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The study of energy conditions has many significant applications in general relativistic and cosmological contexts. This paper
explores the energy conditions in the framework of the most general scalar-tensor theory with field equations involving second-
order derivatives. For this purpose, we use flat FRW universe model with perfect fluid matter contents. By taking power law
ansatz for scalar field, we discuss the strong, weak, null, and dominant energy conditions in terms of deceleration, jerk, and snap
parameters. Some particular cases of this theory like k-essence model, modified gravity theories and so forth. are analyzed with the
help of the derived energy conditions, and the possible constraints on the free parameters of the presented models are determined.

1. Introduction

“The increasing rate of cosmic expansion in current phase”
is one of the primal facts in modern cosmology that is
supported by some sorts of energy with negative pressure
as well as hidden characteristics refereed to dark energy
(DE) (its existence is affirmed by the recent data of many
astronomical observations) [1-4]. The investigation of this
hidden unusual nature of DE has been carried out in two
ways: one approach utilizes the modified matter sources,
that is, different models like Chaplygin gas [5], quintessence
[6-9], k-essence [10-12], cosmological constant [13, 14], and
so forth which are introduced in the usual matter contents
within the gravitational framework of general relativity (GR),
while in second approach, GR framework is modified by the
inclusion of some extradegrees of freedom [15, 16]. Examples
of some well-known modified gravity theories include f(R)
gravity [17, 18], scalar-tensor theories like Brans-Dicke (BD)
gravity [19, 20], Gauss-Bonnet gravity [21, 22], f(T) theory
[23,24],and f(R, T) gravity [25]. Modified matter sources are
rather interesting but each faces some difficulties and hence
could not prove to be very promising. Modified gravitational
theories being large-distance modifications of gravity have
brought a fresh insight in modern cosmology. Among these,
scalar-tensor theories are considered to be admirable efforts

for the investigation of DE characteristics, which are obtained
by adding an extra scalar degree of freedom in Einstein-
Hilbert action.

Scalar field provides a basis for many standard infla-
tionary models, leading to an effective candidate of DE.
In literature [26-28], many inflationary models have been
constructed like chaotic inflation, small/large inflation, k-
inflation, Dirac-Born-Infeld (DBI) inflation, single field k-
inflation, and so forth. All of these are some peculiar
extensions of the k-essence models. Although the k-essence
scalar models are considered to be the general scalar field
theories described by the Lagrangian in terms of first-order
scalar field derivatives, that is, L = L(¢, V¢)). However,
Lagrangian with higher-order scalar field derivatives (L =
L(¢$, V¢, VV¢) can be taken into account which fixes the
equations of motion (obtained by metric and scalar field
variations of the Lagrangian density) to second-order [29,
30]. Horndeski [29] was the pioneer to discuss the concept
of most general Lagrangian with single scalar field. Recently,
this action is discussed by introducing a covariant Galilean
field with second-order equations of motion [30]. Kobayashi
et al. [31] developed a correspondence between these
Lagrangians. This theory has fascinated many researchers
and much work has been done in this context, for example,
[31-35].



The energy conditions have many significant theoretical
applications like Hawking Penrose singularity conjecture that
is based on the strong energy condition [36], while the
dominant energy condition is useful in the proof of positive
mass theorem [37]. Furthermore, null energy condition is a
basic ingredient in the derivation of second law of black hole
thermodynamics [38]. On the cosmological grounds, Visser
[39] discussed various cosmological terms like distance mod-
ulus, look back time, deceleration, and statefinder parameters
in terms of red shift using energy condition constraints. These
conditions are originally formulated in the context of GR and
then extended to modified theories of gravity. Many authors
have explored these energy conditions in the framework of
modified gravity and found interesting results [40-43].

Basically, modified gravity theories contain some extra-
functions like higher-order derivatives of curvature term or
some functions of Einstein tensor or scalar field, and so forth.
Thus it is a point of debate that how one can constrain the
added extra degrees of freedom consistently with the recent
observations. The energy conditions can be used to put some
constraints on these functions that could be consistent with
those already found in the cosmological arena. Recently, these
energy conditions have been discussed in f(T) [44] and
f(R,T) [45] theories.

In this paper, we study the energy condition bounds in
a most general scalar-tensor theory. The paper is designed
in the following layout. Next section defines the energy
conditions in GR as well as in a general modified gravitational
framework. Section 3 provides basic formulation of the most
general scalar-tensor theory. In the same section, we formu-
late the energy conditions in terms of some cosmological
parameters within such modified framework. In Section 4,
we provide some specific cases of this theory and discuss
the corresponding constraints. Finally, we summarize and
present some general remarks.

2. Energy Conditions

In this section, we discuss the energy conditions in GR
framework and then express the respective conditions in a
general modified gravity. In GR, the energy conditions come
from a well-known purely geometric relationship known as
Raychaudhuri equation [38, 46] together with the lineament
of gravitational attractiveness. In a spacetime manifold with
vector fields u* and k¥ as tangent vectors to timelike and
null-like geodesics of the congruence, the temporal variation
of expansion for the respective curves is described by the
Raychaudhuri equation as

de 1
o= —502 - 0,,0" + w,, " = R, utu",
de 1 W
o= —502 - 0,,0" + w,, 0" — R, kK"
Here R,,, 0, 0", and «"" represent the Ricci tensor,

expansion, shear, and rotation, respectively, related with the
congruence of timelike or null-like geodesics.

The characteristic of the gravity that is attractive leads to
the condition df/dr < 0. For infinitesimal distortions and
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vanishing shear tensor w,, = 0, that is, zero rotation (for
any hypersurface of orthogonal congruence), we ignore the
second-order terms in Raychaudhuri equation, and conse-
quently integration leads to 6 = 7R, ufu” = —7R, Kk'k".
It further implies that

R}Wu“uv >0, R}Wk"k«v > 0. (2)
Since GR and its modifications lead to a relationship of
the matter contents, that is energy-momentum tensor in
terms of Ricci tensor through the field equations, therefore
the respective physical conditions on the energy-momentum
tensor can be determined as follows:

T

R, ufu” = (TMV - ng> uwu’ >0,
T 3)

v _ UiV

Rk K = (T, = 5 g ) KK 2 0,

where T}, and T are the energy-momentum tensor and

its trace, respectively. For perfect fluid with density p and

pressure p defined by

T;w = (P + P) u,u, — ngv’ (4)

the strong and null energy conditions, respectively, are
defined by the inequalities p + 3p > Oand p + p > 0,
while the weak and dominant energy conditions are defined,
respectively,by p > 0and p £ p > 0.

Raychaudhuri equation being a geometrical statement
works for all gravitational theories. Therefore, its interesting
features like focussing of geodesic congruences as well as the
attractiveness of gravity can be used to derive the energy
constraints in the context of modified gravity. In case of
modified gravity, we assume that the total matter contents
of the universe act like perfect fluid, and consequently these
conditions can be defined in terms of effective energy density
and pressure (matter sources get modified, and we replace T),,,

and T in (3) by T;f}f and T, resp.). These conditions can be
regarded as an extension of the respective conditions in GR
given by [43]

NEC : p+ p*f > 0,

SEC : peff + peff > 0) peff + 3peff > 0’
(5)
WEC : Peff > 0, peff + peff > 0,

DEC: p™ >0, p+p™>o.

For a detailed discussion, we suggest the readers to study a
recent paper [47].

The DE requires negative EoS parameter w < —1/3, for the
explanation of cosmic expansion. Indeed, for cosmological
purposes, we are curious for a source with p > 0; in
that case, all of the energy conditions require w > -1
[48]. The role of possible DE candidates with w < -1
was pointed out by Caldwell, who referred to null DEC
violating sources as phantom components. It is argued that
DE models with w > -1 such as the cosmological constant
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and the quintessence satisfy the NEC, but the models with
w < -1 (predicted for instance by the phantom theory),
where the kinetic term of the scalar field has a wrong
(negative) sign, does not satisty. However, quintom models
can also satisfy NEC as they yield the phantom era for a
very short period of time [49]. Usually, the discussions on
energy conditions for cosmological constant are available in
literature by introducing it in some other type of matter like
electromagnetic field [50]. The cosmological constant will
trivially satisfy all these energy conditions except SEC.

3. Energy Conditions in the Most General
Scalar-Tensor Gravity

The most general scalar-tensor theory in 4 dimensions is
given by the action [31-35]

S= Jd%ﬁ
x [K (¢, X) - G5 (¢, X)0¢ + G, (¢, X) R

+Gax {(0¢)” - (V,9,9) (V'V'¢)} ©
+ G ($.X) G (VV'9) - <Gix

x{(09)” - 3(09) (V,V,$) (V*V"¢)
+2(V*V,9) (V*s9) (V/V,8)} + L],

where ¢ is the scalar field, g is the determinant of the
metric tensor, L,, denotes the matter part of the Lagrangian,
and X represents the kinetic energy term defined by X =
—(1/2)0"$0,,¢. Moreover, G,,, is the Einstein tensor, R is the
Ricci scalar, V, is the covariant derivative operator, and O =
VFV” is the deAlembertian operator. The functions K(¢, X)
and G;(¢, X); i = 3,4, 5 are all arbitrary functions and G;x =
0G;/0X. In this action, the term G;(¢, X)O¢ is the Galilean
term, G,(¢, X)R can yield the Einstein-Hilbert term and
G5(¢, X) leads to the interaction with Gauss-Bonnet term.
This indicates that it covers not only several DE proposals
like k-essence, f(R) gravity, BD theory and Galilean gravity
models, but it also contains 4-dimensional Dvali, Gabadadze,
and Poratti (DGP) model (modified), the field coupling with
Gauss-Bonnet term, and the field derivative coupling with
Einstein tensor as its particular cases.

By varying the action (6) with respect to the metric tensor,
the gravitational field equation can be written as

1

_ eff 1 ¢
Gy = CT4®W oo [T+ T8, )

where ®;if is the modified energy-momentum tensor, T;"’/ is
the source of usual matter field that can be described by the
perfect fluid, while T;fv provides the matter source due to

scalar field and hence yields the source of DE, defined in the
Appendix. The scalar wave equation for such modified gravity
has been described in the literature [32-35].

By inverting (7), the Ricci tensor can be expressed in
terms of effective energy-momentum tensor and its trace as
follows:

1
Teff -—g Teff, (8)

R/w = Ly 5 Juv

where the effective energy-momentum tensor TZ‘f}f and its

trace T are
eff 1 1
T;w = T;w + EKXVy¢Vv¢ - §G3XD¢V\/¢V[4¢
1 1
- V(yG3Vv)¢ + EG4X X RVy‘PVvﬁb + EG4XX
2 2
x[(@9)° - (VoY) | V,0,9
+Gyx 09 X V,V,$ = Gy ViV, V'V,

A A
—2ViGux V'V, 9V, ¢ + ViGyx X VIV, V¢

A
-2 [G4XR/\(,4V«;)¢V ¢- V(}AG4XVV)¢>D¢]

= Gyx X R[mvﬁvad)vﬁ(p + GV, V¢

+ G VPV — 2G5 V' X V)V, 0V,

+ Gyxx VOV, Y,V $V,V, ¢

— GsxRygV¢p x Vﬁv(,ﬂwv)‘/’

+ Gs xRy, Vi 9V ¢ + %GSXRaﬁV“¢Vﬂ¢
X V,V,$ + %GSXRWVﬂV“(pVﬁqSDqS

= GsxRanpu VoV ¢V VF g

~ GsxRanpu Vo V'V “9VF$

+ 2V [Gox V9] ¥, 49— >

X Vi [Gss V] 06 + V) [Gsg V(] ¥, V79
- % [V} (Gss V') = V,, (Gsx Vo) VEVF]
XV, V.8 = VG5 VP PR 05

+ Y, GsRyyp x V' - %V(HGSXVV@

% [(39)” - (VaVag)'| + V' GsRy, Vi

— Y, [Gsx Vs8] VIV, VIV, ¢ + VGax

x [0pVPY b - VEVPY, x V0] V)¢

I o
~ SV PVaGix [EAARERARAARY



1 1
+ - Gsx X GogV VPPV, 4V, + 5 GsxD$

1 2
X Vavy(pvavv(/) - EGSX(EK‘S) X V,uvvqs

- G | (09)° -3 (96) (VuVy9)” +2(%59)']

1 A
XV,$ X Vo = ViGsR, V',
9)
T = K + V,G3 V' - 2(Gyp — 2XGlyy)
-2 { - 2G4X¢VOLVB¢V“¢Vﬁ¢> + GyxxVa V29
Vv oVievPe + —G 2 (v, Vs0)
XV 9V VIS + “Gux [ (09)" - (VaVig) |

+2[Gyx x RV, ¢V — V, G, V' ¢0¢|

1
- ERVAGSV’\qS

1 3 2 ’
216, [(00)° - 306(.vp8) +2(%,%9)’]
V.G RV — 2V, Gi V" e
+V,Gs ﬁ¢_za5§b ¢D¢’+5a5¢
aof 1 o 1
X V/;(/SV \% ¢) - EVaGSXv Xqu + EV"‘GSX
1_a 2 2
X VﬁXV“Vﬁ(/) _ZV GsxV)¢ [(D¢) _(Vtxvﬁ(p) ]
1 1
+ EGsxRaﬁV“‘pVﬁ‘/’D‘p ~ 0sx X Rugo V"¢
A 1 ?
x VPV ¢vf’¢} +T+ 2 Kx(V,9)
1 2 1 ?
- 5G3XD¢<V[4¢) ~ VGV + EG4XR(V”¢)
1 2 2 2
+ §G4XX [(D‘/’) - (Vavﬁ‘p) ] (VH¢)
)
+GyxOPV, V, ¢ — Gix ViV, 9VV, ¢
A 2 A
=2V Gyx V' (V)" + V)Gyx x V¢V, V¢
)
-2 [G4XR/\,4V;4¢V ¢ - VHG4XV,4¢D¢]
2
- G4XRMa#ﬁva¢vﬁ¢ +GaxV,V,é + G4¢4’(Vf‘¢)
) 2 @
—2Gyxs VP % VA(VM¢) + GaxxV ¢Va
2
X Vy‘ﬁvﬁ PVpVyud - GsxRaﬁV“¢Vﬁ(vﬂ¢)

1
+ Gsx Ry, Y,y OV ¢ + EGSXRaﬁV“gbVﬁ
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1
X $V, V9 + - Gax X Ry VOV  $1
A o
— GsxRupu VPV ¢V Vg - GsxRurpu

A o 1 o
x V, V'V ¢vie + SV [GsxV*$] V, Y, 006
1 A
=5V [Gsg V9] 06 + V1[G V(] Vg V'

- % [V2 (G5 V') = Vo (Gsx V) VY79 ]

A
X V,V,$ = V'G5 VPGR 5 + V,GsR 1 V'

- 39Gsx %V, (99 - (V)]
+ V' GsR), Y, 8 — Y, [Gax Vsp| VV, 0 x VPV,

+ VgGix [09VFV ¢ - VEVFV, V8] V¢
- %v"%p % Vo Gsx [06V,V,8 - V3V,6VsV, 6]
N %(;SX(;aﬁv‘”vﬂ/;(v14¢>)2 N %GsxmgbVaVMV“Vﬂ(p
— 2 Gax(D9)'V, 5,9~ —Gaxx
x [(39)° - 3 (o) (VaVse)”
+2(%,V9)'] (V9)” - %VAGSRVAcp

1
+ EVa(;sxv,;xv"‘vf%p

B }IV“GSXVA‘/S [('3‘/’)2 - (Vavﬁ¢)2]

1 N 1
+ 2 GaxRygV ¢VPprg — 5 GsxRagp- (10)

Evaluating the temporal and spatial components of the
effective energy-momentum tensor and its trace defined
previously and using these values in (3), we can find the
energy conditions for any spacetime.

Let us consider the spatially homogeneous, isotropic, and
flat FRW universe model with a(t) as a scale factor described
by the metric

ds’ = —dt’ +a’ (t) (dx” + dy’ + dz°). (11)

The background fluid is taken as perfect fluid given by (4)
with u, = (1,0,0,0), and the null like vector is taken as
kﬂ = (1,a,0,0). Furthermore, we assume that the scalar field
is a function of time only. The Friedmann equations for the
generalized scalar-tensor theory in terms of effective energy
density and pressure are given by [32-35]

eff ) peff
st =P _(3HPe2m) = £ (12)
G, G,




+4XGyy + 4XPG,yy — 2X (2HH$ + 3H’¢) Gsx

— 4H*X*$Giyx + 4HX X Gy,
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where WEC: pf 4 p*>0, pf>0—=
1 .
e 1 . i ETeR [p" + 2XKx — K + 6XH$G;x — 2XGsy
p=3 [p" + 2XKx — K + 6X$HG;x — 2XG,, + 24H’X 4
’ +24H>X x (Gux + XGxx) — 12XH¢
% (Gyx + XGyxx) ~ 12HXGG, x4 ‘ L
~ 6H¢Gyy + 2H X ¢ (5Gsx +2XGsyx)
— 6H$G,y + 2H X (5Gsx + 2XGsxx)
~6H"X (3Gsy +2XGisxy)] 2 0,
2
—OH'X (3G5¢ * 2XG5X¢)] ’ SEC: pT 4+ pft >0, pM+3pf>0—=
1 .
(13) So [P +39™) + 2XKc + 2K + 6XHJGix
4
"—ff—l[ "+ K - 2X (G + §Gsx ) - 12H’XG ; 2 252
po=3lp 3+ $Gax 4x ~ 8XGsy — 6X¢Gsy — 12HXG,y + 24H*X
—4HXG,x — 8HXGyx — 8HXXGyxx X Gyxx — 36XH$G,yy + 6HPG,y + 6¢G g
+2(§+2He) Gy + 4XGyy + 4X (§ — 2Ho) O XGay + 4H X2 gGy - 24H X2y
Gyxg — 2X (2H¢ + 2HH¢ + 3H*$) G .
x Guxy = 2X (2H'$ + 2HH + 3H'$) Gox + 12HXXGyyy + 12 (HX) Gy
~4H’X*¢Gsxx + 4HX (X - HX) G , . -
PGsxx ( ) Gxe + 12HX¢Gyy — 12H* X*$Gxxc — 12XHHGGsx
+2 [2(HX) + 3H’X| Gy + 4HX¢PGsyy | - ). . ,
(14) — 18XH’§Gsx + 12X¢G, x5 — 24HX$G x4
+12XGyyy — 24HXX X Gy
Here G, being an arbitrary function of ¢ and X, acts as a ) . )
dynamical gravitational constant, and it should be positive —24HXGyx — 12HXGyx - 36H XGyx ] =0,
for any gravitational theory. Furthermore, p™ and p”™ are " " " i "
density and pressure, respectively, for ordinary matter. We DEC:p™ 20, p" +p" 20, p" -p" 20=
shall discuss its different forms in the next section. Using
these valuesin (5), it can be checked that the NEC, WEC, SEC, RS [(Pm — p") +2XKy - 2K + 6XH</5G3X + ZX‘}SGsX
and DEC require the following conditions to be satisfied: 2G,
+36H’XG,x + 24H" XG,xx — 4XH$G,x,
NEC: p™'+p™' >0 = . , :
poTP — 10H@G,y + 14H> X§Gsx + 4H> X*$ x Gy
1 m m { .
G, [(p" + ") + 2XKy + 6X$HG;x ~ 4XGyy — 24HXGyy — 4 (HX) Gy — 4HX GGy
+12H’XGx + 24H’ X’ G xx — 20XH$G,x, - 8HX’Gsxy + 4HXG
~ 2H$G,y + 6H  X¢Gsy + 4H* X§ X Gsxy +8HXG x + 8HXXG,xx — 2G5 — 4XG
~ 16H*X*Gsyy — 12H?XGyy - 2X¢Giax - 4X$G,xy +2X (2HH$ + 3H$) Gsx
— 4HXG,x — 8HX x G,x — 8HXXGxx + 2¢G +4H* X’ Gsxx§ — 4HX XGsxy| 2 0.
(15)

In a mechanical framework, the terms velocity, accel-
eration, jerk, and snap parameters are based on the first

+4 (HX) Gsg + 4HX¢>G5¢¢] >0, four time derivatives of position. In cosmology, the Hubble,



deceleration, jerk, and snap parameters are, respectively,
defined as

(16)

In order to have a more precise picture of these conditions
(15), we use the relations of time derivatives of Hubble param-
eter in terms of cosmological quantities like deceleration,
snap, and jerk parameters as

H=-H*(1+q), H=H(j+3q+2),

17)
H=H"(s-2j-59-3).

Moreover, we assume that the scalar field evolves as a power
of scale factor, that is, ¢(t) ~ a(t)ﬁ [51, 52], which leads to
¢~ pHa", ¢~ pa’ (H+BH?) = pa’H> (B-1-q),

« ﬁz 2P

5 X~ BH ¥ (B-1-q).

(18)
Here f is a nonzero parameter (3 = 0 yields constant scalar
field, B > 0 yields expanding scalar field, and § < 0
corresponds to contracting scalar field). Clearly, ¢ remains as
a positive quantity.
Introducing these quantities in the energy conditions
given by (15), it follows that

G% [Kx = 2Gs 4+ 6H*Gyx — 6H Gy + 2G|
x BH’a* +[3HG;x ~ 10HG y +3H  Gsy +2HGsyy |
x B H " + (6H*Gyxx — 4H’Giyy )
x B'H*a" — 2HBaP G,y + H* B a™ Gy
- BH'a¥ (B-1-9)Gyx —4H'a* B’ (B-1-¢)
X G,y + 4H*a* BB (1 + q) G,y — 4H°B*a**
x (B~1-q)Gyxy +2H'a" (B~1-q) BGyy
+28°H 0 (B=1-9)Gyxy + 2H® (1 +q) Ba*G.y
~3H°Ba (B~ 1-q) Gy - H Ba™
X (B—=1-q)Gsxx + 2H6/34a4ﬁ
X (B=1-q)Gsxy + 4H'Fa” (B~ 1-) Gs

—2H* (1 +q) B?aGgy + (p" + p™) 2 0,
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1
= [p" +3p™ +2K + 3f°a* H'G3X - 4’ H’
4
X azﬁG3¢ - 3ﬁ3a3ﬁH4 (B-1-9)Gsy
— 6H"2a** Gy + 3H B a** Gy
~18H*B’a Gy, + 6H B x aP G,y + 6H’ pa”
X (B-1-4)Gyy - HB*a*Gsx
+2H B a Gy — 3HBa" Gy + 6H B0
x(f-1-9q) Gsxg — 6H4/32512ﬁ (1+q) Gsg
+ 2H* B0’ (B~ 1-q) Gsy + 6H' Ba’P Gyyy
- 3H855‘15ﬁ (B—1-9) xGsxx
+HB'a™ (1+9) Gox ~9H B’a™ (B~ 1~ q) Gsx
+ 6H4ﬁ3a3ﬁ X (B—1-q)Gyxy
- 12H*B’a* G,y + 6H* f*a’ G,y
~12H°B'a x (B-1-q) G,xx + 12H'p?a**
x(1+9)Gyx = 12H4ﬁ2‘12ﬁ (B-1-9q)Guix
—18H4ﬁ2a2ﬁG4X + ﬂzaZﬁHZKX] >0,
1
ren [H?B?aPKy - K+3H'B'a* Gy - H BPa’*' G,
4
+ 12H* B2a*P Gy + 6HO B a*P Gy
- 6H*B’a¥ Gy, - 6H Ba’ G,
+5H B Gyy + H B2 a*P Gy — 9H*
xB*aFGsy — 3H B*aG,yy + p"] 2 0,
1
en [p" - p" + P H aKy - 2K + 3H'B’a” G,y
4
+ BPHa* (B - q— 1) x Gyx + 1882 H*a** G,
+ 12H* B0’ G,y - 2H* B’a’F G,y — 10H
X ﬁaﬁG4¢ + 7H6ﬁ3a3ﬁG5X + HB°a’ BGsyx
- 12H* B’ Gyy - 4H*B* x a™ Gy
+ 2H4ﬁzaz'/3 (1+q)Gsy — 2H4[33a3ﬁG5¢¢
~4H'BaGyy+ Ax H' B xa™ (B-q-1) G,y
—4H'B*a* (1 + q) G,x + 4HB*a**

X (B=1-9)Gyxx ~ ZHzaﬁﬁ (B-1-9) Gy
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— 20 B Gyyy - 2H B (B-q—1) Gy

—2H°Ba’* (1+4) Gox +3H B’ (B~ 1 - ) Gsx

+ Hsﬁs xa” (B—1-q)Gsxx

—2H*B*a* (B~ 1-q) Gsxy] = 0.
19)

These are the most general energy conditions that can yield
the energy conditions for various DE models like k-essence
and modified theories in certain limits. In order to satisfy
these conditions, it must be guaranteed that the function
G, is a positive quantity. However, we have discussed earlier
that G, being a gravitational constant, would be positive in
all cases (if it is not so, then we impose this condition and
restrict the free parameters). Clearly, these conditions are
only dependent on the Hubble, deceleration parameters and
arbitrary functions, namely, K, G;, G,, and G;. Once these
arbitrary functions are specified, the energy bounds on the
selected models can be determined by using these conditions.

In order to have a better understanding of these con-
straints, we can use either the power law ansataz for the
scale factor, for example, [45] or we can use the estimation
of present values of the respective parameters available in
literature. In this study, we consider the present value of the
Hubble parameter H, = 0.718, the scale factor g, = 1,
and the deceleration parameter ¢ = -0.64 as suggested
by Capozziello et al. [53]. Since it is well known that the
energy constraints are satisfied for usual matter contents
like perfect fluid, therefore we shall focus on validity of the
energy constraints for the scalar field terms only (either we
take vacuum case or assume that the energy conditions for
ordinary matter hold). It is interesting to mention here that
the respective energy conditions in GR can be recovered by
taking the arbitrary functions K, G5, and G5 zero with G, as
constant.

4. Energy Conditions in Some Particular Cases

Now we discuss application of the derived conditions to
some particular cases of this theory. The violation of energy
conditions leads to various interesting results. In particular,
for a canonical scalar field, violation of these conditions
yields instabilities and ghost pathologies. It is important to
discuss the violation of these energy conditions in order to
check the existence of instabilities in Horndeski theory. The
procedure for FRW universe model in most general scalar-
tensor theory based on tensor and scalar perturbations is
available in literature [31]. By introducing perturbed metric,
it has been shown that for the avoidance of ghost and gradient
instabilities, the tensor perturbations suggest

Fr=2[Gy— X (§Gsx + Gsy)] > 0, o0
20
©r = 2[G, - 2XG,x - X (HpGsx — Gsy )| > 0,

7
while scalar perturbations impose
1d a _n
Fs= -2 (%) -Fr >0,
ST adt\@"T T
(1)

Z 2

where the quantities ¥ and © are defined in [31]. We simply
plug the values in these conditions for the following cases and
show that violation of energy conditions leads to the existence
of ghost instabilities.

4.1. k-Essence Models in General Relativity. The k-essence
dynamical models of DE play a dominant role in the solution
of various problems in cosmological context [54]. The action
(6) can be reduced to the action for k-essence model in GR
framework defined by § = j V-glK(¢, X) + (M;I/Z)R +

L,,]d*x with the following choice of the functions:

MZ
G4 = _pl’ G3 = G5 = O’ (22)

K=K($.), .

where le is Planck mass. The k-essence models can be
classified into three forms:

(i) K(¢, X) = K;(X) (Kinetic case),
(i) K(¢, X) = K;(X)B(¢),
(iii) K(¢, X) = K;(X) + B(¢).

For the choice of arbitrary functions given by (22), the energy
conditions (15) take the following forms:
1 M M
NEC : M—ZZ[ZXKX+p +p"] >0,
p

WEC : p + pT > 0,

1
— [2XKx -K+p"] 20,
M
SEC: p + pff > 0, (23)
1
— [2XKx + 2K + p" +3p™] > 0,
M2

DEC : peff + peff >0, peff >0,

1
2
M e
Here K(¢, X) is arbitrary.
In order to see how the function K(¢, X) can be con-
strained by using the previous energy conditions, we choose
a particular model of k-essence [55] as follows:

[2XKy - 2K+ p" - p"] > 0.

1 1
K (¢, X) = B [C, - C, —2B¢?] + 5 (C,+C,) X
. (24)
+ EMg(x - 1%



where C,, C,, B, and M, are arbitrary constants. In this case,
WEC requires the following conditions:

11
Vel [EX(CI +C,) +2XM; (X - 1)
pl

1 4 2 1 2
—SMo(X = 1)* -~ (C, - C, - 2B )+p'”] >0,

1
v [X(C,+Cy) +2MX (X - 1)+ p" +p"] > 0,
pl
(25)
where M;l > 0. For the interpretation of the previous
inequalities, we consider the power law ansatz for the scalar

field ¢ ~ aP; p#0, which further yields X ~ (8*a**H?/2).
Consequently, the WEC (25) turns out to be

1 Ba*P 2 2B 2 2 2B 2
—ﬁa—(C +C)+2ﬁa M; fa -1
2 2 L2 2 0 2

1 2,28 2 2 1

_EMg(ﬁaT_l> Lecmg)e [ 20,
(26)

i 2PEH? g 2PEH?

[
2 28112 27)

H
x(ﬁaT—l>+pm+pm] > 0.

It is difficult to find the admissible ranges of all constants
C,, C,, B, M, and 3 from the previous conditions. In order
to find the constraints on these parameters, we consider that
these conditions are satisfied for ordinary matter, that is, p™ >
0 and p” + p™ > 0. Moreover, we take the present value
of Hubble parameter and choose some particular values of
the constants C, and C, to find the ranges of B, M, and f3,
consistent with the WEC. It turns out from the graphs that
we can take the parameter f3 as follows § > 1.4,0 < < 1.4
and 3 < 0, while B and can be positive or negative. For the
consistency of condition (27), we restrict the parameter M, as
0 < M, < 1. From the condition (26), it can be observed that
energy conditions are satisfied only when we take § > 1.4,
with arbitrary B and f < 1.4 with B > 10 only. Other choices
of these parameters lead to violation of WEC. Figures 1(a)
and 1(b) show that WEC is satisfied with these fixed input
parameters by taking > 14,0 < M; < l,and0 < B< 1.

4.2. Brans-Dicke Theory. Brans-Dicke gravity with action
| v=al(M, Xw/¢) = V($) + (1/2)MyR¢ + L,,]d*x can be
defined by the following choice of functions:

k= Mnte

s V@)

G, =G, =0,
(28)

1
G, = E pl¢'
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Here w is the BD parameter and V is the field potential.
The action for general scalar-tensor gravity can be obtained
by taking F(¢) instead of ¢ in G,. In this case, the energy
conditions take the form

Hd . .
Mplw - —qSMPI + ?Mpl + u] > 0,
¢ ¢ ¢
WEC : p + p*f > 0,
1 [eM,¢* v 3H¢ m
— pi(/) + ((P)— ¢Mpl+p—]20,
My | 2¢ ¢ ¢ ¢

SEC: p™ + p > 0,

1 [¢?

NEC: — |
Mpl ¢2

,_.
©-.
(8]

2V (¢) 3H¢
K ¢()+T¢ "’

+3?Mp,+ u] >0,

£

p

¢ ¢
DEC : Peff + peff > 0, eff > 0)
1 [,V H,,
Mpl (p (/5 Pl
a0

(29)

A suitable choice of the field potential has always been a
matter of debate in BD gravity. We use power laws for
the scalar field and potential as ¢ = ¢yaf and V =
Vo™, respectively, where m and 8 are nonzero parameters.
Consequently, the WEC restricts the parameters as

V, > 3H2p - %ﬁsz,
(30)
B Hiw - H B + HiaP B — aP BH (1 + q) > 0.

For accelerated expanding universe, the observed range
of BD parameter is -2 < w < -3/2 [56]. Clearly, both of
these conditions are independent of the parameter m which
shows that these conditions are valid for both the positive
and inverse power law potentials; however, these conditions
depend on the present value of the field potential. Figure 2(a)
shows that the condition p*™ > 0 leads to B < 0, which
further yields positive present value of the BD field potential
V. Moreover, the second condition will be satisfied if we take
B < 0 with arbitrary w and 8 > 0 with w > 0 only. Figure 2(b)
indicates that p° + p > 0 is satisfied for a particular choice
of < 0and -2 < w < -1.5. Clearly, the energy condition
P+ p*f > 0 is violated for § > 0 with w < 0. It is easy
to check that this choice of parameters (f = 2, w = —1.8)
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1.6 0

(a) peff+peff >0

(b) peff >0

FIGURE 1: Plot (a) shows pEff + pe“‘ > 0 versus f3 and M,. Plot (b) represents peff > 0 versus parameters 3 and B with M, = 0.2. In both cases,
we take the present values of cosmological parameters with C; = 1, C, = 2.

(a) Peff+Peff >0

(b) pT20 (v 20)

FIGURE 2: Plots (a) and (b) show WEC versus parameters w and 3 for H, = 0.718 and g, = —0.64.

also leads to the violation of condition imposed by scalar
perturbations given by the expression

2HE +4¢p 207 (2H$ +2Hp + )
2H¢ + ¢ (2H¢+</S2)2

> a¢,

©)
o[ Xw/¢ - 3H*¢ - HP/2

(2Hq5 + (/52)2

+3¢$>0

and consequently yields the ghost instabilities for the model.
However, the conditions imposed by tensor perturbation are
trivially satisfied.

4.3. f(R) Gravity. The action for f(R) gravity described by
S= J ﬁ[(M;l/Df(R) + Lm]d4x can be obtained from the
action (6) for

M;l
K:_T(RfR_f)’ G; =G5 =0,
(32)

G-y s
=S @ Muf

Here f(R) is an arbitrary function of the Rici scalar. Using
these values in energy conditions (15), we obtain

NEC: (R-RH) f" (R) + R*f"" (R) + p" + p" 2 0,
WEC : p + p* > 0,

s ) s o
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SEC: p™ + p > 0,
(f R) - Rf' (R)) +3(R+RH) f" (R)
+3R%f" (R) + p" +3p™ = 0,
DEC: p 4+ p >0, p™>0
- (5HR+R) f" (R) - R f" (R)

~(f(R=Rf' (R) +p" - p" 20,
(33)

where prime denotes the derivative with respect to R. Let us

consider the example of logarithmic model in f(R) gravity
defined by [57]

f(R)=R[log(aR)]"-R;, a<0,g>0. (34)

In this case, the WEC (peff > 0) leads to

~6H, (1 - qy) [log (~6aH; (1 - q,))]" + 6H; (1 - g,)

+ 6H§ (1-q)
X [(log (—604H§ (1- qo)))q
+q(log (—6ocHg (1- qo)))q_l - 1] - 36H;)1

X (jo—4q0~2)

X [m (log (—6ocH§ (1- qo))q)

+% x (log (—6aH; (1 - qo)))q—z >0,

where we have used R = —6H*(1 — q) and the present values
of respective parameters. Notice that we have taken only the
condition pf > 0 as the other condition involves the present
value of snap parameter s which is not correctly estimated in
the literature yet. Figure 3 shows that the WEC is satisfied for
a suitable range of both the parameters q and a.
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L7547
(7547
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FIGURE 3: Plot shows WEC versus free parameters g and . Here we
take g, = —0.64, H, = 0.718, and j, = 1.41.

4.4. Kinetic Gravity Braiding Model. Kinetic gravity braiding
is defined by the action [58]

2 2

5= jd4xﬁ(z<(¢,x>—c3(¢,x>u¢+?m?

x[(09)* - (V,9,0) (V*V"¢)] + Lm> ,
(36)

where the functions K and G; are arbitrary (while other
functions are taken to be zero in action (6)). A particular
choice of these functions proposed by Dvali and Turner [59]
is given by K = -X and G; = c¢X", where ¢ and n are
constants. For this choice of model, the respective energy
conditions turn out to be

1 . ..
NEC : M—Zl [—ZX + 6ncH¢X" - 2cnX"p + pm + pm] >0,
p

1 .
WEC : pf4+pT > 0, v [-X+6ncHX"+p™] > 0,

pl
SEC: p*T+ p > 0,
1 . ..
— [—4X +6ncHPX" — 6enX"d + p™ + Spm] >0,
Mpl
DEC : peff + peff >0, peff >0,
1 . ..
a [6ncH$X" + 2cnX"¢ + p™ - p™] > 0.

pl
(37)
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(a) peff >0
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b) Peff+peff >0

FIGURE 4: Plots (a) and (b) show WEC, namely, p*" > 0 and p*™ + p*™ > 0 versus parameters  and f3.

By taking the power law evolution of the scalar field, WEC

yields
2 2ﬁH2 ) 2 2;3H2 n
[—'BQT +6ncH¢><[3aT> ] =0,

2 2872 \"
ﬁa_H) (38)

+ 6ncH<[>< >

ﬁ n
—2m<w> ¢:| > 0.

Here we have taken the present values of the ordinary density
and pressure to be zero. Using the present values of the
Hubble parameter and the scale factor, WEC can be satisfied
only when both the parameters n and f remain positive as
indicated in Figure 4, where we have taken 0 < n < 1 and
1 < B < 2. In this case, scalar perturbations lead to the
following constraints:

2 2B772
[_Z/M_H
2

HX"¢ .
H (2+q) - THX | e xi kg
a
+cenX"$ > (H - ch”</3)2,

. . 39
~X +12enHX"$ + 6nc (n - 1) HX"$ - 3H* M, (39)

A\ 2
(HM2, - cnxg)
x My > =3,

It is easy to check that the energy conditions are violated
for 0.6 < n < 1 and negative range of 3 (e.g, f =
—10). For this choice of parameters, the previous constraints
are also violated, and hence the ghost instabilities occur.
However, constraints imposed by tensor perturbations are
trivially satisfied as M;l(/) > 0.

4.5. Covariant Galilean Model. In the absence of potential,
the covariant Galilean model [59] is defined by the following
choice of parameters in action (6):

2

M
3¢ 2
G5 = X

(40)

where ¢,, ;, ¢, and ¢; are dimensionless constants, while M is
constant with dimensions of mass. Using these values in (15),
it follows that

1
2 ((M;l/z) — (cy/ M®) XZ)

NEC :

x [—2on + 6XH¢S% - 72H2X2%

+60HPX> 2 - 2X P2 4 24HXX
M M MS

w2 G 2 o 27\ G
+16HX" e — 12X* x (2HH$ + 3H*$) v
—24H2X2<}5% +p" +pm] >0,

WEC: p+ pff > 0,

2 ((M;l/z) — (cy/ M®) XZ)
) 2v2 G

+84H3X2q5% + p’”] >0,
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SEC : Peff+peff
1

2 ((M;l/z) — (c,/ M) Xz)

x [—4Xcz + 6XH¢'>%

—6X¢—+24XH2 TS £ G
M® M®
321 G 225 G 21T 1T A
+12HX¢$—180HX¢M59—72X HH¢

x5 pASXXH-L 4 48X°H- 4+ 24HXX
M° M MS

><—+72HX X —

Mo M +p +3p]

DEC : peff + peff >0, peff >0,

1
2((M2/2) - (e/M°) X?)

[6XH</> +2X¢ -72H X2 4 48XH2 4

2 G

+ 108H3X2<[>C— 24HXX % — 16HX
MS MS

2 o . 2 C 2 2--C
+12X* (2HH¢ + 2H ¢)ﬁ59+24HX¢ﬁ59

m pm] >0
(41)

By taking the power law ansataz for scalar field and
consequently, for kinetic term X, the WEC in terms of
present values of the involved parameter require the following
inequalities:

1
(1= (e, B*H /2M°))
e H2R 4+ 3H,c,’ B 18H; B,
oHy B M3 MO
15H] ﬁc
> - BHy (ﬂ—l—qe)

+24H/3 (ﬁ—l—qo) —16Hﬁ ><(1+q)

- 3H,B" (3H,B(B-1- qo) ~2H)B(1+4)) 2 s

8 5 G
~6H, B (B~ 1-qq) ﬁ] =0,
1
(1 = (csf*Hy /2M°))
Hip’e, 3cHyB® 24HjB'e,
X | = + - +py | 20.
2 M3 M°

(42)

Clearly, these conditions are satisfied when both G, and
terms inside the brackets are positive. Since G, > 0 requires
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B > (7.5M6/c4)1/4, therefore a suitable choice of all
these parameters yield the consistency with WEC if param-
eter 3 remains small and positive (8 < 7.8), while
¢, remains negative as shown in Figure 5. Here we have
taken -5 < ¢ < -lor =50 < ¢ < -10, and
55 < B < 8. In this case, tensor perturbations sug-
gest the following conditions for the avoidance of ghost
instabilities:

P 12X > 0
(43)

Gr =M, +6XM 12X(/>H—>0

Clearly, the energy conditions are violated for § > 8
with =5 < ¢ < -1. For this choice of parameters,
the previous constraints imposed by tensor perturbations
are also violated, and consequently the ghost instabilities
exist. However, scalar perturbations lead to very complicated
expressions, so we consider only the conditions imposed by
tensor perturbations.

5. Summary

The most general scalar-tensor theory being a combina-
tion of various DE proposals provides a vast gravitational
framework for the discussion of accelerated expansion of the
universe. The modified theories involve some extradegrees
of freedom that are described by the models with some
unknown parameters. It would be interesting to restrict these
parameters on physical grounds. In cosmology, this can be
done by making compatibility with local gravity tests. In a
gravitational theory, energy conditions can be used as an
approach to restrict these parameters. In the present paper, we
consider the most general scalar-tensor gravity with the field
equations involving second-order derivatives. Firstly, we have
explored the effective energy-momentum tensor and its trace
by inverting the generalized field equations which can be
used to find the energy condition bounds for any spacetime
manifold.

In order to describe these conditions for specific cases,
we consider flat FRW universe model with perfect fluid.
By defining the effective energy density and pressure, we
have expressed the strong, weak, null, and dominant energy
conditions. For the sake of convenience, we have assumed
that the scalar field evolves as a power of scale factor.
Also, the derivative terms are removed by expressing these
conditions in terms of cosmological quantities like decel-
eration, snap and jerk parameters. An estimation to the
present values of these parameters is available in litera-
ture [53] that can be used to find the constraints on free
parameters of the model. The derived energy conditions
are the most general in nature involving many arbitrary
functions K, G5, G4, and Gj that correspond to different DE
proposals.

For the application of these energy conditions, we have
taken different choices of the functions K, G5, G,, and G5 and
have deduced the energy conditions for k-essence model, BD
gravity, f(R) theory, kinetic gravity braiding, and covariant
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(a) Peff+Peff >0
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FIGURE 5: Plots (a) and (b) show WEC versus parameters ¢, and S with ¢; = 2,¢, =4,¢, =3,and M = 2.

Galilean model. In each case, there are many free parameters.
It is not possible to find their range that would be consistent
with energy conditions as well. For this reason, we have
specified some of these parameters and restricted the others.
The results can be summarized in the following.

(i) The WEC in k-essence model is satisfied only if the
free parameters satisfy 0 < M, < 1, § > 1.4 with
arbitrary B and f3 < 1.4 with B > 10.

(ii) In the literature [40-42], using the equivalence
between BD and f(R) gravity (w = 0), it has been
shown that V|, should be negative. In our case (w #0),
the WEC restricts the parameter f3 to be negative (the
scalar field should be of contractive nature) for the
positive present value of BD field potential, that is,
V, > 0 which is physically correct. However, the
condition p+ pf > 0 is satisfied only when we take
B < 0 with arbitrary w and § > 0 with w > 0. Thus
it can be concluded that expanding scalar field with
negative range of BD parameter allowed for cosmic
expansion is inconsistent with the WEC.

(iii) In f(R) gravity, many authors have used the energy
conditions to find the constraints on the models like
f(R) = aR" or R + aR" [40-42]. In the present
case, we have found the constraints on the logarithmic
f(R) model. It is seen that the restrictions on free
parameters « < 0 and g > 0 are consistent with WEC.

(iv) In kinetic gravity braiding, the WEC is satisfied for
the presented model only when > 0 (that shows
expanding scalar field) and n > 0.

(v) In covariant Galilean model of DE, the WEC is
satisfied when free parameters of the model satisfy

B> (7.5M°/c,)"* and ¢, < 0.

All these results are also shown through graphs. Further, we
have determined the conditions for the avoidance of ghost
instabilities using the constraints based on the scalar and
tensor perturbations proposed by Kobayashi et al. [31]. It

is concluded that the violation of these energy conditions
leads to the occurrence of ghost and gradient instabilities in
the above-mentioned cases of the most general second-order
scalar-tensor theory. It would be interesting to investigate the
constraints on other DE models like exponential model of
f(R) gravity, other forms of potentials for BD gravity, and so
forth by making them consistent with the energy conditions.

Appendix
TY = LK,V 69,6 + 2Kg,, - ~Gyx OV, ¢V
w 5 X ;4(/5 v¢+§ gyv_z 3XD¢ v¢ ;4(/5

1 L1
- V(,uG3Vv)¢ + Eg,uvv/\GSV (/5 + 5G4XRV/A¢VV¢

1 2 2
+ 5G| (00)' ~ (VaVe$) ] x V%,
A
+ Gyx0PV, V¢ — Gux ViV, PV V, ¢ — 2V, Gy
X VAV, @V, + V, Gy V'V, Vvigp
~ Gy (G4¢D¢ - 2XG4¢¢) ~ 9w

x [ — 2G,x,VaVp$V VED + Guyx VoV

X$VV U VP p + %GM [(oe)* - (V“Vﬁ</>)2”
= 2[Gyx Ry, V)V ¢ — V(,GuxV,) x ¢TI0 ]
+ G [GaxRFV,$Vp$ - V,G,x V' g0¢
— GyxRyapp % V“‘/’Vﬁ‘/’ + G4¢>v,,vv¢ + Gupp VPV, 9
— 2G, V' ViV, $V,)§ + G VPV, V, VP

X V5V, — GsxR gV SV V8V, ¢ + Gox
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1
X Ry, Vyy V¢ + EGSXR“IBV"%/SVB(/SVMVV(/)
1 2
x EGSXR,MVOCﬂV“(p X Vﬁ(/)D(/) - GSXRrxAﬁ(p.Vv)(/)V (/5

X VAVPG — GoxRoapu Vo) V' V9 x VEp +

N | —

[

o 1
x V(‘u [GSXV ¢] vavv)¢D¢ - Ev(y [GS(;SVV)(p D¢
A1
+ V) [Gsg V8] Vo V' - 5
X [V1 (Gsg V') =V, (Gsx V) VEVFG| x V, 9V,
o of A, 1
= VG5V @R,y + VGG V' ¢ — 2V Gsx Vo
2 2 A
x[(O¢)° - (VaVs9)"| + V'GsRy( V0
— Y, [Gsx Vs8] VV, $VFV, ¢ + VsGix
1
x [0QVFY, ¢ — VEVEGY, V(| Vi - V¢
1
x VoGsx [06V, V. — VgV, 4V,V, 8] + 5 GsxGap
X VPGV, oV, + %GSXEIgbV“VMgbV“Vng
1 2 1
- EGSX(E@) AN EGSXX
3 2 3
x[(O¢)" -3 (0¢) (VoY) + (VaVy9) |
1 A
X VM(/SVV(/) - EVAGSGMVV ¢ - g[w
1 3 2 3
x {-<Gux [(09)’ - 3(09) (VV59)” + (Vo) ]
«, 1 A
X V,GsR¥ Vb - Ve (Gsp V') g
1 wop . 1 o
+ 5 VaGsgVppV Vi — -V, Gax VX9
1 wop, 1oa
+ 2 VaGsx VpX VIV — -V Gox Vi
2 2 1
X [(D¢) - (Vavﬁ(p) ] + EGSXR(xﬁ
o 1
XV VPP - stxRawP}.

(A1)
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