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Abstract The aim of this paper is to introduce a new mod-
ified gravity theory named f (G, T) gravity (G and T are the
Gauss—Bonnet invariant and trace of the energy-momentum
tensor, respectively) and investigate energy conditions for
two reconstructed models in the context of FRW universe.
We formulate general field equations, divergence of energy-
momentum tensor, equation of motion for test particles as
well as corresponding energy conditions. The massive test
particles follow non-geodesic lines of geometry due to the
presence of an extra force. We express the energy conditions
in terms of cosmological parameters like the deceleration,
jerk, and snap parameters. The reconstruction technique is
applied to this theory using de Sitter and power-law cosmo-
logical solutions. We analyze the energy bounds and obtain
feasible constraints on the free parameters.

1 Introduction

Current cosmic accelerated expansion has been affirmed
from a diverse set of observational data coming from sev-
eral pieces of astronomical evidence, including supernova
type Ia, large scale structure, cosmic microwave background
radiation etc. [1-4]. This expanding paradigm is considered
as a consequence of mysterious force dubbed dark energy
(DE), which possesses a large negative pressure. Modified
theories of gravity are considered as the favorite candidates
to unveil the enigmatic nature of this energy. These modified
theories are usually developed by including scalar invariants
and their corresponding generic functions in the Einstein—
Hilbert action.

A remarkably interesting gravity theory is the modified
Gauss—Bonnet (GB) theory. A linear combination of the form

G = Rupen R¥P5" — 4R R*P + R?,
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where Rygey, Rop and R represent the Riemann tensor, the
Ricci tensor, and the Ricci scalar, respectively, is called a
Gauss—Bonnet invariant (G). It is a second order Lovelock
scalar invariant and thus free from spin-2 ghosts instabilities
[5-7]. The Gauss—Bonnet combination is a four-dimensional
topological invariant which does not involve the field equa-
tions. However, it provides interesting results in the same
dimensions when either coupled with a scalar field or when
an arbitrary function f(G) is added to the Einstein—Hilbert
action [8—10]. The latter approach is introduced by Nojiri and
Odintsov; itis known as the f(G) theory of gravity [11]. Like
other modified theories, this theory is an alternative to study
DE and is consistent with solar system constraints [12]. In
this context, there is a possibility to discuss a transition from
decelerated to accelerated as well as from non-phantom to
phantom phases and also to explain the unification of early
and late times accelerated expansion of the universe [13, 14].

The fascinating problem of cosmic accelerated expansion
has successfully been discussed by taking into account mod-
ified theories of gravity with curvature—matter coupling. The
motion of test particles is studied in f(R) and f(G) gravity
theories non-minimally coupled with the matter Lagrangian
density (L,,). Consequently, the extra force experienced by
test particles is found to be orthogonal to their four velocities
and the motion becomes non-geodesic [15-17]. It is found
that, for certain choices of L,,, the presence of the extra force
vanishes in a non-minimal f (R) model, while it remains pre-
served in anon-minimal f(G) model. The geodesic deviation
is weaker in f(G) gravity for small curvatures as compared to
non-minimal f(R) gravity. Nojiri et al. [18] studied the non-
minimally coupling of f(R) and f(G) theories with £, and
found that such a coupling naturally unifies the inflationary
era with current cosmic accelerated expansion.

In order to describe some realistic matter distribution, cer-
tain conditions must be imposed on the energy-momentum
tensor (7,5) known as energy conditions. These conditions
originate from the Raychaudhuri equations with the require-
ment that not only gravity is attractive but also the energy
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density is positive. The null (NEC), weak (WEC), dominant
(DEC), and strong (SEC) energy conditions are the four fun-
damental conditions. They play a key role to study the theo-
rems related to singularity and black hole thermodynamics.
The null energy condition is important to discuss the second
law of black hole thermodynamics while its violation leads
to a Big-Rip singularity of the universe [19]. The proof of
the positive mass theorem is based on DEC [20], while SEC
is useful to study the Hawking—Penrose singularity theorem
[21].

The energy conditions have been investigated in differ-
ent modified theories of gravity like f(R) gravity, Brans—
Dicke theory, f(G) gravity, and generalized teleparallel the-
ory [22-25]. Banijamali et al. [26] investigated the energy
conditions for non-minimally coupling f(G) theory with
L, and found that the WEC is satisfied for specific viable
f(G) models. Sharif and Waheed [27] explored the energy
bounds in the context of generalized second order scalar-
tensor gravity with the help of a power-law ansatz for the
scalar field. Sharif and Zubair [28] derived these conditions
in f(R, T, Ry T%P) theory of gravity for two specific mod-
els and also examined the Dolgov—Kowasaki instability for
particular models of f(R, T) gravity.

In this paper, we introduced a new modified theory of
gravity named f(G, T) gravity, in which the gravitational
Lagrangian is obtained by adding a generic function f(G, T)
in the Einstein—Hilbert action. We study the energy condi-
tions for the reconstructed f(G, T') models using an isotropic
homogeneous universe model. The paper has the following
format. In Sect. 2, we formulate the field equations of this
gravity and discuss the equation of motion for test particles,
while general expressions for the energy conditions as well
as formulations in terms of cosmological parameters are dis-
cussed in Sect. 3. The reconstruction of models and their
energy bounds is analyzed in Sect. 4. In the last section, we
summarize our results.

2 Field equations of f(G, T') gravity

In this section, we formulate the field equations for f(G, T')

gravity. For this purpose, we assume an action of the follow-

ing form:
1

S=
2k2

dxyglR + f(G. T)] + / 3/ "L,
(1)

where g and k represent the determinant of the metric tensor
(84p) and the coupling constant, respectively. The energy-
momentum tensor is defined as [29]

2 5(/—8Lm)

Tup = — . 2
P P @
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Assuming that the matter distribution depends on the com-
ponents of g, but has no dependence on its derivatives, we
obtain

oLy,
dgoP’

The variation in the action (1) gives

Taﬁ = gaﬁEm -2 (3)

1
0=068=—
2k2

X (G. T)SG + fr(G. T)ST)] + / A8/ gLw). ()

d*X[(R+ (G, T))6/—8 + V/—8(BR + fg

where fg(G.T) = Y50 and fr(G. T) = L0 The

variations of \/—g, Riﬂn’
expressions:

1
V=8 = =5/ =g8updg™,
SR, = Vp(T5,) — Vy(8T5,),
= (81 Vin Vg1 + 8115 Vin Va)88°* + Vi V¥ 8810
SRay = 8RSs,. OR = (Rup + 8upV> — VaV)88%P,
(5)
where I‘f{ﬂ and V, represent the Christoffel symbol and
covariant derivative, respectively. The variations of G and
T yield
8G = 2RER — 45(Rup RP) 4 8(Rupey R%PEM),
0T:y
‘Sgotﬁ .
Using these variational relations in Eq. (4), we obtain the

field equations of f(G, T') gravity after simplification as fol-
lows:

Ry, and R provide the following

8T = (Typ + Oup)sg™, BOup = 5" ©6)

1
Gap = K*Tup — (Tup + Oup) fr(G. T) + Egaﬁf(g, T)
- (2RRaﬂ — 4R§Rgﬁ - 4Ra§/3,7RS'7
+2R5" Rgens) fg(G. T) — (2RgapV?
—2RVa Vg —4gup R™" Ve Vy —4Rop V2 +4R; Vs Ve
+4REVa Ve + 4Ruepy ViV f5(G. T), %)

where Gog = Ropg — %gaﬂR and V2 = [0 = V, V¥ denote
the Einstein tensor and the d’ Alembert operator, respectively.
It is worth mentioning here that, for f (G, T) = f(G),Eq. (7)
reduces to the field equations for f(G) gravity, while A(T)
gravity (A is the cosmological constant) is obtained in the
absence of the quadratic invariant G [11,30]. Furthermore,
the Einstein field equations are recovered when f (G, T) = 0.
The trace of Eq. (7) is given by

R+«*T — (T +0O)fr(G,T)+2f(G,T)

+2Gfg(G,T) —2RV? fg(G, T)
+4R*PV, Vg fg(G, T) =0,
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where ® = ©%. In this theory, the covariant divergence of
Eq. (7) is non-zero, given by

wp _ JTG,T) w
ViTup = 2~ 77@G.T) |:(Ta/3 + Oup) V¥ (n f7(G, T))
1
+ Va("Da/g — EgaﬁVaTi|. 8)

To obtain a useful expression for @4, we differentiate Eq.
(3) with respect to the metric tensor

8Tap  38ap Lo 32 Lo
Using the relations

(Sgotﬂ v v agh”
g5 ~8au8pyy, Oy = Sgén’

where 8? : is the generalized Kronecker symbol and putting
Eq. (9) into (6), we obtain
3Ly

Oup = —2Tup + apLom — 2851 — 2.
op af 8aplm 8 Bg"‘ﬂagf”

(10)

This shows that once the value of £, is determined, we can
find the expression for the tensor ®g.

We consider the matter distribution as a perfect fluid given
by
Top = (p+ P)Va Vg — Pgag. oY)

where p, P and V, are the density, pressure, and four veloc-
ity of the fluid, respectively. The four velocity satisfies the
relation Vo, V® = 1 and the corresponding Lagrangian den-
sity can be taken as £,, = — P [31]. Thus Eq. (10) yields

Oup = —2Tup — Pgup. (12)

Equation (7) can be written in a form identical to the Einstein
field equations as

ff
Gop = K2Ty5" = k> (Tup + T, (13)

where TagﬂT is the f(G, T) contribution. For the case of a

perfect fluid, the expression for TagﬁT is given by

1 1
ij = K—z[(p + P)Vo Ve fr(G,T) + Egaﬁf(g, T)

— (2RRyp — AR5 Rep — 4Ragpy R*" + 2RS™ Rpgys)
X fg(G, T) — 2RgasV* — 2RV, Vg
2 ¢
— 480 R¥IVeV,) — 4Rop V> + 4R VgV + 4RV, Vi

+4RaepnVEV) f5(G, T):|. (14)

The line element for FRW universe model is

ds? = dr? — a®(1)(dx? + dy? + dz?), (15)

where a(t) represents the scale factor. The corresponding

field equations are
3H? = P pert,  —(2H +3H?) = k7 Pesr, (16)

where

1 1
Peff = P + ;[(,O—F P)fr(G,T)+ Ef(g’ T)—12H?

x (H* 4 H) fg(G,T) + 12H?3, f5(G, T)}, (17)
111 .
Pt = P — p[if(g, T) — 12H*(H? + H) fg(G, T)
+8H(H? + H)d, fg(G, T)+4H>d, fg(G, T)},
(18)

g = 24H2(H2 + H), H = a/a is the Hubble parameter and
a dot represents the time derivative. The divergence of Tyg
takes the form

—1
K2+ fr(G, T)

. 1.
y [(p + §T> Fr(G.T) + (b + Pd, fr (G, T)] . (19)

p+3H(p+ P) =

To obtain a standard conservation equation,
p+3H(p+ P)=0, (20)

we need an additional constraint by taking the right side of
Eq. (19) equal to zero:

. 1.
(p + ET) FrG.T)+ (o + PV fr(G.T)=0. (21

Now, we briefly discuss the motion of test particles in
f(G, T) gravity. For this purpose, using Egs. (11) and (12)
in (8), the divergence of the energy-momentum tensor for
perfect fluid is given by

Vg(p + P)VOVE + (p+ P)[VPVaV®
+VeVgVFE — g%y p
-2
_ ap
T s A
+8*PVy(Pfr(G. T))].

The contraction of the above equation with the projection
operator (hge = gqe — Vye) gives the following expression:

26>+ f1(G. TV
8t VPVV® = : P —nf, (22)
(0 + P)2x>+3fr(G. 1))
where we have used the relations V*VgV, =0, hee VY =0,
and hes TP = —Ph§ . Multiplying Eq. (22) with g"¢ and
using the following identity [31]:

2
yhygve = L2

T TEVIVE,

@ Springer
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we obtain the equation of motion for massive test particles
in this model of gravity as

d2x
57+ The vivE =, (23)
where
22 T
I Qx4+ fr(G, 1)) (gaﬁ—VaVﬂ)VﬂP (24)

T o+ P)2k2+31(G. T))

represents the extra force acting on the test particles and is
perpendicular to the four velocity of the fluid (¢*V, = 0).
For a pressureless fluid, Eq. (24) gives {* = 0 and hence the
dust particles follow the geodesic trajectories both in gen-
eral relativity as well as in f(G, T) gravity. The equation of
motion for a perfect fluid in general relativity is recovered in
the absence of coupling between matter and geometry [32].

3 Energy conditions

The energy conditions are the coordinate invariant which
incorporate the common characteristics shared by almost
every matter field. The concept of energy conditions came
from the Raychaudhuri equations which play a key role in any
discussion of the congruence of null and timelike geodesics
with the requirement that not only the gravity is attractive but
also the energy density is positive. These equations describe
the temporal evolution of the expansion scalar (9) as follows
[33]:

do 1

- _592 + g™ — oo™ — Ropu®u®, (25)
do 1 2 af af arB

d_‘L' = —59 + wapw™" — 0ugo" — Raﬂk k", (26)

where wyg, 04, u* and k* represent the rotation, shear ten-
sor, timelike, and null tangent vectors in the congruences,
respectively. For non-geodesic congruences, the temporal
evolution of 6 is affected by the presence of an accelera-
tion term which arises due to a non-gravitational force like
pressure gradient as [34,35]
g = —%92 + W™ — o4p0°P

+Ve (VEVEVY) — Ryg VO VP, 27)

Neglecting the quadratic terms due to rotation-free as well as
small distortions described by oyg, Egs. (25) and (26) yield

0 = —TRupuuP, 0 = —TRypk*kP.

Using the condition for gravity to be attractive, i.e., 8 < 0,
we obtain RO,,g;u"‘u/3 > (0 and Raﬁk“kﬂ > (. The equivalent
form of these inequalities can be obtained by the inversion
of the Einstein field equations as

@ Springer

1 1
(To,ﬁ - zgaﬂT> u®uf >0, (Taﬁ - EgaﬂT> k%kP > 0.

For a perfect fluid matter distribution, these inequalities
provide the energy constraints defined by:

NEC: p+ P >0,

WEC: p+P >0, p=>0,
SEC: p+P >0, p+3P >0,
DEC: p£P >0, p=>0.

These conditions show that the violation of the NEC leads
to the violation of all other conditions. Due to the purely
geometric nature of the Raychaudhuri equations, the con-
cept of energy bounds in modified theories of gravity can be
extended with the assumption that the total cosmic matter
distribution acts like a perfect fluid. The energy conditions
can be formulated by replacing p and P with pefr and Pegt,
respectively. The geodesic lines of geometry are followed
by dust particles in f(G, T') gravity, therefore we consider
a pressureless fluid to discuss the energy conditions. These
conditions take the following form:

1
NEC: peff + Pefr = p + ;[PfT(g7 T)+4H
x (H* = 2H)d, fg(G, T) — 4H?d,, fg(G, T)] >0, (28)

1
WEC: peft = p + 2K—2[2pr<g, T)+ f(G,T) —24H>

x (H* + H) fg(G, T) + 24H>d, fg(G, T)} =0, (29

1
SEC: pefr + 3Pett = p — =3

X [f(g, T) — pfr(G.T) — 24H*(H* + H)
X fg(G,T)+ 12H(H? + 2H)d, fg(G, T)

+12H%8,, f5(G, T)] >0, (30)

1
DEC: petf — Pett = p + K_Z['OfT(g’ )+ f(G,T)
—24H*(H*> + H)
X fg(G, T) +4H(SH* +2H)d, fg(G, T)

+4H%3, f5(G, T)] > 0. 31)

The Hubble parameter, the Ricci scalar, the GB invariant, and
their derivatives can be written in terms of cosmic parameters
as

H=—-H>(1+q), H=H(j+3¢+2),
H=H's—4j—3¢>—12q — 6), (32)
R=—-6H*(1—¢q), R=—6H>(j—q—2),
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R=—6H*(s 4 8q +q*>+6), (33)
G = —24gH*, G =24H>(j +3q +2¢%),
G =24HS(s — 6] — 6gj — 12q — 15¢* — 2¢°), (34)

where ¢, j, and s denote the deceleration, jerk, and snap
parameters, respectively, and are defined as [36,37]
1 a 1 d 1 a

L L 35
1 a T wa T HY (3

The energy conditions (28)—(31) in the form of the above
parameters are

1
NEC: peff + Pett = p + p[ﬂfr +4H3

x(3+29)(fggG + forT)
—4H*(fgggG* + 2 fogrGT + forrT?

+ fogb + fgm] >0, (36)

1
WEC: pef = p + 2/{—2[f+2,0fT _|_24qH4fg

+24H3(fggG + ngT')} >0, (37)

1
SEC: peft + 3Peit = p + /c_2|: — f+ofr
—24qH* fg + 12H3(1 + 2¢)
x (fggG + forT) — 12H*(fgggG* + 2 fogrGT

+ forrT? + fggG + fgﬁ)} >0, (38)

1
DEC: petf — Pert = p + p[f + ofr +24qH* fg
FAH3(3 = 29)(fg6C + forT) + 4H*(f6S*

+2fg61GT + forrT? + fagG + fgﬁ)} >0.  (39)

4 Reconstruction of f(G, T') models

In this section, we use the reconstruction technique and dis-
cuss the energy conditions for de Sitter and power-law uni-
verse models.

4.1 de Sitter universe model

This cosmological model explains the exponential expansion
of the universe with constant Hubble expansion rate. The

scale factor is defined as [38]
a(t) = ape™', H = Hy, (40)

where ag is constant at #y. The values of R and the GB invari-
ant are

R=—12H3, G=24H;. (41)

For pressureless fluid, Eq. (20) gives the energy density of
the form

p = poe . (42)

The trace of the energy-momentum tensor and its derivatives
have the following expressions:

T=p, T=-3HT, T=9HT. (43)

Using Eqgs. (40)—(43) in Eq. (16), we obtain a partial differ-

ential equation

KT + %f(g, T) — 12Hg fg(G. T) + Tfr(G. T)
—36H,T fgr(G. T) — 3H; =0, (44)

whose solution is given by

FG.T) = crea(e9T7 + T7) + 13T + (45)

where the ¢; are integration constants and

1 (1—24c H 1
Y1 = 5 1—36c1H6‘ , V2= 53

2
V3= —§K2, ys = 6HJ.
The additional constraint (21) becomes
(1 —24c HY)(1 — 30c1 HY)

(1 —36¢1 Hy)?
+c1eaT? + 3T = 0.

19

cico

This equation splits Eq. (45) into two f (G, T) functions with
some additional constant relations between the coefficients.
The reconstructed model (45) can be written as a combination
of those functions. We analyze the energy conditions for the
f(G, T) model given in Eq. (45) instead of analyzing them
separately. Using model (45) in the energy conditions (28)—
(31), it follows that

NEC: peff + Pett = p
1 . _ _
+ p[ﬂ{clcz(yle“gT(y' D470 4 3]

+12cteayi Hy (1 = 3y1)e 9T > 0, (46)

1
WEC: petf = p + 2](72[20{6‘102

% (eflgle(}’I*l) + yZT()Q*I)) + 3}
+{c1ca( 9T + T7) + 3T + ya)
— 24c%czHéeC‘gT7' (1+ 3)/1)] >0, @7

1
SEC: pefi + 3Pesit = p — —5[c1c2(e 9TV +T72)
K

+yT +ya—p

% {C]Cz()/leclgT(yl_l) + sz(yz—l)) + )/3}

— 12c%cze"1gH6‘Ty'

< {2439 — 92} =0, (48)

@ Springer
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DEC: peff — Pefr = p
1 . _ _
+ p[ﬁ{c‘lCz(quVlT(’“ D4y TD) 4 3

+ {clcz(quTyl + T+ 1T + ya) — 120%C2H5‘e019T7’1
x{2+y1(5 -3y} = 0. (49)

Figures 1 and 2 show the variation of the NEC and WEC for
the case ¢c; > O and ¢y < O withk = 1. We use the following
values of the cosmological parameters: Hy = 0.718, ¢ =
—0.64, j =1.02and s = —0.39 [39-41]. In these plots, we
fix the constant c; for two arbitrarily chosen values, while ¢,
varies from [—10, 0]. Figure 1 shows the positively increas-
ing behavior of the NEC as well as WEC with respect to
time in the considered interval of c¢,. Figure 2 shows a sim-
ilar behavior for ¢; = 4. In this case, both conditions are
satisfied for all values of ¢1 and c¢;. The energy conditions
for (c1, c2) > 0 are discussed in Figs. 3 and 4. The left plot
of Fig. 3 shows that the NEC is satisfied for r < 3, t < 2.28
and t = 2 for ¢ = 0.005, 0.05 and 0.1, respectively. Figure
4 (left) shows a similar decreasing behavior of time as the

P P 4108

Fig. 2 Energy conditions for ¢c; = 4

@ Springer

value of ¢, increases for ¢c; = 0.01. It is also observed that
as the value of ¢ increases, the time interval for a valid NEC
decreases, while the positivity of pef is shown in the right
panel of both figures. For the case (c1, ¢3) > 0, both NEC
and WEC are satisfied for small values of ¢; and ¢; in a very
small time interval.

Figures 5 and 6 deal with the case ¢c; < 0 and ¢ > O.
For arbitrarily chosen values of ¢y, the increasing behavior
of the NEC with respect to time is observed in the left panel
of both figures for all values of ¢;. The right plot of Fig. 5
shows the positivity of pefr for # < 34, while it remains pos-
itive throughout the time interval for ¢; = —0.001 as shown
in Fig. 6 (right panel). The last possibility, i.e., c; < 0 and
¢y < 01is examined in Figs. 7 and 8. The left panels of both
figures show the decreasing and increasing behavior of the
NEC as the time and integration constant c; increase, respec-
tively. The effective energy density exhibits a constant behav-
ior for the assumed values of ¢; in the considered interval of

c.
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Fig. 3 Energy conditions for ¢; = 0.001

Fig. 4 Energy conditions for ¢; = 0.01

Fig. 5 Energy conditions for c; = —0.01

@ Springer
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Fig. 6 Energy conditions for ¢; = —0.001

Fig. 8 Energy conditions for ¢; = —0.01

4.2 Power-law solution

The power-law solution is of great interest to discuss the
cosmic evolution and its scale factor is defined as [38]

a(t) = apt", H = ; (50)

@ Springer

wheren > 0.For0 < n < 1, we have a decelerated universe,
which leads to a radiation dominated era forn = % and a dust
dominated era for n = %, while a cosmic accelerated era is
observed for n > 1. The Ricci scalar and GB invariant are

6 24n’

R="3(1-2m. G=—F(—1). (51)
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The energy density for dust fluid is obtained from Eq. (20)
as

p = pot " (52)
The trace of Tyg and its time derivatives take the form

.3 .3
T =), T=—TnT, T:t—Z(l+3n)T. (53)

Inserting Egs. (50)—(53) in the first field equation (16), we
obtain

1 1
2T + 5f(g, T) — ngg(g, T)+TfrG,T)

2 2
- (m) g fgg(g, T)
2
3n 2( T\
- (2(11——1)> nggr(g, T)—3n (%) =0, (54
whose solution is given by

f(G.T)= d1d3Td2g%(X1+X2)+d2d3szg—£(X1—X2) +x3T
+didy T + xsT*C, (55)

where d; are constants of integration and

1 1

Y1 = §[n2(1+3d2(3d2+2))+2d2(n —16)+32n +3)]?,
_! [5 — n(l + 3dy)] 2o _ !
X2 - 2 n 2 ’ X?) - 3K ’ X4 - 2’

18n7 \ 2 2

In this case, Eq. (21) takes the form

d
dids TG00 [6—2{3n<2d2 — D +200 + Xz)}]
n
+d2d3szg—%(x1—xz)
d>
x | —{3nQ2dy — 1) = 2(x1 — x2)}
6n
+x3T + dido 3T + xsx¢T%6 = 0.
Solving Eq. (55) with the above equation as in the previ-

ous section, we obtain two functions whose combination is
equivalent to the reconstructed power-law f(G, T') model.

Inserting the model (55) in the energy conditions (36)—
(39), we obtain

1 1
NEC: pett + Pett = p + — |:4H3(3 + 2q)<[zd1d3
1
X (x1+ x2) Z(Xl +x2) — 1
1

x Thgitn+m=2 4 Zd2d3(X1 .

1 .
X |:Z(X1 —x2) + 1:| Td2g—i()(1—x2)—2i|g

1
+ |:Zdld2d3(Xl + x2)T!

% g%(xri-xz)—l _ %dzzdﬂ)(l —Xz)sz_lg_‘l‘(X'_XZ)_l} T>

1
— 4H2([Zd1d3(xl + x2)

1 1
x [ 00 +x2) =1 [Z(Xl + x2) — 2} T%

1 31 1
x Grlatx)=3 _ Zd2d3(X1 - X2) |:Z(Xl —x2)+ 1}

1
X Z(Xl —x2)+2

. 1
x TdZQ_AI‘(Xl_XZ)—??]gZ + 2|:Zd]d2d3(xl + X2)
1 _
x [Z(X1+X2)— I}T”’z :
Lontm—-2, Lo 1
x G4 +Zd2d3(X1 - X2) Z(Xl—Xz)-l-l
% sz—lg—i(X1—X2)—2i|
.. 1
x GT + [Zdldzdng — D0+ x) T2
% g%(xﬁxz)—l _ %d%d;;(dz -1
1 . 1
x (X1 — Xz)Td2_2Q_4(X‘_X2)_1]T2 + [Zdldxxl + x2)

1
- —1
X 4()(1 + x2)

I 1
x TRgatota)=2 4 724300 = x2)

X %(Xl —x2) +1 TdZQ—hm—Xz)—z]
.. 1
xG+ [ZdledS(Xl + y) T4
1
X g%(xwxz)—l _ Zd22d3(X1 B X2)Td2_1

X gi(X1X2)1:|7';> + p[d1d2d3Td271
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x Gita) 4 g2y !

x G007 yay dydy g T +XSX6TX6_1]:| =0,

(56)

1
WEC: peff = p + = | d1d3T®
2k2

% g%(xﬁxz) + dzdSszg*%(xwxz)
— 33T + dida T* + x5sTX6 + 2p[didyd3T%!
% g%(xﬁxz) + d22d3Td2_1

x G-1lu—x2)

—x3 +didoxaT™ ' + xsxeT* '] + 24 H*
1

x [Zd1d3()(1 + xo) TGt

1
— g3 0 — Xz)szg‘l‘(X‘X”l}
3 1
+24H Zd1d3(X1 + x2)
1 b Yo+ -2 1
X Z(Xl—l-xz)—l T4G3 +4—1d2d3
1
X (X1 — x2) Z(X1 —x2)+1

. 1
X szgi(mxz)ﬂg + [Zdld2d3()(l + x2)

1 1
> sz—lgz()(1+x2)—l _ Zd%d3

x (X1 — xz)Tdrlg—i(Xl—m)-‘]T')] >0, (57)

SEC: peff + 3Pefr = p
1
+_2[ — [didsT*GH 00 L gy T
K

x g—i()(l—xz) — 3T +didy T* + XSTXG]
_’_p[dldzdSsz—lg%(Xlﬂ(z)
+d22d3Td2—1g—%(X1—X2) — 3+ d1d2X4TX4_1
+ xsx6T*~" — 24q H*

1 1
X [Zd1d3(X1 + xp)T2Gatx)l

1 L =) —
= Jdy (1 — x) TR0 1}

1
—did3(x1 + x2)

+12H3(1 +2q)< :

1
x [Z(X‘ +x2) — 1|TRga0n+2

4

1 1
+ Zd2d3(X1 —x2)| = (x1 — x2) + 1]

% szg*%()(l*xz)*2 G+ I:%dldzch

@ Springer

1,1 _ 1
X (1 4 x) TR gatat=t Zdzzd3(X1 - x2)

% sz—lg—i(x1—xz)—li|j~)

1 1
_ 12H2<|:Zd1d3()(1 + XZ)[Z(XI + x2) — 1]

1
x| 00 +x) =2 T%

1

1 3 1
x gatnta)=3 Zd2d3(X1 - Xz)[z()ﬂ —x2)+ 1}

1
X Z(Xl —x2)+2

. 1
x TdZQ_%(Xl_XZ)—?? gz + 2|:Zd]d2d3(xl + XZ)
1 dr—1
X Z(X1+X2)—1 T
Lon4x)—2 1 2 1
x G4 +Zd2d3(X1 - X2) Z(Xl—Xz)-H
% sz—lg—i()(l—xz)—Z]
.. 1
x GT + |:Zd1d2d3(d2 — D(x1 + x) T2
X g%(XH-Xz)—l _ %dzzd3(d2 -1
1 . 1
x (1 — X2)Td2_29_4(X1_X2)_1]T2 + [Zdldg(xl + x2)
1
x [Z(Xl +x2) — I}sz
Lontr—2 . L ! b
x G +Zd2d3(X1_X2) Z(XI_X2)+1 T
1 .. 1
x gw“fﬂ*ﬂg + [Zdldzdg(m + x2)
1
szfl %(X1+X2)*1 _ —dzd
X g 4 2d3

x (x1 — m)T"z—lg—i(Xl—Xz)—l]fﬂ >0, (58)

1
DEC: pefr — Pett = p + —2|:[d1d3Td2g411(X1+X2)
K

+ dodsT®

% g—%()ﬂ—xz) — 3T +didr T* + XSTX6]
+ pldydad; T

x G301 4 B2y rh=1g=itn—x) _ 4,

+dydyxaT* ! + X5X6TX6_1:|
1
+24qH4[Zd1d3(X1 + x)TRGinT-1

1
= Jd3( = x2)T%
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L1 —yn)— 1 1 1
x Gmatn=r) 1] +4H (3 - 2q)<[zd1d3<xl +x2) x| 700 = x) + 1] [Z(Xl - )+ Z]sz
1 1 . 1
X |:Z(X1 + x2) — 1} x g—4(X1—X2)—3]g2 + Z[Zd1d2d3()(l + x2)
hotoatm-2 . 1 ! E b-1gtontw-2 12
x TG4 + Zdzds()u —x2) Z(Xl —x2)+1 X Z(X1+X2)_1 T gs + Zd2d3(X1_X2)
:1 Ly g0y
dezg—im—xz)—z] x| 700 —xz)+l}Td2‘1Q‘4(’“ ) 2}
.. 1
; 1 1.1 _ T —didrdz(dy — 1
x G+ [Zd1d2d3()(1 4 o) TR 1gi0a+x—1 xGT + [4 1dad3(dy — 1) (1 + x2)
[ dr—1 1
— 7hd0n = x)T® x Th=2gatntm)=1 _ Zdzzd3(d2 — D — x2)
. 1
X g_zlt(XI_XZ)_l]T> + 4H2(|:Zd1d3(x1 + x2) X Td2—2g—}1(x1—xz)—li|7‘~2
ou a1 1 1 g2
g T | ghdsGn +x2)| 7 On + x2) — 1 TGs RS
1 1 _ 1
X |:Z(X1 + x2) — 2]Td294(X1+X2) 3 Zd2d3(X1 — X2) + %d2d3()(1 - %2)

Fig. 10 Energy conditions for d, = 0.1 and d3 = —0.5
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Fig. 12 Energy conditions for d, = —0.1 and d3 = —1

1 | ..
x [Z(m —x2)+ 1}Td2g—4<)<1—x2>—2]g
1 _
+ [Zdldzdz(xl +x) T !
Yoot _ Ly
4 - =
x G 4 2d3

x (X1 — xz)T"”gi%ml]T)] > 0. (59)

The NEC and WEC depend on four parameters ¢, di, da
and d3. We plot these conditions against # and d; for n = %
with possible signs of d» and d3. The left plot of Fig. 9 shows
a positively increasing behavior of NEC for —10 < d; <0
with respect to time while invalid for d; > 0. The effective
energy density remains positive for all values of (¢, d;) as
shown in Fig. 9 (right). The same behavior of both conditions
are obtained for 0 < dp < 0.51 with d3 > 0 as well as
for d» > 0 with d3 = 0. The left plot of Fig. 10 shows
a similar behavior of the NEC for d» > 0 and d3 < O,
while pefr remains positive for 0 < ¢ < 23. Similarly, for
d; = —1 and —10, WEC is valid for 0 < ¢t < 14 and

@ Springer

0 < t < 4.5, respectively, with d» = 0.1. The right plots of
Figs. 11 and 12 show the validity of NEC for d; > 0, while it
does not hold for negative values of d;. The effective energy
density remains positive for the time interval 1 < ¢ < 10
with d3 = 0.5 as shown in Fig. 11 (right panel), while for
dz = 1 and 10, the acceptable intervals are | < ¢ < 7 and
1 <t < 3, respectively. This shows that the validity region
of the WEC decreases as the value of integration constant
dz increases. The right plot of Fig. 12 shows the positivity
of petr for (da, d3) < 0, which confirms the positivity of the
WEC with d; > 0.

5 Final remarks

In this paper, we have presented a generalized modified the-
ory of gravity with an arbitrary coupling between geome-
try and matter. The gravitational Lagrangian is obtained by
adding an arbitrary function f(G, T') in the Einstein—Hilbert
action. We have formulated the corresponding field equations
using the least action principle and calculated the non-zero
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covariant divergence of Tyg consistent with f (R, T') theory
[31]. Consequently, the test particles follow non-geodesic
trajectories due to the presence of an extra force originat-
ing from the non-minimal coupling, while they move along
geodesics for a pressureless fluid. We have constructed the
energy conditions for an FRW universe model filled with dust
fluid in terms of the deceleration, jerk, and snap (g, j, §) cos-
mological parameters. The reconstruction technique has been
appliedto f (G, T) gravity using the well-known de Sitter and
power-law universe models. The results are summarized as
follows.

e In the de Sitter reconstructed model, the energy bounds
have dependence on three parameters 7, ¢; and c;. We
have plotted NEC and WEC against ¢ and ¢, with four
possible signatures of ¢; and ¢, as shown in Figs. 1, 2,
3,4,5,6,7, and 8. It is found that NEC and WEC are
satisfied for ¢; > 0 and ¢ < 0O throughout the time
interval for cases (c1, ¢2) > 0 and (¢, c2) < O that the
energy conditions are satisfied for small values of the ¢;
in a very small time interval. It is observed that the NEC
shows a positively increasing behavior for all negative
values of c; with ¢ > 0, while the validity ranges of the
WEC show dependence on cj.

e For a power-law reconstructed model, we have explored
the behavior of the four parameters ¢, d;, d», and d3z with
n = % In this case, we have plotted the energy condi-
tions against (¢, d1) and analyzed the possible behavior
of remaining constants. In Figs. 9, 10, 11, and 12, we
have taken —10 < d; < 10 and found the valid regions
where the energy conditions are satisfied.

Finally, we conclude that the NEC and WEC are satisfied in
both reconstructed f (G, T) models with a suitable choice of
the free parameters.
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Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
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