
❊♥❛❜❧✐♥❣ ❋❧❡①✐❜❧❡ ▲♦❝❛t✐♦♥✲❆✇❛r❡ ❇✉s✐♥❡ss Pr♦❝❡ss

▼♦❞❡❧✐♥❣ ❛♥❞ ❊①❡❝✉t✐♦♥

❳✐♥✇❡✐ ❩❤✉❛✱∗✱ ❙❡♣♣❡ ✈❛♥❞❡♥ ❇r♦✉❝❦❡❜✱ ●✉♦❜✐♥ ❩❤✉❛✱ ❏❛♥ ❱❛♥t❤✐❡♥❡♥❜✱
❇❛rt ❇❛❡s❡♥s❜✱❝

❛■♥t❡r♥❛t✐♦♥❛❧ ❙❝❤♦♦❧ ♦❢ ❙♦❢t✇❛r❡✱ ❲✉❤❛♥ ❯♥✐✈❡rs✐t②
▲✉♦②✉ ❘♦❛❞ ✸✼✱ ❍♦♥❣s❤❛♥✱ ❲✉❤❛♥✱ ❍✉❜❡✐✱ ❈❤✐♥❛

❜❘❡s❡❛r❝❤ ❈❡♥t❡r ❢♦r ▼❛♥❛❣❡♠❡♥t ■♥❢♦r♠❛t✐❝s ✭▲■❘■❙✮✱ ❑❯ ▲❡✉✈❡♥
◆❛❛♠s❡str❛❛t ✻✾✱ ❇✲✸✵✵✵✱ ▲❡✉✈❡♥✱ ❇❡❧❣✐✉♠

❝❙❝❤♦♦❧ ♦❢ ▼❛♥❛❣❡♠❡♥t✱ ❯♥✐✈❡rs✐t② ♦❢ ❙♦✉t❤❛♠♣t♦♥
❍✐❣❤✜❡❧❞ ❙♦✉t❤❛♠♣t♦♥✱ ❙❖✶✼ ✶❇❏✱ ❯♥✐t❡❞ ❑✐♥❣❞♦♠

❆❜str❛❝t

❇✉s✐♥❡ss Pr♦❝❡ss ▼❛♥❛❣❡♠❡♥t ✭❇P▼✮ ❤❛s ❡♠❡r❣❡❞ ❛s ♦♥❡ ♦❢ t❤❡ ❛❜✐❞✐♥❣

s②st❡♠❛t✐❝ ♠❛♥❛❣❡♠❡♥t ❛♣♣r♦❛❝❤❡s ✐♥ ♦r❞❡r t♦ ❞❡s✐❣♥✱ ❡①❡❝✉t❡ ❛♥❞ ❣♦✈❡r♥

♦r❣❛♥✐③❛t✐♦♥❛❧ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s✳ ❚r❛❞✐t✐♦♥❛❧❧②✱ ♠♦st ❛tt❡♥t✐♦♥ ✇✐t❤✐♥ t❤❡

❇P▼ ❝♦♠♠✉♥✐t② ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ st✉❞②✐♥❣ ❝♦♥tr♦❧✲✢♦✇ ❛s♣❡❝ts✱ ✇✐t❤♦✉t

t❛❦✐♥❣ ♦t❤❡r ❝♦♥t❡①t✉❛❧ ❛s♣❡❝ts ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡

❡①✐st✐♥❣ ❜♦❞② ♦❢ ✇♦r❦ ❜② ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝♦♥t❡①t ♦❢ ❣❡♦s♣❛t✐❛❧

✐♥❢♦r♠❛t✐♦♥✳ ❲❡ ❛r❣✉❡ t❤❛t ❡①♣❧✐❝✐t❧② t❛❦✐♥❣ t❤✐s ❝♦♥t❡①t ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥

✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❡①❡❝✉t✐♦♥ ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s ❝❛♥ ❝♦♥tr✐❜✉t❡ t♦ ✐♠✲

♣r♦✈❡ t❤❡✐r ❡✛❡❝t✐✈❡♥❡ss ❛♥❞ ❡✣❝✐❡♥❝②✳ ❆s s✉❝❤✱ t❤❡ ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s

t♦ ♠❛❦❡ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❡①❡❝✉t✐♦♥ ❛s♣❡❝ts ♦❢ ❇P▼ ❧♦❝❛t✐♦♥✲❛✇❛r❡✱ ✐✳❡✳ t♦

❣♦✈❡r♥ ❛♥❞ ❝♦♥str❛✐♥ ❝♦♥tr♦❧✲✢♦✇ ❛♥❞ ♣r♦❝❡ss ❜❡❤❛✈✐♦r ❜❛s❡❞ ♦♥ ❧♦❝❛t✐♦♥✲

❜❛s❡❞ ❝♦♥str❛✐♥ts✳ ❲❡ ❞♦ s♦ ❜② ♣r♦♣♦s✐♥❣ ❛ P❡tr✐ ♥❡t ♠♦❞❡❧✐♥❣ ❡①t❡♥s✐♦♥

∗❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r
❊♠❛✐❧ ❛❞❞r❡ss❡s✿ ①✐♥✇❡✐✳③❤✉❅✇❤✉✳❡❞✉✳❝♥ ✭❳✐♥✇❡✐ ❩❤✉✮✱

s❡♣♣❡✳✈❛♥❞❡♥❜r♦✉❝❦❡❅❦✉❧❡✉✈❡♥✳❜❡ ✭❙❡♣♣❡ ✈❛♥❞❡♥ ❇r♦✉❝❦❡✮✱ ❣❜③❤✉❅✇❤✉✳❡❞✉✳❝♥
✭●✉♦❜✐♥ ❩❤✉✮✱ ❥❛♥✳✈❛♥t❤✐❡♥❡♥❅❦✉❧❡✉✈❡♥✳❜❡ ✭❏❛♥ ❱❛♥t❤✐❡♥❡♥✮✱
❜❛rt✳❜❛❡s❡♥s❅❦✉❧❡✉✈❡♥✳❜❡ ✭❇❛rt ❇❛❡s❡♥s✮

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❉❡❝✐s✐♦♥ ❙✉♣♣♦rt ❙②st❡♠s ❖❝t♦❜❡r ✷✱ ✷✵✶✺



✶ ■◆❚❘❖❉❯❈❚■❖◆ ✷

✇❤✐❝❤ ✐s ❢♦r♠❛❧✐③❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ♠❛♣♣✐♥❣ t♦ ❝♦❧♦✉r❡❞ P❡tr✐ ♥❡ts ✭❈P◆✮✳

❖✉r ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❈P◆ ❚♦♦❧s ❛♥❞ ❛ s✐♠✉❧❛t✐♦♥

❡①t❡♥s✐♦♥ ✇❛s ❞❡✈❡❧♦♣❡❞ t♦ s✉♣♣♦rt t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥✲❛✇❛r❡ ♣r♦❝❡ss

♠♦❞❡❧s✳ ❲❡ ❛❧s♦ ✐❧❧✉str❛t❡ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❝♦✉♣❧✐♥❣ ❜✉s✐♥❡ss ♣r♦❝❡ss s✉♣♣♦rt

s②st❡♠s ✇✐t❤ ❣❡♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s ❜② ♠❡❛♥s ♦❢ ❛♥ ❡①♣❡r✐♠❡♥t❛❧

❝❛s❡✳

❑❡②✇♦r❞s✿ ❜✉s✐♥❡ss ♣r♦❝❡ss ♠❛♥❛❣❡♠❡♥t✱ ❣❡♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s✱

❧♦❝❛t✐♦♥✲❛✇❛r❡ ♣r♦❝❡ss❡s✱ ❣❡♦s♣❛t✐❛❧ ♣r♦❝❡ss❡s✱ ♣r♦❝❡ss ♠♦❞❡❧✐♥❣✱ ♣r♦❝❡ss

❡①❡❝✉t✐♦♥✱ ❝♦❧♦✉r❡❞ ♣❡tr✐ ♥❡ts

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤r♦✉❣❤♦✉t t❤❡ ♣❛st t✇♦ ❞❡❝❛❞❡s✱ ❇✉s✐♥❡ss Pr♦❝❡ss ▼❛♥❛❣❡♠❡♥t ✭❇P▼✮

❤❛s ❡♠❡r❣❡❞ ❛s ♦♥❡ ♦❢ t❤❡ ❛❜✐❞✐♥❣ s②st❡♠❛t✐❝ ♠❛♥❛❣❡♠❡♥t ❛♣♣r♦❛❝❤❡s t♦

❛❧✐❣♥ ♦r❣❛♥✐③❛t✐♦♥❛❧ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s t♦ t❤❡ ♥❡❡❞s ♦❢ ❝❧✐❡♥ts ✭❱♦♠ ❇r♦❝❦❡

❛♥❞ ❘♦s❡♠❛♥♥✱ ✷✵✶✵✮✳ ❇P▼ ❡♥❝♦♠♣❛ss❡s ❛ ❜r♦❛❞ s❝♦♣❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❞❡✲

s✐❣♥✱ ♠♦❞❡❧✐♥❣✱ ❡①❡❝✉t✐♦♥✱ ♠♦♥✐t♦r✐♥❣ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s✖

t❤❡ s♦✲❝❛❧❧❡❞ ❇P▼ ❧✐❢❡ ❝②❝❧❡ ✭✈❛♥ ❞❡r ❆❛❧st ❡t ❛❧✳✱ ✷✵✵✸✮✳ ❚❤❡ ♠❛✐♥ ❞r✐✈✐♥❣

r❛t✐♦♥❛❧❡ ❢♦r ❇P▼ ✐s t❤❛t ✐t ❡♥❛❜❧❡s ♦r❣❛♥✐③❛t✐♦♥s t♦ ❜❡ ♠♦r❡ ❡✣❝✐❡♥t ❛♥❞

♠♦r❡ ❝❛♣❛❜❧❡ t♦ r❡❛❝t t♦ ❝❤❛♥❣❡s✳ ❋r♦♠ t❤✐s ✈✐❡✇♣♦✐♥t✱ ❇P▼ r❡❣❛r❞s ♣r♦✲

❝❡ss❡s ❛s ❝♦r❡ str❛t❡❣✐❝ ❛ss❡ts ♦❢ ❛♥ ♦r❣❛♥✐③❛t✐♦♥✱ ✇❤✐❝❤ ❤❡♥❝❡ ♥❡❡❞ t♦ ❜❡

✉♥❞❡rst♦♦❞✱ ♠❛♥❛❣❡❞✱ ❛♥❞ ✐♠♣r♦✈❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ✈❛❧✉❡ ❛❞❞❡❞ ❜② ♣r♦❞✲

✉❝ts ♦r s❡r✈✐❝❡s ❞❡❧✐✈❡r❡❞ t♦ ❝❧✐❡♥ts✳

❚❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❇P▼ ❤❛s ❝❛✉s❡❞ ❛ s❤✐❢t ✐♥ t❤❡ r❡❛❧♠ ♦❢ ✐♥❢♦r♠❛t✐♦♥

s②st❡♠s ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ t❡❝❤♥♦❧♦❣② ❢r♦♠ ❞❛t❛✲❜❛s❡❞ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s

t♦ ♣r♦❝❡ss✲❛✇❛r❡ ♦♥❡s✱ ✐✳❡✳ ✏Pr♦❝❡ss✲❆✇❛r❡ ■♥❢♦r♠❛t✐♦♥ ❙②st❡♠s✑✱ ♦r P❆■❙✳

❚❤❡ s✉♣♣♦rt ♣r♦✈✐❞❡❞ ❜② P❆■❙✖❜❡ ✐t ❢♦r t❤❡ ♠♦❞❡❧✐♥❣✱ ❡①❡❝✉t✐♦♥✱ ✈❛❧✐❞❛t✐♦♥

♦r ♠♦♥✐t♦r✐♥❣ ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s✖✐s ♦♥❧② ❛❜❧❡ t♦ ❝❛♣t✉r❡ ❛♥❞ ❞❡s❝r✐❜❡ ❛♥
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✐❞❡❛❧✐③❡❞ ♦r s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ r❡❛❧✐t②✳ ❚r❛❞✐t✐♦♥❛❧❧②✱ ♠♦st ❛tt❡♥t✐♦♥ ✇✐t❤✐♥

t❤❡ ❇P▼ ❝♦♠♠✉♥✐t② ❤❛s ❜❡❡♥ ❢♦❝✉s❡❞ ♦♥ st✉❞②✐♥❣ ❝♦♥tr♦❧✲✢♦✇ ❛s♣❡❝ts ♦❢

❜✉s✐♥❡ss ♣r♦❝❡ss❡s✱ ✐✳❡✳ t❤❡ ❛s♣❡❝ts ❣♦✈❡r♥✐♥❣ t❤❡ ✢♦✇ ♦❢ ❜✉s✐♥❡ss ❛❝t✐✈✐t✐❡s

✭✐✳❡✳ t❤❡ s❡q✉❡♥❝❡ ✐♥ ✇❤✐❝❤ ❛❝t✐✈✐t✐❡s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞✮✳ ■♥ r❡❝❡♥t ②❡❛rs✱

❤♦✇❡✈❡r✱ ✐♥t❡❣r❛t✐♥❣ ♦t❤❡r ♣❡rs♣❡❝t✐✈❡s ❛♥❞ ✏❝♦♥t❡①ts✑ ✇✐t❤✐♥ t❤✐s ✈✐❡✇ ❤❛s

r❡❝❡✐✈❡❞ ✐♥❝r❡❛s❡❞ ❛tt❡♥t✐♦♥✱ ❛s s✉♣♣♦rt s②st❡♠s ✇❤✐❝❤ ❛❞♦♣t ❛ ❝♦♥tr♦❧✲✢♦✇✲

❝❡♥tr✐❝ ✈✐❡✇ ❛r❡ ✉♥❛❜❧❡ t♦ ❛❞❡q✉❛t❡❧② ❝❛♣t✉r❡ ❤✉♠❛♥ ❜❡❤❛✈✐♦r ❞✉❡ t♦ ❧❛❝❦

♦❢ ❞❡s❝r✐♣t✐♦♥s ♦❢ ♣♦ss✐❜❧❡ ❝♦♥str❛✐♥ts ❛❣❛✐♥st ❛❝t✐✈✐t② ♠♦❞❡❧✐♥❣✳ ❙✐♠✐❧❛r❧②✱

s✉♣♣♦rt s②st❡♠s ❢♦❝✉s✐♥❣ ♦♥❧② ♦♥ ❞❛t❛ ❛s♣❡❝ts ❢❛✐❧ t♦ ❝❛♣t✉r❡ t❤❡ ✢♦✇ ❛♥❞

s❡q✉❡♥❝❡ ❛s♣❡❝ts ♦❢ t❤❡ ❞❛t❛ ❛s ✐t ♠♦✈❡s t❤r♦✉❣❤ ❛ ❜✉s✐♥❡ss ♣r♦❝❡ss✳ ❆s

s✉❝❤✱ ♠❛♥② s❝❤♦❧❛rs ❤❛✈❡ s❤✐❢t❡❞ t♦✇❛r❞s st✉❞②✐♥❣ ✈❛r✐♦✉s ❛♣♣r♦❛❝❤❡s t❤❛t

✐♥t❡❣r❛t❡ ❝♦♥tr♦❧✲✢♦✇ ✇✐t❤ ♦t❤❡r ❝♦♥t❡①ts✳ ■♥ t❤✐s ♣❛r❛❞✐❣♠✱ ♣r♦❝❡ss❡s ❝❛♥

❜❡ r❛♣✐❞❧② ❝❤❛♥❣❡❞ ❛♥❞ ❛❞❛♣t❡❞ t♦ ❛ ♥❡✇ ❡①t❡r♥❛❧ ❞❛t❛✲❣♦✈❡r♥❡❞ ❝♦♥t❡①t

✭❡✳❣✳✱ ❧♦❝❛t✐♦♥✱ ✇❡❛t❤❡r✱ ❡t❝✳✮✳ ■t ✐s r❡❝♦❣♥✐③❡❞ t❤❛t ❝♦♥t❡①t✉❛❧✐③✐♥❣ ♣r♦❝❡ss❡s

✐♥ t❤✐s ♠❛♥♥❡r ❛❧❧♦✇s ❢♦r ❛ ♠♦r❡ ❡①♣❧✐❝✐t ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧

s❡tt✐♥❣ ♦❢ ❛ ♣r♦❝❡ss ✭❘♦s❡♠❛♥♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳

❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ r❡s❡❛r❝❤ ✜❡❧❞ ♦❢ ❇P▼ ❜② ❢♦❝✉s✐♥❣ ♦♥ t❤❡

♣❛rt✐❝✉❧❛r ❝♦♥t❡①t ♦❢ ❣❡♦s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ❛♥ ❛s♣❡❝t ✇❤✐❝❤ ✐s ❜❡❝♦♠✐♥❣

♠♦r❡ ❛♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t ✐♥ ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠ r❡❧❛t❡❞ ❛r❡❛s✱ ❣✐✈❡♥ t❤❡

✐♥❝r❡❛s❡❞ ✉s❛❣❡ ♦❢ ♠♦❜✐❧❡ ❞❡✈✐❝❡s ❛♥❞ tr❛❝❦✐♥❣ ❛s ✇❡❧❧ ❛s ♦t❤❡r r❡❝❡♥t ❞❡✲

✈❡❧♦♣♠❡♥ts s✉❝❤ ❛s t❤❡ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s ♦r s❡♥s♦r✲❜❛s❡❞ ❞❛t❛ ❣❛t❤❡r✐♥❣✳

❲❡ ❤❡♥❝❡ ❛r❣✉❡ t❤❛t t❛❦✐♥❣ t❤✐s ❝♦♥t❡①t ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ✈❛r✐♦✉s ❧✐❢❡ ❝②✲

❝❧❡ st❡♣s ♦❢ ❇P▼ ❝❛♥ ❝♦♥tr✐❜✉t❡ t♦ ✐♠♣r♦✈❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ❛♥❞ ❡✣❝✐❡♥❝②

♦❢ ♣r♦❝❡ss ♠❛♥❛❣❡♠❡♥t✳ ❊s♣❡❝✐❛❧❧② ✐♥ ❡♥✈✐r♦♥♠❡♥ts ✇❤❡r❡ ❛ ♥❡❡❞ ❛r✐s❡s t♦

❛♣♣❧② ❜♦t❤ ♣r♦❝❡ss✲❛✇❛r❡ ❛♥❞ ●❡♦❣r❛♣❤✐❝ ■♥❢♦r♠❛t✐♦♥ ❙②st❡♠s ✭●■❙✮✱ ✐t ✐s

❤✐❣❤❧② ✈❛❧✉❛❜❧❡ t♦ ❝♦♠❜✐♥❡ ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡s❡ t✇♦ ♣❡rs♣❡❝t✐✈❡s✱ ✐♥st❡❛❞ ♦❢

❝♦♥s✐❞❡r✐♥❣ t❤❡♠ ✐♥ ✐s♦❧❛t✐♦♥ ✭▼❡❡❦s ❛♥❞ ❉❛s❣✉♣t❛✱ ✷✵✵✹✮✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s
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♣❛♣❡r ✐s t❤✉s t♦ ♠❛❦❡ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❡①❡❝✉t✐♦♥ ❛s♣❡❝ts ♦❢ ❇P▼ ✏❧♦❝❛t✐♦♥✲

❛✇❛r❡✑✳ ❲❡ ❞♦ s♦ ❜② ♣r♦♣♦s✐♥❣ ❜✉s✐♥❡ss ♣r♦❝❡ss ♠♦❞❡❧✐♥❣ ❧❛♥❣✉❛❣❡ ❜❛s❡❞ ♦♥

❛ ❢♦r♠❛❧ P❡tr✐ ♥❡t ❡①t❡♥s✐♦♥ ✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡s ❧♦❝❛t✐♦♥ ❛s♣❡❝ts ❛♥❞ ✇❛②s

t♦ ❝♦♥str❛✐♥ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛❝t✐✈✐t✐❡s ❜② ❧♦❝❛t✐♦♥✲❜❛s❡❞ ❝♦♥str❛✐♥ts✳ ◆❡①t✱

✇❡ ❢♦r♠❛❧✐③❡ t❤❡ ❡①❡❝✉t✐♦♥ s❡♠❛♥t✐❝s ♦❢ ♦✉r ❡①t❡♥s✐♦♥ ❜② ❞❡s❝r✐❜✐♥❣ ❛ ✉♥✲

❛♠❜✐❣✉♦✉s ♠❛♣♣✐♥❣ t♦ ❝♦❧♦✉r❡❞ P❡tr✐ ♥❡ts✳ ❚❤✐s ❛❧s♦ ❛❧❧♦✇s ✉s t♦ ❞❡✈❡❧♦♣ ❛

♣r♦t♦t②♣❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✉s✐♥❣ ❈P◆ ❚♦♦❧s ✭❏❡♥s❡♥ ❡t ❛❧✳✱

✷✵✵✼✮✱ ✇✐t❤ ✇❤✐❝❤ ❛ s✐♠✉❧❛t✐♦♥ ❡①t❡♥s✐♦♥ ✇❛s ❞❡✈❡❧♦♣❡❞ t♦ s✉♣♣♦rt t❤❡ ❡①❡✲

❝✉t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥ ♦❢ ♠♦❞❡❧s ❝r❡❛t❡❞ ✉s✐♥❣ ♦✉r ❛♣♣r♦❛❝❤ ❛♥❞ t♦ ✐❧❧✉str❛t❡

t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❝♦✉♣❧✐♥❣ ❜✉s✐♥❡ss ♣r♦❝❡ss s✉♣♣♦rt s②st❡♠s ✇✐t❤ ❣❡♦❣r❛♣❤✐❝

✐♥❢♦r♠❛t✐♦♥ s②st❡♠s✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r♦✈✐❞❡s

❛♥ ♦✈❡r✈✐❡✇ ♦❢ r❡❧❛t❡❞ ✇♦r❦ ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳

❙❡❝t✐♦♥ ✸ ♦✉t❧✐♥❡s ❛ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡

❞❡✈❡❧♦♣❡❞ ❛rt✐❢❛❝ts✳ ❙❡❝t✐♦♥ ✹ ✐♥tr♦❞✉❝❡s ♦✉r ♣r♦♣♦s❡❞ ♠♦❞❡❧✐♥❣ ❧❛♥❣✉❛❣❡ t♦

❞❡s✐❣♥ ❧♦❝❛t✐♦♥✲❛✇❛r❡ ♣r♦❝❡ss❡s✱ ❛❢t❡r ✇❤✐❝❤ ❙❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s t❤❡ ❡①❡❝✉t✐♦♥

s❡♠❛♥t✐❝s ♦❢ s✉❝❤ ♠♦❞❡❧s ❜② ♠❡❛♥s ♦❢ ❛ ♠❛♣♣✐♥❣ t♦ ❝♦❧♦✉r❡❞ P❡tr✐ ♥❡ts✳

❙❡❝t✐♦♥ ✻ ❞✐s❝✉ss❡s t❤❡ ❞❡✈❡❧♦♣❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❙❡❝t✐♦♥ ✼ ❝♦♥❝❧✉❞❡s t❤❡

♣❛♣❡r ❛♥❞ ♣r♦✈✐❞❡s ♦✉t❧✐♥❡s ❢♦r ❢✉t✉r❡ ✇♦r❦✳

✷✳ Pr❡❧✐♠✐♥❛r✐❡s

✷✳✶✳ ❘❡❧❛t❡❞ ❲♦r❦

❲❡ r❡❣❛r❞ ❧♦❝❛t✐♦♥ ❛s ♦♥❡ ♦❢ t❤❡ ❦❡② ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ✇✐❞❡r ❝♦♥t❡①t ♦❢ ❛

❜✉s✐♥❡ss ♣r♦❝❡ss✳ ■♥ t❤❡ ❧❛②❡r❡❞ ♣r♦❝❡ss ❝♦♥t❡①t ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜② ❘♦s❡✲

♠❛♥♥ ❡t ❛❧✳ ✭❘♦s❡♠❛♥♥ ❡t ❛❧✳✱ ✷✵✵✽✮✱ ❧♦❝❛t✐♦♥ ❞❡s❝r✐❜❡s ❛♥ ✐♠♣♦rt❛♥t ✈❛r✐❛❜❧❡

s✐t✉❛t❡❞ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥t❡①t ❧❛②❡r✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ♣r♦❝❡ss✲r❡❧❛t❡❞
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✈❛r✐❛❜❧❡s t❤❛t r❡s✐❞❡ ❜❡②♦♥❞ t❤❡ ❜✉s✐♥❡ss ♥❡t✇♦r❦ ✐♥ ✇❤✐❝❤ ❛♥ ♦r❣❛♥✐③❛✲

t✐♦♥ ✐s ❡♠❜❡❞❞❡❞✱ ❜✉t st✐❧❧ ♣♦s❡ ❛ ❝♦♥t✐♥❣❡♥❝② ❡✛❡❝t ♦♥ t❤❡ ❜✉s✐♥❡ss ♣r♦✲

❝❡ss❡s✳ ❙❝❤♦❧❛rs ❤❛✈❡ ❛r❣✉❡❞ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❧♦❝❛t✐♦♥ ❝♦♥t❡①t✉❛❧ ✈❛r✐✲

❛❜❧❡s ✐♥ ❜✉s✐♥❡ss ♣r♦❝❡ss ♠❛♥❛❣❡♠❡♥t ♣r❛❝t✐❝❡s ❤❡❧♣ t♦ ✐♠♣r♦✈❡ ❞❡♣❡♥❞❡♥❝②

❛s♣❡❝ts ✭❝♦♥str❛✐♥✐♥❣ ❛❝t✐✈✐t② ❡①❡❝✉t✐♦♥s ❜❛s❡❞ ♦♥ ❧♦❝❛t✐♦♥ ❛s♣❡❝ts✱ ❢♦r ✐♥✲

st❛♥❝❡✮ ✭❉❡❝❦❡r✱ ✷✵✵✾✮✱ ✐♥❝r❡❛s❡ t❤❡ ❛❞❛♣t❛❜✐❧✐t② ❛♥❞ ✢❡①✐❜✐❧✐t② ♦❢ r✉♥♥✐♥❣

♣r♦❝❡ss❡s ✭❜② r❡❝♦♥✜❣✉r✐♥❣ ❛♥❞ ♠♦❞✐❢②✐♥❣ ♠♦❞❡❧s ❛♥❞ t❛s❦s ❜❛s❡❞ ♦♥ ❧♦❝❛✲

t✐♦♥ ❛s♣❡❝ts✮ ✭●❡♦r❣♦✉❧✐❛s ❡t ❛❧✳✱ ✷✵✵✾❀ ❈❤❛❦r❛❜♦rt② ❛♥❞ ▲❡✐✱ ✷✵✵✹❀ ❆❧✐ ❡t ❛❧✳✱

✷✵✵✻❀ ❆♦✉♠❡✉r ❡t ❛❧✳✱ ✷✵✵✹✮✱ ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝② ✭♣❡r❢♦r♠❛♥❝❡ ❛♥❞

❝♦st✲❡✛❡❝t✐✈❡♥❡ss✮ ♦❢ ♦r❣❛♥✐③❛t✐♦♥❛❧ ♣r♦❝❡ss❡s ✭❩❤✉ ❡t ❛❧✳✱ ✷✵✶✹✮✳ ◆❛t✉r❛❧❧②✱

t❤❡s❡ ❝♦♥❝❡r♥ ❛r❡ ♦❢ ❛♥ ❡✈❡♥ ❣r❡❛t❡r ✐♠♣♦rt❛♥❝❡ ❢♦r ♣r♦❝❡ss❡s ✇❤❡r❡ ♠♦❜✐❧✲

✐t② ✭t❤❛t ✐s✱ tr❛❝❦✐♥❣ ❝❤❛♥❣❡s ✐♥ ❧♦❝❛t✐♦♥s ❛♥❞ ❛❞❛♣t✐♥❣ ♣r♦❝❡ss❡s t♦ t❤❡s❡

❝❤❛♥❣❡s✮ ✐s ❞❡❡♠❡❞ t♦ ❜❡ ❛♥ ✐♠♣♦rt❛♥t ❢❛❝t♦r ✭❏✐♥❣ ❡t ❛❧✳✱ ✷✵✵✵✮✳

❚❤❡ ♥♦t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥✲❛✇❛r❡♥❡ss ❝❡♥t❡rs ❛r♦✉♥❞ t❤❡ ❜❛s✐❝ ✐❞❡❛ t❤❛t ❧♦✲

❝❛t✐♦♥ ❛♥❞ ❧♦❝❛t✐♦♥✲❜❛s❡❞ s❡r✈✐❝❡s ❝❛♥ ❜❡ s❡♥s❡❞ ❛♥❞ ❛❞❛♣t❡❞ t♦ ✇✐t❤✐♥ ♣r♦✲

❝❡ss❡s✳ ▲♦❝❛t✐♦♥✲❛✇❛r❡ ❜✉s✐♥❡ss ♣r♦❝❡ss ♠❛♥❛❣❡♠❡♥t t❤✉s ❡♥❝♦♠♣❛ss❡s t❤❡

❛❜✐❧✐t② ❢♦r ❛ ❜✉s✐♥❡ss ♣r♦❝❡ss t♦ s❡♥s❡ t❤❡ ❝✉rr❡♥t ♣r♦❝❡ss st❛t✉s ✐♥ ❛ s♣❡❝✐✜❝

❧♦❝❛t✐♦♥ ❛♥❞ t♦ ❜❡ ❛✇❛r❡ ♦❢ t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss s✐t✉❛t✐♦♥✳ ❇❛s❡❞ ♦♥ t❤✐s✱ ♣r♦✲

❝❡ss ♦✇♥❡rs ❝❛♥ r❡❛❝t ♦r ❞②♥❛♠✐❝❛❧❧② ❝❤❛♥❣❡ t❤❡ ♣r♦❝❡ss ❡①❡❝✉t✐♦♥ t♦ ❛❞❛♣t

t❤❡ ❣♦❛❧ ♦❢ t❤❡ ♣r♦❝❡ss✳ ❊①❛♠♣❧❡s ♦❢ ❧♦❝❛t✐♦♥ s❡♥s✐t✐✈❡ s❡r✈✐❝❡s ❛♥❞ ❛♣♣❧✐✲

❝❛t✐♦♥s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❛r❡❛s s✉❝❤ ❛s ♥❛✈✐❣❛t✐♦♥ ❛♥❞ tr❛✈❡❧✱ ❞❡✈✐❝❡ ❛♥❞

❤✉♠❛♥ tr❛❝❦✐♥❣✱ ❣❡♦s♦❝✐❛❧ ♥❡t✇♦r❦✐♥❣✱ r❡t❛✐❧ ❛♥❞ r❡❛❧✲❡st❛t❡ s❡r✈✐❝❡s✱ ♠♦❜✐❧❡

✇♦r❦❢♦r❝❡ ❞❡♣❧♦②♠❡♥t✱ ❛♥❞ ♠❛♥② ♦t❤❡rs✳ ❍♦✇❡✈❡r✱ ✇♦r❦s ❛r♦✉♥❞ t❤❡ ❝♦♥✲

♥❡❝t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥ s❡r✈✐❝❡s ✇✐t❤ ♣r✐♥❝✐♣❧❡s ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss ♠❛♥❛❣❡♠❡♥t

❛r❡ r❡❧❛t✐✈❡❧② s❝❛r❝❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❛t ✐s✱ ♠❛♥② r❡s❡❛r❝❤❡rs ❢♦❝✉s ♦♥

♦♥ ❝♦♥♥❡❝t✐♥❣ s♣❛t✐❛❧✲❜❛s❡❞ ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤ s❝✐❡♥t✐✜❝ ✇♦r❦✢♦✇s ✭▼❡❞❡✐r♦s

❡t ❛❧✳✱ ✶✾✾✻❀ ❆❧♦♥s♦ ❛♥❞ ❍❛❣❡♥✱ ✶✾✾✼❀ ●ü♥t❤❡r✱ ✶✾✾✼❀ ❙❡✣♥♦ ❡t ❛❧✳✱ ✶✾✾✾❀
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❆❧t✐♥t❛s ❡t ❛❧✳✱ ✷✵✵✹❀ ▲✉❞äs❝❤❡r ❡t ❛❧✳✱ ✷✵✵✻❀ ❏ä❣❡r ❡t ❛❧✳✱ ✷✵✵✺✮✱ ❜✉t ♥♦t ✇✐t❤

❜✉s✐♥❡ss✲♦r✐❡♥t❡❞ ✇♦r❦✢♦✇s✳ ❆s ❛ ♥♦t❛❜❧❡ ❡①❝❡♣t✐♦♥✱ ✭▲❡♦♥✐ ❡t ❛❧✳✱ ✷✵✵✽✮

❞✐s❝✉ss ♠❛♣ ♠❡t❛♣❤♦rs t❤❛t ❛r❡ ✉s❡❞ t♦ ✈✐s✉❛❧✐③❡ ✇♦r❦ ✐t❡♠s ❛♥❞ r❡s♦✉r❝❡s

✐♥ ♣r♦❝❡ss✲❛✇❛r❡ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s ✭✉s✐♥❣ t❤❡ ❨❆❲▲ ✇♦r❦✢♦✇ ❧❛♥❣✉❛❣❡✮✳

❚❤✐s t❡❝❤♥✐q✉❡ s♣❡❝✐✜❡s t❤❛t ✉s❡rs ❝♦✉❧❞ ❝❤❡❝❦ ❣❡♦❣r❛♣❤✐❝❛❧ ♣♦s✐t✐♦♥s ❛♥❞

❞✐st❛♥❝❡s ❜❛s❡❞ ♦♥ ❛ ❣❡♦❣r❛♣❤✐❝❛❧ ♠❛♣✱ ❜✉t ❞♦❡s ♥♦t ✐♥❞✐❝❛t❡ ❤♦✇ ❡①❛❝t❧② ❣❡✲

♦❣r❛♣❤✐❝❛❧ ❛s♣❡❝ts ❝❛♥ ✐♥✢✉❡♥❝❡ t❤❡ ✢♦✇ ♦❢ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✳ ❉❡❝❦❡r

❡t ❛❧✳ ✭❉❡❝❦❡r✱ ✷✵✵✾❀ ❉❡❝❦❡r ❡t ❛❧✳✱ ✷✵✶✵✮ ❤❛✈❡ ❞❡✜♥❡❞ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts ❢♦r

✐♥❞✐✈✐❞✉❛❧ ✇♦r❦✢♦✇ ❛❝t✐✈✐t✐❡s ✇❤❡♥ ♠♦❞❡❧✐♥❣ ❛ ✇♦r❦✢♦✇ s❝❤❡♠❛ t♦ r❡str✐❝t

t❤❡ ❧♦❝❛t✐♦♥ ✇❤❡r❡ ❛♥ ❛❝t✐✈✐t② ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞✱ ❜✉t t❤❡ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts

❧❛❝❦ ❝♦♠♣r❡❤❡♥s✐♦♥ ❛♥❞ ❡①♣r❡ss✐✈❡♥❡ss✳ ❖✉r ♣r♦♣♦s❡❞ ♠♦❞❡❧✐♥❣ t❡❝❤♥✐q✉❡✱

♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐s ❛❜❧❡ t♦ s♣❡❝✐❢② ✐♥ ❛♥ ❡①❛❝t ♠❛♥♥❡r ❤♦✇ ❧♦❝❛t✐♦♥ ✐♠✲

♣❛❝ts t❤❡ ❜❛s✐❝ ❧♦❣✐❝❛❧ r❡❧❛t✐♦♥s❤✐♣s ✐♥ ❛ ♣r♦❝❡ss ❝♦♥tr♦❧✲✢♦✇✱ ✐✳❡✳ s❡q✉❡♥❝❡✱

♣❛r❛❧❧❡❧ s♣❧✐t✴❥♦✐♥s ❛♥❞ ❡①❝❧✉s✐✈❡ ❝❤♦✐❝❡ s♣❧✐t✴❥♦✐♥s✳

❙♦♠❡ ❡①✐st✐♥❣ ❇P▼ t♦♦❧ s✉✐t❡s ❛❧❧♦✇ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ❝❛♣t✉r❡ ♦❢ ❛❞✲

❞✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s ✭❘❡❝❦❡r✱ ✷✵✶✷❀ ❘❡❝❦❡r

❡t ❛❧✳✱ ✷✵✵✾❀ ❏✐♥❣ ❡t ❛❧✳✱ ✷✵✵✵❀ ❆❧✐ ❡t ❛❧✳✱ ✷✵✵✻✮✳ ■♥ t❤❡♦r②✱ s✉❝❤ ❛ttr✐❜✉t❡

✜❡❧❞s ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❝❛♣t✉r❡ ❧♦❝❛t✐♦♥✲❜❛s❡❞ ✐♥❢♦r♠❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥

❇✉s✐♥❡ss Pr♦❝❡ss ▼♦❞❡❧ ❛♥❞ ◆♦t❛t✐♦♥ ✭❇P▼◆✮ ♠♦❞❡❧s✱ ❧♦❝❛t✐♦♥s ❝♦✉❧❞ t❤❡✲

♦r❡t✐❝❛❧❧② ❜❡ ♠♦❞❡❧❡❞ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ s✇✐♠❧❛♥❡s✱ t❡①t ❛♥♥♦t❛t✐♦♥s ♦r ❞❛t❛

❡❧❡♠❡♥ts✳ ■♥ ❊✈❡♥t✲❞r✐✈❡♥ Pr♦❝❡ss ❈❤❛✐♥ ✭❊P❈✮ ♠♦❞❡❧s✱ ❧♦❝❛t✐♦♥ ✈❛r✐❛❜❧❡s

♠❛② ❜❡ ❣r♦✉♣❡❞ ✈✐❛ ♦r❣❛♥✐③❛t✐♦♥❛❧ ♦❜❥❡❝ts ❛♥❞ ✐♥ ❨❡t ❆♥♦t❤❡r ❲♦r❦✢♦✇

▲❛♥❣✉❛❣❡ ✭❨❆❲▲✮ ♠♦❞❡❧s✱ st❛t✐❝ ❛ttr✐❜✉t❡s ❝♦✉❧❞ ❜❡ ❛tt❛❝❤❡❞ t♦ ✇♦r❦ ✐t❡♠s

❛s ❛❞❞✐t✐♦♥❛❧ t❡①t ✐♥❢♦r♠❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ ❛❧❧ t❤❡s❡ ❛♣♣r♦❛❝❤❡s✱ ❧♦❝❛t✐♦♥✲

❜❛s❡❞ ❡❧❡♠❡♥ts ❡①✐st ♦♥❧② ❛s s❡❝♦♥❞❛r② ❝♦♥str✉❝ts ♦r t❡①t✲❜❛s❡❞ ❛♥♥♦t❛t✐♦♥s

❢♦r r❡❛❞❡rs t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❣r❛♣❤✐❝❛❧ ❞✐❛❣r❛♠✱ ❛♥❞ ❞♦ ♥♦t ✐♠♣❛❝t t❤❡

s❡♠❛♥t✐❝s ♦r ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧❡❞ ♣r♦❝❡ss ✐♥ ❛ ❞✐r❡❝t ✇❛②✳
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❖✉r ❛♣♣r♦❛❝❤ ❛✐♠s t♦ ♠❛❦❡ ❧♦❝❛t✐♦♥✲❜❛s❡❞ ❝♦♥str✉❝ts ✜rst✲❝❧❛ss ❝✐t✐③❡♥s

✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❡①❡❝✉t✐♦♥ ♦❢ ♣r♦❝❡ss ♠♦❞❡❧s✿ ♠❡❛♥✐♥❣ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡

t♦ ❣♦✈❡r♥ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ♣r♦❝❡ss ❜❛s❡❞ ♦♥ ❧♦❝❛t✐♦♥✲❜❛s❡❞ ♣r♦♣❡rt✐❡s✱ ❛♥❞

t♦ s✐❣♥❛❧ ❝❤❛♥❣❡s t♦ ❧♦❝❛t✐♦♥ ♣r♦♣❡rt✐❡s ❜❛s❡❞ ♦♥ t❤❡ ❡♥❛❝t♠❡♥t ♦❢ ❛❝t✐✈✐t✐❡s

✇✐t❤✐♥ ❛ r✉♥♥✐♥❣ ❜✉s✐♥❡ss ♣r♦❝❡ss✳

✷✳✷✳ ❉❡✜♥✐t✐♦♥s ❛♥❞ ◆♦t❛t✐♦♥s

❚❤✐s s❡❝t✐♦♥ ♦✉t❧✐♥❡s ♣r❡❧✐♠✐♥❛r② ❝♦♥❝❡♣ts ❛♥❞ ❞❡✜♥✐t✐♦♥s ✇❤✐❝❤ ✇✐❧❧ ❜❡

✉t✐❧✐③❡❞ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r✳

P❡tr✐ ♥❡ts ❛r❡ ❛ ✇❡❧❧✲❦♥♦✇♥ r❡♣r❡s❡♥t❛t✐♦♥❛❧ ❧❛♥❣✉❛❣❡ t♦ ♠♦❞❡❧ ❝♦♥❝✉r✲

r❡♥t s②st❡♠✱ ❛♥❞ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ❛♣♣❧✐❡❞ t♦ ❢♦r♠❛❧✐③❡ ❜✉s✐♥❡ss

♣r♦❝❡ss ♠♦❞❡❧ s❡♠❛♥t✐❝s ✭▼✉r❛t❛✱ ✶✾✽✾❀ P❡t❡rs♦♥✱ ✶✾✽✶✮✳

❉❡✜♥✐t✐♦♥ ✶✳ P❡tr✐ ♥❡t✳ ❆ P❡tr✐ ♥❡t ✐s ❛ tr✐♣❧❡ (P, T, F ) ✭▼✉r❛t❛✱ ✶✾✽✾❀

P❡t❡rs♦♥✱ ✶✾✽✶✮ ✇✐t❤✿

✕ P ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♣❧❛❝❡s✱ P = {p1, p2, . . . , p|P |}❀

✕ T ✐s ❛ ✜♥✐t❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s✱ T = {t1, t2, ..., t|T |}✱ ✇✐t❤ P ∩ T = ∅❀

✕ F ⊆ (P × T ) ∪ (T × P ) ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❞✐r❡❝t❡❞ ❛r❝s ✭✢♦✇ r❡❧❛t✐♦♥✮✳

❆ ♣❧❛❝❡ ✭❞r❛✇♥ ❛s ❛ ❝✐r❝❧❡✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❋✐❣✳ ✶✮ p ∈ P ✐s ❝❛❧❧❡❞ ❛♥

✐♥♣✉t✴♦✉t♣✉t ♣❧❛❝❡ ♦❢ ❛ tr❛♥s✐t✐♦♥ ✭❞r❛✇♥ ❛s ❛ ❜♦① ❛♥❞ ❧❛❜❡❧❡❞❀ ✉♥❧❛❜❡❧❡❞

tr❛♥s✐t✐♦♥s ❛r❡ s❤♦✇♥ ❛s ❛ ❜❧❛❝❦ ❜♦①✮ t ∈ T ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❛r❝ ❢r♦♠ p t♦ t

♦r ❢r♦♠ t t♦ p r❡s♣❡❝t✐✈❡❧②✳ •t ❛♥❞ t• ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ✐♥♣✉t ❛♥❞ r❡s♣❡❝t✐✈❡❧②

♦✉t♣✉t ♣❧❛❝❡s ❢♦r ❛ tr❛♥s✐t✐♦♥ t ∈ T ✳ ❙✐♠✐❧❛r❧②✱ •p ❛♥❞ p• ❞❡✜♥❡ t❤❡ s❡t ♦❢

tr❛♥s✐t✐♦♥s ❤❛✈✐♥❣ p ∈ P ❛s ❛♥ ✐♥♣✉t ♣❧❛❝❡ ❛♥❞ t❤❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s ❤❛✈✐♥❣

p ∈ P ❛s ❛♥ ♦✉t♣✉t ♣❧❛❝❡ r❡s♣❡❝t✐✈❡❧②✳

❉❡✜♥✐t✐♦♥ ✷✳ ▼❛r❦✐♥❣✱ ♠❛r❦❡❞ P❡tr✐ ♥❡t✳ ❆ ♠❛r❦❡❞ P❡tr✐ ♥❡t ✐s ❛

tr✐♣❧❡ (N,M,M0) ✇✐t❤✿
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✕ N = (P, T, F ) ❛ P❡tr✐ ♥❡t ✭❛ ♠❛r❦❡❞ P❡tr✐ ♥❡t ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✐♥

❛♥ ❡①♣❛♥❞❡❞ ♥♦t❛t✐♦♥ (P, T, F,M,M0)✮❀

✕ M : P → N
+
0 ✐s ❛ ♠❛r❦✐♥❣ ❢✉♥❝t✐♦♥❀

✕ M0 : P → N
+
0 ✐s t❤❡ ✐♥✐t✐❛❧ ♠❛r❦✐♥❣ ❢✉♥❝t✐♦♥✳

P❧❛❝❡s p ∈ P ✐♥ ❛ P❡tr✐ ♥❡t ❝❛♥ ❝♦♥t❛✐♥ ③❡r♦ ♦r ♠♦r❡ ✏t♦❦❡♥s✑ ✭❞r❛✇♥

❛s ❜❧❛❝❦ ❞♦ts ✐♥s✐❞❡ t❤❡ ♣❧❛❝❡s✮✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t♦❦❡♥s ♦✈❡r t❤❡ ♣❧❛❝❡s

❞❡✜♥❡s t❤❡ st❛t❡✱ ❞❡♥♦t❡❞ ❛s t❤❡ ✏♠❛r❦✐♥❣✑ ♦❢ t❤❡ P❡tr✐ ♥❡t✱ r❡♣r❡s❡♥t❡❞ ❜②

t❤❡ ♠❛r❦✐♥❣ ❢✉♥❝t✐♦♥ M ✱ ✇❤✐❝❤ ♠❛♣s ❡❛❝❤ p ∈ P t♦ ❛ ♥❛t✉r❛❧✱ ♣♦s✐t✐✈❡

♥✉♠❜❡r✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ t♦❦❡♥s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❛t ♣❧❛❝❡✳ ❚❤❡

♠✉❧t✐♣❧✐❝✐t② ♦❢ ❛ ♣❧❛❝❡ p ✐♥ ❛ ♠❛r❦✐♥❣ M ✱ ✐✳❡✳ M(p)✱ ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢

t♦❦❡♥s t❤❛t t❤✐s ♣❧❛❝❡ ❝♦♥t❛✐♥s✳ ❚❤❡ ✐♥✐t✐❛❧ ♠❛r❦✐♥❣ M0 ✐s ✉s❡❞ t♦ ✐♥✐t✐❛❧✐③❡

❛❧❧ ♣❧❛❝❡s ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ t♦❦❡♥ ❝♦✉♥t ✭✐♥ ♠♦st ❝❛s❡s✱ t❤❡ ✐♥✐t✐❛❧ ♠❛r❦✐♥❣ ✐s

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ M0 : p ∈ P 7→ 1 ✐❢ • p = ∅ ♦r 0 ♦t❤❡r✇✐s❡✮✳

❉❡✜♥✐t✐♦♥ ✸✳ P❡tr✐ ♥❡t ❡①❡❝✉t✐♦♥ s❡♠❛♥t✐❝s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ t♦❦❡♥s

✐♥ ❛ P❡tr✐ ♥❡t ❝❤❛♥❣❡s ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ P❡tr✐ ♥❡t✳ ❚❤❡ ♠❛r❦✐♥❣

♦❢ ❛ P❡tr✐ ♥❡t ❞❡✜♥❡s ❛ st❛t❡✱ ❜❛s❡❞ ♦♥ ✇❤✐❝❤ ❡①❡❝✉t✐♦♥ s❡♠❛♥t✐❝s ❝❛♥ ❜❡

❢♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✿

✕ ❆ tr❛♥s✐t✐♦♥ t ∈ T ✐s s❛✐❞ t♦ ❜❡ ❡♥❛❜❧❡❞ ✉♥❞❡r ♠❛r❦✐♥❣ M ✐✛ ❡❛❝❤ ♦❢

✐ts ✐♥♣✉t ♣❧❛❝❡s ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ t♦❦❡♥✿ ∀p ∈ •t : [M(p) > 0]❀

✕ ❆♥ ❡♥❛❜❧❡❞ tr❛♥s✐t✐♦♥ t ∈ T ❝❛♥ ❜❡ ✜r❡❞✱ ✇❤✐❝❤ ❜r✐♥❣s t❤❡ P❡tr✐ ♥❡t

❢r♦♠ ♦♥❡ st❛t❡ t♦ ❛♥♦t❤❡r✿

M1
t
→ M2 s♦ t❤❛t ∀p ∈ P : [



























M2(p) = M1(p) ✐❢ p /∈ •t ∪ t•

M2(p) = M1(p)− 1 ✐❢ p ∈ •t

M2(p) = M(p) + 1 ✐❢ p ∈ t•

]✳

❙❝❤♦❧❛rs ♠♦❞❡❧✐♥❣ ❝♦♥tr♦❧✲✢♦✇ ❞✐♠❡♥s✐♦♥s ♦❢ ❛ ❜✉s✐♥❡ss ♣r♦❝❡ss ♦❢t❡♥

✉t✐❧✐③❡ ❛ s✉❜❝❧❛ss ♦❢ P❡tr✐ ♥❡ts✱ ❝❛❧❧❡❞ ❲♦r❦❋❧♦✇ ♥❡ts ✭♦r✱ ❲❋✲♥❡ts✮ ✭✈❛♥ ❞❡r
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❆❛❧st✱ ✶✾✾✽✮✳ ❆ ❲❋✲♥❡t s♣❡❝✐✜❡s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ s✐♥❣❧❡ ♣r♦❝❡ss ✐♥st❛♥❝❡ ✐♥

✐s♦❧❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳ ❲❋✲♥❡t✳ ❆ P❡tr✐ ♥❡t ✭P✱❚✱❋✮ ✐s ❛ ❲❋✲♥❡t ✭✈❛♥ ❞❡r ❆❛❧st✱

✶✾✾✽✮ ✇❤❡♥✿

✕ ❚❤❡r❡ ✐s ❛ s✐♥❣❧❡ s♦✉r❝❡ ♣❧❛❝❡ i ∈ P s✉❝❤ t❤❛t •i = ∅❀

✕ ❚❤❡r❡ ✐s ❛ s✐♥❣❧❡ s✐♥❦ ♣❧❛❝❡ o ∈ P s✉❝❤ t❤❛t o• = ∅❀

✕ ❚❤❡ ♥❡t (P, T ∪{t′}, F ∪{(o, t′), (t′, i)}) ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞✱ ✐✳❡✳ ❡✈❡r②

x ∈ P ∪ T ❧✐❡s ♦♥ ❛ ♣❛t❤ ❢r♦♠ i t♦ o ✳

❚♦ ❞❡✜♥❡ t❤❡ ❡①❡❝✉t✐♦♥ s❡♠❛♥t✐❝s ♦❢ ♦✉r P❡tr✐ ♥❡t ♠♦❞❡❧✐♥❣ ❡①t❡♥s✐♦♥✱

✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❛ ❢♦r♠❛❧✐③❡❞ ♠❛♣♣✐♥❣ t♦ ❝♦❧♦✉r❡❞ P❡tr✐ ♥❡ts ✭❈P◆✮✳ ❈P◆s

❛r❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ P❡tr✐ ♥❡t ✇❤✐❝❤ ❛r❡ ❝♦♠♣❛r❛❜❧❡ t♦ P❡tr✐ ♥❡ts✱ ❜✉t ❛❞❞

❝♦❧♦r s❡ts t♦ ♣❧❛❝❡s ❛♥❞ t♦❦❡♥s t♦ ❛❧❧♦✇ ❢♦r t♦❦❡♥s ♦❢ ♠✉❧t✐♣❧❡ t②♣❡s✱ ❣✉❛r❞

tr❛♥s✐t✐♦♥s t♦ ❝♦♥str❛✐♥ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥s ❛♥❞ ❛r❝ ❡①♣r❡ss✐♦♥ t♦

❣♦✈❡r♥ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ✢♦✇ ♦❢ t♦❦❡♥s ✭❏❡♥s❡♥✱ ✶✾✽✼✮✳ ◆♦r♠❛❧❧②✱ ❣✉❛r❞s

❛♥❞ ❛r❝ ❡①♣r❡ss✐♦♥s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❧❛♥❣✉❛❣❡ ✭❈P◆ ❚♦♦❧s ❢♦r

✐♥st❛♥❝❡s ✉s❡s ❙t❛♥❞❛r❞ ▼▲ t♦ ❞♦ s♦✱ ❛ ❢✉♥❝t✐♦♥❛❧ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✮✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ✇❡ ♣r♦✈✐❞❡ ❜❡❧♦✇ ✐s ❛❞❛♣t❡❞ ❢r♦♠ ✭❏❡♥s❡♥✱ ✶✾✽✼✮✱ ❜✉t ❞❡✜♥❡❞

✐♥ ❧❛♥❣✉❛❣❡✲❛❣♥♦st✐❝ ❢♦r♠✱ ♠❡❛♥✐♥❣ t❤❛t ✇❡ ❛ss✉♠❡ t❤❡ ❣❡♥❡r❛❧ ❛✈❛✐❧❛❜✐❧✐t②

♦❢ ❛ ❧❛♥❣✉❛❣❡ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❞❡✜♥❡ ❡①♣r❡ss✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❛♥❞

②✐❡❧❞ ❛ r❡s✉❧t ✇❤❡♥ ❞♦♥❡ s♦✳

❉❡✜♥✐t✐♦♥ ✺✳ ❈♦❧♦✉r❡❞ P❡tr✐ ♥❡t✳ ❆ ❈P◆ ✐s ❛ t✉♣❧❡ (P, T,A,Σ, C, V,N,

G,E,M, I) ✇✐t❤✿

✕ P t❤❡ s❡t ♦❢ ♣❧❛❝❡s✱ P = {p1, p2, ..., p|P |}❀

✕ T t❤❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s✱ T = {t1, t2, ..., t|T |}, P ∩ T = ∅❀

✕ A t❤❡ s❡t ♦❢ ❛r❝s✱ A = {a1, a2, ..., a|A|}❀
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✕ Σ t❤❡ s❡t ♦❢ ❝♦❧♦r s❡ts ❞❡✜♥❡❞ ✇✐t❤✐♥ t❤❡ ♠♦❞❡❧✳ ❆ ❝♦❧♦r s❡t ✐s ❛

❣r♦✉♣✐♥❣ ♦❢ ❝♦❧♦rs✳ ❆ ❝♦❧♦r ✐s ❛♥ ❛tt❛❝❤❡❞ ✈❛❧✉❡ ✭✐✳❡✳✱ ❛ ❧❛❜❡❧✮ t♦ ❛ t♦❦❡♥✳

❘❡❣✉❧❛r P❡tr✐ ♥❡ts ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❈P◆ ❜② ❞❡✜♥✐♥❣ ❛ s✐♥❣❧❡ ❝♦❧♦r s❡t

✇✐t❤ ❛ s✐♥❣❧❡ ❝♦❧♦r ✈❛❧✉❡❀

✕ V t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ✉s❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱ V = {v1, v2, . . . , v|V |}✳ ◆♦t❡

t❤❛t ✇❡ ✐♥❞✐❝❛t❡ t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ ✭✐✳❡✳✱ ❝♦❧♦r✮ ♦❢ ❛ ✈❛r✐❛❜❧❡ v ∈ V ❛s v∗❀

✕ C : P ∪ V ∪A → Σ t❤❡ ❢✉♥❝t✐♦♥ r❡t✉r♥✐♥❣ t❤❡ ❝♦❧♦r s❡t ❛ss♦❝✐❛t❡❞ t♦ ❛

♣❧❛❝❡✱ ✈❛r✐❛❜❧❡✱ ♦r ❛r❝ ✐♥ t❤❡ ❈P◆ ♠♦❞❡❧❀ ❢♦r ❛r❝s✱ t❤❡ ❝♦❧♦r s❡t ♦❢ t❤❡ ♣❧❛❝❡

❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛r❝ ✐s r❡t✉r♥❡❞✱ ✐✳❡✳ C : a ∈ A 7→ C(P ∩N(a))

✕ N : A → P × T ∪ T × P t❤❡ ♥♦❞❡ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❛r❝s t♦ ❛ ♣❧❛❝❡✲

tr❛♥s✐t✐♦♥ ♦r tr❛♥s✐t✐♦♥✲♣❧❛❝❡ ✢♦✇ ❡①♣r❡ss✐♦♥✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❛❧❧♦✇s ❢♦r t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ ❛r❝s ❜❡t✇❡❡♥ t❤❡ s❛♠❡ ♣❧❛❝❡✲tr❛♥s✐t✐♦♥ ♦r tr❛♥s✐t✐♦♥✲

♣❧❛❝❡ ♣❛✐r❀

✕ G : t ∈ T 7→ ●❊①♣r t❤❡ ❣✉❛r❞ ❡①♣r❡ss✐♦♥ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❛ tr❛♥s✐t✐♦♥

t ∈ T t♦ ❛ ❜♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥ ●❊①♣r✱ ❞❡♥♦t✐♥❣ ✇❤❡t❤❡r t❤❡ tr❛♥s✐t✐♦♥s ✐s

♣❡r♠✐tt❡❞ t♦ ✜r❡✳ ❊✈❛❧✉❛t✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ②✐❡❧❞s ❛ ❜♦♦❧❡❛♥ r❡s✉❧t ✈❛❧✉❡✱

✐♥❞✐❝❛t❡❞ ❛s ●❊①♣r∗ ∈ {tr✉❡, ❢❛❧s❡}❀

✕ E : a ∈ A 7→ ❆❊①♣r t❤❡ ❛r❝ ❡①♣r❡ss✐♦♥ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❛♥ ❛r❝ a ∈ A

t♦ ❛♥ ❡①♣r❡ss✐♦♥ ❆❊①♣r✳ ❊✈❛❧✉❛t✐♥❣ ❛♥ ❛r❝ ❡①♣r❡ss✐♦♥ ②✐❡❧❞s ❛ ♠✉❧t✐s❡t ♦❢

t♦❦❡♥s✱ ✐♥❞✐❝❛t❡❞ ❛s ❆❊①♣r∗▼❙ ✇❤✐❝❤ ✐s t♦ ❜❡ ♣r♦❞✉❝❡❞ ✭❢♦r tr❛♥s✐t✐♦♥ t♦ ♣❧❛❝❡

❛r❝s✮ ♦r ❝♦♥s✉♠❡❞ ✭❢♦r ♣❧❛❝❡ t♦ tr❛♥s✐t✐♦♥ ❛r❝s✮✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✐ts❡❧❢ ❝❛♥

✉s❡ ♦♥❡ ♦r ♠✉❧t✐♣❧❡ ✈❛r✐❛❜❧❡s ✐♥ V ✱ t❤❡ ❝♦❧♦r s❡ts ♦❢ t❤❡ ✐♥♣✉t ❛♥❞ ♦✉t♣✉ts

♦❢ t❤❡ ❛r❝ ❡①♣r❡ss✐♦♥ ♠✉st ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦❧♦r s❡ts ♦❢ t❤❡ ♣❧❛❝❡s t❤❡

❛r❝s ❝♦♥♥❡❝ts t♦✱ ❢♦r♠❛❧✐③❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ ∀a ∈ A : [∃σ ∈ Σ : [∀τ ∈

E(A)∗▼❙ : [τ ∈ σ] ∧ C(P ∩N(a)) = σ]]❀

✕ M : p ∈ P 7→ C(p)▼❙ t❤❡ ♠❛r❦✐♥❣ ❢✉♥❝t✐♦♥✱ r❡t✉r♥✐♥❣ t❤❡ ♠✉❧t✐s❡t ♦❢

t♦❦❡♥s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ♣❧❛❝❡ ✇✐t❤ ∀p ∈ P : [∀τ ∈ M(p) : [τ ∈ C(p)]] ❀
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✕ I : p ∈ P 7→ ■❊①♣r t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤✐s ❢✉♥❝t✐♦♥ ✐♥✐t✐❛❧✐③❡s

♣❧❛❝❡s ✐♥ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❛ st❛t❡✱ ❡①♣r❡ss❡❞ ❛s ❝♦❧♦r❡❞ t♦❦❡♥s✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥

♦❢ ❛♥ ■❊①♣r ②✐❡❧❞s ❛ t♦❦❡♥ ♠✉❧t✐s❡t✱ ✐♥❞✐❝❛t❡❞ ❛s ■❊①♣r∗▼❙ ✇✐t❤ ∀p ∈ P : [∀τ ∈

■❊①♣r∗▼❙ : [τ ∈ C(p)]]✳

❚❤❡ ❡①❡❝✉t✐♦♥ s❡♠❛♥t✐❝s ♦❢ ❛ ❈P◆ ❞✐✛❡r ❢r♦♠ t❤♦s❡ ♦❢ ❛ r❡❣✉❧❛r P❡tr✐

♥❡t✳

❉❡✜♥✐t✐♦♥ ✻✳ ❈♦❧♦✉r❡❞ P❡tr✐ ♥❡t ❡①❡❝✉t✐♦♥ s❡♠❛♥t✐❝s✳ ▲❡t p : A → P

❜❡ ❛ ❢✉♥❝t✐♦♥ r❡t✉r♥✐♥❣ t❤❡ ♣❧❛❝❡ ❛tt❛❝❤❡❞ t♦ ❛♥ ❛r❝ ❛♥❞ t: A → T ❛ ❢✉♥❝t✐♦♥

r❡t✉r♥✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ ❛tt❛❝❤❡❞ t♦ ❛♥ ❛r❝✱ ✐✳❡✳ t : a ∈ A 7→ T ∩N(a)✳ ❋♦r

❛ tr❛♥s✐t✐♦♥ t ∈ T t♦ ❜❡ ❡♥❛❜❧❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐❛ ♥❡❡❞ t♦ ❤♦❧❞✿

✕ ❆❧❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ✐♥❝♦♠✐♥❣ ❛r❝s s❤♦✉❧❞ ❜❡ s❛t✐s✜❡❞✿ ∀a ∈ A, t(a) =

t : [E(a)∗▼❙ 6= ∅]❀

✕ ❚❤❡ ❣✉❛r❞ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♠✉st ❡✈❛❧✉❛t❡ t♦ tr✉❡✱ G(t)∗ =

tr✉❡✳

❊♥❛❜❧❡❞ tr❛♥s✐t✐♦♥s ❝❛♥ ❜❡ ✜r❡❞✳ ❖✉t♣✉t ❛♥❞ ✐♥♣✉t ♣❧❛❝❡s ❛r❡ ✉♣❞❛t❡❞

❛❝❝♦r❞✐♥❣❧② ❣✐✈❡♥ t❤❡ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❛r❝ ❡①♣r❡ss✐♦♥s✳ ❋✐r✐♥❣ ❛♥ ❡♥❛❜❧❡❞

tr❛♥s✐t✐♦♥ ❜r✐♥❣s ❛ ♠❛r❦✐♥❣ M1
t
→ M2 ❛s ❢♦❧❧♦✇s✳ ▲❡t AI

t = {a ∈ A|N(a) =

(x, y) ∧ y = t}❀ AO
t = {a ∈ A|N(a) = (x, y) ∧ x = t} ❛♥❞ At = AI

t ∪ AO
t ✱

t❤❡♥ ∀p ∈ P : [M2(p) = M1(p) ⊎ {τ ∈ E(a)∗▼❙|a ∈ AO
t ∧ p(a) = p}\{τ ∈

E(a)∗▼❙|a ∈ AI
t ∧ p(a) = p}]✳

◆❡①t✱ ✇❡ s❤✐❢t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥s✳ ❚❤❡ ❞❡❢✲

✐♥✐t✐♦♥ ♦❢ ♦✉r ❝♦♥❝❡♣t ♦❢ ❧♦❝❛t✐♦♥ ❝♦rr❡s♣♦♥❞s ✇✐t❤ ❛ s♦ ❝❛❧❧❡❞ ✏❢❡❛t✉r❡✑ ❛s

❛♣♣❧✐❡❞ ❜② ♠♦st ❣❡♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s✳ ❆ ❢❡❛t✉r❡ ❞❡s❝r✐❜❡s s♦♠❡✲

t❤✐♥❣ t❤❛t ❝❛♥ ❜❡ ❞r❛✇♥ ♦♥ ❛ ♠❛♣✱ ✐✳❡✳ s♦♠❡t❤✐♥❣ ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞✖❛

♠♦✉♥t❛✐♥✱ ❧❛♥❞♠❛r❦ ♦r ❡✈❡♥ ♠♦✈✐♥❣ ♦❜❥❡❝ts s✉❝❤ ❛s ❝❛rs✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐t

✐s r❡❛s♦♥❛❜❧❡ t♦ ❣r♦✉♣ ❝❡rt❛✐♥ ❢❡❛t✉r❡s t♦❣❡t❤❡r ✐❢ t❤❡② s❤❛r❡ ❛ ♥✉♠❜❡r ♦❢
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♣r♦♣❡rt✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❈❤✐♥❛✱ ❇❡❧❣✐✉♠ ❛♥❞ ●❡r♠❛♥② ❝❛♥ ❛❧❧ ❜❡ r❡❣❛r❞❡❞

❛s ❢❡❛t✉r❡s ♦❢ t❤❡ t②♣❡ ✏❈♦✉♥tr②✑✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛♣❛rt ❢r♦♠ ❛ s❡♠❛♥t✐❝ ❞❡✲

s❝r✐♣t✐♦♥ ✭❛ ♥❛♠❡ ❛♥❞ ♦t❤❡r ♣r♦♣❡rt✐❡s✮✱ ❢❡❛t✉r❡s ❝❛♥ ❛❧s♦ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥

♣❤②s✐❝❛❧ t❡r♠s✱ ✐✳❡✳ ❛s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥ ♦❢ ❛♥ ♦❜❥❡❝t✬s ❣❡♦♠❡tr② ✐♥

t❡r♠s ♦❢ ♣♦✐♥ts✱ ❧✐♥❡s✱ ♣❛t❤s ✭♠✉❧t✐♣❧❡ ❧✐♥❡ s❡❣♠❡♥ts✮ ♦r ♣♦❧②❣♦♥s ✭❛ss♦❝✐❛t❡❞

✇✐t❤ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❝♦♦r❞✐♥❛t❡ r❡❢❡r❡♥❝❡ s②st❡♠ ❛♥❞ s❝❛❧❡ ♦r ❣r❛♥✉❧❛r✐t②✮✳

❉❡✜♥✐t✐♦♥ ✼✳ ❋❡❛t✉r❡✱ ❢❡❛t✉r❡ t②♣❡✳ ❖✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥ ❝♦rr❡✲

s♣♦♥❞s ✇✐t❤ ❛ s♦ ❝❛❧❧❡❞ ✏❢❡❛t✉r❡✑✳ ❋❡❛t✉r❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❣❡♦♠✲

❡tr②✱ ❛ ❢❡❛t✉r❡ t②♣❡✱ ❛♥❞ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❛❞❞✐t✐♦♥❛❧ ❛ttr✐❜✉t❡s ✭s✉❝❤

❛s ❛ ❤✉♠❛♥✲r❡❛❞❛❜❧❡ ♥❛♠❡✮✱ ✐✳❡✳✿

✕ ▲❡t ❋❚L ❜❡ ❛ s❡t ♦❢ ❢❡❛t✉r❡ t②♣❡s✱ ❋❚L = {❢t1, ❢t2, ..., ❢t|❋❚|}❀

✕ ▲❡t FL ❜❡ ❛ s❡t ♦❢ ❢❡❛t✉r❡s✱ FL = {f1, f2, ..., f|L|}❀

✕ ▲❡t ❚②♣❡ : FL → ❋❚L ❜❡ ❛ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❢❡❛t✉r❡s t♦ ❛ t②♣❡✳ ■♥

t❤❡ ✈✐s✉❛❧ ♠♦❞❡❧✐♥❣ ♥♦t❛t✐♦♥ ✭❡✳❣✳ ✐♥ ❋✐❣✳ ✷ ❧❛t❡r ❜❡❧♦✇✮✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❞❡♥♦t❡

t❤✐s ✉s✐♥❣ t❤❡ s❤♦rt❤❛♥❞ f : ❢t ✇✐t❤ f ∈ FL ❛♥❞ ❢t ∈ ❋❚L❀

✕ ▲❡t ●❡♦♠❡tr② : f ∈ FL 7→ g ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ r❡t✉r♥s t❤❡ ❣❡♦♠❡tr② g

❢♦r ❛ ❣✐✈❡♥ ❢❡❛t✉r❡ f ∈ FL❀

✕ ▲❡t fa ✐♥❞✐❝❛t❡ s♦♠❡ ❛ttr✐❜✉t❡ a ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❢❡❛t✉r❡ f ∈ FL✳

❚❤✐s ❝❛♥ ❜❡ ❛♥② t②♣❡ ♦❢ ❞❛t❛✱ ❡✳❣✳ ❛ ♥❛♠❡✱ ❛ ❞❛t❡✱ ❛ ♥✉♠❜❡r ♦r ❡✈❡♥ ♦t❤❡r

❢❡❛t✉r❡s✳

▼❛♥② st❛♥❞❛r❞s ❛♥❞ ✈❡♥❞♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❡①✐st t♦ ❞❡✜♥❡ ❣❡♦♠❡tr②

t②♣❡s ✭❖●❈✱ ✶✾✾✾❀ ▲❛❦❡ ❡t ❛❧✳✱ ✷✵✵✹❀ ❈❧❡♠❡♥t✐♥✐ ❡t ❛❧✳✱ ✶✾✾✸✱ ✶✾✾✹✮✳ ■♥ ♦✉r

✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛ ❣❡♦♠❡tr② g t♦ ❜❡ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡s✱ ❜✉t

t❤✐s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ♦r ♠♦❞✐✜❡❞ ❜❛s❡❞ ♦♥ ❡♥❞✲✉s❡r ♥❡❡❞s✿

✕ ❆ ✏♣♦✐♥t✑✱ ❛ s✐♥❣❧❡ ❝♦♦r❞✐♥❛t❡✿ (x ∈ R, y ∈ R)
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✕ ❆ s❡t ♦❢ ♣♦✐♥ts✱ ❛ ✏♠✉❧t✐♣♦✐♥t✑✿ {(x1 ∈ R, y1 ∈ R), . . . , (xn ∈ R, yn ∈

R)}

✕ ❆ ✏❧✐♥❡str✐♥❣✑✱ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ❝♦♥♥❡❝t❡❞ ❜② ❧✐♥❡ s❡❣♠❡♥ts ✭♥♦t❡

t❤❛t ❧✐♥❡str✐♥❣s ❝❛♥ ❢♦r♠ ❛ ❝❧♦s❡❞ ❧♦♦♣ ♦r ♥♦t✮✿ ((x1 ∈ R, y1 ∈ R), . . . ,

(xn ∈ R, yn ∈ R))

✕ ❆ s❡t ♦❢ ❧✐♥❡str✐♥❣s✱ ❛ ✏♠✉❧t✐❧✐♥❡str✐♥❣✑

✕ ❆ ✏♣♦❧②❣♦♥✑✱ ❞❡✜♥❡❞ ❜② ❛♥ ❝❧♦s❡❞ ♦✉t❡r ❜♦✉♥❞❛r② ✭❞❡s❝r✐❜❡❞ ❛s ❛

❧✐♥❡str✐♥❣✮ ❛♥❞ ③❡r♦ ♦r ♠♦r❡ ❝❧♦s❡❞ ✐♥♥❡r ❜♦✉♥❞❛r✐❡s✿ (((xo1 ∈ R, yo1 ∈

R), . . . , (xon ∈ R, yon ∈ R)), {((xi11 ∈ R, yi11 ∈ R), . . . , (xi1n ∈ R, yi1n ∈

R)), . . . , ((xi21 ∈ R, yi21 ∈ R), . . . , (xi2n ∈ R, yi2n ∈ R))})

✕ ❆ s❡t ♦❢ ♣♦❧②❣♦♥s✱ ❛ ✏♠✉❧t✐♣♦❧②❣♦♥✑

❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣✳ ❇② ❡st❛❜❧✐s❤✐♥❣

r❡❧❛t✐♦♥s❤✐♣s ♦✈❡r ❣❡♦♠❡tr✐❡s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❛♥s✇❡r q✉❡r✐❡s s✉❝❤ ❛s ✏■s ♦♥❡

❢❡❛t✉r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥♦t❤❡r❄✑ ■♥ s♦♠❡ ❝❛s❡s✱ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s ❛r❡

❝❛t❡❣♦r✐③❡❞ ✐♥ s❡♣❛r❛t❡ s❡ts✱ s✉❝❤ ❛s t♦♣♦❧♦❣✐❝❛❧✱ ♠❡❛s✉r❡♠❡♥t✱ s❡q✉❡♥t✐❛❧ ♦r

❝♦♠♣❧❡① r❡❧❛t✐♦♥s❤✐♣s ✭❩❤✉ ❡t ❛❧✳✱ ✷✵✶✸✱ ✷✵✶✹✮✱ ❜✉t ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱

✇❡ ❞❡✜♥❡ ❛ ✏❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣✑ ❤❡r❡ ❜② ♠❡❛♥s ♦❢ ❛ s✐♥❣❧❡✱ ❣❧♦❜❛❧ ♠♦♥✐❦❡r

❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✽✳ ●❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣✳ ❆ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣ ✐s ❛

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ❘❡❧❛t✐♦♥s❤✐♣(❢❣[, ❢❣1, . . . , ❢❣n][, a1, . . . , an]) ✇✐t❤✿

✕ ❢❣✿ t❤❡ ❣❡♦♠❡tr② ✉s❡❞ ❛s t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥t✳ ■❢ ❛ ❢❡❛t✉r❡ ✐s

♣❛ss❡❞ ✐♥ ✭✐✳❡✳ ❢❣ ∈ FL✮✱ t❤❡ ❢✉♥❝t✐♦♥ ✐s s✐♠♣❧② ❛♣♣❧✐❡❞ ♦♥ ●❡♦♠❡tr②(❢❣)✱ t❤❡

❣❡♦♠❡tr② ♦❢ t❤❡ ❢❡❛t✉r❡❀
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✕ ❢❣1, . . . , ❢❣n✿ ❛❞❞✐t✐♦♥❛❧ ❣❡♦♠❡tr② ♦r ❢❡❛t✉r❡ ❛r❣✉♠❡♥ts ✭♦♣t✐♦♥❛❧✮✳ ❏✉st

❛s ✇✐t❤ ❢❣✱ ✐❢ ❛ ❢❡❛t✉r❡ ✐s ♣❛ss❡❞ ✐♥✱ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❣❡♦♠❡tr②

♦❢ t❤❡ ❢❡❛t✉r❡❀

✕ a1, . . . , an✿ ❛❞❞✐t✐♦♥❛❧ ❛r❣✉♠❡♥ts ♦❢ ❛♥② t②♣❡ ♦t❤❡r t❤❛♥ ❢❡❛t✉r❡s ♦r

❣❡♦♠❡tr② ✭♦♣t✐♦♥❛❧✮❀

✕ ❛ r❡t✉r♥ t②♣❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❢ ❛♥② t②♣❡✱ ❡✳❣✳ ❛♥♦t❤❡r ❢❡❛t✉r❡✱ ❣❡♦♠❡tr②✱

❜✐♥❛r② ✈❛❧✉❡✱ ♥✉♠❜❡r ♦r ✐♥✈❛r✐❛♥t✳

❆❣❛✐♥✱ ♠❛♥② ❞❡✜♥✐t✐♦♥s ❡①✐st t❤❛t ❝❛t❛❧♦❣ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s✳ ■❙❖✶✾✶✵✼

❢♦r ✐♥st❛♥❝❡ ❞❡✜♥❡s ❛ t♦♣♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡ ✏●❡♦❣r❛♣❤② ▼❛r❦✉♣

▲❛♥❣✉❛❣❡✑ ✭▲❛❦❡ ❡t ❛❧✳✱ ✷✵✵✹✮✱ ✇❤❡r❡❛s ♦t❤❡r s♦✉r❝❡s✱ s✉❝❤ ❛s t❤❡ ■♥t❡s❛●■❙

♣r♦❥❡❝t ✭❆♠❛❞✐♦ ❡t ❛❧✳✱ ✷✵✵✹✮ ❜❛s❡ t❤❡♠s❡❧✈❡s ♦♥ ❛♥ ❛✉t❤♦r✐t② ❞❛t❛❜❛s❡✳

▼❛♥② ♦❢ t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ●■❙ t♦♦❧❦✐ts✱ ✐✳❡✳ ●❡♦❚♦♦❧s✱ P♦st●■❙✱ ❆r✲

❝●■❙✱ ❙◗▲ ❙❡r✈❡r ❡t❝✳ ❞❡✜♥❡ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡

✏❚♦♣✐❝ ✽✑ st❛♥❞❛r❞ ♣r♦♣♦s❡❞ ❜② t❤❡ ❖♣❡♥●■❙ ❈♦♥s♦rt✐✉♠ ✭❖●❈✮ ✭❖●❈✱

✶✾✾✾✮✳ ■♥ ✭❇r♦❞❡✉r ❡t ❛❧✳✱ ✷✵✵✵✮✱ ❛ ❯▼▲✲❜❛s❡❞ ♠❡t❛♠♦❞❡❧ ✐s ♣r♦♣♦s❡❞ ❜❛s❡❞

♦♥ t❤❡ s❛♠❡ st❛♥❞❛r❞✳ ■♥ ♠♦st ❝❛s❡s✱ ❤♦✇❡✈❡r✱ ❛❧❧ st❛♥❞❛r❞s ✐♥❝❧✉❞❡ r❡❧❛t✐♦♥s

t♦ ❞❡s❝r✐❜❡ t❤❡ ❜❛s✐❝ t♦♣♦❧♦❣✐❝ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t✇♦ ❣❡♦♠❡tr✐❡s ❛s

❞❡s❝r✐❜❡❞ ❜② ❞❡ ❉❊✲✾■▼ st❛♥❞❛r❞ ✭❈❧❡♠❡♥t✐♥✐ ❡t ❛❧✳✱ ✶✾✾✸✱ ✶✾✾✹❀ ❊❣❡♥❤♦❢❡r

❛♥❞ ❋r❛♥③♦s❛✱ ✶✾✾✶❀ ❊❣❡♥❤♦❢❡r ❛♥❞ ❍❡rr✐♥❣✱ ✶✾✾✵✮✳

❚❛❜❧❡ ✶ ♣r♦✈✐❞❡s ❛ ❧✐st✐♥❣ ♦❢ ❛❧❧ t❤❡ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s ✇❡ ❝♦♥s✐❞❡r ✐♥

t❤❡ r❡♠❛✐♥❞❡r ♦❢ ♦✉r ✇♦r❦ ❛♥❞ ✇❡r❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❞❡✈❡❧♦♣❡❞ ♣r♦✲

t♦t②♣❡✱ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✱ ❜❛s❡❞ ♦♥ t❤❡ ❉❊✲✾■▼✱ ❖●❈ ❚♦♣✐❝ ✽ ❛♥❞ ■❙❖✶✾✶✵✼

st❛♥❞❛r❞s✳ ❚❤❡s❡ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s t♦✇❛r❞s t❤❡ ❝♦♥str✉❝t✐♦♥

♦❢ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts✱ ❛s ✇✐❧❧ ❜❡ ✐❧❧✉str❛t❡❞ ❧❛t❡r✳
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❘❡❧❛t✐♦♥ ❘❡t✉r♥ ❚②♣❡ ❉❡s❝r✐♣t✐♦♥

❈❡♥tr♦✐❞(❢❣) P♦✐♥t ❘❡t✉r♥s t❤❡ ❣❡♦♠❡tr✐❝ ❝❡♥t❡r ♦❢ ❛ ❣❡♦♠❡tr② ❢❣✳
▲❡♥❣t❤(❢❣) ▲❡♥❣t❤ ✭m✮ ❘❡t✉r♥s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❣❡♦♠❡tr② ❢❣ ✐❢ ✐t ✐s ❛

❧✐♥❡str✐♥❣ ♦r ♠✉❧t✐❧✐♥❡str✐♥❣✳
❆r❡❛(❢❣) ❆r❡❛ ✭m2✮ ❘❡t✉r♥s t❤❡ ❛r❡❛ ♦❢ t❤❡ ❣❡♦♠❡tr② ❢❣ ✐❢ ✐t ✐s ❛ ♣♦❧②❣♦♥

♦r ❛ ♠✉❧t✐♣♦❧②❣♦♥✳
P❡r✐♠❡t❡r(❢❣) ▲❡♥❣t❤ ✭m✮ ❘❡t✉r♥ t❤❡ ❧❡♥❣t❤ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❢❣

✐❢ ✐t ✐s ❛ ♣♦❧②❣♦♥ ♦r ♠✉❧t✐♣♦❧②❣♦♥✳
❈❧♦s❡stP♦✐♥t(❢❣, ❢❣1) P♦✐♥t ❘❡t✉r♥ ❝❧♦s❡st ♣♦✐♥t ♦♥ ♦r ✐♥ ❢❣1 t❤❛t ✐s ❝❧♦s❡st t♦ ❢❣✳
❉✐st❛♥❝❡(❢❣, ❢❣1) ▲❡♥❣t❤ ✭m✮ ❘❡t✉r♥s t❤❡ ❝❛rt❡s✐❛♥ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❢❣

❛♥❞ ❢❣1✳
❊q✉❛❧s(❢❣, ❢❣1) {tr✉❡, ❢❛❧s❡} ❘❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr✐❡s ❢❣ ❛♥❞ ❢❣1

r❡♣r❡s❡♥t t❤❡ s❛♠❡ ❣❡♦♠❡tr②✳
❉✐s❥♦✐♥t(❢❣, ❢❣1) {tr✉❡, ❢❛❧s❡} ❘❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr✐❡s ❢❣ ❛♥❞ ❢❣1 ❤❛✈❡

♥♦ ♣♦✐♥ts ✐♥ ❝♦♠♠♦♥✳
■♥t❡rs❡❝ts(❢❣, ❢❣1) {tr✉❡, ❢❛❧s❡} ❘❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr✐❡s ❢❣ ❛♥❞ ❢❣1 ❤❛✈❡

❛t ❧❡❛st ♦♥❡ ♣♦✐♥t ✐♥ ❝♦♠♠♦♥✳
❚♦✉❝❤❡s(❢❣, ❢❣1) {tr✉❡, ❢❛❧s❡} ❘❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr✐❡s ❢❣ ❛♥❞ ❢❣1♦♥❧②

t♦✉❝❤ ❡❞❣❡s ❛♥❞ ❞♦ ♥♦t ♦✈❡r❧❛♣ ✐♥ ❛♥② ✇❛②✳
❈r♦ss❡s(❢❣, ❢❣1) {tr✉❡, ❢❛❧s❡} ❘❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr✐❡s ❢❣ ❛♥❞ ❢❣1

t♦✉❝❤❡s ❛♥❞ ♦✈❡r❧❛♣ ❡❞❣❡s✳
❲✐t❤✐♥(❢❣, ❢❣1) {tr✉❡, ❢❛❧s❡} ❘❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr② ❢❣1✐s ❝♦♠♣❧❡t❡❧②

✇✐t❤✐♥ ❢❣ ✭♥♦ t♦✉❝❤✐♥❣ ❡❞❣❡s✮✳
❈♦♥t❛✐♥s(❢❣, ❢❣1) {tr✉❡, ❢❛❧s❡} ❘❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr② ❢❣ ❝♦♥t❛✐♥s ❢❣1✳
❖✈❡r❧❛♣s(❢❣, ❢❣1) {tr✉❡, ❢❛❧s❡} ❘❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❣✐✈❡♥ ❣❡♦♠❡tr✐❡s ❢❣ ❛♥❞ ❢❣1 ❤❛✈❡

♣♦✐♥ts ✐♥ ❝♦♠♠♦♥ ❜✉t ♥♦t ❛❧❧ ♣♦✐♥ts ✐♥ ❝♦♠♠♦♥✳
❇✉✛❡r(❢❣, ❢❣1, a1) P♦❧②❣♦♥ ❘❡t✉r♥s ❛ ♣♦❧②❣♦♥ ❣❡♦♠❡tr② t❤❛t r❡♣r❡s❡♥ts ❛❧❧

♣♦✐♥ts ✇❤♦s❡ ❞✐st❛♥❝❡ ❢r♦♠ ❢❣ ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦
❞✐st❛♥❝❡ a1✳

❙❤♦rt❡st❘♦✉t❡(❢❣, ❢❣1) ▲✐♥❡str✐♥❣ ❘❡t✉r♥s ❛ ❧✐♥❡str✐♥❣ ❣❡♦♠❡tr② r❡♣r❡s❡♥t✐♥❣ t❤❡
s❤♦rt❡st r♦✉t❡ ❢r♦♠ ❢❣ t♦ ❢❣1 ❜❛s❡❞ ♦♥ r♦✉t✐♥❣
t♦♣♦❧♦❣②✳

❚❛❜❧❡ ✶✿ ●❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s ❝♦♥s✐❞❡r❡❞ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✳ ❲❡ ❛♣♣❧② t❤❡s❡ r❡❧❛t✐♦♥s❤✐♣s
❛s ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s t♦✇❛r❞s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts✱ ❛s ✇✐❧❧ ❜❡ ✐❧❧✉str❛t❡❞
❧❛t❡r✳

✸✳ ❘✉♥♥✐♥❣ ❊①❛♠♣❧❡

❚♦ ✐❧❧✉str❛t❡ ♦✉r ❧♦❝❛t✐♦♥✲❛✇❛r❡ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤ ❛♥❞ ✐ts ❡①❡❝✉t✐♦♥ s❡✲

♠❛♥t✐❝s✱ ✇❡ ✇✐❧❧ ✉t✐❧✐③❡ ❛ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ❡①t❡♥❞✐♥❣

❛♥ ❡①❛♠♣❧❡ ♣r♦✈✐❞❡❞ ✐♥ ✭❉❡❝❦❡r ❡t ❛❧✳✱ ✷✵✶✵✮✳ ▲♦♦♣✐♥❣ ❛♥❞ ♣❛r❛❧❧❡❧ ❜❡❤❛✈✲

✐♦r ✇❛s ❛❞❞❡❞ t♦ s❤♦✇ ❤♦✇ ♦✉r ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥ ♠♦r❡ ❝♦♠♣❧❡①

❝♦♥tr♦❧✲✢♦✇ ❝♦♥str✉❝ts✳ ❚❤❡ ❜❛s✐❝ ♣r♦❝❡ss ♠♦❞❡❧ ✭♥♦ ❧♦❝❛t✐♦♥✲❛✇❛r❡♥❡ss✮ ✐s
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❞❡♣✐❝t❡❞ ❛s ❛ ❲❋✲♥❡t ✐♥ ❋✐❣✳ ✶✳ ❚❤❡ ❡①❛♠♣❧❡ ♣r♦❝❡ss ❞❡s❝r✐❜❡s ❛ t❡❝❤♥✐❝❛❧

♠❛✐♥t❡♥❛♥❝❡ s❡r✈✐❝❡✱ ✇❤✐❝❤ ✐s ❡①❡❝✉t❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♣r♦❝❡ss ✐s st❛rt❡❞

♦♥❝❡ ❛ ❝✉st♦♠❡r ❝❛❧❧ ✐s r❡❝❡✐✈❡❞ ✭❘❡❝❡✐✈❡ ❈✉st♦♠❡r ❈❛❧❧✱ ❘❈❈✮ ❛♥❞ ❤❛♥❞❧❡❞

✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝❛❧❧ ❝❡♥t❡r ✭❆❝❝❡♣t ❈✉st♦♠❡r ❈❛❧❧✱ ❆❈❈✮✳ ❚❤❡ ❝❛❧❧ ❝❡♥t❡r

❡✈❛❧✉❛t❡s t❤❡ ❝♦♠♣❧❛✐♥t ♦❢ t❤❡ ❝✉st♦♠❡r✱ ❜❛s❡❞ ♦♥ ✇❤✐❝❤ t❤❡ ✉s❡r ✐s r❡✲

♠♦t❡❧② ❛ss✐st❡❞ ❢♦r tr✐✈✐❛❧ ♣r♦❜❧❡♠s ✭❘❡♠♦t❡ ❆ss✐st✱ ❘❆❙✮✱ ♦r ❛♥ ✐♥s♣❡❝t♦r

✐s ❞✐s♣❛t❝❤❡❞ ❢r♦♠ t❤❡ ❝❛❧❧ ❝❡♥t❡r t♦ t❤❡ ❝✉st♦♠❡r✬s ❧♦❝❛t✐♦♥ t♦ ✐♥✈❡st✐❣❛t❡

t❤❡ ♣r♦❜❧❡♠ ♦♥✲s✐t❡ ✭❉✐s♣❛t❝❤✱ ❉■❙✮✳ ❇❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ✐♥✈❡st✐❣❛✲

t✐♦♥ ✭❖♥✲s✐t❡ ■♥s♣❡❝t✐♦♥✱ ❖❙■✮✱ t❤❡ ✐♥s♣❡❝t♦r ❝❛♥ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ✇❤✐❧st

✐♥✈❡st✐❣❛t✐♥❣ ✭◆♦ ❘❡♣❛✐r ❘❡q✉✐r❡❞✱ ◆❘❘✮✱ ♦r ❝❛❧❧s✲✐♥ ❛ ♠♦❜✐❧❡ r❡♣❛✐r t❡❛♠

t♦ ♣❡r❢♦r♠ ♦♥✲s✐t❡ r❡♣❛✐r ✇♦r❦ ✭❈❛❧❧ ❘❡♣❛✐r ❚❡❛♠✱ ❈❘❚ ❛♥❞ ❖♥✲s✐t❡ ❲♦r❦✱

❖❙❲✮✳ ■❢ t❤❡ r❡♣❛✐r ❝❛♥♥♦t ❜❡ ♣❡r❢♦r♠❡❞ ♦♥✲s✐t❡ ✭❡✳❣✳ ❞✉❡ t♦ s♦♠❡ ❜r♦❦❡♥

❝♦♠♣♦♥❡♥ts✮✱ t❤❡ r❡♣❛✐r t❡❛♠ ❤❡❛❞s t♦ ❛ r❡♣❛✐r s❤♦♣ t♦ ♣❡r❢♦r♠ r❡♣❛✐rs t❤❡r❡

✭❙❤♦♣✲✢♦♦r ❘❡♣❛✐r✱ ❙❋❘✮✱ ❜❡❢♦r❡ r❡t✉r♥✐♥❣ t♦ t❤❡ ❝✉st♦♠❡r ❛♥❞ ❝♦♥t✐♥✉✐♥❣

t❤❡ ♦♥✲s✐t❡ ✇♦r❦ ✭t❤✐s ❝②❝❧❡ ❝❛♥ ♦❝❝✉r ♠✉❧t✐♣❧❡ t✐♠❡s ❜❡❢♦r❡ t❤❡ ♣r♦❜❧❡♠ ✐s

✜①❡❞✮✳ ❆❢t❡r ✜♥✐s❤✐♥❣ t❤❡ ✇♦r❦✱ ❜♦t❤ r❡♣❛✐r t❡❛♠ ❛♥❞ ✐♥s♣❡❝t♦r ❛r❡ r❡❧❡❛s❡❞

❛♥❞ s❡♥t ❜❛❝❦ ✭❘❡❧❡❛s❡ ❘❡♣❛✐r ❚❡❛♠✱ ❘❘❚ ❛♥❞ ❘❡❧❡❛s❡ ■♥s♣❡❝t♦r✱ ❘■◆✮✳

◆❡①t✱ ✐♥ ❝❛s❡ ❛♥ ✐♥s♣❡❝t♦r ✇❛s s❡♥t ♦✉t✱ t❤❡② ♥❡❡❞ t♦ ✇r✐t❡ ✉♣ ❛ r❡♣♦rt

❛t t❤❡ ❝❛❧❧ ❝❡♥t❡r ✭❲r✐t❡ ❘❡♣♦rt✱ ❲❘❊✮✳ ■♥ ❝❛s❡ ❛ r❡♣❛✐r ✇❛s ♣❡r❢♦r♠❡❞✱

❛ ❢♦❧❧♦✇✲✉♣ ❝❤❡❝❦ ✐s r❡q✉✐r❡❞ ❛s ✇❡❧❧ ✭P❡r❢♦r♠ ❋♦❧❧♦✇✲✉♣ ❈❤❡❝❦✱ P❋❈✮✳ ❋✐✲

♥❛❧❧②✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦✛❡r❡❞✱ s♦♠❡ ❛❞♠✐♥✐str❛t✐✈❡

❢♦❧❧♦✇✲✉♣ ✇♦r❦ ✭❋♦❧❧♦✇✲✉♣ ❆❞♠✐♥✐str❛t✐♦♥✱ ❋❯❆✮ ♥❡❡❞s t♦ ❜❡ ♣❡r❢♦r♠❡❞ t♦

❝❧♦s❡ t❤❡ ❝❛s❡✳

❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s s✐♠♣❧❡ ♣r♦❝❡ss ❤✐❣❤❧✐❣❤ts ♠❛♥② ❧♦❝❛t✐♦♥❛❧ ❛s♣❡❝ts

✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❝❛♣t✉r❡❞ ❜② ❝♦♥tr♦❧✲✢♦✇ ❛❧♦♥❡ ✭s❡❡ ❋✐❣✳ ✶✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✇❡ ❧✐st t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛t✐♦♥❛❧ ❝♦♥❝❡r♥s ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss ♥❡❡❞s t♦ ❛❞❤❡r❡

t♦✿
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RCC ACC
DIS

RAS

OSI NRR

CRT
OSW

SFR RRT
RIN

PFC

WRE
FUA•

❋✐❣✉r❡ ✶✿ ❲❋✲♥❡t ♠♦❞❡❧ ♦❢ t❤❡ ✏r❡♣❛✐r✑ ♣r♦❝❡ss ✉s❡❞ ❛s ❛ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ t❤r♦✉❣❤♦✉t t❤❡
♣❛♣❡r✳ ■♥ ✐ts ❜❛s✐❝ ❢♦r♠✱ t❤❡ ♣r♦❝❡ss ♠♦❞❡❧ ✐s ✉♥❛❜❧❡ t♦ ❡①♣❧✐❝✐t❧② ✐♥❝❧✉❞❡ ❧♦❝❛t✐♦♥ ❜❛s❡❞
❝♦♥❝❡r♥s ✐♥ ✐ts ❞❡s✐❣♥ ♥♦r t❤❡ t❛❦❡ t❤❡♠ ✐♥t♦ ❛❝❝♦✉♥t ❞✉r✐♥❣ ✐ts ❡①❡❝✉t✐♦♥✳

✕ ❈❛❧❧ ❝❡♥t❡rs ♠❛② ♦♥❧② ❤❛♥❞❧❡ ❝✉st♦♠❡r ❝❛❧❧s ✇❤❡♥ t❤❡ ❝✉st♦♠❡r ✐s ❧♦✲

❝❛t❡❞ ✇✐t❤✐♥ t❤❡ r❡❣✐♦♥ ❛ ❝❛❧❧ ❝❡♥t❡r ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r❀

✕ ■♥s♣❡❝t♦rs ❝❛♥ ♦♥❧② ❜❡ ❞✐s♣❛t❝❤❡❞ ✇❤❡♥ t❤❡② ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❛♥❞ ♦♥❧②

✇❤❡♥ t❤❡✐r ✏❤♦♠❡ ❜❛s❡✑ ❝❛❧❧ ❝❡♥t❡r ♠❛t❝❤❡s t❤❡ ❝❛❧❧ ❝❡♥t❡r t❤❛t ❤❛♥❞❧❡s

t❤❡ ❝✉st♦♠❡r ❝❛❧❧❀

✕ ■♥s♣❡❝t♦rs ❝❛♥ ♦♥❧② ✇r✐t❡ t❤❡✐r r❡♣♦rt ✇❤❡♥ t❤❡② ❛r❡ ❛t t❤❡✐r ❝❛❧❧ ❝❡♥t❡r❀

✕ ❘❡q✉❡sts ❝❛♥ ♦♥❧② ❜❡ ♠❛❞❡ t♦ r❡♣❛✐r t❡❛♠s ✇❤✐❝❤ ❛r❡ ❧♦❝❛t❡❞ ✐♥ t❤❡

❝✉st♦♠❡r✬s r❡❣✐♦♥ ♦r ✺✵❦♠ ❛r♦✉♥❞ ✐t✳ ◆❛t✉r❛❧❧②✱ ❛ r❡♣❛✐r t❡❛♠ ✇❤✐❝❤

✐s ❛❧r❡❛❞② ✇♦r❦✐♥❣ ❢♦r ❛♥♦t❤❡r ❝✉st♦♠❡r ❝❛♥♥♦t ❜❡ r❡q✉❡st❡❞❀

✕ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r r❡♣❛✐r t❡❛♠s ♣❡r❢♦r♠✐♥❣ ❛ ❢♦❧❧♦✇✲✉♣ ❝❤❡❝❦✱ ❜✉t ❛

r❡♣❛✐r t❡❛♠ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ ♥❡❡❞s t♦ ♣❡r❢♦r♠ t❤❡ ❝❤❡❝❦

✕ ❙❤♦♣✲✢♦♦r r❡♣❛✐rs s❤♦✉❧❞ ❜❡ ♠❛❞❡ ✐♥ t❤❡ r❡♣❛✐r st❛t✐♦♥ ❝❧♦s❡st t♦ t❤❡

❝✉st♦♠❡r✬s ❧♦❝❛t✐♦♥❀ t❤✐s s❤♦✉❧❞ ❜❡ ❜❛s❡❞ ♦♥ ♥❛✈✐❣❛t✐♦♥❛❧ r♦✉t✐♥❣ ✐♥✲

❢♦r♠❛t✐♦♥❀

✕ ❚❤❡ ❝❛❧❧ ❝❡♥t❡r ♣❡r❢♦r♠✐♥❣ t❤❡ ❢♦❧❧♦✇✲✉♣ ✇♦r❦ s❤♦✉❧❞ ❜❡ s✐t✉❛t❡❞ ✐♥ ❛

❞✐✛❡r❡♥t r❡❣✐♦♥ t❤❡♥ t❤❡ ❝❛❧❧ ❝❡♥t❡r ❤❛♥❞❧✐♥❣ t❤❡ ❝✉st♦♠❡r ❝❛❧❧✳
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✹✳ ▲♦❝❛t✐♦♥✲❆✇❛r❡ Pr♦❝❡ss ▼♦❞❡❧✐♥❣

❚❤✐s s❡❝t✐♦♥ ❞✐s❝✉ss❡s ♦✉r ♣r♦♣♦s❡❞ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤ t♦ ♠♦❞❡❧ ❧♦❝❛t✐♦♥✲

❛✇❛r❡ ♣r♦❝❡ss❡s✳ ❖✉r ♠❡t❤♦❞♦❧♦❣② ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ P❡tr✐ ♥❡ts✱

✐♥❝♦r♣♦r❛t✐♥❣ t✇♦ ♥❡✇ ❝♦♥str✉❝ts✱ ♥❛♠❡❧② ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s ❛♥❞

❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts✳

❋✐❣✳ ✷ s❤♦✇s t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ♠♦❞❡❧❡❞ ✉s✐♥❣ ♦✉r ❧♦❝❛t✐♦♥✲❛✇❛r❡ ❡①✲

t❡♥s✐♦♥✳ ❯s✐♥❣ t❤✐s ♠♦❞❡❧✐♥❣ ♠❡t❤♦❞✱ tr❛♥s✐t✐♦♥s ❝❛♥ ❜❡ ♠❛❞❡ ❧♦❝❛t✐♦♥ ❞❡✲

♣❡♥❞❡♥t ✭✐♥❞✐❝❛t❡❞ ✈✐s✉❛❧❧② ✇✐t❤ ❛ ✢❛❣✱ ✮✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛ ❢❡❛t✉r❡✱

❜❡❧♦♥❣✐♥❣ t♦ ❛ s♣❡❝✐✜❡❞ ❢❡❛t✉r❡ t②♣❡✱ ✇✐❧❧ ❜❡ ❜♦✉♥❞ t♦ t❤❡ tr❛♥s✐t✐♦♥ ❛❢t❡r

❡①❡❝✉t✐♥❣✳ ▼♦❞❡❧❡rs ❛r❡ ❢r❡❡ t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ tr❛♥s✐t✐♦♥s s❤♦✉❧❞ ❜❡ ♠❛❞❡

❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t✱ ❜✉t ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ❢♦❧❧♦✇ ❣✉✐❞❡❧✐♥❡s ❤♦❧❞✿

✕ ❚r❛♥s✐t✐♦♥s ✇❤✐❝❤ ✐♥✈♦❧✈❡ ❛ ❧♦❝❛t✐♦♥ t❤❛t s❤♦✉❧❞ ❜❡ ❜♦✉♥❞ ❜② ❝♦♥✲

str❛✐♥ts s❤♦✉❧❞ ❜❡ ♠❛❞❡ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t✱ s♦ ❛s t♦ ❞❡✜♥❡ ❧♦❝❛t✐♦♥

❝♦♥str❛✐♥ts ♦✈❡r t❤❡♠✳

✕ ❚r❛♥s✐t✐♦♥s ✇❤✐❝❤ ✐♥✈♦❧✈❡ ❛ ❧♦❝❛t✐♦♥ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❛ ❢♦❧❧♦✇✐♥❣

❛❝t✐✈✐t② ✭✐✳❡✳ t♦ ❝♦♥str❛✐♥ ✐t✮ s❤♦✉❧❞ ❜❡ ♠❛❞❡ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t✳

✕ ❚r❛♥s✐t✐♦♥s ♦❢ ✇❤✐❝❤ t❤❡✐r ❡①❡❝✉t✐♦♥ ✐♥✈♦❧✈❡s ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦♣❡rt✐❡s

♦❢ ❛ ❣❡♦s♣❛t✐❛❧ ❝♦♥str✉❝t s❤♦✉❧❞ ❜❡ ♠❛❞❡ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t✱ s♦ ❛s t♦

tr❛❝❦ t❤❡✐r ❜♦✉♥❞ ❢❡❛t✉r❡✳

◆❡①t✱ t❤❡ s❤❛❞❡❞ ❜♦①❡s ✐♥ ❋✐❣✳ ✷ r❡♣r❡s❡♥t ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts✱ ✉s❡❞ t♦

❝♦♥str❛✐♥ t❤❡ ❧♦❝❛t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ❜♦✉♥❞ t♦ ❛ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥✲

s✐t✐♦♥✱ ♦r t♦ ❝♦♥str❛✐♥ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ♥♦♥✲❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s

❜❛s❡❞ ♦♥ ♣r❡✈✐♦✉s❧② ❜♦✉♥❞ ❧♦❝❛t✐♦♥s✱ ✇✐t❤♦✉t ❜✐♥❞✐♥❣ ❛ ❧♦❝❛t✐♦♥ t♦ t❤♦s❡

tr❛♥s✐t✐♦♥s t❤❡♠s❡❧✈❡s✳ ❱✐s✉❛❧❧②✱ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❝♦♥♥❡❝t❡❞ ✭✉s✐♥❣ ❞❛s❤❡❞

❛r❝s✮ ✇✐t❤ ❛❧❧ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ ✇❤✐❝❤ t❤❡✐r ❜♦✉♥❞ ❧♦❝❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s
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⚑ cus:Customer
RCC

Contains(cusregion, cac)

Contains(Buffer(cusregion, 50km), ret)
/\ retstatus = available

IsShortestRoute(cus, res)

cretstatus = available
/\ cret <> ret

/\ Contains(Buffer(cusregion, 50km), cret)

⚑ cac:CallCenter
ACC

insstatus = available
/\ inscallcenter = cac

ccac <> cac

⚑ ins:Inspector
DIS

rins = ins

cins = ins

RAS

OSI

NRR ⚑ ret:RepairTeam
CRT

rret = ret

OSW⚑ res:RepairStation
SFR

⚑ rret:RepairTeam
RRT

⚑ rins:Inspector
RIN

⚑ cret:RepairTeam
PFC

⚑ cins:Inspector
WRE

⚑ ccac:CallCenter
FUA

•

❋✐❣✉r❡ ✷✿ ❚❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✳ ✶ r❡♠♦❞❡❧❡❞ ✉s✐♥❣ ♦✉r ❧♦❝❛t✐♦♥✲❛✇❛r❡ ❛♣♣r♦❛❝❤✳
▲♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s ❛r❡ s❤♦✇♥ ✇✐t❤ ❛ ✢❛❣✱ ✇❤✐❧st ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts ❛r❡
♠♦❞❡❧❡❞ ❛s s❤❛❞❡❞ ❜♦①❡s✳

❛♥ ✐♥♣✉t ✐♥ t❤❡ ❝♦♥str❛✐♥t✱ ❛♥❞ ✇✐t❤ t❤❡ ♦♥❡ tr❛♥s✐t✐♦♥ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❜②

t❤❡ ❝♦♥str❛✐♥t✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❢♦r♠❛❧✐s❡ t❤❡ ❝♦♥str✉❝ts ♦❢ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t

tr❛♥s✐t✐♦♥s ❛♥❞ ❧♦❝❛t✐♦♥ ❝♦♥tr❛✐♥ts✳

❉❡✜♥✐t✐♦♥ ✾✳ ▲♦❝❛t✐♦♥✲❛✇❛r❡ ❲❋✲♥❡t ✭▲❆❲❋✲♥❡t✮✳ ❆ ❧♦❝❛t✐♦♥✲❛✇❛r❡

❲❋✲♥❡t ✭▲❆❲❋✲♥❡t✮ ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛ t✉♣❧❡ (P, T, F, FL,❋❚L, TL, CL,❈❋L)

✇✐t❤✿

✕ P ✱ T ❛♥❞ F ✉♥❝❤❛♥❣❡❞ ✇✐t❤ r❡❣❛r❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❲❋✲♥❡t
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✭♣❧❛❝❡s✱ tr❛♥s✐t✐♦♥s ❛♥❞ ✢♦✇s✮❀

✕ FL ❛♥❞ ❋❚L t❤❡ s❡ts ♦❢ ❢❡❛t✉r❡s ❛♥❞ t❤❡✐r t②♣❡ ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✷✳✷✮❀

✕ TL ⊆ T t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s ✭s❤♦✇♥ ✈✐s✉❛❧❧② ✇✐t❤

❛ ✢❛❣ ✭ ✮ ❛♥❞ ❛ f : ❢t ❧❛❜❡❧ ✇✐t❤ f ∈ FL ❛♥❞ ❢t ∈ ❋❚L✮❀

✕ CL t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts ✭❛ s❡t ♦❢ ❡①♣r❡ss✐♦♥s✱ s❤♦✇♥ ✈✐s✉❛❧❧②

❛s ❛ s❤❛❞❡❞ ❜♦①✮❀

✕ ❈❋L ⊆ (TL×CL)∪(CL×T ) ❛ ✜♥✐t❡ s❡t ♦❢ ❞✐r❡❝t❡❞ ❛r❝s ❧✐♥❦✐♥❣ ❧♦❝❛t✐♦♥

❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s t♦ ❛ ❝♦♥str❛✐♥t ✭s❤♦✇♥ ✈✐s✉❛❧❧② ❛s ❛ ❞♦tt❡❞ ❛r❝✮✳

❲❡ ❛❧s♦ ♦✈❡r❧♦❛❞ t❤❡ ❢✉♥❝t✐♦♥ ❚②♣❡ : TL → ❋❚L ✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐✲

t✐♦♥ ✼ t♦ r❡t✉r♥ t❤❡ ❢❡❛t✉r❡ t②♣❡ ❢♦r ❛ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥ ❛♥❞ t❤❡

❢✉♥❝t✐♦♥ ML : TL → F t♦ ❣❡t t❤❡ ❢❡❛t✉r❡ ❜♦✉♥❞ t♦ ❛ ♣❛rt✐❝✉❧❛r ❧♦❝❛t✐♦♥ ❞❡✲

♣❡♥❞❡♥t tr❛♥s✐t✐♦♥ ✭t❤❡ ✏❧♦❝❛t✐♦♥ ♠❛r❦✐♥❣✑✮ s♦ t❤❛t ∀t ∈ TL : [❚②♣❡(ML(t)) =

❚②♣❡(t)∨ML(t) = ∅]✳ ■♥✐t✐❛❧❧②✱ t❤❛t ✐s ❜❡❢♦r❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛♥② tr❛♥s✐t✐♦♥✱ ♥♦

❧♦❝❛t✐♦♥s ❛r❡ ❜♦✉♥❞✱ ✐✳❡✳ ∀t ∈ TL : [ML(t) = ∅]✳

❉❡✜♥✐t✐♦♥ ✶✵✳ ▲♦❝❛t✐♦♥ ❝♦♥str❛✐♥t✳ ❆ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥t ✐s ❛♥ ❡①♣r❡s✲

s✐♦♥ c ∈ CL s♦ t❤❛t✿

✕ ❚❤❡ ❝♦♥str❛✐♥t ❡①♣r❡ss✐♦♥ c ❡✈❛❧✉❛t❡s t♦ ❛ ❜♦♦❧❡❛♥ r❡s✉❧t✱ ❞❡♣✐❝t❡❞ ❛s

c∗ ∈ {tr✉❡, ❢❛❧s❡}❀

✕ ❚❤❡ ❝♦♥str❛✐♥t ❡①♣r❡ss✐♦♥ c ✐♥✈♦❧✈❡s ❡①❛❝t❧② ♦♥❡ ♦✉t♣✉t tr❛♥s✐t✐♦♥✱ ✐✳❡✳

∀c ∈ CL : [∃!(x, y) ∈ ❈❋L : [x = c ∧ y ∈ T ]]✳ Ct
L = {c ∈ CL|(c, t) ∈ ❈❋L} ✐s

✉s❡❞ ❛s ❛ s❤♦rt❤❛♥❞ t♦ r❡t✉r♥ ❛❧❧ ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ♦♥ t ∈ T ❀

✕ ❚❤❡ ❝♦♥str❛✐♥t ❡①♣r❡ss✐♦♥ c ❝❛♥ ✐♥✈♦❧✈❡ ③❡r♦ ♦r ♠♦r❡ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t

✐♥♣✉t tr❛♥s✐t✐♦♥s t✐♥♣✉ti ∈ TL✳ ❚❤❡ ❢❡❛t✉r❡ ❜♦✉♥❞ t♦ s✉❝❤ ✐♥♣✉t tr❛♥s✐t✐♦♥s✱

❣✐✈❡♥ ❜② ML(t
✐♥♣✉t
i ) ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛♥ ✐♥♣✉t ❢♦r t❤❡ ❡①♣r❡ss✐♦♥ ❛t t❤❡ t✐♠❡

♦❢ ❡✈❛❧✉❛t✐♦♥✳ ◆♦t❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡✱ ✐♥ t❤❡♦r②✱ t♦ ✉s❡ ❛ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t

tr❛♥s✐t✐♦♥ ❛s ❛♥ ✐♥♣✉t ❢♦r t❤❡ s❛♠❡ tr❛♥s✐t✐♦♥✳
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◆♦t❡ t❤❛t ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❞✐r❡❝t❧② ✐♥ t❤❡ ❢♦r♠

♦❢ ❛ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣ ✭✇❤❡♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ r❡t✉r♥s ❛ ❜♦♦❧❡❛♥ r❡✲

s✉❧t✮✱ t❤♦✉❣❤ ❋✐❣✳ ✷ ❝♦♥t❛✐♥s ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ♦❢ t❤❡ ❢♦r♠ ■s❙❤♦rt❡✲

st❘♦✉t❡ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ■s❙❤♦rt❡st❘♦✉t❡ : ❢❣ ∈ FL × ❢❣1 ∈ FL 7→

▲❡♥❣t❤(❙❤♦rt❡st❘♦✉t❡(❢❣, ❢❣1) =
♠✐♥

❢❣
2
∈FL|

❚②♣❡(❢❣
2
)=❚②♣❡(❢❣

1
)
▲❡♥❣t❤(❙❤♦rt❡st❘♦✉t❡(❢❣, ❢❣2)✱

✐✳❡✳ t❤✐s ❝♦♥tr❛✐♥t r❡t✉r♥ tr✉❡ ✇❤❡♥ ❢❡❛t✉r❡ ❢❣1 ✐s t❤❡ ❢❡❛t✉r❡ ✇❤✐❝❤ ❧✐❡s

♦♥ t❤❡ s❤♦rt❡st ♣❛t❤ t♦ ❢❣ ❢♦r ❛❧❧ ❢❡❛t✉r❡s ♦❢ ✐ts t②♣❡ ❚②♣❡(❢❣1)✳ ◆❛t✉✲

r❛❧❧②✱ ♦♥❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ ❛ s✐♠✐❧❛r ❝♦♥str❛✐♥t ❢♦r t❤❡ s❤♦rt❡st ❝❛rt❡s✐❛♥

❞✐st❛♥❝❡✱ ■s❙❤♦rt❡st❉✐st❛♥❝❡ : ❢❣ ∈ FL × ❢❣1 ∈ FL 7→ ❉✐st❛♥❝❡(❢❣, ❢❣1) =
♠✐♥

❢❣
2
∈FL|

❚②♣❡(❢❣
2
)=❚②♣❡(❢❣

1
)
❉✐st❛♥❝❡(❢❣, ❢❣2)✳ ❋✐❣✳ ✷ ❛❧s♦ ♠❡r❣❡s ❧♦❝❛t✐♦♥s ❝♦♥str❛✐♥ts

♣❡rt❛✐♥✐♥❣ t♦ t❤❡ s❛♠❡ ♦✉t♣✉t tr❛♥s✐t✐♦♥ ❛s ❛ ❝♦♥❥✉♥❝t✐♦♥ ✭∧✮ t♦ ❦❡❡♣ t❤❡

✜❣✉r❡ r❡❛❞❛❜❧❡✱ ❜✉t ♠♦❞❡❧❡rs ❛r❡ ❢r❡❡ t♦ s♣❧✐t t❤❡s❡ ✉♣ ✐♥t♦ ♠✉❧t✐♣❧❡✱ s❡♣❛✲

r❛t❡ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts✳ ❚♦ ♣r♦✈✐❞❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡①❛♠♣❧❡✱ ✐♥ ❋✐❣✳ ✷✱ t❤❡

❝♦♥str❛✐♥t ✏❈♦♥t❛✐♥s(❝✉sr❡❣✐♦♥, ❝❛❝)✑ ❝♦♥t❛✐♥s ♦♥❡ ♦✉t♣✉t tr❛♥s✐t✐♦♥ ✭❆❈❈✮

❛♥❞ ♦♥❡ ✐♥♣✉t tr❛♥s✐t✐♦♥ ✭❘❈❈✮✳ ■♥st❡❛❞ ♦❢ ✉s✐♥❣ t❤❡ ❢✉❧❧ tr❛♥s✐t✐♦♥ ❧❛❜❡❧s

✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ✭✐✳❡✳✱ ✇r✐t✐♥❣ ✏ML(❘❈❈)✑✮✱ ✇❡ ✉s❡ ❛ s❤♦rt ♥❛♠❡ ✭✏❝✉s✑ ♦r

✏❝❛❝✑✮ ❛s ❛ ✇❛② t♦ ✐♥❞✐❝❛t❡ ❜♦✉♥❞ ❢❡❛t✉r❡s ❢♦r ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s

❞✐r❡❝t❧②✳ ❆s ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ ❢❡❛t✉r❡ t②♣❡ ❢♦r ❡❛❝❤ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥✲

s✐t✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t✱ ❡✈❡♥ ✇❤❡♥ ♥♦ ❝♦♥str❛✐♥ts ❛r❡ ♠♦❞❡❧❡❞✱ ❛♥ ✐♥tr✐♥s✐❝

✏❚②♣❡(ML(t)) = ❚②♣❡(t)✑ ❝♦♥str❛✐♥t ✐s ♣r❡s❡♥t ❢♦r ❛♥② t ∈ TL✳

❆❧t❤♦✉❣❤ t❤❡ ♣r✐♠❛r② ❣♦❛❧ ♦❢ ▲❆❲❋✲♥❡t ✐s t♦ ♣r♦✈✐❞❡ ❛ ❝♦♠♣r❡❤❡♥s✐✲

❜❧❡ ♠♦❞❡❧✐♥❣ ❧❛♥❣✉❛❣❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❡①❡❝✉t✐♦♥ s❡♠❛♥t✐❝s✱ s✐♠✐❧❛r

t♦ t❤♦s❡ ♦❢ ❛ ♥♦r♠❛❧ P❡tr✐ ♥❡t✳ ❚❤❛t ✐s✱ ❛ tr❛♥s✐t✐♦♥ t ∈ T ✐s ❡♥❛❜❧❡❞

✐♥ ❛ ▲❆❲❋✲♥❡t ✉♥❞❡r ❛ ♠❛r❦✐♥❣ (M,ML) ✇❤❡♥✿ t❤❡ ❝♦♥tr♦❧✲✢♦✇ ♣r♦♣❡r✲

t✐❡s ❢♦r ❜❡✐♥❣ ❡♥❛❜❧❡❞ ❛r❡ s❛t✐s✜❡❞ ✭✐✳❡✳ ❛ t♦❦❡♥ ✐♥ ❛❧❧ ✐♥♣✉t ♣❧❛❝❡s✮ ❛♥❞

✇❤❡♥ ❛❧❧ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts c ∈ Ct
L ❛r❡ s❛t✐s✜❡❞✳ ◆♦t❡ t❤❛t ❡✈❛❧✉❛t✐♥❣

t❤❡ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts ❞✐✛❡rs ❢♦r ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t ❛♥❞ ♥♦♥✲❧♦❝❛t✐♦♥ ❞❡✲
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♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s✳ ❋♦r ❛ ♥♦♥✲❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥ t ∈ T\TL t❤❡

❝♦♥str❛✐♥ts ❛r❡ s❛t✐s✜❡❞ ✐✛ ∀c ∈ Ct
L : [c∗ = tr✉❡]✳ ❋♦r ❛ ❧♦❝❛t✐♦♥ ❞❡♣❡♥✲

❞❡♥t tr❛♥s✐t✐♦♥ t ∈ TL✱ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ s❛t✐s✜❡❞ ✐✛ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st

♦♥❡ ❝❛♥❞✐❞❛t❡ ❢❡❛t✉r❡ f❝❛♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ❜♦✉♥❞ t♦ t❤❡ tr❛♥s✐t✐♦♥✱ s♦ t❤❛t

❚②♣❡(f❝❛♥) = ❚②♣❡(t) ∧ ∀c ∈ Ct
L : [c∗M❝❛♥

L

= tr✉❡]✳ ❲❤❡♥ ❡✈❛❧✉❛t✐♥❣ ❝❛♥❞✐✲

❞❛t❡ ❢❡❛t✉r❡s✱ ❤♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ r❡♠❛r❦ t❤❛t t❤❡ ❝✉rr❡♥t❧② ❜♦✉♥❞

❢❡❛t✉r❡ t♦ t❤❡ tr❛♥s✐t✐♦♥ ❛t ❤❛♥❞ r❡✢❡❝ts t❤❡ ♣r❡✈✐♦✉s ✭♦r ✉♥s❡t✱ ❡♠♣t②✮ ❢❡❛✲

t✉r❡✱ ✇❤❡r❡❛s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥ts r❡q✉✐r❡s ❛ ❧♦❝❛t✐♦♥ ♠❛r❦✐♥❣

✇❤❡r❡ t❤❡ ❝❛♥❞✐❞❛t❡ ❢❡❛t✉r❡ ✐s ❜♦✉♥❞ t♦ t❤❡ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥✳

❚♦ s♦❧✈❡ t❤✐s✱ ❡✈❡r② ❝❛♥❞✐❞❛t❡ ❢❡❛t✉r❡ ✐s ❡✈❛❧✉❛t❡❞ ✉♥❞❡r ❛ ❝❛♥❞✐❞❛t❡ ❧♦❝❛✲

t✐♦♥ ♠❛r❦✐♥❣ M ❝❛♥
L ✇❤❡r❡ t❤❡ ❝❛♥❞✐❞❛t❡ ❢❡❛t✉r❡ ✐s ❜♦✉♥❞ t♦ t❤❡ tr❛♥s✐t✐♦♥

✉♥❞❡r ❡✈❛❧✉❛t✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ ❛❝t✉❛❧ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥✲

s✐t✐♦♥ ❝❛✉s❡s ❛ ♥♦r♠❛❧ t♦❦❡♥ ♠♦✈❡♠❡♥t M1
t
→ M2 ✭s❡❡ ❜❡❢♦r❡✮ ❛♥❞ ❛❞❞✐t✐♦♥✲

❛❧❧② ❜r✐♥❣s t❤❡ ❧♦❝❛t✐♦♥ ♠❛r❦✐♥❣ ✐♥ ❛ ♥❡✇ st❛t❡ ML,1
t
→ ML,2 s✉❝❤ t❤❛t

∀t′ ∈ TL : [ML,2(t
′) = f s❡❧❡❝t❡❞ ✐❢ t′ = t ♦r ML,1(t

′) ♦t❤❡r✇✐s❡] ✇✐t❤ f s❡❧❡❝t❡❞ ❛

s❛t✐s✜❛❜❧❡ ❢❡❛t✉r❡ ❝❤♦s❡♥ t♦ ❜❡ ❜♦✉♥❞ t♦ t❤❡ ✜r❡❞ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥✲

s✐t✐♦♥✳

✺✳ ❊①❡❝✉t✐♥❣ ▲♦❝❛t✐♦♥✲❆✇❛r❡ Pr♦❝❡ss ▼♦❞❡❧s

❖✉r ▲❆❲❋✲♥❡t ♠♦❞❡❧✐♥❣ ❡①t❡♥s✐♦♥ ♣r♦✈✐❞❡s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✉♥✲

❞❡rst❛♥❞❛❜❧❡ ♠❡❛♥s t♦ ♠❡r❣❡ ❧♦❝❛t✐♦♥ ❛s♣❡❝ts ✇✐t❤ ❝♦♥tr♦❧✲✢♦✇ ❝♦♥❝❡r♥s✳

❆❧t❤♦✉❣❤ ✇❡ ❤❛✈❡ ♣r♦✈✐❞❡❞ ❡①❡❝✉t✐♦♥ s❡♠❛♥t✐❝s ✐♥ t❤❡ s❡❝t✐♦♥ ❛❜♦✈❡ ✐♥ ❛❝✲

❝♦r❞❛♥❝❡ ✇✐t❤ t❤♦s❡ ♦❢ ❛ ❲❋✲♥❡t✱ ✇❡ ❛❧s♦ ❞❡✜♥❡ ❛ ♠❛♣♣✐♥❣ ❢r♦♠ ▲❆❲❋✲♥❡ts

t♦ ❈P◆ ♠♦❞❡❧s✱ ❞r✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥s✳ ❋✐rst✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱

♠❛♣♣✐♥❣ ▲❆❲❋✲♥❡ts t♦ ❈P◆ ♠♦❞❡❧s ❡♥❛❜❧❡s t♦ ✉s❡ ❡①✐st✐♥❣ t♦♦❧s t♦ ❞r✐✈❡

t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥✲❛✇❛r❡ ♣r♦❝❡ss❡s✳ ❙❡❝♦♥❞✱ ❛s ✇❡ ✇✐❧❧ s❤♦✇ ❜❡❧♦✇✱
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t❤✐s ❛❧s♦ ❛❧❧♦✇s ❢♦r ❡❛s✐❡r ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ ❡①✐st✐♥❣ ●■❙ ♣❧❛t❢♦r♠s✳ ❚❤✐r❞✱ ❜②

♣r♦✈✐❞✐♥❣ ❛♥ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ✐s ❢✉❧❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❈P◆✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡

❡①✐st✐♥❣ ❜♦❞② ♦❢ ✇♦r❦ ❝♦♥❝❡r♥✐♥❣ ✈❛❧✐❞❛t✐♦♥ ♦❢ s✉❝❤ ♠♦❞❡❧s✱ ❜♦t❤ ❛t r✉♥✲t✐♠❡✱

✐✳❡✳ ❡♥s✉r✐♥❣ t❤❡ ♣r♦❝❡ss r✉♥s ❛s ❞❡s✐❣♥❡❞ ❛♥❞ ❝♦♥str❛✐♥ts ❛r❡ ❜❡✐♥❣ ❡♥❢♦r❝❡❞

❞✉r✐♥❣ ❡①❡❝✉t✐♦♥ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ❜✉t ❛❧s♦ ❛t ❞❡s✐❣♥✲t✐♠❡✱ ❜② ♣❡r❢♦r♠✲

✐♥❣ ❜❡❤❛✈✐♦r❛❧ s♦✉♥❞♥❡ss ❝❤❡❝❦s ✇❤✐❝❤ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ❛ ♠♦❞❡❧ ✐s s♦✉♥❞

❜❛s❡❞ ♦♥ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥❞✐t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ♠♦❞❡❧ ✐s s♦✉♥❞ ✐❢ ✐t ❞♦❡s

♥♦t ❛❧❧♦✇ ✏❞❡❛❞❧♦❝❦s✑ t♦ ♦❝❝✉r✿ st❛t❡s ✐♥ ✇❤✐❝❤ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ ❛♥②♠♦r❡ t♦

✜♥✐s❤ ❛ r✉♥♥✐♥❣ ❝❛s❡✳ ❋✐♥❛❧❧②✱ ❢♦r♠✉❧❛t✐♥❣ ❧♦❝❛t✐♦♥✲❛✇❛r❡ ♣r♦❝❡ss ♠♦❞❡❧s ✐♥

t❡r♠s ♦❢ ❈P◆ ♠♦❞❡❧s ❛❧s♦ ❛❧❧♦✇s ❢♦r ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤

♦t❤❡r ❝♦♥t❡①ts✱ ✐✳❡✳ t✐♠✐♥❣ ♦r s♦❝✐❛❧ ✭♦r❣❛♥✐③❛t✐♦♥❛❧✮ ❛s♣❡❝ts✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ♣r♦✈✐❞❡s t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛♣♣✐♥❣ ❢r♦♠

▲❆❲❋✲♥❡ts t♦ ❈P◆✳

❉❡✜♥✐t✐♦♥ ✶✶✳ ▲❆❲❋✲♥❡t t♦ ❈P◆ ♠❛♣♣✐♥❣✳ ❆ ▲❆❲❋✲♥❡t (PL, TL,

FL, FL
L ,❋❚

L
L, T

L
L , C

L
L ,❈❋

L
L) ✐s ♠❛♣♣❡❞ t♦ ❛ ❈P◆ ♠♦❞❡❧ ✭P, T,A,Σ, C, V,N,

G,E,M, I) ❛s ❢♦❧❧♦✇s✿

✕ Σ = {U,FL
L } ✇✐t❤ U = {✉♥✐t} t❤❡ ❝♦❧♦r s❡t ❝♦♥t❛✐♥✐♥❣ ♦♥❡ ❝♦♥tr♦❧✲✢♦✇

♦r✐❡♥t❡❞ ❝♦❧♦r ❛♥❞ FL
L t❤❡ s❡t ♦❢ ❢❡❛t✉r❡s✱ ✇❤✐❝❤ ❛❧s♦ ❛❝ts ❛s ❛ ❝♦❧♦r s❡t ✭❝♦❧♦r

s❡ts✮❀

✕ ❊❛❝❤ tr❛♥s✐t✐♦♥ ❛♥❞ ♣❧❛❝❡ ✐♥ t❤❡ ▲❆❲❋✲♥❡t ✐s ❛❧s♦ ❛ tr❛♥s✐t✐♦♥ ✐♥ t❤❡

❈P◆ ♠♦❞❡❧✿ ∀p ∈ PL : [p ∈ P ] ✇✐t❤ C(p) = U ✳ I(p) = {✉♥✐t} ✐❢ • p =

∅ ♦r ∅ ♦t❤❡r✇✐s❡ ❛♥❞ ∀t ∈ TL : [t ∈ T ] ✭❝♦♥tr♦❧✲✢♦✇ ♣❧❛❝❡s ❛♥❞ tr❛♥s✐t✐♦♥s✮❀

✕ ❋♦r ❡❛❝❤ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ▲❆❲❋✲♥❡t✱ ❛ ❧♦❝❛t✐♦♥

♦✉t♣✉t ♣❧❛❝❡ ✐s ❝r❡❛t❡❞ ✐♥ t❤❡ ❈P◆ ♠♦❞❡❧✿ ∀t ∈ TL
L : [ptL ∈ P ] ✇✐t❤ C(ptL) =

FL
L ❛♥❞ I(ptL) = ∅ ✭t❤❡ ♣❧❛❝❡s ✐♥ t❤❡ ❜♦tt♦♠ r♦✇ ✐♥ ❋✐❣✳ ✸✮ ✭❧♦❝❛t✐♦♥ ♦✉t♣✉t

♣❧❛❝❡s✮❀
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✕ ❋♦r ❡❛❝❤ ❢❡❛t✉r❡ t②♣❡ ✐♥ t❤❡ ▲❆❲❋✲♥❡t ❛ ❧♦❝❛t✐♦♥ ✐♥♣✉t ♣❧❛❝❡ ✐s ❝r❡❛t❡❞

✐♥ t❤❡ ❈P◆ ♠♦❞❡❧✿ ∀❢t ∈ ❋❚L
L : [p❢tL ∈ P ] ✇✐t❤ C(p❢tL) = FL

L ❛♥❞ I(p❢tL) =

{f ∈ FL
L |❚②♣❡(f) = ❢t} ✭t❤❡ ♣❧❛❝❡s ✐♥ t❤❡ t♦♣ r♦✇ ✐♥ ❋✐❣✳ ✸✮ ✭❧♦❝❛t✐♦♥ ✐♥♣✉t

♣❧❛❝❡s✮❀

✕ ❆❧❧ ❝♦♥tr♦❧✲✢♦✇ ♦❢ t❤❡ ▲❆❲❋✲♥❡t ✐s ❛❧s♦ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❈P◆ ♠♦❞❡❧✿

∀(x, y) ∈ FL : [a(x,y) ∈ A] ✇✐t❤ N(a(x,y)) = (x, y) ❛♥❞ E(a(x,y)) = ✉♥✐t

✭❝♦♥tr♦❧✲✢♦✇✮❀

✕ ❆ ❜✐♥❞✐♥❣ ❛♥❞ ♦✈❡rr✐❞✐♥❣ ✈❛r✐❛❜❧❡ ❛r❡ ❝r❡❛t❡❞ ✐♥ t❤❡ ❈P◆ ♠♦❞❡❧✱ ✉s❡❞

t♦ ❜✐♥❞ ❛ ❧♦❝❛t✐♦♥ t♦ ❛ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥ ❛♥❞ t♦ ♦✈❡rr✐❞❡ ❛ ♣r❡✲

✈✐♦✉s❧② ❜♦✉♥❞ tr❛♥s✐t✐♦♥ r❡s♣❡❝t✐✈❡❧②✿ vL ∈ V ✇✐t❤ C(vL) = FL
L ❛♥❞ vO ∈ V

✇✐t❤ C(vO) = FL
L ✭❜✐♥❞✐♥❣ ❛♥❞ ♦✈❡rr✐❞✐♥❣ ✈❛r✐❛❜❧❡✮❀

✕ ❋♦r ❡❛❝❤ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥✱ ❢♦✉r ❛r❝s ❛r❡ ❛❞❞❡❞✿ ♦♥❡ ❜r✐♥❣✲

✐♥❣ t❤❡ ❢❡❛t✉r❡ ❢r♦♠ t❤❡ ✐♥♣✉t ♣❧❛❝❡ t♦ t❤❡ tr❛♥s✐t✐♦♥✱ ♦♥❡ ❜r✐♥❣✐♥❣ t❤❡

❢❡❛t✉r❡ t♦ t❤❡ ♦✉t♣✉t ♣❧❛❝❡✱ ❛ r❡t✉r♥ ❛r❝ r❡t✉r♥✐♥❣ t❤❡ ❢❡❛t✉r❡ t♦ t❤❡ ✐♥✲

♣✉t ♣❧❛❝❡✱ ❛♥❞ ❛♥ ♦✈❡rr✐❞❡ ❛r❝ t♦ r❡♠♦✈❡ ♣r❡✈✐♦✉s❧② ❜♦✉♥❞ ❢❡❛t✉r❡s ♣r❡s❡♥t

✐♥ t❤❡ ♦✉t♣✉t ♣❧❛❝❡✿ ∀t ∈ TL : [a✐♥♣✉tt , ar❡t✉r♥t , a♦✉t♣✉tt , a♦✈❡rr✐❞❡t ∈ A] ✇✐t❤

N(a✐♥♣✉tt ) = (p
❚②♣❡(t)
L , t), N(ar❡t✉r♥t ) = (t, p

❚②♣❡(t)
L ), N(a♦✉t♣✉tt ) = (t, ptL) ❛♥❞

N(a♦✈❡rr✐❞t ) = (ptL, t)✳ E(a✐♥♣✉tt ) = E(ar❡t✉r♥t ) = E(a♦✉t♣✉tt ) = {vL} ❛♥❞

E(a♦✈❡rr✐❞❡t ) = ∅ ✐❢ M(ptL) = ∅ ♦r M(ptL) ♦t❤❡r✇✐s❡ ✭t❤✐s ❛r❝ ❝♦♥s✉♠❡s t❤❡

❢❡❛t✉r❡ t♦❦❡♥ ❢r♦♠ t❤❡ ♦✉t♣✉t ♣❧❛❝❡ ✐❢ ✐t ✐s ♣r❡s❡♥t✮ ✭✐♥♣✉t✱ ♦✉t♣✉t✱ r❡t✉r♥

❛♥❞ ♦✈❡rr✐❞❡ ❛r❝s✮❀

✕ ❋♦r ❡❛❝❤ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥✱ t❤❡ ❣✉❛r❞ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡

❈P◆ ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ❛s ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts ✐♥ t❤❡

▲❆❲❋✲♥❡t ✇✐t❤ t❤✐s tr❛♥s✐t✐♦♥ ❛s t❤❡ ♦✉t♣✉t✿ ∀t ∈ TL : [G(t) =
∧

c∈CLt

L

(c)]

✭❣✉❛r❞s✮❀

✕ ❋♦r ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts ✐♥✈♦❧✈✐♥❣ ✐♥♣✉t tr❛♥s✐t✐♦♥s✱ ❛ ✈❛r✐❛❜❧❡ ✐s ❞❡✲

✜♥❡❞ ❛s ✇❡❧❧ ❛s t✇♦ ❛r❝s t♦ ♠♦✈❡ t❤❡ ❢❡❛t✉r❡ ❢r♦♠ t❤❡ r❡s♣❡❝t✐✈❡ ♦✉t♣✉t
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♣❧❛❝❡ t♦ t❤❡ ❝♦♥str❛✐♥❡❞ tr❛♥s✐t✐♦♥ ❛♥❞ ♠♦✈❡ ✐t ❜❛❝❦ ❛❢t❡r ✜r✐♥❣ t❤❡ ❝♦♥✲

str❛✐♥❡❞ tr❛♥s✐t✐♦♥✿ ∀t ∈ TL : [∀c ∈ CLt

L : [∀(x, y) ∈ {(x, y) ∈ ❈❋L
L|x ∈

TL
L ∧ y = c} : [v

(x,y)
L ∈ V, a

(x,y)
i , a

(x,y)
o ∈ A]]] ✇✐t❤ C(v

(x,y)
L ) = FL

L ❛♥❞

✇✐t❤ N(a
(x,y)
i ) = (pxL, t) ❛♥❞ N(a

(x,y)
o ) = (t, pxL) ✳ ❚❤❡ ❡①♣r❡ss✐♦♥s r❡❛❞✿

E(a
(x,y)
i ) = E(a

(x,y)
o ) = {v

(x,y)
L } ✭❝♦♥str❛✐♥t ✐♥♣✉t ❛r❝s✮✳

❋✐❣✳ ✸ s❤♦✇s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ ❛ ▲❆❲❋✲♥❡t t♦ ❛ ❈P◆ ♠♦❞❡❧✳

◆♦t❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞✐r❡❝t❧② ♠♦❞❡❧ ❧♦❝❛t✐♦♥✲❛✇❛r❡ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s ❛s

❛ ❈P◆ ♠♦❞❡❧✱ ❛❧t❤♦✉❣❤ t❤❡ ♣r♦♣♦s❡❞ ▲❆❲❋✲♥❡ts ❝❧❡❛r❧② ♦✛❡r ❛ ❜❡tt❡r ✉♥✲

❞❡rst❛♥❞❛❜❧❡ ❛♥❞ ♠❛✐♥t❛✐♥❛❜❧❡ ♠❡❛♥s t♦ ❞♦ s♦✱ ✇❤✐❧st st✐❧❧ ♦✛❡r✐♥❣ ❡①❡❝✉t✐♦♥

❛♥❞ ✈❛❧✐❞❛t✐♦♥ s✉♣♣♦rt ❜② ♠❡❛♥s ♦❢ t❤❡ ♠❛♣♣✐♥❣ ♦✉t❧✐♥❡❞ ❛❜♦✈❡✳

✻✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❙②st❡♠ ■♥t❡❣r❛t✐♦♥

❚❤❡ ❝♦♥✈❡rt❡❞ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛

❈P◆ ♠♦❞❡❧ ✉s✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❈P◆ ❚♦♦❧s ♣r♦❣r❛♠ ✭❏❡♥s❡♥ ❡t ❛❧✳✱ ✷✵✵✼✮✳

❉✉❡ t♦ s♦♠❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤✐s t♦♦❧✱ t❤❡ ❈P◆ ♠♦❞❡❧ ✐♥ ❋✐❣✳ ✸ ❝♦♥t❛✐♥s s♦♠❡

❛❞❞✐t✐♦♥❛❧ ❝♦♥str✉❝ts ✇❤✐❝❤ ❛r❡ ♥♦t ♣❛rt ♦❢ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥✳ ❋✐rst✱ t❤❡

❛❞❞✐t✐♦♥ ♦❢ ✏❞✉♠♠②✑ ✉♥❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥s ❜❡❢♦r❡ s♦♠❡ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t

tr❛♥s✐t✐♦♥s✳ ❋♦r ❈❘❚✱ ❢♦r ✐♥st❛♥❝❡✱ t❤✐s ✐s ♥❡❝❡ss❛r② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t

r❡♣❛✐r t❡❛♠s ♠✐❣❤t t❛❦❡ s♦♠❡ t✐♠❡ t♦ ❜❡ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❝✉st♦♠❡r✬s

s✐t❡✳ ❍♦✇❡✈❡r✱ ❈P◆ ❚♦♦❧s ♦♥❧② ♣❡r❢♦r♠s ❛ ❝❤❡❝❦ ❢♦r tr❛♥s✐t✐♦♥ ❡♥❛❜❧✐♥❣ ✐♠✲

♠❡❞✐❛t❡❧② ❛❢t❡r ❛ ♠❛r❦✐♥❣ ❝❤❛♥❣❡✳ ❚❤❡ ❛❞❞❡❞ ✉♥❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥s ❝❛♥ ❜❡

✉s❡❞ t♦ r❡❢r❡s❤ t❤❡ ♠❛r❦✐♥❣ ✭✇❤✐❝❤ ✐s ♥♦t ❛❝t✉❛❧❧② ❝❤❛♥❣❡❞ ✐♥ t❡r♠s ♦❢ t♦❦❡♥

❞✐str✐❜✉t✐♦♥✮ ❛♥❞ ❢♦r❝❡ ❈P◆ ❚♦♦❧s t♦ ♣❡r❢♦r♠ t❤❡ ❡♥❛❜❧✐♥❣ ❝❤❡❝❦ ❛❣❛✐♥✳ ❙❡❝✲

♦♥❞✱ ❛s st❛t❡❞ ❛❜♦✈❡✱ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s ♠✐❣❤t

tr✐❣❣❡r ❡✈❡♥ts t♦ ❜❡ ❤❛♥❞❧❡❞ ❜② ❛♥ ❡①t❡r♥❛❧ s②st❡♠✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣

❤♦❧❞s ❢♦r t❤❡ ❛ss✐❣♥♠❡♥t ♦❢ ❢❡❛t✉r❡s✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❛❞❞ ❛♥ ❛r❝ ❡①♣r❡ss✐♦♥ t♦
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♦✉t♣✉t ❛r❝s a♦✉tt ❢♦r ❛♥② t ∈ TL ✇❤✐❝❤ st✐❧❧ r❡t✉r♥s ❛ ♠✉❧t✐s❡t ♦❢ t♦❦❡♥s ❡q✉❛❧

t♦ vL✱ ❜✉t ❛❧s♦ tr✐❣❣❡rs ❡①t❡r♥❛❧ ❡✈❡♥ts✳ ❚❤✐s ♠✐❣❤t ❜❡ ✉s❡❢✉❧ ❢♦r ❧♦❣❣✐♥❣

♣✉r♣♦s❡s✱ ♦r t♦ ❞✐s♣❛t❝❤ ✉♣❞❛t❡s t♦ ❛♥ ✉♥❞❡r❧②✐♥❣ ●■❙ s②st❡♠✱ ❢♦r ❡①❛♠♣❧❡

t♦ s❡♥❞ ❛ r❡♣❛✐r t❡❛♠ ♦♥ ✐ts ✇❛②✳ ❚❤✐r❞✱ ❛s ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❢♦r♠✉❧❛t❡

t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ a♦✈❡rr✐❞❡t ❛r❝s ❞✐r❡❝t❧② ✉s✐♥❣ ❈P◆ ❚♦♦❧s✱ ✇❡ ✐♥st❡❛❞ ✐♥✐✲

t✐❛❧✐③❡ ❡❛❝❤ ❧♦❝❛t✐♦♥ ♦✉t♣✉t ♣❧❛❝❡ ✇✐t❤ ❛ ❞✉♠♠② ✭❡♠♣t②✮ ♣❧❛❝❡❤♦❧❞❡r✱ ❛♥❞

❛❞❞ ❝♦♥str❛✐♥ts t♦ ♣r❡✈❡♥t t❤✐s ❞✉♠♠② ❢❡❛t✉r❡ t♦ ❜❡ ✉s❡❞ ❛s ❛♥ ✐♥♣✉t ❢♦r

❛♥② tr❛♥s✐t✐♦♥ ✉s✐♥❣ t❤✐s ❢❡❛t✉r❡ ❛s ❛♥ ✐♥♣✉t ✭✇❡ ❛❧s♦ ❡①♣❧✐❝✐t❧② ♣❡r❢♦r♠ ❛

❢❡❛t✉r❡ t②♣❡ ❝❤❡❝❦ ✐♥ t❤❡ ❣✉❛r❞ ♦❢ ❡❛❝❤ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥✱ ❜✉t

t❤✐s ✐s ❥✉st ❢♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✮✳

P♦ss✐❜✐❧✐t✐❡s ❡①✐st t♦ ❡①t❡♥❞ ❛ ❝♦♥✈❡rt❡❞ ❈P◆ ♠♦❞❡❧ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ✇❛②s✳

■❢ s♦ ❞❡s✐r❡❞✱ ♠♦❞❡❧❡rs ♠✐❣❤t ♦♣t t♦ ✉s❡ ♦♥❡ ❣❧♦❜❛❧ ❧♦❝❛t✐♦♥ ✐♥♣✉t ♣♦♦❧ ♣❧❛❝❡

✐♥st❡❛❞ ♦❢ ❝r❡❛t✐♥❣ ❛♥ ✐♥♣✉t ♣❧❛❝❡ ♣❡r ❢❡❛t✉r❡ t②♣❡ ✭♦r ❣r♦✉♣ ♠✉❧t✐♣❧❡ ✐♥♣✉t

♣❧❛❝❡s✮✳ ❙✉❝❤ s②st❡♠ ✇♦✉❧❞ ♠❛❦❡ ✐t ♣♦ss✐❜❧❡ ❢♦r ✐♥st❛♥❝❡ t♦ ❛❧❧♦✇ ♠♦r❡

t❤❛♥ ♦♥❡ ❢❡❛t✉r❡ t②♣❡ t♦ ❜❡❝♦♠❡ ❜♦✉♥❞ t♦ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥s

✭t❤❡ ♣♦ss✐❜❧❡ t②♣❡s ❝❛♥ st✐❧❧ ❜❡ r❡str✐❝t❡❞ ❜② ❛❞❞✐♥❣ ❛ ❝♦♥str❛✐♥t✮✳ ❙❡❝♦♥❞❧②✱

❡♥❞ ✉s❡rs ♠✐❣❤t ♦♣t t♦ r❡♠♦✈❡ ♦✈❡rr✐❞✐♥❣ a♦✈❡rr✐❞❡t ❛r❝s ❢♦r s♦♠❡ ❧♦❝❛t✐♦♥

❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥✱ ❢♦r ❡①❛♠♣❧❡ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ ♠✉❧t✐♣❧❡ ❜♦✉♥❞ tr❛♥s✐t✐♦♥s

✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❝✉rr❡♥t tr❛♥s✐t✐♦♥s✳ ❋✐♥❛❧❧②✱ ♠♦❞❡❧❡rs ♠✐❣❤t ❛❧s♦ ❞❡s✐r❡ ❢♦r

❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t ✭♦r ❛♥②✮ tr❛♥s✐t✐♦♥s t♦ ♦✉t♣✉t ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s ❛♣❛rt

❢r♦♠ t❤❡ ♦♥❡ ❜❡✐♥❣ ❜♦✉♥❞ t♦ t❤❡ ❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t tr❛♥s✐t✐♦♥✳ ❚❤✐s ❝❛♥ ❛❧s♦

❡❛s✐❧② ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛❞❞✐♥❣ ♠♦r❡ ♦✉t♣✉t ♣❧❛❝❡s ❛♥❞ ❢♦r♠✉❧❛t✐♥❣ ❛♣♣r♦♣r✐❛t❡

❛r❝ ❡①♣r❡ss✐♦♥s✳

❋✐♥❛❧❧②✱ t❤❡ q✉❡st✐♦♥ r❡♠❛✐♥s ❤♦✇ t❤❡ ✈❛r✐♦✉s ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s

✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❈P◆ ♠♦❞❡❧✳ ❚♦ ❞♦ s♦✱ ❛ s✐♠✉❧❛t✐♦♥ ❡①t❡♥s✐♦♥ ✇❛s

❞❡✈❡❧♦♣❡❞ ✉s✐♥❣ ❈P◆ ❚♦♦❧s✬ ❘P❈ ✭r❡♠♦t❡ ♣r♦❝❡❞✉r❡ ❝❛❧❧✮ ❢✉♥❝t✐♦♥❛❧✐t②✳ ❚❤❡

r❡❛s♦♥ t❤✐s ❛♣♣r♦❛❝❤ ✇❛s ❝❤♦s❡♥ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ t❤❡ ❜✉✐❧t✲✐♥ ❙t❛♥❞❛r❞ ▼▲
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❧❛♥❣✉❛❣❡ ✐s t✇♦❢♦❧❞✳ ❋✐rst✱ ❜♦t❤ ♣r❛❝t✐t✐♦♥❡rs ❛♥❞ ❛❝❛❞❡♠✐❝s ❛r❡ ♠♦r❡ ❢❛♠✐❧✲

✐❛r ✇✐t❤ ❏❛✈❛ ✭t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❡①t❡♥s✐♦♥✮ t❤❛♥ ❙t❛♥❞❛r❞ ▼▲✱

❛❧❧♦✇✐♥❣ ❢♦r ❡❛s✐❡r ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ ❡①t❡♥s✐❜✐❧✐t②✳ ❙❡❝♦♥❞✱ t❤✐s ❛♣♣r♦❛❝❤ ❛❧✲

❧♦✇s t♦ ❡❛s✐❧② ✐♥t❡❣r❛t❡ ❧♦❝❛t✐♦♥✲❛✇❛r❡ ❜✉s✐♥❡ss ♣r♦❝❡ss ♠♦❞❡❧s ✇✐t❤ ❡①✐st✐♥❣

●■❙ s②st❡♠s✱ ❜♦t❤ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s ✭❝♦♥str❛✐♥✐♥❣

❛♥❞ ❞r✐✈✐♥❣ t❤❡ ♣r♦❝❡ss✮ ❛♥❞ t♦ r❡❛❝t t♦ ❛❝t✐✈✐t✐❡s ❛s t❤❡② ❛r❡ ❜❡✐♥❣ ❡①❡❝✉t❡❞

✭✇✐t❤✐♥ t❤❡ ●■❙ s②st❡♠✮✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s✱ ✇❡ ❤❛✈❡ ❝r❡❛t❡❞ ❛♥ ❡①♣❡r✐♠❡♥✲

t❛❧ s❡t✲✉♣ ✉s✐♥❣ t❤❡ ●❡♦❚♦♦❧s ❏❛✈❛ ♣❛❝❦❛❣❡✶✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s s✉♣♣♦rt ❢♦r ❛❧❧

❣❡♦s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s ❧✐st❡❞ ❜❡❢♦r❡✳

❋✐❣✳ ✸ ❛❧s♦ s❤♦✇s ❛ ♠❛♣ ✇✐♥❞♦✇ ✇❤✐❝❤ ✐s ❜❡✐♥❣ ❞r✐✈❡♥ ❜② t❤❡ ●■❙ s②st❡♠

❛s ✐t ✐s r✉♥♥✐♥❣ t♦❣❡t❤❡r ✇✐t❤ ❈P◆ ❚♦♦❧s✳ ❚❤❡ ♠❛♣ ✇❛s ❝♦♥str✉❝t❡❞ ✉s✐♥❣

r❡❛❧✲❧✐❢❡ s❤❛♣❡✜❧❡s ✇❤✐❝❤ ✇❡r❡ ✐♠♣♦rt❡❞ ✐♥ t❤❡ s❡t✲✉♣✳ ❚❤❡ ●■❙ s②st❡♠ ✐s ❛❜❧❡

t♦ ✐♠♣♦s❡ ❣❡♦s♣❛t✐❛❧ ❝♦♥str❛✐♥ts r❡str✐❝t✐♥❣ t❤❡ ❝♦♥tr♦❧✲✢♦✇ ♦❢ t❤❡ ♣r♦❝❡ss

✭s♦♠❡ ❛❝t✐✈✐t✐❡s ❝❛♥ ♦♥❧② ❜❡ st❛rt❡❞ ♦♥❝❡ t❤❡ r❡♣❛✐r t❡❛♠ ✐s ♦♥✲s✐t❡✱ ❢♦r

✐♥st❛♥❝❡✮✱ ❛♥❞ ❡①❡❝✉t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥s ✐♥ t❤❡ ♣r♦❝❡ss ❛❧s♦ ❞r✐✈❡s ❝❤❛♥❣❡s ✐♥

t❤❡ ●■❙ s②st❡♠✱ ❡✳❣✳ s❡♥❞✐♥❣ ♦✉t ❛ r❡q✉❡st t♦ ❛ r❡♣❛✐r t❡❛♠ ❝❛✉s❡s t❤✐s r❡♣❛✐r

t❡❛♠ t♦ ❤❡❛❞ t♦ t❤❡ ❝✉st♦♠❡r✬s ❧♦❝❛t✐♦♥ ✉s✐♥❣ t❤❡ s❤♦rt❡st r♦✉t❡ ❛✈❛✐❧❛❜❧❡

✭❛s ✐s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✮✳ ❚❤✐s ✐❧❧✉str❛t❡s t❤❡ ❢❡❛s✐❜✐❧✐t② ❛♥❞ ✈❛❧✐❞✐t② ♦❢ ♦✉r

♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣②✷✳

✼✳ ❈♦♥❝❧✉s✐♦♥s

❋♦r t❤❡ ♠♦st ♣❛rt✱ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❡①❡❝✉t✐♦♥ ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss ♠♦❞❡❧s

❤❛s s♦ ❢❛r ❜❡❡♥ ❝♦♥✜♥❡❞ t♦ ❛ r❛t❤❡r ❧✐♠✐t✐♥❣ ❡♥✈✐r♦♥♠❡♥t✱ ❢♦❝✉s✐♥❣ ♠❛✐♥❧②

♦♥ ❝♦♥tr♦❧✲✢♦✇ ❛s♣❡❝ts ♦♥❧②✱ ✇✐t❤♦✉t t❛❦✐♥❣ r✐❝❤ ❝♦♥t❡①t✉❛❧ ❛s♣❡❝ts ✐♥t♦

✶❙❡❡✿ ❤tt♣✿✴✴❣❡♦t♦♦❧s✳♦r❣
✷❙♦✉r❝❡ ❝♦❞❡ ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❞♦❝✉♠❡♥t❛t✐♦♥

r❡❣❛r❞✐♥❣ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t✿ ❤tt♣✿✴✴♣r♦❝❡ss♠✐♥✐♥❣✳❜❡✴❧♦❝❛t✐♦♥❛✇❛r❡✳
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❛❝❝♦✉♥t✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♦✉r ❛tt❡♥t✐♦♥ t♦✇❛r❞s ♠❛❦✐♥❣ t❤❡

♠♦❞❡❧✐♥❣ ❛♥❞ ❡①❡❝✉t✐♦♥ ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s ❧♦❝❛t✐♦♥✲❛✇❛r❡✱ ❢♦❝✉s✐♥❣ ♦♥ t❤❡

♣❛rt✐❝✉❧❛r ❝♦♥t❡①t ♦❢ ❣❡♦s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ❆ P❡tr✐ ♥❡t ♠♦❞❡❧✐♥❣ ❡①t❡♥s✐♦♥

✇❛s ♣r♦♣♦s❡❞ ✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡s ❧♦❝❛t✐♦♥ ❛s♣❡❝ts ❛♥❞ ✇❛②s t♦ ❝♦♥str❛✐♥ t❤❡

❡①❡❝✉t✐♦♥ ♦❢ ❛❝t✐✈✐t✐❡s ❜❛s❡❞ ♦♥ ❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥ts✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✇❛s

❢♦r♠❛❧✐③❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❢♦r♠❛❧✐③❡❞ ♠❛♣♣✐♥❣ t♦ ❝♦❧♦✉r❡❞ P❡tr✐ ♥❡ts ❛♥❞

✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ●■❙ s❡t✉♣ t♦ ✐❧❧✉str❛t❡

t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❝♦✉♣❧✐♥❣ ❜✉s✐♥❡ss ♣r♦❝❡ss s✉♣♣♦rt s②st❡♠s ✇✐t❤ ❣❡♦❣r❛♣❤✐❝

✐♥❢♦r♠❛t✐♦♥ s②st❡♠s✳

❲❡ ❜❡❧✐❡✈❡ ♦✉r ❝♦♥tr✐❜✉t✐♦♥ t♦ ❜❡ ❛ ✈❛❧✉❛❜❧❡ st❡♣ t♦✇❛r❞s ✐♥❝♦r♣♦r❛t✐♥❣

❧♦❝❛t✐♦♥ ❛s♣❡❝ts ✐♥ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s✱ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥ ❛r❡❛s ✐♥ ❧♦❣✐st✐❝s✱

tr❛♥s♣♦rt❛t✐♦♥ ❛♥❞ ♠❛♥② ♦t❤❡rs✳ ■♥❞❡❡❞✱ t❤❡ ❛❜✐❧✐t② t♦ ♠❛❦❡ ♣r♦❝❡ss❡s ✢❡①✲

✐❜❧❡ ❛♥❞ ❛❞❛♣t✐✈❡ ✐♥ t❡r♠s ♦❢ t❤❡✐r ❛❜✐❧✐t② t♦ r❡❛❝t t♦ r♦❛❞✱ tr❛✣❝ ♦r ✇❡❛t❤❡r

❝♦♥❞✐t✐♦♥s ✐s ♣✉t ❢♦r✇❛r❞ ❛s ❛ ♣r♦♠✐s✐♥❣ ❛r❡❛ ♦❢ st✉❞②✳ ❘❡❣❛r❞✐♥❣ ❢✉t✉r❡

✇♦r❦✱ ✇❡ ♣❧❛♥ t♦ s❡t ✉♣ ❛ ♥✉♠❜❡r ♦❢ ❝❛s❡ st✉❞✐❡s ❛♥❞ t♦ ❢✉rt❤❡r ❡♥❛❜❧❡ t❤❡

❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✐♥ r❡❛❧✲❧✐❢❡ ❝♦♥t❡①ts✳ ❚♦ ❞♦ s♦✱ ✇❡ ❛✐♠ t♦ ❞❡✈❡❧♦♣

❛ ✈✐s✉❛❧ ♠♦❞❡❧✐♥❣ t♦♦❧ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r t❤❡ ❞❡s✐❣♥ ❛♥❞ ❡①❡❝✉t✐♦♥ ♦❢ ▲❆❲❋✲

♥❡ts✱ ✇❤✐❧st ♣r♦✈✐❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ ♣♦t❡♥t✐❛❧ ❞❡s✐❣♥ ♣r♦❜❧❡♠s ✭❜②

♣❡r❢♦r♠✐♥❣ t❤❡ ♠❛♣♣✐♥❣ t♦ ❈P◆ ♠♦❞❡❧s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱

t❤❡ t♦♦❧ s❤♦✉❧❞ ❛❧❧♦✇ t♦ s✉♣♣❧② ❞♦♠❛✐♥✲s♣❡❝✐✜❝ ❦♥♦✇❧❡❞❣❡ ✭❞❡✜♥✐t✐♦♥ ♦❢ ❢❡❛✲

t✉r❡s✱ ♠❛♣s✱ ❡t❝✳✮ ✐♥ ❛ ✉s❡r✲❢r✐❡♥❞❧② ♠❛♥♥❡r✳ ◆❡①t✱ ❝♦♥❝❡r♥✐♥❣ ♠♦❞✉❧❛r✐t②✱

✐t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ ●■❙ s②st❡♠s ♦t❤❡r

t❤❛♥ t❤❡ ♦♥❡ ❛♣♣❧✐❡❞ ✐♥ t❤✐s ✇♦r❦ ❝❛♥ ❜❡ ❢❛❝✐❧✐t❛t❡❞✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ ♣❧❛♥ t♦

❡①♣❛♥❞ ♦♥ ♦✉r ♠❡t❤♦❞♦❧♦❣②✱ ❜♦t❤ ❜② ✐♥✈❡st✐❣❛t✐♥❣ ♠♦r❡ ❧♦❝❛t✐♦♥✲❜❛s❡❞ ♣❛t✲

t❡r♥s t❤❛t ♣❧❛② ❛ r♦❧❡ ✐♥ ❜✉s✐♥❡ss ♣r♦❝❡ss ❡♥✈✐r♦♥♠❡♥ts ✭t❤❡ ❢♦❝✉s ❤❡r❡ ✇❛s

♠❛✐♥❧② ♦♥ ❣❡♦s♣❛t✐❛❧ ❝♦♥str❛✐♥ts✮ ❛♥❞ ❤♦✇ t❤❡s❡ ❛s♣❡❝ts ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞

✇✐t❤ ♦t❤❡r ❝♦♥t❡①t✉❛❧ ❛s♣❡❝ts ♦t❤❡r t❤❛♥ ❣❡♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛s ✇❡❧❧✳
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❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤✐s ✇♦r❦ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❑❡② ❚❡❝❤♥♦❧♦❣② ❘✫❉ Pr♦❣r❛♠✱

❈❤✐♥❛ ✭❣r❛♥t ✷✵✶✷❇❆❍✵✶❋✵✷✮✱ ❜② t❤❡ ❑❯ ▲❡✉✈❡♥ r❡s❡❛r❝❤ ❝♦✉♥❝✐❧ ✭❣r❛♥t

❖❚✴✶✵✴✵✶✵✮ ❛♥❞ t❤❡ ❋❧❡♠✐s❤ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✭❖❞②ss❡✉s ❣r❛♥t ❇✳✵✾✶✺✳✵✾✮✳

❘❡❢❡r❡♥❝❡s

❆❧✐✱ ❙✳✱ ❚♦r❛❜✐✱ ❚✳✱ ❆❧✐✱ ❍✳✱ ✷✵✵✻✳ ▲♦❝❛t✐♦♥ ❛✇❛r❡ ❜✉s✐♥❡ss ♣r♦❝❡ss ❞❡♣❧♦②✲

♠❡♥t✳ ■♥✿ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❛♥❞ ■ts ❆♣♣❧✐❝❛t✐♦♥s ✲ ■❈❈❙❆ ✷✵✵✻✱ ■♥t✬❧

❈♦♥❢❡r❡♥❝❡✱ ●❧❛s❣♦✇✱ ❯❑✱ ▼❛② ✽✲✶✶✱ ✷✵✵✻✱ Pr♦❝❡❡❞✐♥❣s✱ P❛rt ■❱✳ ❱♦❧✳ ✸✾✽✸

♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳ ❙♣r✐♥❣❡r✱ ♣♣✳ ✷✶✼✕✷✷✺✳

❆❧♦♥s♦✱ ●✳✱ ❍❛❣❡♥✱ ❈✳✱ ✶✾✾✼✳ ●❡♦✲♦♣❡r❛✿ ❲♦r❦✢♦✇ ❝♦♥❝❡♣ts ❢♦r s♣❛t✐❛❧ ♣r♦✲

❝❡ss❡s✳ ■♥✿ ❆❞✈❛♥❝❡s ✐♥ ❙♣❛t✐❛❧ ❉❛t❛❜❛s❡s✳ ❱♦❧✳ ✶✷✻✷ ♦❢ ▲◆❈❙✳ ♣♣✳ ✷✸✽✕✷✺✽✳

❆❧t✐♥t❛s✱ ■✳✱ ❇❡r❦❧❡②✱ ❈✳✱ ❏❛❡❣❡r✱ ❊✳✱ ❏♦♥❡s✱ ▼✳✱ ▲✉❞❛s❝❤❡r✱ ❇✳✱ ▼♦❝❦✱ ❙✳✱

❏✉♥ ✷✵✵✹✳ ❑❡♣❧❡r✿ ❛♥ ❡①t❡♥s✐❜❧❡ s②st❡♠ ❢♦r ❞❡s✐❣♥ ❛♥❞ ❡①❡❝✉t✐♦♥ ♦❢ s❝✐❡♥✲

t✐✜❝ ✇♦r❦✢♦✇s✳ ■♥✿ ❙❝✐❡♥t✐✜❝ ❛♥❞ ❙t❛t✐st✐❝❛❧ ❉❛t❛❜❛s❡ ▼❛♥❛❣❡♠❡♥t✱ ✷✵✵✹✳

Pr♦❝❡❡❞✐♥❣s✳ ✶✻t❤ ■♥t✬❧ ❈♦♥❢❡r❡♥❝❡ ♦♥✳ ♣♣✳ ✹✷✸✕✹✷✹✳

❆♠❛❞✐♦✱ ●✳✱ ❈❛♥♥❛❢♦❣❧✐❛✱ ❈✳✱ ❈♦r♦♥❣✐✉✱ ▼✳✱ ❉❡s✐❞❡r✐✱ ▼✳✱ ❘♦ss✐✱ ▼✳✱ ✷✵✵✹✳

■♥t❡s❛❣✐s✿ t❤❡ ❜❛s✐s ❢♦r ❛ ♥❛t✐♦♥❛❧ s♣❛t✐❛❧ ❞❛t❛ ✐♥❢r❛str✉❝t✉r❡✳ ■♥✿ ♣r♦❝❡❡❞✲

✐♥❣s ♦❢ t❤❡ ✶✵t❤ ❊❈✲●■✫●■❙ ❲♦r❦s❤♦♣✱ ❲❛rs❛✇✱ P♦❧❛♥❞✳

❆♦✉♠❡✉r✱ ◆✳✱ ❋✐❛❞❡✐r♦✱ ❏✳ ▲✳✱ ❖❧✐✈❡✐r❛✱ ❈✳✱ ✷✵✵✹✳ ❚♦✇❛r❞s ❛♥ ❛r❝❤✐t❡❝t✉r❛❧

❛♣♣r♦❛❝❤ t♦ ❧♦❝❛t✐♦♥✲❛✇❛r❡ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s✳ ■♥✿ ✶✸t❤ ■❊❊❊ ■♥t✬❧ ❲♦r❦✲

s❤♦♣s ♦♥ ❊♥❛❜❧✐♥❣ ❚❡❝❤♥♦❧♦❣✐❡s ✭❲❊❚■❈❊ ✷✵✵✹✮✱ ■♥❢r❛str✉❝t✉r❡ ❢♦r ❈♦❧✲

❧❛❜♦r❛t✐✈❡ ❊♥t❡r♣r✐s❡s✱ ✶✹✲✶✻ ❏✉♥❡ ✷✵✵✹✱ ▼♦❞❡♥❛✱ ■t❛❧②✳ ■❊❊❊ ❈♦♠♣✉t❡r

❙♦❝✐❡t②✱ ♣♣✳ ✶✹✼✕✶✺✷✳
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❇r♦❞❡✉r✱ ❏✳✱ ❇é❞❛r❞✱ ❨✳✱ Pr♦✉❧①✱ ▼✳✲❏✳✱ ✷✵✵✵✳ ▼♦❞❡❧❧✐♥❣ ❣❡♦s♣❛t✐❛❧ ❛♣♣❧✐✲

❝❛t✐♦♥ ❞❛t❛❜❛s❡s ✉s✐♥❣ ✉♠❧✲❜❛s❡❞ r❡♣♦s✐t♦r✐❡s ❛❧✐❣♥❡❞ ✇✐t❤ ✐♥t❡r♥❛t✐♦♥❛❧

st❛♥❞❛r❞s ✐♥ ❣❡♦♠❛t✐❝s✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✽t❤ ❆❈▼ ■♥t✬❧ ❙②♠♣♦s✐✉♠

♦♥ ❆❞✈❛♥❝❡s ✐♥ ●❡♦❣r❛♣❤✐❝ ■♥❢♦r♠❛t✐♦♥ ❙②st❡♠s✳ ●■❙ ✬✵✵✳ ♣♣✳ ✸✾✕✹✻✳

❈❤❛❦r❛❜♦rt②✱ ❉✳✱ ▲❡✐✱ ❍✳✱ ✷✵✵✹✳ P❡r✈❛s✐✈❡ ❡♥❛❜❧❡♠❡♥t ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s✳

■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷♥❞ ■❊❊❊ ■♥t✬❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ P❡r✈❛s✐✈❡ ❈♦♠♣✉t✐♥❣

❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✭P❡r❈♦♠ ✷✵✵✹✮✱ ✶✹✲✶✼ ▼❛r❝❤ ✷✵✵✹✱ ❖r❧❛♥❞♦✱ ❋▲✱

❯❙❆✳ ■❊❊❊ ❈♦♠♣✉t❡r ❙♦❝✐❡t②✱ ♣♣✳ ✽✼✕✶✵✵✳

❈❧❡♠❡♥t✐♥✐✱ ❊✳✱ ❋❡❧✐❝❡✱ P✳ ❉✳✱ ✈❛♥ ❖♦st❡r♦♠✱ P✳✱ ✶✾✾✸✳ ❆ s♠❛❧❧ s❡t ♦❢ ❢♦r♠❛❧

t♦♣♦❧♦❣✐❝❛❧ r❡❧❛t✐♦♥s❤✐♣s s✉✐t❛❜❧❡ ❢♦r ❡♥❞✲✉s❡r ✐♥t❡r❛❝t✐♦♥✳ ■♥✿ ❙❙❉✳ ❱♦❧✳

✻✾✷ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳ ❙♣r✐♥❣❡r✱ ♣♣✳ ✷✼✼✕✷✾✺✳

❈❧❡♠❡♥t✐♥✐✱ ❊✳✱ ❙❤❛r♠❛✱ ❏✳✱ ❊❣❡♥❤♦❢❡r✱ ▼✳ ❏✳✱ ✶✾✾✹✳ ▼♦❞❡❧❧✐♥❣ t♦♣♦❧♦❣✐❝❛❧

s♣❛t✐❛❧ r❡❧❛t✐♦♥s✿ ❙tr❛t❡❣✐❡s ❢♦r q✉❡r② ♣r♦❝❡ss✐♥❣✳ ❈♦♠♣✉t❡rs ✫ ●r❛♣❤✐❝s

✶✽ ✭✻✮✱ ✽✶✺✕✽✷✷✳

❉❡❝❦❡r✱ ▼✳✱ ❖❝t ✷✵✵✾✳ ▼♦❞❡❧❧✐♥❣ ❧♦❝❛t✐♦♥✲❛✇❛r❡ ❛❝❝❡ss ❝♦♥tr♦❧ ❝♦♥str❛✐♥ts

❢♦r ♠♦❜✐❧❡ ✇♦r❦✢♦✇s ✇✐t❤ ✉♠❧ ❛❝t✐✈✐t② ❞✐❛❣r❛♠s✳ ■♥✿ ❯❇■❈❖▼▼ ✬✵✾✳ ♣♣✳

✷✻✸✕✷✻✽✳

❉❡❝❦❡r✱ ▼✳✱ ❈❤❡✱ ❍✳✱ ❖❜❡r✇❡✐s✱ ❆✳✱ ❙t✉r③❡❧✱ P✳✱ ❱♦❣❡❧✱ ▼✳✱ ❏✉♥ ✷✵✶✵✳ ▼♦❞✲

❡❧✐♥❣ ♠♦❜✐❧❡ ✇♦r❦✢♦✇s ✇✐t❤ ❜♣♠♥✳ ■♥✿ ▼♦❜✐❧❡ ❇✉s✐♥❡ss ❛♥❞ ✷✵✶✵ ✾t❤

●❧♦❜❛❧ ▼♦❜✐❧✐t② ❘♦✉♥❞t❛❜❧❡ ✭■❈▼❇✲●▼❘✮✱ ✷✵✶✵ ✾t❤ ■♥t✬❧ ❈♦♥❢❡r❡♥❝❡ ♦♥✳

♣♣✳ ✷✼✷✕✷✼✾✳

❊❣❡♥❤♦❢❡r✱ ▼✳ ❏✳✱ ❋r❛♥③♦s❛✱ ❘✳ ❉✳✱ ✶✾✾✶✳ P♦✐♥t✲s❡t t♦♣♦❧♦❣✐❝❛❧ s♣❛t✐❛❧ r❡✲

❧❛t✐♦♥s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ●❡♦❣r❛♣❤✐❝❛❧ ■♥❢♦r♠❛t✐♦♥ ❙②st❡♠ ✺ ✭✷✮✱

✶✻✶✕✶✼✹✳
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❊❣❡♥❤♦❢❡r✱ ▼✳ ❏✳✱ ❍❡rr✐♥❣✱ ❏✳✱ ✶✾✾✵✳ ❆ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❞❡❢✲

✐♥✐t✐♦♥ ♦❢ t♦♣♦❧♦❣✐❝❛❧ r❡❧❛t✐♦♥s❤✐♣s✳ ■♥✿ ✹t❤ ■♥t✬❧ ❙②♠♣♦s✐✉♠ ♦♥ ❙♣❛t✐❛❧

❉❛t❛ ❍❛♥❞❧✐♥❣✳ ❩✉r✐❝❤✱ ❙✇✐t③❡r❧❛♥❞✱ ♣♣✳ ✽✵✸✕✽✶✸✳

●❡♦r❣♦✉❧✐❛s✱ ❑✳✱ P❛♣❛❦♦st❛s✱ ◆✳✱ ❈❤r②ss♦❧♦✉r✐s✱ ●✳✱ ❙t❛♥❡✈✱ ❙✳✱ ❑r❛♣♣❡✱ ❍✳✱

❖✈t❝❤❛r♦✈❛✱ ❏✳✱ ✷✵✵✾✳ ❊✈❛❧✉❛t✐♦♥ ♦❢ ✢❡①✐❜✐❧✐t② ❢♦r t❤❡ ❡✛❡❝t✐✈❡ ❝❤❛♥❣❡ ♠❛♥✲

❛❣❡♠❡♥t ♦❢ ♠❛♥✉❢❛❝t✉r✐♥❣ ♦r❣❛♥✐③❛t✐♦♥s✳ ❘♦❜♦t✳ ❈♦♠♣✳✲■♥t❡❣r✳ ▼❛♥✉❢✳

✷✺ ✭✻✮✱ ✽✽✽✕✽✾✸✳

●ü♥t❤❡r✱ ❖✳✱ ✶✾✾✼✳ ❊♥✈✐r♦♥♠❡♥t❛❧ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s✳ ❙■●▼❖❉ ❘❡❝✳

✷✻ ✭✶✮✱ ✸✕✹✳

❏❡♥s❡♥✱ ❑✳✱ ✶✾✽✼✳ ❈♦❧♦✉r❡❞ ♣❡tr✐ ♥❡ts✳ ❙♣r✐♥❣❡r✳

❏❡♥s❡♥✱ ❑✳✱ ❑r✐st❡♥s❡♥✱ ▲✳ ▼✳✱ ❲❡❧❧s✱ ▲✳✱ ✷✵✵✼✳ ❈♦❧♦✉r❡❞ ♣❡tr✐ ♥❡ts ❛♥❞ ❝♣♥

t♦♦❧s ❢♦r ♠♦❞❡❧❧✐♥❣ ❛♥❞ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❝♦♥❝✉rr❡♥t s②st❡♠s✳ ■♥t❡r♥❛t✐♦♥❛❧

❏♦✉r♥❛❧ ♦♥ ❙♦❢t✇❛r❡ ❚♦♦❧s ❢♦r ❚❡❝❤♥♦❧♦❣② ❚r❛♥s❢❡r ✾ ✭✸✲✹✮✱ ✷✶✸✕✷✺✹✳

❏ä❣❡r✱ ❊✳✱ ❆❧t✐♥t❛s✱ ■✳✱ ❩❤❛♥❣✱ ❏✳✱ ▲✉❞äs❝❤❡r✱ ❇✳✱ P❡♥♥✐♥❣t♦♥✱ ❉✳✱ ▼✐❝❤❡♥❡r✱
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