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ABSTRACT

The high-frequency fractional power law of relaxation, seen in a wide range of materials,
yields a constant ratio of the macroscopic energy lost per radian to the energy stored in the sys-
tem, in the corresponding frequency range. For almost two decades, the above energy criterion
has been supposed to imply the existence of similar microscopic properties which determine
the observed power-law exponent. Here, a rigorous formulation of the energy-criterion argu-
ment is proposed in the frame of a new probabilistic approach to derive the Havriliak-Negami
{HN) and Kohlraush-Williams-Watts (KWW) responses. In this approach the commonly ob-
served macroscopic laws are related to the microscopic scenario of relaxation, and the energy-
criterion interpretation is applied to the physical basis of the relation. The presented consid-
erations reinforce the physical significance of the empirically found forms of relaxation, and

Vol. 8§ No. 3, June 2001

open a new line of analysis of relaxation phenomena.

1 INTRODUCTION.

WIDE-RANGING experimental information has led to the conclu-
sion that the classical phenomenology of relaxation breaks down
in complex systems. It has been found that the pure Debye response is
hardly ever found in nature, and that deviations from it may be rela-
tively large (see e.g. [1-5]). It appears to be a general rule that the com-
plex dielectric susceptibility x () exhibits the fractional power laws in
frequency

. n—1
x(w) o< (E) o > Wi wy 1
Wp
and
iw\™
Ax(w) e (w—) 0<w<Kwyp )

P
where the exponents n and m fall in the range (0, 1); the constant w,,
is the loss peak frequency, and Ax(w) = x(0) — x(w) [3].
The fundamental consequence of property (1) is that for large w the
ratio of the imaginary to real components of the complex susceptibil-

ity x(w) = x'(w) — ix"(w) is a constant, dependent only on the
exponent n

"
% = cot (ng) W wp (3)

The physical significance of this simple property is that at high fre-
quencies the ratio of the macroscopic energy lost per radian to the en-
ergy stored at the peak is independent of frequency. Jonscher alleged [3,
5] that fractional power law (1) and energy criterion (3) are inescapably
connected with the fact that the energy loss in every microscopic re-
versal is independent of the rate of reversals in the corresponding fre-
quency range. He assumed that since in any dielectric system the total
polarization is the sum of individual microscopic polarizations and the
total loss is the sum of individual microscopic losses, the microscopic
relationship also must have the property of energy lost to energy stored
being independent of frequency.

Until recently, the fundamental limitation of the energy-criterion ar-
gument, with its tacit assumption that the macroscopic and the micro-
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scopic approaches are equivalent, has been the lack of precise deriva-
tion. The present paper sets out to provide a rigorous justification of
this under very general conditions. Namely, we propose here a new
probabilistic approach to model relaxation processes in which the re-
lation between the phenomenological relaxation laws and the micro-
scopic cause is discussed from a statistical background, and the energy
criteria are involved by the properties of relaxation rates.

In theoretical attempts to model relaxation it is commonly assumed
that the empirical relaxation laws correspond to a kind of general be-
havior which is independent of the details of examined systems. This
idea has stimulated the proposal of several relaxation mechanisms (see
e.g. [6-18]) that differ mainly in the interpretation of the relaxation
function. In the framework of statistical models, the fact that the large
scale behavior of complex systems is to some extent independent of the
precise local nature of the considered system, should come as no sur-
prise. Intuitively, one expects ‘averaging principles’ like the law of large
numbers to be in force. However, it turns out to be very hard to make
this intuition precise in concrete examples of stochastic systems with
a large number of locally interacting components. The crucial point is
to find a natural technique to relate the local random characteristics of
complex systems to the deterministic and universally valid empirical
relaxation laws. Since the classical methods of statistical physics are not
efficient enough to describe scaling properties (1) and (2), one should
introduce new probabilistic tools appropriate to build up a bridge be-
tween the microscopic world of interacting molecules and the macro-
scopic world of the observed phenomena. In our opinion, a particular
model can open a new line of analysis of the dielectric relaxation if it
includes frequency-independent microscopic energy relations. The di-
electric spectrum of such a model is then obtained immediately with
the value n determined by the ratio of the lost-to-stored energy.

It was stressed several times [19-26] that the approach based on the
general probabilistic formalism of limit theorems enables us to treat re-
laxation of complex systems, regardless of the precise nature of local
interactions. In a natural way, it gives an efficient method for evalu-
ating the dynamical averages of relaxation processes. Unfortunately,
it goes beyond the classical methods of statistical physics taking into
account limit theorems for probability distributions that have infinite
variance, and therefore do not satisfy the assumptions of the central
limit theorem. Nevertheless, this approach has the advantage of clari-
fying the nature of relaxation phenomena despite the difficulties caused
by the use of a new language to describe the time evolution of the non-
equilibrium state of a stochastic system.

2 NON-EXPONENTIAL
RELAXATION

The time-domain relaxation function ¢(t) is a solution of the two-
state master equation

de(t)

= (et 6(0) =1 @
where the nonnegative quantity () is the transition rate of the system
(i.e. the probability of transition per unit time), see .g. [7]. The function
¢(t) has the meaning of the survival probability of the non-equilibrium
initial state of the relaxing system [27]. In other words, ¢(t) is deter-
mined by the probability that the system as a whole will not make a
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transition out of its original state for at least a time # after entering it at
1=0. The inverse Stieltjes-Fourier transform

6'(w) = [ expl-it]dit - 8(0) 5

0

relates the time-domain response to the complex susceptibility x(w) by
the formula x (w) = ¢* (W) (X0 — Xe) + X Where the constant .
represents the asymptotic value of the dielectric susceptibility x(w) at
high frequencies, and g is the value of the opposite limit.

A purely empirical analytical expression convenient for represent-
ing the two-powerlaw response, that is, satisfying (1) and (2), is given
by the frequency-domain Havriliak-Negami (HN) relaxation function
(2-5]

N 1

¢HN(w) - [1 + (iw/wp)a]“/ (6)
where 0<cy, y<1. For a=1 and <1, Equation (6) takes the form known
as the Cole-Davidson (CD) function; for v=1 and a<1 it takes the form
of the Cole-Cole (CC) function, and for a=1 and ~y=1 one obtains the
classical Debye (D) form. Alternatively, the time-domain relaxation
data often are fitted by means of the Kohlraush-Williams-Watts (Kww)
stretched exponential function [2-5]

Peww (t) = exp[—(u-’pt)a] (7)
with 0<a<1 although this response does not satisfy the power-law
property (2).

A common practice, following the historically oldest approach to re-
laxation, s to assign the non-exponential relaxation behavior to differ-
ent local properties of the investigated systems and to interpret this be-
havior in terms of a superposition of exponentially relaxing processes.
The non-exponential relaxation function ¢(t) is assumed to take the
form of a weighted average of an exponential decay exp{—t/7] with
respect to the distribution of relaxation time 7 [2]. If the relaxation time
can take values from the set {71, 72, . ..} only, then

#(t) = sz' exp[—t/7] ®)

3
where p; denotes the corresponding weight equal to the probability of
taking value 7;. In case of a continuous distribution of the relaxation
time (when its values cannot be limited to any finite nor countable set),
the corresponding equation takes the integral form

o0

o(t) = / o(7) expl—t/7) dr
. ©)
= /h(lnT) exp[—t/7]dlnr
0
where g(7) = (1/7)h(In 7) is the relaxation-time probability density
function.

It is a well-known fact of probability theory (see e.g. [28]) that both
Equations (8) and (9) can be rewritten into a common form

o(t) = (expl-t/11) (10

by means of a random variable 7 distributed as the considered relax-
ation time, where ( ) denotes the expected value. Introducing a new
random variable 8 = 1/T’, representing the corresponding relaxation
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Figure 1. Dipolar clusters in the system of size N'=100. The val-
ues of the cluster sizes N1 =N35=14, Na=Ng=12, N3=13, Ny=Ng=11,
N7=16 were taken randomly. Since Ny+- - -+N7=92<N=100 and
N1+ +Ny 4+ N3=103>N=100, we obtain K'n=8. The 8 dipoles
capable of responding to an external field are indicated by thick ar-
rows.

rate, we get equivalent formula

8(t) = (exvl—t7])
which assigns the relaxation function to the Laplace transform of the
relaxation-rate distribution. The distributions which produce the em-
pirical non-exponential relaxation functions like (6) and (7) have been
found already [2, 29]. However, the information about them has given
only slight progress in clarifying the undetlying physical mechanism;
and the distribution-function approach has been used mainly as a for-
mal mathematical tool convenient to describe, analyze, and transform
the data in order to compare them with the results obtained by different
experimental techniques [30-33]. The reason for this is that ¢(¢) is a
function describing the relaxation process of the system as a whole; and
the approach concerns, in fact, the effective behavior of the macroscopic
system represented by one (real or imaginary) object with the value of
relaxation time 7 randomly taken according to the distribution of 7". In
order to go further in clarifying the relaxation phenomenon, one should
use the mathematical tool capable of relating the relaxational properties
of the structural elements to the effective representation of the system.

It has been observed already [3, 6,10, 15,17, 18] that, in general, the
relaxation behavior of the complex system as a whole cannot be at-
tributed to any particular object chosen from those forming the system.
It is also known that the problem of construction of an ‘averaged’ ob-
ject representing the entire system in relaxation processes is not a triv-
ial one. The recent advances in the stochastic theory of relaxation [25,
26] provide the technique that enables us to formulate both the micro-
scopic scenario of relaxation and the resulting effective representation
of the system. Below, we present a stochastic mechanism that yields
the macroscopic relaxation function of the HN and KWW forms. In

(11)
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Figure 2. Cooperative regions built up from the clusters presented
in Figure 1. The values of the region sizes M1=M2=3, M3=4 were
taken randomly. Since M7 + Ma=6<Kn=8 and M1 + M +
M3=10>K =8, we obtain Lx=3. The 3 regions are indicated by
thick borders.

this mechanism the hierarchical dynamics in the parallel multichannel
scheme is applied as the scenario of the relaxation process.

3 INTERNAL STRUCTURE OF
THE TOTAL RELAXATION RATE

In any dielectric complex system capable of responding to an exter-
nal electric field, it is possible that only a part of the total number NV of
dipoles in the system is able to follow changes of the field [3, 5]. How-
evet, even if some dipoles do not contribute directly to the relaxation
dynamics, they may affect the stochastic transition of the active dipole.
This influence is reflected, for example, in the properties of individual
relaxation rates B1, Sanv, . . - of the active entities in the system. Let
us explain that, according to the rate-theory concept, the individual re-
laxation rates are considered here as the contributions of the dipales to
the total relaxation rate, see e.g. [34]. They often are assumed to take
the form 8;x = 0;/An with §; independent of the system size N
and the same normalizing constant A for each dipole.

Let us assume that the 4th active dipole interacts with IN; — 1 inac-
tive neighbors forming a cluster of size N;. The number K of active
dipoles in the system is identical with the number of clusters deter-
mined by the local inferactions. The latter is equal to the first index &
for which the sum Ny + - - - + N of the cluster sizes exceeds N, the
size of the system (see Figure 1). One can formulate this as follows

k
Kszin{k:ZNi >N}
i=1

where & : X implies the value of & such that X holds.

Depending on the screening mechanisms [3], the active dipoles may
“see’ some of their active neighbors. If so, the cooperative regions built

(12)
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Table 1. Microscopic stochastic scenario leading to the empirical
relaxation responses. The heavy-tail property is defined in Equa-
tion (20).

Assumptions Results
Property of:
Property of Power-law
cooperative exponents
cluster |active-dipole | cooperative | -tegion |Empirial
sizes relaxation -region | relaxation | response
rates sizes rates 0<n<l |0<m<1
N; BiN M Bin (wwp) [{w<wp)
HN
heavy tail { heavytail | heavytail | heavytail | 0<e<1 |n=1-ay| m=a
witha=o| witha=a | withe=~ [withe=a~v| 0<y<1
cc
heavy tail | heavytail | (am;)<= | heavytail | 0<a<1 | n=1-a | m=a
with a=a| with a=a with a=« y=1
CcD no
(N;)<oo | (Bin)<e | heavytail | heavytail | a=1 | n=1—~ | power
with a=vy with a=vy | O<y<l law
D no no
(Nyy<oo | (Bin)<oe | (Mjh<oe | (Bjn)<os | a=1 power | power
~4=1 law law
KWw no
(Ng)<eo | heavytail | (M;)<e [ heavytail | 0<a<1 | n=1—c | power
with a=« with a=a law

up from the active dipoles may appear. The number L of such meso-
scopic regions is determined by their sizes M7, Ma, .. .; namely,
!
Ly = min lZMJ >K'v
j=1
where M, is a number of interacting active dipoles in the jth cooper-
ative region (see Figure 2). The contribution of each region to the total
relaxation rate is the sum of the contributions of all active dipoles over
the region. Hence, for the jth region, its relaxation rate, say B;n, is
equal to

(13)

L Myt +M;
Bin = > Bin (14)
i=Mi+ e+ Mj_1+1
For j=1 it is simply the sum
M,
Bin=> Bin (15)
i=1
for j=2itis
. M+ Mz
Pan= > Bin (16)
i=My+1
and so on.

Following (11), the effective representation of the system as a whole,
namely,

o(t) = (expl-thn]) a7)

is provided by the total relaxation rate 3y which is the sum of the
contributions over all cooperative regions
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log{Pr{X:>x})
3
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log{x)

Figure 3. The log-log plot of the tail function Py (X > x) shows if
the distribution of random variable X has a heavy tail. The heavy-tail
property manifests there as the asymptote (dotted line) of the plotted
function (solid line) with the slope parameter between —1 and 0 (i.e.
situated in the marked area).

Ly
By =) Bin (18)
j=1

In fact, studying relaxation phenomena, one usually deals with sys-
tems consisting of a large number of dipoles so that the limit

3= Jim Ay (19
can represent the entire system in (11) instead of the exact By (in prac-
tice, it is enough when N ~ 10°).

In general, the number of dipoles directly engaged in the relaxation
process, as well as their locations, are random. Therefore, all the quan-
tities Ny, M, i, and those defined by them, have to be considered
as random variables. Their stochastic characteristics obviously would
determine the properties of the total relaxation rate G if they were
known. But in general they are not known. Nevertheless, on the basis
of limit theorems of probability theory, it is possible to define the dis-
tribution of the limit 3, representing a large relaxing system, even with
rather limited knowledge about the distributions of micro/mesoscopic
quantities.

In the proposed scheme we take stochastically independent sequences
of random variables N;, M;, and §;. Each sequence consists of inde-
pendent and identically distributed nonnegative random variables that
have either finite expected value or heavy-tailed distributions. Then
the total relaxation rate 3 takes the form, by means of (5) and (11),
corresponding to one of the empirical responses; for details see Table 1.

Let us add that the distribution of a nonnegative random variable,
say X, has a heavy tail if the tail Pr{X > ) satisfies the condition
lim ij) (20)

ZT—ro0 T

= const > 0
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log(Pr{X>x))

{o)

log(Pr(X>x})

(b) logix)

Figure 4. Examples of continuous heavy-tailed distributions. The
asymptotes (dotted lines) of the log-log plotted tail functions (solid
lines) indicate the heavy-tail property. (a) The Pareto distribution
Pr(X > 2) = (1 + Az)~" with A=1 and #=0.3, 0.6, and 0.9.
Condition (20) is satisfied with a = b, To get heavy-tailed Pareto dis-
tributions, any values of A > 0 and 0<b<1 may be taken. (b) The
Burr distribution Pr(X > x) = (1 -+ (Ax)®) ~° with A=1, b=0.6,
1.2,and 1.8 0.6, and 0.9, and ¢=0.5. Condition (20) is satisfied with
a = be. To get heavy-tailed Burr distributions, any positive values of
A, b, and c such that 0<bc<1 may be taken.

for some (<a<l; ie. if for large values of x the tail exhibits a fractional
power law 2~ (see also Figure 3). There are many different continuous
and discrete distributions satisfying condition (20). Classical examples
of continuous ones are completely asymmetric Lévy-stable laws, also
the Pareto and Burr distributions with an appropriate choice of their pa-
rameters [28, 35], see Figure 4. To get discrete distributions with heavy
tails, one can simply apply a quantizer transformation [36] to some of
the above continuous examples as shown in Figure 5.
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Figure 5. Example of discrete heavy-tailed distribution. (a) The tail
functions of the continuous heavy-tailed Pareto random variable X,
with A=1and =05 (dashed line) and of the discrete random variable
X such that X = 10nifand only if 10(n — 1) < X. < 10n
forn = 1,2,... (solid line). Random variable X is obtained from
X by the quantizer transformation. (b) The asymptote (dotted line)
of the log-log plotted tail function (solid line) shows that the obtained
discrete distribution has a heavy tail.

If the distribution of random variable X has a heavy tail, then
the expected value (X) is infinite. Therefore, the two considered at-
tributes, the finiteness of the expected value and heavy-tail property
(20), clearly exclude each other. Besides, both provide only limited
information on the corresponding distributions. Hence, the condi-
tions put on the distributions of microscopic quantities in the proposed
scheme (see Table 1) are rather general. On the other hand, the macro-
scopic result is determined in any detail.

Summing up, under a given internal siructure of the total relaxation
rate, the scheme proposed above can lead from a very general stochastic
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scenario of relaxation to the deterministic empitical laws given by (6)
and (7). Moreover, the internal structure of 3 defined by summation
procedures (14) and (18) represents the hierarchical dynamics in the
parallel multichannel scheme of relaxation.

4 MICROSCOPIC ENERGY
CRITERION

In this Section we shall decode the information contained in Table 1.
The table presents the relationship between the asymptotic behavior
of the empirical relaxation functions and the properties of the under-
lying stochastic mechanism. As one can see there, the macroscopic
response exhibits high-frequency power law (1) with the exponent n
when the distribution of cooperative-region relaxation rates 3, sat-
isfies condition (20) with @ = 1 — n. On the other hand, 3, given
by summation procedure (14) has heavy-tail property if at least one of
the cooperative-region size and the active-dipole relaxation rate has a
heavy tailed distribution.

Condition (20) applied to 3; 5 can be formulated also as the scaling
property of the mesoscopic relaxation rates
Pr(Bijn = bjc)=c"Pr(Bjn > b) (21)
for any fixed constant ¢>0. The asymptotic behavior of the 3;n dis-
tribution at large b is connected with the short-time behavior of the
mesoscopic relaxation function ¢;(t) = (exp[—tB;n]). One can
show that (21) is related to the following scaling condition on ¢; (¢)
1—gj(et) = (1 = ¢;(1)) (22)
for any constant ¢>0. As a consequence of (22), the response function
£ (t)= —dg;(t)/dt of the mesoscopic cooperative region in the com-
plex system at the origin ¢ — O the form
Ji(t) =<t L(t) (23)
where L(t) is a function slowly varying at ¢ = 0 (ie. L(ct)/L(t) —
last — O forany constant ¢ > 0). Since f;(¢) is a probability density
function, it is locally integrable in any neighborhood of point ¢ = 0,
and its Fourier transform leads us to the properties of the frequency-
domain response. It can be shown [37] that short-time property (23} of
the response function f;(¢) corresponds to the following asymptotic
behavior of its inverse Fourier transform X (w) for the high-frequency
region

b—>oo

Xi(w) =X (w) = X" ()
o (iw) " L{1/w)

Property (24) yields straightforwardly the mesoscopic energy crite-
X5 (w)

tion
:
X5 (w) 2

that is consistent with the macroscopic one in Equation (3), since a =
1 — n. We have shown that the energy criterion on the mesoscopic
level of cooperative regions of active dipoles is fulfilled if the presented
stochastic mechanism leads to the empirical response satisfying macro-
scopic energy criterion (3).

(24)

W —> o0

(25)

= cot [(1 —a) W wy

As one can see in Table 1, in case of the HN, CC, and KWW responses,
the distribution of active-dipole relaxation rates 3;, has a heavy tail
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with @ = «. By repeating the above argumentation, the microscopic
energy criterion, of f%‘le form
T{w v
L = cot [(1 —a)—}
X;(w)
can be derived in each mentioned case. The obtained characteristic con-
stant 1 — e is yet different from the macroscopic power-law exponent
7 in the HN case. Besides, the high-frequency power law (iw) ™" ob-
served in the CD response has other origins than those indicated by the

microscopic energy criterion; it results only from the heavy-tail prop-
erty of the distribution of cooperative-region sizes, see Table 1.

W wy (26}

In conclusior, the considerations presented in this Section confirm
the Jonscher hypothesis that the identical property of individual struc-
tural elements of the system is hidden behind the macroscopic energy
criterion (3); it appears, however, that this hypothesis concerns rather
the mesoscopic cooperative regions rather than the particular active di-
poles themselves.

5 CONCLUSIONS

EXTENSIVE studies of relaxation processes on a wide range of di-
electrics made evident the non-exponential behavior of dielectric
systems. To interpolate the fractional power laws, observed in fre-
quency and in time, the phenomenclogical HN and KWW laws were
introduced. The justification of those laws was provided rather by their
applicability as fitting functions than by theoretical investigations.

In this paper we propose a probabilistic approach to model relax-
ation processes which leads to both mentioned above empirical laws. In
this approach, going beyond the classical methods of statistical physics,
the link between the microscopic world of real objects forming the sys-
tem and the macroscopic world of physical phenomena is provided
by the form of the total random relaxation rate. This form follows
from the mathematical construction of an imaginary object representing
the relaxation behavior of the entire complex system, the construction
which is based on the hierarchical dynamics in the parallel multichan-
nel scheme of relaxation and the ideas of limit theorems of probability
theory. The explicit effective representation of the system, expressed
in terms of the total relaxation rate, is then shown to be related to the
phenomenological HN and KWW laws under general conditions put on
the microscopic stochastic properties. The obtained results reinforce,
hence, the physical significance of the empirically found forms of relax-
ation.

The high-frequency power-law form of response has a very sim-
ple and intuitively self-evident interpretation as the energy criterion
although this interpretation {proposed by Jonscher) lacked the neces-
sary theoretical rigor capable of providing a proper justification. The
presented approach justifies the applicability of the energy criterion on
the micro, meso, and macroscopic levels, and reveals the self-similar
dynamics hidden in the energy-criterion idea. The discussion of the
energy criterion as a natural and inevitable physical condition for ob-
servation of property (1) in relaxation phenomena opens a new line of
understanding these phenomena.

ACKNOWLEDGMENT
This work was supported by KBN Grant No. 2 P03 B 100 13.



358

REFERENCES

[1] A.K Jonscher, “The ‘universal’ dielectric response”, Nature, Vol. 267, pp. 673-679,
1977.

[2] C.]. Béttcher and P. Bordewijk, Theory of Electronic Polarisation, Vol. 2, Elsevier, Am-
sterdam, 1978.

[3] A.K Jonschet, Dielectric Relaxation in Solids, Chelsea Dielectrics Press, London, 1983.

[4] S. Havriliak Jr. and 8. . Havriliak, “Results from an unbiased analysis of nearly 1000
sets of relaxation data”, J. Non-Cryst. Solids, Vol. 172-174, pp. 297-310, 1994.

[6] A.K. Jonscher, Lintversal Relaxation Law, Chelsea Dielectrics Press, London, 1996.

[6] L. A Dissado and R. M. Hill, “Self-similarity as a fundamental feature of the regres-
sion of fluctuations”, Chem. Phys., Vol. 111, pp. 193-207, 1987.

[7] M. R. de la Fuente, M. A. Perez Jubindo, ]. D. Solier and M. J. Tello, “Two-level
model for the nonexponential Williams-Watts dielectric relaxation”, Phys. Rev. B,
Yol. 37, pp. 2094-2101, 1988.

[8] R. V. Chamberlin and D. N. Haines, “Percolation model for relaxation in random
systems”, Phys. Rev. Lett., Vol. 65, pp. 2197-2200, 1990.

[91 K. Funke, “Is there a “universal’ explanation for the “universal’ dynamic response?”,
Ber. Bunsenges. Phys. Chem., Vol. 95, pp. 955-964, 1991.

[10] K. L. Ngai, R. W. Rendell and D. J. Plazek, “Couplings between the cooperatively
rearranging regions of the Adam-Gibbs theory of relaxations in glass-forming sys-
tems”, J. Chem. Phys., Vol. 94, pp. 3018-3029, 1991.

[11] R. V. Chamberlin, “Non-Arhenius response of glass-forming liquids”, Phys. Rev. B,
Vol. 48, pp. 15638-15645, 1993,

[12] V. Halpern, “Application of continuous time random walk to dielectric relaxation
with age-dependent transition rates”, J. Phys.: Condens. Matter, Vol. 7, pp. 7687-
7698, 1995.

[13] 1. Koponen, “Random transition rate model of stretched exponential relaxation”,
J. Non-Cryst. Solids, Vol. 189, pp. 154-160, 1995.

[14] V. N. Bondarev and P. V. Pikhitsa, “Fluctuation theory of relaxation phenomena in
disordered conductors: how fitting laws such as those of Kohlrausch and Jonscher
are obtained from a consistent approach”, Phys. Rev. E, Vol. 54, pp. 3932-3945, 1996.

[15] Y. A. Berlin and A. L. Burin, “Hierarchically constrained dynamics of the config-
urational coordinate for rate processes in complex systems”, Chem. Phys. Lett,
Vol. 267, pp. 234-243, 1997.

[16] R.R. Nigmatullin and Ya. E. Ryabov, “Cole-Davidson dielectric relaxation as a self-
similar relaxation process”, Phys. Solid State, Vol. 39, pp. 87-90, 1997.

[17] M. D. Glinchuk and V. A. Stephanovich, “Theory of the nonlinear susceptibility of
relaxor ferroelectrics”, J. Phys.:Condens. Matter, Vol. 10, pp. 11081-11094, 1998,

[18] R. Metzler, E. Barkai and J. Klafter, “Anomalous diffusion and relaxation
close to thermal equilibrium: a fractional Fokker-Planck equation approach”,
Phys. Rev. Lett,, Vol. 82, pp. 3563-3567, 1999.

[19] K. Weron, “A probabilistic mechanism hidden behind the universal power law for
dielectric relaxation. General relaxation equation”, |. Phys.: Condens. Matter, Vol. 3,
pp. 9151-9162, 1991

[20] K. Weron, “Reply to the comment by A. Hunt”, J. Phys.: Condens. Matter, Vol. 4,
pp. 10507-10512, 1992.

Weron et al.: Energy Criterion in Interacting Cluster Systems

[21} K. Weron and A. Jurlewicz, “Two forms of self-similarity as a fundamental feature
of the power-law dielectric response”, J. Phys. A: Math. Gen., Vol. 26, pp. 395-410,
1993.

(22} A.Jurlewicz and K. Weron, ”A relationship between asymmetric Lévy-stable distri-
butions and the dielectric susceptibility”, J. Stat. Phys., Vol. 73, pp. 69-81, 1993.

[23] A. Jurlewicz, “Frequency—independent rules for the dielectric susceptibility de-
rived from two forms of self-similar dynamical behavior of dipolar systems”,
]. Stat. Phys., Vol. 79, pp. 993-1003, 1995.

[24] X. Weron and M. Kotulski, “On the equivalence of the parallel channel and the
correlated cluster models”, J. Stat. Phys., Vol. 88, pp. 1241-1256, 1997.

[25] A. Jurlewicz and K. Weron, “A general probabilistic approach to the universal re-
laxation response of complex systems”, Cell. Molec. Biol. Lett., Vol. 4, pp. 55-86,
1999,

[26] A.Jurlewicz and K. Weron, “Infinitely divisible waiting-time distributions under-
lying the empirical relaxation responses”, Acta Phys. Pol. B, Vol. 31, pp. 1077-1084,
2000.

[27] J. Klafter and M. E. Shlesinger, “On the relationship among three theories of relax-
ation in disordered systems”, Proc. Natl. Acad. Sci. USA, Vol. 83, pp. 848-851, 1986.

[28] W. Feller, An Introduction to Probability and Its Applications, Vol. 1 and 2, Wiley, New
York, 1966.

[29] J. V. Bertelsen and A. Lindgard,"The interpretation of the general Debye function as
a distribution of relaxation times”, J. Polym. Sci., Vol. 12, pp. 1707-1709, 1974,

[30] C.P Lindsey and G. P. Patterson, “Detailed comparison of the Williams-Watts and
Cole-Davidson functions”, J. Chem. Phys., Vol. 73, pp. 3348-3357, 1980.

[31] E Alvarez, A. Alegria and J. Colmenero, “Relationship between the time-domain
Kohlrausch-Williams-Watts and frequency-domain Havriliak-Negami functions”,
Phys. Rev. B, Vol. 44, pp. 7306-7312, 1991.

[32] E Alvarez, A. Alegria and J. Colmenero, “Interconnection between frequency-
domain HN and time-domain KWW relaxation functions”, Phys. Rev. B, Vol. 47,
pp- 125-130, 1993,

[33] F Alvarez, A. Alegria and J. Colmenero, “A new method for obtaining distributions
of relaxation times from frequency relaxation spectra”, J. Chem. Phys., Vol. 103,
Pp- 798-806, 1995.

[34] M. O. Vlad and M. C. Mackey, “Generating functional approach to multichannel
paralle] relaxation with application to the problem of direct energy transfer in frac-
tal systems with dynamic disorder”, J. Math. Phys., Vol. 36, pp. 1834-1853, 1995.

[35] N. L. Johnson and S. Kotz, Distributions in Statistics: Discrete Distributions; Distri-
butions in Statistics: Continuous Univariate Distributions 1, 2, Wiley, New York, 1969,
1970.

[36] Y. Viniotis, Probability and Random Processes for Electrical Engineers, McGraw-Hill,
Boston, 1998.

[37] A.1 Saichev and W. A. Woyczynski, Distributions in the Physical and Engineering Sci-
ences, Birkh4uset, Boston, 1997.

This paper is based on a presentation given at the 6th International Conference
on Dielectrics and Related Phenomena, Spata, Poland, 6-10 September 2000.

Manuscript was received on 7 September 2000, in final form 6 December 2000.



