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T4, and
f be a continuous function from T? to RY. On the probability space T? equipped
with the Lebesgue-Haar measure, we prove the weak convergence of the sequential
empirical process of the sequence (f o T%);>1 under some mild conditions on the
modulus of continuity of f. The proofs are based on new limit theorems,
inequalities for non-adapted sequences, and on new estimates of the conditional

on new

automor-
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1. Introduction

Let d > 2 and T? = R?/Z% be the d-dimensional torus. For every x € RY, we
write Z its class in T¢. We denote by A the Lebesgue measure on R?, and by X the
Lebesgue measure on T¢.

On the probability space (T?, \), we consider a group automorphism 7' of T¢.
We recall that T is the quotient map of a linear map T : R? — R? given by
T(z) =S -z, where S is a d x d-matrix with integer entries and with determinant 1
or -1. The map T preserves the infinite Lebesgue measure A on R¢ and T preserves
the probability Lebesgue measure \.

We assume that T is ergodic, which is equivalent to the fact that no eigenvalue
of S is a root of the unity. This hypothesis holds true in the case of hyperbolic
automorphisms of the torus (i.e. in the case when no eigenvalue of S has modulus
one) but is much weaker. Indeed, as mentionned in Le Borgne (1999), the following
matrix gives an example of an ergodic non-hyperbolic automorphism of T* :

0 00 -1
10 0 2
5= 010 0
0 01 2

When T is ergodic but non-hyperbolic, the dynamical system (T¢,T,)) has no
Markov partition. However, it is possible to construct some measurable partition
(see Lind (1982)), and to prove some decorrelation properties for regular functions
(see Lind (1982); Le Borgne and Péne (2005)).

Let ¢ be some positive integer, and let f = (f1,... f¢) be a function from T¢
to RY. On the probability space (T¢, \), the sequence (f o T*)xez is a stationary
sequence of Rf-valued random variables. When ¢ = 1 and f is square integrable,
Le Borgne (1999) proved the functional central limit theorem and the Strassen
strong invariance principle for the partial sums

n

> (foT' = X)) (1.1)

=1

under weak hypotheses on the Fourier coefficients of f, thanks to Gordin’s method
and to the partitions studied by Lind (1982). In the recent paper by Dedecker
et al. (2013a), we slightly improve on Le Borgne’s conditions, and we show how to
obtain rates of convergence in the strong invariance principle up to n'/4log(n), by
reinforcing the conditions on the Fourier coefficients of f.

Now, for any s € R?, define the partial sum

n

Sﬂ(s) = Z(lfoTkSs - F(S)) ) (1'2)

k=1

where as usual 1porh<s = Lpoprcy, X - X 1poricy,, and F(s) = A(f < s) is the
multivariate distribution function of f.

In this paper, we give some conditions on the modulus of continuity of f for the
weak convergence to a Gaussian process of the sequential empirical process

Stng (8)
&

te [0,1],seRf}. (1.3)
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The paper is organized as follows. Our main results are given in Section 2 and
proved in Section 5. The proofs require new probabilistic results established in
Section 3 combined with a key estimate for toral automorphisms which is given in
Section 4. Let us give now an overview of our results.

In Section 2.1, we consider the case where £ = 1 and 5, is viewed as an LP-valued
random variable for some p € [2, oo (this is possible because [ |S,(s)[Pds < oo for
any p € [2,00][), so that the sequential empirical process is an element of Dy» ([0, 1]),
the space of LLP-valued cadlag functions. We prove the weak convergence of the
process {n~1/2S,,,t € [0,1]} in Di»([0,1]) equipped with the uniform metric to
a LP-valued Wiener process, and we give the covariance operator of this Wiener
process. The proof is based on a new central limit theorem for dependent sequences
with values in smooth Banach spaces, which is given in Section 3.1.1.

In Section 2.2, we state the convergence of the sequential empirical process (1.3)
in the space £°°(]0, 1] x R) of bounded functions from [0, 1] x R to R equipped with
the uniform metric. In that case, the limiting Gaussian process is a generalization
of the process introduced by Kiefer (1972) for the sequential empirical process
of independent and identically distributed random variables. The proof is based
on a new Rosenthal inequality for dependent sequences (possibly non adapted),
which is given in Section 3.1.2. The weak convergence of the empirical process
{n=125,(s),s € R} has also been treated in Durien and Jouan (2008) and Dehling
and Durieu (2011). We shall be more precise on these two papers in Section 2.2.

To prove these results, we shall use a control of the conditional expectations of
continuous observables with respect to the filtration introduced by Lind (1982),
involving the modulus of continuity of the observables (See Theorem 4.1 of Section
4). As far as we know, such controls were known for Holder observables only (see
Le Borgne and Pene (2005)). Let us indicate that the inequalities given in Theorem
1.1 are interesting by themselves. For instance one can use them to establish weak
invariance principle and rates of convergence in the strong invariance principle for
the partial sums (1.1) (see Section 6).

In this paper, the conditions on a function f from T? to R will be expressed in
terms of its modulus of continuity w(f,-) defined as follows:

for § >0, w(f,d):= sup lf (@) — f(y)], (1.4)
zZ,y€Td : dq1(Z,5)<5

where dy(Z, ) = mingeza |z — y + k|| for some norm || - || on R%.

2. Empirical central limit theorems

2.1. Empirical central limit theorem in ILP. In this section, IL? is the space of Borel-
measurable functions g from R to R such that A(]g|P) < oo, A being the Lebesgue
measure on R. If f is a bounded function, then, for any p € [2,00[, the ran-
dom variable S,, defined in (1.2) is an LP-valued random variable, and the process
{n=1/28,4,t € [0,1]} is a random variable with values in Dy»([0,1]), the space
of LP-valued cadlag functions. In the next theorem, we give a condition on the
modulus of continuity w(f,-) of f under which the process {nil/QS[nt],t € [0,1]}
converges in distribution to an LP-valued Wiener process, in the space Dy»([0,1])
equipped with the uniform metric. By an LP-valued Wiener process with covari-
ance operator A,, we mean a centered Gaussian process W = {W,,t € [0,1]} such
that E(||W:|2,) < oo for all ¢ € [0,1] and, for any g, h in ¢ (¢ being the conjugate



734 Dedecker et al.

exponent of p),
COV(/Rg(u)Wt(u)du,/Rh(u)Ws(u)du) = min(¢, s)Ap(g,h) .

Theorem 2.1. Let f : T — R be a continuous function, with modulus of continuity
w(f,:). Let p € [2,00[, and let q be its conjugate exponent. Assume that

/1/2 (w(f, t))l/p
0

dt < co.
t|logt|t/P >

Then the process {n_l/QSW],t € [0,1]} converges in distribution in the space
Dy»([0,1]) to an LP-valued Wiener process W, with covariance operator A, defined

by
Ay(g,h) = ZCOV(/Rg(S)].fSSdS,/Rh(S)].foTkSSdS) ,  for any g,h in LY.

keZ
(2.1)
The proof of Theorem 2.1 is based on results of Sections 3 and 4 and is postponed
to Section 5.

Remark 2.2. In particular, if f is Holder continuous, then the conclusion of Theorem
2.1 holds for any p € [2, 00].

Let us give an application of this theorem to the Kantorovich-Rubinstein distance
between the empirical measure of (f o T")1<;<, and the distribution x of f. Let

n k
1 1
Wy, = ﬁzafOTl and Hn k. = E((n_ k)u—’_ZéfOTl) :
i=1 =1

The Kantorovich distance between two probability measures v; and vy is defined
as

K(v1,v9) = inf { / |l — ylv(de,dy),v € M(l/l,llg)},
where M(v1,v2) is the set of probability measures with margins 14 and vs.

Corollary 2.3. Let f : T4 — R be a continuous function, with modulus of conti-

nuity w(f,-). Assume that
1/2
/ Mdt < 00.
o ty/|logt|

Then /nK (fin, 1) converges in distribution to ||W L1, and sup; <j<,, /I (pin i, 11)
converges in distribution to supyc(o 1) |[WellLt, where W is the L*-valued Wiener
process with covariance operator Ay defined by (2.1).

Proof of Corollary 2.3: Applying Theorem 2.1 with p = 2, we know that the process
{n=1/28,4,t € [0,1]} converges in distribution in the space Dy2([0,1]) to an L2-
valued Wiener process W, with covariance operator Az defined by (2.1). Since
f is continuous on T9, it follows that |f| < M for some positive constant M,
so that Spy(s) = 0 and Wi(s) = 0 for any ¢ € [0,1] and any [s| > M. Since
| - |lLt is a continuous function on the space of functions in L2 with support in
[—M, M], it follows that n=/2||S,||L, converges in distribution to ||[Wi||.1, and
that sup,c(o ] nY2|[Sp I, converges in distribution to supyepo,1 [|WellLi. Now, if
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vy and vy are probability measures on the real line, with distribution functions £,
and F},, respectively,

K = [ 1R = Pl

Hence nK (pn, ) = ||Sn|lL, and SuPi1<k<n nK (fin,k, ) = SUP¢e(0,1] ”S[nt]HLU and
the result follows. (]

2.2. Weak convergence to the Kiefer process. Let ¢ be a positive integer. Let f =
(f1,--., f¢) be a continuous function from T?¢ to R. The modulus of continuity
w(f,-) of f is defined by
w(f,z) = sup w(fi, ),
1<i<e
where we recall that w(f;, x) is defined by equation (1.4).

As usual, we denote by £>([0,1] x R?) the space of bounded functions from
[0,1] x R? to R equipped with the uniform norm. For details on weak convergence
on the non separable space £>°([0, 1] x R¥), we refer to van der Vaart and Wellner
(1996) (in particular, we shall not discuss any measurability problems, which can
be handled by using the outer probability).

For any positive integer £ and any « €]0, 1], let

p (pfl)(2a+p)>.

all, o) = min keo(p), where ko o(p) = max (a(p —50) p

p>max(€+2,2¢0)
(2.2)
Note that this minimum is reached at p; = max(3,pg), where pg is the unique
solution in |24, 4¢[ of the equation
p (p—1)(p+20)

(p—20) p (2:3)

(in particular, p; = pg if £ > 1).

We are now in position to state the main result of this section.

Theorem 2.4. Let f = (f1,...,f0) : T¢ — R’ be a continuous function, with
modulus of continuity w(f,-). Assume that the distribution functions of the f;’s are
Hélder continuous of order o €]0,1]. If

w(f,z) < Cllog(z)|™* for some a > a(f, ),
then the process {n_l/QSW] (s),t € [0,1],s € R} converges in distribution in the

space £°([0,1] x RY) to a Gaussian process K with covariance function T' defined
by: for any (t,t') € [0,1)? and any (s,s') € R x R,

T(t,t,s,8) =min(t,t')A(s,s") with A(s,s') = Z Cov(ly<s,Lioricy ).
keZ
The proof of Theorem 2.4 is given in Section 5. It uses results of Sections 3 and
4.

Remark 2.5. Using the Cardan formulas (see the appendix) to solve (2.3), we get

L+1— [ p 1 2
po = 2% +2 f%cos (3 arccos (g _(;)3>> ,
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with )
p = —dal 4+ 20 — 20 — g(—2£+2a—2)2 <0

and
1
¢ = 5o (204 200 = 2)(2(~2 + 20— 2)? 4 360l — 180 + 18a) + 4ol .
For example, for a = ¢ =1, we get py ~ 2.9 and finally a(1,1) = 10/3.
Recall that, by Theorem 2.1, if £ = 1 and p € [2, 00|, the weak invariance principle
holds in Dy ([0,1]) as soon as a > p — 1 without any condition on the distribution
function of f.

The weak convergence of the (non sequential) empirical process {n=1/25,(s),s €
R’} has been studied in Durieu and Jouan (2008) and Dehling and Durieu (2011).
When ¢ = 1, a consequence of the main result of the paper by Durieu and Jouan
(2008) is that the empirical process converges weakly to a Gaussian process for any
Holder continuous function f having an Holder continuous distribution function.
In the paper by Dehling and Durieu (2011) this result is extended to any dimen-
sion £, under the assumptions that f is Holder continuous and that the moduli of
continuity of the distribution functions of the f;’s are smaller than C|log(z)|~® in
a neighborhood of 0, for some a > 1.

Note that, in our case, one cannot apply Theorem 1 of Dehling and Durieu
(2011). Indeed, one cannot prove the multiple mixing for the sequence (f o T%);ez
by assuming only that w(f, ) < C|log(z)|~* in a neighborhood of zero (in that case
one can only prove that |Cov(f, foT™)|is O(n™?)). However, even if our condition
on the regularity of f is much weaker than in Dehling and Durieu (2011), our result
cannot be directly compared to that of Dehling and Durieu (2011), because we
assume that the distribution functions of the f;’s are Holder continuous of order «,
which is a stronger assumption than the corresponding one in Dehling and Durieu
(2011).

3. Probabilistic results

In this section, C' is a positive constant which may vary from lines to lines, and
the notation a,, < b, means that there exists a numerical constant C' not depending
on n such that a, < Cb,, for all positive integers n.

3.1. Limit theorems and inequalities for stationary sequences. Let (Q, A, P) be a
probability space, and T : Q +— € be a bijective bimeasurable transformation
preserving the probability P. For a o-algebra Fy satisfying Fo C T~ 1(Fp), we
define the nondecreasing filtration (F;);ez by F; = T~4(Fy). Let F_o = Niez Fr
and Foo = ey Fr- Let Z be the o-algebra of T-invariant sets. As usual, we say
that (7, P) is ergodic if each element A of Z is such that P(4) =0 or 1.

Let (B, |- |g) be a separable Banach space. For a random variable X with values
in B, let || X||, = (E(|X5))"/? and L?(B) be the space of B-valued random variables
such that || X||, < co. For X € L' (B), we shall use the notations E,(X) = E(X|F}),
Ew(X) = E(X|Fx), E_oo(X) = E(X|F_), and Pi(X) = Eg(X) — Ex—1(X).
Recall that E(X|F,) o T™ = E(X o T™|Fptm)-

Let X be a random variable with values in B. Define the stationary sequence
(X;)icz by X; = Xo o T%, and the partial sum S, by S, = X1 + Xo +--- + X,,.
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3.1.1. Weak invariance principle in smooth Banach spaces. Following Pisier (1975),
we say that a Banach space (B, |- |g) is 2-smooth if there exists an equivalent norm
| || such that

1
sup { 73 sup{ 2+ tyl| + 2 — tyl] =2 2] = ] = 1} } < oo.
>

From Pisier (1975), we know that if B is 2-smooth and separable, then there exists a
constant K such that, for any sequence of B-valued martingale differences (D;);>1,

n
E(|Dy +--- + Dalg) < K ) E(|IDiff)- (3.1)
i=1
From Pisier (1975), we see that 2-smooth Banach spaces play the same role for
martingales as spaces of type 2 for sums of independent variables. Note that, for
any measure space (T, A,v), LP(T, A, v) is 2-smooth with K = p —1 for any p > 2,
and that any separable Hilbert space is 2-smooth with K = 2.

Let Dg([0,1]) be the space of B-valued cadlag functions. In the next theorem,
we give a condition under which the process {n~=!/ 2S[nt],t € [0,1]} converges in
distribution to a B-valued Wiener process, in the space Dg([0,1]) equipped with
the uniform metric.

By a B-valued Wiener process with covariance operator Ag, we mean a centered
Gaussian process W = {W,t € [0,1]} such that E(|W;|3) < oo for all ¢ € [0,1] and,
for any g, h in the dual space B*,

Cov(g(We), h(Ws)) = min(t, s)Ag(g, h) -
Proposition 3.1. Assume that B is a 2-smooth Banach space having a Schauder
Basis, that (T,P) is ergodic, that || Xo||2 < 0o and that E(X) =0. If E_(Xo) =0
a.s., Xo is Foo-measurable, and

D Po(Xi)]l2 < o0, (3.2)

kEZ

then the process {n_l/QS[nﬂ,t € [0,1]} converges in distribution in the space
Dg([0,1]) equipped with the uniform metric to a B-valued Wiener process Wy,
where Ap is the covariance operator defined by

fOT any gah in B*y AB(gah) = ZCOV(g(X0)7h(Xk))
keZ

Proof of Proposition 3.1: Let us prove first that the result holds if E_1(Xy) = 0
almost surely, that is when (Xj)rez is a martingale difference sequence. As usual,
it suffices to prove that:
(1) forany 0 =tp <t1 <---<tg=1
1
ﬁ(s[ml],s[m] = Smts]r  » Sinta] = Sinta_1])

converges in distribution to the Gaussian distribution 1 on B? defined by
w= 1 ® po -+ ® pug, where p; is the Gaussian distribution on B with
covariance operator C;:

for any g,h in B*,  Ci(g,h) = (t; — ti—1)Cov(g(Xo), h(Xo)) ;
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(2) for any € > 0,

1
lim lim sup 5P< max |Sk|s > f&) =0.

550 n—soo 1<k<[nd]

The first point can be proved exactly as in Woyczynski (1975), who proved the
result only for t; = 1. Let us prove the second point. For any positive number M,
let

Xll = XillXilmSM — E(Xi]-\X,;\BSM|}—i—1) and Xz{/ =X, — Xl/ .
Let also S), = X{ +---+ X}, and S/ = X{' 4+ --- + X//. Since B is 2-smooth,
Burkholder’s inequality holds (see for instance Pinelis (1994)), in such a way that

E(lglkax |Sk|m> < K,M%%% for any q > 2.

Hence, applying Markov’s inequality at order ¢ > 2,

1 K. Masa—2)/2
fIP( max |5k\ma > fs) <4 -

6 \1<k<[n c4
As a consequence, we get
- 1
}1_% 111rln_>sol<1)p 5P< nax |S1|B > fs) =0. (3.3)

In the same way, applying Markov’s inequality at order 2

1 Ko
51@(133?5] SKls > vie) < E(Xol3L xyfeon1) (3.4)
The term E(|Xo[§1|x,[,>n) is as small as we wish by choosing M large enough.
The point 2 follows from (3.3) and (3.4).

We now consider the general case. Since B is 2-smooth, Burkholder’s inequality
holds and so Proposition 3.1 in Dedecker et al. (2013a) (with | - | instead of | - |p)
applies: if (3.2) holds, then, setting d, = 5., Pr(X;), we have

k
> i
i=1

Since (d;)iez is a stationary martingale differences sequence in IL?(B), we have just
proved that it satisfies the conclusion of Proposition 3.1. From (3.5) it follows that
the conclusion of Proposition 3.1 is also true for (X;);cz with

As(g. h) = Cov(g(do), h(do)), for any g,h in B".

€L

= o(v/n). (3.5)

’ max
1<k<n

It remains to see that this covariance function can also be written as in Propo-
sition 3.1. Recall that since E_o,(Xg) = 0 a.s. and X is Fo-measurable, for any
g and h in B*,

> Cov(g(Xo), (X)) < (D I1Po(9(X)) ||)(Z||Po (Xe)l2) < o
keZ kEZ

(see the proof of Theorem 3.1 in Dedecker et al. (2013a)). Hence, for any g in B*,

1 L5((300000)") = X Covla(Xo).0(x2). 36)

k=1 k€EZ
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Now, from (3.5), we also know that

1 S 2 2
lim. HE((kZ_lmxk)) ) = E((9(do))?). (3.7)
Applying (3.6) and (3.7) with g, h and g + h, we infer that

Cov(g(do), h(do)) = > Cov(g(Xo), h(Xx)),

kez
which completes the proof. ([l

3.1.2. A Rosenthal inequality for non adapted sequences. We begin with a maximal
inequality that is useful to compare the moment of order p of the maximum of the
partial sums of a non necessarily adapted process to the corresponding moment
of the partial sum. The adapted version of this inequality has been proven in the
adapted case (that is when X is Fop-measurable) in Merlevede and Peligrad (2013).
Notice that Proposition 2 of Merlevede and Peligrad (2013) is stated for real valued
random variables, but it holds also for variables taking values in a separable Banach
space (B, |- |p)-

Proposition 3.2. Let p > 1 be a real number and q be its conjugate exponent. Let
Xo be a random variable in LP(B) and Fy a o-algebra satisfying Fo € T (Fp).
Then, for any integer r, the following inequality holds:

| o, 15 'BH <q||52r|\p+q2r/pe2;2 2| Eo (S2e)

+(g+1)27/7 Y 277 Sy — Bge (Sae)|p - (3:8)
=0

Remark 3.3. If we do not assume stationarity, so if we consider a sequence (X;);cz
in L?(B) for some p > 1, and an increasing filtration (F;);cz, our proof reveals that
the following inequality holds true: for any integer r,

r—1 277t—1

H max S, |]BH <q||Serp+qZ( Z [Er2t (Strg1y2r — Sk20) 1} >/

1<m<27
=0 = k=1
r 27—t 1/
p
+(g+1) Z(ZHSMZ = Sk-1)2t — Ego1 (St — Se—1)20) I} )
=0 k=1

Remark 3.4. Under the assumptions of Proposition 3.2, we also have that for any
integer n,

o[BSl
‘&félwk'mu <2q max ||SkH +apn Z /1+1/p

2n
Se — Eq(Se
+ bpnl/PZ || €1+1§p )Hp ; (39)
=1

where
21+1/pq 21+1/p

ap:m and bp:2(q+1)m
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The proof of this remark will be done at the end of this section.

In the next results, we consider the case where (B,| - |g) = (R,|-|). The next
inequality is the non adapted version of the Rosenthal type inequality given in
Merlevede and Peligrad (2013) (see their Theorem 6).

Theorem 3.5. Let p > 2 be a real number and q be its conjugate exponent. Let Xy
be a real-valued random variable in ILP and Fy a o-algebra satisfying Fo C T~ (Fo).
Then, for any positive integer r, the following inequality holds:

E( max 5;") < 2"E(|Xo|)? +2" <Z WEO52k>p>

1<5<2r ok/p

r— p/(26)
||SQk Egk S2k)||p r ! ||EO( )Hp/2
(Z o +2 2722%”) . (3.10)

k=0

where 6 = min(1,1/(p — 2)).

Remark 3.6. The inequality in the above theorem implies that for any positive
integer n,

n p
1
E( max |S; |p> < nE(|X1)? +n (; JRESY S ||E0(Sk)p> +

1<j
2n 1 p 1
(Z k_1+1/p HS’C Ek(Sk)”p> +n <Z k1+25/p ||]E0(Sk)p/2>

To prove Remark 3.6, it suffices to use the arguments developed in the proof of
Remark 3.4 together with the following additional subadditivity property: for any
integers ¢ and 7, and any § €]0, 1]:

o (S 5)lIp /2 < 2 1Eo(SF) lp/2 + 2° [Eo(S3) /2 -

So, according to the first item of Lemma 37 of Merlevede and Peligrad (2013), for
any integer n €]2""1, 2],

p/(29)

=B (S3)119 "
p/2 S2)|18
];W <<;7k1+25/p\\1€o( Sillp/z -

Remark 3.7. Theorem 3.5 has been stated in the real case. Notice that if we assume
Xo to be in LP(B) where (B, |-|p) is a separable Banach space and p is a real number
n ]2, 00[, then a Rosenthal-type inequality similar as (3.10) can be obtained but
with a different ¢ for 2 < p < 4. To be more precise, we get

1<5<2 2k/p

B /(26)

= || 0(|52k|]BS)H 8

r p/2

42 <§ —w , (3.11)

B( max I5,0%) < 2'E(Xols) +2 (Z S — Eo- Smnp)

k=0

where 6 = min(1/2,1/(p — 2)). The proof of this inequality is given at the end of
this section.
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As a consequence of (3.10), one can prove the following proposition which will
be a key tool to prove the tightness of the sequential empirical process (1.3) in the
space £°°([0, 1] x R?) (see the proof of Theorem 2.4, Section 5).

Proposition 3.8. Let p > 2. Let Xy be a real-valued random variable in LP and
Fo a o-algebra satisfying Fo C T~Y(Fo). For any j > 1, let
A(X, j) = max (2 sup H]EO(XinJri)”p/Q’Oqu o (X X44) — E(XJXJ‘H)Hp/z) :
12 Y]

(3.12)
Then, for every positive integer n,

n—1 1/2 n 1
1/2 1 1
| 1551 <nt2( XD IEK0X) T X "2 g oKDl

2n n

1 1/2

+”””Z kl/p”XO — Ex(Xo)llp +n1/p(z k(2/ = - (log k)7 A(X,k)) )
k=1 P

where v can be taken v =0 for 2 <p <3 and v > p— 3 for p > 3. The constant
that is implicitly involved in the notation < depends on p and v but it depends
neither on n nor on the X;’s.

The proof of this proposition is left to the reader since it uses the same arguments
as those developed for the proof of Proposition 20 in Merlevede and Peligrad (2013).

We would like also to point out that Theorem 3.5 implies the following Burkholder-
type inequality. This has been already mentioned in the adapted case in Merlevede
and Peligrad (2013, Corollary 13).

Corollary 3.9. Let p > 2 be a real number, Xg be a real-valued random variable
in LP and Fy a o-algebra satisfying Fo € T-1(Fo). Then, for any integer r, the
following inequality holds:

P rp/2 p rp/2 ||EO SQJ ||P)
E(limix ‘S|)<<2 E(|Xol") +2 (Z 2i/2

rp/2 525 — Egi (Sai)[lp\?
+ o/ (Z ST p) . (3.13)
j=1

The above corollary (up to constants) is then the non adapted version of Peligrad
et al. (2007, Theorem 1) when p > 2.
We now give the proof of the results of this section.

Proof of Proposition 3.2: For any k € {1,...,2"}, we have
Sy =85, — Ek(Sk) + Ek(SQr) — Ek(52r — Sk) .
Consequently

‘ max |Sk\BH <H max |Ej(S2r)
1<k<2r 1<k<2r

H + H max  |Eor_p,(Sor — S27'—m)|BH

» 1<m<2r—1

1182 = Bar(Sor)lp + | |_max (S ~Em(Sw)ls] . (3.14)
1<m<2r—1
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Following the proof of Proposition 2 in Merlevede and Peligrad (2013), we get

| e [Ex(S2r)]s
1<k<L27

+ H max |]E2r,m(52r — ST‘*M)hB
1<m<27—1

P
r—1 277 *%_1

1/p
< alE(S2)llp + 4 (0 MBkoe(Seenyoe = Ska)l2) -

=0 = k=1
So, by stationarity,
| s, cseote], + [ s, B (S = -l
r—1
< q|[Bar (Sar)llp + 277 Y " 27P|[E(Sge | o)l - (3.15)
£=0
We now bound the last term in the right hand side of (3.14). For any m €
{1,...,2" — 1}, we consider its binary expansion:
r—1
m = Zbi(m)T, where b;(m) =0 or b;(m) =1.
i=0

Set m; = 31— bi(m)27, and write that

|Sm - Em(Sm>|]B < Z |Sml - Sml+1 - Em(smz - sz+1)|153’ (316)

since Sop = 0 and m, = 0. Now, since for any | = 0,...,r — 1, Fp,, € Fp, the
following decomposition holds:

|Sm’ - Sm"*'l - ]Em(Sml o Sml-%—l)hB < |sz - Sml+1 - Emz(smz - sz+1)|]ﬂ3
+ |E(Sm; = Smips = By (Smy = Sy )1 Fm)) |5
Notice that m; # my41 only if m; = km,l2l with k,,; odd. Then, setting

B, = max |Skat — S(e—1)2t — Epat (Skat — Sr—1y21) |5,
1<k<2r— k odd

it follows that
|Sml - sz+1 - Em(sml - SmHl)hﬂé < Br,l + |E(Br,l|]:m)| .
Starting from (3.16), we then get

| cmax 10—~ En(Sule <Z||Brl||p+ZH max  [E(B Fn)l| -

1<m<27—1 1<m<2r—

Since (E(B, | Fm))m>1 is a martingale, by using Doob’s maximal inequality, we get

E(B, m H < g||E(B _ < q||B, ’
| x| [EBE)| < gl Wy < all Bl
yielding to

H1<m<2T 1|S |BH (¢+1) Z”Brl”p
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Since

or=l_q 1/p
B, < ( Z |Skat — Se—1)2t — Epot (Spar — S(k—1)21)|§> ,

k=1
we derive that
H max  |S,, — Em(Sm)hBH
1<m<2r—1
r—1 2"7'-1 1/p
<(g+1) Z ( Z |Skat — S(k—1)2t — Epor (Skar — S(k—ml)”g) :

=0 k=1

So, by stationarity,

| _max  [Sm —En |BH (q+1 zr/pZQ—l/pusQl Eyi(Sy)ll,. (3.17)

1<m<27—1
Starting from (3.14) and taking into account (3.15) and (3.17), the inequality (3.8)

follows.
O

Proof of Theorem 5.5: Thanks to Proposition 3.2, it suffices to prove that the in-
equality (3.10) is satisfied for E(|S2-[P) instead of E(maxi<j<or|S;[?). We shall
use similar dyadic induction arguments as those developed in the proof of Theo-
rem 6 in Merlevede and Peligrad (2013). With the notation a,, = ||S,||,, we shall
establish the following recurrence formula: for any positive integer n and any p > 2,

a,, < 2ah, + cral "t (IEo(Sn)llp + 180 — En(Sn)llp) + c2ah 2 [Eo(S2) 152, (3.18)

where ¢; and ¢y are positive constants depending only on p. Before proving it, let
us show that (3.18) implies our result. With this aim, we give the following lemma
which is a slight modification of Lemma 11 in Merlevede and Peligrad (2013).

Lemma 3.10. Assume that for some 0 < § < 1 the recurrence formula (5.18)
holds. Then, for any integer r,

r—1
p
b, <2 (4a + (200 3 2P oS )
k=0

- r—1
+ (201 Z 2—k/PHSgk — Eox (S2k)||p)p n (202 Z 9—2k3/p ||E0(S§k)||i/2)p/2§) .
k=0 k=0

(3.19)

Let us prove the lemma. From inequality (3.18), by recurrence on the first term,
we obtain, for any positive integer r,

r—1
. <2 (a fober 2 (Sl e 324l S — Eae (80l
k=0 k=0

+c222 g B (5301152 )
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With the notation B, = Jna (ady./ 2k), it follows that

<k<r
r—1
B, < aby +ciBEYP ST 27 R By (S50),
k=0
r—1 r—1
+er BP0 R S Bk (e[ hea BY2/P Y 2712/ By (52,) 2,
k=0 k=0

Therefore, taking into account that either B, < 4a§0 or

r—1 r—1
B < dey Y 27 M Eg(Sp0)ll, or B < der 3 27 M Sy — Egn (S0l
k=0 k=0
or BY*/P < ey 32 27172008 B (S2,)]),, the inequality (3.19) follows.
To end the proof of Theorem 3.5, it remains to prove (3.18). With this aim, we
denote by S, = X, 41 + -+ + Xop, and we write
Son = Sp —En(Sn) +En(S,) + S,
Recall now the following algebraic inequality: Let = and y be two positive real
numbers and p > 1 any real number. Then

(z+y)P <aP +yP + 4P (@ y +ayP ) (3.20)
(see Inequality (87) in Merlevede and Peligrad (2013)). The above inequality with
= |En<sn) + Sn‘ and Y= |Sn - En<sn)| gives
a12)n < |En(Sn) + 5n||§ +[|Sn — En(Sn)Hg
+APE (B (Sn) 4+ 50 [P~ x|S0 —En (Sn)]) +4PE (|E (S ) 4+ Sn| X S —En (Sn)[P71) .
Next using Holder’s inequality and stationarity, we derive that, for any p > 2,
aby, < En(Sn) + Sullh +2P7H (1 + 2771 )al Sy — En(Sn) |l - (3:21)

Starting from (3.21), (3.18) will follow if we can prove that there exist two positive
constants ¢ and ¢y depending only on p such that
[En(Sn) + Sullh < 208, + cab, [Eo(Sn) |l + coah, > [Eo(S2) 152 - (3.22)

This inequality can be proven by following the lines of the end of the proof of
Theorem 6 in Merlevede and Peligrad (2013) replacing in their proof = = S, by
x = E,(S,). However, for reader’s convenience we shall give the details. The proof
is divided in three cases according to the values of p.

Assume first that 2 < p < 3. Inequality (85) in Merlevede and Peligrad (2013)
applied with z = E,,(S,) and y = S,,, gives

IE (Sn) + gn|p < |E(Sn)[P + |Sn|p + p|En(Sn)|pilsign(En(Sn))Sn

-1 _
20V, (507282

But E(|E,.(S,)[?) < @k and, by stationarity, E(|S,[?) = aZ.
inequality combined with stationarity gives
E(|En(sn)|pilsign(En(Sn))gn) = E(|En(5n)|pilsign(En(Sn))En(gn))
< o5l

Moreover, Holder’s
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and
E(Eq(Sn)P7253) = E(|Ea(Sn)[P7?En(S3)) < ab2|[Eo(S7)lp/2 -
So, overall, we get

= _ plp—1) ,_
B (S) + Sallp < 207+ pab ™ [Eo(S)lp + 222 (52

proving (3.22) with § =1, ¢ = p and ¢co = p(p — 1)/2.
Assume now that p €]3,4[. Inequality (86) in Merlevede and Peligrad (2013)
(applied with z = E,,(S,) and y = S,,) together with stationarity lead to

_ B —1 _
[E.(S0) + Sl < 208 + pa  [Bo(S,)l, + 2Dz 2o (52)],

+ 2]9(]9 - 2)_1E(‘En(sn)||‘§’n|p_1> '

To handle the last term in the right-hand side, we notice that for any p > 3 and
any positive random variables Yy and Y; such that E(Y)) < a? and E(YY) < a?,

E(YoY?™!) < a?= =2 [E(vi[Yp) || /&~ (3.23)
(see the proof of inequality (83) in Merlevede and Peligrad (2013)). Using sta-
tionarity and applying (3.23) with Yy = |[E,(S,)| and Y7 = |S,|, we get, for any
p=3,
1/(p—2
E(|En (Sn)]1SnlP~") < ab=2 0= |[Bo(S,)1/F 2. (3.24)

So, overall, for any p €]3, 4],

_ -1)
[E(S) + Sully < 202 + pat = [Ea(S,)l, + 2L a2 (521,

— — _ 1 2
+2p(p — 2)7Lal = D [Eo ()18 (3.25)

But, for p > 3, [|Eo(S2)|p2 < al e 2)H]E (SQ)||1/(p 2 which together with
(3.25) show that (3.22) holds with 6 = 1/(p —2), ¢ = p and ¢ = p(p — 1)/2 +
2p/(p —2).

It remains to prove the inequality (3.22) for p > 4. Inequality (3.20) (applied
with = E, (S,) and y = S,,) together with stationarity lead to

1En(Sn) + Snllf < 205 + 4PE (| (Sn) [P~ Sn|) 4+ 4PE(|En (Sn)|[SnlP~") . (3.26)
Notice that Holder’s inequality combined with stationarity entails that

E(|En(Sn)IP~ 1Snl) = E(|En(Sn)[P En(ISa])) < ab™ Eo(|Sn])llp -

1/2

But, by Jensen’s inequality, || Eo(]Sn])|p, < ||]E0(S,2L)||p/2.

using stationarity, we derive that

E(|En(Sn)[P~11Sn]) < ab 7 [[Eo(S2)]5)5 < a2/ =D|[Bo(82)]/8 2. (3.27)

Therefore, starting from (3.26) and using the bounds (3.24) and (3.27), we get

Hence, since p > 4, by

1En(S) + Sally < 28+ 2% ap 2/ 0D Eo(S)I

proving (3.22) with § = 1/(p —2), ¢ = 0 and ¢y = 2?PFL. O
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Proof of Remark 5.7: As it is pointed out in the proof of Theorem 3.5, the remark
will be proven with the help of Proposition 3.2, if we can show that

as, < 2aj, + crah S, - En(Su)llp + C2aﬁ_26||]E0(|Sn‘I%B)”g/2 )

where af = E(|S,|k), c1 and ¢y are positive constants depending only on p and
0 =min(1/2,1/(p—2)). Indeed, the second term in the right-hand side of (3.8) can
be bounded by the last term in the right-hand side of (3.11). To see this it suffices
to use Jensen’s inequality and the fact that § < 1/2.

Starting from (3.21) (by replacing the absolute values by the norm |- |g), we see
that to prove the above recurrence formula it suffices to show that there exists a
positive constant ¢ depending only on p such that

I (Sn) + Snllh < 208 + cal ™ | Eo(ISn[2)Il52 -

The difference at this step with the proof of Theorem 3.5 is that the inequality
(3.20) is used whatever p > 2 (in the case of real-valued random variables, we have
used more precise inequalities when p €]2, 4]). O

Proof of Corollary 5.9: To prove the corollary, it suffices to show that for any 0 <
6 <1 and any real p > 2,

_ (29)
=L Eo(S2,)[2 5\
r /2 r /2
(ZM) <2 MQHEO(X%)Hi/Q
k=0

rp/2 IEo(S2i )|lp + [|S25 — Egi (Sa5)[[p\?
4o/ (Z ot P) . (3.28)

and to apply Theorem 3.5.

To prove (3.28), we shall use similar arguments as those developed in the proof
of Lemma 12 in Merlevede and Peligrad (2013). Setting b, = ||Eo(S2)||,,/2, assume
that we can prove that, for any integer n,

ban < 2bn + 26,/ (| Eo(Sn) | + S0 — En(Sn)llp) (3.29)

Then, by recurrence on the first term, the above inequality will entail that for any
positive integer k,
k-1
bar < 201+ 2579052 (|[Eo(Szs) 1 + (152 — Eas (S29)ll)
=0

Next, with the notation By = maxo< <k 277 by;, it will follow that

k—1
Bk S 2max (bl, Bi/Q Z 2_j/2(||E0(52_7‘)||p + ||S2.7‘ - Egj (SQJ)Hp)) 9
7=0

implying that

k—1 ) 2
2 Fby < By <20y + 22(22*J/2(||Eo(821>\|p + 1|82 — Engj)np)) :
§=0

Since the above inequality clearly entails (3.28), to prove the corollary it then
suffices to prove (3.29). With this aim, by using the notation S,, = X, 41+ -+ X,,,
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we first write that S2, = S2 4+ S2 + 2E,,(S,)S, + 2(S,, — E,(S,))S,. Hence, by
stationarity,

ban < 2bp + 2{|Eo (En (Sn)En (Sn)) llp/2 + 2[Eo ((Sn = En(Sn))Sn) llp/2 -

Therefore the inequality (3.29) follows from the following upper bounds: applying
Cauchy-Schwarz inequality twice and using stationarity, we get

Eo (B (Sn)En (Sn))llp/2 < [Eo(E2(Sn))]1/5 % [Eo(E2(Sn))1/5

< [[Eo(S2))11/75 * I1E2(Sn) 125 < b/ 1Eo(Sn)

and

B0 ((Sn = En(Sn))Sn) lp/2 < IEo(((Sn — En(Sn))?)2/21Ea(S2)1/5

< b}z/QHSn - En(Sn)Hp :

O

Proof of Remark 5./: Let n and r be integers such that 2" =1 < n < 2". Notice first
that

’ max \Skth < || max
1<k<n 1<k<or

Sinls|| | and (1Sl < 2/1Sr-1llp < 2 max (1Sl

(3.30)
(for the second inequality we use the stationarity). Now, setting V., = ||Eo(Sm)]lp,
we have by stationarity that for all n,m > 0, V,,4,,, < V,, +V,,, and then, according
to the first item of Lemma 37 of Merlevede and Peligrad (2013),

r—1
p21/P22HUP S| B (Sk) |
r —£ 0Pk )llp
2/P N " 27 |[Eg(Sae)||p < mP e=yra. Z PRESyR
£=0
21+1/p |EO Sk ||p

nt/p

|
< 1— 2—1/p 1 Z kl-l—l/p

(3.31)

On an other hand, let W,,, = ||Sy, — Epn(Sm)|lp, and note that the following claim
is valid:

Claim 3.11. If F and G are o-algebras such that G C F, then for any X in LP(B)
where p > 1, | X — E(X|F)[l, < 21X —E(X|G)][,-

The above claim together with the stationarity imply that for all n,m > 0,
Whim < 2(W,, + W,,). Therefore, using once again the first item of Lemma 37 of
Merlevede and Peligrad (2013), we get

21+1/p
1—2-1/p1

Sy — Eo(Sy)
Z” e = Be(So)llp (3.32)

27/p Z 2_€/p||525 — Ky (52’5)”1) B 2!/ (1+1/p

£=0

The inequality (3.9) then follows from the inequality (3.8) by taking into account
the upper bounds (3.30), (3.31) and (3.32). O
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3.2. A tightness criterion. We begin with the definition of the number of brackets
of a family of functions.

Definition 3.12. Let P be a probability measure on a measurable space X. For
any measurable function f from X to R, let || f|lp1 = P(|f]). If ||f|lp1 is finite,
one says that f belongs to LL. Let F be some subset of LL. The number of
brackets Np1(e,F) is the smallest integer N for which there exist some functions
fi < fi,ooosfy < fyv in F such that: for any integer 1 < ¢ < N we have
Ifi = fi llpa < e, and for any function f in F there exists an integer 1 < i < N
such that f; < f < f;.

Proposition 3.13 below gives a general tightness criterion for empirical processes.
Its proof is based on a decomposition given in Andrews and Pollard (1994) (see also
Dedecker and Pricur (2007)). Under the setting and conditions of Theorem 2.4, the
criterion (3.33) will be shown to hold with the help of Proposition 3.8 (see the proof
of Theorem 2.4 in Section 5).

Proposition 3.13. Let (X;);>1 be a sequence of identically distributed random
variables with values in a measurable space X, with common distribution P. Let P,
be the empirical measure P, = n~1 Z?:l dx,, and let S, be the empirical process
Syp =n(P, —P). Let F be a class of functions from X toR and G = {f —1,(f,1) €
F X F}. Assume that there exist v > 2, p > 2 and C > 0 such that for any function
g of GUF and any positive integer n, we have

| max 1suo)l| < calglf +nt/), (3.33)
SRS p

where Si(g) := Zle(g(Xi) — P(g)). If moreover

1
/ x(lfr)/r(prl(gj,f))l/pdx < oo and lir% xpszP,l(xa]:) =0,

0 T—
then

lim limsupE( max sup n_p/2|Sk(g)\p) =0, (3.34)
0720 nooo M<kSngeg gllp<o

1
and %1_% herILSolip 5E<1§I1?2§L5] ?21; n*p/2|5k(f)|1”> =0. (3.35)
Proof of Proposition 5.15: It is almost the same as that of Proposition 6 in Dedecker
and Prieur (2007). Let us only give the main steps.

For any positive integer k, denote by N, = Np1(27%,F) and by Fj a family of
functions f{"~ < fF,..., fx < fk in F such that || fF — f7|[py < 27F, and for
any f in F, there exists an integer 1 < i < N such that fik’_ <f<fh

We follow exactly the proof of Proposition 6 in Dedecker and Prieur (2007).
For reader’s convenience, we give the key details. For any f in F, there exist two
functions g, and g; in F such that g;; < f < g and ||g; — g |1 < 27%. Hence,
for any 1 <j <mn,

Si(f)=Silgx) < Sj(gif)—Sj(gzZ)JrZE((g;j—f)(Xi)) < 18j(gi) = S;(gi; ) +527F

Since g, < f, we also have that S;(g;) — S;(f) < 727F, which enables us to
conclude that

1S;:(f) = Si(gi )l < 185(9%) = Silg ) + 427"
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Consequently
, (kY — S (R ok
;gglsy( ) = Silgi)l < max |S;(f5) = 8;(fi7 ) +527 (3.36)

Notice now the following elementary fact: given N real-valued random variables
Z1,...,Z N, we have

. 1/p ,
I 12‘?{1\[ [ Zilllp < N 12‘%\7 1Zillp - (3.37)
Combining (3.37) and (3.36), we obtain

o 1/p k kﬁ —k
[ s, sup 1858001, < A" mag 1| mass 15(4) = 8,(£1 Dl lp+n2
(3.38)

Starting from (3.38) and applying (3.33), we obtain

H1r<na<x sup n~ V2|8 (f) — Sj(g,;)|H SC(/\fkl/p27k/r+N,€1/pnl/p71/2)+\/ﬁ2*k.
Sisn feF p
(3.39)

By the arguments developed right after the inequality (4.6) in Dedecker and Prieur
(2007), we infer that there exists a sequence hy,)(f) belonging to Fj,) such that
. ~1/2
| g s 150 = S50 (D], = (340
We prove now that for any € > 0, there exist N(¢) and m = m(e) such that :
for any n > N(e) there exists a function f, ,, in F,, such that
H max sup %S, (fr.m) — S; (hiy (f |H <e. (3.41)
1<j<n feF
Given h in Fy, choose a function Ty_1(h) in Fi_1 such that |h — Ti—1(h)|p1 <
2-F+1 " Denote by ek = Id and for | < k, mp(h) = Ty o---0Tp_1(h). We
consider the function fr, ;m = T k(n) (hin)(f)). For the sake of brevity, we write
hi(ny instead of hy(,)(f). We have that

|, sup 1) = S )],

k(n)
<X H max sup |5, (m, ) (i) = S5 (- (ao) | - (3:42)

1<j<n peF

Clearly

| s, sp 15 (o)) = S o o) |

< || max max1;(0) = 5T

Using then (3.33) combined with (3.37), it follows that

max sup n” /2|8 (frm) — Sj(h H
H1<J<an€§ |55 (frim) = Sj(hi(n))] )

k(n)
<C Z (21/TM1/P2—l/T +/\/l1/Pn1/p—1/2).
l=m+1



750 Dedecker et al.

To complete the proof of (3.41) we use the same arguments as in Dedecker and
Prieur (2007), page 130.

Combining (3.40) and (3.41), it follows that for any € > 0, there exist N(e) and
m = m(e) such that: for any n > N(¢) there exists f, n, in F,, for which

1/2 <
nglkaé(n;ggn |Sk(f) — Sk(f"’m)|Hp < 2e. (3.43)

Using the same argument as in Andrews and Pollard (1994) (see the paragraph
“Comparison of pairs” page 124), we obtain

—1/25 —S
‘ggﬂ sup 1Sk (f) — Sk(9)
If=gllp1<6

< 8
p

+N2/P sup ‘ max n”2|Sy(f) — Sk(9)|H :
FlgeF 1<k<n p

.
IF=gilp <25

Since by (3.33),

sup ’ max 1~ Y2[S(f) - Sk(g)‘H < C((26)/7 + ni/r=112),
f.geF 1<k<n »
If—gllp1<26

it follows that

‘ max  sup nY2Su(f) fSk(g)|H < 82 4+ CN2/P((20)Y/7 4 nt/P=1/2)
1<k<n  fger P
If=gllp1<d
which proves (3.34).
Let us now prove (3.35). We apply (3.43) with € = 1: for n > §~1N (1), we infer
from (3.43) that there exists fj,,5),m in Fy, for which

max sunl/QS S an<\/S.
H1<k<[n6]fe§.)- [k (f) = Sk (fns),m)] -

Hence

sl < Vo e |, @0
[, anae supn iSOl < VB4 | ma sup 2SI (3

Now, since F, contains 2\, functions (g¢)ecqa,....2n,,} (each g¢ being one of the
functions f/™ or f/" in F,,), it follows that

Y15kl <
[, ama | sup 0721 )

f” 1<k:<[n(5] klge |H
Let K,, = maxser,, ||f|lp,1- Applying (3.33), we infer that

H max _sup 1~ /2[S(fing. )|H < 2ON W (KNG + n~(=D/2061/p) | (3.45)
1<k<[nd) ferF P

Since m = m(1) is fixed, (3.35) follows from (3.44) and (3.45) and the fact that
p> 2. ([l
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4. Inequalities for ergodic torus automorphisms

In this section, we keep the same notations as in the introduction. Let us denote
by E., E. and E, the S-stable vector spaces associated to the eigenvalues of S of
modulus respectively larger than one, equal to one and smaller than one. Let d,,
d. and dg be their respective dimensions. Let vy, ...,v4 be a basis of R< such that
V1, ...,Vq, are in E,, vgq,41,...,Vd,+d, are in E. and vq, 4d4,41,...,Vq are in B;. We
suppose moreover that det(vy|vz|- - |vg) = 1. Let || - || be the norm on R? given by

HZW

and do(-,-) be the metric induced by || - || on R?. Let also d; be the metric induced
by do on T¢ namely,

= max |xl|

dy(Z,7) = inf do(z+ z,9) .
z€Z

We define now B, (0) :={y € E, : |y|l <}, Be(d) :={y € E. : |ly|| <} and
Bs(0) ={y € E, : |ly|| < d}. For every f: T? — R, we consider the moduli of
continuity defined by: for every § > 0,

w(f,0) = sup 1f (@) = (@)l (4.1)

z,g€Te 1 d1(2,5)<6

Ws,e)(f6) = sup{|f (&) — f(Z +hs +he)l, €T, hy € By(0), he € Be(5)}
and
W) (f,8) = sup{|f(Z) — f(Z + h)|, Z € T, hy € Bu(6)}.

Let 7, be the spectral radius of S|E . For every p, € (ry,1), there exists K > 0
such that, for every integer n > 0, we have

Vhy € By, [|S7"hall < Kpi|[hu| (4.2)

and
V(hea hS) € k. x Eg, ||Sn(he + hS)H < Knde”he + h‘3|| . (4'3)

The following inequality can be viewed as an extension to continuous functions
of a result for Holder functions established in Le Borgne and Pene (2005) but with a
o-algebra satisfying Fo C T~ 1F, (this condition is not satisfied in the construction
of Fy considered in Le Borgne and Pene (2005)). For the next result, we shall then
use the construction of Fy given in Lind (1982); Le Borgne (1999) combined with
some arguments developed in Le Borgne and Péne (2005).

Theorem 4.1. Let p, € (ry,1) and ¢ € (pi/(3(d+2)(de+ds)), 1). There exist C > 0,
N >0, £€(0,1), a sequence of measurable sets (V,)n>0 and a o-algebra Fy such
that Fo € T~'Fy and such that, for every bounded ¢ : T® — R and every integer
n > N, we have

IE[p|Fn] = ¢lloo < ww)(wspy) s (4.4)
on Vn, [Elp|F_n] —E[p]| < C(Ilwllooﬁ” + W(s,e) (9, €™)) (4.5)

and
AT\ V,) < Ce, (4.6)

where Fy, := T~ *Fy for every k € Z.
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Remark 4.2. With the notations of Theorem 4.1, (4.5) and (4.6) imply that, for
every p > 1 and every (py, ¢) as in Theorem 4.1, there exists ¢, such that, for every
bounded ¢ : T¢ — R and every integer n > 0, we have

vn >0, [ElplF_n] = Elg]ll, < cp(lllloct® + wis,e)(#:¢™) - (4.7)

The remainder of this section is devoted to the proof of Theorem 4.1 and to the
statements and the proofs of some preliminary results. Let p, € (r,,1) and K satis-
fying (4.2) and (4.3). Let my,, me, ms be the Lebesgue measure on E, (in the basis
V1, ..., V4, ), Pe (in the basis vg, 11, ..., Va,+d,) and Eg (in the basis vg, 1d, +1, -+, Vd)
respectively. We observe that dA(hy, + he + hs) = dmy (hy)dme(he)dms(hs).

The properties satisfied by the filtration considered in Lind (1982); Le Borgne
(1999) and enabling the use of Gordin’s method will be crucial here. Given a finite
partition P of T¢, we define the measurable partition Pg° by:

vz e T, P(z):= ) T"P(T"(z)).
£>0
Next, for every integer n, we consider the o-algebras F,, generated by
vz eT!, PX,(z):= (| T"P(T*(@) =T "(P(T"(2)).
k>—n

We obviously have F, = T "Fy C Fny1 = T 'F,. Let ryg > 0 be such that
(R, hey hs) ¥ hy + he + hy defines a diffeomorphism from B, (r9) X Be(r9) X Bs(ro)
on its image in ']I‘d; Observe that, for every = € T?, on the set 7+ By, (ro) + Be(ro) +
Bs(ro), we have dN(T + hy + he + hs) = dmy(hy)dme(he)dmg(hs).

Proposition 4.3 (Lind (1982); Le Borgne (1999) applied to T, see also Dedecker
et al. (2013b)). There exist some Q > 0 and some finite partition P of T¢ whose

elements are of the form Z?:l I;v; where the I; are intervals with diameter smaller
than min(ro, K) such that, for almost every T € T¢,
e the local leaf P§°(T) of P& containing T is a set T + Fy, with 0 € Fy C
E., and such that F; is a uniformly bounded convex set having non-empty
mterior in E,,
e we have, for alln € Z,

BUIFNE) = sy [ (@4 R dma(h).

o for every v > 0, we have

mu(0(Fz) (7)) < Q7,

where
9C(B) = {y € C : do(y,0C) < B} for anyC C E,.
Recall now an exponential decorrelation result for Lipschitz continuous functions.

Proposition 4.4 (Lind (1982) and also section 4.1 of Pene (2002)). There exist
Co > 0 and &y € (0,1) such that, for every nonnegative integer n and every Lipschitz
continuous functions f,g: T% — C with de gd\ =0, we have

/Td(f-g o) dA| < Co(llfllssllgllce + I flloo Lin(g) + llgllec Lin(£))EG -

where Lip(h) is the Lipschitz constant of h.
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Let @ be the constant appearing in Proposition 4.3. The following result is an
adaptation of Proposition 1.3 of Le Borgne and Pene (2005).

Proposition 4.5. Let (; € (fé/((d+2)(de+ds)),1) where &y is given in Proposition
/.. There exist C; > 0, Ny > 1 and & € (0,1) such that, for every \-centered
bounded function ¢ : T* — R, every T € T¢, every n > Ny and every bounded
convex set C C E,, with diameter smaller than 1o, satisfying m,(0C(8)) < Qf (for
every 8> 0), we have

o(z + }Tu) dmy(hy)

’mu(gnc) /Snc my(C)

Proof: Let r := 561/(‘1”). We take e, = o™ with a € (0,1) such that {; >
a > fé/((d+2)(de+d5)) > r~1 and n such that a® < rg. Let U := T "z +
C+ Bs(en) + Be(en). We have T™(U) = T + S"C + S"Bs(en) + S"Be(en). We

have

Td

- / P(T™ (T + oy + g + ) dimay(u)dme (e )dms ()
CXBe(en)XBs(en)

:/ O(Z + hy + he + hs) dmy (hy)dme(he)dms(hs)
v

n

with V,, := 8™C x S"Be(e,,) x S"Bs(ey,). Moreover we have

/ O(Z + hy) dmy(hy)
ne

= S (gn))lme S B / (T + hy) dmy (hy)dme(he)dms(hs) .

n

Hence, due to (4.3), we have

/ Loty — (8" (Bu(2n))me (5™ (Be(en) / (T + To) dim ()
Td SnC

< S\(U)W(s,e) (907 Kndegn) .

Since A(U) = my,(S"C)ms(S™(Bs(en))me(S™(Be(ey)), we get, for n large enough
(that is, such that Kndeg, < (),

1 _ 1 _
_— 17n ad\ — —— T + hy) dmy(hey
’A(U) /T T A T (SC) /Snc“”(“ ) drma ()

IN

W(s,e) (@, Kndesn)

A

S Wis,e) (9074-?) .
For every n > 0 and z € T¢, we define
Xa(®) 1= (d -+ 1)2- 4@y (7, T\ B0,r~")),

where B(0,r~") = {z € T?, d1(0,z) < r~™}. Let us observe that y, is a non-
negative (d + 1)r™(@+*12-4Lipschitz continuous function supported in B(0,7~"),
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uniformly bounded by (d + 1)2~% "¢ and such that de Xn dX = 1. We will denote
by * the usual convolution product with respect to A\. We will estimate

/ 1UoT—".<de—/ (X * 1y) o T7™.(xn * ) dA|
Td Td

First observe that

[0 1) o T = A Swler MA@ (@)

Second, we have

[ oot = 10) 0 T o | < il [ ot = 101d3, (49)
T T
and let us prove that
/ IXn * 1y — 1y |dA < 3AOU(r ™). (4.10)
Td
To see this, observe that x,(t)1y(Z — ) — 1y(Z) = (xn(f) — 1)1y (Z) except if
1y(z —t) #1y(Z) and if t € B(0,r™™). Hence x,, * 1y(Z) # 1y (Z) implies either
that Z € QU (r~™) where QU (r~™) :={x € U : d1(x,0U) < r~™}, or that T belongs
to the set U’ of points such that z € U but there exists #{y € B(0,7~") such that

T — Eo ev.
On the one hand, we have

/ IXn * 1y — 1y| dX
oU (r—m)

<[ o ([ w0 - 0.ax®) i) + xove)
<x@Ue ) [

[ XA + A@U)

<20(0U(r ™)), (4.11)

using the fact that x,, is nonnegative with unit integral. On the other hand, we
have

[ o= solans [ ([ @it -naxd) aa
</, ( Lo 0@ dA<s>> @)

<[ (Lo - na@) a6 = sove)
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using again the properties of x,. Now, (4.11) and (4.12) directly give (4.10). Due
to (4.8), (4.9) and (4.10), we have

1
AU)

_ 1 _
1poT ™pd)\| < —— k1) o T (xn d\
/Td U o ® ‘_A(U)(‘/W(x *1y) o (Xn *¢)) ‘

+ AU (p,r ™) + 3l NOU (7)) ).

Now, the hypothesis on m, (0C(8)) implies that there exists @1 (depending on Q
and on T') such that

Yn >0, AOU(r ™) <Qur ™.

Moreover, applying Proposition 4.4 with f = x,, *¢ and g = x, * 1y and using the
following facts

[Xn * @lloo < [#lloos  Ixn * 1ulloo <1, Lip(xn * 1v) < Lip(xn)
and  Lip(xn * ©) < [|¢0]lco Lip(Xn),

we get the existence of Cy (depending on Cy and on Q) such that we have

1 n gt . r (14 e _
— lyoT "pdA\ < C + "
Lo med| < Qe E T )
) n/(d+2)
< 3C0|lelloe 22— + w(ep, (),
0”90” &_Ze_;.dSmu(C) ((P Cl)
since r~! = rdtle) = fé/(d+2). We take then & := 5(1,/(d+2)a*(de+ds) < 1, which
concludes the proof. O

In the next result (which is an adaptation of Proposition 1.4 of Le Borgne and
Pene (2005)), we prove that Proposition 4.5 holds true with the stable-neutral
continuity modulus ws . instead of w.

Proposition 4.6. Let (; € (58/((d+2)(de+ds)), 1) where &y is given in Proposition
J.4. There exist Cy > 0, No > 1 and & € (0,1) such that, for every A-centered
bounded function ¢ : T* — R, every & € T¢, every n > Ny and every bounded
convez set C C E,, with diameter smaller than ro and satisfying m,(9C(8)) < Q~,
we have

1 7 X ¢ n
m /Snc O(Z + hy) dmy(hy)| < Ko <r|7|1i(|0)52 + Wis,e) (05 €1 )) .
Proof: We consider a finite cover of T¢ by sets P; = ¢; + By (ro) + Be(ro) + Bs(r0)
for i = 1,...,1, 7; being fixed points of T¢. We consider a partition of the unity
Hy,...,Hy (ie. Zle H; = 1) such that each H; is infinitely differentiable, with
support in P;. Let ¢ : T — R be a bounded centered function. For every i =
1,..., I, we define ¢; := H;p. We have

I
/nc (5 + o) dimug(hay) = Z} /nc oi(T -+ o) dima (). (4.13)

We also consider a continuously differentiable function g : F, — [0,4+o00) with
support in B,,(ro) and such that [, g(hy)dm,(h,) = 1. We approximate now each
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©; by a regular function ; by setting, for every (hy, he, hs) € By(ro) X Be(rg) X
Bs (TO)a

i T R R =g [ T B R dma (),
By (ro)
1; being null outside of P;. We observe that
that ||¥i]leo < [|¢]loollg]lcomu(Bu(ro)) and that, for every § > 0,

w(ti, 8) < mu(Bu(ro)) [llellsc Lip(9)d + l|gllocw(s,e) (3, 0)]
< muy(Bu(ro)) [II@IIOOLZ-p(g)é + llglloolliplloc Lip(Hi)d

+ llglloos.00 (2, )| oo -

Now, applying Proposition 4.5 to ;, for every n > N7, we have

Vi (T + hy) dm (hy)

< i (L= s o) + ||so||oo(f1)4)

We observe that the connected components of (Z + S”C) N P; are Z + C; ;j, where
C; ; are some connected subsets of F,. We have

’mu(S"C) sne

/W ©i(Z + ) dmy (hy) = %:/C ©i(Z + Ty) dmy (hy,)

and

one i (T + }Tu) dmy(hy) = ; o, i (T + hf) dmy (ha) -

Now, if C; ; does not contain any point of 9(S™C), then there exists h) e Be(r9)
and h{ € Bg(ro) such that

7+ = {7+ hD + WD+ hu € Bu(ro)} -

Using the definition of v¥;, we get
vl ) dm(i) = [ g b2+ h0 4 T din ()
Cij Bu(ro)

= / i@ + b9 + b £ ) dmy (hu,),
Bu(ro)
since fBu,(To) g(hu) dmu(hu) =1 and so

Vi (Z + hy) dmy (hy,) :/ ©0i(Z + hy) dmy(hy).
Cij Cij
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Therefore we have

(0o + o) = i+ T ()| < 2l 207 20
mu(OC U o)
. (C)
QKpyro
m(0)

We conclude thanks to (4.13), (4.14) and (4.15), by taking & := max(&1, 1, pu). O

53 .
’mu(S"C) sne

< 2[|plloo

< 2[l¢plloo (4.15)

Proof of Theorem 4.1: We start by proving the first point. By Proposition 4.3,

Elp| Fn](#) — () = W

[ (ela+T) = pl@) dmah) . (410
5= Fpng

Let hy, € S™"Frnz and y € Frng such that h, = S™"(y). Take now B, € (ru, pu)-
From (4.2) and the fact that Frpnz is uniformly bounded, we derive that there exists
a positive constant C' such that ||h,|| < CBJl. Therefore, starting from (4.16), by
definition of w(,)(y,d), we get

B[] Fn] = ¢lloe < wu)(, CBY) -

The first point of Theorem 4.1 then comes from the fact that there exists N > 0
such that for any n > N, C5]) < pl.

We turn now to the proof of the second point. Let (i, Cs, & and Ny as in
Proposition 4.6 with ¢; < ¢. Let 8 € (§2,1) and V,, := {m,(F.) > f"}. We take
¢ = max(&/p, ﬁi) To prove the second point, we use again the expression of
E[¢|F ] given in Proposition 4.3 and we apply Proposition 4.6 with C = Fp-n (s
with the notation of Proposition 4.3.

It remains to prove the last point of the theorem. It comes from the fact (proved
in Proposition II.1 of Le Borgne (1999)) that

3L >0, Yn >0, A(my(F) < ") < LB .

5. Proof of Theorems 2.1 and 2.4

In this section, C is a positive constant which may vary from lines to lines, and
the notation a,, < b, means that there exists a numerical constant C' not depending
on n such that a,, < Cb,, for all positive integers n.

Proof of Theorem 2.1: The proof is based on Proposition 3.1 of Section 3, which
gives sufficient conditions for the weak invariance principle in 2-smooth Banach
spaces.

Let Yi(s) = 1fopi<s — F(s) and let F; be the filtration introduced in Section 4.
Note first that, for 2 < p < oo, the space L? is 2-smooth and p-convex (see Pisier
(1975)). Moreover it has a Schauder basis (and even an unconditional basis).
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Hence it suffices to check (3.2) of Proposition 3.1. According to Lemma 6.1 of
Dedecker et al. (2011) (with by = 1), there exists a positive constant C' such that

S NPl < €30 (5 S 1Pl 13)
k=1 k=1 i=k
/
scz( S P ely)

i=k
and
0

SR [ 1/p
S P00l < € (5 3 P (%) s )
=1

i=k
o 1 53 1/p
<Y (3 P (o)l
k=1 i=k

o

k=—o0

Since P is p-convex, it follows that

D MP=s(Yo)llLr 15 < K[EYr|Fo) o I3
i=k

o0
and Y ||l Pira (Yo)llw | < KINY-r = E(Y=1|Fo) [
i=k
for some positive constant K. Hence (3.2) is true as soon as
> l/p EYalFo)leollp < oo and Y- l/p MY—n =B _nlFo)llLrll, < oo
n>1 n>1

Let us have a look to
1/p
NECH ol = (E [ 1Froniz0) = FOPat)
1/p
(& [ 1Frermim (o) - F(t)\dt) 7
R
with FfoTn|]:0 (t) = ]P)(f o™ < t|f0) Now

/ | Fporn |7, (t) — F(t)|dt = sup
R

E(go foT"|Fo) —E(go f)|,
gEN

where A; is the set of 1-lipschitz functions. Hence, since w, (g o f,-) is smaller
than ws ¢y (f, ), it follows from (4.5) and (4.6) of Theorem 4.1 that

E(go f o T"Fy) ~E(go f))) "

< O((@s,0) (£, NP+ 1 F1IREPEMP),

by noticing that we can replace A; by the set of g € Ay such that go f(0) =0. In
the same way, due to (4.4) of Theorem 4.1, we have

IIY=r — E(Y_n|Fo)llLe llp < Clweuy(f, p2) 7
The result follows. |

IE(Yo ] Fo)llLe [l < (]E(

geEN
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Proof of Theorem 2./: Our aim is to apply the tightness criterion given in Propo-
sition 3.13. Let X; = f o T* and let F; be the filtration defined in Section 4. We
need the following upper bounds.

Lemma 5.1. Let gs(v) = 1y<; — ly<s, and let P be the image measure of A\ by
f. Under the assumptions of Theorem 2./, we have, for any 8 > 1,

(Bro1/ w+a)§é 1
acx +a)
2 (4 oe/GTa)

Lemma 5.2. Under the assumptions of Theorem 2./, we have, for any p > 1,
IEo(gs,t (X)) — E(gs,(Xi))llp < L —ac/(a+p)
195.6(X0) — Er(gs.¢(Xo))|, < k0/(@tp)

3 [Cov(ga(X0), gae(Xi)] < llgne
k=0

and, for any p > 2,
A(gs,t(X) - ]E(gs,t(X))vj) < j—2aa/(2a+p) )

where the coefficient A(gs(X) — Elgs,+(X)],7) is defined in (5.12). The constants
involved in the symbol < do not depend on (s,t).

Let us continue the proof of Theorem 2.4 with the help of these lemmas. From
Proposition 3.8, Lemma 5.1 and Lemma 5 2 we derive that, for p > 2

(ﬂ+a 1)/(B+a) zn:

o 1/2
‘ max [ Sk(gs,e |H <n (Hgs, 7 k“o‘/(ﬁ"'”‘))
=1

1<k<n

jo—acr/ (atp) Jo—2ac/(20-+p)

2n n 1/2
4+ pl/p Z 7 4+ /P ( Z T (log k)w) ,

where 7 can be taken v =0 for 2 < p <3 and 7 > p — 3 for p > 3. Therefore if
B (p—1)(2a +p))

a > max (1+
« pa

then setting r = 2(8 + «)/(8 + a — 1), we get that

1
| mas ISkl < nlgeel 5 +0'7.

1<k<n

We shall apply the tightness criterion given in Proposition 3.13. Since Np(z, F) <
Cax~* for the class F = {u > 1,<;,t € R}, we get

1 1
/ 2Ny (2, F))YPde < C/ (/TP g < oo, (5.1)
0 0
as soon as p > 20(8 4+ «) /(8 + a — 1). Moreover
lim 2P 2Np(z, F) =0 (5.2)
z—0

as soon as p > 2+ L.

Hence if p €]2,20(1 + a~1)], we take 3 = (2af + (1 — a)p)/(p — 2¢) + € for some
positive and small enough ¢ (so that 8 > 1), and we infer that (5.1) and (5.2) hold
provided that p > max(¢ + 2,2¢) and

P (pfl)(2a+p)).

a>,1<:g70l(p):max(a(p_%)7 =
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Taking the minimum in p > max(¢ + 2,2¢) on the right hand, we obtain that (5.1)
and (5.2) hold provided that a > a(¥, «), where a(¢, o) has been defined in (2.2).
We infer that the conditions (3.34) and (3.35) of Proposition 3.13 hold for this
choice of a, which proves the tightness of the empirical process (see van der Vaart
and Wellner (1996), page 227).
To prove the weak convergence of the finite dimensional distribution, it suffices
to show that for any (av, ..., q,,) € R™ and any (sq,...,smn) € (R)™, the process

{nil/Q ZaiS[nt](si) , t €0, 1]} converges in distribution in Dg([0,1]) to W,
i=1
where W is a Wiener process such that
Cov(Wy,, Wi, ) = min(t1, t2) Z Z a; 0 A(sq,85) .
i=1j=1

Note that 7", a;Spny(si) = ZEZ]I Y, where Vi, = Y7 a4 (1x,<s, — F(s:)).
Therefore, the above convergence in distribution will follow from Proposition 5
in Dedecker et al. (2007) if we can prove that

o [ Eo(Ya) |2 o an o Yo — Ex(Y) |2 o
; N d; 7 < o0. (5.3)

By the triangle inequality, it suffices to prove that (5.3) holds with 1x,<s — F(s)
in place of Y. This follows from Lemma 5.2 as soon as a > (a + 2)/2a. O

Proof of Lemma 5.1: We prove the results for ¢ = 2. The general case can be
proved in the same way. For u € R, let h,(x) = 1,<,. By definition of g,
Gs,t = ey @ hyy —he, @ hy, s
with the notation (G1 ® Ga)(u1,uz2) := G1(u1)Ga(usz). For e > 0, let
hue(r) = Locy — 71z = u = &) Lycoue

and note that h, . is Lipschitz with Lipschitz constant e~'. We have the decom-
pOSitiOH ht1 X ht2 = ht175 ® ht275 + Rt,a where

Rt,a = (ht1 - hthé‘) ® htz + h’tLE ® (htz - htz#—“) .
Setting
9s,t,e = htl,e 02y htg,e - hsl,a & hsz,a ;

we obtain the decomposition
st = gs,t,e T Hs,t,sv with Hs,t,s = Rt,s — R, (54)

s

On the other hand, we have

Cov(gs,t(Xo), gs.t(Xr)) = E((gs,¢(Xo) — E(gs,t(X0)[Firs2)))gs.t(Xk))
+ COV(E(gs,t(X0)|~F[k/2])a gs,t(Xk)) .
Using (5.4), we get

E((gs,t(X0) — E(gs,:(Xo)|Fir/2)))9s,t(Xk))
= E((gs,t,e(XO) - E(gs,t,E(XO)|]:[k/2]))gs,t(Xk))
+ E((Hs t,e(Xo0) — E(Hs 1, (X0)|Flr/2)))95,6(Xk)) - (5.5)
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Applying (4.4) of Theorem 4.1, we infer that

E((95,t,6(X0) = E(Gs 1. (X0) | Fiij2))) s, (X)) < Cllgsell pae ™ wiuy (f: plF) .
(5.6)
Applying Hoélder’s inequality, and using the fact that the distributions functions of
f1 and fy are Holder continuous of order «, we get

[E(Hat.2(Xo) = B(Hug.2(X0) | Fpiy2))s.t(Xe))| < Cllgaellpy 7=/ (5.7)

Using (5.4) again, we also have
Cov(E(gs,:(X0)|Fir/2))s 95,6 (Xk)) = Cov(E(gs,¢(Xo)[Firs2)), gs.t.e (Xk))

+ Cov(E(gs,t(Xo)|Flr/2), Hot,e(Xk)) - (5.8)

To handle the first term in the right-hand side, we set gg?t)’E(Xo) = gs1.e(Xo) —
E(gs,1.e(Xo)) and note first that

Cov(E(gs,:(Xo0)|[Fir/21) gs,t.e(Xk)) = ]E(E(gs,t(X—k)|-7:[k/2]—k)g£?t,e(XO))
= B0 (X 1)B(0, < (Xo0)| Fit/21-1)) -

Therefore, considering the set V,, introduced in Theorem 4.1, it follows that

|COV(E(gS,t(X0)|]:[k/2])7gs,t,s(Xk))| < 2Hgs,t,€(X0)||OOE(|gS,t(X*k)|1V,$,[k/2])
+ E('QS,t(X—k)|‘E(Qs,t,E(XOHF[k/Q]—k) - E(gs,t,s(XO))quf[k/z]) :

On one hand, applying (4.5) of Theorem 4.1 with ¢ = g, . o f and using the fact
that, since hy, . is Lipschitz with Lipschitz constant ¢!, Ws.e) (Gste © F, ey <
4671(*](8,6) (f7 C[k/Q]), we infer that
E(]gs,t(X—k)[[E(gs,t.e (Xo) [ Fr/21-1) — E(gs,t,e(X0)) 1w ps/))
< OHgs,t||P,1(€[k/2] + sflw(&e) TRLENE

On the other hand, since S\(Vg_[k /2]) < C¢l¥/2 | applying Holder’s inequality, we
get
E(|(gs.0 (X—)|Lye ) < C\lgs,t||%?1*"‘”/([“‘“)5““/2]/(““)~

k—[k/2]7 —

So, overall,

| Cov(E(gs. 1 (X0)|Fir/21)s Gs.te (Xi))| < Cllgs,oll i@/ CHelhs2/ ()
+ C”gs,t”P,l(g[k/Z] + 8_1("-)(5,6) (f7 C[k/Q])) . (59)

We handle now the second term in the right-hand side of (5.8). Applying Holder’s
inequality again, and using that the distributions functions of f; and fs are Holder
continuous of order «, we get

|Cov(E(gs.+(Xo)|Fiky21)s Hote (Xi))| < Cllgs,el| oy 7/ Pe/8 . (5.10)
Therefore, starting from (5.8) and considering (5.9) and (5.10), it follows that

| Cov(E(gs e (Xo)|Fir/21)s 9.t (Xi))| < Cllgsel| oy @~/ CH)glk/21/ (5+e)

+ Cllgoall P (€513 4 e ey ) (f, CE/2))Cllgo |7/ Pe/8 . (5.11)
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Gathering the bounds (5.5), (5.6), (5.7) and (5.11), it follows that

1 N .
|Cov(gs,t(Xo), gs,t(Xi))| < (Hgg tllp1— g + |gs. tH(@ )/Ba/B
g 55D g/ )

Taking & = g0 [/ {" "7 k=95 +5), we get

1
fac/(a+B)
The result follows by summing in k. |

1Cov(9.4(X0), gt (X)| < Clgsell i~V CH( + /A )

Proof of Lemma 5.2: Using the same notations as in the proof of Lemma 5.1, and
using that the distribution functions of f; and f> are Holder continuous of order «Q,
we obtain

o (9s,e (Xi)) = E(gst (X)) lp < IEo(gs,t,6(Xk)) = E(gs,t, (Xi)) [l + C*/P.

Recall that the set V, introduced in Theorem 4.1 is such that A(VS) < C&™. Ap-
plying Theorem 4.1 (see (4.7)), we obtain

”EO(gs,t,s(Xk)) _E(gsts(Xk))”P < C( w(s e)(fv Ck) gk/p)
Consequently
[E0(g0(X0) = Egos (Xi)llp < O +°/7 +€77).

Choosing ¢ = k~%/(+P) we obtain

1
1Eo(ge.(X1)) = E(gea (XiDllp < O moararzy +€7)

proving the first inequality.
In the same way

195,:(X0) — B (gs,6(X0))lp < 195,16 (X0) = En(gs,1, (Xo))ll, + Ce*/7.
Applying (4.4) of Theorem 4.1, we obtain
195,6(X0) = Ex(g5,6(X0))llp < Ce™ wiuy (s ) +€°/7).
Since wy)(f, pF) < Ck=?, the choice ¢ = k~/(@+P) gives the second inequality.

Let h9(X;) = h(X;) — E(h(X;)). To prove the third inequality, we have to
bound up

0 0
sup 1o (9% (X9 (X i) lpya

0 0 0
and - sup [[Eo(glY) ()95 (X5+0)) — E(027 (X)L ()l
i<j

Using the decomposition (5.4), and the fact that the distribution functions of f;
and fo are Holder continuous of order a, we get

1Eo(9$% (X)) (Xj+) 2 < IBo(9%% e (X)g' o (Xj4))lpja + C2/P, (5.12)
and
0 0 0
B0 (g% (X)) (X44)) — Bl (X)9'% (Xj50)) lpo
< Eo(98 . (X,)9%) . (Xj50)) — E(98) . (X,)9) (X)) lpjo + Ce>/P . (5.13)
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Writing
0 0
B0 (g% - (Xi)gsR e (X)) 2
0
< B (ot (X3) = EGs e (Xi) | Fir 21980 e (Xji) 2
0
+ [ Bo(B(gat.c (Xo)| Firiya) 05 e Xii)) sz, (5.14)
and arguing as in Lemma 5.1, we infer that
0 0 1 ;
IEo(0l2e (X002 (X4 e < €z +€777) (5.15)
From (5.12) and (5.15), we obtain the bound
1 o )
IEo(gl (X0)gld (54 oy < © (g7 +<™/7 + €0771)

Taking e = j~9%/(22+P) e obtain
up [Bo (917 (Xi)giTd (X)) 2 < G20/ Cecte), (5.16)
Let ¢ := gste 0 f — Mgs.t.c © f). Applying Theorem 4.1 (see (4.7)), for i < 7,
0 0 0 0
[Eo(98 - (X)900 ¢ (Xj0)) = B9850 (X)) g0 e (Xii) 2
= |E(p-p o T'|F-;) = E(p.p 0 T")llp2
< C(§2j/p =+ W(s,e) (9050 © Tia Cj)) .

By (1.3), W(s7e)(90~90 0T ¢’) < 2||90||oow(s,e)(<paKijdc)) < 4w(s,e)(¢7L<g) where
Co € (¢,1). Hence,

1Eo () - (X,)9) (X;44)) = B} (X9 (X)) lpy2
< C(§2j/p + W(S,c)(@v LC(%)) .

Since w(s,e)(%LCg) < e wis,e (f, ng) < Ce71j7% we obtain from (5.13) and
(5.17) that

1 o .
IEo(gl2 (X509l (X0) = (2 (X)gl (Xl < O( iz + 7077 46907

(5.17)

Taking e = j~9%/(22+P) e obtain

sup [|Eo (9% (X;)9\% (X;44)) = B0 (X)9i% (X)) |2 < €200/ Gotr)

0<i<j

(5.18)
The third inequality of Lemma 5.2 follows from (5.16), (5.18) and from the definition
of the quantity A(gs:(X) — E(gs+(X)), ) given in Proposition 3.8. d

6. Additional results for partial sums

Let T be an ergodic automorphism of T¢ as defined in the introduction. Let f
be a continuous function from T? to R with modulus of continuity w(f, ).

The inequalities given in Theorem 4.1 have been used to prove the tightness of
the sequential empirical process, but they can be used in many other situations.
Let us give three examples of application to the behavior of the partial sums (1.1).
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(1) Moment bounds for partial sums. Using Corollary 3.9 together with
Theorem 4.1 (see also Remark 4.2), we infer that if

T;)w(f’ﬁfn)<oo, (6.1)

where ¢ € (0,1) is defined in Theorem 4.1, then for any p > 2,

k
D (foT = A(f)

i=1

H max
1<k<n

< n'/?.
P

Clearly, the condition (6.1) is equivalent to the integral condition

V2 w(fit)
—— Tt . 2
/0 logt 12" = 02
(2) Weak invariance principle. If the integral condition (6.2) holds then the
series
() =ML = AN+ 23 M=) - foTh) (6.3)

k>0
converges absolutely, and the process

[nt

]
1 Ex
{ﬁ;uoT ()t 0.1}
converges to a Wiener process with variance o2(f) in the space D([0,1])
of cadlag function equipped with the uniform metric. This follows from
Theorem 4.1 together with Proposition 5 in Dedecker et al. (2007).
(3) Rates of convergence in the strong invariance principle. Let p €
12,4], and assume that w(f,z) < C|log(x)|~* in a neighborhood of 0 for

some
1 14+ 4 -2 2
oo LEVIFP-2)
2p

p

Then, enlarging T? if necessary, there exists a sequence (Z;)i>1 of indepen-
dent and identically distributed Gaussian random variables with mean zero
and variance o (f) defined in (6.3) such that, for any ¢ > 2/p,

k k
sup Z(fOTi = A(f)) - ZZi

1<k<n i—1

= o(n'/?(log(n))*1/2) a. .

as n tends to infinity. In particular, we obtain the rate of convergence
n/2=¢ for some € > 0 as soon as a > 1/2, and the rate n'/*log(n) as soon
as a > 3/2. This follows from Theorem 4.1 together with Theorem 3.1 in
Dedecker et al. (2013D).

Appendix

In this section, we prove Remark 2.5, so we give the solutions of the equation
(2.3). We first write (2.3) under the following form p3 + bp? + cp+d = 0. Following
the classical Cardan method, we set p’ := —g +cand g == (20> — 9¢c) + d
(this leads to the formulas for p’ and ¢ as given in Remark 2.5). Observe that
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p® 4+ bp? + cp + d = 0 means that z = p + % satisfies 22 4+ p’z + ¢ = 0. We then
compute as usual A := ¢ + 5 (p')3. We get

A = ((64/27)¢ — (64/27)0* — 16/27)a* + (—(128/27)¢3
+(128/27)0%—(32/9))a®+((32/27)0—(64/27) 0 4-(16/27) % —16 /27— (128 /27)£3)
+ (—(32/9)¢ — (32/27)6% — (64/27)¢* — (32/9)¢*)a — (16/27)¢% — (16/27)¢* < 0.

Since A is negative, we use the usual expression of the solutions z with cos and
arccos (to which we substract b/3). So the solutions are

{+1—a [ p 1 q 27 2k
P = 273 +2 -3 cos (3 arccos <—2 —(p/)3> + 3>

for k € {0,1,2}. Clearly p; < pa < po. The unique solution in ]2¢,4¢[ is then py.
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