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Abstract
Morelly et al. (Macromolecules 52:915-922, 2019) reported transient and steady-state elongational viscosity data of monodis-
perse linear polymer melts obtained by filament-stretching rheometry with locally controlled strain and strain rate and found
different power law scaling of the elongational viscosities of polystyrene, poly(tert-butylstyrene) and poly(methyl-methacrylate).
Very good agreement is achieved between data and predictions of the extended interchain pressure (EIP) model (Narimissa et al.
J. Rheol. 64, 95-110 (2020)), based solely on linear viscoelastic characterization and the Rouse time τR of the melts. The analysis
reveals that both the normalized elongational viscosity and the normalized elongational stress are dependent on the number of
entanglements (Z) and the ratio of entanglement molar massMem to critical molar massMcm of the melts in the linear viscoelastic
regime through η0E= GNð τRÞ ∝ M em=M cmð Þ 2:4Z1:4 and σ0

E=GN∝ M em=M cmð Þ 2:4Z1:4Wi, while in the limit of fast elongational
flowwith highWeissenberg numberWi ¼ τRεI, both viscosity and stress become independent of Z andMem/Mcm, and approach a
scaling which depends only on Wi, i.e. ηE/(GNτR) ∝Wi−1/2 and σE/GN ∝Wi1/2. When expressed by an effective power law, the
broad transition from the linear viscoelastic to the high Wi regime leads to chemistry-dependent scaling at intermediate Wi
depending on the number of entanglements and the ratio between entanglement molar mass and critical molar mass.
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Universality

Introduction

Decades long of intense research have led to the development
of fundamental theories (Flory 1953; Kuhn 1934; Rouse Jr
1953; Zimm 1956) of polymer rheology, with the tube model
of de Gennes (Gennes 1971) and Doi and Edwards (Doi and
Edwards 1979; Doi and Edwards 1986) establishing a funda-
mental basis for explaining the dynamics of entangled

polymers. However, as new discoveries are being made
through the development of new testing methods and the re-
lease of new rheological data, this may challenge existing
well-established concepts and calls for the development of
new concepts or the improvement of existing models.
Experimental studies over the past decades have demonstrated
several insufficiencies of the tube model and called for mod-
ifications in modelling the linear and nonlinear viscoelastic
properties of polymers. Some of the early advancements made
were the introduction of the concepts of constraint release
(CR) (Daoud and De Gennes 1979) and contour length fluc-
tuations (CLF) (Doi 1981) for linear entangled polymer melts
and solutions in the linear viscoelastic (LVE) regime, as well
as chain stretch mechanisms (Marrucci and Grizzuti 1988)
and convective constraint release (CCR) (Ianniruberto and
Marrucci 1996), to account for nonlinear viscoelasticity of
entangled polymers in extensional flows (for a recent review,
see, e.g. Narimissa and Wagner (2019)).

While there seems to be general agreement on the univer-
sality of the linear viscoelastic behaviour of well-entangled
monodisperse linear polymer melts and solutions based on
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only three material parameters (plateau modulus, characteris-
tic time and the number of entanglements), this universality is
lost in the nonlinear viscoelastic regime as especially apparent
in elongational flow, where not only differences in the rheol-
ogy of melts and solutions became apparent but also different
signatures of different chemistries are reported (Morelly et al.
2019). However, we note that Fetters et al. (1999b) collected
data for a large number of polymers and showed that the ratio
of the entanglement molar massMem to the critical molar mass
of Mcm is chemistry dependent. They concluded that the de-
gree of entanglement as specified by Mem is not sufficient to
fully characterize the entanglement effects. Thus, the three
material parameters plateau modulus, characteristic time and
number of entanglements may not be sufficient to fully char-
acterize the apparent universality of the linear viscoelastic
behaviour of well-entangled monodisperse linear polymer
melts and solutions.

With the development of the filament-stretching rheometer
(FSR) (Bach et al. 2003b), a key experimental study by Bach
et al. (2003a) showed that there is a monotonic decrease in the
elongational viscosity ηE even at strain rates larger than the

inverse of the Rouse time ε̇ > τR−1 in polystyrene (PS) melts.
This observation was different from what was expected by the
original Doi-Edwards model and what was found
experimentally for PS solutions by Bhattacharjee et al.
(2002) and Ye et al. (2003), i.e. the monotonic decrease in

ηE is followed by a sudden increase at ε̇≈τR−1 when chain
stretch is supposed to set in. Yaoita et al. (2012) brought forth
the concept that the monomeric friction coefficient may de-
crease due to flow-induced monomer coalignment and used
this to explain the observation made on monotonic extension
thinning of polymer melts. By performing nonequilibrium
molecular dynamics simulation of fast shear flows of
oligomeric polystyrene chains, Ianniruberto et al. (2012)
found evidence that the monomeric friction coefficient de-
creases in fast elongational flows. To explain the observed
discrepancies between melts and solutions, Desai and Larson
(2014) tested the influence of Kuhn segment alignment on
local friction based on the hypothesis of Yaoita et al. (2012)
that the monomeric friction coefficient is dependent on a
stretch/orientation parameter. However, Huang and co-
workers performed a sequence of experiments on PS diluted
in oligomeric styrene with the same number of entanglements,
but different polymer concentrations (Huang et al. 2015) and
different solvent molar masses (Huang et al. 2013a). These
studies observed different normalized viscosities at high strain
rates for polymers with a similar concentration in different
solvent molar masses. Therefore, the cause for the observed
differences between melts and solutions cannot be exclusively
found in the monomeric friction reduction concept. Huang
et al. (2013a) hypothesized that nematic interactions between
polymer-solvent and polymer-polymer molecules may be

partially responsible for the nonlinear rheological behaviour
of concentrated polymer solutions and melts in strong exten-
sional flows. Based on these elongational viscosity data and
the hypothesis of Huang et al. (2013a), Ianniruberto
(Ianniruberto 2015) and Park and Ianniruberto (Park and
Ianniruberto 2017) proposed a flow-induced monomeric fric-
tion reduction-based multimode model that also takes into
account nematic interactions. A recent review by
Ianniruberto et al. (2020) claims “the plausible certainty” that
flow-induced coalignment of the Kuhn segments of the poly-
mer modifies the friction coefficient, which may depart con-
siderably from the equilibrium value and may be sensitive to
the chemistry, being different in different polymers. The au-
thors conclude that the universality of the rheological behav-
iour of polymer melts, which is well documented under equi-
librium conditions and in relatively slow flows, is lost in fast
flows.

However, already in 2004, the set of experimental data by
Bach et al. (2003a) has led Marrucci and Ianniruberto (2004)
to suggest an interchain pressure (IP) model to rationalize the
unexpected extension thinning at elongation rates above the
inverse Rouse time of polymer melts. Starting from this con-
cept, Wagner et al. (2005) developed an extended interchain
pressure (EIP) model by correlating the Rouse stretch relaxa-
tion time and the tube diameter relaxation time suggested by
Marrucci and Ianniruberto (2004). Using the EIP model,
Narimissa et al. (2020a) considered the dependence of the
interchain tube pressure effect on polymer concentration and
molar mass of oligomeric solvents, and they demonstrated
good agreement between model predictions and the
elongational viscosity data of Bach et al. (2003a) for polysty-
rene melts and Huang et al. (2013a, 2015, 2013b) for polysty-
rene solutions. In addition, a novel constitutive model was
proposed by Narimissa et al. (2020b) consisting of a combi-
nation of the EIP model and the Doi-Edwards independent
alignment (DEIA) concept to address the overprediction of
the steady-state shear viscosity and the steady-state first nor-
mal stress coefficient at high shear rates.

It should be noted that the EIP model is based on the LVE
characterization of melts and solutions and the Rouse time,
and its universality in modelling the nonlinear viscoelasticity
of polystyrene melts and solutions of different molar masses
and concentrations has been well documented. It is therefore
of interest to test the applicability of the EIP model to the
elongational viscosity data of monodisperse linear polymer
melts other than polystyrene and to see whether universality
of the model in the sense discussed above, i.e. based
exclusively on the LVE characterization and the Rouse time,
is maintained also for polymer melts with different chemical
constituents. Recently, Morelly et al. (2019) compared the
nonlinear elongational viscosity behaviour of polystyrene
(PS) with melts of poly(tert-butylstyrene) (PtBS) and
poly(methyl-methacrylate) (PMMA). While the normalized
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LVE of monodisperse linear polymer melts is exclusively de-
pendent on the number of entanglements, they found different
elongational scaling of the elongational viscosity for different
chemistries. In this article, we analyse the elongational viscos-
ity data of well-defined entangled polymer melts by Bach
et al. (2003a), Huang et al. (2013b) and Morelly et al.
(2019), obtained by the filament-stretching rheometer with
local strain and strain rate control and compare data with the
predictions of the EIP model for nonlinear elongational rheol-
ogy of monodisperse entangled polymer melts.

The article is organized as follows: In the “Experimental
data and LVE characterization” section, we shortly introduce
the polymers examined in this paper and the experimental
methods used to determine LVE and elongational viscosity,
followed by a presentation of the linear viscoelastic character-
ization of the polymers of this study. “The extended interchain
pressure model” section gives a summary of the modelling
approach of the extended interchain pressure (EIP) model.
Experimental data and model predictions of the EIP model
are compared in the “Comparison between experimental data
and model predictions” section, followed by discussion and
conclusions in the “Discussion and conclusions” section.

Experimental data and LVE characterization

Materials

The nonlinear elongational stress data of polystyrene (PS),
polytert-butylstyrene (PtBS) and polymethyl-methacrylate
(PMMA) considered in this study were taken from various
pieces of literature (Bach et al. 2003a; Huang et al. 2013b;
Morelly et al. 2019). The PS samples (PS200k, PS-285k) and
the PtBS sample (PtBS-301k) were prepared by anionic poly-
merization. PMMA samples (PMMA-86k and PMMA-100k)
were purchased from Polymer Standards Service GmbH and
used as received (Morelly et al. 2019). The molecular charac-
teristics of the polymer melts are summarized in Table 1.

The linear viscoelastic properties of the polystyrene (PS),
poly(methyl-methacrylate) (PMMA) and poly(tert-
butylstyrene) (PtBS) melts were obtained from small ampli-
tude oscillatory shear (SAOS) flow measurements.
Measurements for PS-200k were performed using parallel-
plate geometry on an AR2000 rheometer from TA
Instruments at 130 and 150 °C (Bach et al. 2003a, Huang
et al. 2013b, Morelly et al. 2019). Measurements for PS-
285k were performed using 8 8-mm parallel-plate geometry
on an ARES-G2 rheometer from TA Instruments at 130, 150
and 170 °C under nitrogen (Bach et al. 2003a, Huang et al.
2013b, Morelly et al. 2019). The measurements for PtBS and
PMMA samples were performed using 8- or 25-mm parallel-
plate geometry on a DHR-3 rheometer (TA Instruments) with
electrically heated plates (EHP) at 175, 180, 190 and 200°C in

the air (PtBS-301k) and at 140, 150, 170 and 190°C under
nitrogen (PMMA-86k and PMMA-100k) (Bach et al. 2003a,
Huang et al. 2013b, Morelly et al. 2019). The linear viscoelas-
tic data were shifted to a single master curve at 130 °C for PS,
at 150 °C for PMMA and at 175 °C for PtBS using the time
temperature superposition (TTS) procedure.

Elongational stress measurements for both PS melts
was performed using a homemade filament-stretching
rheometer (FSR) equipped with an oven to allow mea-
surements from room temperature to elevated tempera-
tures (Bach et al. 2003b), while the measurements for
PMMA and PtBS were performed using a commercial
filament stretch rheometer VADER 1000 (Rheo
Filament ApS, Albertslund, DK) (Bach et al. 2003a,
Huang et al. 2013b, Morelly et al. 2019). The PS-
200k samples were pressed at 150 °C for about 2 min
with temperatures chosen as low as possible to prevent
degradation while still being high enough for stress re-
laxation (Bach et al. 2003a, Huang et al. 2013b,
Morelly et al. 2019). The PS-285k samples were
pressed at approximately 150 °C (Bach et al. 2003a,
Huang et al. 2013b, Morelly et al. 2019), the PtBS
samples at 200 or 220 °C and the PMMA samples at
190 °C (Bach et al. 2003a, Huang et al. 2013b, Morelly
et al. 2019). The polymer melts were annealed at the
temperatures mentioned for 15 min under vacuum to
ensure that the polymers had sufficient time to relax.
The polymers were checked for degradation after the
moulding by size exclusion chromatography.

LVE characterization

From linear viscoelastic master curves of G′ and G″, continu-
ous Baumgärtel-Schausberger-Winter (BSW) relaxation spec-
tra (Baumgaertel et al. 1990) were determined by Huang et al.
(2013a, 2015, 2013b) and byMorelly et al. (2019) and used in
their analysis of the data. The relaxation modulusG(t) is found
from the spectrum H(τ) by

G tð Þ ¼ ∫
∞

0

H τð Þ
τ

exp −t=τð Þdτ ð1Þ

H(τ) is composed of two parts, the entanglement contribu-
tion He(τ) and the glassy contribution Hg(τ),

H τð Þ ¼ He τð Þ þ Hg τð Þ ð2Þ

with

He τð Þ ¼ neGN
τ
τ t

� �ne

h 1−τ=τ tð Þ ð3Þ
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and

Hg τð Þ ¼ neGN
τ
τ c

� �−ng
h 1−τ=τ tð Þ ð4Þ

GN is the plateau modulus, τt the longest or “terminal”
relaxation time, τc the characteristic time constant of the glassy
contribution (related to the Kuhn segment equilibration time
τe) and h(x) the Heaviside step function. The values of ne and
ng were fixed to 0.23 and 0.70, respectively (Huang et al.
2013a, 2013b). The physical meaning of the BSW parameters
can be found elsewhere (Huang et al. 2013b), and the BSW
parameters of the polymer melts considered are given in
Morelly et al. (2019).

From the BSW spectra, the plateau modulus GN of the
samples is obtained, and from GN, the entanglement molar
mass Mem of the melt is calculated as (Huang et al. 2013b)

M em ¼ ρRT
GN

ð5Þ

where ρ is the density of polymer melt at the testing tem-
perature, R is the gas constant and T the absolute temperature.
With M being the molar mass of the polymer, the number of
entanglements per chain, Z, is obtained,

Z ¼ M
M em

ð6Þ

The number of Kuhn segments between entanglements is,

Ne ¼ M em

M 0
ð7Þ

where M0 is the molar mass of the Kuhn segment. Values
for Mem and M0 are given in Morelly et al. (2019).

While the BSW spectrum defined by Eqs. (1) to (4) allows
for a reasonable quantification of the plateau modulus GN, we
will show in the “Comparison between experimental data and
model predictions” section that the BSW spectrum derived by
Morelly et al. (2019) does not result in an ideal fit of theG′ and
G″ master curves of PtBS-301k, PMMA-86k and PMMA-
100k. We will therefore use parsimonious relaxation spectra,

G tð Þ ¼ ∑
i¼1

giexp −t=τ ið Þ ð8Þ

for characterization of LVE in the experimentally accessi-
ble frequency window of all polymers considered here. The
partial moduli gi and relaxation times τi as computed by the
IRIS software (Winter and Mours 2006) are presented in
Table 2 and result in excellent agreement with the linear vis-
coelastic data of G′ and G″. We note that any quantitative
representation of LVE can be used in the EIP model, either
obtained from “molecular” or mesoscopic modelling, or di-
rectly from the experimental data, e.g. by parsimonious spec-
tra as used here.

According to the DE model, the Rouse time τR, the disen-
gagement (or reptation) time τd and the zero-shear viscosity η0
are given by (see e.g. Dealy et al. (2018)),

τR ¼ Z2τ e ð9Þ
τd ¼ 3ZτR ð10Þ

η0 ¼
π2

12
GNτd ð11Þ

Here, we identify τdwith the mean quadratic average of the
relaxation times of the discrete relaxation spectrum and calcu-
late η0 from the discrete relaxation spectrum,

Table 1 Molecular
characterization, test temperature
(T) and material parameters of
PtBS-310k (Morelly et al. 2019),
PMMA-86k (Morelly et al.
2019), PMMA-100k (Morelly
et al. 2019), PS-200k (Bach et al.
2003a) and PS-285k (Huang et al.
2013a) from linear viscoelastic
data using IRIS (Winter and
Mours 2006) spectra of Table 2

PtBS-301k PMMA-86k PMMA-100k PS-200K PS-285K

M (kg/mol) 301 86 99.4 200 285

M/Mn 1.02 1.02 1.08 1.04 1.09

ρ (kg/m3) 957 1180 1180 1000 1000

GN (kPa) 120 720 850 250 250

T (°C) 175 150 160 130 128

τd (s) 3225 952 297 961 8643

η0 (MPa.s) 95.5 121 56.5 82.6 531

Mem (kg/mol) 30 5.8 5.0 13.4 13.3

Ζ 10.1 14.9 19.9 14.9 21.4

Νε 29 8 7 16 16

Μcm (kg/mol) 95 9.2 8.0 35 35

τR (s) 618 (306)*) 14.4 (37.7)*) 3.80 (12.5)*) 91.5 (90.0)*) 360

Tg (°C) - 122.8 - - 107.5

*) τR is calculated by Eq. (14) (Morelly et al. 2019)
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τd ¼
∑
i
giτ

2
i

∑
i
giτ i

ð12Þ

η0 ¼ ∑
i
giτ i ð13Þ

We note thatMorelly et al. (2019) assumed the equivalence
of τe and τc, i.e. τe ≅ τc, and calculated the Rouse time in
correspondence with Eq. (9) by the approximation

τR≅Z2τc ð14Þ

We prefer to use Osaki’s approach (Isaki et al. 2003;
Menezes and Graessley 1982; Osaki et al. 1982; Takahashi
et al. 1993) for quantification of the Rouse time τR, which
extrapolates the Rouse time of unentangled polymer systems
to the Rouse time of entangled polymer melts and takes into
account the power of 3.4 scalings of the zero-shear viscosity
with the molar mass M. This leads to the relation,

τR ¼ 12Mη0
π2ρ RT

M cm

M

� �2:4

ð15Þ

Mcm denotes the critical molar mass in the melt state. For
monodisperse polystyrene, we use the well-documented value
of Mcm = 35 kg/mol (Ferry 1980; Luap et al. 2005; Wagner
2014), and Eq. (15) has been used successfully for modelling
of the transient and steady-state elongational and shear viscos-
ities of PS melts and solutions (Narimissa et al. 2020a, b). In
the case of PtBS and PMMA, the monomeric friction coeffi-
cient ζ and subsequently the equilibration time τe are un-
known; hence, a realistic determination of the Rouse time by

use of Eqs. (9) or (14) is impossible. Therefore, we useMcm in
Eq. (15) as a fitting parameter for the elongational viscosity
data. We follow Larson et al. (2003) here, who have justified
the adjustment of τe (or equivalently Mcm in Eq. (15)) as a
fitting parameter, and they mentioned that the adjustment of
τe provides a strong test for tube models as this relaxation time
must in principle remain constant at different molecular
weights and chain architectures. As shown in the
“Comparison between experimental data and model predic-
tions” section for PtBS and PMMA, τR calculated by Eq.
(15) with Mcm = 3.2Mem and Mcm = 1.6Mem, respectively,
gives the best fits for the elongational viscosity data. Fuchs
et al. (1996) deduced a relation ofMcm ≈ 2Mem for PMMAs of
different tacticities, which is roughly in agreement with our
relation for PMMA. The number Ne of Kuhn segments or
“monomers” per entanglement as reported by Morelly et al.
(2019) is 29 for PtBS, 16 for PS and 7 or 8 for PMMA
(Table 1), i.e. Ne decreases in the sequence of PtBS, PS and
PMMA. We note that there is a similar trend seen in the ratio
ofMcm/Mem, which decreases from 3.2 for PtBS, to 2.6 for PS
and to 1.6 for PMMA. τR calculated by Eq. (14) using τc is
also given in Table 1. Considering the experimental difficul-
ties in determining the exact value of τc, which may also be
affected by glassymodes, and taking into account the assumed
equivalence of τc and τe, the difference with the values calcu-
lated by Eq. (15) for PtBS, PMMA-86k and PMMA-100k is
not surprising.

We also note that PMMA-86k has a plateau modulus of
GN = 720 kPa, while the plateau modulus of PMMA-100k is
GN = 850 kPa. As explained in Wagner et al. (2018), this dif-
ference is most likely due to the difference in the tacticity of
twomelts. As no information is available on the tacticity of the

Table 2 Discrete relaxation spectra of PtBS-310k (at T = 175 °C (Morelly et al. 2019)), PMMA-86k (at T = 150 °C (Morelly et al. 2019)), PMMA-
100k (at T = 160 °C (Morelly et al. 2019)), PS-200k (at T = 130°C) (Bach et al. 2003a) and PS-285k (at T = 128 °C) (Huang et al. 2013a)

PMMA-86k PtBS-310k PMMA-100k PS-200k PS-285k

gi (Pa) τi (s) gi (Pa) τi (s) gi (Pa) τi (s) gi (Pa) τi (s) gi (Pa) τi (s)

5.88E+07 5.00E-04 9.21E+07 4.65E-04 2.80E+08 1.33E-05 2.38E+05 4.75E-01 4.34E+08 7.76E-05

5.94E+06 3.66E-03 1.32E+06 1.21E-02 3.57E+06 8.99E-04 3.71E+04 5.29E+00 1.93E+06 7.86E-03

1.31E+06 2.12E-02 4.79E+05 6.34E-02 9.31E+05 4.79E-03 2.71E+04 1.96E+01 5.61E+05 4.60E-02

5.52E+05 8.42E-02 2.06E+05 3.14E-01 3.32E+05 2.19E-02 5.46E+04 9.20E+01 2.33E+05 2.26E-01

2.31E+05 3.70E-01 8.33E+04 1.65E+00 1.49E+05 9.63E-02 4.96E+04 4.43E+02 9.88E+04 1.20E+00

1.50E+05 1.74E+00 3.49E+04 5.96E+00 1.53E+05 4.67E-01 4.33E+04 1.26E+03 4.43E+04 6.92E+00

1.76E+05 8.11E+00 3.48E+04 2.42E+01 1.77E+05 2.34E+00 - - 3.23E+04 3.63E+01

1.99E+05 4.01E+01 3.24E+04 1.33E+02 1.81E+05 1.26E+01 - - 3.23E+04 1.45E+02

2.04E+05 1.87E+02 2.69E+04 6.70E+02 1.91E+05 5.76E+01 - - 4.04E+04 5.42E+02

1.27E+05 4.96E+02 1.60E+04 2.87E+03 1.70E+05 1.96E+02 - - 4.17E+04 2.07E+03

1.41E+03 7.38E+03 4.11E+03 6.31E+03 9.37E+03 1.01E+03 - - 5.53E+04 6.83E+03

- - - - - - - - 8.44E+02 4.65E+04
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PMMA melts of this study, we can only refer to Fetters et al.
(1999a) reporting a plateau modulus of 310 kPa and of
760 kPa for an atactic and a predominantly syndiotactic
PMMA, respectively. Comparing the reported values of
Fetters et al. (1999a) with the plateau moduli of PMMA-86k
and PMMA-100k, it can be concluded that PMMA-100k has
higher tacticity than PMMA-86k.

Table 1 shows the molar mass (M), polydispersity index
(M/Mn), density (ρ), glass transition temperature (Tg), test tem-
perature (T), plateau modulus (GN), terminal/reorientational/
disengagement/reptation time (τd), zero-shear viscosity (η0),
Rouse stretch relaxation time (τR) and number of entangle-
ments per chain (Z) of the monodisperse polymers melts con-
sidered in this study. The numbers of Kuhn segments or
“monomers” per entanglement are taken from Morelly et al.
(2019).

The discrete relaxation spectra of PtBS-310k at T = 175 °C,
PMMA-86k at T = 150 °C, PMMA-100k at T = 160 °C, PS-
200k at T = 130°C (Bach et al. 2003a) and PS-285k at T = 128
°C (Huang et al. 2013a) are reported in Table 2.

The extended interchain pressure model

The extended interchain pressure (EIP) model was developed
for extensional flow (Narimissa et al. 2020a) and shear flow
(Narimissa et al. 2020b) of monodisperse linear polymer melts
and solutions. The EIP model relaxes one of the basic assump-
tions of the original tube model of Doi and Edwards (1978a,
b), i.e. the assumption of a constant tube diameter, and as-
sumes that chain stretch f is inverse proportional to a
deformation-dependent tube diameter (see Narimissa et al.
(2020a) for more details). The extra stress tensor of the EIP
model is then given as

σ tð Þ ¼ ∫
t

−∞

∂G t−t0ð Þ
∂t0

f 2SIADE t; t0ð Þdt0 ð16Þ

where G(t) is the linear viscoelastic shear relaxation mod-

ulus and the relative strain measure SIADE is given by

SIADE t; t0ð Þ≡5 u0u0

u02

� �
o

¼ 5S t; t0ð Þ ð17Þ

S is the relative second-order orientation tensor. The brack-
et denotes an average over an isotropic distribution of unit
vectors u(t') at time t' and can be expressed as a surface inte-
gral over the unit sphere,

…h io≡
1

4π
∯ …½ �sinθodθodφo ð18Þ

At the observation time t, the unit vectors are deformed to
vectors u', which are calculated from the affine deformation

hypothesis (with F−1(t, t') being the relative deformation gra-
dient tensor) as

u0 t; t0ð Þ ¼ F−1 t; t0ð Þ:u t0ð Þ ð19Þ
u' indicates the length of the vector u'.

The stretch evolution equation of the EIP model for poly-
mer melts is given as (Wagner and Rolón-Garrido 2009a;
Wagner and Rolón-Garrido 2009b; Narimissa et al. 2020a),

∂ f
∂t

¼ f κ : Sð Þ− 1

3

f −1
τR

−
2

3

f 2 f 3−1
� �
3τR

ð20Þ

The first term on the right-hand side represents an on aver-
age affine stretch rate with κ the velocity gradient tensor, the
second term takes into account Rouse relaxation with Rouse
time τR according to Eq. (15) in the longitudinal direction of
the tube and the third term limits molecular stretch due to the
interchain tube pressure in the lateral direction of a tube
segment.

For steady-state elongational flow (∂ f∂t ¼ 0 ) and large
stretch of melts, f2 reaches a limiting value of

f 2≅
3

2

ffiffiffiffiffiffiffiffiffiffi
2τRεI

p
ð21Þ

Therefore, steady-state elongational stress σE εIÞð at suffi-
ciently large elongation rates, i.e. for Wi ¼ τRεI >> 1 from
Eqs. (16) and (21), is given as,

σE Wið Þ ¼ 15

2
GN

ffiffiffiffiffiffiffiffi
2Wi

p
ð22Þ

In the following section, we assess the modelling compe-
tence of the EIP model with extra stress tensor, Eq. (16),
stretch evolution equation Eq. (20) and Rouse stretch relaxa-
tion time, Eq. (15), for the prediction of the uniaxial exten-
sional flow data of PS-200k, PS-285k, PtBS-310k, PMMA-
86k and PMMA-100k.

Comparison between experimental data
and model predictions

Monodisperse polystyrene melts

As per reference for the PtBS and PMMAmelts, which are in
the focus here, we shortly present in Fig. 1 and Fig. 2 the
prediction of the elongational stress growth coefficient and
steady-state elongational viscosity of PS-200k and PS-285k
by the EIP model, i.e. Eqs. (15), (16) and (20). Excellent
agreement between model predictions and experimental data

168 Rheol Acta (2021) 60:163–174



is achieved at all strain rates for the stress growth coefficient of
PS-200k and PS-285k (Fig. 1a and Fig. 2a).

The prediction of the steady-state elongational viscosity of
PS-200k at Weissenberg number larger than unity, i.e.
Wi ¼ τRεI≥1, is in excellent agreement with the model, while
slight underprediction is seen atWi < 1 (Fig. 1b), which is well
within the limits of experimental accuracy. Similarly, in the
case of PS-285k, very good agreement between the EIP model
and data is achieved at Wi ≥ 0.03 (Fig. 2b).

Monodisperse poly(tert-butylstyrene) melt

Linear viscoelastic characterization

The linear viscoelastic data of storage (G′) and loss (G″) mod-
ulus of PtBS-301k at 175 °C were reported by Morelly et al.
(2019). Figure 3 shows the fit (red lines) of G′ and G″
(symbols) through the BSW spectrum (Baumgaertel et al.
1990), Eqs. (1)–(4). The BSW fit underpredicts both storage
G′ and loss G″modulus. The fit by the parsimonious spectrum

(blue lines) in the experimentally accessible frequency win-
dow using the IRIS software (Winter and Mours 2006) goes
directly through the data points and is in excellent agreement
with the linear viscoelastic data. Therefore, we use the discrete
relaxation spectrum (Table 2) for the prediction of
elongational flow behaviours of PtBS-301k. The exact repre-
sentation of the LVE behaviour is essential for the assessment
of linear and nonlinear rheological universality.

Elongational flows

Comparison of EIP model predictions (lines) and data of the
elongational stress growth coefficient and the steady-state
elongational viscosity (symbols) of PtBS-301k at 175 °C are
shown in Fig. 4. We note that the elongational stress growth

coefficients at εI ¼ 5 � 10−5 s−1 and εI ¼ 3:73 � 10−3 s−1

were actually measured at 200 °C and time temperature
shifted to 175 °C. This may be the reason why some deviation
is seen between experimental data and prediction at

εI ¼ 3:73 � 10−3 s−1; otherwise, general agreement
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Fig. 1 Data (symbols) of elongational stress growth coefficient (a) and
steady-state (b) elongational viscosity of PS-200k (refer to Table 1) and
predictions (lines) by the EIP model, Eqs. (15), (16) and (20)
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predictions (lines) by the EIP model, Eqs. (15), (16) and (20)
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between data and model within experimental accuracy is seen.
As discussed in the “LVE characterization” section, the Rouse
time τR calculated by Eq. (15) with Mcm = 3.2Mem gives the
best fit for the elongational viscosity data.

Monodisperse poly(methyl-methacrylate) melts

Linear viscoelastic characterization

Figure 5 and Fig. 6 show the linear viscoelastic storage (G′)
and loss (G″) modulus of PMMA-86k and PMMA-100k at
the testing temperatures of 150 °C and 160 °C, respectively.
Similar to PtBS-301k (Fig. 3), BSW fits of the relaxation
spectra (red lines) resulted in qualitative agreement with stor-
age and loss modulus data of the PMMA melts, while fits of
the data by parsimonious relaxation spectra (Table 2) are in
perfect quantitative agreement. Hence, we use the discrete
relaxation spectra for the prediction of elongational flow be-
haviours of PMMA-86k and PMMA-100k.

Elongational flow

Figure 7 shows the comparison between the experimental data
and prediction of the elongational flow behaviour of PMMA-
86k by the EIP model. As discussed in the “LVE characteri-
zation” section, the Rouse time τR calculated by Eq. (15) with
Mcm = 1.6Mem gives the best fit for the elongational viscosity.
The start-up regimes of the stress growth coefficient are in
quantitative agreement with the model, as well as the steady-
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Fig. 4 Data (symbols) of elongational stress growth coefficient (a) and
steady-state (b) elongational viscosity of PtBS-301k (refer to Table 1) and
predictions (lines) by the EIP model, Eqs. (15), (16) and (20)

Fig. 5 BSW fit (red lines), Eqs. (1)–(4), and fit (blue lines) by discrete
relaxation spectrum (Table 2) for storage (G′) and loss (G″) modulus of
PMMA-86k at 150 °C

Fig. 3 BSW fit (red lines), Eqs. (1)–(4), and fit (blue lines) by discrete
relaxation spectrum (Table 2) for storage (G′) and loss (G″) modulus of
PtBS-301k at 175 °C
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state viscosity at the strain rates of εI ¼ 0:03 s−1 and
εI ¼ 0:07 s−1. For the lowest (0.01 s−1) and the highest strain
rate (0.2 s−1), clearly no steady-state is achieved experimen-
tally (indicated in Fig. 7b by open symbols). At the strain rate
of 0.2 s−1, significant overshoot is observed experimentally
(Fig. 7a). Overshoot can be either the result of a material
property of the polymer (Burghelea et al. 2011; Narimissa
and Wagner 2019; Rasmussen and Fasano 2018) where, in
the case of long-chain branched polymers, it can be caused
by the disentanglement of dangling arms after branch point
withdrawal and reversion to the behaviour of linear polymers
(Wagner and Rolón-Garrido 2008) or it can be the result of
non-uniformity of sample deformation at high strains. As for
linear PMMA, no overshoot of the elongational stress growth
coefficient is expected; we conclude that the overshoot ob-
served is most likely caused by the non-uniform deformation.

In the case of PMMA-100k (Fig. 8), the EIP model again
with the Rouse time τR calculated by Eq. (15) with Mcm =
1.6Mem is in good agreement with the start-up of the stress
growth coefficient. However, it seems that with the exception
of the highest strain rate (0.6 s−1), for which excellent agree-
ment between the steady-state elongational viscosity and
model prediction is seen, no steady-state viscosity was
reached experimentally. Therefore, a comparison of steady-
state elongational viscosity data and model predictions is not
possible in the case of PMMA-100k.

Discussion and conclusions

We compare the elongational steady-state behaviours of the
polymer melts considered here and test the conjecture of
Morelly et al. (2019) about the independence of the
elongational stress on the number of entanglements (Z) as
opposed to the dependence of the elongational viscosity on Z.

Fig. 6 BSW fit (red lines), Eqs. (1)–(4), and fit (blue lines) by discrete
relaxation spectrum (Table 2) for storage (G′) and loss (G″) modulus of
PMMA-100k at 160 °C
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Fig. 7 Data (symbols) of elongational stress growth coefficient (a) and
steady-state (b) elongational viscosity of PMMA-86k (refer to Table 1)
and predictions (lines) by the EIP model, Eqs. (15), (16) and (20)
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As shown by Eq. (22), in the limit of fast elongational flow
(high Wi), the normalized steady-state elongational stress of
melts is proportional to the square root of the Weissenberg
number,

σE Wið Þ
GN

¼ 15

2

ffiffiffiffiffiffiffiffi
2Wi

p
ð23Þ

Figure 9za shows the normalized steady-state elongational
stress as a function of Wi. The green asymptote in Fig. 9a,
showing a slope of ½, is given by Eq. (23). The slope of σE/
GN changes from 1 in the linear viscoelastic regime (Wi<<1)
to 1/2 at high Wi. However, this transition is quite gradual
meaning that the effective slope in the experimentally acces-
sible nonlinear viscoelastic regime is greater than 1/2, and we
observe a tendency that melts with higher values of σE/GN

approach the limiting behaviour of Eq. (23) faster and have
a lower slope. If this behaviour is approximated by a power
law, the exponent increases in the sequence of PMMA, PS and

PtBS. This explains the different power law exponents report-
ed by Morelly et al. (see Fig. 8a in Morelly et al. (2019)),
namely exponent of 0.4 for PMMA, 0.6 for PS and 0.7 for
PtBS. Morelly et al. (2019) discussed the conjecture that the
exponent may be related to the finite extensibility parameter
λmax but concluded that there appears to be no consistent

scaling with λ2
max≅Ne, in agreement with the results of con-

centrated polymer solutions where no scaling of elongational
stress with λmax was observed. Following our earlier analysis
of the elongational flow behaviours of polystyrene melts and
solutions (Narimissa et al. 2020a), we do not consider finite
extensibility here. However, as noted above, by fitting the
Rouse times of PtBS and PMMA to the elongational viscosity
data, we find a trend that the ratio of Mcm/Mem according to
Eqs. (5) and (15) decreases with decreasing number Ne of
Kuhn monomers in the sequence of PtBS, PS and PMMA.

Figure 9b shows the elongational viscosity, normalized by
GNτR, as a function of Wi. Considering the relation between
elongational stress and viscosity, ηE ¼ σE=εI, and the Hencky
strain rate in terms of Weissenberg number, εI ¼ Wi=τR, the
normalized viscosity at sufficiently large elongation rates be-
comes from Eq. (23),

ηE Wið Þ
GNτR

¼ 15

2

ffiffiffi
2

p
Wi−1=2 ð24Þ

The green asymptote in Fig. 9b showing a slope of − 1/2 is
given by Eq. (24). To better understand the elongational vis-
cosity behaviour of the polymer melts and the relationship
with the molar mass, we note that in the LVE regime, the
normalized zero-elongational viscosity η0E ¼ 3η0 (following
from Eqs. (5) and (15)) is given by,

η0E Mð Þ
GNτR

¼ π2

4

M em

M cm

� �2:4 M
M em

� �1:4

ð25Þ

At constant ratio Mem/Mcm, the normalized zero-
elongational viscosity increases with (M/Mem)

1.4 = Z1.4, for
example the normalized zero-elongational viscosity of
PS285K with Z = 21.4 is larger than of PS200K with Z =
14.9 (Fig. 9b). On the other hand, at constant Z, the normal-
ized zero-elongational viscosity increases with increasing ra-
tioMem/Mcm according to (Mem/Mcm)

2.4, as seen in the differ-
ence of the normalized viscosities of PS200K (Z = 14.9,Mem/
Mcm = 0.38) and PMMA-86k (Z = 14.9,Mem/Mcm = 0.63) in
Fig. 9b. It is evident that the slope of the reduced viscosity
changes from 0 in the LVE regime to − 1/2 at very high Wi.
However, as in the case of the elongational stress, this transi-
tion is quite gradual as already noted by Wagner et al. (2005),
which means that the effective slope in the experimentally
accessible nonlinear viscoelastic regime is larger than − 1/2.
There is a tendency that melts with a low value of the normal-
ized zero-elongational viscosity such as PtBS have a higher
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Fig. 9 Normalized elongational stress (a) and normalized elongational
viscosity (b) as functions of Weissenberg numberWi ¼ τRεI of PS-200k,
PS-285k, PtBS-301k and PMMA-86k (symbols) and predictions (lines)
via the EIP model, Eqs. (15), (16) and (20). The green dash-dotted as-
ymptotes show a slope of 1/2 in a and − 1/2 in b
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slope in the nonlinear viscoelastic regime and show less strain
thinning than melts with a large normalized viscosity such as
PMMA-86k. This explains the differences seen in the ηE(Wi)
behaviour of the melts as reported by Morelly et al. (see Fig.
8b in Morelly et al. (2019)).

In summary, in the LVE regime of elongational flow, both
stress and viscosity are dependent on the number of entangle-
ments and the ratio between entanglement molar mass and

critical molar mass, i.e. η0E= GNð τRÞ ∝ M em=M cmð Þ 2:4Z1:4 and

σ0
E=GN∝ M em=M cmð Þ 2:4Z1:4Wi, while in the limit of fast

elongational flow (highWi), both stress and viscosity become
independent of Z and Mem/Mcm, and approach a scaling rela-
tionwhich depends only onWi, i.e. ηE/(GNτR) ∝Wi−1/2 and σE/
GN ∝Wi1/2. However, this universal scaling is only reached at
very high Weissenberg numbers. When expressed by an ef-
fective power law, the broad transition from the linear visco-
elastic to the high Wi regime leads to chemistry-dependent
scaling at intermediate Wi with exponents depending on the
number of entanglements and the ratio between entanglement
molar mass and critical molar mass. We observe a tendency
that melts with a low value of η0E= GNð τRÞ feature a higher
power law exponent than melts with a large value of the nor-
malized zero-elongational viscosity.While the dependence on
the number of entanglements is in agreement with the univer-
sality of the linear viscoelastic behaviour (i.e. melts with the
same Z show the same linear and nonlinear viscoelastic be-
haviour), the dependence of the elongational viscosity on the
ratio between entanglement molar mass and critical molar
mass seems surprising at first sight. However, as noted in
the “Introduction” section, Fetters et al. (1999b) showed that
Mem/Mcm is chemistry dependent and concluded that the de-
gree of entanglement, as specified byMem, is not sufficient to
fully characterize the entanglement effects. Thus, the three
material parameters, i.e. plateau modulus, characteristic time
and number of entanglements, may not be sufficient to fully
characterize the apparent universality of the linear viscoelastic
behaviour of well-entangled monodisperse linear polymer
melts and solutions, and this deficiency is replicated in the
nonlinear viscoelastic regime. Further experimental evidence
of polymers with different chemical constituents is required to
confirm these conclusions.
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