PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: August 17, 2020
REVISED: January 14, 2021
ACCEPTED: January 18, 2021
PUBLISHED: March 2, 2021

Elliptic quantum curves of class S;,

Jin Chen,® Babak Haghighat,* Hee-Cheol Kim®‘ and Marcus Sperling®
@ Yau Mathematical Sciences Center, Tsinghua University,
Haidian District, Beijing, 100084, China
b Department of Physics, POSTECH,
Pohang 790-784, Korea
¢Asia Pacific Center for Theoretical Physics, POSTECH,
Pohang 37673, Korea
E-mail: jinchen@mail.tsinghua.edu.cn, babakhaghighat@tsinghua.edu.cn,
heecheol@postech.ac.kr, msperling@mail.tsinghua.edu.cn

ABSTRACT: Quantum curves arise from Seiberg-Witten curves associated to 4d N = 2
gauge theories by promoting coordinates to non-commutative operators. In this way the
algebraic equation of the curve is interpreted as an operator equation where a Hamiltonian
acts on a wave-function with zero eigenvalue. We find that this structure generalises when
one considers torus-compactified 6d ' = (1,0) SCFTs. The corresponding quantum curves
are elliptic in nature and hence the associated eigenvectors/eigenvalues can be expressed
in terms of Jacobi forms. In this paper we focus on the class of 6d SCFTs arising from
M5 branes transverse to a C2/Z;, singularity. In the limit where the compactified 2-torus
has zero size, the corresponding 4d N = 2 theories are known as class S,. We explicitly
show that the eigenvectors associated to the quantum curve are expectation values of
codimension 2 surface operators, while the corresponding eigenvalues are codimension 4
Wilson surface expectation values.
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1 Introduction

Since their classification [1, 2], 6d superconformal field theories (SCFTs) with 8 super-
charges have played a prominent role in constructing lower dimensional quantum field the-
ories. In particular, it appears that 5d SCFTs arise as compactifications of such 6d theories
with Wilson line expectation values for background flavour fields turned on [3, 4], while 5d
theories of KK type admitting an affine quiver description can be understood as twisted
compactifications of 6d SCFTs [5-7]. Moreover, 4d N' = 1 SCFTs can be understood as
compactifications on Riemann surfaces with fluxes [8-14].

In this paper we focus on 6d SCFTs arising from N M5 branes probing C2?/Z;, singu-
larities. When compactified on a 2-torus T?, BPS partition functions of such theories have
been computed in [15, 16] (k = 1) and [17] (k > 1). As it turns out, a crucial property
of these partition functions is that they can be expressed in terms of an infinite sum over
elliptic genera of BPS strings wrapping the torus. These elliptic genera are Jacobi forms



with modular parameter 7, being the complex structure of the torus, and several ellip-
tic parameters arising from gauge, flavour, and R-symmetry chemical potentials. Using
the correspondence described in the first paragraph, the torus-compactified theory can be
equally understood as a circle compactification of a 5d gauge theory whose moduli space
of vacua also carries this elliptic structure [18]. In particular, the corresponding Seiberg-
Witten curve can be expressed in terms of a polynomial in a variable ¢ whose coefficients
are Jacobi forms v; of an elliptic parameter z:

Hw,z) =tN + o)tV P+ o)tV T+ on(2) =0, t=e2mv, (1.1)

A central question is about the interpretation of this curve as a quantum curve. To this
end, the variables w and z are promoted to operators satisfying a non-trivial commutation
relation

[w, 2] ~ h. (1.2)

Interpreting Z as a position operator, by the above commutation relation w becomes a

momentum operator and Y = e %

will be a shift operator. In this framework the algebraic
curve equation (1.1) becomes a difference equation in the sense that the operator H (1, 2)
acts on a wave-function with zero eigenvalue. This notion of a quantum curve is intimately
related to partition functions arising from surface defects in gauge theories [19]. In this
interpretation the wave-function annihilated by the operator H (w, 2) is the expectation
value of a codimension 2 defect operator. In the context of our 6d SCFT such defect
operators arise from half BPS operators extended over T? x R? and localised at a point
on the remaining R?. Localisation is done by turning on the Omega-background Ré‘h@ X
T? [15, 20] and & is identified with e;, while €5 is sent to zero in the Nekrasov-Shatashvili
limit [21]. The theory living on the defect flows in the IR to a 4d N' = 1 SCFT and
in some instances the defect partition function in the NS-limit can be understood as the
superconformal index of this SCFT on S! x $3 [22]. In this correspondence, the S® is
understood as a Hopf-fibration of a circle over a two-sphere such that the two circles are
identified with T? and the two-sphere is identified with a compactification of R2.

From a more geometric point of view, 6d SCFTs can be engineered by compactifying
F-theory on an elliptic Calabi-Yau manifold. Performing F-theory/M-theory duality, one
observes that the BPS partition function of the theory on T? x R?IQ corresponds to the
refined topological string partition function of the Calabi-Yau manifold [15, 17]. In this
picture, the surface defect arises from an M5 brane wrapping a Lagrangian cycle inside the
Calabi-Yau threefold and extended over S! x R? transverse to the Calabi-Yau. The theory
living on such a defect is expected to flow to a 3d SCFT with four supercharges coupled
to the parent 5d gauge theory. Using the 3d/3d correspondence of [23], the partition
function of the 3d SCFT is equivalent to the partition function of SL(2,C) Chern-Simons
theory on a three-manifold which is a knot complement. As is well-known, the moduli
space of flat SL(2,C) connections on the knot complement is characterised by the so-
called A-polynomial A(z,w) where z and w characterise holonomies around the two cycles
of the boundary torus. The equation A(z,w) = 0 then describes the subspace of those

holonomies which can be extended to the entire three-manifold. The partition function of



SL(2, C) Chern-Simons theory on the knot complement satisfies a difference equation which
arises from the quantisation of the A-polynomial [24-26]. By the 3d/3d correspondence,
the partition function of the 3d SCFT then satisfies the same difference equation. In the
case of our 3d defect, the 3d SCFT is coupled to a 5d gauge theory and the A-polynomial
receives a @Q-deformation [27-30] where by @ we collectively denote the moduli of the 5d
theory. The quantised @-deformed A-polynomial can then be identified with our difference
operator H(w,%). As our 5d theory arises from a 6d SCFT, we find that the difference
operator is elliptic with elliptic modulus Q = 2™

The concrete example, on which we focus in this paper, is the 6d SCF'T arising from
2 M5 branes probing a Zj singularity. In this case, compactification on a two-torus leads

to the following Seiberg-Witten curve [18]

2k k
t+ap [[01(z—m) 7" = (1 +gy) H (z—21) =0, (1.3)
=1 I=1
where ¢4 = e?™® with ¢ being the tensor branch parameter of the 6d theory, the sy
denote collectively the flavour chemical potentials, and z; are complicated functions of gauge
chemical potentials. For the definition of the theta functions ¥; we refer to appendix A.2.1.
A central result of the present paper is that the defect partition function ¥ of the torus-
compactified (or equivalently the circle-compactified 5d affine quiver gauge theory) satisfies
the following difference equation corresponding to the quantisation of the above algebraic
curve
2k
Y gy [0z — ) Y = (W) | ¥ =0, (1.4)
=1
where we have identified

k
<W 1+Q¢ H Z+61 —Zl), (1.5)

with (W) the Wilson surface expectation value of a codimension 4 operator wrapping the
torus to be further specified in the main text.

The remainder of this paper is organised as follows: after reviewing the 6d A" = (1,0)
theory and its partition function, section 2 details the inclusion of codimension 2 and 4
defects. For both cases, the partition functions are derived and evaluated up to order
qi. Thereafter, the difference equation is derived in section 3. In detail, starting from
a path integral representation for the partition function of the codimension 2 defect, the
corresponding saddle point equation naturally leads to a difference equation. Crucially,
one contribution of the difference equation is identified with the partition function of the
codimension 4 defect. The 6d theories originating from 2 M5 branes on a C2/Z;, family
have 8 supercharges for k > 1, but 16 supercharged for k = 1. The analysis of this
enhanced N' = (2,0) case is presented in section 4, and compared to the dual 5d N =
2 theory. Finally, section 5 provides a conclusion and outlook. Appendix A contains
definitions and conventions used in the evaluation of the various partition functions as
well as computational results. As a remark, most computational details are delayed to
appendix A in order to ease the readability of the main text.



2 Defects for M5 branes on A-type singularity

The 6d N = (1,0) SCFTs originating from N M5 branes on a A-type singularity C?/Zy
are naturally labeled by two integers (N, k). For k = 1, the 6d world-volume theories have
enhanced supersymmetry and are known as the Ay_; N = (2,0) theories [31, 32], whose
4d descendants are the Axy_1 N = 2 theories of class S [33]. For k > 1, the resulting
N = (1,0) world-volume theories are well-studied [34-37] and their 4d descendants are
the N/ = 1 theories of class Sk [8]. In this section, the set-up is reviewed and, thereafter,
defects of codimension 2 and 4 are introduced.

2.1 2 M5 branes on A-type singularity

In this work, the focus is placed on 6d ' = (1,0) SCFTs for N = 2. The M-theory set-up
admits a dual realisation in Type IIA superstring theory. The 2 M5 branes become NS5
branes filling the space-time directions 2%, z',..., 2% and being points in the transverse
directions. The A-type ALE space C2?/Z;, dualises into a stack of k& D6 branes filling space-
time directions z°, 2!, ..., 2%, which are transverse to the original singularity. The set-up is
summarised in table 1. The 6d N' = (1,0) low-energy effective theory living on the world-
volume of the D6 branes is composed of hypermultiplets and vector multiplets encoded in

the following quiver diagram for 8 supercharges:

S
UL veR,
SUK)m O ISUK)w E (2.1)
SU(k)a
SU(K)a

and one tensor multiplet. The global symmetry SU(2k), can be decomposed into SU(k),.n,
from the two stacks of semi-infinite D6 branes for % — +o00, and U(1),, which is the C?/Z;,
isometry.

As a remark, the general family, i.e. N M5 branes on a C2/Z; or N NS5s intersected
by k D6 branes in Type ITA, leads to a 6d N/ = (1,0) quiver gauge theory on the tensor
branch with global symmetry SU(k),, xU(1) xSU(k),,. For N = 2 there exists an accidental
enhancement SU(k),, x U(1) x SU(k),, C SU(2k) as indicated in (2.1). For N = k = 2, the
SU(4) global symmetry is further enhanced to SO(7) at the fixed point and to SO(8) on
the tensor branch [38-40].

Partition function. In order to evaluate the partition function, the 6d theory is placed
on T? x RY _ | where the 2-torus is along z%' and the 4d Omega background R _ fills

€1,€2 €1,€2
2,3

directions 22, ..., z%, see table 1. The two parameters €; and ey denote rotations in the z

and x%5 planes, respectively. The full partition function is composed of two contributions
Z6d = Zpert : Zstr (2.2)

denoting the perturbative contributions Z,er¢ and the non-perturbative contributions Zg;.
The perturbative part is fully determined by the 6d supermultiplets in (2.1) plus a single
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Table 1. Brane set-up for codimension 2 and codimension 4 defect. The theory without defect is
realised via 2 M5 branes transverse to a Taub-NUT space TNy, which is a resolution of the C2?/Z;,
singularity. The isometries of TN, can be identified with the admissible €; 5 twists defining the
Omega background and the U(1), symmetry. The codimension 2 defect is realised via an additional
M5 brane, while the codimension 4 defect corresponds to an M5’ brane. Assuming the M-theory
circle is either along z' or z'° direction, one arrives at two different Type IIA realisation. The

10

reduction on x' leads to branes on a non-trivial TN}, background, while the reduction on x'° results

in an intersecting brane configuration on a flat background. Further employing T-duality on either

210 or 2!, respectively, leads to two 5-brane web configurations, which are S-dual to one another.



tensor multiplet. In contrast, the non-perturbative parts originate from the 2d N' = (0,4)

1

world-volume theories of D2 branes filling z°, 2!, 2% directions, see table 1. The instanton

string partition function can be written as sum of elliptic genera of the 2d theories:

oo o0
Zsy = 1+ 262”1 gz = Zqé)Zl with g4 = €™, (2.3)
=1 =0

where ¢ is the vacuum expectation value of the scalar field in the tensor multiplet. The
BPS partition functions have been computed for £ = 1 in [15, 16] and for £ > 1 in [17].
In this work, the partition function of the 6d N' = (1,0) without defect is required for
the computation of the normalised partition function in the presence of defects, see ap-
pendix A.3.1. For completeness and concreteness, the details of Zeq and Zg, are discussed
in turn in the following subsections.

2.1.1 Perturbative contribution

Following [41], the perturbative single-letter contribution of the 6d supermultiplets are
given as follows:

_|_
Itensor: (L (2.4&)
1+p q) ;
Ivector 1 p 1 q (zjzlea —a; __ )
(1
__UEpa) gy, 3 (et et ) (2.4b)
(I1=p)(1—q) 1<j<i<k

k k k
o B e ) S )| g

i=1 \[=1 =1

where the {a;} gauge as well as the {m;}, {n;}, and b flavour charges of the hypermultiplets
are derived from (2.1). The SU(k), gauge as well as the SU(k),,,, flavour fugacities need
to satisfy

k k k
HeaI_Hemz_Hem/_l o Zaizzml:an/:O. (2.5)

=1 i=1 =1 =1

2mi el

Moreover, p = e , ¢ = e?™ denote the Cartan generators of the rotation symmetries

of the Omega background R? The total perturbative contribution becomes

€1,€2°

1
Zpert = PE |:(Itensor + Ivector + Ihyper) ' <1 _QQ + 2>:| (26)

which includes the contributions of the KK-modes generated by > o, Q" = _i, with
Q — 27r17"



2.1.2 Elliptic genus

To compute the [-th instanton string partition function Z;, one can add [ D2 branes along
the 20, 2!, 22 directions, see table 1. The D2 world-volume theory is a 2d N = (0,4)
effective theory, whose elliptic genera encode the Z; partition functions.
Considering the NS5-D6-D2 brane system in table 1, the space-time symmetry is bro-
ken to
SO(1,9) — SO(1,1) x SO(4)2345 x SO(3)7s9 ,
with 80(4)2345 = SU(Q)Z X SU(Q)T and 80(3)789 = SU(Q)].
The 16  supersymmetries can  be  decomposed in  representations  of
(SU(2);, SU(2),, SU(2);)++, where the two “4” label the chirality of world-sheet
2%, 2! and space along 2% The supersymmetries preserved by the NS5-D6-D2 brane
system transform as (1, 2, 2)_, such that the D2 world-volume theory is a 2d N = (0,4)
quiver theory, see for instance [42]. The brane configuration allows one to read off the field
content and the charges of the supermultiplets with respect to SU(2); x SU(2), x SU(2)y,
labelled as («, &, A). One finds:
e The D2-D2 open strings give rise to the N = (0,4) vector (A,, A%") and a hyper-
multiplet ((;5“5 ,x*4) in the adjoint representation of U(l) group.
e The D2-D6 open strings, which do not cross a NS5, provide a N’ = (0,4) hypermul-
tiplet (¢%, %) in the bi-fundamental representation of U(l) x SU(k).
e The D2-D6 open strings, which cross a NS5 brane, provide two additional N' = (0, 4)
Fermi multiplets ¥ and ¥’ in the bi-fundamental representation of U(l) x SU(k).
All these N/ = (0,4) multiplets can be decomposed into A = (0,2) multiplets as follows:

(2.7)

vector (A, A3 — vector V (4, A A22) 4 Fermi A (A2)

hyper (goaB,XO‘A) — chiral B (goli,xlz) + chiral BT (golé,xn) ,

hyper (¢%, ") — chiral ¢ (qi,wQ) + chiral g' (qg,wl) ) (2.8¢

Fermi ¥, ¥ — Fermi ¥, ¥’ . (2.8d

From the decomposition, one can read off the charges of these N' = (0,2) multiplets as
summarised in table 2. This 2d quiver gauge theory is known from [42] and reduces to the

N = (0,4) gauge theory description for M-strings introduced in [17] for case k = 1. For
completeness, the 2d quiver gauge theory with multiplets (2.8) can be written as

N = (0,4) quiver U(k)a N = (0,2) quiver U(k)a

Uk)mp-=--- @ ***** U(k)n — Uk)m = -~ U(k)n




N'=(0,2) multiplets | J; J, Jr | U(l) U(k)a Uk)m U(k)y U@, | U1), U(L),
vector V | 0 0 0 | adj. 1 1 1 0 0 0
Fermi A | 0 4 —i1ladj. 1 1 1 0 0 0
D2-D2
chiral B | 3 3 0 |adj. 1 1 1 0 0 0
chiral B |-1 1 0 |adj 1 1 1 0 0 0
chiral ¢ | 0 5 0 | 1 k 1 1 0 0 0
chiral ¢ | 0 1 0 | 1 k 1 1 0 0 0
D2-D6 _
Fermi ¥ | 0 0 0 1 1 k 1 1 0 0
Fermi 9 | 0 0 O 1 1 1 k 1 0 0
| chiral o | 0 0 0 | 1 1 1 1 0 -1 0
D2-D4
Fermi Z | -3 3 0 | 1 1 1 1 0 -1 0
chiral ¢ | 0 0 1 | 1 1 1 1 0 0 -1
chiral ¢ | 0 0 & | 1 1 1 1 0 0 1
D2-D4/
Fermi T;| 1 0 0 | 1 1 1 1 0 0 -1
Fermi T} | & 0 0 | 1 1 1 1 0 0 1
D6-D4' | Fermi p | 0 0 0 | 1 k 1 1 0 0 1

Table 2. Charge assignments of the fields in the 2d world-volume theory from the D2-D6-NSh
system with or without the presence of a D4 or D4/ defect, see table 1. Here J;, J,, and J; denote
the Cartans of SU(2);, SU(2),, and SU(2); respectively. U(l) is the 2d gauge group on the D2
world-volume. The U(k)q m,n denote the 6d gauge and flavour symmetries, whose fugacities need
to be subjected to the constraint (2.5) in order to reduce to SU(k)q,mn- U(1)p is part of the 6d

global symmetry. The U(1), . denote the defect groups for the D4 and D4’ defects, respectively.

with the conventions: circles o denote N' = (0,4) or N' = (0,2) vector multiplets, and
squares [ are flavour nodes. In addition, for lines without/with arrows: solid lines denote
hypermultiplets / chiral multiplets, and dashes lines denote Fermi multiplets, respectively.
The arrow in N = (0, 2) bifundamental matter fields points towards that node under which
the field transforms in the fundamental representation.

For a fixed number [ of D2 branes, the partition function of the 2d ' = (0,4) theory
placed on a torus T2, with complex structure 7, is known to coincide with the elliptic
genus [43, 44]. The non-perturbative contributions are then encoded in the elliptic genera
for all I > 1. The elliptic genus Z; for the 2d theory with gauge group U(l) on torus T? is
computed by picking up N = (0, 2) supercharges Q = Ql,i and Qf = QQP, and evaluating

k k
Zl = Tr (_1)FQHLQHR627ri6_(2Jl)€27riE+2(JT7JI)€27T1()F H e?ﬁiijje2ﬂ’injF]{ H €2Tria7;Gi
J 7

(2.10)

Here Q = eQWiT, and e = %(61 + 62), such that 2e_J; 4+ 2e,J, = €1J23 + eaJys with
Jy1 = 2(Ja3 & Ju5) are the Cartan generators of SU(2); x SU(2), =~ SO(4)2345.

Based on a path integral representation for the elliptic genus, a generic prescription

for the elliptic genera via supersymmetric localisation has been derived [43, 44]. To briefly



summarise, the first step involves identifying compact zero modes {u,} originating from flat
connections on T?. Keeping the zero modes fixed, the next step requires an integration over
massive fluctuations, which results in a 1-loop determinant for each multiplet. According
o [43, 44], the contributions of the different multiplets in (2.8) can be summarised as

follows:
(2 p e (W)l b1 (£ (up — uy)) )
Zvec — ( 1 > aelg()t 177 - 1 1<p1;[q<k (177)2 ) (211 )
(in)? 5T (in)?
chlral (plq_Il 91 61 2 =+ Up — uq)> (pl_[l g 91(64- + (up — az))) ) (211b)
Zieoms = ( I iz = “”Q)) (fl [ 2 s b)) L (2110)
p,q=1 p=11=1

where the definitions of the Dedekind eta function 1 and the Theta function 6;(z) =
01(7|z) are recalled in (A.11) and (A.14), respectively. As customary in the literature, the
convention

O1(ev £ (up — ai)) = O1(e4 + (up — ai)) - Or(er — (up — as)) (2.12)

etc. is used. Note that the SU(k)p, n o fugacities need to satisfy (2.5). Collecting all the
individual contributions leads to the expression

2201 ( 2€+ L
zZ —loo kvl = ZveC'Zc ira, Z ermi = | 77~ 7 D Up) 2.13
1-1oop (K, 1) hiral * ZF (91(61 01 (ca) plq_[1 pl;[lQ( p)s (2.13)
P#q

where, inspired from [45, 46], the following conventions have been used:

01 (up — uq)01(up — uq + €1 + €2)

D(up — ug) =
( P q) 91(up — Uq + el)Hl(up — Uq + 62)
_ V1 (up — ug)V1(up — ug + €1 + €2) ’ (2.14a)
ﬁl(up — Uq + 61)’191(up — Uq + 62)
Ou) = T17 1 01 (u — my + b)01 (—u + ny +b)
[Ty O1(eq + (u — )b (er — (u—ai))
I (e =y b)O(u— = b) M (u)
- — . (2.14b)
T 91(u—a; + ex)di(u—a; —ey) Py(u)Py(u + €1 + €2)
k
with M(u) = H P (u—my 4+ b)d(u—mn;—0b), (2.14c¢)
=1
k k
Py(u) == H Y1(u —a; —ey) such that Py(u+ €1 + €2) = H Vi(u—a;+€4).
=1 =1
(2.14d)

Note, in particular, the change to ¥1(7|z) defined in (A.13), which is more convenient
than the Theta function 6;(7|z). Lastly, one needs to integrate the several 1-loop deter-
minants (2.13) over the zero modes {u,}. As shown in [43, 44], this integral becomes a



contour integral. The contour integration needs to be performed with care, as the choice
of integration contour determines whether the results yields the partition function or not.
A consistent choice of contour is given by the Jeffrey-Kirwan residue prescription [47]. The

expression becomes

1

Zl ﬁ

dl
% i) 1Z1-100p(k, 1) = 7 ZJK Resy, Z1100p (K, 1) (2.15)
where the sum is taken over existing poles u, in the integrand Zi_jo0p. For details on the
computational aspects of the JK residue, the reader is referred to [43, 44]. The following
conventions are useful for the residue calculus of the elliptic genera:

Py (a; £ey) H Yi(u—aj —€eq) i—arte’ (2.16a)
j#l‘

M(a; —€4)

\% 7 +
P — = . 2.16b
Q (a €+) P()(CLZ‘ —e+)P(}/(ai+e+) ( )

For the Nekrasov-Shatashvili limit, the following abbreviations are used:
1 (u) U1 (u)

Lu)=-2"2, K(u)=-"1"2, 2.17
=Gl K=t (2.17)

where 9] (u) = %ﬁl(u) and ¥ (u) = ‘9—2191(u). For later purposes, the | = 1,2 genera are

— Ou?
computed.

1-string. The [ =1 elliptic genus reads

7 = 191(61 ZQ a; —€y) (2.18)

and the details are presented in appendix A.4.1.

2-string. The | = 2 elliptic genus reads

— MQ s a: —a) OV(a; — € Via: — ¢
%= <z91<e1>191<62)) 1<§<kD<az ) D(a; — a)Q"(ai — €)Q"(a; —ey)  (2.19)

2€+ Z QY (am —

% (61 + 26+)
191(62)191(261)
Y2 +2e4)

191(61)191 (262)

Q(am — €4 — €1)

Q(am — €4 — 52)
and the derivation is summarised in appendix A.4.2.

2.1.3 Enhancement of global symmetry

For the case of two NS5 branes, one needs to recover the global symmetry enhancement to
SU(2k), as indicated in (2.1).
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Perturbative part. The perturbative contribution of the 6d A" = (1,0) hypermultiplets
can be rewritten as

Q

k k k
_ p- — b Cba; s
Ihyper = (1 —p)(l — q) Z {Z (ea my+b + et ) + Z (eml b—a + prutb—a )}

=1 =1

: k
_ vP-4q Z (eai—yl+eyl_ai) (2.20)

. m—b Jl=1,...,k
with y; = (2.21)
n+b Jl=k+1,...,2k

and one verifies that y; are SU(2k) fugacities via

2k k k k
Heyl = Heml : H e - H et =1 (2.22)
=1 =1 I'=1 =1

using (2.5).

Non-perturbative part. For the 2d elliptic genus (2.15), the ¥, ¥ Fermi multiplet
contributions can also be rearranged

k 91(up —my +b) 91(up —n; — b)

EN

ZFermi D Py (1 T])2
! k@up—m—b O1(up — (g +b
G (&);( (m1 +1))
p=11=1
:ﬁﬁw (2.23)
p=11=1

with y; fugacities as defined in (2.21).

Enhancement for £k = 2. The symmetry enhancement for the case k = 2, has been
discussed via various techniques [38-40]. The global symmetry at the origin of the tensor
branch is enhanced from SU(4) to SO(7), while on the tensor branch it is further enhanced
to SO(8) [38, appendix A]. It has been shown in [39, section 9.2] that the elliptic genera
can be expanded in SO(7) characters.

2.2 Higgs mechanism in partition functions

For later purposes, in which a codimension 2 defect is introduced via a position dependent
vacuum expectation value (VEV), this section reviews the standard Higgs mechanism. To
begin with, consider the Higgsing of the 6d gauge theory on the tensor branch:

SU(k+1), Nf=2k+2 — SU(k), N; = 2k. (2.24)

The first task is to find a suitable VEV assignment for a gauge invariant operator and then
derive a condition in terms of fugacities for the gauge invariant operator that realises the
Higgs mechanism on the level of partition functions.
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2.2.1 Standard Higgsing

Consider the field theoretical description of the mesonic Higgs branch deformation (2.24),
but seen as SU(k+1), gauge theory with SU(k+1),, x U(1) x SU(k+1),, global symmetry.
In other words, there are the flavour hypermultiplets (Q, Q) of SU(k+1),, x U(1); x SU(k+

1), and (Q', Q") of SU(k+1),, x U(1) x SU(k +1)4. Since each hypermultiplet in (2.1) has
charge (3, 3) under the Cartan generators J,.; of SU(2); x SU(2), 2 SO(4)3456, the fugacity
contributions for each chiral are

Q€ (k+1), ® ((k+1),, ®1,)" — Vpge~ =t (2.25a)
Qe (1), (D), @1,) N J/Bqet . (2.25b)
Q' € (k+1), ® (1, ® (k+1) )™ - /e itmth (2.25¢)
Q' e (k+1), ® (1n @ (k+1)n)71 — /e (2.25d)

withi=1,...,k+1for SU(k+1), and [,I' = 1,...,k+1 for SU(k+1),,, respectively. The
exponent (...)*! denotes the U(1);, charge. There are two possibilities for meson operators

k+1

SQQL o (Ve ) (Ve = e (226

k+1

ﬂ%/ _ Z @i@/;/ - (\/Zqu—ml-l-b) . (Menl/+b) _ pqe—ml+nl/+2b, (226]3)

i=1

and one can consider assigning a VEV to the (k + 1,k 4+ 1) meson components. A gauge
transformation is sufficient to see that one only needs to assign VEVs to the following

components
k41 e .
k+1 ~ Nk+1-/ k+1 ~ Ak+1y/
Mt =" Qk+1Q' = Q1@ k41 and M = Q1@ - (2.27)
=1

Following the prescription of [48], see also [19, section 2|, Higgsing is achieved in a partition
function via choosing the pole corresponding to the operator acquiring a VEV, i.e.

n = mypy1 — 2b+ 2¢
(MIED) #0 & pge™r 2 =1 o s wH T, (2.28)
Ukl = Mpy1 — b+ ey
N n = mpi1 — 2b— 2¢
(MIED) #0 & pge™atmnt2 =1 o s wH T, (228D)
a1 = Mpy1 —b— €4

and eliminating the contributions of the flat directions as well as any appearing Goldstone
modes. Note that the condition for ag;q in (2.28) is derived by requiring that the fugacity
of the chiral QZE or Qﬁﬁ equals unity, respectively.

In the Type ITA brane configuration, the mesonic Higgsing is realised via aligning
a semi-infinite flavour D6 brane on the left and right hand side with a gauge D6 such

- 12 —



that a single D6 is free to move along the Higgs branch directions z7-%?°

, see figure 1.
The codimension 2 defect is introduced via a D4 brane that connects the remaining brane
configuration with the single D6 on the Higgs branch. Moving the D6 to infinity in figure 1,
leads to the natural connection between defect via Higgsing and defect via additional branes,

see also section 2.3.

Perturbative contribution. Consider the perturbative partition function for 6d SU(k+
1) theory with Ny = 2k + 2 flavours

Zpert_PE[(l—p)(l—q)(1—Q+2>{ w+a) (1+pq)(z 1)

1,j=1

k+1k+1
+VBa Y Y (et e e ) et (e ) }] - (229)

i=1 =1
The Higgsing (2.28b) takes the form

1

e+l — . emk+1—b eMk+l — i . emk+1_2b = 71 . eak+1_b . (230)

vPq pq vPq

A straightforward computation, see appendix A.1.1, shows that the Higgsing (2.28b) leads
to the expected result

ert ert

Zi = Zh - Za (2.31)

where the Goldstone modes for the breaking of the global symmetry
SU(k + 1), x U(1) x SU(k 4+ 1), = SU(k).,, x U(1) x SU(k),, (2.32)

contribute as

ZgzPEl ()

1-pl-g)\1-Q 2

1 AR
X — 4+ /pq | + —eMk+17M pqeml*mkﬂ
{ (qu f) 5:21 (qu vba

k
1
+ }: emk+1—m—2b + \/]qunl—mk+l+2b> }] , (233)
=1 (qu

such that there are 4k + 2 massless chiral fields. Considering the Higgsing (2.24), one
computes that the sub-space of the Higgs branch, where the theory is broken to SU(k),
has complex dimension 4k + 2, which matches the degrees of freedom in (2.33). Taking
the closure of this sub-space, the 2k + 1 quaternionic degrees of freedom parametrise the
closure of the minimal nilpotent orbit of SU(2k + 2), see [49].

Elliptic genus. Consider the elliptic genus (2.15) for the theory without defect. Suppose
one aims to realise the Higgs mechanism (2.24) on the level of the elliptic genus, then
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starting from k 4 1 one factorises (2.15) as follows:

ki1 _ L[ dlu
Zl ﬁjé ( ) Zl loop(k +1 l)
1 j{ dlu (2110 ( 2€+
S D(u
{! (27‘(‘1) ( 91(61) 91 62 p];[l
P#q

ﬁ( 112 01y — ml+b)9(“P_m_b) )
o1 \ITE 01 (up — ai + €4) 01 (up — a; — €4)
1 [ du Looi( D)0 (up — njpr1 — b
= S (b ) 2 1(tp — miss F 001y — e =0) ) g gy
iy (2mi) L 01 (up — apg1 +ey) 01 (up — ap1 — €y)

Since the Higgsing process should reduce Zlk:'H — Zlk7 the last fraction is expected to be

equal to one upon any of the fugacity assignments of (2.28). Explicitly, for (2.28b) one
verifies that

ﬁ —mn41 + )01 (up — i1 —b)
p=1 Up —ant1+ )01 (up — ant1 — €4) l.08n)

!
H 01 (up —my41 + )0 (up — mni1 420+ 264 —b) =1 (2.35)

—mni1+b+er+e)bi(up —mypr +b+ep —ey)

holds. Therefore, the elliptic genus is compatible with the fugacity assignment (2.28)
derived for the Higgs mechanism.

2.2.2 Higgsing to defects

Building on (2.28), a surface defect of type (r, s) can be introduced via a position dependent
VEV [19, 48, 50] which is related to a pole at

(Mt =fet. & pigi-pge™ M =1 & Tl =M1 — 20426 4rent s ;
g1 ="My 1 —b+eq
(2.36a)
(MEh =fet. & plg-pge ™tmat_1 o N1 =M1 — 20— 264 —rep —s€
: )
a1 =Mpy1—b—ey

(2.36b)

such that the condition for the 6d gauge fugacity remains unchanged.

Without loss of generality, one can restrict to one choice of mesonic VEV. For this note,
consider <./(/lviii> such that (2.28b) and (2.36b) are relevant. If the defect is of type (r,0)
then the codimension 2 defect occupies ]Rz2 while being a point on Rfl inside the 4d Omega
and is point-like in sz.

background; whereas an (0, s) defect occupies R? inside R,

— 14 —



2.3 Codimension 2 defect

There are multiple ways to introduce a codimension 2 defect. For instance, one may either
employ a position dependent vacuum expectation value (2.36) as in [19, 48, 50] or one
may include an additional D4 brane in the Type IIA brane configuration as in table 1,
see also [51, 52] for surface defects in 4d theories. In the original M-theory setting of
table 1, the defect introduced via the D4 brane corresponds to another M5 brane filling
(20, 2%, 22, 23, 27, 2'9), as studied in [53]. Further, codimension 2 defects in 6d N = (1,0)
SU(N) theories with adjoint matter are studied in [54].

2.3.1 Defect via D4 brane

One way to add a codimension 2 defect into the 6d theory is given by including additional
D-branes. In the Type IIA brane configuration, this can be realised by introducing an
additional D4 brane with world-volume (20, 2, 22,23,27) ending on a NS5 brane, see
table 1. This D4 is, indeed, of codimension 2 for the 6d world-volume theory on the
D6 branes. One notes that this space-time occupancy of the branes breaks supersymmetry

further to 4 supercharges. Moreover, the D4 brane breaks the space-time symmetry (2.7) to

SO(1,9) — SO(l, 1) X SO(4)2345 X SO(3)789 (2 37)
— SO(1,1) x SO(2)23 X SO(2)45 X SO(3)7s9 . ’

The world-volume theory on the D2 branes, which now only has N' = (0, 2) supersymmetry,
is read off from the open string modes as above. The open strings between the D2-D6-NS5
branes induce the multiplets (2.8) from the original set-up. In addition, the D2-D4 open
strings give rise to a pair (0,Z) of N/ = (0,2) bosonic and fermionic multiplets charged
under gauge group U(!) of the world-sheet theory, such that the supersymmetry is broken
from N' = (0,4) to N' = (0,2). The charges are summarised in table 2 and the resulting
2d quiver gauge theory is given by

U(k)a U()z

(2.38)

U(k)m

where the difference compare to (2.9) is given by the U(1), defect flavour node of the
additional bosonic and fermionic multiplets. Considering the elliptic genus, the 2d
multiplets from the theory without defect contribute the 1-loop determinants (2.13), while
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normal Higgsing defect Higgsing

NS5 NS5
k D6 k D6
k D6 I k D6 I
2t xt
L x® L 25
2789 /V 2789
D4
T-dual T-dual
Sl CRy Sl CRy
—‘\ NSS —‘\ —‘\ NS5 —‘\
\ \ \ \
\ 'k Db ! "k D5
k D5 \ e — k D5 \ e —
L kD5 [T 0 S e e—
L \ \ |
T \ CEl T | CCl
t | t |
b b 2789 b . b 2789
1 ‘1 1 D3 ‘1
S-dual S-dual
D5 D5
x0 ’_ 28
D3
L xt L xt
- -
k NS5 2" k NS5 @

Figure 1. Higgsing in the brane configuration of table 1. The mesonic Higgsing of the 6d theory
SU(k+1) with Ny = 2k+2 to SU(k) with Ny = 2k, is realised by moving one D6 away along the
2789 direction. For the dual 5d theory, the corresponding baryonic Higgsing of the affine Aj, quiver
to the affine Aj,_; quiver is realised by moving one NS5 brane along 27%?. A codimension 2 defect
for the 6d brane configuration is introduced via a D4 brane that is attached to the D6 brane which is
moved along z7%°. In the dual 5d system this becomes a D3 brane suspended between the 5-brane
web and the NS5 that is displaced in 2789 direction.
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the additional multiplets ¢ and = have determinants

chlral H 91 up - $ (2393)
01(up — x + €2)
ZFerrnl = H £ i77 ’ (239b)
p=1

where x denotes the fugacity of the U(1) symmetry. The €3 charge of the new multiplets fol-
lows because the D4 occupies R2;. Collecting the determinants (2.11) and (2.39), one finds

1 loop(k l) - ZvechhlralZFerml ZchlralZFerml - Zl 100P(k l) chlralZFerml (240)

The claim is that the additional D4 brane induces a (r,s) = (0,1) defect in the sense
of (2.36), see also [19, 48, 50]. As a remark, a (r,s) = (1,0) defect can be constructed via
a D4 brane that extends along (20,2, 2%, 2°,27), such that the 2d defect multiplets are
charged under ¢; instead.

Consequently, one may label the resulting 2d elliptic genera as follows:

1 dl —~
7(01)def _ 7}{ 241
l [T (27[_1) loop(k l) ( )

As a next step, the result (2.39) is re-derived and generalised to a (r,s) defect via a
position-dependent vacuum expectation values, as in section 2.2.

2.3.2 Defect via Higgsing: perturbative contribution
Here, the chosen approach is to modify the standard Higgsing (2.28) such that the VEV

becomes dependent on one R? plane of the R€1 e, @S in (2.36). For later purposes, one
defines the defect fugacity « in (2.36b) as follows:

g1 =Mpy1 — €4 —b=x+ ey,

N1 = Mpt1 — 264 —2b—1re; — sea =x — b —reg — sea, (2.42)

with T=mpy1 — 264 — b

For the exponentiated fugacities, the Higgsing (2.36b) takes the form

X
et = \/pgX , et = Brg el =pgXB, with X =e¢*, B=eb (243)

using the definition of the defect fugacity (2.42). As detailed in appendix A.1.2, this
Higgsing results in

f
Zé:;l_"% ( )_ dert ZG - Z;()th)de (244)
2.36b
Z(T’ s)def —PE (]— - prqs) ( Q + 1)
pert l-p(l-g \1-Q "2
(1—ptigsth) u ( e 1 X)
=TpF 9 ) — — = 2.45
X{ oo +qu; X g e (2.45)
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and (2.45) contains the additional contributions from the codimension 2 defect, i.e.

Zooi " = i 20 (2.46)
where the Goldstone mode contribution have been removed. Note that ZI()th)def =1 for

(r,s) = (0,0). To be specific, specialising (2.45) to (r,s) = (0, s) yields

(0,s)def (1 —qs) Q 1 quS‘H) 1 X B et
Zpert _PE[(l— )(1—Q)<1—Q+2>{ q° +ﬁ2(q edi X)H

_PE ﬁ?’_gqj (1?Q+§> {le)+\ﬁz (q o ‘;)H . (2.47)

In the NS limit ¢ — 1, one obtains

k

(0,s)def ] Q 1) B <X B eai)
U, Zper = PE [(1 ) (1 —gta) P +\/73; X (248)
(0,1)det \*
<€121_>0 Zpert >

Thus, the contribution of a (0, s) defect factorises into s copies of a (0,1) defect in the NS

limit.

2.3.3 Defect via Higgsing: elliptic genus

The fugacity assignment for a Higgsing with a position dependent VEV has been derived
n (2.36b). Inserting the fugacity assignment into (2.34) yields the following:

kit _ 1}{ dlu r (k1) ﬁ 01(up — x — 2e4)01 (up — = + reg + sea)
236p) S (27 i)t ade 01(up — x) 01 (up — . — 2€ey)

1 ?{ dlu ! 01 (up — = + rep + sea)

== P =7 Z1-1oop(k, 1) - (2.49)
Iy (2mi)t P 1];[1 01 (up — x)
1 dl l
T j{ Z1- 100P(k l) H Vv(r,s) (up)
iy (2ri) -

p=1
with the definition
O1(u—x+ re; + seo Y1(u — x4+ rep + seo
‘/(7",8) (u) = ( ) = ( ) s (250)

01(u— x) V1(u— x)

which corresponds to the contribution of an (r, s) defect. In other words, (2.50) are the 1-
loop determinants of the Fermi and chiral multiplet that define the defect. In particular, for
(r,s) = (0,1) the defect contribution reduces to the results (2.39) of the defect introduced
by the D4 brane.
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The resulting 1-loop determinant and elliptic genus are then defined as follows:

ZY Tc))gf)f(k l) = Zl 100p k l | I ‘/(rs up (251)
(rys)def 1 % d'u (r,s)def

Z == Z k,l 2.52

l T (271'1)l loop( ) ( o )

employing the definitions (2.13) and (2.50).

1-string. Performing the integration for [ = 1 yields:

(0,s)def M k v 0 e ' . . N
“ ~ V1(e1) V1(e2) [2 (Q (ai — 1) - Vo) (ai +)) + U1 (s€2) - Q( )] . (2:53)

The normalised 1-string contribution in the NS-limit [21] reads

Zf(),s)dcf _ Z(O,s)dcf -z

. 0,s)d f
lim Zf s)de
62—)0

0) (az -1 ) L (ai - - ;q) + 5 Qo)(x) (2.54)

- lim
€2 —0 1

and the (0, s) defect part is the product of s copies of the (0,1) defect contribution. L(-) is
defined in (2.17). The detailed derivation of (2.53) and (2.54) is provided in appendix A.5.1.

2-string. The [ = 2 case yields the following elliptic genus:

(0,s)def M 2 w—a I
% a <191(€1)’l91(62)> 1g§gkl)( i —a;)D(a;j — ai) (2.55)

QY (a; — €+)Qv(a' — )V, (ai — €4)Vio,s)(aj — €4)

01 26+ Z Qv ey V(o s)( )
1( 1+ 2e+)
. [WQ(am — €4 — 61)‘/(0,5)(6% —€y — 61)
V1 (eg + 2
_ M@(CLWL — €4 — 62)‘/(073) (am — ey — 62)
01(2e4) ) k
+ (191(61)191(62)) 191(862) m2::1 D(am — T — €+)D(J; +ep— am)

: Qv(am - €+)Q(x)v(0,s) (am — €e+)

91(2¢4) 91(er +264)
191(2::) - Q(w)V1(se2) - {191(62)1%(2:1)@(56 —e1)Vjo,5)(z — €1)
V1(e2 + 2¢4)
_ m@(m — 62)‘/’(075)(1 —e)|.
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Consider the normalised 2-string elliptic genus
Zéo,s)def _ Zéo,s)def 2 -7 (Z£075)def _ Zl) ’ (2.56)

see appendix A.3.1. The full normalised 2-string elliptic genus for the codimension 2 defect
in the NS-limit is given by

~ k QV (a_g) 2 .
(0,5)def _ S Colai—3) a
L=y = 2;( 91(0) >K<a] ; 2) (2.57)
k Q\/ (a _Ll) S(S+1) ) )
(0 \*% ™2 ) 1
+j§:1< 9(0) > { 5 L( j—T ) +2s L(el)L<aj_$_2>
k k
+sL (aj_l’_;l) |:ZL(CL] ai_el)—i_ZL(aj_ai)
=1 i=1
7]

S g nn) oo du)]
193(6; V 79;5;%) {322L (ai_x_gzl)L@j_x_Ezl)
+sL (ai—x—) [L(a; —a; +€1)_L(az‘_aj)+L(aj_ai+€1)_L(aj_ai):|}

3€1 €1 €1
+L<x—aj+2> —L(JJ—CL]'-F 2>+SL <aj—x—2>]

+s: Q@) (Qw) (w—e1)— 1;SQ(°) ($)> ’

with L(-) and K(-) as defined in (2.17). The computational details of (2.55) and (2.57) are
presented in appendix A.5.2.

Full defect partition function. The 6d partition function in the presence of the codi-
mension 2 defect is then denoted as

,s)def ,s)def ,s)def
T A A (2.58)

in the rest of this paper.

2.4 Codimension 4 defect

A natural candidate for a codimension 4 defect is a Wilson surface X [55, 56] that acquires a
vacuum expectation value. The VEV of a Wilson surface in representation R can formally

—90 —



be expressed in terms of the two-form potential B, and the associated supersymmetric
strings as,

Wr[X] = Trr (77 ety dU“V(B“”Jr"')) , (2.59)

where ... denotes the necessary supersymmetric partners of B,,,. There exists another type
of codimension 4 BPS defects that couples to the 6d gauge symmetry. One can consider
a 2d chiral fermion field ¢ localised at the origin of R* that couples to the bulk 6d gauge
group through the following action:

52 = [ &g (Do + D)e-. (2.60)

where D; = 0;+iA; with i = 0, 1 and A4, is the bulk SU(k) gauge field. Adding this action to
the path integral introduces a codimension 4 defect preserving half the supersymmetries.
This defect is a 6d generalisation of the Wilson loop generating function in a 5d gauge
theory that can also be called the 6d qg-character [57, 58]. The codimension 4 defect that
is discussed below is a product of these two types (2.59) and (2.60) which is called the
Wilson surface defect from now on. Consequently, the Wilson surface defect carries both
tensor and gauge charges.

In practice, because of the lack of a field theoretical formulation of 6d SCFTs, one has
to resort to string theory to formulate the Wilson surface defect and compute it. Wilson
surface defects have, for example, been considered on the Q-deformed R* x T? in [57-60],
see also [61]. Following [60], a Wilson surface defect in the 6d N = (1,0) A; SCFTs
can be realised in the Type IIA brane construction via an additional D4’ brane filling the
20, 2!, 27, 28 2% space-time directions, see table 1. As the D4’ occupies different space-
time directions as the D4 brane of section 2.3, the codimension 4 defect differs from the
codimension 2 defect. In contrast to the D4 brane, the addition of the D4’ brane to the
D2-D6-NS5 brane preserves the broken space-time symmetry (2.7) of the original set-up.
As a consequence, the 2d world-volume theory is composed of the multiplets (2.8) of the
D2-D6-NS5 system which are then supplemented by additional multiplets that originate
from the presence of the D4’ brane. These new multiplets originate from the following:

e The D2-D4’ open string modes give rise to an additional N' = (0,4) twisted hyper
#* and a Fermi multiplet T',, which do not break the A" = (0,4) supersymmetry of
the resulting 2d quiver theory.

e The D6-D4’ open strings introduce an additional Fermi multiplet p, which is a singlet
under the 2d gauge group as well as the SO(4) g R-symmetry.

Decomposing N = (0,4) multiplets into A/ = (0, 2) multiplets, yields the field content from
the original theory (2.8) plus the additional N' = (0,2) multiplets due to the additional
D4’ brane. For the latter, one finds [60]

twist hyper (¢?, %) — chiral ¢ ((bl,ni) + chiral ¢ (¢2,n2) (2.61a)
Fermi 'y, p — Fermi 'y, p. (2.61b)
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and the charges are detailed in table 2. The resulting 2d quiver gauge theory can be
encoded in

U(k)a

(2.62)

U(k)m

where the changes due to the D4’ brane are manifest in the additional U(1), defect flavour
node compared to (2.9).

Analogously to the elliptic genus (2.15) of the theory without defect, the 1-loop de-
terminant contributions from the 2d multiplets include the terms (2.11) form the original
theory plus the following defect parts:

/ )2
C?lilral H 01 Z)) ) (263&)
/ 01(c— & (up — 2)) = 61(2 — a;
D4 1
Zferml = H (1 77)5 H ] ) (263b)
p=1 j=1

where the z-fugacity labels the U(1) charge of the additional twisted hyper multiplet ¢4 and
Fermi multiplets Iy, p due to the D4’ brane. Collecting all the contributions from (2.11)
and (2.63), one obtains

Zi” loop(k l) =Zi- IOOP(k l) chu‘alZfle)r%ni

— W - (27”’“*) T Dluy— ) - T[ Q)W) (264
p=1

O(e1)Oi(e2) ) o2y
P7q

pert 21 toop (K, 1)

where the following definitions have been used

_ O1(e— + (u— 2)) :91(u—z:te_):791(u—z:|:e_)
01(— :I:(u—z)) 9(u—z:te+) h(u—z+ey)’

Wpert = H hulz H Zfi . (2.65D)

=1 =

W(u) : (2.65a)

Note that Wyt is independent of the 2d gauge fugacities such that its contribution in the
contour integral reduces to an identical prefactor for all elliptic genera. Hence, one may
define

1 )8l 1 dlu 1 n
20 = § i 2o, (2.66)
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using the definitions (2.64)—(2.65). Therefore, the partition function of the theory in the
presence of a Wilson surface is given by

S
Z(\;gilson — Zpert . Wpert . (1 + Z qé) ZlVVilson> 7 (267)
=1

where Zpert is the perturbative contribution (2.6) of the theory without defect, see also [60,
section 3.3]. Since the interest is placed on the Wilson surface expectation value, one has to
normalise the partition function with respect to the partition function of the theory without
codimension 4 defect. Therefore, the expectation value of Wilson surface is given by

14+ Z?il qé Z[\Nilson)
(1+ 252 df zv)

<W> = Wport . ( — Wpcrt . {1 + (Z}Nilson - Zl) d¢ + O(qé)} ) (268)

see also appendix A.3.1. Before turning to the computation details, one may wonder in
which representation R the Wilson surface transforms. As argued in [60], the codimension 4
defect of a single D4’ brane introduces a Wilson surface in the fundamental representation.

2.4.1 Wilson surface: perturbative contribution

The perturbative contribution acts as a multiplicative factor. The explicit contribution is
. k
Wpert = (_l)ka PO(Z + €+) . (269)

2.4.2 Wilson surface: elliptic genus

For the non-perturbative contributions of the Wilson surface expectation value, the 1-string
and 2-string contributions are computed in this section.

1-string. Similar to the codimension 2 defect computation (2.53), one finds for the [ =1
case of the contour integral (2.66) the following result

D) S i) Wl )+ Qe b (20
V1(e1) V1 (e2) = v i +)- .

The normalised 1-string contribution in the NS-limit becomes

ZWilson _ zWilson _ 7 (2.71)

: Wilson
6121110021 = /1(0) iEIQE/()) (ai_251> “[L(a; —z—e€1) —L(ai—z)]—i—Q(o) (Z+261) .

The detailed computations that lead to (2.70) and (2.71) are summarised in appendix A.7.1.
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2-string. Consider the [ = 2 elliptic genus (2.66), a computation yields
~ 91(2¢0) \°
ZWllson — () D(ai —a )D(a — ai) (2.72)
2 91 (e1)91(e2) 1§§Sk ’ !

QY (a; — €+)Qv(a‘ —e)W(a;i — e4)W(a; — €4)
191 26+ ZQV — e )Wiaj —ey)

191(61 +2¢4)

[MQ(CU — €4 — 61)W(aj —€L — 61)
_ Uilep £2¢4)

V1 (ex )191(262)
i (

2ey
D(a z—2e.)D 2¢. —a;
i elwl - Z e4)D(z + 261 — aj)

Qla; — €4 —e2)W(a; — e — €2)

Q" (aj — 6+)Q(Z +e)Wila; —€s).

The normalised 2-string elliptic genus for the codimension 4 defect reads

Wi b Quylai—F) Qioyla; —F) 11
ZWllson: (0) J 2 “L(a;—2)L(a;—2
2 Z%é::l 19/( ) 19/(0) [2 ( ) (J )

—L(a;—z)L(aj—z—€1)+ %L(ai —z—e1)L(a; —z—el)}

k Qz/o)(ai - %) QE/()) (aj - %)

" 7(0) 71 (0)

[L(a;—z—€1)— L(a; — z)]

i,j=1
i#j

.[L(ai—aﬁel)—L(a )+ L{a;—ag+e1)— L(aj—ai)]

i Q(Q)(%’_%) 2 1
+Z — 90 <L(aj—z—61)—L(aj—z)> [QL(aj—z—61)+2L(el)

=1 1(0)
k
+ZL j — i — €1 +ZL —a;—e1)
- 1#1
N
Zzzl( <] 2 > <] B ))}
E QY (aj—9) 5
+jz::1 %Q(O) (aj - ;1) [L(aj—z—2el) —L(aj_z)]
k \ (a-—il
+Q(0) <z+621> %[L(z—aj+2€1)—L(z—aj+61)], (2.73)
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with L(-), K(-) as in (2.17). The derivation of (2.72) and (2.73) is detailed in ap-
pendix A.7.2.

3 Difference equation

In section 2, several partition functions have been discussed. Focusing on the defects
introduced by a single D4 and single D4’, the partition functions are related as follows:

normal Higgs (2.28)
Ze Za - 237, (3.1a)
(0, 1)-defect Higgs (2.36) 6d/4d
Zi Za - 23 (@), (3.1b)
where Z,?d/ . Zég’l)def / Zsq denotes the normalised partition function in the presence of a

codimension 2 defect. Consequently, Z,Sd/ ad

depends on the defect fugacity z. In addition,
one may introduce a codimension 4 defect to the 6d theory, which in terms of partition

functions means

codim 4 defect 6d/2d
78 70924 () (3.2)

where ng/ 2d(z) = Zgyison /7.4 is the normalised partition function in the presence of

the codimension 4 defect. This codimension 4 defect is characterised by another defect
fugacity z.

The aim of this section is to derive a difference operator D, which acts via shifts on
the codimension 2 defect fugacity x, and, similarly to [8, 22, 48, 50, 62, 63], is expected to
generate the partition functions for the 6d theory in the presence of both, the codimension
2 and the codimension 4 defect, i.e.

DZ64/4d(z) = 76d/4d/2d () (3.3)

Clearly, since Z6d/4d

only depends on the defect fugacity =, and the flavour and gauge
fugacities inherited from the pure 6d theory, the generated Z64/44/2d cannot depend on z.

In the NS-limit [21], one expects a factorisation of the latter
204 (@) B (W) () - 2%/ (a) (3.4)

with (W) being the Wilson surface expectation value of the 6d theory. In other words,
(W) =2 764724 for a suitable identification of the defect fugacity z. As a consequence, the

Z64/4d partition function is annihilated by the following operator in the NS-limit:

D—- (W) = quantised SW-curve (3.5)
which, in the spirit of [19, 64], is expected to yield a quantisation of the Seiberg-Witten

curve of the 6d N' = (1,0) A; theory. The defect fugacity x becomes the coordinate of the
SW-curve.
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3.1 Path integral representation

As a first step towards the quantised SW-curve, one may try to express the non-perturbative
parts of the partition function with codimension 2 defect as a path integral. Following the
approach of [65], one may write the elliptic genus contributions via (2.14) and (2.50) as

follows:
> 1 L du 21301 (e1 +€2) ! L
25 =Y | T 5 ( T Dl ) 1T @0 1T Vo)
=0 [! e 27i 91 (61)91 62 p‘; 1 e e ’
p#q

(3.6)
For all specific considerations, the defect is specialised to (r,s) = (0,s). Next, introduce

the density

271'7]301 (61 —+ 62)

l
Z “oS(u—wup)  with = (3.7)

01(€1)01(€2)
and rewrite the partition function
o) l l
2500 =3 1l (H ‘;;;) ) [ Dotwys (p<u> ~ S @6 up>)
=0 p=1 p=1
exp [ [ dudu’@)2pw)log(D(u — w)p(u)
+ [ dut o) log(@(w) +log(Visy (). 38)
With the Fourier representation
(o)~ 7) = [ Dxexp i [ dur(w) (o(a) - p) (3.9)

of the Delta function, one obtains

o0 l
r,s)def 1 du —i u L5 (u—up)M(u
z =Z”qé/(]—[ p) /Dp /m He J du(#) 1 5(u—up)Aw)
p:

=1

- exp [ [ dudu ) p(u) log(D(w — ) p(a)

+ [ du(i0) - plu) + # pl) [log@(u)) +log(Viny ()]

=3 g [ (1T ( iﬁﬁ’f) ) [ Potw) [ ) [L e 70
cexp | [ dudu!(#)2p(u) og(D(u — /) p(w)
+ [ du (13@- p(w) + # o) [log(Qw) +log(Viey )] | (3:10)
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The sum over [ can be evaluated

du ! 1)\u i 1 dU i ~1)\(u !
zl.%/(HQ;;)- P ® 200 =3 (e [ e ®700)
p=1 =0 "~
du —i - U
= exp [q¢#/2ﬂ_i€ #) I ﬂ (3.11)

such that

Strrs)def /Dp /D)\ exp [/dudu p(u)log(D(u—u"))p(u) (3.12)

+ [ au (1000)-pla) +4 pla) [08(Q0) + 08V ()] + E 20 20) .

27r1

Analogous to [65], one may employ a shift in the auxiliary variable!

Au) = N(u) —i # log(—qy) such that e T# AW = —qle_i(#)l)‘/(“) (3.13)
¢

which yields
s:rs )def /Dp /DX exp {/dudu (u)log(D(u—u"))p(u) (3.14)
+ fdu (X () pla)+# (o (—q¢Q<u>ms> (W) - e @ ¥ W] ).

This represents a path integral representation of the elliptic genera for the theory with
codimension 2 defect. For the theory without defect, one simply puts (r, s) = (0,0) because

Vio,oy(u) = 1.

3.1.1 Leading and next-to-leading order

Following [65], consider the behaviour as e — 0. One computes the following expansions:
4= 612 L L(e) + Oe). (3.150)
where the abbreviation L(-) is defined in (2.17). For the D(u — u’)-terms one considers
[ dudu () p(u) log(D(u ~ ') p(u')
2 / du [ aulplau) [log(D(u — u')) +log(Dl' = w)] pla).

such that the es-expansion leads to
log(D(u —u')) +log(D(v' —u)) = Gi(u—) -2 + Go(u— ') -3+ O(e3),  (3.15b)
Gilu—u)=Llu—u+¢e)—Llu—u —e),
1 1
Go(u —u) = {L(u—u’)2 — K(u—u)+ 5K(u—u'+61) - §L(u—u’+el)2

1 1
+§K(u—u'—61)—§L(u—u'—61)2 ,

!The shift here differs from the 4d case in [65] by a minus sign in front of g4. The alteration seems neces-
sary as the quantised 6d SW-curve derived in this way passes nontrivial consistency checks, see section 3.4.

—97 —



using the L(-), K(-) notation (2.17). Similarly, for the Q(u)-terms the ez expansion yields

log Q(u) = Qo+ Q1 - €2+ O(e3), (3.15¢)
QO = IOg Q(U)|62:07

0 == [£(2-@-a)+ 1 (2 +w-a)].

i=1
and similarly for the (0,s) defect terms V{( 5)(u) one finds
log Vo () = V" - &2 + O(e3) (3.154)

V]EO’S) =s-Llu—xz)=s- V{O’l) .

The €5 expansion of the path integral for es < 1 becomes
s)ae: 1 1
ZS(S; ydef _ /Dp(u)/D/\’(u) exp [/dudu’2p(u)G1(u —u")p(u') (3.16)
€2

+ = [ du (p(w) og(-g5) + Qo) - e X))
+ /du du/p(u) (;Gg(u — ') + L(e1)Gr(u — u’)) p(u')

+ /du (P(U) (i N(u) + Q1+ V) + L(er) (log(—qp) + Qo)) — L(61)271Tiei62’\'(“)>

+ O(EQ)]

(0,0)def

Str is obtained by setting all the codimension 2 defect

and the expression for Zg, =
contributions V,, to zero, i.e. r = s = 0.

3.1.2 Saddle point analysis

Considering (3.16), the saddle point contribution comes from the leading order term

5 S e S (6} 1
ZQe)det 7 Qus)del 2 < / du'G1(u — u)p(u') + log(—qg) + Qo(u)) (3.17)
p(u) €2

such that the saddle point equation is

[ du'Gatu = wyp(') +log(~gs) + Qo(w) =0, (3.18)

which then defines a critical density p.. Inspired by [46], define the following objects:

Y(u) = exp {— / du/ p(u’)% log(91(u —u'))| , (3.19)
L y(u — 61)
w(u) = V) Po(u) (3.20)
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and observe that

/du p(u")G1(u — ') = log iEZ _T_ Z; (3.21a)
Qo(u) = log(M(u)) — log(Fo(u)) — log(Po(u + €1))
— log g’}g“fel) +log (M (w)w(w)w(u + €1)) . (3.21D)
u—€1)

The saddle point equation (3.18) becomes
log (—geM (us)w(us)w(us +€1)) =0 < 14 geM (us)w(uy)w(ue +€1) =0,  (3.22)

for some points u,. Next, define the following function:

14 geM(u — €1)w(u)w(u — €1)
w(u)

fu) =

(3.23)

the properties of f indicate that it can be written as a product of k Theta functions

k
fu H (u—ep) (3.24)

with roots e; to be determined. The saddle point equation (3.22) becomes equivalent to
— gpM(u — €1)w(u)w(u —€) + w(u)P(u) =1 =0. (3.25)
From (3.25) one can now derive a difference equation for the defect partition function.

3.2 Shift operator

Having derived a path integral expression (3.14), which is dominated by the contribution
of the saddle point (3.25), the next step is to define a shift operator. For this, the (expo-
nentiated) defect fugacity X is promoted to a non-commutative parameter together with
conjugate coordinate Y such that

YX = 1X Y (3.26)

p

ie. Yf(z) = f(xr —e1). Now, one can act with the shift operator Y on the two parts of the
partition function. For the perturbative part, one proceeds with the natural expressions;
while the Y-action on the non-perturbative part is greatly simplified by the path integral
representation.

Perturbative contribution. The normalised perturbative part (2.48) for an (0, s) defect
can be written as

e I

=1
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for A; = e%. A direction computation, see appendix A.6.1, shows that the action of Y is
given by

ZWt - (3.28)

i 1 ] 1
YZ}()(;,;)def _ <H ) Z(O,s)def _ |: :|

2 V1(a — @+ 3er,T) pert Po(z)

Note that the sign of the argument of the theta function can be flipped without any conse-
quence.

Elliptic genus.

Consider the defect contribution (2.50), (3.15d), which one may write as
Z(O,s)def

ot D exp [/ dup*(u)V{O’s)} = exp [s . /dup*(u)(?u log 61 (u — :U)] (3.29)

= exp [—s : /dup*(u)&v log 61 (u — x)] = (Y(2))*.

The shift operator acting on the normalised instanton-strings partition function yields

y Z{0det Y/Dp exp [/ dup(u)Vfo’S) (u,a:)}

~ Y exp {/ dups (u)VfO’s) (u, :c)}

~ exp {/ dups (u)VfO’S) (u,z — 61)} . (3.30)

Consequently, one arrives at

~(0,s)def
’ Zstr

str y(x)
(w() Py(xz))* - Z0:)det

str

v 7(0:s)def _ (3)(95 — 61))8

in leading order

using (3.20) . (3.31)

Alternatively, a direct computation on the defect contribution (2.50) leads to the same
conclusion as in (3.31), as detailed in appendix A.6.2.

Full partition function. Combining (3.31) and (3.28) implies that
v (2050 . 78)

5(0,5)def +, 5(0,s)def L 1% 5(0,5)def ~(0,5)def
(0 def) — y Z0mdel Ly Z()del [ ] i (@) Po())® - 20
Py(z)
5(0,s)def  (0,s)def
w(@))® - (Zga ™ - Z5) (3:32)
where one notes the cancellation of the contribution from the perturbative part. In partic-
ular, notice the ratio
~ ~(0,1)def  7(0,1)def
Zt(gél)def<$ - 61) _ Y (Zlgert) <. Zs(tr Jae ) .
7l (1) = 0ndef SOndf w(z), (3.33)
tot pert t str

which is reminiscent of [46, eq. (55)].
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3.3 Difference equation

Finally, following the logic of [46, 66], the saddle point equation can be used to derive a
difference equation on the level of the normalised codimension 2 partition function. For this,
one starts from the saddle point equation (3.25) and performs the following manipulations:

0=—gpM(z—e€1)w(z)w(r—e€1)+w(z)P(r)—1
=—qp M (z)w(z+e)w(r)+w(r+e)P(x+e)—1 by shifting x —z+¢;

Z(O,l)def(l,) 2(071)d6f(a7—61)
2(0,1)def(x+61) Z(o,l)def<m)
7(0,1)def (x_q)

=—qgsM(z) =———">+P
oM () Z(071)def(x+61)+ (z+e1)

Z(O,l)def($)

m—l using (3.33)

=—qpM(x) +P(z+er)
Z(O,l)def(w)

=1
Z(O.1)def (74 ¢;)

_ —Q¢M({IJ) -Z(O’l)def(l'—el)—I—P(l’—l—el)Z(O’l)def({L‘) _Z(O,l)def(x_{_el)
= [~qsM(2)Y + P(ater) -y 20D (), (3.34)

Hence, (3.34) shows the existence of an operator that annihilates the codimension 2 defect
partition function. Nevertheless, the expression needs to be considered with care. Com-
paring to the results of [17], the form is already suggestive of the Seiberg-Witten curve. In
order to consolidate this further, one can equivalently rewrite (3.34) as

[q¢M(x) Y+ Y—l} ZODdef (1) — Pz 4 ¢p) - ZODef (1) (3.35)

where the left-hand-side contains expressions that are fully known, while the right-hand-
side contains the degree k£ modular form P(u) of (3.24), whose existence follows from the
saddle point analysis. Therefore, the purpose of the remainder of this section is to establish
a physical interpretation of P(x + €1). As it turns out, the codimension 4 defect in form of
the VEV of a Wilson surface is a suitable object to consider.

3.4 Comparison to Wilson surface

The strategy for determining the physical meaning of P(x + €;) has two steps:
(i) Starting from (3.35), together with the known normalised codimension 2 defect par-
tition function Z(©1def(2) one can compute P(z + €;) order by order in 9o
(ii) The predictions for P(x + €1) are compared to the normalised codimension 4 defect
partition function Z3V15°"(2), i.e. the Wilson surface VEV. This determines z as a
function of x.
To begin with, consider the difference equation (3.34) or (3.35) together with the gy4-

expansions

ZODdet () = ZODdl (1 +3°4, Z}OJ)def(a:)) . P(x) = Py() (1 + dh Pz(fU)) :
=1

=1
(3.36)
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such that (3.34) becomes

0= [Po(x b)Y+ gy (Polx + e)Pi(z + 1) — M(z)Y)
+ Z qfﬁPo(x +e)P(z+ 61):| Zéo’l)dEf(x) (1 + Z qu;ZJ(O’l)def(a:)) . (3.37)
=2 =1

Next, one can try to match the predictions for P(z + €1) with the results from the Wilson
surface. Based on the explicit computations detailed below, the claim is that

i 1
Pz +e) = ZVo0 () vl &= =1+ e, (3.38)

i.e. the fugacities = and z are suitably identified.

3.4.1 Perturbative level

The lowest order in the ¢4 expansion reads
0=[Ro(e+e)— Y| 2V @) (3.39)

and one finds

Py(z+e€)= Zéo7l)def(x> (3.40)
Comparing to Wpart in the NS-limit yields
Powte) = Del®) LG (3.41)
(-)N Q12 2
3.4.2 1-string level
Next, the linear g4 order reads
0= [Po(w+e) = Y| 2"V (@) 2"V (@) 2
+ [Po(x + €) Pz + e1) — M(2)Y] Z3"D (2)
and, using (3.39), one finds
Pi(z + ) = Q(x) + Y 120N (g) — ZOD (). (3.43)
Using the results from above, one computes the prediction (3.43) to be
-Gt o) e 3) oo
1\ rT€1)= (0) T T €] 19/1(0) 2 (0) a; 261 a; — T 261 a; —T 261 s
(3.44)
see appendix A.8.1 for details. Comparing to the Wilson surface result (2.71), one finds
Pl(z+e)=2"V""2) o z=z+ %1 . (3.45)
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3.4.3 2-string level
Lastly, the quadratic g4 order in the expansion reads
+[Po(x+e)Piw + @) — M(2)Y] ZéO’”def(w)Z{O’”def(x) (3.46)
+ Roz + e1) Polz + e1) 23"V (@),
and using (3.39) and (3.42) one finds
Py +€) = Q@) (@) [V =1 2"V @) + [y~ = 1] 22V (@)

_ (3.47)

Using the results from above, one compute the prediction (3.47) to be

2

e =-43 (B G (oo da) (e Jo)] a0

X {L <aj—x—261> {L <aj—x—g€1>—L(aj—$—;€1)]
+2L(e1) {L <aj—$_261> —-L (aj_x_;ﬂ)] }
+ zk: QE{J)( 61) Qo ( 9 61) |:L(ai_$—2€1>_L(ai_$—1€1>:|

S %) 9 2
7]
. {L(ai —aj —61) —l—L(aj — Q4 —61) —L(ai —aj) —L(CL]‘ —CLZ‘)}

E OV (a—1e) OV (a:—1
+ZQ(0>("’z 261) Q(O)(“J 261) [1L<az w—gel)L<aj—x—261>

= ) ORE:
i#]

—L (ai_l'_;ﬁl)l/ (aj—$—261> —1—%[/ <a,~—x—;el> L<aj—x—;61>}
z” -3 o3-S

J=1

\/

L 21 5 3
Qo) (7 +e1) Z((z) [L <x+261—aj) —L<m+261—aj>} ,

see appendix A.8.2 for details. Comparing to the Wilson surface result (2.73), one finds

Pyz+e)=2y1"2) & z=x+— (3.49)
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3.4.4 Implications

The results of sections 3.4.1-3.4.3 provide evidence that the claim (3.38) is correct. Thus,
the difference equation (3.35) can be re-written

D Sz(o 1)def E |: Y 4+Y™ :| Z(O,l)def(x)
= P(z+e1) - ZOVE () = (W) (z — o4 621) LZODdE () (3.50)

which identifies the operator D of (3.3) in the NS limit. In addition, the degree & modular
form P of (3.24) has been identified with the expectation value of the Wilson surface defect.

As a comment, the found identification (3.38) is a qualitatively new feature of the
N = (1,0) theories in contrast to the N' = (2,0) case discussed in the next section. As
shown in the 6d A" = (2,0) A; case [60], the Wilson surface expectation value is independent
of the defect fugacity z; similarly, the dual 5d picture has been considered in [64], where
the Wilson loop expectation values also has no dependence on the defect fugacity.

4 2 M5 branes: matching 6d and 5d with enhanced SUSY

In this section, the methods developed in the above sections are applied to the simplest 6d
N = (1,0) theory with SU(2) gauge group and 4 flavours. The interest in this model comes
because Higgsing the SU(2) gauge group as above leads to a theory with no gauge theory
left. Put differently, in the Type ITA brane construction the Higgsing is realised by removing
a D6 brane, see figure 1. Starting from the 2 D6 branes for the SU(2) theory and removing
one of them, leads to a single D6 which is dual to C?/Z; = C?, i.e. the Ag singularity in the
original M-theory setup. Thus, the Higgsing leads to a system of M5 branes which preserve
16 supercharges instead of the 8 supersymmetries of the generic case with an Ay, singularity.

Building on section 2.2, one can study the N' = (2,0) A; theory in the presence of a
codimension 2 defect by Higgsing the N/ = (1,0) SU(2) theory with a position dependent
VEV. In addition, the path integral formalism developed in previous section allows one
to derive the quantised Seiberg-Witten curve therein. As a consistency check, it is verify
in this section that the established SW-curve matches the result obtained from the 5d/3d
perspective by compactifying the 6d N = (2,0) A; theory onto S* [64].

4.1 Defects in 6d N = (2,0) A; theory

To begin with, one computes the partition function for the 6d case. In order to find
agreement with the 5d result of section 4.2, the derivation is repeated in a slightly different
manner compared to sections 2 and 3.

4.1.1 Elliptic genus

Firstly, the saddle point approach is used to derive the difference equation of the non-
perturbative part of the partition function, analogously to section 3.1. The SU(2) gauge
and SU(4) C SO(8) flavour fugacities are labeled in terms of «, y; and t as

a e — mo t ms M2

a=e%, =tu, en? = — | e ==, and et = — | 4.1
o ; (4.1)
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The instanton partition function Zj, for N' = (1,0) SU(2) with 4 flavours is thus given by
the [-th elliptic genus, contributing to the non-perturbative partition function (2.3)

-1 % H d¢[ W (prs)01(d1g + 2€4) H [Ty 91(pr — ms) (4.2)

27i V1(prs + €1,2) Vi(prtatey)’

I =1

7

with ¢r7 = ¢r—¢y. Here, ¥9Y(¢prs) means that those terms in 91(¢;s) with ¢; = ¢ are re-
placed by 9] (0). Next, a (0,1) codimension 2 defect is introduced via the Higgsing (2.36b),
which becomes

a=ms3— €y and My =m3 — 264 — €3 =2 — €3, (4.3a)
_ Ve _
or a=-- and o = \/pqg?, (4.3b)

such that the elliptic genus of the N' = (2,0) theory with defect is given by

Zdef - f{ H d¢1 Y (o17)01(drs + 2€4)

27i I -, V1(org + €12)
l ’ (4.4)
H V1(dr — m1)01(dr — ma)1(dr — m3 + 24 + €2)
L U1(or +m3)01(br +m3 — 264 )01(dr —ms + 2e4)
Further notice that
emMtMs — iy and eM2tms — ul_l,ug. (4.5)

For convenience, one defines p; = ¢~ /2 and, additionally, shifts the 2d gauge variables as

¢r— ¢r —m3z+eq. (4.6)

Finally, one ends up with the instanton partition function for the theory with a codimension
2 defect of type (0,1), which is given by

l

Zef — fé H d¢>1 V1(pry)01(ory + 26+ H 1(pr —m)V1(dr +m — e2)
i 2mi I ~1 V1(d1s + €1,2) e} V1(pr £ e4)
7 (4.7)
H P (pr — 2x —€_)
i (dr — 2z —ey)’
and, following the definitions (2.14) of section 2, one defines
191(U)191 (u + 26+)
D(u) = : 48

(u) 191(u + 61)191(u + 62) ( a)

191(u — m)z?l(u +m — 62)
= 4.8b
Q(U) 191(U+6+)791(U—6+) ( )

21—

Vi) = lu=2w—c) (4.8¢)

V1(u—2x —ey)

— 35 —



Having set-up the notation, one recasts the instanton partition function in a path integral
analogous to section 3.1, as follows:

Zdef

str

~ [ Dotuyexp | = [ dudul 3p(u)Gs (w—yptal) + = [ dulog(-a,Qo(u)) +O()].

with the expansion coefficients

th
Nej
S~—

Gr(um) = Liu—u/ter)~Llu—u'~1), and Qofu) = Qu]eymo = 2

with L(-) introduced in (2.17). As in (3.19), one may define

w=exp [~ [aupu) =]

u’)
such that the saddle point equation can be written as

log< %M@o( )) =0, or

for certain specified solutions p, and wu,

(4.11)

y(u* - 61) N
1+ q¢on(u*) =0 (412)

On the other hand, one can apply the saddle point equation to the normalised Zsfiterf
and take the NS-limit, e — 0 and ¢ — 1

Zdef Zg!

e — 1 str
21 (e) = lim 20 —exp | [ dup.(ui(u)] |

(4.13)
L (293 + %1 - u> L (4.14)

Therefore, by the virtue of (4.11), one finds

28l =¥ 20+ F)
For a shift operator Y : z — x — €1, the action on the partition function is
3e1
3 V(2z —F) .
Y- Z3 (@ )—y<2x61):< 2>Zdef

y(2$+ Q) str (.T) (416)
2
Next, consider the left-hand-side of (4.12) for arbitrary values of u, i.e

(4.15)

£= 1403 o). (4.17)
whose purpose is clarified shortly. For u = 2z — ¢, one has
s (290 B q) _ hQrEm—ea/2) _ 61(p *1X17*1251(p*2x17) | (4.18)
2 91 (22)91 (22 — €1) 01(p~1X)601 (p~2X)
due to (A.14). To compare with the results in [64], one defines the following variables
X =e¥rta — 72 and n= emte/?

= VP - (4.19)
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Therefore, using (4.16), one finds

L=1+4¢q Or(p~ X )i (p*Xn) V(22— %)
Y (1 X) (p2X) Y2z + 9)

G1(p~ X 0 (p2Xn) Y - Z%T (x)

=1+ qs—= 4 __Str (4.20)
O X0002X)  Zg (@)
Notice that Y X = p~2XY, for convenience, one defines
YxX i—p XYy meaning Y=Y, (4.21a)
Z(X):— Z% ),  suchthat  Z(p~'X)=YxZI(x). (4.21b)

Now (4.20) can be recast as

61 (p~ ' X001 (p~2Xn)

Y Zp X) + 4= =
. 01(p~1X)6) (p~2X)

Yy - Zp ' X)=L Y- Z(p1X). (4.22)

Lastly, one shifts X — pX and re-defines the right-hand-side of (4.22) to be

(X ) Xn) |, =

Vil Z(X) + g4 .07 (p 1) Z(X) =W(X) Z(X), (4.23)

where W is identified with the 6d partition function of the codimension 4 defect, i.e.
the Wilson surface, in section 4.1.3. Therefore, (4.23) is exactly the difference equation
obtained from 5d/3d perspective in [64].

4.1.2 Perturbative part

Next, the difference equation for the perturbative part of the N' = (2,0) A; theory is
derived. As above, the starting point is the 6d A/ = (1,0) SU(2) theory with 4 flavours,
whose perturbative contributions to the partition function are given by

2320y 4, = PEUe+ 1o+ In], (4.24a)
with =g _i;f_q) - ?Q , (4.24D)
Iv:—(l_p)(lltlég(l_@ (e®+a72Q+Q), (4.24c)
=1 _p)(l\/_]TZ)(l el (a+a™'Q) (t+¢71) (m+u" +potpz'), (4.24d)

where the contributions of the tensor, vector, and hyper multiplets I;, I, and I, respec-
tively, have been flopped compared to (2.4), for comparison with the 5d result.

Before introducing the codimension 2 defect, one first computes the contribution of
Goldstone bosons from the usual Higgsing procedure by assigning

a=t! and 2 = +/Pq - (4.25)
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The Goldstone boson part is given by

Zo = PE [P (a+a71Q) (t+471) ( + 4))

— PE {(1 - p)(l‘/f’z)(l ey (7 +1Q) (t+171) (m + ufl)} . (4.26)

With this preparation, one can introduce a (0,1) codimension 2 defect as in (4.3). The

a=t—1

partition function Z}:ﬁ:(l 0) A, Can be factorised as
t t
Z/I\)Fi(l 0) A Z/I\)}ei(g 0) Ay Zg - Zg:ft(X) (4.27)

where only Zggft(X ) is a function of the defect parameter X. Using (4.3), computing I,

and the po-dependent part of Iy leads to

Z1 =PE {[U + i —p)(l\/—ZTZ)(l ~0) (a + orlQ> (t + t*l) (MQ + M;l)} N

pw2=4/pq?

- PE[ —t2pQ)] + etc.

1 _
00 (7
= ]:[ o Xp etc. (4.28)

using (4.19) in the last line. Further, all irrelevant terms independent of the defect param-
eter X have been omitted.

On the other hand, one also needs to extract additional Z;}gﬁt (X) contributions,? which
are pi-dependent, from the Goldstone part Zg. In detail

22 =B [ g (o) () () g (42
B1—4/qp1

where one has shifted y; — /qu1 in order to compare with the contribution of Goldstone
bosons. With some algebra, apart from some irrelevant terms, one finds

1 _
=TI 6:(xnp"), (4.30)
i=0

using (4.19). Hence, combining the various parts, one arrives at

> gl(ani)
zdet (x Z-Z:||~7. 4.31
Pert( ) 1 2 F 91(Xpi) ( )

Different from the generic N = (1,0) case, there is an additional contribution depending on the defect
parameter X and flavour fugacity n. Because the (2,0) A; theory contains no vector multiplet, the new

piece thus originates from the term depending on the a; gauge fugacity and the left flavour fugacity 7.
Since the SU(2) fugacities satisfy a1 + a2 = 0, both a1 and a2 have been replaced by the defect parameter
X after Higgsing.
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By acting with Yx on it, one finds the following difference equation

e(pian) def

YX : Zdef (X) = e(p_lX) pert

pert

(X). (4.32)
Therefore, the full partition function
Z(X) = 7% (X)) Z(X), (4.33)

pert

satisfies the following difference equation in the NS-limit ¢ — 1:

§~(7 Xy zx L ‘“’_I)Y CZ(X) = W(X) - Z(X

B (X) X ( )—i—% 61(X) X (X) (X) (X) W
01(Xn) ., 61(Xn™) B '
G )YX T ﬁYX—W(X) Z(X) =0,

where the last line already bears resemblance to (4.50). As in (4.23), one still has to provide
an interpretation of W, which is the subject of the next section.

4.1.3 Wilson surface

In this subsection, W is identified with the Wilson surface from 6d perspective as discussed
above for the generic 6d N' = (1,0) case. As in section 3.4, the identification proceeds in
two steps:

(i) Computation of the prediction for W from the difference equation (4.23).

(ii) Direct evaluation of the Wilson surface expectation value.

Firstly, one computes W from (4.23) up to one-instanton order. A computation shows that

Yi'Z(X) n 61(Xn~1)01(p~" Xn) Yx Z(X)
X X)  Z(X)
> 61(Xn~ )61 (p~' Xn) 2
O X X) )w(%)
O (pXn )01 (Xn) OO ()61 (pX) _Xglgn)gl(pn‘l)N’l(X)>

01(X)61 (pX) 61(1)61(p)61 (pX) 01(1)01(p)01
+0(q3), (4.35)

—~ |

where 6}(X) denotes the derivative of 6,(X). As it turns out, the W expression is inde-
pendent on X, as can be verified by expanding (4.35) with respect to @, i.e.

CoN2(1 =102 CoN2(1 =1, N2 —2 -1
(1 n)p(_lln;? 1) (1-n)*1 pp@n(f +4p +1)Q2+0(Q3)>

+0(q3). (4.36)

W:1+q¢<1+ Q+

In fact, qdjl/ W coincides with the Wilson line Wsy(2) computed from the 5d SU(2) SYM
via compactifying the 6d theory on a circle as in [60, 64].
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Secondly, one can directly compute the expectation value of the 6d Wilson surface
in the 6d NV = (2,0) A; theory, as studied in [60]. For a Wilson surface in a minuscule
representation, for instance the fundamental representation, one finds either from [60] or
section 2.4 that

WO =3¢, (4.37)
=0
L e der 1 0()V1 (b1 +2e0) T ilmEdn) 1 thlem £(¢1—2))
‘/Vl_l'/jl_[l g 11;[1 191(¢[J+€172) Il_‘[:1191(6+:|:¢)[)11;[1191(*6+:t(¢[*2))’

where z denotes the U(1) fugacity from D4’ brane, see table 1. Up to one-instanton order,
one finds

WEO — 1 1 g (51(292?71)51(@7) o8 (pZ) Zél(n)gl(pn1)~1(2)>

1
hp2n(Z) L B@he2)d0) AOAGIAR
+0(q3)

which is the same as (4.35) by replacing Z = e® with X. However, as shown in (4.36),
W20) is independent of Z or X. As a consequence, the direct 6d computation of the Wilson
surface, which coincides with the 5d Wilson loop result [60], also verifies the quantised SW-
curve (4.23) proposed in the subsection above for the 6d N' = (2,0) A; case.

4.2 Codimension 2 defect in 5d N/ =2 SU(2) SYM

A circle compactification of the 6d N/ = (2,0) A; theory gives rise to the 5d N' = 2 maximal
supersymmetric Yang-Mills theory with gauge group SU(2). In fact, the instanton states
in this 5d theory capture the Kaluza-Klein momentum modes. Therefore, the 5d SU(2)
maximal SYM theory at strong coupling is conjectured to be dual to the 6d N = (2,0) A;
theory [67-69].

A codimension 2 defect preserving half of the supersymmetries in the 5d N' = 2 SU(2)
gauge theory has been studied in [64]. This defect was introduced as a monodromy defect.
However, the same defect can also be introduced by Higgsing the SU(2) x SU(2) affine
quiver theory with two bi-fundamental hypermultiplets with position dependent VEV of a
baryonic operators formed by one of the bi-fundamental hypermultiplets. In terms of a 8
supercharges quiver, the Higgsing is summarised as follows:

SU(2)1 00 SU(2)2 oo, @ : (4.39)

Higgsin,
ggsing SU(Q)

Equivalently, the Higgsing of a 5d N’ = 1 affine Ay quiver gauge theory with a constant or
position dependent VEV is realised in Type IIB superstring theory as shown in figure 1.
From the 6d viewpoint, this corresponds to a mesonic Higgsing of the SU(2) gauge theory
with 4 flavours towards the AV = (2,0) A; theory with a codimension 2 defect. The duality
between the 5d and 6d description can be verified on the level of partition functions.
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Partition function before Higgsing. Let us start with the partition function of the
5d SU(2) x SU(2) affine quiver gauge theory on RZ
function can be written as

x S1. The perturbative partition

€1,€2

1+pg VP4 - 1, -
Z3bet PR | (434 A3+ Ar(Ao+ A"+ pz+py +5 ) |
SU@? (—pi—g T oy a—g AN v )
(4.40)
where Ajo = €2 are the gauge fugacities for two SU(2) gauge groups in (4.39) and

p1 = M oy = M2 are the fugacities for the bi-fundamental flavours. The instanton

partition function can be evaluated from a 1d gauged quantum mechanics and is given by

Z5d,inst o }OO: k1 Q k2 Z5d 4.41
SU(2)2 — Y - k1,ko ( ’ )
k1 k20 y

1 B e k2 qgy \ T15%y sh(or) TTT, sh(grs + 2¢4)
Z’ii’fzzkllkz!?{(ln{) (H ‘-]> N

. 2mi g2 2mi [17sh(¢rs + €1,2)

‘ I17%; sh(dry) T2 sh(ers + 2€)
HI;QJ sh(dry + €1,2)

) f[ ﬁ ¢]ia2+M12) (gZ}J:l:al—MLg) 'Sh((b]—g%J—i‘Ml’QiE_)
—1J=1 Sh ¢1ia1 ie_,_) ((ﬁJiCLQ:EG_i_) Sh((b]—(ﬁJ—i_Ml’QiE_A'_)?

where y and @ /y are the instanton fugacities for the SU(2) gauge groups, respectively, and
sh(z) = 2sinh(§) as well as ¢7; = ¢1 — ¢, b17 = ¢r — ¢y. The contour integral (4.41)
at each instanton sector can again be evaluated by using the JK-prescription [70]. As
expected from the duality between the 5d SU(2)xSU(2) affine quiver gauge theory and
the 6d SCFT for 2 Mb5-branes on A; singularity, the full partition function for the 5d
SU(2)xSU(2) affine quiver theory coincides with the partition function of the 6d SCFT
given in section 2.1. Namely,

Z35- (1L,0) Ay — Zg%(2)2 * Zextra
Z3- (1,0) Ay = Z/Ii/e:(m) A ';iqul, Zg’%@) ng%’(%e)’;“ Zg%g;;;, (4.42)
with the identification of the 5d/6d fugacities as
(Ao P = @ wa

Here, ZX/G'}:(LO) 4, and Z; are given in (4.24) and (4.2), respectively; and Zextra is an extra
factor independent of dynamical fugacities defined as

o[ aspaege (G #mQ e 4 k)
Zearn = PE\ = 0 01— Q) T -00-0Q) - ()

One can check the equality (4.42) by expanding both sides in terms of @ and gg.
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Higgsing. Higgsing (4.39) to the 5d N/ = 2 SU(2) gauge theory can be performed by
tuning the fugacities in the partition function as

1
Ay — Ag, po— Nk (4.45)

This leads to the partition function of the 5d N' =2 SU(2) gauge theory as

(1-pg) (1- %) m
V(1 —p)(1—q)

5d 5d
ZSU(2)2‘ Misd, = In=2su() Dextrat ;  ZLextras = PE | — y| , (4.46)

u2—1/,/pq

up to the extra factor Zeyiror independent of the dynamical fugacity As. After the Higgsing,
As becomes the fugacity for the SU(2) gauge symmetry and p; becomes the fugacity for
the SU(2) C SO(5) flavour symmetry.

Next consider the Higgsing with a position dependent VEV that introduces a codi-
mension 2 defect in the 5d N’ = 2 SU(2) theory. The Higgsing can achieve by the following
fugacity assignment:

1
Ay = Ao/q, po2— ——, 1 — piVq- (4.47)
Vg2

With this specialisation of the fugacities, the partition function reduces to that of the 5d
N = 2 SU(2) theory in the presence of the monodromy defect, called Zp qj, introduced
in [64]:

ZS%(ZP’ A—=Axq — Z[l,l] « Zextra! - (448)
M2—>1/\/p<172

H1—p1/q
This shows that the codimension 2 defect introduced by the Higgsing is identical to the
monodromy defect considered in [64]. The instanton part of the codimension 2 defect
partition function is expanded in terms of y and @/y, and the first few terms are given by
Z =1 (n—1)n —;4%) ) (=1 —nqA§)pQ .

’ (1=p)A=A3/p)n” (1 —p)(1—peA3)ny

(4.49)

with 7 defined in (4.19).
In the NS limit ¢ — 1, the codimension 2 defect partition function satisfies the following
difference equation [64]:

A;lgi‘qg))Yy_l + As 02’(12;@//7)7)% - (Wsuqa)) élgi fosf} =0, (4.50)
where Y,y = pyY,, and (Wgy2)) is the SU(2) fundamental Wilson loop expectation value in
the 5d maximal SYM discussed in [59, 64]. This is the difference equation of the two-body
elliptic Ruijsenaars-Schneider integrable system. Here, the Wilson loop expectation value
(Wsu(2)) of the 5d theory is related to the VEV of Wilson surface W20) in the 6d (2,0)
A; theory in [60] as

WD = g2 (Wep) - (4.51)
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One can verify that, by replacing
X=y ' and Yx=n'Y ", (4.52)

eq. (4.34) becomes (4.50). Hence, the difference equations agree.

5 Conclusions

In this paper we explored elliptic difference equations arising from quantisation of Seiberg-
Witten curves of compactified 6d A-type N' = (1,0) SCFTs. In order to obtain a 4d
N = 2 supersymmetric theory, the 6d theory is compactified on a two-torus together with
an Omega-background. This allows to compute the BPS partition function of the theory
together with expectation values of various defect operators using localisation. We ex-
plicitly showed, using a matrix-model approach, that the corresponding quantum curves
annihilate expectation values of codimension 2 surface defects inside the 6d theory. More-
over, we found that our difference equations can be rewritten as eigenvalue equations with
eigenvectors being our codimension 2 defects and eigenvalues corresponding to expectation
values of codimension 4 defects arising from Wilson surfaces wrapping the two-torus.

One important insight of our analysis is the fact that our difference operator equally
well applies to the 5d dual of the 6d SCF'T. This duality, as for example recently explored
in [5-7], results in a 5d supersymmetric gauge theory admitting an affine quiver description.
In our case, this is an affine A-type quiver with SU(IV) gauge nodes [17]. BPS partition
functions of the circle-compactified 5d theory are then equal to the torus-compactified 6d
partition function. The codimension 2 defect of the 6d theory is mapped to a codimension
2 defect inside the 5d theory giving rise to a coupled 3d/5d system. Difference operators
for such systems are not easy to obtain, but our approach via the dual 6d theory gives a
recipe to construct such operators from first principles.

Another direction, particularly interesting for future research, is the realisation of 4d
N =1 SCFTs as surface defects inside a 6d SCFT. Indeed, our codimension 2 defect is itself
such a 4d theory extended over T? x., R2. The expectation value of the defect operator
on such a geometry is related to the supersymmetric index of the corresponding 4d N' =1
SCFET and, thus, it is expected that such indices satisfy similar difference equation. For
instance, the superconformal indices for the 4d class Sy theories with surface defects have
been computed via the action of a difference operator in [8, 62, 63]. The rough expectation
is as follows: the 6d partition function with codimension 2 defect corresponds to the 4d
index of the 4d theory obtained via compactifiying the pure 6d theory on a Riemann
surface (with punctures). The addition of a surface defect in the 4d theory is realised via
a difference operator acting on the 4d index. Similarly, the codimension 4 defect in the 6d
theory is introduced via a difference operator, which yields a quantisation of the SW-curve
in the NS-limit. Thus, one expects an identification between the 4d difference operator
and the 6d difference operator, as the codimension 4 defect in 6d reduces to a surface
defect in 4d. In fact, the same codimension 2 defect was interpreted as a flux leading to a
minimal puncture on the Riemann surface in the context of the 4d class Sy, theories in [71].
We expect our difference operator is related to a difference operator acting on the flavor
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fugacity associated to the minimal puncture in the 4d class Sy theory. However, further
detailed analysis is require for a precise statement.

From this point of view, it would be interesting to ask whether the knowledge of the
difference operator is enough to reconstruct the index of the corresponding 4d SCFT. First
steps in this direction have been taken in [8, 22, 48]. In particular, in [22] the authors give
a detailed derivation of the difference operator associated to N' = 1 compactifications of
E-string theory. It would be interesting to extend these results by applying our techniques
to the torus-compactified E-string theory. The corresponding difference operator should in
this case arise from the quantisation of the SW-curve derived in [72]. We leave this and
the derivation of quantum curves for a wider class of 6d SCF'Ts for future work. Likewise,
the difference equations of other 6d SCF'Ts and their relation to integrable models, as for
example considered in [54], are interesting future directions.
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A Detalils of partition functions
The computational details of the various partition functions are provided in this appendix.

A.1 Perturbative contribution

The perturbtative part of the partition function is composed of the single letter contribu-
tions (2.4) for the 6d N = (1,0) multiplets.

A.1.1 Higgsing: constant VEV

The perturbative part can be written as

k+1 _ 7k L Q 1
Zpett — Zpert PE|:(1 _p)(l —q) <1 — Q + 2)
k

- { = (L4pg) Y ("7 4 e™17%) — (14 pg)

=1

k
+ \/1qu (eak+1 (e*szrb + 6fmfb) + efakﬂ(eml—b i enler))
=1
k
* \/I?CIZ (eai e R O U enk+1+b))
=1

+ Vg <€a’“+1 (e7MhH1FD A1 7hY 4 okt (k410 4 e”’““er)) H (A.1)
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such that Higgsing (2.28b) yields for the different parts

k
1_|_pq Z a;i—Qk4+1 _|_eak+1—ai)
=1

k
=—(+pa))_ (x/lTQe“imk“*b + ——emkr1b “i> (A.2a)
i=1 VPaq
k
\/]qu (eak+1 (e—mz+b + e—nz—b) 4 e k1 (eml—b + enl+b)>
=1
k
= \/]qu (\/—emkﬂb(emler + efnlfb) + \/Zqu*mkﬂer(emsz + en“Lb)) (A.Qb)
pq
=1
k
\/ITqZ (e (e mk+1+b + e Mh+1 b) + e (emk)+1 b + enk+1+b))
=1
k 1
= \/EZ (eai(e—mk+1+b +pq€—mk+1+b) + e (emkﬂ_b I emk+1—b>>
=1 Pq
k
1
= (14 pq) Z <\/1quaimk+l+b + \/]quai+mk+lb> (A.20)
=1
\/;07_[ (eak+1 (e*mk+1+b + e*nk+1*b) + e~ Ok+1 (em’“ﬂ*b + e”k+1+b))
1 b
~ v ( e b( et +pge mk+1+b) +v/pge” e < M0 g M1 )
\/> pq
= 2(1+ pg) (A.24)

and collecting all the pieces leads to

k+1 _ ok 1 Q 1
Zper = Zpen PE[(lp)(ch) <1Q+2) (A.3)

—(1+pq)

k
1+pq /*eaifmk+1+b+ eMk+1—b—a;
{ Z1 ( VP4

1
+(1+pq) (x/p i m’“+1+b+emk+1—”—“i>+2(1+pQ)
=1 v P4
1

+\FZ

i)
»Q

M1~ b 7ml+b_l_e n;— )+\/17qemk+1+b(emlb_’_enl+b)> }:|

PE[(l—pxl—q) (2 +a){aem (A-4)

+\/712<\/pq R mw)

k
- Zpert

WS (1 emk+1”l2b+\/27qe”lm’“+1+2b> .
=1

pq
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where the additional pieces are attributed to the Goldstone modes for the reduced global
symmetry. In detail,

— 1 Q 1 - 1 Mp41—1MY eml*mlwl
ZG_PE[(l—p)(l—Q)(1—Q+2){(1+pq)+m;<\/ﬁze e )

g L Mmp1—n;—2b nl—mk+1+2b>
ﬁqé(\@e +v/pae H
_ VPl Q  \[( 1 u .
_PE[(l—p)(l—Q)(1—Q+2){<m+@>+;<\/@

ME41—1M + \/]quml —Mk41 >

k
1
+ emk+1nl2b+\/p>qemm1c+1+2b> }:| . (A'5)
l:ZI (x/pTJ

A.1.2 Higgsing: position dependent VEV

Inspecting the different contributions to (A.1) yields for the position dependent Higgs-
ing (2.36b) the following:

k
— (1 +pq) Z i =Gk 41 +eak+1_ai)
i=1

k ps ¥
1+ pq) Z( +/pq ) (A.6a)

edi

k
\/QDTIZ ( ak+1 —my+b fe U ) + eak+1( + 6nz+b))

k
1
= /pq pgX (e ™B+e ™MB )+ —_(¢™B '+ B
Vv ;:1 (\/ ( ) \/]TqX( )

k
1 1
=/Pq VPgXBe ™ 4+ ————e™ 4+ /pgXe ™ + e A.6b
l; ( VPqX B VPaX ( )

k
\/QDTIZ <€ai (6—mk+1+b + e—nk+1_b) + 6_ai(6mk+1_b + enk+1+b)>

=1
K 1 1
N O ) R (D)
; rq P g’

k
o 1 . 1
qu(ea’X 1(1+pq_1+prqs)+e X (1+p prcf))
=1
k a; k a;
e%i g X e%i 1 X
=(1+pq + — | + (1 -p"¢")/pq (— ) A.6c
( )1‘2:1<\/pTJX v ) =PI (-5 * praar) (469
\/]Tq (eak+1 (e_mk+1+b + e_nk+1_b) 4 e k1 (emk+1_b + enk+1+b))
= /pq | /Pq (1 +qu8> + = (pq + ! >
Pq VPq p"q®
1
= e (1+p"¢") 1 +p gt (A.6d)
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and collecting all the pieces leads to

k1 ok 1 Q 1
Zpess = Zpert” PE{(I—p)(l—Q) (1—Q+2>

k ai
X{—(Hpq)z (16 +x/17q:i> — (1+pq)

/P1 X
+\FZ<\FXBe ml*ﬁx e P ”l+ﬁXenz>
k B
e /pgX 1 X
+(1+pQ);<\/ITqX+ o ) (1-p'¢’ fZ( e pqe%)

1
+ o (1 +prq5)(1 +pr+1qs+1)}

= Zper PE&l pil Q)<1QQ 3)

k
1 B
(1+pq)+ VpgXBe "M 4 ————e" + e M4 e
{ ;( VPaXB \F VPaX
k
T=re) Z( x " pre e“l>+prqs

Recalling the contribution (2.33) from the Goldstone bosons, one formally arrives at

1 Q 1 o L X
el (S D (2752

1
e (1+p"¢*)(1 +p"“qs“) —-2(1 +pq)}

ﬂ+ﬁfXHm”%”UH-(Aﬂ

(A.8)

1 Q 1 1
Z(rs)def_PE[ ( +){_2 14+ _’_7 14+p"g%)(1+ r+1 _s+1

(S )

X  prgde%
1 Q 1 1
:PE|: ( +> { 1_p7'qs 1_pT‘+1qS+1 Ag
Tni-g\i-g " 2) g 70 : —
ai 1 X
+(1-
+ pq\FZ( X p"¢ e“l)H
(l_prqs> ( Q 1) (l_pr+1qs+1) el 1 X
=PE [ t5 )y s TV v T s
(I-p)(1-g) \1-Q 2 P \F; X prg e
and (2.45) contains the additional contributions from the codimension 2 defect, i.e.
k+(r,s)def r,s)def
Zp;_rg ) - dert Z}()ert) (A.IO)
where the Goldstone mode contribution have been removed. Note that Zég;)def = 1 for

(r,s) = (0,0).
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A.2 Elliptic functions

The non-perturbative contributions of the 6d partition function on T? x ]R?l e, €quals the
infinite sum of 2d elliptic genera. These elliptic genera are naturally composed of elliptic

modular forms, whose definitions and properties are summarised in this appendix.

A.2.1 Theta functions

There are various different definitions; here, the relevant definitions are recalled. Use the
conventions @ = e*™ 7 z = ¢>™* and the Dedekind eta function [44, eq. (A.1)]

nr) = 0% [ - Q). (A11)

n=1

Then, the different definitions are as follows:

[44, eq. (A.3)] S

73, cq. (D.6) 01(7|2) = —iQ35 22 (1 QM1 — 2" —27'QF Y, (A12a)

[74, eq. (A.10)] e

s, eq. 37 Oi(r]2) = Q522 [T (1 - @M)(1 - 2Q¥)(1 — 2 'Q* ), (A.12b)
k=1

foe Py i(rlz) = [T -0 — QU1 — 2, (A.12¢)

(18, eq. (A.4)] T|Z’ H 71Q]+1 ( — mQ]) . (A12d)

Notice that 8;(7|z) has been called basic pseudo-elliptic 0-function in [73, appendix D]. For
this note, the following definition is useful

(71| — 2) = =i (1

|
V1(7|2) = m such that 0891 (7]z) = 086, (7|2) Lz = e2miz
Q21(7) e
lim; 00 U1 (T‘ ) 1 (7 — \/E)
(A.13)

Comparison. The differently defined functions are related as follows:

01(7]2) = —01(7|2), (A.14a)
1
bi(r]2) = — -01(7|2), (A.14b)
iQs
1 1
~ 5Q—ﬁ
01(7|2) = ) 01(7|2) . (A.14c)
Reflection property. Consider the shift property following [44, eq. (A.5)]
O01(1| = 2) = =b1(7]2) , (A.15a)
01(7] = 2) = =01(7|2), (A.15b)
br(7] — 2) = =2~ "0 (7]2), (A.15¢)
01(r| - 2) = =2~ 101 (7]2) (A.15d)

Note that the transformation rule for 6; agrees with [73, eq. (D.10)].
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Shift properties. Next, compute the shift properties following [44, eq. (A.4)] for a,b € Z:

01(r|z +a+br) = (—1)"ta=b Q=5 0 (r]2), (A.16a)
Bu(r]z + a+br) = (—1)* 2P Q= 5 By(r]2), (A.16b)
O]+ a+br) = (—1)'2~b Q=T i (r]2), (A.16¢)
01(7)z + a+br) = n(r) (1)’ Q"7 bi(7]z). (A.16d)

Residue. According to [43, eq. (B.7)] or [44, eq. (A.7)], the residue at the pole a + b7 is

1 du (_1)a+b6i7rb27' du i
2mi - f =— Al
which implies
1 1
du iQizn  iQ12
ﬁ:o V1 (u) - n3 - 72 (A.17b)

for the modified function (A.13).

A.2.2 Hierarchy of multiple elliptic gamma functions

Following for instance [18, appendix A], the definition of the multiple elliptic gamma func-
tion G, (z|1) includes

Go(z|7) = 01(2,7)  and  Gi(z|t,0) =T(2,7,0), (A.18)
see (A.14) for the definition of 0;. These functions satisfy the following useful identity
Gr(z +75|7) = Gra (2|7 (7)) Gr(2lT) (A.19)
such that one finds
log 51(2, 7)=logT'(z + €1,7,€1) —log'(z,7,€1) . (A.20)

A.3 Conventions for NS-limit

The NS-limit e — 0 only yields a finite defect partition function if a suitable normalisation
is chosen. In addition, the expansion coefficients in the €; expansion need to be defined.

A.3.1 Normalised defect partition function

For the 6d theory with and without a defect, one has the following ¢4 expansions:

Z Zggrt (1 + Z Zl6d> ) Z6d+def Zpert+def (1 + Z ZZGd+def> ) (A21)
=1
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such that the normalised defect partition function is defined as

Z6d+def

76d+def .__
Z =

o
= Z50tdet (1 + ) Zpdrdd qus) : (A.22)
=1

The g4 expansion of the normalisation factor reads

1 1 2 3
76d ~ 76d [1 a Z?dd) B <Z26d - <Zlﬁd) > ¢ - (ng a 2Z16ngd * <Z16d) ) @+ O(¢4)}
pert
(A.23)
and the standard expansion coefficients of the normalised defect partition function Z6¢+def
are
et Z6d—&t-def
~6 er
Z6d el _ ;Gd : (A.24a)
pert
Z8d+del _ y6dtdef _ 76d (A.24D)
Z0d+det _ g6ddet _ 76d _ 76 ( Z6d+def _ Z{)‘d) : (A.24c)

and similarly for higher orders in g.

A.3.2 Notation and expansion coefficients

Some frequently appearing combinations of Theta functions have the following expansions:

V1(2e4) 1

1 1
- —+BO ith BO) = L A2
O1(e1)01(e2) — 94(0) eo + + O(e2) wi 70) (e1), (A.25a)
Y1(2e4)V1(s¢2) (1) 2 L)
“i(e)Oi(ea) A th A = sL(e1). A.25b
V1(e1)V1(€2) s ez +0(e3) wi sL(e) (A.25b)

The ez expansion of functions defined in (2.14), (2.16), (2.50), and (2.65) are given by
Viosy(u—er) =1+ VD (u—ep) ea+ VP (u—ep)- €3+ O(ed) (A.25¢)

1
with VD (u—e,) =sL <u —r— 261>

s 1 \? s 1
1/8(2)(u—6+):§L (u—x—261> +§(S—1)K (u—x—Qel) ,
Q"(ai — er) = Q) (ai — e1) + Qlhy (ai — €1) - 2+ O(€3) (A.25d)

with QE/())(ai —e) = Qv(ai - €+)‘52:0

Qlylai — e4) = Qgy(ai —e) Y [L(Gj —a — €1)

k
1 1 1 1
—2L<aj—261—mk—|—b> —2L<6L]’—2€1—nk—b>],
Wia; —er) =14+ Wy(a; —€4) - €2+ Wigy(ai — €4) - €34+ O(e3) (A.25e)

with ~ Wy(a; —ey) = L(u— 2z —e1) — L(u — 2)
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Wi — e4) = 5 (K(u—2) ~ K(u—z — 1))

+Lu—z—¢€)(Lu—z—€)—Lu—2)),

with L(-), K(-) as defined in (2.17). In addition, for certain relevant combinations one
finds

1 1
Vio,s) (u1—6+)V(07S) (ug—eq)—1 =V (u1—261,u2—261> €9 (A.25f)
1 1
+Vi2) (U1 — LUz~ 261) -€3+0(e3)

with V(l) (Ul—;ﬁl,UQ—;ﬁl> =s <L <u1—m—;el) +L (w—x—iq))
V(Q) <U1—;€1,U2—;€1> :;{L<u1—x—;el>2+L(u2—x—;€1)2}
+5°L <u1—x—;el)L<u2—x—;el>
+;(s—1){K(u1—x—;el) +K (uz—x—;q)}

1 1
W(u1 —6+)W(U2—6+> —1 :W(l) <u1 — 561,U2— 261) *€9 (A.25g)
1 1
+Wi) <u1—261,U2—261> &+0(€3)

NS

1 1
with W(l) (ul—el,u2—61> ==

5 5 [L(uj—z—€1)—L(uj—2z)]

I
—

J

E

1 1
W) (Ul — S €1,Uuz— 61) =

- . {1(K(UJ—Z)—K(UJ—2—61))

L2

Il
—

+L(uj—z—e€1)(L(ug—z—e1)—L(us—=2))

+L(uy—2)L(ug—2z)—L(u; —z—¢€1)L(ug—2)
—L(u1—2)L(ug—z—€1)+L(u; —z—€1) L(ug—z—€1)
Wiaj—e)W(aj—er—ex)—1=Wyy(a;—€4,a5—€4 —€x) €2 (A.25h)
+W(2)(CL]'—6+,aj—€+—65)'63+0(€%), rke{1,2}
with ~ Wyy(aj—€4,a5—€y—e1)=L(aj—2—2€1)— L(a;—2)

Wy (aj—€r,aj—ep —ea) =2[L(aj—z—€1) — L(a;—2)]

Wiy (05— 1,05 —c: 1) = 3 [K (a;—2)~ K (0~ 2—2)]
+L(aj—z—2€1)[L(a;—2z—2€e1)—L(a;—2)]

W)(aj—€eq,aj—er—e2) =2[K(a;—2)— K(aj—z—€1)]
+4L(aj—z—2€1)[L(aj—z—€1)—L(aj—z)]
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Q (aj—;a) = 19,11(0)62(%) (aj—;q) {ZZ: BL (aj—;q—mi—i—b)

1
+3L<a] 261—n,-—b> 2L(a; a,—el)}

2
- L(aj—as }

i#j
A.4 Elliptic genera for theory without defect

For the theory without defects of section 2.1, the non-perturbative contributions can be
computed via (2.15). In this section, the details of the 1 and 2-string calculation are
presented. As detailed in [43, 44|, the JK-residue prescription requires the choice of an
auxiliary vector that determines the poles which contribute to the contour integral. While
the final result is independent of the choice made, the individual residues do not have an
invariant meaning. For this paper, the auxiliary vector is chosen to be +1 on 1-string level
and (1,1) on 2-string level.

A.4.1 1-string

For the evaluation of the 1-string contribution, the residues of the following poles are

relevant:
e+ +u—a; =0. (A.26)
Since Q(u) = %, this choice of poles corresponds to the zeros of Py(u + 2¢4).
Using (A.17), one computes
fw & fw / du
Polut2er) = Tz (u—a;+€4)lmg,—c, Jumai—ey D1(u—ai+eq)
AL
_ i £ (u) iQiy
i—1 H];éz ! (u —aj+ 6+) u=a;—e+ 773
ALk
iQ12n f(u) 1Q1277 flai —ey)
= A.27
B B 2y Z Bty &
where the definitions (2.16) have been used. With this preparation, the elliptic genus
becomes
du (271201 (2¢4)
Zy = }1{ _ u V(a;—e€ A28
= P (91 61 ) QW= ,01 @ ZQ ) (A.28)

using (A.13).
A.4.2 2-string

For [ = 2, the elliptic genus becomes

duydus [ 2m1n201(2¢4)
2 (2mi)2 \ 61(e1)01(e2)

Zy =

2 2
) D(uy — u2)D(ug — uq) H Q(up) (A.29)
p=1

and the relevant poles are as follows:
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e Both poles originate from Py(up, + €1 + €2) i.e.
(ur,u2) = (a; — €4, a; — €4) for i £ j. (A.30)

e One pole from Py(up + €1 + €2) and one from D(£(u; — u2)), i.e.

(ut,u2) = (am — €4, am — €4 — €12) and (A31)
(ul,u2) = (am — €y —€1,2,am — €+) .
In order to compute the residues, the following intermediate results are useful:
191 (u)191 (u + €1+ 62)
d D :j{ d
§ auf@p)=§ s m Sl
1
iQ12n V1(—e2)V1(e1)
= —€y) ——F—— A.32a
L (ea) LS (A.322)
91 (u)91(u+ €1 + €2)
d D :jé d
§ anf@p)=§ gt S a
1
iQ121 V1(—e1)dh(e2)
_ _ A.32b
773 f( 61) 191(62 — 61) ( )
as well as
191 (61)’(91 (261 -+ 62) 191(61)191(61 + 26+)
D(ep) = = , A.32c
( 1) 191 (261)191 (61 + 62) 191(261)291(26+) ( )
sl (62)’(91 (61 + 262) 191(62)’[91(62 + 26+)
D = A.32d
(62) sl (61 + 62)191 (262) 191(2€+)’l91(262) ( )
Firstly, consider the contributions for (ui,us) = (a; — €4, a; — €4)
Zs D 1 (w)z D(a; —a;)D(a; — a;)Q" (a; — e4)QY (aj — €y). (A.33)
2 \V1(€e1)91(e2) / / J
Secondly, both (u1,u2) = (am — €4, am — €4 —€1) and (u1,uz) = (am — €4 — €1,am, — €4)
yield
1 191(26+)191(61 + 26+) v
Zs D — QA — € Ay, — €4 — €71) . A.34
2 201(62)191(2€,)ﬁ1(261)Q ( +)Q( +—€1) (A.34)

Thirdly, both (u1,u2) = (am — €4, am — €4 — €2) and (u1,u2) = (am — €4 — €2,ap, — €4)

yield
1—-1-91(2e4)01(e2 + 2¢4)
2 O1(e1)V1(26-)01(2¢2)

Summing up all the individual contributions yields

_ M 2 Qi — Qs ai—a)OV(a: —e Vi —e
ZQ_<191<e1>191<eg>> lgggkml 7)D(a;—a;)Q" (ai —e+)Q" (aj —ey) (A.36)

01(264) o= v
Wi(%f)jzf) (a5 =¢+)

Zy D QY (am — €1)Q(am — €5 — €2). (A.35)

Nla+2e) oo Yilet2e) oo
01 (e2) 1 (261) (9 ~er—a) 191(61)191(262)Q(] +—¢€2)

where the notation (2.16) has been used.

— 53 —



A.5 Elliptic genera for theory with codimension 2 defect

In section 2.3, the theory with codiemnsion 2 defect is introduced. The non-perturbative
contributions are computed via (2.49), and in this section the 1 and 2-string results are
detailed. Again, choice of the auxiliary vector in the JK-residue is +1 on 1-string level and
(1,1) on 2-string level.

A.5.1 1-string
The 1-string elliptic genus is given by

0,s)def du 0,s)def _ du
2009 = § 0N 1) = § S T (k1) Viog (@) (A3)
and the contour integral is evaluated by selecting the residues of the following poles:
e u=aqa;—€ey fori=1,....k
709l o 7191( Ekj (Q¥(as = €4) - Vo) (@i — 1)) (A.38)
1 1 (61) ZZI + (0,s)\@ €+ .
Y 0126 )01 (562)
(0,5)def 1(2€4)01(se2
Z D —————Q(x A.39
! V1(€e1)V1(€2) ) ( )
such that the elliptic genus for [ = 1 reads
(0,5)def V1(2¢4) ( v )
Z = —€e4) - Vios —€ + Y1(se2) - Q(z)| -
1 191(61)191(62) ; Q ( +) (0, )( +) 1( 2) Q( )
Following section A.3.1, the normalised 1-string contribution in the NS-limit reads
Zfo,s)def _ Z§0,s)def — 7
01(2e4) &
li Z(Os)def_l {1+ ( V. . v - _1>
621310 62*)0 2 (61) 191(62) Z:ZI Q (a 6+) { (0,5) (a 6+) }
191(26+)191 (862) }
+ ———Q(x) ;. A.40
1 (e)01(ed) Q(z) (A.40)
To further evaluate the limit, consider
Vio,s)(ai —eq) — 1 1 1
li : - L A )
€230 01 (e2) ooyl T 3a)
dalses) =5 and lim V1(2e+) =1, (A4la)
e2—0 ’01(62) e2—0 191(61)
such that
S(0,s)def S F 1 1
. s)de \Y
Jim, 207 = o & (@t (0= 30) L (0-a-30) ) +5-Qu@ (A
1)def
- lim f 2 ,

ea—0

using the notation (A.25). Therefore, the (0, s) defect part is the product of s (0, 1) defect
contributions.
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A.5.2 2-string
Consider the [ = 2 elliptic genus with defect given by

2

2
) D(ur —uz)D(uz —u1) [T Q(up)Vio5) (up) (A.43)

p=1

0 ,s)def durdus 27['77 01 (26+)
2 (2mi)? \ 61(e1)01(€2)

and the relevant poles can be split into poles that come from the theory without defect
such as:
e Both poles originate from Py(uy, + €1 + €2) i.e.

(ur,u2) = (a; — €4, a; — €4) fori #£j. (A.44)

e One pole from Py(up + €1 + €2) and one from D(£(u; — ug)), i.e

U, U2) = (A — €1,am — €4 — € and
(11, 2) = (s — €4 = 5. — €1 )
(ul,uQ) = (am — €4 —€1,2,0m — 6+) .
In addition, there are new poles from the defect part. These are
e One pole from Py(up + €1 + €2) and one from V(g o) (up), i.e.
(ur,u2) = (am — €4,) and (ui,u2) = (,am —€4) . (A.46)
e One pole from D(4(u1 — u2)) and one from Vg 4 (up), i-e.
(ur,u2) = (z,x — €1,2) and (ur,u2) = (z — €12, 7). (A.47)

Now, one can work out the residues for the individual poles as before: firstly, consider the
contributions for (ui,u2) = (a; — €4, a; — €4)

0,5)def _ 1 [ U1(2€4) ) ?
Z (22 ) D(a; — a)D(aj — a;
2 > (191(61)191(62) (a’ CL]) (CL] a )

-QY(ai — €4)Q"(aj — e4)Vo,5)(ai — €+ ) Vo ) (a7 — €1) - (A.48)

Secondly, both (u1,u2) = (am — €1, am — €4 —€1) and (u1,u2) = (am — €4 — €1, am — €4)
yield

S (0s)def 1 91 (2e4)01(e1 + 2¢4)
291 (€e2)01(2€e-)01(2€1)

Vo,s)(am — € )V(o,s)(am — €4 — €1) (A.49)

V(am — €4)Q(am — €4 — €1)

Thirdly, both (u1,u2) = (am — €4,am — €4 — €2) and (u1,u2) = (am — €4 — €2,am, — €4)
yield

et _ 119 (2e0)0h(ea +264)
: 2 am — € Gy — €4 — €
2 791(51)191 (26_)’[91(262) Q ( -‘r)Q( + 2)

Vios)(am — €4)Vio,5)(am — €4 — €2) (A.50)
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Fourthly, both (uy,u2) = (am — €4+, 2) and (ug,u2) = (x, am — €4) yield

2
(0 s)def 1 ( 191(2€+) )
OD-|———F—| Dam—r—€c)D(x+er —apm
2 291(61)191(62) (CL +) ( + )

QY (am — €+)Q(2)Vio,5) (am — e+)V1(s€2)
Fifthly, both (u1,us) = (z,z — €1) and (uy,uz) = (z — €1, )

0,s)def 1 791(26-1-)191 (61 + 26+) )
2 191 (26_)191(62)191 (261)

Z Q@)Q(x — €1) Vo0 ( — €1) 91 (s€2)

Lastly, both (u1,u2) = (z,z — €2) and (uy,u2) = (z — €2, z) yield

0,5)def 1 91(2e4)01(e2 + 2€4)
201 (€1)01(26_ )91 (2€2)

Z  Q@)Q(x — €2)Vip,o) (@ — €201 (s62)

Summing up all the individual contributions leads to

(0,s)def __ M 2 - -
Zy = (191(51)191(62)) 1Si<j§kD(al aj)D(a; — a;)
@i Q“)Qv(a' — )05 (ai — €4)V(o,5) (a5 — €4)
¥1(2
191 2? ZQV Vio,s)(a; — 1)
Ui(er + 2€+)
[291(62)1%(261)@% — ey —e)Vos)(aj — ex —€1)
v 2
- WQ(% — e —e)Vo5)(a — e —e)
91(2e4) 1\’ k |
<191(€1)191(62)> Uilves ;D —z—ei)D(x + ey —aj)

$Q"(aj — €4)Q(x) Vo5 (a; — €+)

(A.51)

(A.52)

(A.53)

(A.54)

V1(2€4) 1 (e1 + 2€.)
+ 191(2;) - Q(x)Y1(s€2) - [WQ(&: — )V (@ — €1)
V1(e2 + 2€4)
e R — Vo —e)|

Next, consider the normalised 2-string elliptic genus, see appendix A.3.1,

Zé(),s)def _ ZéO,s)def —Zy— 74 (Zfo,s)def . Zl) and Zgux _ ZéO,s)def — 7.

Firstly, focus on the 1-string contributions

; _ ~
Z£O,s)de — 7, = Zl|ﬁn + Z1|62 - €9 + O(E%)
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with eo expansion coefficients
1 v 1 1 1
1m—ﬁm»ZQ@Qw—wi>@—@q)mQ (@),
1
+72Qv ._l v (g L
91(0) & WA\ T ) s (T
J
1 1
+ B ZQ(VO) (aj - 2€1> v <aj - 261> + AMQ o) (z) + 5Qq1) (x) -
J

Secondly, consider pure 2-string contributions
Z]?i)é =h+L+I3+1, (A.57)

with the following four parts:

_ (e
I = (191(61)191(62)> 1§;Sk

-@wm—qw%w—aw%@w—awma%—@»JL
2 291 26 Z QV B €+

9 +2
-bi;mézww—u—qﬂ%@@—q%hﬁ%—q—m—ﬂ

D(a; — aj)D(a; — a;)

V1(eg + 2
_ﬁi%mégm%—Q—me@@jgwhﬂ%_u_@_qy

_ (%) N S B
Is = <191(61)191(62)> 91 (s€g ;D z —ey)D(z + €4 — ay)

QV(aj — e1)Q(x) Vo 6)(aj — ey),

_ U1(2ey) { D1(er + 2¢)
Iy = Q91(26_)191(862) Q(z) 791(62)291(261)(02(:1: e1)Vo,5) (T — €1)
V1 (€2 + 2€4)
191(61)191(262)Q(x €2)Vio,s) (¢ — €2) |-
The €9 expansion is defined as
1 1 )
I,u - I/L|(L)2 2 * I,u}i ot I'“}ﬁn + IIU"EQ €2+ 0(62) : (A58)
€2 €5 e €9

The inspection of the most singular terms reveals

0,s)def
Llap=0,v = (225" = Z1s) [ =0, (A.59)
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which is required to vanish by consistency. The less singular expansion coefficients are

given by
1 2 1 1 1 .
11‘512 <19 0> ;QE/O <aZ 261>Q0 ( _251>V(1) <CLZ' 261 a5 — 2€1>
2 1 ) )
= I A\ve(, L. 1
Il‘ﬁn <q9’1(0)> ;Q < 2€1>Q ( 1>V (az 261,aj 261>
1 2 1 v 1 1 , 1
“(5w) E{Q(O)(az 50) (=501 ) +Ql (w-54) 2y (539
x v ai—;ﬁhaj—;ﬂ)
LS po 0 y .
+< / ) Z{D (ai—e4)+D (aj—€+)}Q(0)(ai—e+)Q(0)(aj_€+)
1 1
x V(1) ai—§61,a3 251>
2B
19’(0)ZQ(0)( Dy (aj—e) VW (a;—ey,a5—€)
i<j

45 (sin) (a0 o3 o
J

, 2
J
1 y 1\ ~ 1 ) 1
_19,1(0)2]:@(0)(&] 261>Q<a]—261)V3 (a]—2€1>
B0)

(i) S50 (o) vt (5))
)

+2(79’11(0))2233<Q(v0) (0-3)) VO a-era—es-a)
I3] 1= 19,11(0)SQ(O) (fU)%:QE/o) (aj - ;61)
3]a, 19,11(0)862(0) (:B)Z {D (aj—x—q) +pM (x—i— 61—(1])] QE/O) (aj—;q)
j
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—1—19,11(0)52 {Qz/l) (aj - ;61> Q(0) (95)+Q(vo) (aj _;€1> Qy(2)
j
s o-$) ot (o3
_i_QB(O)SZQE{)) (aj - ;a) Qo) ()
j

I4|L:0

€2

I4|ﬁn =5Q(0)(z) {Q(O) (9«"—61)+%Q(0) (:v)} .

Another consistency check is given by the vanishing of the é terms if one considers the pure
2-string terms together with the product of the 1-string contributions. Explicitly, one finds

(Zéo,s)def B Zg) ’% B Zl‘% , ( £O7S)def _ Z1) o =0, (A.60)

as expected. Recalling the notation (A.25), the full normalised 2-string elliptic genus for
the codimension 2 defect in the NS-limit is given by

_ k Q\/ a;— < 2
ZOser _ s(s+1) 5 <<0>(12)L <aj_$_€1>>

2 Z\ %0 2

1
2 k QV ai_gl QV a; — &
T it i £ R P AR

2 2 00) 9,(0) 2 2
i#]
Qé)(%‘_%) ? €1
2s-L BACASCEEES) Y o .
tes “”;( 77(0) (“J v 2)
EQY (ai—2) QY (a;—9)
0y \&i—3) Wy \%j = 3 €1
L(ai—2—2) |L(ai—aj+e) - Lai—a;
2 e (o) [t )
1#]

+L(aj —ai—i—el) —L(aj —ai)}

j=1
+sjzk:1 (Q(O)ﬂ(;(jo) €§)>2L(aj—w—€2l) [sz;L(a] azel)—I—gL(aJ a;)
—i(L(aJ—zl—mi—Fb)—i-L(a]—;—nl—b>>]
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+S-Q(0)(m)ZZ:W{L <aj—x+€21> —L (aj—x—621>

j=1 1
3e1 €1 €1
‘l‘L xr— CLJ—F? —L x—aj-i-E +SL CLj—:U—E

+5Q0)(T) (Q(o)(ﬁ—ﬁl)— 1;SQ(0)($)> (A.61)

the computation has been check against the NS-limit performed with Mathematica for
k=2,3.

A.6 Shift operator acting on defect partition function

The shift operator Y defined in (3.26) acts on the codimension 2 defect fugacity z. In
the appendix, the action on the perturbative and non-perturbative part of the partition
function is derived.

A.6.1 Perturbative contribution

The normalised perturbative part (2.48) for an (0, s) defect can be written as

i rely (G 0 e (S]] e

ol () st (D))

= ﬁ PE{(QJ+Qj+1> {1+ph+§Z<Li1_Li }]; WithLi:%.

4,h=0 i=1

Focusing only on the X-dependent part, one proceeds further

— ﬁ ﬁ pE[ (Qj + Qj+1) phtE (L;l _ L@H
i—1 j,h=0

o0

[NIES

1
PE [ijh—&-%L;l . ijh-&-%Lin-i-lph-&-%L;l . Qj+1ph+%Lz} 2

0

ﬁ (1- Q"2 L) (1 - Qi L)

ihzo \ (1 —Qiph* 3L (1 — Qitiph+ary )

I
. @
—= |
I
<

s
Il
—

J,h

|I|Ew

which can be expressed in different forms:
e As elliptic Gamma functions

k o (1- Qj+1ph+1%)>2 /P ( I )
f(X) = : 1_h h+1 %
w11 (1 () (-0

nzo  (1—QiphyD)

i 1 2 1
= H <F (ac + 561 - a;, T, 61)) -6y (.r + 561 — a;, 61) , (A.63)
i=1

and the silly looking notation turns out to be useful to resolve a potential sign issues.
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e As inverse of Gamma functions

2
< (1 phQi(/pLi)) !
(j,lhlo (1— h+1QJ+1\/ﬁ o ) H (1-— \fL ) (1 — phtt \/%Li)

o1

k 2
H _ 1 .<F( L )) , (A.64)

01(a; — x + 61,61) a; — T+ 5€1,T, €1

and the clumpsy looking notation is kept on purpose.

The perturbative part becomes

Kl

ZOo%t _ <PEHJ:8} f(X)>2_ (A.65)

Using the shift property in (A.16) and the expression in terms of elliptic Gamma func-
tions (A.63) and (A.64), one can straightforwardly show that

= . 1
Y\/@l(yi,el)( yz,T 61 \/91 61,61 (yi—el,T,el))Q with yi:m+§el—ai

D(yirer) )
= | —ei—e)0; (y;,€1)- <W> using (A.20)
91(1/—51, )

iQzn(r)

%(yz 51)91( —€1,T

:\/(191 —€1,T) ) \/01 (i €1) y“T’El))Q (A.66)

2
= —e(yiﬁl)gl(yi,el)-< )> (T(ys, 1))

and similarly

1 1 1 1 . 1
Y./ = . 5=y = . 5 with z,=a;— x4+ =€
el(Zi,El) (F(ZZ',T,El)) 01(2i+617€1) (F(zi+€177761)> 2

1 1
= _ . using (A.20)

7Z< ~ 2
—e %01 (z;,€1) (Hl(zi,T)F(Zi>T>€1))

oL (g !
= . 2
—e % 6291 (zi,7) (Hl(zl,el)F(Zi,T,ﬁl))

_ A.67
\/T 91 22,61 ZZ,T 61))2 ( )

such that both calculations (A.66) and (A.67) lead to (3.28).
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A.6.2 Elliptic genus

The defect part (3.15d) can be written as

Vl(o’s) =5-0ylogt(u—2x)=s-0,log [ 01 (u — 35)1 using (A.14)

1
=5-04 (long(u—:p + log {11762%} B u—:n)

1
=5-0y (logF(u —xz+e€,7,61) — logl(u—x,7,€61) + log [ian%} — §(u - x))

1
S+ Oy (logF(u —z+e,161) —logl(u—xz,7,€1) — §(u — x)) (A.68)

where the log|i nQﬁ] term vanishes due to the derivative. Then, the shift has the following
effect:

1
Vl(o’s)(x—>x—el) =5-0y (logf(u—x—l—2el,7,el) —logT(u—xz+ey,7,61)— 2(u—x+61)>
:s-@u<logI‘(u—x—|—61,T,el)+log§1(u—w+el,7)
- 1 '
—logT(u—z,7,61) —logbi(u—xz,7)— 2(u—:1:+61)) using (A.20)

V(O s)( )+s-0y (loggl(U—:E-Fél,T)—1Og§1(u—aj77')—;61>

—V(O S)( )+ 50y <log [91(~u—w+61,7) -e_§61]>

01(u—z,7)
V{0 @) 450, (1o [ﬁléé‘(uf;f;ﬂ) using (A.14), (A.13)
V{050, (1og | T (4.69)

_ / du p (V") (2)+ (1og [y(‘””;”D (A.70)

and one arrives at (3.31).

A.7 Elliptic genera for theory with codimension 4 defect

In section 2.4, the theory in the presence of a codimension 4 defect has been considered.
The elliptic genus can be computed via (2.66), and the 1 and 2-string computations are
detailed here. The chosen auxiliary vector in the JK-residue is 41 on 1-string level and
(1,1) on 2-string level.
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A.7.1 1-string

For 1-string contribution, one needs to evaluate the contour integral of (2.66) for [ =1, i.e.

, du (27103601 (2¢4)
ZWI]SOH:%—, — | - Qu) - W(u). ATl
1 27 ( 91(61) 91(62) Q( ) ( ) ( )
Similar to the codimension 2 defect computation (2.53), there are two types of poles:
e u=aqa;—€y fori=1,...,k
Wil 01(2¢1) o
Zeen o Z (QY(ai —eq) - W(a; —ey)) - (A.72)

i(er) Di(e2)

o u=2z+e€y

ZVIson 5 0z 4 €,). (A.73)

In total, the [ = 1 genus reads

ZWilson _ 191 e Z Q" (as Wia; —e4)+ Q(z +e4), (A.74)

where the notation (2.16) has been used. The normalised 1-string contribution in the
NS-limit is derived as follows:

ZYVilson — Z}Nilson . Z1 (A75)

. ~Wilson __ 1: 191(26‘*‘) ¢ ) :
lim, ZyVikon — lim <191(€1)?91(62) ;Qv(az —€) [Wilai —eq) = 1]+ Q(2 + €+)>

Lk
= 70) ZQ(VO) (ai - ;€1> [La; — 2z — e1) — L(ai — 2)] + Qo) (Z + ;61> :

using (2.17), (A.25), and

W(ai—e)—1 1

I = La; — 2z —e) — L(a; — 2)| A.
a0 9y(e2) ) e == —a) — Lia = 2)] (A.76)
A.7.2 2-string
Consider the following [ = 2 elliptic genus
duydus [ 2m 1201 (2¢4) 2
Wllson 14U2 n-o1 +
= D(uy — ug)D(ug — w AT
Zy D) 27r1 (01 61)01(52) ) (U1 u2) (U2 u1)pl_[1Q(up) (up) ( )

and the relevant poles can be split into poles that come from the theory without defect
such as:
e Both poles originate from Py(u, + €1 + €2) i.e.

(ur,u2) = (a; — €4,a; — €4) fori#j. (A.78)

- 63 —



e One pole from Py(up, + €1 + €2) and one from D(£(u; — u2)), i.e.

(ur,u2) = (am — €4, am — €4 — €12) and (A.79)
(ur,u2) = (am — €4 — €12, Am — €4) .
In addition, there are new poles from the codimension 4 defect part. These are
e One pole from Py(uy, + €1 + €2) and one from W (uy), i.e.
(u1,u2) = (am — €4,2 + €4) and (up,u2) = (z+ €4, am —e4).  (A.80)

e One pole from D(4(u1 — u2)) and one from Vg 4 (up), i-e.
(ur,u2) = (z+eq,2+e4 —€12) and (ur,u2) = (2 +ey—€12,2+€y). (A8I)

Now, one can work out the residues for the individual poles as before: firstly, consider the
contributions for (uq,u2) = (a; — €4, a; — €4)

Wilson 1 191(2€+) ? Qi — Qs i —
22 23 <191(61)191(62)> Dlas = aj)Dla; = i)

-Q¥(ai — e4)Q"(aj — e )W(a; — e )W(aj —e1) . (A.82)

Secondly, both (u1,u2) = (am — €1, am — €4 —€1) and (u1,u2) = (am — €4 — €1, am — €4)
yield

1 91(2e4)01(e1 +2€e4)
5191(62)191(26_)@1(261)Q (am — €4)Q(am — €4 — €1)

W(am — ex)W(am — €4 —€1) . (A.83)

‘Wilson
Z. 2

Thirdly, both (u1,u2) = (am — €4, am — €4 — €2) and (u1,u2) = (am — €4 — €2, 0y, — €4)
yield

ZWilson > _1 191(264-)191 (62 + 26"!‘)

2 291 (e1)V1(2e-)01(2¢2)

W(am — ex)W(am — €4 — €2) . (A.84)

Y(am — e4)Qam — €4 — €2)

Fourthly, both (u1,u2) = (am — €+, 2 + €4) and (u1,u2) = (2 + €4, a;y, — €4) yield

; 1 91(2
Z;?Vllson 2191(611()1;;()62)1)(&7”' -z — 2€_|_)D(Z + 26+ — am)
QY (am — e)Q(z + e )W (am — €4) . (A.85)

Fifthly, both (u1,u2) = (z + €4,z + €4 —€1) and (ug,u2) = (2 + €4 —€1,2 + €4)

ZWilson S 1191(61)791(61 + 2€+) .
i 2 01(2e2)91(21)

Qlzter —ea)Qz+e)W(z+er —e)=0, (A86)

because W(z + €4 — €1) = 0. Lastly, both (u1,u2) = (2 + €4,z + €4 — €2) and (u1,uz) =
(z+ ey —e2, 2+ €4) yield
191 (e2)1(e2 + 2€4)

ZWikson — e ) Qz+er —e)Q(z+e ) W(z+ep —e) =0, (A87)
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because W (z + €4 — €2) = 0. Summing up all the individual contributions leads to
ZWﬂson _ <191(26+)>2 Z D(a; — aj)D(a; — a;) (A.88)
191(61)191(62) 1<i<j<k ’ ’
Q= )@ )W lon W loy = 1)
19 (2¢
1( 5 ZQV —e+)Wiaj —ey)

HG! +2e+) W e .
‘ [WQ(GJ +—e)W(aj — ey —a)

~ Vi(e2 + 2¢e4)
V1 (€e1)01(2€2)
(2¢4) <

" 191(61)191(62);::11)(% — 2 —2e4)D(z + 2e4 — ay)

-QV(aj — e4)Q(z + e )W(aj —ey)

For the evaluation of the normalised partition function in the NS-limit, the computation

Qla; — €4 —e2)W(a; — e — €2)

is split into several steps as above:
ZWI]SOn Zo=Ji+Jo+ J;3 (A.89)
with the following parts:

2
Jl = (1911,“26—'—)) Z D(ai - aj)D(aj - ai) (AQO)

(e1)V1(€e2) 1<i<j<k

: Qv(ai - 6+)Qv(a‘ —eq) [W(a; — e )W(aj —e4) — 1],

— et Z@V —e)) (A91)
- [WQ( —ep —e) Wlaj — ex)W(a; — e —e1) — 1
- mm —er =) Wlay — en)W(ay — e —e2) — 1]
s = 29;9;12;;2 ]le 2 —26,)D(z + 2¢; — ay)
Q{0 — )@+ en)W(ay — 1), (A.92)

and the €9 expansion yields

B
) b oo oo
+ (@)22{@/@) (ai—;€1> Qly (aj—;61> +Q() (ai—;q) Qo) (aj—;q) }

1<)

1<j

Q)
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1 1
W(l) <al—2€1,aj—261>
I 1 1
+(19’1(0)) ;(Dm(% ) +D(a; az>)%(‘“ 2“)% <“ﬂ_261>
i<j
1 1
W(l) <az—2€1,a]—261>
B(O) \Y 1 vV 1 1 1
Jr219’1(0) ;Q(O) (%—261) Qo) <aj—261> Wy (ai_zelaa]’—2€1) ;
Bls =2 (1) QUi )@l (- Won a1 —2)
= 2\9)(0) O ()% (1)@ =€+,
AP v L Noo (03 \w
2|ﬁn_ﬁl(0>ZQ(0) aj_§€1 Q aj—§€1 (1)(aj—6+,aj—e+—el)
LN
1 Y 1\ ~
_2,9/1(0)%:@(0) (aJ_Qel)Q<aa 2€1>W(1)(%—6+7a3—6+—62)
B(O) 1 2
+z9’1(0)%:<Q<v0> (“a‘fl)) Way(aj—et,a5—€r =€)
1/ 1 \? y y
+5(7@) 2 211l (=51 )+ (039
1
'Q(VO) aj_gel)W(l)(aj—EJmaj—eJr—Q)
1 v 1 2
+WZ Qo\u=3) ) Wele—era—e—e),
J
1
Jol 1 = 19’1(0)Q<°)(z+€+)%:@<vo>(%—€+>
1
Blan= 3755 2 (D ay=2=260)+ DO (426 ~0)) Qg (a5 5301 ) Qoo (++er)
J
1

L 1
94(0) Z {Q(Vl) (aj - 261) Qo) (2+e€+) +QE6) (aj _ 261> Qu(z+e)

J

1
+Q(0) (aj - 261) Qo) (z e )Wy(aj—ey)

+B(O)Q(0) (Z+€+)ZQ(VO) (aj—et).
J

With the conventions (2.17) and (A.25), the normalised 2-string elliptic genus in presence
of a codimension 4 defect reads
o < Qe = 9) Qyla )11
ZWilson _ (0) 2/ %)\ 2 ~L(a; — z)L(a; — 2)
’ ]Zzl 9;(0) ) 27 ’
i#]

1
— L(ai — z)L(aj —zZ— 61) + §L(ai — 2z — 61)L(aj — 2z — 61)
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2\ 90 )
F(Qiy(aj —F) ’
+;]z::1< (0)19'1(0) 2 ) Llaj =z —e1) [L(aj — 2 — e1) = L(a; — 2)]
L (Qiylos = )
+ QL(El)j; (19,1(0)> [L(aj =z —e1) — L(a; — 2)]
ko (Qly(a — 9\
+jzl <191<0>> [L{aj =z — &) = La; — 2)]
k k
[ by - )+ ey e
=1 =y
k
1 €1
_Z_Zl(f?(arz mit0) + 1 (o 5 = ni-0) )
= Qi -0l —F)
+g::1 91.(0) gy [Hei—z—a) - Lai—2)]
1#]

a

k Vv R
+j21 WQ(O) <aj 5 ) [L(aj — 2z — 2€1) — L(a;j — 2)]

£ Qly(a;— %)
€1 0)\*2 2
+Qo (:+5) 2 5)

[L(z —a; +2€61) — L(z —a; +¢€1)], (A.93)

which has been checked against the explicit NS-limit for £ = 2,3 via Mathematica.

A.8 Computation of P(x + €;1) coefficients

In section 3, the function P(z) appeared in the derivation of the difference equation (3.34).
The main focus of section 3.4 is to argue that P is related to the expectation value of a
Wilson surface. Here, the details of the 1 and 2-string comparison are presented.

A.8.1 1-string

Consider the prediction (3.43), then start by computing

oot e
€1

1
91(0) =
+

(Y_l . 1)2(0,1)def _
1 ) -
Quy(z +€1) — Qo) () (A.94)

such that the addition of Qg () results in (3.44).
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A.8.2 2-string

Work out the 2-string prediction (3.47) with the results from above. To begin with, set
s = 1 then detail (Y~ —1)Zy with Y™1f(z) = f(z + €1)

(Y—l—l)Zé(lé)def=i (W)Q (L (aj—ﬂf—g;l)>2‘ (L (aa‘—x‘?))Z

j=1
oL Q) Qo)
2547 00 00
i#j

3€1 3€1 €1 €1
A O D o)

D e O R O]

S el 5) soe-9)]

7j=1
k N
[ZL(CLJ a;—e1)+ Y L(aj—a;)
=1 =1
i#]

—Z( <a]— ml+b)+L<aj—€21—ni—b>)]
—L(x aﬁ—?’;l”

—Qo)(@) [+L (aj—a:+€21>+L (:c ag—|-3;l> —L (x—aj+€21>} }

+Q0)(@) [ Q) (7+61) ~Q(oy (v —€1)] - (A.95)
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Next, one needs to work out the following contribution:

y— pyzom e % g,(o_)lﬁl)‘[L<ai_x+;q>_L<ai_x_;q>}

=1

+ Qo) (= — 1) = Qo (2), (A.96)

such that

Q@Y ~DE g ZQ< D (aia) - (aa k)]
)(Q(o) T—e1) (0)(x)). (A.97)

In addition, one needs the following contribution:

_ - Qo) ¢
FONdCE (31 ) F01)del (Z 1(9/1()1> L <aj T ;61> +Q(0)(:c))

+Q(0)(z+e€1)— Qo) ($)>

b Qi (a 61)Q(vo)(ai—%€1) 1
=2 710) £(aj-a—ga)

1,j=1 2

. {L (%-x—;q) —L ((lli—x—;el)]
+Q(0)(x)'§k:Q(0)1$1i(0_)261)

i=1

-{L(ai—x—gel>—2L<ai—x—;el>]
+Q(0)(z+€1) ;:QE/O((O)Q) L(“j—x—;61>
+Q0) (@) (Quoy(z+€1) = Qo) () . (A.98)

Combining the individual terms, one finds (3.48)
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