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The Bremermann-Dirichlet Preblem
for g-Plurisubharmonic Functions.

ZBIGNIEW SLODKOWSKI

0. — Introduetion.

A smooth C2-function in Cr is called g-plurisubharmonic (0 <<qg<n — 1)
if its complex Hessian has at least (» — ¢)-nonnegative eigenvalues at each
point. Hunt and Murray [8] gave a new definition, which is also applicable
to upper semicontinuous functions, and studied systematically properties
of the larger class. They proved, among other results, that, under natural
assumptions on the boundary of a domain D cC» for every continuous
function b: 9D— R there exists a continuous extension # of b to D which
is both g-plurisubharmonic and (n — ¢ — 1)-plurisuperharmonic in D. Hunt
and Murray [8] conjecture that there is at most one » with such properties.

The main aim of this paper is to prove this conjecture. (The proof
given by Kalka [9], who considers a special case of this conjecture is—in
our opinion—incorrect.)

Hunt and Murray, as well as Kalka, have observed that the above con-
jecture is a consequence of the following one.

(*) If w and v are g- and r-plurisubharmonic functions respectively, then
u -+ v is (q + r)-plurisubharmonic.

On the other hand the author, working on Basener’s conjecture concerning
higher order Shilov boundaries of tensor produects of uniform algebras
{cf. Basener, [2]), has reduced it to the following claim:

(k%) If u and v are q- and r-plurisubharmonic functions respectively, then
min (u, v) is (¢ + r - 1)-plurisubharmonic.

The similarity between conjectures (%) and (x#) suggested that a relation
between them might exist. In fact, in Sect. 6 we prove that (x) implies (*%).
The rest of the paper is devoted to the proof of (x).

Pervenuto alla Redazione il 15 Gennaio 1984.
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Already Hunt and Murray [8] have noticed that (*) is simple for smooth
functions and they have raised the question whether uniform approxima-
tion of continuous g¢-plurisubharmonic functions by smooth g-plurisubhar-
monie ones is possible. This seems to be still unknown. We were, however,
able to achieve such an approximation by means of ¢-plurisubharmonic
functions with second-order derivatives (in the Peano sense) existing almost
everywhere (Theorem 2.9). (As a by-product, it is proved that every upper
semicontinuous function from the g-plurisubharmonic class can be approxi-
mated pointwisely by continuous functions from this class.)

More specifically, we introduce the class of functions with lower bounded
Hessian, to which our approximants belong (Sec. 2). A function of this
class is g-plurisubharmonic if and only if it has almost everywhere at most
¢ negative eigenvalues (Theorem 4.1). This and the approximation mentioned
above yield the proof of Conjecture (%), and consequently the proof of
uniqueness of solution to the Dirichlet problem described above (cf. Sec. 5).

Sinee the class of functions with lower bounded Hessian is strictly related
to the class of convex functions, it is but natural that some estimates con-
cerning convex functions play essential role in our arguments (Sec. 3).

Main results of this paper and of [13] were announced in [12]. Applica-
tions to uniform algebras and to further study of ¢-plurisubharmonic fune-
tions and g-pseudoconvex domains will appear in [13].

jcknowledgement. This work was done in Spring and Summer 1983
during the author’s stay at Scuola Normale Superiore, Pisa and was sup-
ported by Consiglio Nazionale delle Ricerche. The author is grateful to
both ingtitutions, and personally to Professor Edoardo Vesentini, for their
hospitality.

1. — Basic properties of g-plurisubharmonic functions.

We recall, after Hunt and Murray [8], that an upper semicontinuous
function #: U — [— oo, 4 oo), where U c C* is open, is said to be g¢-pluri-
subharmonic if for every (¢ --1)-dimensional complex hyperplane I in-
tersecting U, for every closed ball Bc U N L, and for every smooth, pluri-
superharmonic function g defined in a neighbourhood of B (in L):

(1.1) if g|oB > u|0B, then g|B>u|B.
Actually Hunt and Murray considered the following condition
(1.2) if gloB>ul0B, then g|B>ulB,

which is, of course, equivalent to (1.1).
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ReEMARK. The notion of g-plurisubbarmonic function is interesting only
when 0<g<n—1. However, the definition makes sense also for ¢>n: in
this case each upper semicontinuous function in C» is ¢-plurisubharmonie.

Notation and terminology. A C*function » is called strictly q-plurisub-
harmonic in U c C» if its complex Hessian has at least (n— ¢) positive
eigenvalues at each point of U.

A function « is called g-plurisuperharmoniec if — u is g-plurisubharmonie.

Let "E c C*; usec (F) denotes the get of all upper semicontinuous fune-
tions defined in E; C(E) denotes all continuous functions defined in F;
PSH,(E), q>0, the set of restrictions to E of all functions ¢-plurisubhar-
monic in some neighbourhood of E; if E is open, C2PSH (E) denotes the
set of all smooth g¢-plurisubharmonic funections defined in E.

Let Ec R¥; if u is defined in ¥ c R¥, and y € R¥ then the function
z—>u(x—y): B4y —-[— oo, | o0) is denoted by T,u. The topological
boundary of E is denoted by oE.

B(e, r) denotes the open ball with center ¢ and radius r with respect
to Euclidean metric in C» or R»; B(c, r) denotes the closure of B(e, r); S(e, 1)
denotes the boundary of Bfec, 7).

Let f: U —>[— oo, + o0), UcCr belong to usc (F). We say that f has
local maximum property in U ii, for every compact subset K c U

(1.3) max f|K <max floK .

We will use the following characterization of g-plurisubharmonic func-
tions. The methods of proof resemble those of Hunt and Murray [8].

ProposITioN 1.1. Let U c C* be open and w € use (U). Then uw e PSH,(U)
if and only if one of the following two conditions holds

(i) for every U'cU and fe C*PSH,_,_,{U’) the function w - f has local
maximum property in U,

(ii) every point ze U has a basis {U,} of relatively compact neigh-
bourhoods such that for every fe C*PSH,_, (U,) it holds

(% + )(?*) <max (v + f)|O U -

The function w e PSH(U) if and only if the following condition does not hold.

(iii) there exist 2*e U, ¢>0, r> 0 with B(z*,r)c U and a strictly
(n — q — 1)-plurisubharmonic function f, defined in B(z*, r) such that

(1.4) u(@*) 4 f(#*) =0
(1.5) u?) + fe)<— ele—2*2, |e— ¥ <r.
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Proor. It is enough to check the following implications:
(i) = (i) = ~ (iii) = (i) = (1.1) = ~ (iii).

The first two are obvious.

~ (iii) = (i); we show that ~ (i) = (iii). Suppose that there is
feC*PSH,_,_,(U'), U'cU, such that « 4-f does not have local maximum
property in U, i.e. for some compact KcU', max (f + u)|K > max (f 4 u)|0 K.
Then there is &> 0 such that M := max (f, + )| K > max (f, + «)[0K,
where f,(2) := f(z) + 2¢ [2|2, ze€ U. Choose z* € Int (K) such that (f, 4 u)-
<(2*) = M and set fo(2) = fi(z) — M — elg — 2*|2. It is clear that (u 4 f,)-
(%) = 0, (u + f,)e)<— ¢e|z — 2*[® for 2 € K, while 2* € Int (K). Moreover
fa(2) = f(2) + elz|* +— linear form, and so it is strictly g¢-plurisubharmonie.
Thus f, satisfies (iii) (¢f. Hunt and Murray, [8], Lemma 2.7).

(i) =~ (1.1). Suppose that « is not g¢-plurisharmonic, that is there
exist a (¢ + 1)-dim hyperplane L, a ball Bc LN U and a O-plurisuper-
harmonic funetion g defined in a neighbourhood of B, such that g|6B > u[0B,
but for some z,€ B, g(2;)<u(2). Similarly as Hunt and Murray [8, Proof
of Th. 3.3], we choose new coordinates so that L = {z,., = ... = 2, = 0}
and B = {ze L: |2 < R}, and an open convex set K such that Kc U,
K N L= B and the orthogonal projection of K onto L is exactly B. We
set g,(2) = g(21y +ey 2e1) + C[2esal® + .o + [a]2). Clearly g, is a smooth,
(n — ¢ — 1)-plurisuperharmonic function in a neighbourhood of K for ¢ > 0.
If ¢>0 is big enough then g,|[0K > u|oK but g,(s)<u(z). Finally
fi=— g,e C*PSH,_, ,(K) and (u + f)(2))>0 > max (u + f)[0K, which con-
tradiets (i).

(1.1) = ~(iii). We prove (iii) = ~ (1.1). Let f, 2% ¢ be as in (iii).
Since f is strictly (» — ¢ — 1)-plurisubharmoniec, its complex Hessian at z*
has at least (q -- 1)-positive eigenvalues. Consider the C-linear subspace
spanned by corresponding eigenvectors and translate it to z*. Then
g = — f|L has negative definite Hessian and so it is plurisuperharmonic
near z*, say in B(g, 20). Further g(z*) = u(z*), but u <<g on 0B(z*, §).
Thus (1.1) does not hold. Q.E.D.

For easy reference we list now some properties of g¢-plurisubharmonie
functions.

ProposITIiON 1.2. Let D, D, c C* be open, 0<q<n—1. Then
(i) we PSH,(D), Dc D, = u|D, e PSH,(D,)
(ii) we PSH,(D), yeC» = T ue PSH, (D + y)
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(iti) DcD,, ue PSH,(D), w,e PSH/(D,) and for every zc DN oD,
h'xg; _sup w,(2") <ulz), then the function

u(z) , ze D\ D,
() =
max (u(2), u,(2)) , ze D,

belongs to PSH (D).

(iv) if {u,} c PSH,(D) is locally uniformly bounded from the above and
u(z) = sup u,(2), then u* € PSH,(U), where u* denotes the upper semicontinuous
regularization of wu.

(v) PSH,(D)+ PSH(D)c PSH(D)
(vi) ue PSH (D), r> 0 = ruc PSH, (D)

(vii) the limit of a pointwise convergent and monincreasing sequence of
q-plurisubharmonic functions is q-plurisubharmonic.

(viii) every w e PSH (U), 0<g<n — 1, has local maximum property in U.

These properties, proved, for the most part, by Hunt and Murray [8]
follow quickly from the criterion given above. Thus, for example, (viii)
is a special case of Prop. 1.1.(i) with f = 0, and (iii) follows from Proposi-
tion 1.1.(ii).

2. — Regularization of ¢-plurisubharmonic functions.

In this and next sections we will frequently deal with functions on RE¥.
When we pass to C* = R?", the real Hessian has to be distinguished from
the complex one.

DeFINITION 2.1. Let U C R* be open. We say that a function u: U—R
has lower bounded (real) Hessian if there is L > 0 such that the function
(@) + L L|x|* is locally convex in U.

Our terminology is motivated by the following proposition. Since we
will not use it, we omit its (easy) proof.

PROPOSITION 2.2. Let U c R be open, u: U — R be continuous, x e RY
and L > 0. Then the following conditions are equivalent:

(i) the function u(x) - yLjx— 2*)2 is locally convex in U;
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(ii) for every we U there ¢s 6>0 such that for every |h| <o
w(@ + h) + wle— h) + Lh[*>2u(@);

(iii) the real Hessian of u, in the sense of the distribution theory, is a
matriz valued measure. Its singular part is a measure with values in positive
semi-definite matrices and its Radon-Nikodym derivative takes a.e. values
that are matrices with no eigenvalue smaller than — L.

REMARK. One can check that % e €1 if and only if both # and — u
have lower bounded (real) Hessian.

We denote the class of all functions satisfying with constant L any of
these conditions by OL(U).

ProrosiTioN 2.3. Let U,cUc R¥ be open, L, L;>0. Class CL(U) has
the following properties:

(i) we Ci(U), Uc U, = u|U,eC(Uy);
(ii) e OL(U) and yeRY = T, uc OL(U -+ y);

(iii) C} is local in the following sense: if for every € U there is 6 >0
such that u|B(x, 6) € C3(B(x, 8)), then u e CL(U);

(iv) if family {u;} c CL(U) is pointwise bounded from the above, then
SUD %€ CiL(U);
(v) OL(U) -+ 03 (U)c O 1, (U);
(vi) ue CL(U), r>0 = ruc Crp(U);
(vii) if {u.} c OL(U) converges pointwise to u, then u e CL(U);
(viil) L,<L = C.(U)c CL(T);
(ix) if uc C*(U) and at each poin, its (real) Hessian has norm non
bigger than L, then ue O(U).
ProOF. These properties follow directly from the definition and cor-

responding properties of convex functions. We check only some of them.

(i) v(@) = w(x) 4 Llx|* is convex in U. (T,u)(z)+ 3Ljz>=
= u(x—y) + 3 Llz|* = vl — y) — $ Lz — y|* + 4 Ljz* = (T,v)(») + linear
form, and so it is convex.

(iv) The functions v,(x) := u,(x) 4+ $L]x|* are convex in U. The family
{v.} is pointwise bounded in U and so v(z) = sup v,(x) i8 a convex function;
in particular » is continuous, cf. Rockafellar [10, Th. 10.1]. Clearly v(x) =
= u(®) + 3 L|z|? and so ue C(U).
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(ix) Let v(w) = u(x) + 3 Ljx|2. Then (Hessv) (x) = (Hessu) (z) + LI,
where I denotes the identity matrix. Clearly Hess v is positive semidefinite at
each z € U. By the well-known criterion v is convex and « € C3(U). Q.E.D.

DEFINITION 2.4. Let % and g be non-negative bounded function (pos-
sibly discontinuous) defined on the whole R¥. The supremwm-convolution
of u and g, denoted by u *, g, is defined by the formula

w *, g(@) 1= sup {u(y)glx— y): ye RY}, weRY.

If u is defined in U ¢ R¥ only, % %, ¢ is understood as i =, g, where #%(x) =
= wu(z) for € U and 0 otherwise.

The following results show how the operation of supremum-convolu-
tion helps us to obtain regularization of ¢-plurisubharmonic functions.

REMARK 2.5. If ©>0, ¢>¢,>0 are bounded functions, then u %, g>
>u %, ;>0 (Proof obvious).

PROPOSITION 2.6. Let u: RY — [0, 4+ oo) and g € OL(R¥), ¢>0, L>0 be
bounded. Then w *,gc Oy (RY), where M =sup w. In particular u %, g
&8 continuous.

Proor. By Def. 2.4 wu %, g(x) = sup (u(y)7T,9)(x). We use Proposi-
yeRY
tion 2.3: by (ii) T,g € CL(RY), by (vi) u(y) T,g€ Oy (BY), and by (iv) u % g
€ Oy (BY). Q.ED.

LemMa 2.7. Let u, g: C* — [0, co) be bounded and U c C» be open. If u
18 q-plurisubharmonic in U and supp g C B(0, r), r > 0, then the upper semi-
continuous regularization of w=,g s g-plurisubharmonic in U, = {wec U:
B(z,r)c U}.

ProoF. Let us rewrite the definition of u %, ¢:

(2.1)  wx,g(z) = sup {u(y)g(z—y): y eC = sup {u(w + 2)g{w): weC"}
= sup (9(w) T_.u)(2)
lwl<r
(since g(w) = 0 for |w|>r). By Proposition 1.2.(i), (ii) and (vi) T_,u|U,
and g{w)T_,u|U, belong to PSH,(U,), for |w|<r. The lemma follows from

Proposition 1.2.(iv) applied to wuniformly bounded family g(w)T ,u|U,.
The following Corollary is a direct consequence of the last two results.

COROLLARY 2.8. Let UcCr be open, we PSH,(U), ge CL(C»), L>0.
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Assume that w and g are non-negative, sup u = M, and supp (g9) c B(0, r}),
r>0. Then u*,ge O (C*) N PSH(U,).

THEOREM 2.9. Let UcC* be open and we PSH,(U). Then for every
compact K c U there is a monotone, non-increasing sequence of functions
(:),_1 Such thai:

(i) wp€ CL(C"), k=1,2, ..., for some constants L(k)>0, k=1,2, ...
(i1) u,/K e PSH(K), k=1,2, ...
(iii) u, converge pointwise to u on K.

If, in addition, u is continuous (in U), then the convergence is uniform on K.

REMARK 2.10. In particular, every g¢-plurisubharmonic function can be
approximated (on a compact set K) by pointwise convergent monotonous
sequence of continuous g-plurisubharmonic functions (defined in a neigh-
bourhood of K).

Proor or THEOREM 2.9.

ASSERTION. Assume, in addition to the assumptions of the theorem,
that 0<u<M and that a continuous function v: K — R is given, such
that »> u|/K. Then there exist L>0 and w e C}(C*) N PSH,(K), such
that v > w|K > u|K.

PROOF OoF THE ASSERTION. Choose r > 0 such that K c U, and
(2.2) max u|B(z,r) < v(z) for every zc K,

(by the upper semicontinuity of ). Take ge C;(C") sueh that ¢(0) =1,
0<g<1 and supp (g) c B(0, r), and set w = u *, ¢ (meant as @ %, g). Let L
be the maximum of the norm of the real Hessian of g. By Proposition 2.3 (ix)
g e C1(C™ and by Corollary 2.8 w e 0}, (C) N PSH,(U,). Moreover

w(2) = sup {A(y)g(z — y): y € C*} > i) 9(0) = u(z), 2€K.
Furthermore, for ze K

w(z) = 0 %, g(2) = sup g(y)(T_,u)(z) (by (2.1))

lyl<r

< sup (T_,u)(z) <max u|B(z,r)<o(z) (by (2.2)).

lyl<r
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‘We may add a small constant to w, so that w|K > «|K, without changing
other properties. The Assertion is established.

The general case. We may assume (shrinking U, if necessary) that u is
bounded from the above. Since # is upper semicontinuous, there is a
décreasing sequence {v,} of continuous functions on K converging point-
wise to 4|K; in particular v, > u|K. To end the proof it is enough to find
functions u, and constants L(k), k=1, 2, ..., such that L(k) >0, u.€ CL,(C") N
N PSH(K), v:> ux|K > u|K and u,>uey, k=1,2, ..

We proceed by induction. Assume that u,,...,u, are already con-
structed. (We can choose u, = (sup ) + 1). Now set € == max (— inf u,|K,
— inf v, 4, |K, 0), %'(2) = C + max (u(z), — ), 2€ U and v'(z) = C + min (u,(2),
0:.1(2)), 2 € K. Then u’, v' fulfil the assumptions of the assertion, in particular
u' >0, v'> ' |K, u'e PRH,(K), therefore there is L(k-+1)>0and we CL(C*) N
N PSH(K), such that v»'> w|K >«'|K. It is easy to see that the function
Urya(?) := — O + w(e) has all the properties required in the induction
step. Q.E.D.

3. — Convex functions: an estimate involving second order derivatives.

One may expect that the approximation theorem 2.9 will allow us—in
many instances—to restrict our attention to g¢-plurisubharmonic funetions
with lower bounded Hessian, instead of considering the general class
(cf. Sects. 4 and 6). Since every function in the special class is, up to
quadratic polynomial }L|r|? convex, it is natural to apply convex analysis.
It is well known that every convex function #: U — R, U open in R¥, hasg
second-order partial derivatives in the sense of distribution theory, and the
real Hessian is a matrix-valued measure. It is much less known that such
has also second-order derivatives in the local (Peano) sense. Namely, for
almost every x € U, there are: a vector a = (a4, ..., ay), and a symmetric
matrix (b;);., (real Hessian) such that

iyi=

N N
(3.1) 11’1_{1: l?/ - w\'z(f(?/) - f(x)) ._1 21: aly,—x,) "“‘71)_’ . Zlbﬁ(?/i — )y, — w:)) =0.
The result is apparently due to Alexandrov {1]. For a proof the reader may
refer also to Buseman [5, p. 24].

However, for our further applications in Sec. 4 we need also to handle
somehow these points at which second order differential does not exist.
To this purpose we introduce a quantity K(u, ) which is equal to the largest
eigenvalue of the real Hessian (b;) at «, provided it exists, and plays similar
role at the remaining points.
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DEFINITION 3.1. If grad % at x exists, K(u, ) is defined by the formula

K(u, ») =lim sup 2e—2 max {u(z + eh) —u(2) —e(grad u(), b): |h|=1},

>0

otherwise K(u, ») is defined as -} co.
We specify that the lower density of Lebesgue measurable set Z c R¥
at «* € B¥ is the number

lim inf my(Z N B(#*, &) [my(B(x*, €)) ,

e—>0

where my denotes the N-dimensional Lebesgue measure.
Our further applications of convex analysis to g-plurisubharmonic fune-
tions (cf. Theorem 4.1.) depend on the following, rather technical estimate.

THEOREM 3.2. Let u be convexr near x* € R¥. Assume that K(u, x*) = k*
is finite. Then for every & > k* the set {w: K(u, z) < k} is Borel and its lower
density at o* is not less than ((k— k*)[2k)¥.

Before starting the proof of Theorem 3.2 we give simple properties
of K(u, x).

We will say that a sphere S{e, 7) supports the graph of w from the above at
y = (@, u(x)), it y e 8(e, r), Ble,r) N graph (u) =0 and ¢,,, > u(Pc), where P
denotes the orthogonal proection of R¥+! onto RY.

PrRoOPOSITION 3.3. Le¢t UcC RY be open and u: U — R be convex. Assume
that w has gradient at x.

(i) If u has second-order Peano derivatives at x, then K(u, x) is equal
to the norm (i.e. the largest eigenvalue) of the (real) Hessian of u at x.

(ii) If K(u, x) is finite, then for every K > K(u, x) there is ¢ > 0 such
that w(z 4+ h)— u(z) — (grad w(z), h) <L K|h|* for every |h] <e.

(iii} If there is a sphere S(e, 1), r > 0 which supports the graph of u from
the above at (z, u(z)), then

K(u, ) <r (1 4+ .‘72)% ’

where g = |grad u(xz)].

The statements (i) and (ii) follow directly from the relevant definitions;
(iii) is obtained by elementary, though lengthy calculations, which are
postponed to the Appendix. The following lemma deals, in geometric terms,
with the essential difficulty of Theorem 3.2.
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LEMMA 3.4. Let u be a non-negative convex function in B(0, d) c R¥, d > 0,
such that u(0) = 0 and (grad «) (0) = 0. Let R > 0 and assume that the ball
B(c*, R), ¢* = (0, ..., 0, R) € R+, infersects the graph of w only at 0 € R¥+,
Let X,, 0 <r < R denote the set of all x € B(0,d) c R¥ such that there exist
a sphere of radius r supporting the graph of u from the above at (x, u(z)). Then
the lower density of X, at 0 is not less than {(R— r)/2r)".

PrOOF. The number r e (0, R) will be kept fixed in the proof and we
write X for X,. Define Z = {(z, u(»)) € R"1:z e X}. It is clear that
Z N B(0,d')X R is compact for every d'< d. Also X N B(0,d)XR is com-
pact, since it is the image of the former set via the orthogonal projection
P: R¥+*  R¥. Thus the notion of densgity is applicable to both X and Z.

It is more convenient to estimate first the density of Z at 0 (with respect
to N-dimensional Hausdorff measure HY). With this in mind we will modify
% outisde a small neighbourhood of 0, that is we are going to introduce new,
auxiliary convex funections

vx: B(0, R) — [0, 0o), O<a<arcsin(d/R).
Define
Y = {yeR¥1: ly— ¢*| = R, X (y — ¢*, 0— ¢*) = 2a} .

Then [y — c*|le*|cos 2o = (y — ¢*, — ¢*) = — Ryy,; + R? and so Y is the in-
tersection of the sphere S(c, R) with the hyperplane yy,, = E(1 — cos 2x).
Its projection P(Y) onto RY is the sphere of radius (R*— (B — yx,,)?)} =
= Rsin 2a, centered at 0. Let U, denote the union of all closed segments
w, ¥y with one end-point w on the axis 0 X R ¢ R¥+! and tangent to the sphere
S(¢, R) at the other end-point y about which we assume that it
belongs to Y. Since < (w— ¢* vy — ¢*) = 20 and <X (w— vy, y — ¢*) = 7/2,
therefore |w— c*| cos 2a = |y — ¢*| = R, and so w= (0, ..., 0, R(1—1/cos 2«))
independently of y. We conclude that C, is a (finite) cone, with vertex at w
and base Y, tangent to S(¢*, R) along Y. Define now

Ty = {y € 8(¢*, B): R(1— c08 20) <yy,1 < R} . (Note that OxN Ty = Y.)

It is geometrically obvious that Cx U T, is the graph of some convex func-
tion kx: By(0, B) — R. TFinally we define, for 0 < a < } are sin (d/R)

max (u(z), ka(#), |2|<Rsin2e,
Va(2) =
ko) Rsin2a<|z| < R.
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In particular

(3.2) va() >u(x), for |z|<<d.

It is clear that v, is locally convex on the set |z| R sin 2. If 2| =
= Rsin 2«, then (@, u(x))€ ¥ c 8(c*, R). By assumptions S(c*, R) lies
above the graph of u, and so %kx|Y > #|Y and va= ks near Y. Since % is
locally convex in B(0, R), it is convex.

Let » be a convex function in B(0, B). Denote by F(v) the convex set
{(®, t) € R¥1: ¢ > u(x)}. Define Z° as the set of all y = (=, v(x), |z| < R,
such that for some ¢ec R, B(e,r)Cc E(v) and ye 8(c,r). The set Z»
(like Z) is closed in By(0, R) X R. Observe that if y = (=, v(x)) € Z*, then
graph (v) has a unique supporting hyperplane at y (since any such hyper-
plane is tangent to S(c, 7)), and, in turn, ¢ is uniquely determined by y.
We write ¢ = y*(y) and assert: the map y°: Z° — RE¥*1is Lipschitz with constant
one. Indeed, let y,,y,€ Z* and ¢, = y*(y;), ¢ = 1,2. The set E(v), being
convex, contains W:= co (B(e;, ) UB(c,, r)). In particular W graph (u) =0.
Since y; e S(e;, r) M graph (u), we get y,e 8(¢;, TNW, i =1, 2, and so y,,
i =1, 2 do not belong to, and are separated by the open layer between two
hyperplanes which are orthogonal to the segment ¢,, ¢, and pass through
its ends. Thus |e; — e|< |y, — ¥l

The objects Z» and yv defined for v = v, o€ (0, } arcsin (d/R)) will
be denoted by Z* and y* respectively.

Let us consider the set

U, = graph (va)\(CaU T) .

The following inclusions hold for « (0, } arcsin (d/R)):

(3.3) P(U,)c B(0, Rsin 2a),
(3.4) ZenU,cZN U,,
(3.5) By(0,8)c P(y*(Z2*N U,)), where § = (R—17)tg .

The first inclusion follows directly from the definitions. Further, by defini-
tions and by (3.2), Z*n graph (u)c Z; since U,c graph (u), Z*N UsC
¢ Z* N graph (u) c Z, and (3.4) follows. As for the third relation, consider
xeR¥ |x|<R—r. Then the set {ce {z} XR:B(o,r)C E(vs)} is a non-
empty, closed half-line. Let ¢ be its end-point and y € S(¢, ) N graph (va).
Then ¢ = p*(y) and ¢ = Py*(y). Thus

(3.6) By(0, R— 1) C Py*(Z).
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Since ZN\(Cx U Tx) C graph (va)\(Cs U T) = Uy, therefore Zo\ (Cx U Ts) C
C Z* N Uy. Consequently Py*(Z*)\Py*(Cx U T'x) Cc Py*(Z*N U,). This relation
and (3.6) will imply (3.5), as soon as we prove that:

{3.7) Py*(Z2N (Cx U Ta)) N By(0,08) =0,

To see this, consider the family of all sphers S(¢, ) which support
C N\ Y from the above (at some point of C,\ Y) and are contained in the
upper half space yy,,>0. Then the smallest value of |P(c)| is attained when
sphere S(¢, r) is tangent both to Cx and to {yy,, = 0}. It is not difficult
to see geometrically that in such a position < (¢— ¢*, 0 — ¢*) = o, and
80 |P(c)| = (|¢*| — eypa) t8x = (R—r)tg« = 8. Thus

(3.8) Py*(Z% N Cx) N By(0, 8) = 0.

(The points of ¥ c €, are handled as limits.) When in turn S(e, r) sup-
ports T,\Y) from the above at some point y, the segment ¢, ¥ is normal
to S{c*, B) and yy > E(1 — cos 2x), therefore < (¢ — ¢*, 0 — ¢*)>2a and,
like above, |P(c)|>(R— r)tg2«>0. Thus P(y*(Z*nN Tx)) N B(0, 6) = 6,
which, together with (3.8), gives (3.7).

We are now in a position to estimate the density of X = P(Z). Note
that the map

(3.9) @ — (0, u(@)): P(Us) - Usx

is Lipschitz with constant (14 ¢%)}, where g, = sup {|grad u()|: |z|<
< R sin2a}. (In fact, by Rockafellar [10, Th. 10.4] « is Lipschitz, and by [10,
Theorems 24.7, 25.5 and 25.6] g« is a Lipschitz bound for «|B(0, R sin 2x)).
Moreover (3.9) maps X N P(Us) = P(ZN U,) onto ZnN U,. Applying
basic theorem about effect of Lipschitz maps on Hausdorff measures [Ro-
gers 11, Ch. 2, Th. 29] and (3.3) we get:

HYZ O Us)< (1 + g9)¥2my(X 0 P(Us))
<L+ ¢2)¥2my(X N B(0,¢)), &= Rsin2a.

Furthermore it holds

my(B(0, 8)) <my(Py«(Z*N Us)) (by (3.5))
<HY(Z*N Uy) (since Py* is nonexpanding)

<HY¥(Z N Uy) (by (3.4)).
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Combining these inequalities we obtain:

my(X O B(0, ) /ma(B(0, £)) > (1 + g2 " m(B(0, 8))mx(B(0, £)) =

R —r\¥
—(1 2\~N/2 -2 X
(1 + g2)™* cos oc( 3R )

If ¢ -+ 0, then o« — 0 and g, — 0 by continuity of the gradient of a convex
function [Rockafellar 10, Th. 25.5]. Q.E.D.

Proor oF THEOREM 3.2. Denote {redom (v): K(u,x) <k} by X,
It is clear that K(u, z) is of first Baire class and so X, is Borel. We can
assume without loss of generality that a* = 0, u(z*) = 0 and grad u(z*) = 0;
in particular v >0. Fix k > k* = K(u, 0) and take K such that &t > K > k*.
By Proposition 3.3(ii), there is d > 0 such that u(h)<}iK|h[]* for [h|<<d.
Since for R =1/K, |z|<R the inequality R — (R?— |z|?)}> 31K |x|? holds,
therefore the sphere S(c*, R), where ¢* = (0, ..., 0, B) € R¥+1, supports the
graph of u|B(0, d) from the above at 0 € R¥tl. We can apply Lemma 3.4
to the function #|B(0, d).

Take arbitrary r such that 1/k <r <R, and let X = X, and Z = Z,
have the same meaning as in Lemma 3.4 and its proof. By Proposition 3.3(iii),
if ze X then K(u,z)<r (1 + g2}, where g = |grad u(z)]. Set

g, = sup {lgrad w(x)|: |¢| < e} .
Then
K(u, z)<r 1+ g5t for ze XN B(0, ¢).

By the continuity of the gradient [Rockafellar, 10, Th. 25.5] 181_1)% g,

= grad u(0) = 0. Therefore there is 0<¢’<<d such that r~'(1 -+ ¢®)t<k
for e< ¢’y and so

B0,e)NnXcB0,e)nX,, for 0<e<e.
It follows that
lim inf my (X, N B(0, &) /my(B(0, £)) >

&0 R_r\¥
>lim inf my(X N B(0, &))/mxy(B(0, e))>( o ) R

by Lemma 3.4. Since we can choose B =1/K and r > 1/k arbitrarily close
to 1/k* and 1/k respectively, we get the desired bound ((k — %*)/2k)¥. Q.E.D.
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The following fact follows immediately from Theorem 3.2:

COROLLARY 3.5. Let u be a locally convex function in U c R¥. Assume
that K(u,x)>M for almost every xc U. Then K(u,x)>M for all zc T.

4. — Characterization of g-plurisubharmonic functions among functions with
lower bounded Hessian.

Since a function # with lower bounded real Hessian is the difference of
a convex function and of quadratic polynomial §L{x|?, the notion of a
real Hessian makes sense at almost every point # € dom (#). The formula (3.1)
may be rewritten as follows:

(4.1) w(@ + h) = u(@) + (grad u(x), b) + 1Bk, k) + of|k|2),

where B: E¥ X R¥ — R, the real Hessian of 4 at x is a symmetric form cor-
responding to the matrix (b,;). In case u is defined in C» = R?* we can
also define formally the complex Hessian at @, in complete analogy with
the smooth case. We define

ez, i\omdm, | dmedm  dynm | 3yeown

o 1( ot . 0% o%u 0% )
?
where 2 = (21, Y1, «..) Tny ¥,) and all second order derivatives on the right-
hand side of the last formula are suitable entries of the matrix (b;;). The
form
n 0%

Hie, w) :k,l=1 02, 0%,

2,W;, 2, weCn

is called the complex Hessian of # at ». If we set further

0% 1 0%u . 02 " o2u . 0%y
02,02, 4 \0w, 0y, 02, 0y, Oy 0x  Oy,om)’
n azu
Az, w) ::76’12=1 mzkw,, z, weCn,

then B(z, w) = H(z, w) + H(z, w)~ + A(z, w) - A(z, w)~. Note that H is a
Hermitian form, while A is bilinear. Since H(z, 2) is real, it holds

(4.2) 1 B(z, 2) = H(2,2) + Re A(z,2) .
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THEOREM 4.1. Let Uc C~ be open, u: U —+R and 0<g<n — 1.

(i) If we PSH,(U) is second-order Peano differentiable at wx, then its
complex Hessian at x has at least (n — q)-nonnegative eigenvalues.

(ii) If we CL(U) for some L>0 and at almost every point x e U, the
complex Hessian of w at x has at least (n — g)-nonnegative eigenvalues, then
u € PSH,(U).

For the proof we need the following folk-lore lemma:

LevmMA 4.2. If A and B are complex Hermitian matrices with at most
q- and r-negative eigenvalues respectively, then the matrix C = A 4 B has at
most (q -+ r) negative eigenvalues.

Proor. It follows from the assumptions that 4 and B have invariant
subspaces L, and L, of dimension (n— ¢)- and (rn— r) respectively, such
that (Az, x)>0, for x € L,, (Bx, x)>0 for x€ L,. Put L = L, N L,. Then
dim L>n— (¢ + r) and (Cx,2)>0 for v L. By minimax formula for
eigenvalues [Dunford and Schwartz, 6, Th. X. 43] the matrix € has at least
dim L = n — g — r nonnegative eiganvalues. Q.E.D.

ProoF oF THEOREM 4.1. (i) (Necessity). Choose r > 0 with B(z,r)c U
and define funetions u,: B(0,r) - R, 0 <t <1, by the formula

u(y) = t*(ulw + ty) — w(@) — ¢ grad (u(z), y)) .

By Proposition 1.2(v), (vi) all , € PSH,(B(0, 7)). By formula (4.1) %, con-
verge uniformly to 1B(y,y), as ¢ — 0. By Proposition 1.2 (vii) 1B(y, y)
is g-plurisubharmonic. Since the latter is a smooth funetion, its complex
Hessian at 0 has at least (n — ¢)-nonnegative eigenvalues. However, the
complex Hessian of 1B(y, y) is exactly H(z, w), because 3 B(2, 2) = H(z,2) -}
-+ Re A(z,2), and Re A(z,2) is a pluriharmonic funection.

(ii) (Sufficiency). We will show that condition (iii), Proposition 1.1
cannot hold. Suppose it does and there are 2z*e U, ¢>0, r> 0, and
fe PSH,_,_,(B(2*,r)) satisfying all requirements of Proposition 1.1 (iii).
We can assume without loss of generality that ¥ = 0. If we set u,(2) =
= u(2) + f(2), |l <7, we get

(4.3) wn(0) = 0, w(2)<—elel*, [o]<r.

Observe that at almost every point x of B(0, r) the real Hessian of u,
at » has at least one nonnegative eigenvalue. Indeed, let # be any point
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at which the complex Hessian of u exists and has at least (n — ¢)-nonnegative
eiganvalues. Clearly the Hessian of smooth function f at « has (¢ + 1)-
nonnegative eigenvalues. The sum of these two forms has at least one
nonnegative eigenvalue (by Lemma 4.2). Thus the complex Hessian of u,
at x, say H(z, u), has at least one nonnegative eigenvalue, and so H(z, 2)>0
for some 2 # 0. Let B(z, ) denote the real Hessian of u, at z. By Eq. (4.2)
3 Bliz, iz) = H(z, 2) — Re A(z, 2), and so 4H(z, 2) = B(z, 2) 4 B(iz, iz). Thus
the symmetric form B(z,2) cannot be negative-definite, and so the real
Hessian of %, at © has at least one nonnegative eigenvalue. It is clear that
the set of such points z is of full measure.

Choose r'e (0, r) and let L, denote the maximum of the largest eigen-
value of the real Hessian of f at », |#|<r’. By Proposition 2.3 (ix) and (v),
u,|B(0, 7) € C(B(0, 7)), where M = L+ L,. By Def. 2.1 the function
v(2) = wy(2) + M |23 |¢| < 7', is convex. In particular 0 = 2v(0)<v(z) +
4+ o(— 2) = w(?) + w,(— 2) + M|e}>. Using this and (4.3) we get

— efe|*> wy(2) > — wy(— 2) — Me[?
>—M|z[2.

This implies that w, is differentiable at 0 and grad «#,(0) = 0, and also
grad v(0) = 0. Moreover v(0) = 0, v(2)<(} M — &)|2|% |2|<r’. Therefore

(4.4) K(u;0)<M—2e. (cf. Def. 3.1).

Since the real Hessian of 1 M¢|® has, at every point, all eigenvalues equal
to M, the real Hessian of v at almost each point has at least one eigenvalue
greater or equal than M. By Proposition 3.3 (i) K(u, )> M almost every-
where. By Corollary 3.5 also K(u, 0)> M, which contradicts (4.4). Q.E.D.

5. — Uniqueness of solution of the generalized Dirichlet problem.

It has been already realised by Hunt and Murray [8], as well as Kalka [9]
that the uniqueness of solution of the generalized Dirichlet problem in the
class of ¢-plurisubharmonic functions follows from the following result.

THEOREM 5.1. Let UcCr be open and ¢,r>0. If we PSH(U) and
ve PSH.(U), then (u + v)e PSH,,.(U).

ProoF. By Theorem 2.9 and Proposition 1.2 (vii), it is enough to prove
the theorem for w, v with lower bounded real Hessian, say u e O5.(U),
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ve Ci(U), L'y L">0. By Proposition 2.3 (v), (v 4 v)eC}(U), where
L =1+ L". Now we can apply Theorem 4.1. Take any point # at which
both % and v are second order Peano differentiable. Let 4 and B denote the
complex Hessians at « of v and v respectively. By Th. 4.1 (i) A and B have
at most ¢ and r negative eigenvalues respectively and by Lemma 4.2,
A -4 B has at most (¢ 4 r) negative eigenvalues. Thus the complex Hes-
sian of u -+ v has at almost every point at most (¢ 4- ) negative eigenvalues,
and by Theorem 4.1 (ii) (v 4 v) € PSH,(U). Q.E.D.

DEFINITION 5.2. (Hunt and Murray [8]). A function : U - R, UcC»
is said to be g¢-Bremermann, 0<g<n—1, if ue PSH(U) and —uce
€ PSH,_,_,(U). (Hunt and Murray use the term g-complex Monge-Ampére
ingtead of ¢g-Bremermann.) In case a ¢-Bremermann function is smooth,
the determinant of its complex Hessian vanishes everywhere. Thus the
Dirichlet problem studied in Hunt and Murray [8] and here is of homo-
geneous type. The uniqueness result conjectured in [8] is the following.

THEOREM 5.3. Let Uc Cr be open and bounded and let b: 0U— R be con-
tinuous. Then for each 0<q<<n — 1 there is at most one q-Bremermann func-
tion u in U such that for every z€0U

lim u(2) = b(?) .

& —>%
The theorem is a special case of the following fact.

LeMMA 5.4. Let UcCr be open and bounded, 0<g<n—1 and u,ve

e C(U)n PSH,(U). Assume, moreover, that u is q-Bremermann in U, u<v
in U and woU = v[oU. Tehn u =w.

Proor. We have to show that v<<u. Since — v e PSH,_, ,(U), it follows
from Theorem 5.1 that the functionv—u =v 4+ (—w)is g +{n—q—1) =
=(n—1)-plurisubharmonie, and by maximum principle (Proposition 1.2(viii)),
m(g]mx (v—u) =max (v— u))oU = 0, i.e. v<<u. Q.E.D.

As it was noticed by Hunt and Murray [8] See. 3, a solution to the
Dirichlet-Bremermann problem of Theorem 5.3 does not always exist, even
for relatively regular domains. There are, however, general positive results
in this direction.

DEerFINITION 5.5. [Hunt and Murray, 8, Sec. 3] A bounded domain D c C»
is said to be strictly g-pseudoconvexr if there is an open neighbourhood U
of 0D, and a strictly g¢-plurisubharmonic function g: U — R, such that
DNU={zeU:pz) < 0}.
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THEOREM 5.6. If DcCr is strictly r-pseudoconvex, 0<r<n—1, and
0<g<n—r—1, then for every continuous function b: 0D — R there exists
a unique g-Bremermann function ue C(D)NPSH(U), such that u|oD =b.

The existential part of this theorem is due—in the case of ¢ = r—to
Hunt and Murray [8, Th. 3.3]. By the same method one can prove the gener-
alization given above (formulated by Kalka [9]).

REMARK 5.7. If D cC» is strietly pseudoconvex (r = 0) then each con-
tinuous function b:6D — R has g¢-Bremermann extension for every ¢ =
=0,1,..,n—1.

6. — The Perron method and smooth g-plurisubharmenic functions.

As it was indicated in the Introduction, the author has undertaken
this study mainly to obtain the following theorem.

THEOREM 6.1. — If u and v are respectively q- and r-plurisubharmonic,
g, 7 >0, then min (u, v) is (¢ + r + 1)-plurisubharmonic (in dom (u) N dom (v)).

This result was then applied in Slodkowski [12] to prove Basener’s con-
jecture [2]; there Theorem 5.1 played secondary role and served only to
obtain Theorem 6.1. Afterwards another approach was found in [Slod-
kowski, 13]: Basener’s conjecture was derived directly from Theorem 5.1,
moreover, Theorem 6.1 is now a consequence of this conjecture; see [13]
for details.

Anyway, the initial approach is not without interest. On the whole
it is perhaps shorter than that of [13], and certainly more homogeneous
as far as the methods are concerned. It starts from the observation that
Theorem 6.1 is simple if 4 and v are, in addition, smooth. Something more
can be obtained by the same simple methods.

LeMMA 6.2. If UcCr and ue CH{U)N PSHL(U), ve PSH,(U), ¢, 7>0,
then min (u, v) € PSH, .,,(U).

(The simple proof is postponed to the Appendix.) Now our strategy
is to obtain all functions in C(T) N PSH,(U), at least locally, by successive
application of Perron method starting from functions in €2 PSH,. Then
Theorem 6.1 can be obtained by a sort of induction, of which Lemma 6.2
is the first step. We will describe only the basic steps of this method, omitting
the details that are similar to those in Bremermann [4], Walsh [14], and
Hunt and Murray [8].
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DEFINITION 6.3. Let for every open D c C» there be given a set A(D)c
cuse(D). We call the family A = {4(D)} an admissible class, if it fulfils
condition (i)-(iv) of Proposition 1.2, with PSH,(-) replaced by A(-).

REMARK 6.4. PSH, is an admissible class.
If we are given an admissible class {4(D): Dc C"}, and a function
ve C(D), we consider the set

A(v, D) = {u: weusc (D) N AD), u<v in D}.

Denote the upper envelope of A(v, D), the function sup {u(z): u € A(v, D)}
by e(4,v). The following remark follows from condition (iv) of Def. 6.3.

REMARK 6.5. Let D c C» be open and bounded, and »: D — R be con-
tinuous. Let A be an admissible class in C». Then e(4, v) € use (D) N A(D)
and e(4,v)<v in D.

General Walsh lemma 6.6. Let D c C* be open and bounded and v: D — R
be continuous. Let A be an admissible class in C*. Assume that the envelope
e(4, v) is continuous at each point of 3D. Then e(A,v) is continuous in D.

The proof goes in the same way as the original one in Walsh [14]; one
has to replace the class PSH, by A and to note, that nothing more than
conditions (i)-(iv) of Def. 6.3 is needed in Walsh’s proof.

We denote by AP,, 0<g<n—1, the smallest admissible class in C»
containing all smooth g¢-plurisubharmonic functions defined on arbitrary
open subsets of C=.

LEMMA 6.7. Let DcCr be strictly q-pseudoconvexr, 0<qg<n—1, and
v e O(D). Then the envelope e(AP,, v) is of AP, class, in particular is q-pluri-
subharmonic in D, continuous in D and equal to v on 9D.

Proor (Sketch). By Remark 6.5 e(AP,, v)c usc (D) N PSH(D). One
can prove that liIzI,I _}znf e(AP,, v)>v(z), for each ze0D, by applying Bremer-
mann’s argument [4, Proof of Th. 4.1], with obvious modifications. Since
also ¢(4P,,v)<v (Remark 6.5), we conclude that for every zeoD,
Li_rg e(AP,, v) = v(z). Thus the envelope is continuous at each boundary

point and, by Lemma 6.6, it is continuous in D. Moreover it is equal to v on o.D.

THEOREM 6.8. Let D c Cr be strictly g-pseudoconver, 0 <q<<n— 1. Then
PSH,(D)N C(D) c AP,(D).



THE BREMERMANN-DIRICHLET PROBLEM ETC. ’ 323

Proor. Let ve PSH,(D)N C(D) and denote u := e(AP,, v). It is enough
to show that w =wv (for u|De AP/(D)). Suppose that u %o and let
H:= {ze D: u(z) < v(2)}. Sinceu,ve O(D)and oD = v[0D (by Lemma 6.7),
H is open in C». The following holds:

(6.1) w|oH = v|0H

(6.2) wH <v|H.

Observe that #|H is ¢-Bremermann. If not, then — w¢ PSH, , ,(H)
and condition (iii) of Proposition 1.1 holds. Thus there are z*e H, r > 0,
¢> 0, fe C*PSH,(B(z*, 1)), such that B(z*, r)c H,

(6.3) 1&*) = u(e¥),

(6.4) fe)<ule) — ele— 2*[2, z2€B(*, 7).
Choose 4> 0 small enough, so that < v in B(z*, r) and § < er®. Define

u(z) , ze DNB(z*, 1)

(%) =
max (u(2), f(z) + 6), zeB(z*, 1) .
Clearly f(z) + 6 C*PSH,(B(2* 7)) and for |z—2*|=7r, f(2)+ d<u(z)+
-+ 60— ert < u(z), by (6.4). By condition (iv) of Def. 6.3, u, € AP,(D). By
the choice of §, u, << v and 8o u; € AP,(D, v). Finally, by (6.3), 4,(2*) > u(z*),
contrary to the assumption that « is the upper envelope of AP, (D, v). Thus
w|H is g-Bremermann, as required. Since »|H € PSH (H), by Lemma 5.4
one of relations (6.1), (6.2) cannot hold. Thus u= v. Q.E.D.

ProoOF oF THEOREM 6.1. Let us introduce an auxiliary class A by setting
for each open Dc Cr

A(D) = {ueusec (D): max (u, v)e PSH,,+,+1(D)} for every ve PSH, (D).

Since both PSH, and PSH,, , , are admissible classes, it is obvious that
the conditions (i)-(iv) of Def. 6.3 hold and {4(D)} is admissible as well.
By Lemma 6.2 C2:PSH,c A therefore AP,(D)c A(D), for every Dc Cn
Thus Theorem 6.1 holds for » € AP,, and—by Theorem 6.8—for u e C(B) N
N PSH,(B), where B denotes an arbitrary ball, and finally—by approxima-
tion (Remark 2.10)—for u € use (B) N\ PSH,(B). This concludes the proof,
for Theorem 6.1 is of local character.
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A ppendix.

PrOOF OF PROPOSITION 3.3 (iii). Let us assume that the ball B((ec, t), r),
¢ € B¥, supports graph (#) from the above at (a;, u(z)) and is differentiable
at #. Let & = grad u(x) and g == |G|. Define d: B(z, ) -~ R to be the
function whose graph is the lower (open) hemisphere of S(c, ¢), 7). Of course

(A1) d(x) = u(x), d@)>ux), 2'€B(xr).

Let us express first d(x + k). The vector (¢, t) — (z, u(x)), of length r,
is proportional to the upward pointing normal to the graph of u at (z, u(z)),
which is equal to (1 + g%~ — @, 1). Therefore

c—o=—1+¢)G, t—u@)=r1+g)t.
The equation for d(z - k) is
@+ B)— ol + ld(@ + B)— 1] =r*.
From these two equations we get
d(@ + 1) = u(@) + (1 + g7 — (L + g7 — 2(G, Byr(L + g*) — [h[2)
-1
= u(@) + (26, ) + |h]y)(L 4 (1— 26, By — [a2p2)})

where y = (14 ¢2)}/r.

We have to estimate K(u, #) = lim sup {max k(u, , h, €): [h| <&}, where
k(w, @, by &) := 2e~(u(x + h) — w(z) — &(@, k)). One checks that grad d(z) = G-
By this and (A1), k(u, x, h, &) <k(d, , b, &) and so

K(u, v) < K(d, 2),

(A2)  Kd, 2, b, e)
= 2672((2(G, eh) + [eh]) (1 + (1~ 2(6, eh)— [eh]2y2)}) — (G, eh)

= 2[hlp(1 + (1 — 2(G, eh)y — [eh|*p2)i)=* -+ 2e-X(G, h)q(h, &) ,
where

q(h, &) = 1—(1—2(G,eh)y —[eh[*y?)t 26(G, h)y? + e2|h|2y? |
IR =2(G ey — APy (14 (1—2(6, eh)y —|eh[))”
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Therefore lLr% g(h, ¢) = (G, k)%, and by (A.2),

lim k(d @« h,e) = |bl2y + (G, h)2y,

&0
and so K(u,z)<K(d,x) =y + |Gy =r'1+g¢5t.  QE.D.

Proor or LeEMMA 6.2. Suppose, on the contrary, that for some
u€ 0* PSH,(D) and ve PSH,.(D), where Dc C*, w:= min (u, v) ¢ PSH,,, (D).
By definition w is not (¢ + r -+ 1)-plurisubharmonic on some (¢ + r |- 2)-
dimensional hyperplane L. We assume, without loss of generality, that
L=Cnie. n=gq+ r-+ 2. By Proposition 1.1 (iii) there is 2* e D, £¢>0,
r> 0, with B(z*, r)c D and a function f, strictly 0-plurisubharmonic in
B(z*, r) such that

(A3) w@*)+fl)=0, w(e)+fe)<—ele—2*2,  zeB*1).

Set uy,=u 4 f, vy =v + f in B = B(e*, r). Then v, is r-plurisubharmonic
and u, is strictly g-plurisubharmonic (for Hess u,(z) = Hess u(z) -+ a positive
definite form, and by Dunford and Schwartz [6, Th. X. 43], the eigenvalues
of Hess u,(z) are greater than corresponding eigenvalues of Hess u(z)).
By (A.3), min (u,(2*), v,(2*)) = 0 and

(A.4) min (u,(2), v,(2)) <— ele— 2*|*, 2€B.

If u,(2*) 5= v,(2*) then min (u,, v,) is identically equal to one of the funec-
tions u,, v, near z* and (A.3) is impossible by maximum principle (Propo-
sition1.2 (viii)). Thus w,(e*) = v,(2*) = 0.

Take the complex hyperplane X such that X — 2* is the subspace spanned
by eigenspaces corresponding to positive eigenvalues of Hess u(z*); since
is strictly g-plurisubharmonic, dim X>n— ¢ =r 4+ 2. Set u, = »,|X N B,
v, =0, XN B. Then u, has positive-definite Hessian at 2*, and so is strietly
plurisubharmonie near z*. By Gunning and Rossi [7, Th. 9.B.2] there is a
quadratic polynomial p on X and '€ (0, r) such that p(2*) =0, B, 5(z, )N
N{p=0}c{u,>0} U {2*}. Then v,|{p = 0} has strict maximum at 2*,
therefore the funetion v,(2) — C|p(2)[%, 2 € X, does not have local maximum
property in BN X, if C > 0 is big enough, and so is not (r 4 1)-plurisub-
harmonie in X (dim X = r 4 1). On the other hand this funetion is (r 4 1)-
plurisubharmonic in X N B, for v, € PSH,.(X N B) and — |p|2 e PSH,(X N B)
{by Th. 5.1, a direct elementary proof can be given as well). Q.E.D.
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