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Abstract - The first part of the paper presents a systematic method for the
modeling of power electronic networks with multiple switches using the clas-
sical Lagrangian framework. The main advantage of this method is its struc-
tured and general character compared to other methods. The power of work-
ing with Lagrangian dynamics, especially when very large networks have to
be analyzed, is that Kirchhoff’s voltage law is given in advance, while the in-
terconnection structure is based on Kirchhoff’s current laws only. The physi-
cal nonlinear structure of these systems is revealed and can be used for feed-
back controller design and stability analysis. The second part concentrates
on the recently proposed passivity-based controller design technique based
on the Lagrangian structure. Besides its physical significance, this approach
appears to be an interesting alternative when dealing with the problem of in-
put filter influences in power electronic systems. With this technique artificial
damping is injected such that the impedances of the in- and output filters can
be matched. In this way power is not reflected and resonance problems, es-
pecially during the start-up and transient conditions, are minimized. A unity
power factor passivity-based control algorithm for the three-phase Buck type
rectifier with an input filter is proposed that does not require current sensors
but only measurements of the capacitor voltages.

1 INTRODUCTION

A continuous flow of papers is presenting the theoretical and prac-
tical approaches for modeling and control of power converters. A
variety of methods are proposed for obtaining a description of the
dynamics of these electrical switching networks. The analysis is
mainly based on small-signal models following from state space
averaging techniques . In recent developments power converters
are considered from a physical (energy and interconnection) point
of view. It is first shown in [8, 9] that this class of systems ac-
tually correspond to systems derivable from the classical Euler-
Lagrange (or Hamiltonian {2]) dynamic considerations. The main
advantage of this approach is that it reveals the often overlooked
physical (nonlinear) properties of power electronic networks. The
physical properties can be used for the design of feedback con-
trollers that do not involve the cancellation of nonlinearities. None
of these methods, however, offer a straight forward and systematic
method to obtain dynamic models in a general structured way such
that the method is applicable to all kinds of switch-mode power
converters or inverters. In [11] a method is proposed to obtain the
dynamic models from the Euler-Lagrange (EL) dynamic consid-
erations for single-switch DC-to-DC converters, and is extended
to networks containing coupled-magnetics [12]. In the first part of
this paper we show that this procedure can also be used for large
power electronic networks with multiple switches. The power of
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working with Lagrangian dynamics is that Kirchhoff’s voltage law
is given in advance, while the interconnection structure is based
on Kirchhoff’s current laws only. A six-switch three-phase Buck
rectifier with LC input filter is used to illustrate the method.

Apart from its practical relevance, the three-phase Buck rectifier
is an interesting case study because (due to the input filter) it is
a non-minimum phase system and the phase shift (also caused by
the input filter) between input currents and voltages varies with
the load and with the magnitude of the input voltages. In a prac-
tical situation these magnitudes are often uncertain parameters.
In the second part of the paper we design a controller based on
the EL properties derived in the modeling part. This passivity-
based controller (PBC) preserves the EL structure of the system
but modifies the energy and dissipation structure. It is shown that
the dissipation characteristics can be modified in such a way that
the impedance of the input and output filters can both be matched
dynamically. In this way power is not reflected and resonance
problems, especially during the start-up and transient conditions,
are minimized. Simulations are performed to evaluate the pro-
posed controller when the system is subject to changes in the ref-
erence.

II LAGRANGIAN MODELING

The main part of the modeling procedure consists of establishing
a suitable set of EL parameters, which fully describes the (ide-
alized) dynamics of an electrical circuit . The system is thén
expressed by means of a five-tuple as [11, 12]:

Z ={T7(q,9), V(q), D(4,u), Fq(u), A(u)}, (¢Y)

where g(t) is the electric charge and ¢(t) represents the vector of
flowing current. For sake of brevity we omit the time dependency
in the remaining of the document. The vectors ¢ and ¢ repre-
sent the generalized coordinates describing the circuit and are as-
sumed to have n components related to the n y inductors and n¢
; : — (2T T1T with T —
capacitors, i.e. ¢ = [q;,95]" with g1 = [qL,,---,9L,,], and
a8 = lacy,--+ 1 90,417 n = np + nc. We denote by T (g, q)
the total magnetic co-energy, and by V(g), the total electric field
energy of the circuit, which for linear inductors and capacitors are



defined as
T(q4r) = gch' Ygc, 2

where L is a ny, X ny, positive definite matrix containing the in-
ductor values, and C is a n¢ X ng positive definite matrix con-
taining the capacitor values, respectively. If the network con-
tains one or more switches, we denote the switch position(s) by
U= [u1,... ,Unp),withy; € U :={0,1},i=1,... ,m,ie,ON
or OFF, or in other words  is in the discrete set U ™. Depend-
ing on the application, re-definition of the switching function may
also result in for example u; € U := {-1,0,1}. The remain-
ing EL properties are defined as follows: The function D(g, u) is
the Rayleigh dissipation co-function of the system. This term is
necessary to include the resistive elements, representing the load
resistance(s) and the losses in the dynamic elements, the sources
and the switches. By .A(u) we denote the constraint force ma-
trix, resulting from Kirchhoff’s current laws not defined by the
Rayleigh dissipation function, A7 (u)¢ = 0, and by Fy(u) we
denote the generalized forcing functions, related to the external
voltage sources (supply voltage, semiconductor junction voltage
drops, back electromotive force of electrical machines) associated
with each charge coordinate. The latter parameters are then sim-
ply obtained by following the first five steps as given in full details
in [11, 12]. The last step is defining the Lagrangian of the circuit

347 Lir, V(go) =

as £(q,4) = T(g,q) — V(q) and plugging the information of (1)

in the constraint equations given by

d [0L(q,9)] _ 0L(q,4) _ _0D(g,u)

7 [ ED 9 a4 A(u)\ + Fqlu)
AT(u)§=0, XeRF, €))

After solving for the Lagrange multipliers ), a state space descrip-
tion is obtained by choosing the currents corresponding with the
inductive elements, and by selecting either the charge or the volt-
age corresponding with the capacitive elements, as state variables.
Note that the upper part in (3) simply represents Kirchhoff’s volt-
age law, while the constraint represents the current laws.

In three- or multi-phase power electronic networks it is often as-
sumed that the source voltages satisfy certain constraints. For
a g-phase network with n dynamic elements these constraints
will be of the form F + .+.7-',-qg = 0, where i; € 7,

={l,...,n},i=1,...,9,9g <nandi; # ixifj # k.
For a symmetrical g-phase network this will often result in con-
straints on the current coordinates of the form ¢;, +...+¢;, = 0.
From a system theoretic point of view this type of constraints im-
plies that the system is non-minimal in the present description. In
general there are many ways to deal with this type of algebraic de-
pendence. In the field of electrical machines and power electronic
networks, a very often used and convenient method is to shift the
system into an orthogonal fixed («, 3) or rotating (d, ) reference
frame, see e.g. [6]. Later on we shall see that this transformation
is actually necessary for the application of passivity-based con-
troller design.

III APPLICATION TO THE BUCK RECTIFIER

To illustrate the proposed modeling procedure we will consider
the Buck rectifier with LC input filter depicted in Fig. 1. We as-
sume that the rectifier operates in continuous conduction mode
(CCM), and that the source voltages are balanced, i.c., e; + e2 +
e3 = 0. We also assume that there is no neutral line. The circuit
consists in its main part of three subcircuits: an LC input filter,
L; = Ly, C; = Cg, k = 1,2,3, which is used to attenuate the
effect of the pulsating input currents, a bridge of three legs with
two switches each, and an LC output filter, L, and C,. The up-
per switches are denoted by s,x and the lower switches by sp,
k = 1,2, 3. Let the switching functions s ;; be defined as

1, s, closed
85k (t) ={ I ,

0 Sk open j=a,b,k=1,2,3. (4)
» <7

Since the converter is supplied by a voltage source, the input ca-
pacitor voltages must not be shortened and at any time a path
should be provided for the output inductor current. These restric-
tions can be expressed as ;1 + s;j2 + s;3 = 1. For convenience
we define ur = Sk — Sbk, Uk € {—1,0, 1}, so that the constraints
on the switching functions become «; + ua + uz = 0. Following
the procedure, we define as the configuration variables

q= [qz‘k?qLoaQEk’qco}T, ©))

with qf = [qL,,9L,,qLs] and g5, = [g¢y, 905, 90s). The mag-
netic co-energy and the electric of the system are readily found
as

3
3 ZquLk + LoqL
S, ©®
gC_ + lqco
—7 Ck 2C,’

It

T(qu 9 QLO)

Vige,,qc,) = %

The Rayleigh dissipation function and the generalized forces act-
ing on the system are

D(dea QLD7 qco) %R (QLo - qC 2 Z quLk)
le = €13 -7:1‘5 €2; fga = 637 ™
f[%o:fgﬁz .ng,ozo,

where Rr = R;,k = 1,2,3 represents the internal resistance
of the source and the switching losses (not shown in the figure).
The constraints! that follow from Kirchhoff’s current law are ex-
pressed as

100 -u -1 0 00
AT(w)=1010 —uz 0 -1 00]. ®)
001 -u3 0 0-10

INote that rank{.A} = 3 everywhere, and that by adding the second and the
last row of AT to the first one results in the constraint >, 41, — »_¢c, = 0,
which agrees with the assumption that there is no neutral line.
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rfa 4L,
o c.
3a! : c.
_ 4 g Li e, 1’
€1 - — 1
— 4L, U2aqrL, —_—
OF—@—— Y - 2 Com— [ R,
— + qL3 usqLa
@ s
90, |, |acy
e1 = E cos(wt) C1|C2|Cs
_ 1 G
ez = FE cos(wt — 2m/3) T — - Sb
e3 = E cos(wt + 27/3) T | T
o

Fig. 1: Three-phase (current source) Buck rectifier with LC input filter

In this case A € R3. We now have all the information that charac-
terizes the dynamic behavior of the circuit. Plugging (6), (7) and
(8) into (3) yields the following EL representation of the circuit:

Ligr, = ex = Ridr, +A
LoGr, = —Ro(dr, — dc,) — Zukkk
Clac, = —M = ©)
C;'qc, = Ro(dr. — dc,)
0 = AT(u)q,
for k = 1, 2, 3. Then after a change of coordinates
v = [, deo &b, g, - (10)

denoting the inductor currents and capacitor voltages, respec-
tively, one obtains the following matrix representation

Mi+ (T + T (u))z+ Rz =&, (11)
where M is a positive definite diagonal matrix containing the in-
ductor and capacitor values, R is the dissipation matrix containing
the resistive elements, 7 + J'(u) is the interconnection structure,
and £ is the vector representing the voltage sources. The property
T+ T (u) = —(T + T (u)T (skew-symmetry) is a typical fea-
ture of Lagrangian systems and forms a necessary and sufficient
condition for application of the passivity-based approach [8, 10].
Although not shown in detail, (11) is exactly the same model as
obtained in e.g. [1]. In the new coordinates (10) the (co-)energy
and the dissipation (co-)energy of the system is now given by

H(z) = 227" Mz and D(z) = 22T Rz, (12)
respectively.

Remarks:
(i) As shown in [9], the switched EL equations are closely related
to the average PWM (pulse-width modulation) models. For the

Buck rectifier given by the equations (11) this means that the state
variable z is replaced by the average state Z, representing the av-
erage inductor currents and capacitor voltages, and the discrete
control vector u is replaced by its duty ratio function vector y.
(ii) The source voltages satisfy a constraint of the form e + e2 +
e3 = 0. In that case (11) is actually a non-minimal description. In
contrast to [1] we have that = € R® instead of z € R®. A minimal
description can be found by using the properties 3 = — (1 +2z2),
x7 = —(x5 + z6) and ug —(uy + ug). It is easily checked
that if we eliminate the constraints in this way the interconnection
structure of the Buck rectifier in the minimal state space repre-
sentation does not satisfy the skew-symmetric property anymore.
This is due the fact that such transformation is not energy (or
power) preserving. To overcome this problem, the system has to
be rewritten in a orthogonal reference frame by performing a5~
or dq-transformation.

Under the assumption that all three-phase variables are balanced,
we have after performing some straight forward calculations,
e.g. [1], for the average dynamics of the Buck rectifier in the dg-
reference frame with the coordinates, z = Z4q,

T
o= (@00l dray Fra b Zodc] (13)
we have that
Lizy = eq— Rizy + Liwza — 24
Lii’g = €q — .RL'ZQ e Liwzl - 25
Lozs = 24 + Ugzs — 2
o ‘3 MHdz4 T HgZ5 6 (14)
Cizy = 21+ Ciwzs — pigzs
Cizs = 290 — Ciwzg — pgz3
Cots = 23— R712,
or in matrix form:
Mgz + (Jaq + Jéq(/‘))z + Ragz = Edq, 15)
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It is then easily checked that for the PWM model with states T we
have
TMz = —;—zTquz

16
TRz = 32TRaqz (16)

[ S

which shows that the transformation is indeed energy preserving.
In following sections we shall use the above properties for the
control design.

IV CONTROLLER DESIGN

The basic idea behind passivity-based controller design is to mod-
ify the energy function and add damping by modification of the
Rayleigh dissipation function. Full details of this design technique
can be found in e.g. [8, 9]. Since we have given a general pro-
cedure to build an Euler-Lagrange model for (multi-switch) elec-
trical networks, we can also generally apply the passivity based
control design technique. However, one issue that remains is the
choice of the state variable to be stabilized to a certain value, in
order to, possibly indirectly, regulate our output toward a desired
equilibrium value. For the Buck circuit with input filter it can be
shown by bringing the system in normal form (see e.g., [4, 12])
or by linearization (see e.g., [1, 3]) that the zero-dynamics of all
states with respect to the control inputs are unstable, except for
the input current. This means that we are dealing with a non-
minimum phase system and thus we can not control the input ca-
pacitor voltage, the output current, and output capacitor voltage
directly, when using the passivity-based approach [8, 9]. The only
feasible states that remain are the input currents.

A The Single-Switch Buck Cell

Before we design a controller for the three-phase Buck rectifier let
us first show the idea of impedance matching by studying a simple
circuit such as the single-switch Buck cell depicted in Fig. 2. The
(average) EL dynamics are expressed as

S5 = {3Ld}, 364%> 3R(dL — dc)%, RE, 0} (1T
with y the duty ratio of the switch 0 < p < 1. In [9] the following
control law is proposed

1 ‘ v,
=E[Vd—RZ<QL—Ed)j|,

with Vy a desired value for the output voltage and R* a design
parameter.  After a change of coordinates z; = ¢z, and 2z, =
C~1qc the closed-loop system satisfies

(18)

R+R!
R

. 22
CZQ=Z]_— -

R

Lz =

V. -—R’z —z
d 1— 22 (19)

Note that the dissipation matrix of the closed-loop is now defined
as Ry = R + R* = diag{R:, R}, where R = diag{0, R~} is

u=1 L

Fig. 2: Single PWM switch Buck cell

r---|

R

the open-loop dissipation matrix, while R* = diag{R%, 0} is the
injected dissipation. Equations (19) have a nice network-theoretic
interpretation as shown in Fig. 3. It is seen that Ri actually acts
as a virtual non-dissipating series damping resistance. The ideal
transformer is necessary to compensate for the voltage drop over
R;.

Vy C—— R

1: R+R}
R
Fig. 3: Closed-loop interpretation of the PBC controlled Buck cell

The differential equation describing the input-output relation from
V4 to z9 can be derived from (19) as

" RS 1Y, R+Rg _R+R
z2+<—+C_R) “2* 7GR 2~ ICR "

From classical control theory we know that in order to have a per-
fect match (zero overshoot), R? has to be chosen such that

(20)

R’ 1 R+ R:
—_— =2 —== 21
1 TCR ICR @b
and thus that
) M@, for R> Z.
R, = L—ZCI;}\{/ITC'_ 1 (L (22
—rR for RSZC, Zc=§ i

We could also modify the original EL parameters of the Buck cell
to inject parallel damping. This is done by setting the injected
damping matrix

R 09 h that R O et
= such tha = R+R!
0 Elf,- cl 0 1;; RE
with, for example, the control law
_Va  Lic i ZCR
. 2
" E  ECRY R#Z. R, -Z. @)

The resulting input-output relation from Vg to 25 is now given by

p R+R‘ 1
2+ ==+ 522 =

1
—_— 4
CRLR IC Va 249

LC
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The closed-loop dynamics (24) imply that there is a resistor Rf,
connected in parallel with the output capacitor. Note that for both
the controllers the source voltage is eliminated from the closed-
loop dynamics, which is an inherent property of the passivity-
based approach. Let us now return to our more complicated three-
phase rectifier example.

B Stabilizing Controller for the Three-Phase Buck Rectifier

We are now ready to provide a controller for the three-phase recti-
fier that stabilizes the output capacitor voltage as well as the input
capacitor voltages by dynamically matching the filter impedances.
As a result the in- and output inductor currents are stabilized as
well. As briefly discussed at the start of the previous section, due
to the non-minimum phase nature of the rectifier the only feasi-
ble regulation is achieved through regulation of the input currents,
in the dq reference frame: I§ and IZ. Following [8], we start
by modifying the energy of the rectifier (15) to arrive at a de-
sired one that preserves the structure of the original energy, i.e.,
HE = %(z — 29T Mgq(z — 2%), where 2% denote the desired
auxiliary states of the controller. The minimum of this energy
will then be located at the desired equilibrium point, which as a
function of the desired output capacitor voltage, V.2, is given by

28 =14, 13,12, V3, vE, VAT, with

4\ 2
Id:(v;) 2. 1d_q. Idz_‘gi_-

RoE 3’ a ’ ° Ro7
‘/qd = —szIg

Vi =ea=E\/};

The internal resistances, R;, of the source and the switches are
for ease of calculations set to zero. We choose to inject parallel
damping on the capacitors, C; and C,,. This is done by forcing the
closed-loop dissipated energy to be of the form

I _ d 1 1 _R.R:
qu_dlag{0707oyff1§;{s§oo?ﬁ%{}’

©

which is accomplished through the following implicit definition
of the control law:

Mgt + (Tag + Tgo(1))2* + Ragz® — Risg(z — 2%) = Eag,
where R, is the required damping modification given by
g = diag {0,0,0, 3, &, A},

Hence, we find an explicit definition of our controller by choosing
as the control laws

1 24— V§
HUd = A [Ij +WCiV:1d + —4-@—51—] (25)
3 (]
1 —-ve
Mg = —3 —wCind—I- is——zi y Zéi >0 (26)
23 R;
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TABLE
DESIGN PARAMETERS

E = 100V, w = 2750rad/s
R; =09, L; = 3mH, C; = 3uF
fs = 25kHz (PWM)

Lo = 1.6mH, C, = 1ImF
R, = 10Q

Source Voltage
Input Filter
Switching Frequency
Output Filter
Load Resistance

and let the functional relations z¢, 2 be the solutions of

LoZ':‘;i = Hd de + Hq [/qd — Zg, sz(O)_: Ig
R, + R: P @7
od 0 d 6 d _ ‘rd
0026 = ZS_T H(i)ozﬁ —I_{Z’ 26(0)— 0

The above developments lead to a partial state feedback PWM
scheme that does not involve the use of current sensors but only
measurements of the capacitor voltages. Using Lyapunov theory
and LaSalle’s invariance principles, one can easily proof that the
proposed controller indeed stabilizes the closed-loop dynamics of
the system, e.g. [10].

Remarks:

(i) If we would like to inject series damping both the input induc-
tor current and voltages have to be measured, resulting in the use
of extra (expensive) sensors. Besides the use of extra sensors, the
closed-loop response will also be slower because the input time
constants are increased.

(ii) In order to account for parametric uncertainty the above con-
trol scheme can also be extended to an adaptive version, as pre-
sented in e.g. [8, 12].

(iii) Because the controller is based on the average dynamics of
the rectifier the actual measured states need to be filtered. In this
way extra phase shift is injected into the loop which can cause
unaccounted stability problems. This is a drawback of working
with control algorithms based on average dynamics. However, in
our case the simulations in the following section show promising
results with realistic switching frequencies.

V SIMULATION RESULTS

Computer simulation with SIMULINK was performed in order to
validate the closed-loop dynamics of the controlled Buck rectifier.
We now use (11) with the discrete values for the switches. Table I
shows the parameters used for the analysis. The control parameter
for output matching is set to

/L ; RZS
l _o : * = Q ==
2\ G, =R} R=Z: 1.8892,

while R} is set to R = Z¢ = 15.8Q. First-order low pass fil-
ters are used to suppress the ripples in the actual input capacitor
voltages, the cut-off frequency is set t0 0.5f ;.

Z,



3 T ™ T T T

— input fine current x;
( ’\ ‘ : : . source voltage &

2

Input Curent [1A/div], Source Vottage [S0V/div}

Output Cap. Voltage [10V/div]

4 L
0 0.02 0.04 0.08 0.08 0.1 0.12
tima [sec]

Fig. 4: Closed-loop response to step changes in the reference signal V;
input current 1 = gz, (top), output voltage zs = Cj *gc, (bottom).

The response of the system for step changes at ¢ = 0.01 and
t = 0.075 in the desired output capacitor voltage is depicted in
Fig. 4. As can be seen from the bottom figure, the controller
achieves the desired indirect stabilization of the output voltage
around the desired equilibrium value without any oscillations or
overshoot. The input current shows a small oscillation but no
overshoot. This oscillation is due to a small impedance mismatch
caused by the additional low-pass filters. Note in the top figure
that the power factor reaches unity almost instantly, i.e., the input
current 1 = ¢, (solid line) is exactly in phase with the source
voltage e; (dashed line).

V1 CONCLUSION

In the first part of this paper the systematic method to build dy-
namical models for (power) electronic networks as proposed in
[11, 12] is extended to a broad class of electrical networks con-
taining multiple switches. The power of working with Lagrangian
dynamics, especially when very large networks have to be ana-
lyzed, is that Kirchhoff’s voltage law is given in advance, while
the interconnection structure is based on Kirchhoff’s current laws

only. Orthogonal transformations to obtain minimal state space
descriptions are in many cases necessary to preserve the EL struc-
ture. In the second part we have given some circuit-theoretic in-
terpretations of the PBC design method. For the Buck rectifier it
appears that, the dissipation structure can be modified such that
impedance of the input and output filters can be matched by in-
jecting virtual damping resistors. The resulting PBC strategy does
not require current sensors but only measurements of the capacitor
voltages. The simulations show a good agreement with the devel-
oped theory. Although not shown here, several other tests have
shown that the closed-loop system is very robust against voltage
source perturbations.

Further research is recommended towards the application of
impedance matching by way of a passivity-based controller to
other power electronic circuits. Involvement of more non-ideal
physical effects, like saturation and (non-ideal) diodes has to be
studied in the Lagrangian framework. The influences of the mea-
surement filters has to be studied. An adaptive scheme should be
added to account for parametric uncertainty. Future plans include
the design of an experimental setup to test the performance of the
passivity-based controlled Buck rectifier in a real-time environ-
ment. It is also of interest to compare the performance of the PBC
Buck rectifier with other existing control strategies.
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