �>rF���¦ square-root attack\� ~½Ót����H #E2(F2m) ¢̧��H

#E3(F2m)s� 	�H �èÃº\�¦ ��t���H �̂ F2m�̀¦ &ñ
o��%i���. /BG���_� 0AÃº_� �è���Ãº ì�r
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K���H [19]�Ð ÂÒ'� %3�%3���. F24m\�"f index calculus /BN���_� K�1lq r�çß��̀¦ F2n�©�_�

s�íß� @/Ãº ë�H]j[115]\�¦ ÉÒ��H X< ���o���H

exp
(
(1.35)n1/3(ln n)2/3

)

_� ���íß��̀¦ &h���H&h� Ãº'�� r�çß�_� \V8£¤\� s�6 x�#� ]jr��%i���.

³ð 6.2: f.ËÃº m_� F2m��_� &h�]X�ô�Ç �í:£¤s� ��"é¶ /BG���

m /BG��� F2m �©�_� /BG���_� 0AÃº F24m \�"f Index calculus

~½ÓZO�\� _�ô�Ç ���íß� ÆÒ&ñ
u�

173 E2 5 · 136256405957 · P42 1.4× 1018

173 E3 7152893721041 · P40 1.4× 1018

179 E3 1301260549 · P45 2.5× 1018

191 E2 5 · 3821 · 89618875387061 · P40 8.6× 1018

191 E3 25212001 · 5972216269 · P41 8.6× 1018

233 E2 5 · 3108221 · P63 4.3× 1020

239 E2 5 · 77852679293 · P61 7.2× 1020

239 E3 P72 7.2× 1020

281 E3 91568909 · PRP77 2.3× 1022

323 E3 137 · 953 · 525313 · P87 5.3× 1023



88 ]j 6 �©� ��"é¶ /BG��� ��� ñ r�Û¼%7�_� ½̈�&³

V� 7 â�
 Zn (�×�+ ��xjS <n¤�כ� »ÇÔ¡õ k�â«�̀g

s� ~½ÓZO��̀¦ r������9��� y�� ��6 x�� A��H 2>h_� 	�H �èÃº pü< q\�¦ y��y��s� 2 modulo

3s�÷&�̧2�¤���×þ���¦ n = pq\�¦>�íß�ô�Ç��.Õª�Q��� A��H gcd(e, (p+1)(q +1))s�÷&

�̧2�¤ �½� ü� &ñ
Ãº e\�¦ ���×þ�ô�Ç��. Õªo��¦ ��6£§õ� °ú s� ÷&�̧2�¤ &ñ
Ãº d\�¦ >�íß�ô�Ç��.

ed ≡ 1 (mod (p + 1)(q + 1))

A��H nõ� e\�¦ /BN>hô�Ç��. Bjr�t� m = (x, y) ∈ Zn × Zn�̀¦ A\�>� �Ð?/l� 0A�

#� B��H ç�H

Ẽ0,b(Zn) = E0,b(Fq)× E0,b(Fq)

\�"f

e · (x, y) = (c1, c2)

\�¦ >�íß�ô�Ç��. éß�, b = y2 − x3 (mod n)s���. ms� Ẽ0,b(Zn)\� e����. B��H 2.8]X�\�

"f l�Õütô�Ç ��ü< °ú s� ç�H ZO�gË:_� &h�6 xs� $í
/BN�t� ��m�½+É SX�Ò�¦s� YO�o� e��Ü¼Ù¼�Ð

Ẽ0,b(Zn)\� >�íß��̀¦ �<ÊÜ¼�Ð 0A_� >�íß��̀¦ ½+É Ãº e����. B��H ��6£§�̀¦ >�íß��#� Bjr�

t�\�¦ 4�¤½̈���H A\�>� (c1, c2)\�¦ ���5Åxô�Ç��.

d · (c1, c2) = (x, y)

0A_� ~½Ó&ñ
d���Ér \V 2.17\�"f �Ð1pws� ��z�́s���. �=������

#E0,b(Fp) = p + 1 and #E0,b(Fq) = q + 1

s��¦

#Ẽ0,b(Zn) = (p + 1)(q + 1)

s���.

RSAü< °ú s� s� r�Û¼%7��Ér A\� _��#� Bjr�t�\�¦ "f"î
���H X< s�6 x|̈c Ãº e��

��.

��� ñ r�Û¼%7��Ér ���íß�s� Ãº'��÷&��H :£¤&ñ
 /BG���s� Bjr�t�\� _��>rô�Ç����H F�p�e��

��H $í
|9�s� e����. RSA r�Û¼%7�õ� °ú s� îß����$í
�Ér n_� �è���Ãºì�rK�_� #Q�9¹¡§\� _�

�>rô�Ç��. Õª�Q�� r�Û¼%7�_� K�1lqs� n_� �è���Ãº ì�rK�ü< 1lxu����t���H ·ú� Ãº \O���.

s� r�Û¼%7�s� RSAëß��pu ò́õ�&h�s�t���H ·ú§t�ëß�, RSA\� ·ú��9��� Y>���t� /BN���\�

@/�#� y©��̧�� e������H �©�&h�s� e����.

�©�[jô�Ç ?/6 x�Ér "é¶ �7Hë�H[74]\�¦ �ÃÐ�̧ô�Ç��.
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V� 8 â�
 Ä©«Å�

1988�̧�\� Newbridge Microsystem(ÅÒ)�Ér H�����_� Cryptech System (ÅÒ) (�&³F�

��H Möbius Encryption Tech.(ÅÒ)�Ð ÂÒ2£§) ü< a�?1lxÜ¼�Ð F2593 �©�\� íß�Õüt >�íß��̀¦

��H���Ð �#� #��Q��t� /BN>hv� x9� F�A�d�� ��� ñ r�Û¼%7��̀¦ ½̈�&³ô�Ç chip�̀¦ ]j����

%i���. �̂_� ß¼l��� ß¼Ù¼�Ð !sq ������ Ãº\�¦ ×�¦s�l� 0A�#� ���è Ö¼�2; two-pass Y�L

!lr l�ZO��̀¦ ��6 x�%i���. ([2] ¢̧��H [130] �ÃÐ�̧). YUt�Û¼'�_� Ãº\�¦ ×�¦s�l� 0A�#�

%i� >�íß�\� ���è 0py�Ér ~½ÓZO�s� ��6 x÷&%3���. 2>h_� �̂ "é¶�è_� Y�L!lr\���H 1,300 9þt

!3� ��s�9þts� �è9 &÷¹כ %i� >�íß�\���H ��� 50,000 9þt!3� ��s�9þts� �è¹כ�)a��. 9þt!3��Ér

20MHz s�Ù¼�Ð Y�L!lrõ� %i� >�íß�s� y��y�� 0.065ms, 2.5ms�� �è¹כ�)a��.

þj��H\���H F2155\�"f íß�Õüt ���íß�s� ÷&��H VLSI }9�s�[133] ]j���÷&%3���. s� �©�u�

��H 11,000 >�s�àÔ\�¦ .��ô�Ç̈½¹כ Y�L!lr�Ér 156 9þt!3� ��s�9þts� ¹כ��9��¦ %i� >�íß��Ér

��� 3800 9þt!3� ��s�9þts� .��a(�̈½¹כ }9�_� 9þt!3�s� 40 MHzs�Ù¼�Ð Y�L!lrõ� %i� >�íß�

s� y��y�� 0.004ms, 0.095ms�� �è¹כ�)a��.

l�$��̂\�"f���íß��̀¦Ãº'�����H coprocessor\�¦s�6 x��¦e����.�¦5Åq programmable

control processor�Ð Motorola DSP56000�̀¦ s�6 x�#� ���ª�ô�Ç ��"é¶ /BG��� ��� ñ r�

Û¼%7��̀¦ ½̈�&³½+É Ãº e����.

�7Hë�H[54]\���H Ä»ô�Ç�̂ F2104\�"f ElGamal ��� ñ r�Û¼%7�_� ½̈�&³�̀¦ l�Õüt�%i���.

��� ñ�o 5Åq�̧��H 2 Kbits/sec\�¦ SUN-2 SPARC\�"f %3�%3���. /BN>hv�_� ß¼l���H 105

q�àÔ%i���.

[31]\���H Crandell�Ér DH v� �§8̈� ~½Ód��õ� Ä»��ô�Ç ��"é¶ /BG���_� ½̈�&³\� @/�#�

l�Õüt�%i���. ��"é¶ /BG����Ér Ä»ô�Ç�̂ Fpk �©�\� p�� Mersenne �èÃº (¢̧��H s °úכs� ���

�Ér{9�ìøÍ&h����+þAI� 2r−s)&ñ
_�ô�Ç��"é¶/BG���s���. Crandell�Ér°úכs�q�øß���Ðüw!lr�Ð

����H /'áÔàÔü<  »	!lr�̀¦ s�6 x�#� modulo p �©�_� ���íß� ~½ÓZO��̀¦ ]jr��%i���. s� ���

õ���H %i� >�íß�s� Ô�¦�9¹כ�ô�Ç ��"é¶/BG���_� :£¤fç
�̀¦ °ú s� ¶ú�o���� ��"é¶/BG��� ���íß��̀¦ @/

éß�y� ò́Ö�¦&h�Ü¼�Ð ½̈�&³½+É Ãº e����. s� r�Û¼%7��̀¦ Fast Elliptic Encryption (FEE)

���¦ ��¦ NeXT (��ÉÓ'���H �����[þt_� ]j¾¡§\� s��¦̀�	כ s�6 x�%i���.

V� 9 â�
 ½ÇÔ�¿ ��/�×

þj��H_� �7Hë�H[45]\� _����� Gaoü< Lenstra��H [110]\�"f ½̈$í
ô�Ç ONB��H ��H�:r&h�Ü¼

�Ð �̧¿º ONBs�����H�
7£x"î¦̀�	כ�%i���. ONB���>rF��t���m����H �̂\� @/�#�

��H �è0A low-complexity normal base[4]���¦ ���H ��s	כ Ä»6 x���.
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F2m\�"f%i�>�íß��̀¦���H Itoh, Teechai, Tsujii_�~½ÓZO��ÉrY>���t�×�æçß�°ú̀�כ¦$�

�©��#��� �Ù¼�Ð �×¼J?#Q ½̈�&³\���H °úכs� q�����. ×�æçß� °ú̀�כ¦ $��©��t� ��m��

��H %i� >�íß� ~½ÓZO�s� [1]\� l�Õüt÷&%3�Ü¼�� ���è Ö¼o���.

Ä»ô�Ç�̂\�"f >�íß� ~½ÓZO�\� @/ô�Ç �×¼J?#Q [O�>�\� ���Ér ~½ÓZO��Ér [33],[41],[47],

[138],[151]�̀¦ �ÃÐ�̧��¦ Õþ�Ü¼�Ð��H [61],[83],[89],[91]�̀¦ �ÃÐ�̧���. 2]X�\�"f 6]X�_�

?/6 x�Ér [96]\� ��H���Ð ��¦ e����.

��� ñ r�Û¼%7��̀¦ 0Aô�Ç q� �í:£¤s� ��"é¶ /BG���_� s�6 x\� @/�#���H Bethü< Schae-

fer[12]\�_�K��¦�9÷&%3���. Miyaji[104]��H�èÃº �̂�©�\�"f��"é¶/BG����̀¦���&ñ
���H

~½ÓZO��̀¦ ]jr���¦ Schnorr_� n�t�_O� "f"î
�̀¦ Û¼��àÔ 
�×¼ �©�_� ½̈�&³s� &h�]X��<Ê�̀¦

�Ð%i���. Morain[108]�Ér 	�H �èÃº �̂ �©�\�"f í�H8̈� ��"é¶ /BG����̀¦ ½̈$í
 ~½ÓZO��̀¦ ]jr�

�%i���.

��� ñ r�Û¼%7�\� &h�½+Ëô�Ç �èÃº �̂ �©�_� ��"é¶ /BG����̀¦ ���&ñ
���H ���Ér ~½ÓZO�Ü¼�Ð

&ñ
Ãº�©�\�&ñ
_��)a�¦&ñ
�)a/BG��� E\�¦���×þ�ô�ÇÊê, #E(Fp)���èÃº��÷&�̧2�¤ p\�¦���

×þ����H ~½ÓZO�s� e����.

Koblitz[69]��H �èÃº p�� ���½+É M:, #E(Fp) �� �èÃº�� |̈c SX�Ò�¦\� @/ô�Ç \V8£¤�

��H &h���H&h� SX�Ò�¦u�\�¦ ]jr��%i���.

��"é¶ /BG���_� parameterization\� @/ô�Ç ���Ér ~½ÓZO�Ü¼�Ð Chudnovskyü< Chud-

novsky[28]õ�Mongomery[105]��]jr��%i���. Morrain[107]�Ér��"é¶/BG���\�"f kP\�¦

>�íß����H:�x�©�_� 2���~½ÓZO��Ð�����Ér·ú��¦o�7£§�̀¦]jr����H addition-substraction

chain�̀¦ ]jîß��%i���. Koyamaü< Tsuruoka��H 8̈� Zn �©�\� ��"é¶ /BG���\� @/�#� 1lx

{9�ô�Ç ���õ�\�¦ ]jîß��%i���.

t��FK��t� �Ð1pws�, ��"é¶ /BG��� ��� ñ r�Û¼%7��Ér v� ß¼l��� �����. q��§\�¦ 0A�#�

RSA r�Û¼%7�\� e��#Q"f /BN>hv���H &ñ
Ãº �©� (e, n)Ü¼�Ð ½̈$í
�)a��. e\�¦ ���>� ���×þ�ô�Ç

�� ��8���¦ n °úכs� þj�è 512 q�àÔ s��©�_� ÷&#Q�� ���H Ä»���$í
s� \O���. (Õª�Q

��, Vanstoneõ� Zuccherato\� _����� [149] e��_��Ð ���&ñ
�)a ÂÒì�r�̀¦ °ú���H n�̀¦ ���

&ñ
½+É Ãº e����H ~½ÓZO��̀¦ ]jr��%i���.) Ä»ô�Ç�̂\�"f s�íß�_� t�Ãº5px\� ��H���Ð ���H

ElGamal ��� ñ r�Û¼%7�\���H /BN>hv�_� ß¼l� αa��H �̂_� ß¼l�ü< 1lx{9�ô�Ç ß¼l�s���.

7£¤, þj�èô�Ç 100 q�àÔs���.

ëß�{9� E : y2 = x3 +ax+ b���èÃº�̂ Fp �©�\���"é¶/BG���s������ E_� twist��H/BG

��� E ′ : y2 = x3+au2x+bu3s���.#�l�"f u��Hmodulo p_� quadratic non-residues�

��. #E(Fp) + #E ′(Fp) = 2p + 2 e���̀¦ ~1�>� ���7£x�)a��. Eü< E ′s� �̧¿º í�H8̈�ç�H {9�

M:, Kaliski[63,64]��H |9�½+Ë {0, 1, 2, . . . , 2p + 1}\�"f 1~½Ó�¾Ó permutation�̀¦ ½̈$í
�

��H X< s� /BG����̀¦ s�6 x�%i���. s� ½̈$í
�Ér Meierü< Staffelbach [90]\� _��#� ³ðÃº
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2_� Ä»ô�Ç�̂ �©�_� ��"é¶ /BG���Ü¼�Ð SX�&ñ
÷&%3���.

Koblitz[73]�Ér ����Ér Hamming weight_� t�Ãº k\�¦ s�6 xô�Ç�����, q� �í:£¤s� ��

"é¶/BG��� y2 +xy = x3 +1õ� y2 +xy = x3 +x2 +1�©� kP >�íß�\�"f&h�_� 2C���H��

_� 3/4��H /BN���Ð >�íß� ½+É Ãº e�����¦ �%i���. [73]\���H F2 �©�\� (y��y�� F4, F8, F19

�©�\�) #E(F2n) (y��y�� #E(F4n), #E(F8n), #E(F16n) ) s� þj�èô�Ç 30 ��o�_� �è

���Ãº\�¦ ��t��¦ e����H /BG���_� list\�¦ ]jr��%i���. Fqn �©�\���H ONB�� �>rF���¦ 4

zero s��_� (y��y�� 2, 3, 4 zero) e��_�_� strings� &h�_� éß�í�Hô�Ç  »	!lr\� _��#� 2[

/åL�)a��. s���� anomalous /BG���\� @/ô�Ç ���½̈��H Meierü< Staffelbach[90]\� _��#�

���'�� ×�æ\� e����.

[118]\���H Okamoto, Fujioka, Fujisaki��H n = p2q ��� 8̈� Zn �©�\�"f ��"é¶ /BG���

�̀¦l�ìøÍÜ¼�Ð���Hz�́|9�&h����n�t�_O�"f"î
~½Ód���̀¦]jîß��%i���.s�~½ÓZO��Ér RSA"f

"î
 ~½Ód���Ð�� Y>� C��� ��ØÔ��.



92 ]j 6 �©� ��"é¶ /BG��� ��� ñ r�Û¼%7�_� ½̈�&³



V� 7 *�×

F2m (�×�+ ��xjS <n¤�כ� �\��+ N�ñ5Ñ

1985�̧� Schoof��H �̂ Fq �©�\� &ñ
_��)a ��"é¶ /BG��� E \� e����H Fq-Ä»o�Ãº &h�_� Ãº

#E(Fq)\�¦>�íß����H·ú��¦o�7£§�̀¦]jr��%i���.·ú��¦o�7£§_�Ãº'��r�çß��ÉrO(log8 q)s�

�¦z�́]j�Ð��H�©�{©�ô�Çr�çß�s¹כ�½̈�)a��. Buchmannõ� Muller[20]�Ér Schoof·ú��¦o�

7£§\� Shank_� baby-step giant-step ·ú��¦o�7£§�̀¦ �D¥½+Ë�#� p�� 27 ��o�_� �èÃº

��� Fp �©�\� /BG���_� 0AÃº\�¦ >�íß�½+É Ãº e��%3���. s� ·ú��¦o�7£§�Ér SUN-1 SPARC-

station\�"f 4.5 r�çß�s� �è%3&÷¹כ���.

0A\����/åLô�Ç���\O��Ér q��f.ËÃº����â
Äº\��̧&h�6 x�)a��.Õª�Q����� ñ�<Æ&h�z�́6 x$í


�'a&h�\�"f��H ³ðÃº�� 2��� �̂ �©�\�"f_� /BG���s� �8 B�§4�&h�s���. [71]\���H Koblitz��

Schoof·ú��¦o�7£§\� F2m �©�/BG���\�&h�6 x�#�,�½� ü�/BG���_���� ñr�Û¼%7�\�"fîß����

$í
_� ½̈�&³�̀¦ ���½̈�%i���. :£¤Z>�y� underlying field�� F 2155
��� �â
Äº\� y©��̧÷&%3�

��. VLSI �©�u��� F2155 �©�\� ½̈�&³÷&#Q s��Qô�Ç �̂ �©�\�"f �½� ü� ��"é¶ /BG���_� ���íß�

�̀¦ Ãº'��ô�Ç��. ���²DG, F2155 �©�_� �½� ü� /BG���_� 0AÃº\�¦ ���&ñ
���H ��s	כ <Éªp��Ðî�r {9�

s���.

#�l�"f Schoof ·ú��¦o�7£§õ� F2m�©�\� e��_�_� ��"é¶ /BG���_� &h��̀¦ >�Ãº���H �â


+«>&h�~½ÓZO��̀¦1lxr�\�]jr�ô�Ç��.s�p�·ú¡\�"f�í:£¤s�/BG���\�@/ô�Ç&h�_�>�Ãº\�¦]j

r�ô�Ç���� e����. ÕªA�"f #�l�"f��H q� �í:£¤s� ��"é¶ /BG���\� �â
Äºëß��̀¦ Òqty��ô�Ç��.

�:r �©�_� ½̈$í
�Ér ��6£§õ� °ú ��. 1]X�\���H ³ðÃº 2_� Ä»ô�Ç�̂ �©�_� ��"é¶ /BG���_� &h�

]X�ô�Ç $í
|9��̀¦ �¦¹1Ïô�Ç��. Õªo��¦ Schoof·ú��¦o�7£§_� >h¹כ\�¦ 2]X�\� l�Õütô�Ç��. 3]X�

\���H Schoof ·ú��¦o�7£§_� �â
+«>&h� �¾Ó�©� ~½ÓZO��̀¦ ]jr���¦ 4]X�\���H z�́+«> ���õ�\�¦ ]j

r�ô�Ç��. ��t�}��Ü¼�Ð ��"é¶ /BG��� �©�\� &h�_� >�Ãº ë�H]j\� �'aô�Ç þj��H_� ���½̈\�¦ �̧

��ô�Ç��.
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V� 1 â�
 e�Ôeµ��/�×

q = 2m, K = Fq�� ���. E��H K �©�\� &ñ
_��)a q� �í:£¤s� ��"é¶ /BG���s����¦ ���.

E\�¦ &ñ
_����H ~½Ó&ñ
d���Ér ��6£§_� +þAI�\�¦ °ú���H��.

y2 + xy = x3 + a2x
2 + a6 (7.1)

éß�, a2 ∈ {0, γ}, ga ∈ K�Ð trace 1��� �¦&ñ
�)a "é¶�è, a6 ∈ K∗ s���. Eü< Ẽ��H

y2+xy = x3+a6x9� y2+xy = x3+γx+a6���¦ô�Ç��. #E(K)+#Ẽ(K) = 2q+2e��

�̀¦ ~1�>� ���7£x�)a��. t��FKÂÒ'� E_� +þAI���H ��6£§õ� °ú ���¦ ��&ñ
ô�Ç��.

y2 + xy = x3 + a6, a6 ∈ K∗ (7.2)

d��7.1)\�_��#�ÅÒ#Q���q��í:£¤s�/BG��� Eü<�'aº���)a division polynomial fn(x) ∈
K[x]\�¦ �è>hô�Ç��.[71]

f0 = 0

f1 = 1

f2 = x

f3 = x4 + x3 + a6

f4 = x6 + a6x
2

f2n+1 = f 3
nfn+2 + fn−1f

3
n+1, n ≥ 2

xf2n = f 2
n−1fnfn+2 + fn−2fnf 2

n+1, n ≥ 3

���½Ód�� fn�Ér x\� @/�#� monics��¦ ns� f.ËÃºs����, fn_� 	�Ãº��H (n2 − 1)/2s���.

division polynomial�Ér ��6£§_� $í
|9�s� e��#Q E[n] �©�\�"f ���íß��̀¦ ���H X< s�6 x�)a

��. &ñ
o� (7.1)�Ér [77], &ñ
o� (7.2)��H [71]\�"f ���6 x�%i���.

Ça�h� 7.1 P = (x, y) ∈ E∗s��¦ n ≥ 0s��� ���. fn(x) = 0 {9� M:ëß� P ∈ E[n]s�

��.

Ça�h� 7.2 n ≥ 2s��¦ nP 6= OP = (x, y) ∈ E∗ �� ô�Ç��. Õª�Q���, nP = (x, y)��H

��6£§õ� °ú ��.

x̃ = x +
fn−1fn+1

f 2
n

ỹ = x + y +
fn−1fn+1

f 2
n

+
fn−2f

2
n+1

xf 3
n

+ (x2 + y)
fn−1fn+1

xf 2
n

éß�, fn��H fn(x)�̀¦ _�p�ô�Ç��.
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K�©�\� &ñ
_��)a E_� endormorphism ring �Ér EndkE���¦ ³ðl�ô�Ç��. e��_�_�

&ñ
Ãº m\� @/�#� multiplication-by-m map P 7→ mP��H E_� endormorphisms�

��. ����"f Z ⊆ EndKEs���. O\�¦ �¦&ñ
��¦, (x, y)\�¦ (xp, xp) �Ð?/��H ���©� φ ∈
EndKE��H E_� Frobenius map s���. EndKE\�"f φ��H ��6£§ �'a>�\�¦ ëß�7á¤ô�Ç��.

φ2 − tφ + q = 0

#�l�"f Ä»{9�ô�Ç t ∈ Z��H Frobenuis endormorphism_� traces���. ��z�́ t = q + 1−
#E(K)s���. ëß�{9� ls� odd primes���� E[l] ∼= Zl ⊕ Zls���. ���²DG, E[l]�Ér Fl �©�_�

 7�'� /BNçß�Ü¼�Ð �̂¦ Ãº e���¦  7�'� /BNçß��Ér 2 	�"é¶�̀¦ ��t��¦ e����. E[l]\� ]jô�Ç�)a ��

�©� φ��H E[l] �©�\� ���+þA ���8̈�s��¦ :£¤$í
 ~½Ó&ñ
d��Ü¼�Ð φ2 − tφ + q = 0 �̀¦ �������.

V� 2 â�
 Schoof N±Ó�§h�¤æ̧�+ 5�³À

K = Fq, q = 2m, E��H d��(7.2)�Ð ÅÒ#Q&���̀¦ M:, #E(K)\�¦ >�íß����H Schoof ·ú��¦

o�7£§_� >h¹כ\�¦ [O�"î
ô�Ç��. [136]_� ~½ÓZO��Ér f.ËÃº ³ðÃº_� �̂ �©�\�"fëß� l�Õüt�%i���.

���Ãº q_� �â
Äº��H 3]X�\�"f l�Õütô�Ç��.

#E(Fq) = q + 1− ts���. Ãº L′�̀¦ 3õ� L′ çß�_��èÃº_�Y�L���
∏

l > 4
√

q��÷&�̧

2�¤���×þ�ô�Ç��.y��f.ËÃº�èÃº l ≤ L′\�@/�#� t (mod l)�̀¦>�íß�ô�Ç��. |t| ≤ 2
√

2s�

Ù¼�Ð CRT\� _��#� t\�¦ 4�¤½̈½+É Ãº e����.

P = (x, y) ∈ E[l]∗s��¦ k ≡ q (mod l), 0 ≤ k ≤ l − 1�� ô�Ç��.

φ2(P ) + kP = τφ(P ) (7.3)

��÷&�̧2�¤&ñ
Ãº τ, 0 ≤ τ l−1�̀¦¹1Ô��H��. φ2(P )+kP = tφ(P )s�Ù¼�Ð (t−τ)φ(P ) =

Oe��s�Ä»�̧�)a��. φ(P )��H0AÃº l_�&h�s�Ù¼�Ð t ≡ τ (mod l)s���.s���s�n�#Q\�¦

½̈�&³���H X< ë�H]j��H K\� e����H P_� ýa³ð�� K_� ����Ér SX��©��̂\� �>rF��t� ·ú§�̀¦

Ãº�̧ e������H �Ü¼�Ð	כ {9�ìøÍ&h�Ü¼�Ð ò́Ö�¦&h�Ü¼�Ð ¹1Ô��t�t� ��m�ô�Ç��. x�� division

polynomial fl(x) ∈ K[x]_� ��Hs�����H �¦̀�	כ �'a¹1Ï�#� s� ë�H]j\�¦ �FG4�¤ô�Ç��. �8¹¡¤

s�, &ñ
o� (7.2)\�¦ s�6 x���� kPü< τφ(P )_� ³ð�&³d���̀¦ ½̈½+É Ãº e����. ³ð�&³d��_� ýa

³ð��H xü< y\� @/ô�Ç Ä»o��<ÊÃºs���. Õªo��¦ φ2(P )ü< kP_�  »	!lr\� ÆÒ���Ð ½©gË:�̀¦

s�6 x½+É Ãº e����.

d�� (7.3)�̀¦ ëß�7á¤���H P ∈ E[l]∗s� �>rF����H t�\�¦ ���7£x�l� 0A�#�, φ2(P ) +

kPü< τφ(P )_� ³ð�&³d�� ×�æ x ýa³ð\�¦ °ú >� ô�Ç�¦, ì�r�̧ü< ���Ãº y\�¦ ]j���#� ~½Ó

&ñ
d�� h1(x) = 0�̀¦ %3���H��. Õªo��¦ H1(x) = gcd(h1(x), fl(x))\�¦ >�íß�ô�Ç��. ëß�
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{9� H1(x) = 1s����, d�� (7.3)�̀¦ ëß�7á¤���H P ∈ E[l]∗s� �>rF��t� ·ú§��H��. ëß�{9�

H1(x) 6= 1s����, φ2(P )+ kP = ±τφ(P )��� P ∈ E[l]∗���>rF�ô�Ç��. �̀¦���ÉrÂÒ ñ\�¦

½̈�l�0A�#� φ2(P )+kPõ� τφ(P )_�³ð�&³d��\�"f yýa³ð\�¦°ú >���¦ì�r�̧ü<���

Ãº y\�¦]j���#�~½Ó&ñ
d�� h2(x) = 0�̀¦%3���H��.Õªo��¦H2(x) = gcd(h2(x), fl(x))\�¦

½̈ô�Ç��. ëß�{9� H2(x) 6= 1s����, P��H d��(7.3)�̀¦ ëß�7á¤ô�Ç��. ÕªXO�t� ��m�����, P��H

φ2(P ) + kP = −τφ(P )\�¦ ëß�7á¤ô�Ç��. �̧��H >�íß��Ér 8̈� K[x] �©�\�"fs�ÀÒ#Q�������H

�¦̀�	כ ÅÒ3lqô�Ç��.

O(log8 q) q�àÔ ���íß�_� Ãº'��r�çß��Ér ��6£§õ� °ú s� %3���H��. L′ = O(log q)s���.

y�� l\� @/�#� d�� (7.3)�̀¦ ëß�7á¤���H τ\�¦ �ÃÐÒ�o�l� 0A�#� modulo fl(x) �©�\�"f

xq2
ü< yq2

_� residue>�íß�\�ýaÄº�)a��. (φ2(P ) = (xq2
, yq2

)e��\�ÅÒ_�ô�Ç��.) fl(x)_�

	�Ãº��H O(log2 q)s�Ù¼�Ð, s� residue��H O(log5 q)_� G� ���íß� ¢̧��H O(log7 q) q�àÔ

���íß�\� >�íß��)a��. ëß�{9� �¦5Åq ���íß� l�ZO�s� K[x]ü< Fq �©�_� Y�L!lrs� ��6 x÷&%3������

8úx Ãº'�� r�çß�s� e��_�_� ε > 0\� @/�#� O(log5+ε q) q�àÔ ���íß�Ü¼�Ð ×�¦#Q��H��. Õª

�Q��, �¦5Åq Y�L!lr l�ZO��Ér @/éß�y� 	�H q\� @/�#� z�́6 x&h�s�Ù¼�Ð �¦���&h���� Y�L!lr ·ú�

�¦o�7£§ëß��̀¦ s�6 xô�Ç��.

V� 3 â�
 Þ����m� ¿R���@��/�×

K = Fq, q = 2ms��¦ /BG��� E��H d��(7.2)\�¦ ��t�%3����¦ ���. #E(K) = q + 1 −
t, |t| ≤ 2

√
q ���¦���. f4_� division polynomial_�³ð�&³d��\�_��#� #E(K) ≡ 0

(mod 4)s���. s���Ér	כ x = 4
√

a6�� K\�"f f4_� ��Hs��¦, d�� y2 + xy = x3 + a6��H

x = 4
√

a6 {9� M: K �©�\� K�\�¦ ��t��¦ e��l� M:ë�Hs���. ����"f E(K)��H 0AÃº 4_�

&h��̀¦ ��t��¦ e���¦ t (mod 4)\�¦ ~1�>� ���&ñ
s� �)a��.

��6£§\���H ls� odd prime ��� �â
Äº, t (mod l)�̀¦ ¹1Ô��H ~½ÓZO��̀¦ l�Õütô�Ç��.

3.1 ï5Ñ��
 ×iµ=�ø5���¢�> φ�+ eigenvalue ¿ÇÔaËc

φ\�¦ E[l]�©�\� ���+þA ���8̈�s����¦ ����, φ_� :£¤$í
 ~½Ó&ñ
d���Ér φ2 − tφ + q = 0 s���.

t2 − 4q�� mod l �©�\� quadratic residue�� ÷&��H��, t2 − 4q�� mod l �©�\� 0s� |̈c

M:\�ëß� φ��H Fl �©�\�"f eigenvalue\�¦ °ú���H��. ëß�{9� s�� φ_� eigenvalues������, s\�

K�{©�÷&��H eigenspace��H |9�½+Ë {P ∈ E[l] : φ(P ) = sP}\� K�{©��)a��. s, rs� Fl�©�\�

φ_� eigenvalues���� ��6£§_� 2��t� �'a¹1Ïs� Ä»6 x���.

• s2 − ts + q = 0s�Ù¼�Ð t ≡ s + q/s (mod l)�̀¦ %3���H��.
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• ëß�{9� s 6= rs����, S\�¦ s\�K�{©����H 1	�"é¶ eigenspace\�"f non-zero&h�[þt_�

xýa³ð_�|9�½+Ës����¦³ðl�ô�Ç��.ëß�{9� φ(P ) = sPs����, φ(φ(P )) = sφ(P )s�

��. 7£¤, ëß�{9� α ∈ Ss����, αq ∈ Ss���. f(x) =
∏

α∈S(x − α)��H K[x]�©�\�

fl(x)_� (l − 1)/2	�_� ���Ãºs�����H ��z�́�̀¦ ·ú� Ãº e����.

ω �� &ñ
Ãºs��¦ 1 ≤ w ≤ (l − 1)/2�� ô�Ç��. ±ω�� φ_� eigenvaluee���̀¦ ���7£x�

l� 0A�#� φ(P ) = ±ωP\�"f P = (x, y) ∈ E[l]∗s� �>rF����H ��\�¦ &h����ô�Ç��. ½̈

�̂&h�Ü¼�Ð φ(P )ü< ±ωP_� x ýa³ð\�¦ °ú >� ����,

xq = x +
fω−1fω+1

f 2
ω

\�¦ %3���H��. ��6£§õ� °ú Ü¼��� �ÃÐÒ�os� $í
/BNô�Ç��.

g1(x) = gcd((xq + x)f 2
ω + fω−1fω+1, fl) 6= 1 (7.4)

s� >�íß�\�"f ÅÒ�)a éß�>���H xq (mod fl(x))_� >�íß�s���.

ëß�{9� g1(x) 6= 1s����, φ(P ) = ωP ¢̧��H φ(P ) = −ωP���t�\�¦ SX����½+É ��¹כ��9 e��

��.ëß�{9� φ_� eigenvalue�� ω ü< −ωs����, t ≡ 0 (mod l)s���.s���Ér	כ g1(x)_�	�

Ãº�� l − 1s���� ���Ø�¦�)a��. ÕªXO�t� ��m�����, ω ¢̧��H −ω (¢̧��H 2 �̧¿º) �� Fl �©�

\� φ_� 2>h eigenvalue ×�æ ��� {9� M:\�ëß� g1(x)_� 	�Ãº�� (l− 1)/2s���. ��6£§ >�

íß�\�"f x_� �̧��H ���½Ód���Ér modulo g1(x) �Ð ×�¦#�[þt#� e����. φ(P )ü< −ωP_� y»¡¤

�̀¦ °ú >� ��¦ ì�r�̧\�¦ \O�E���� ��6£§_� ~½Ó&ñ
d���̀¦ %3���H��.

h(x, y) = xf 3
ω(y + yq) + fω−2f

2
ω+1 + (x2 + y)fω−1fωfω+1 = 0 (7.5)

y2 = x3 + a6 + xy s�Ù¼�Ð yq_� >�íß�\���H y2\�¦ ���5Åq ]jY�L�#� >�íß��)a��. m− 1�r

_� ]jY�L����

yq = a(x) + b(x)y

\�¦ %3���H��. éß�, a(x)ü< b(x)��H modulo g1(x)\� »¡¤����)a��. d�� (7.5)��H ��6£§õ� °ú s�

�)a��.

a(x) + b(x)y = 0

y = a(x)/b(x)\�¦ /BG��� ~½Ó&ñ
d�� (7.2)\� ¶ú�{9����� ��6£§_� ~½Ó&ñ
d���̀¦ %3���H��.

h(x) = a(x)2 + a(x)b(x)x + (x3 + a6)b(x)2 = 0

���²DG, ëß�{9� gcd(h(x), g1(x)) = 1s���� t ≡ ω + q/ω (mod l) �̀¦ %3��¦ ÕªXO�t� ��

m����� t ≡ −ω − q/ω (mod l) �̀¦ %3���H��. φ_� eigenvalue �ÃÐÒ�o ~½ÓZO��Ér q_� odd

prime power\� ~1�>� SX��©��)a��.
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3.2 Schoof N±Ó�§h�¤æ̧

ëß�{9� Fl �©�\� φ_� eigenvalue�� \O������, 7£¤, t2 − 4q�� quadratic non-residue mod

ls������ τ\�¦ d��(7.3)�̀¦ ëß�7á¤���H t�\�¦ Schoof test\�¦ ½+É Ãº e����.

ëß�{9� k�� q modulo ls��¦ φ2(P ) = ±kP��� P = (x, y) ∈ E[l]∗s� �>rF�ô�Ç�����,

��6£§õ� °ú �Ér �â
Äºs���.

gcd((xq2

+ x)f 2
k + fk−1fk+1, fl) 6= 1

ëß�{9� t ≡ 0 (mod l) s���� φ2(P ) = −kPs���. Õªo��¦ ëß�{9� φ2(P ) = kPs����

φ(P ) = (2k/t)Ps���. #�l�"f φ��H Fl\�"f eigenvalue\�¦ ��t��¦ e����. Õª�Q��,

t2 − 4q��H quadratic non-residue mod ls�Ù¼�Ð φ2(P ) = −kP���¦ ½+É Ãº e����. s�

�Ð"f tφ(P ) = Oü< t ≡ 0 (mod l)s� �)a��.

ëß�{9� φ2(P ) = ±kP��� P ∈ E[l]∗s� \O����¦ ��&ñ
ô�Ç��. t (mod l)�̀¦ ���&ñ
�l�

0A�#�, y�� τ, 1 ≤ τ ≤ l− 1\� @/�#� d�� (7.3)�̀¦ ëß�7á¤���H P ∈ E[l]∗e���̀¦ �����ô�Ç

��. φ2(P ) 6= ±kPs�Ù¼�Ð "f�Ð ���Ér 2&h�_�  »	!lr ½©gË:�̀¦ s�6 x�#� φ2(P ) + kP_�

d���̀¦ >�íß�ô�Ç��. ½̈�̂&h�Ü¼�Ð��H (P )x\�¦ &h� P_� x ýa³ð\�¦ �����·p���¦ ���. Õª�Q

��� k ≥ 2\� @/�#�

(±τφ(P ))x = xq +
f q

τ−1f
q
τ+1

f 2q
τ

(7.6)

Õªo��¦

(φ2(P ) + kP )x = xq2

+ x +
fk−1fk+1

f 2
k

+ λ2 + λ

s���. éß�,

λ =
(yq2

+ y + x)xf 3
k + fk−2f

2
k+1 + (x2 + x + y)(fk−1fkfk+1)

xf 3
k (x + xq2 + xfk−1fkfk+1

(7.7)

s���.Ä»��ô�Ç~½Ó&ñ
d���̀¦ k = 1����â
Äº\�%3��̀¦Ãºe����. φ2(P )+kPü< ±τφ(P )_� x

ýa³ð\�¦ °ú >���¦ ì�r�̧ü< ���Ãº y\�¦ \O�E��¦ h3(x) = 0�̀¦ %3���H��. Õª�Q���, h4(x) =

gcd(h3(x), fl(x)) 6= 1s���� φ2(P ) + kP = ±τφ(P )��� P ∈ E[l]∗s� �>rF�ô�Ç��. s��	כ

�̀¦ y�� τ, 1 ≤ τ(l − 1)/2\� @/�#� τ 2 − 4q�� quadratic non-residue mod l ���t�\�¦

ìøÍ4�¤ô�Ç��. ëß�{9� gcd�� non-trivial ���� φ2(P ) + kPü< τφ(P )_� y ýa³ð\�¦ Äº��� °ú 

>� �#� �̀¦���Ér ÂÒ ñ\�¦ ���&ñ
½+É Ãº e����. ½̈�̂&h�Ü¼�Ð τ ≥ 2\� @/�#�

(τφ(P ))y = xq + yq +
f q

τ−1f
q
τ+1

f 2q
τ

+
f q

τ−2f
2q
τ+1

xqf 3q
τ

+ (x2q + yq)
f q

τ−1f
q
τ+1

xqf 2q
τ

(7.8)
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Õªo��¦

(φ2(P ) + kP )y = λ(xq2

+ x3) + x3 + yq2

s��¦ x3 = (φ2(P ) + kP )xs��¦ λ��H d��(7.7)õ� °ú ��. (Ä»��ô�Ç ~½Ó&ñ
d���Ér τ = 1 ���

�â
Äº\� ½̈½+É Ãº e����.) 0A\�"f ô�Ç ��õ	כ ��ðøÍ��t��Ð, ì�r�̧ü< ���Ãº y\�¦ ]j����¦

h5(x) = 0�̀¦ %3���H��. ëß�{9� gcd(fl(x), h5(x)) 6= 1s���� t = τ\�¦ %3��¦ ÕªXO�t� ��m�

����, t = −τ\�¦ %3���H��. s� >�íß�_� ÅÒ�)a éß�>���H xq2
ü< yq2

_� >�íß�\� e����.

z�́|9�&h�Ü¼�Ð t (mod l)�̀¦>�íß����HX<��H Fl\�"f eigenvalue\�¦Äº���&h�Ü¼�Ð¹1Ô

���� ô�Ç��. ëß�{9� z�́J�����, Schoof ·ú��¦o�7£§�̀¦ &h�6 xô�Ç��. 'Í	 ���P: ~½ÓZO�s� xq

(mod fl(x))_� residue\�¦�9¹כ��Ð�Ù¼�Ð�8��ØÔ��.¿º���P:~½ÓZO��Ér xq, xq2
, yq, yq2

(mod fl(x))_� residue���9¹כ����.�â
+«>&h�Ü¼�Ð�½� ü�/BG���\�@/�#� φ��H �̧��H l_�

ìøÍ\� @/�#� Fl\� eigenvalue (7£¤, t2 − 4q�� Fl�©�\� quadratic residues���)\�¦ °ú�

��H�8¹�.��l�@/ô�Ç¦̀�	כ¡¤s� φ�� Fl �©�\�"f eigenvalue\�¦��t�%3������,@/ÂÒì�r_��â


Äº eigenvalue��H "f�Ð ��\�¦ �.���s	כ ÕªA�"f ���Õütô�Ç ���� e����H φ(P ) = ωP ¢̧��H

φ(P ) = −ωP_��������HÁºr�½+ÉÃºe����Hr�çß�s��è¹כ�)a��. (�=������ deg gl(x) =

(l − 1)/2 ¢̧��H l − 1 s���)

3.3 t (mod l = 2c)�+ Úr
Ça�

ëß�{9� l = 2c s������ fl(x)�� ����Ér 	�Ãº_� ���Ãº\�¦ ��t��¦ e������H ��z�́s� e����.

�×�¿Ça�h� 7.1 ëß�{9� l = 2cs���� fl(x)��H K[x]\� 	�Ãº l/4_� ���Ãº f(x)\�¦ �������.

Proof: E[l] ∼= Zls�Ù¼�Ð fl(x)��H l/2>h_� "f�Ð ���Ér ��H�̀¦ ��t��¦ e����. s� ×�æ

\� l/4��H 0AÃº l_� &h�_� x ýa³ðs���. ����"f fl(x)��H K[x]\�"f 	�Ãº l/4_� ���Ãº

f(x)\�¦ °ú���H��. ��H�Ér &ñ
SX�y� 0AÃº l_� &h�_� x ýa³ðs���. 2

��6£§�Ér ���Ãº f(x)�� ~1�>� ½̈$í
|̈c Ãº e����H ~½ÓZO��̀¦ �Ð#� ï�r��.

�×�¿Ça�h� 7.2 l = 2c�� ���. K[x]\�"f ���½Ód�� {gi(x)}_� Ãº\P��Ér ��6£§õ� °ú s�
&ñ
_����.

g0 = x

g1 = b1 + x where a6 = b4
1

gi = g2
i−1 + bix

i−2∏

j=1

g2
j , where a6 = b2i+1

i , for i ≥ 2

Õª�Q��� f(x) = gc−1(x)��H K[x] �©�\� 	�Ãº l/4_� fl(x) ���Ãº\�¦ ��t��¦ e����. �8¹¡¤

s�, f(x)_� ��H�Ér 0AÃº l_� &h�_� x ýa³ðs���.
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Proof: K[x]�©�\� ���½Ód�� {hi(x)}_� Ãº\P��̀¦

h0 = 1, h1 = x, hi = x
i∏

j=1

g2
j for i ≥ 2

�Ð &ñ
_����. P = (x, y) ∈ E∗, (2nP )x = Gn/Hn, n ≥ 0�Ð ���. &h�_� 2C�Ãº

>�íß� /BNd��\� _��#� Gnõ� Hn�Ér K[x]\� e��#Q"f ���½Ód��s�����H �¦̀�	כ ·ú� Ãº e��

��. Induction ~½ÓZO�\� _��#� Gn = (gn)2n+1
, Hn = (hn)2n

, n ≥ 1\� �̀¦ 7£x"î
ô�Ç��.

n = 1 \� @/�#�

G1

H1

=
g4
1

h2
1

=
(b1 + x)4

x2
=

a6

x2
+ x2

s���s	כ (2P )xs���. n = i\� ��z�́s����¦ ��&ñ
����

(2i+1P )x =
Gi+1

Hi+1

= (2iP + 2iP )x =
a6H

2
i

G2
i

+
G2

i

H2
i

=
(b1Hi + Gi)

4

GiHi)2
=

(bi+1hi + g2
i )

2i+2

(g2
i hi)2i+1 =

(gi+1)
2i+2

(hi+1)2i+1

¢̧ô�Ç, deg gn = 2n−1, n ≥ 1s� ÷&��H �̧�	כ Induction ~½ÓZO�\� _��#� ~1�>� 7£x"î
�)a

��.

Õª�Q��� P ∈ (x, y) ∈ E∗�Ð���. (2c−1P )x = (gc−1)
2c

/(hc−1)
2c−1
s�Ù¼�Ð gc−1(x) =

0õ� gi(x) 6= 0 0 ≤ i ≤ c − 2 {9� M:ëß� ord(P ) = 2c s���. Õª�Q��, hc−1 =

g0
∏c−2

j=1 g2
jü< gcd(gc−1, hc−1 = 1s�Ù¼�Ð gc−1(x) = 0 {9� M:\�ëß� ord(P ) = 2cs�

��. ���²DG, deg gc−1 = l/4 s�Ù¼�Ð "é¶���H ���Ãº f(x)��H gc−1(x)s�#Q�� ô�Ç��. 2

q\�¦ ��¾º��H l = 2c\� @/�#� q ≡ 0 (mod l)�̀¦ %3���H��. P ∈ E[l]∗\� @/�#�

φ2(P ) − τφ(O) = O����H �¦̀�	כ ·ú��¦ e����. φ�� Frobenius endormorphisms�Ù¼�Ð

P 6= O\� @/�#� φ(P ) 6= O s���. Õª�QÙ¼�Ð φ(P ) − τP = Os��¦ τ��H Zl �©�\�

φ_� eigenvalue�� �)a��.

#E(Fq) ≡ 0 (mod 4)\�¦·ú��¦e��Ü¼Ù¼�Ð t ≡ 1 (mod 4)ü< τ ≡ 1 (mod 4)s�

��. s���Ér	כ τ modulo 8\� @/�#� 2 ��t� ��0pxô�Ç °ú̀�כ¦ �������. s��Qô�Ç eigen-

value��H ���Õütô�Ç f8(x)_� ���Ãºü< eigenvalue\�¦ ¹1Ô��H �â
+«>&h���� ��z�́�̀¦ s�6 x�#�

~1�>� ½̈½+É Ãº e����. s� õ�&ñ
�̀¦ l = 16, 32, 64, . . ._� eigenvalue >�íß�\� Ä»���>�

&h�6 x�)a��.s�~½ÓZO��Ér ls� 2_�����Ért�Ãº5px����â
Äº\� ò́Ö�¦&h�s���.�=���������½Ó

d�� ���íß�s� fl(x)_� 	�Ãº l/4 ��� ���Ãº_� modulo�©�\�"f s�ÀÒ#Q t�l� M:ë�Hs���.
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3.4 Baby-step Giant-step N±Ó�§h�¤æ̧

����Ér�èÃº[þt��� l\�@/ô�Ç Schoof·ú��¦o�7£§�̀¦s�6 xô�Ç t (mod l)_�>�íß��Érçß�éß��

��. Õª�Q�� deg(fl(x)) = (l2− 1)/2 s�Ù¼�Ð l °úכs� 7£x��½+É M: >�íß��Ér �©�{©�y� #Q�9

0>�����. [20]\���H Schoof·ú��¦o�7£§õ� Baby-step giant-step·ú��¦o�7£§�̀¦�D¥½+Ë�%i�

��. s� ~½ÓZO��Ér Äº��� #E(Fq) (mod L = l0 · l1 · · · lr) �̀¦ >�íß�ô�Ç��. éß�, l1, . . . , lr�Ér

����Ér �èÃºs��¦ l0��H 2_� ����Ér t�Ãº5pxs���. Õª�Q��� #E(Fq)_� ���&ñ
\� baby-step

giant-step�̀¦ ��6 x½+É Ãº e����.

Schoof·ú��¦o�7£§\� Shank ·ú��¦o�7£§�̀¦ ���+þA�#� &h�6 xô�Ç��.

Step 1. E(Fq) �©�\� &h� P\�¦ ���×þ���¦

k = min{k′|k′ ≥
⌈√

L · 4 · √q
⌉
, k′ ≡ 0 (mod L)}

�Ð ô�Ç��.

Step 2. 1 ≤ i ≤ k − 1\� @/�#� i ≡ (bq + 1 − 2
√

2c −#E(Fq)) (mod L)\� iP\�¦

>�íß�ô�Ç��. #Q�"� i\� @/�#� iP = Os���� Step 1Ü¼�Ð [�t��çß���. ÕªXO�t� ��

m����� iü< iP_� xýa³ð_�'Í	���P: 32q�àÔ\�¦ iP_�°úכ\�_�K�&ñ
\P��#�³ð

\� $��©�ô�Ç��.

Step 3. Q = kP�Ð ô�Ç��.

Step 4. j = 1, 2, . . . , k/L\�

Hk = bq + 1− 2
√

qcP + iQ

\�¦ >�íß���¦, #Q�"� i\� @/�#� s���� �ÃÐÒ�o\� _��#� iP_� x ýa³ð ×�æ 'Í	 ���

P: 32 q�àÔü< Hj_� x ýa³ð ×�æ 'Í	 ���P: 32 q�àÔü< °ú �Ér t�\�¦ q��§ô�Ç��. ëß�

{9� ú́������ Hj = iP (iP\�¦ F� >�íß��#�)���t�\�¦ �����ô�Ç��. ëß�{9� Hj = iP���

ô�Ç �©� (i, j)\�¦ ����������,

#E(Fq) = bq + 1− 2
√

qc+ kj − i

�Ð ·ú��¦o�7£§�̀¦ 7áx«Ñ��¦ ÕªXO�t� ��m����� Step 1Ü¼�Ð [�t��çß���.

s� ·ú��¦o�7£§_� &ñ
{©�$í
õ� Ãº'�� r�çß��Ér ��6£§õ� °ú ��.

P ∈ E(Fq)s�Ù¼�Ð ord(P )��H #E(Fq)\�¦ ��è�H��. ëß�{9� Ä»{9�ô�Ç &ñ
Ãº r ∈ [q +

1− 2
√

q, q + 1 + 2
√

q]�� e��#Q rP = Os��¦ r = #E(Fq)s���. ÕªXO�t� ��m�����,
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ord(P ) ≤ 4
√

qs���. #Q*�ô�Ç �â
Äº�̧ Step 4\�"f ���Ø�¦÷&�¦ ord(P ) > 4
√

q\�¦ �B}©�

ô�Ç��.

E(Fq) ∼= Zn1 ⊕ Zn2s��¦ n2|n1, n2|(q − 1)s���. �½� ü�ô�Ç ��"é¶ /BG���\� @/�#�

n1 >> n2 �Ð l�@/�)a��. ÕªA�"f n1 >> 4
√

q s���. @/éß�y� Z�}�Ér SX�Ò�¦�Ð ord(P ) >

4
√

qs���. #E(Fq) ≥ (
√

q − 1)2 s�Ù¼�Ð n1 ≥ √
q − 1 s���. �8¹¡¤s� 4|#E(Fq) s�

�¦ n2�� f.ËÃºs�Ù¼�Ð, n1 ≥ 2(
√

q − 1)s���. ��z�́ n1 ≤ 4
√

qs�Ù¼�Ð E(Fq)\���H 0A

Ãº�� 4
√

q �Ð��	�H&h��Ér\O���.B���� Step 4\�"fz�́J�½+É���s�Ù¼�Ðs	כâ
Äº�̧���Ø�¦

�)a��. ëß�{9� s���� {9�s� Òqtl����, ord(P )\�¦ ���&ñ
��¦ &h� P�� ord(P ) ≥ 2(
√

q − 1)

{9� M:��t� ·ú��¦o�7£§�̀¦ ìøÍ4�¤ô�Ç��. quotient group E(Fq)/ < P >\�"f 0AÃº ≥ 3���

&h� P ′�̀¦ �ÃÐÒ�oô�Ç��.

Step 2\�"f ³ð��H S = 2q1/2/
√

L>h\�¦ ��t��¦ e���¦ O(S) �̂ ���íß�\� _��#� >�

íß��)a��. s� ³ð��H O(S log S)_� q��§�Ð &ñ
§>=�)a��. j = 1, 2, . . . , k/L Hj\�"f Hj\�¦

>�íß����H��Ér	כ O(S) �̂���íß�s��9¹כ���¦y�� 2����ÃÐÒ�o\���H O(log S)q��§���9¹כ�

���. ����"f 8úx ·ú��¦o�7£§�Ér O(q1/4(log q)2/
√

L) q�àÔ ���íß�õ� O(q1/4(log q)/
√

L)

q�àÔ /BNçß�s� ¹כ��9���.

3.5 Úr
ø� ~É���

#E(Fq) = q + 1− t �Ð��¦ t�� p�t�Ãºs���. ·ú��¦o�7£§s� #E(Fq) = q + 1− t′�̀¦

Ø�¦§4�ô�Ç���¦ ��&ñ
ô�Ç��. t = t′ ���t�\�¦ ��6£§õ� °ú s� �����ô�Ç��.

P�� baby-step giant-step ·ú��¦o�7£§_� &h�s����¦ ô�Ç��. ·ú��¦o�7£§s� 7áx«Ñ÷&%3�

Ü¼Ù¼�Ð ord(P ) > 4
√

q���¦ b����H��. Äº��� (q + 1− t′)P = O\�¦ ���&ñ
��¦ ëß�{9� $í

wn��t� ��m�����, t 6= t′s���. Õªo��¦ q + 1 − t′�̀¦ �è���Ãº ì�rK�\�¦ ���H X< �'ad��

e����H q\� @/�#� q + 1− t′ ≤ 1050s�Ù¼�Ð /'î�r {9�s���. q + 1− t′_� �è���Ãº ì�rK�

�� ÅÒ#Qt���� �Ð�̧&ñ
o� (5.3)\� _��#� ord(P )��H ~1�>� ���&ñ
½+É Ãº e����. Õªo��#�

(q + 1 − t)P = O õ� (q + 1 − t′)P = Os�Ù¼�Ð (t − t′)P = Oe���̀¦ Ä»�̧ô�Ç��. ���

²DG, ord(P ) > 4
√

qs��¦ |t− t′| ≤ 4
√

qs�Ù¼�Ð t = t′Ü¼�Ð ����:r�̀¦ �·p��. Óüt�:r s� ���

����H n1 > 4
√

qs�#Q�� ëß� $í
/BN��¦ ·ú¡\�"f l�Õütô�Ç ��ü< °ú s� @/ÂÒì�r_� /BG���\�

@/�#� s���Ér	כ ��z�́s���.
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V� 4 â�
 Ä©«Å�ø� Úr
ø�

[97]\���H 3]X�\�"f l�Õütô�Ç ·ú��¦o�7£§�̀¦ ÅÒ Bj�̧o� 64 MB\�¦ ����� SUN-2 SPARC-

station\�"f C ���#Q�Ð ½̈�&³�%i���. s� ½̈�&³\� @/�#� Y>���t� ���/åLô�Ç��.

(i) Fq = F2m_� "é¶�è��H ONB�Ð ³ð�&³�)a��.

(ii) n = deg fl(x)�� ���. e��_�_� A(x) ∈ K[x]\� @/�#� gcd(A(x), fl(x))\�¦ >�

íß��̀¦ 0A�#� A(x)��H modulo fl(x)�Ð Äº��� ×�¦�����. \V\�¦ [þt��� d�� (7.4)\�"f

%�!3� ¹ô�Çכ��9 >�íß� xq (mod fl(x))\�¦ >�íß��l� 0A�#� j ≤ j ≤ n− 1\� @/

�#� residue x2j
(mod fl(x))\�¦�����>�íß�ô�Ç��.Õª�Q��� xq (mod fl(x))��H

x_� ìøÍ4�¤ ]jY�L\� _��#� >�íß��)a��. ½̈�̂&h�Ü¼�Ð

x2i

(mod fl(x)) =
(
x2i−1

(mod fl(x))
)2

(mod fl(x))

=




n−1∑

j=0

ajx
j




2

(mod fl(x))

=
n−1∑

j=0

a2
j(x

2j (mod fl(x)))

xq2
, yq, yq2

(mod fl(x))_� residue�̧ Ä»���>� %3�#Q�����.

(iii) d��(7.6)õ� (7.8)�̀¦>�íß����HX<��H 0 ≤ τ ≤ (l−1)/2+1\� f q
τ (mod fl(x))\�¦

>�íß�½+É ��¹כ��9 e����. Äºo���H s�p� xq (mod fl(x))\�¦ ·ú��¦ e��Ü¼Ù¼�Ð f q
τ

(mod fl(x))��H F�)&h�Ü¼�Ð ~1�>� >�íß��)a��.

f q
0 = 0 (mod fl(x))

f q
1 = 1 (mod fl(x))

f q
2 = xq (mod fl(x))

f q
3 = x4q + x3q + a6 (mod fl(x))

f q
4 = x6q + a6x

2q (mod fl(x))

f q
2i+1 = f 3q

i f q
i+2 + f q

i−1f
3q
i+1 (mod fl(x)).i ≥ 2

f q
2i = s(x)(f 2q

i−1f
q
i f q

i+2 + f q
i−2f

q
i f 2q

i+2 (mod fl(x)).i ≥ 3

s��¦ s(x) ∈ K[x] ��H

s(x)xq ≡ 1 (mod fl(x))
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�̀¦ ëß�7á¤ô�Ç��. ls� f.ËÃºs���� gcd(xq, fl(x)) = 1s� ÷&�¦ xýa³ð°úכs� 0s�÷&��H

&h��Ér 0AÃº�� 2s���.

(iv) 31��t� l�̀¦ ���×þ��#� s� ~½ÓZO�_� baby-step giant step\�"f �ÃÐÒ�o /BNçß�s� 2[

/åL|̈c Ãºe����H ß¼l��ÐÄ»t��%i���.ëß�{9�Bj�̧o��� �8 ��6 xô�Ç����� l = 29 ¢̧

��H l = 31��� �â
Äº��H ]jü@�#� baby-step giant-step \�"f_� �ÃÐÒ�o r�çß��̀¦ 7£x

�����H q�6 x�̀¦ ÂÒ{������ �)a��. ·ú¡\�"f_� ~½ÓZO��̀¦ s�6 x���� t modulo 64��H

>�íß��)a��.ëß�{9� (t modulo 64) ≤ 31s���� t modulo 128�̧ >�íß��)a��. (s��â


Äº f128(x)_� 32	����Ãº\�¦ modulo�Ð���H 1 ≤ I ≤ 31��� division polynomial

fi(x)\�ô�Ç�<Ê)Ä»���>�ëß�{9� (t modulo 128) ≤ 31s����, t modulo 256s�>�

íß��)a��. s� ~½ÓZO�Ü¼�Ð t modulo 128�̧ >�íß��)a��.

³ð (4)\���H F2155 �©�\� éß�{9�_� �½� ü� /BG���\� &h��̀¦ >�íß����H ���Õütô�Ç ·ú��¦o�7£§

_� ÅÒ¹כ Ãº'�� r�çß��̀¦ &ñ
o��%i���. l�@/ô�Ç ��ü< °ú s�, xq(modfl)�� eigenvalue\�¦

¹1Ôl�0Aô�Ç ÅÒ�)a éß�>�s��¦ xq2
, yq, yq2

modulo fls� ·ú��¦o�7£§_� Schoof ÂÒì�rÜ¼�Ð

ÅÒ�)a éß�>�s���. ëß�{9� eigenvalue�� �>rF�����, ÂÒ ñ\�¦ ���&ñ
���H r�çß��Ér Áºr�|̈c

&ñ
�̧_� r�çß�s� �è¹כ�)a��. eigenvalue\�¦ ¹1Ô��H ��s	כ Ä»6 xô�Ç Ùþ�d��s�Ù¼�Ð, Õª�Qô�Ç

eigenvalue�� �>rF����� �©�{©�ô�Ç r�çß��̀¦ ]X����½+É Ãº e����. division polynomial õ�

t modulo 128_� >�íß� r�çß��̧ Áºr�½+É Ãº e����H &ñ
�̧s���.

³ð (7.2)\���H #��Q ��t� ë�H]j �â
Äº\� baby-step giant-step_� r�çß��̀¦ &ñ
o��

%i���. �ÃÐÒ�o /BNçß�_� ß¼l���H 4
√

q/Ls���. L�Ér t modulo ls� ·ú��9&���̀¦ M: l[þt_� Y�L

�̀¦ _�p�ô�Ç��.

��t�}��Ü¼�Ð³ð (7.3)�Ér���_��½� ü��>����×þ��)a/BG���õ�Y>���t� m°úכ\�@/�

#� #E(F2m)�̀¦ >�íß����H ~½ÓZO�_� 8úx Ãº'�� r�çß��̀¦ ]jr�ô�Ç��. �¦&ñ
�)a m\� @/�#�

#E(F2m)�̀¦ >�Ãº���H 8úx Ãº'�� r�çß��Ér 	�H ¼#�	�\�¦ ��t��¦ e���¦, 	�H �èÃº ls� ��6 x

÷&�¦ Fl\� φ_� eigenvalue�� �>rF��t� ��m�½+É M: ���©� |�� r�çß�s� �'a8£¤÷&%3���.

#E(F2155)_� >�íß�\���H SUN-2 SPARC-station\���H ��� 61r�çß�s� �è¹כ�)a��.

(·ú��¦o�7£§�Ér φ�� F29 ¢̧��H F31\�"f eigenvalue\�¦ ���������H �̧|	�\���H 61 r�çß� s�

����è¹כ�)a��.�â
+«>&h�Ü¼�Ð�½� ü�/BG���\�@/�#���H��� 75 %_�r�çß�s�\V�©��)a��.

) SPARC-station\�"f F2155\�"f �̂ �©}¹�è��H�íכ 900�rY�L!lr_�q�Ö�¦�ÐY�LK������.

F2155\�"f �̂ ���íß��̀¦ Ãº'�����H :£¤Z>�ô�Ç 3lq&h�_� Chip�Ér �í{©� 250,000�r Y�L!lr�̀¦ Ãº

'��ô�Ç��. ·ú��¦o�7£§_� 8úx r�çß� ×�æ ��� 90 % ��H F2m\�"f �̂ �_¹�èכ Y�L!lr\� ��6 x÷&

�¦ s���� chip�̀¦ ��6 x���� #E(F2155)_� �è¹כ r�çß��̀¦ ��� 6r�çß�Ü¼�Ð ×�¦{9� Ãº e����.
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³ð 7.1: F2155 �©�\�éß�{9�_��½� ü� /BG���\�&h��̀¦>�íß����H·ú��¦o�7£§_�ÅÒ¹כÃº'�� r�

çß�(�í)

fi(x), 0 ≤ i ≤ 31_� >�íß�r�çß� 245.3

t modulo 128_� >�íß�r�çß� 162.

l 3 5 7 11 13 17 19 23 29 31

(a) 1.7 9.4 35.6 278 469 1231 2149 4612 11939 14170

(b) 0.1 0.7 1.1 31 69 89 458 1243 778 5252

(c) - - 13.1 - - 88 - - 72 -

(d) 1.7 9.7 - 247 488 - 2268 4890 - 15188

(e) 11.5 - - 552 1026 - 4539 9525 - 28869

(f) 3.4 - - 495 977 - 4539 9805 - 30141

(g) 0.1 - - 87 299 - 2036 6072 - 22463

(h) 0.7 - - 173 177 - 2018 786 - 6298

(i) 0.9 - - 213 348 - 1831 3444 - 9971

l� ñ

φ_� eigenvalue\�¦ �ÃÐÒ�o

(a) xq (mod fl(x))_� >�íß�

(b) eigenvalue_� �ÃÐÒ�o

(c) eigenvalue_� ÂÒ ñ ���&ñ


Schoof ·ú��¦o�7£§

(d) xq2
(mod fl(x))_� >�íß�

(e) yq (mod fl(x))_� >�íß�

(f) yq2
(mod fl(x))_� >�íß�

(g) f q
i (mod fl(x)), 0 ≤ i ≤ (l − 1)/2 + 1_� >�íß�

(h) τ, 1 ≤ τ ≤ (l − 1)/2_� �ÃÐÒ�o

(i) τ _� ÂÒ ñ ���&ñ
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³ð 7.2: F2m �©�_� /BG���\� @/ô�Ç baby-step giant step ÂÒì�r_� �è¹כ r�çß�

m step 1,2,3\� ��6 x�)a l[þt �ÃÐÒ�o /BNçß�_� ß¼l� r�çß�

33 3,5,64 3.9 · 102 0.2 sec

52 3,5,7,11,128 1.8 · 103 0.5 sec

65 3,5,7,11,13,64 2.5 · 104 1 sec

82 3,5,7,11,13,17,64 5.4 · 105 4 sec

100 3,5,7,11,13,17,64 2.8 · 108 1min 43sec

113 3,5,7,11,13,17,64 2.5 · 1010 18min 31sec

135 3,5,7,11,13,17,19,23,64 1.2 · 1011 51min 22sec

148 3,5,7,11,13,17,19,23,29,64 3.6 · 1011 100min 42sec

155 3,5,7,11,13,17,19,23,29,31,128 6.7 · 1010 44min 11sec

³ð 7.3: F2m �©�\� �½� ü��>� ���×þ��)a /BG���\� @/�#� &h�_� >�Ãº\� 8úx r�çß�

m Fl\�"f φ _� 3]X�\�"f_�

eigenvalue\�¦ ����� l 8úx Ãº'�� r�çß�

33 3 1min 6sec

52 3,5,7 4min 51sec

65 5 22min 29sec

82 3,7,11,13 57min 46sec

100 5,7,11,17 46min 21sec

113 3,7,17 1hr 8min 7sec

135 3,7,13,19,23 5hr 43min 47sec

148 5,7,11,13,17,19,29 16hr 7min 26sec

155 7,17,29 60hr 29min 33sec



]j 5 ]X� þj��H ���½̈ 107

½̈�&³÷&t���m�ô�Ç��0pxô�Ç$í
0px�¾Ó�©��Ér t modulo 27_�>�íß�\�e����. baby-step

giant-step ·ú��¦o�7£§ @/���\� kangaroo ú̧���H Pollard_� Lambda ~½ÓZO�[123]�̀¦ s�6 x

���� ��0px���. Pollard_� ~½ÓZO��Ér baby-step giant-step ~½ÓZO�õ� 1lx{9�ô�Ç l�@/÷&��H

Ãº�½� r�çß�s� ¹כ��9��� Bj�̧o��� &h�>� �è¹כ�)a��.

V� 5 â�
 i¦FD9 ¥o>Ä©

K = Fq�� ��¦ 3]X�\�"f �¦¹1Ïô�Ç ��ü< °ú s� φ�� Fl\� "f�Ð ���Ér eigenvalue\�¦ ��

��� �èÃº l [þt\� @/K� K[x]\�"f fl(x)_� 	�Ãº (l − 1)/2 ���Ãº f(x)�� e����. s����

���Ãº�� �>rF���¦ ·ú��94R e�������, �©�{©�ô�Ç r�çß��̀¦ ]X����½+É Ãº e���̧2�¤ Schoof ·ú�

�¦o�7£§\�"f fl(x)_� @/���\� ��6 x|̈c Ãº e����. Elkiesü< Miller��H 1lqwn�&h�Ü¼�Ð Äº���

&h�Ü¼�Ð fl(x)\�¦ ½̈$í
�t� ��m���¦, f(x)_� ���Ãº\�¦ ½̈$í
���H ~½ÓZO��̀¦ p�µ1Ïçß� ���

½̈���õ��Ð]jr��%i���. Charlap, Coley, Robbins[25]��H Elkies_����õ�\�¦���+þAÜ¼�Ð

f(x)��H #Q�"� ô�Ç��� ���\O� Êê\� ~1�>� >�íß�|̈c Ãº e�����¦ ]jr��%i���. s� ���+þAÜ¼�Ð

#E(K)_� >�íß�\� O(log8 q)_� >�íß�\�"f O(log6 q) q�àÔ ���íß�Ü¼�Ð ×�¦{9� Ãº e��%3�

��. O(log6 q)_� Ãº'�� r�çß��Ér %3�x9�y� 7£x"î
÷&t� ��m��%i���. \V\�¦[þt���, t2 − 4q��

�̧��H f.ËÃº �èÃº l_� @/|ÄÌ ìøÍ &ñ
�̧\� quadratic residue module ls�����H �¦̀�	כ ��

&ñ
�%i���.s��â
Äº��H q��f.ËÃº�èÃº����â
Äº\�ëß�l�Õüt÷&%3��¦ q = 2m_�{9�ìøÍ&h����

�â
Äº��H f��]X�&h�Ü¼�Ð &h�6 x÷&t� ��m����H �	כ °ú �¦, s� ~½ÓZO�_� z�́|9�&h���� ½̈�&³\� @/

�#���H ·ú� Ãº \O���.

þj��H Atkin[5]��H #E(K)\�¦ >�íß����H Dh�Ðî�r ·ú��¦o�7£§Ü¼�Ð modular equa-

tion�̀¦s�6 x���H~½ÓZO��̀¦l�Õüt�%i���.y��f.ËÃº_��èÃº l\�@/�#�	�Ãº (l2−1)/2_�

���½Ód�� fl(x)\�¦ ��6 x���H @/���\� 	�Ãº l + 1_� ���½Ód���̀¦ K[x] �©�_� modulo�Ð ���

íß��̀¦ Ãº'��ô�Ç��. y�� ìøÍ4�¤\���H t (mod l) ∈ S\�¦ ���&ñ
ô�Ç��. S��H {0, 1, 2, . . . , l}_�
ÂÒì�r|9�½+ËÜ¼�Ð |Sl| < l/2s��¦:�x�©� |Sl| << l/2s���.#��Q��t� l\�@/ô�Çs����ÂÒ

ì�r&ñ
�Ð\�¦ t\�¦>�íß����HX<�D¥6 x�)a��.s�·ú��¦o�7£§�Ér%3�x9�y�ì�r$3�÷&t���H��m��

%i�Ü¼��, z�́]j&h�Ü¼�Ð �Z41pxy� Ãº'��ô�Ç��. q ≈ 1050{9� ú̧� 1lx���½+É �	כ °ú ��. Atkin��H

q�� f.ËÃº �èÃºs��¦, q ≈ 1068\� #E(K)\�¦ >�íß��%i���. Õª�Q�� Atkin�Ér ���Ãº t�

³ð_� �â
Äº s� ~½ÓZO��̀¦ ���+þA�%i���. s� ~½ÓZO��Ér ½̈�&³÷&%3��¦ #E(F2155)_� >�íß�\� 9

r�çß�Ü¼�Ð ×�¦#Q [þt%3���. Õªo��¦ #E(F2196)_� >�íß�\� ��� 110 r�çß�s� �è%3&÷¹כ���.

þj��H\� Atkin[6]�Ér Elikies_� Òqty��\� %ò
�¾Ó�̀¦ ~ÃÎ�� #E(K)_� Dh�Ðî�r >�íß� ~½Ó

ZO�Ü¼�Ð modular equation�̀¦ s�6 x�#� ½̈�&³�%i���. #E(Fq)_� >�íß�\� $í
/BN�%i�

��H X< q��H f.ËÃº �èÃºs��¦ q ≈ 10200s�%3���. q�� ���Ãº��� �â
Äº\� {9�ìøÍ�o��H ��f����
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t� &h�6 x÷&t� ��m����H �	כ °ú ��.

V� 6 â�
 ½ÇÔ�¿ ��/�×

s� �©�\�"f_� ?/6 x�Ér [97]\�"f ÆÒØ�¦�%i�Ü¼ 9 AMS_� 4�¤]j )����Ð F� ����W�%i�

��. [121]\���H Pila�� Schoof·ú��¦o�7£§_� {9�ìøÍ�o\�¦ ]jr��%i���H X< ���&ñ
&h� ���½Ód��

r�çß�\� Ä»ô�Ç�̂ �©�\� &ñ
_��)a abelian variety_� Frobenius endomorphism_� :£¤$í


~½Ó&ñ
d���̀¦ >�íß����H ~½ÓZO�s���. s� �â
Äº abelian variety��H Fq�©�\� &ñ
_��)a @/Ãº /BG

��� C_� Jacobians��¦ C�©�\� Fq Ä»o�Ãº &h�_� Ãº��H ~1�>� 4�¤½̈�)a��. s� ·ú��¦o�7£§

_� ½̈�&³�Ér ��f�� ·ú� Ãº \O���.

Cantor[23]��H ��"é¶/BG���\�"f division polynomial\� �©�6£x���H ��s	כ hyperellip-

tic /BG���\�"f Jacobiane���̀¦ %3�%3���.


