
QUARTERLY OF APPLIED MATHEMATICS
VOLUME LIX, NUMBER 3
SEPTEMBER 2001, PAGES 441-458

ENERGY DECAY
FOR HYPERBOLIC THERMOELASTIC SYSTEMS

OF MEMORY TYPE

By

LUCI HARUE FATORI (Department of Mathematics, Universidade Estadual de Londrina,
86.051-990 Londrina-PR, Brazil)

JAIME E. MUNOZ RIVERA (National Laboratory for Scientific Computation, Dept. of Applied
and Computational Mathematics, Rua Getulio Vargas 333, Quitandinha 25651-070, Petrdpolis RJ,

Brasil, and IM, Federal University of Rio de Janeiro)

Abstract. In this paper we study the hyperbolic thermoelastic system, which is
obtained when, instead of Fourier's law for the heat flux relation, we follow the linearized
model proposed by Gurtin and Pipkin concerning the memory theory of heat conduction.
In this case the thermoelastic model is fully hyperbolic. We show that the linear system
is well posed and that the solution decays exponentially to zero as time goes to infinity.

1. Introduction. In this work we study the asymptotic behaviour as time goes to
infinity of solutions of the thermoelastic hyperbolic system. In the classical linear theory
of thermoelasticity, Fourier's law is used to describe the heat conduction in the body.
This theory has two principal shortcomings. First, it is unable to account for memory
effect which may prevail in some materials, particularly at low temperatures. Secondly,
the corresponding parabolic part of the system predicts an unrealistic result, that a
thermal disturbance at one point of the body is instantly felt everywhere in the body.
These observations lead one to believe that for materials with memory, Fourier's law is
not a good model and we have to look for another more general constitutive assumption
relating the heat flux to the material thermal history.

The model we study here is related to the following linearized constitutive equations:
rOO

cr(x,t) = ae(x,t) — / g(s)s(x,t — s) ds — ca6(x,t),
Jo

poo

q(x,t) =—Ko9x(x,t) — / k(s)0x(x,t — s) ds,
Jo

e(x, t) = cu8(x, t) + aux(x, t),
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where a is the axial stress, £ = ux is the deformation, q is the heat flux, e is the internal
energy, and 9 is the temperature difference from the reference value. The memory kernels
g and k are assumed to be regular functions decaying to zero as time goes to infinity. So,
the corresponding motion and balance energy equations are given by

p0utt - diver = 0,

et + div q = 0,

and assuming po = cu = c = 1, we obtain the following system:

utt-auxx+ / g(t - t)uxx(-,t) dr + a9x = 0,
•J — CO

0t + KoQxx- / k(t - t)9xx(-,t) dr + auxt = 0.
' —CO

When Kq = 0 and k > 0 the heat flux relation was proposed by Gurtin and Pipkin [6].
In this case the heat conduction is independent of the present values of the temperature
gradient. When Kq > 0 and k > 0 the heat flux relation was proposed by Coleman
and Gurtin [1]: in this model the heat conduction depends on the present values of the
temperature gradient. Note that when k(t) = 0 and Kq > 0 the heat flux relation reduces
to Fourier's law.

Let us describe briefly some related results. Concerning the viscoelastic system (with-
out temperature) we have the work of Dafermos [2]. He proved that the solution of the
viscoelastic system goes to zero as time goes to infinity without giving explicit rates of
decay. Lagnese in [7] considered the linear viscoelastic plate equation obtaining uniform
rates of decay for the solution but introducing additional damping terms acting on the
boundary. Uniform rates of decay for isotropic viscoelastic materials which occupy the
whole M3 were obtained by Dassios [3], provided the relaxation kernel is an exponential
function. Dassios's work was improved in [12, 14] for bounded and unbounded viscoelas-
tic materials with relaxation function which may decay exponentially or polynomially.
For bounded materials the rate of decay of the solution is the same as the rate of decay
of the relaxation function, while for materials that occupy the whole space, the rate of
decay is like (1 + t)~q, where q depends on the rate of decay of the relaxation function
and the dimension of the space. Concerning the thermoviscoelastic model (k = 0) we
have the work of Liu and Zheng [8] who proved the exponential stability of the semi-
group associated to the system. For the n-dimensional case, see Rivera [10]. Finally,
when k(t) > 0 and Kq > 0, Giorgi and Naso [5] proved also the exponential decay of the
solution. Here we will study the following model:

utt - auxx + a9x = 0 in (0, L) x M+, (1.1)

0t - k * 9XX + auxt = 0 in (0, L) x R+, (1.2)
u(x, 0) = uo(x), ut(x, 0) = ui(x), 9(x,0) = 9o(x),

with the following boundary condition:

u{0, t) = u(L, t) = k * 0(0, t) = k * 9(L, t) = 0 V< > 0.
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Note that the above boundary condition implies the Dirichlet boundary condition for 6
provided 9 € Hl(Q,L). For simplicity we consider that the initial past history is fixed
and is equal to zero,

6(x,t) = 0, \/t < 0~.

By * we are denoting the convolution product, that is, k*g(-: t) = k(t — T)g(-, r) dr.
The system (1.1)—(1.2) is obtained when we consider the memory effect only due to
the temperature following Gurtin-Pipkin's model [6]. In this case the model is fully
hyperbolic which, in particular, implies the finite speed of propagation of the thermal
disturbances and is physically more realistic. From the mathematical point of view, this
system is also more interesting than the usual thermoelastic model following Fourier's
law, and more interesting than the thermoviscoelastic model of memory type. This is be-
cause the dissipation produced by Gurtin-Pipkin's model is weaker than the dissipation
in classical thermoelasticity and also weaker than the dissipation produced by thermo-
viscoelastic materials, which has a damping term due to the stress memory and another
because of the temperature. So, in our model, we remove the dissipation given by the
stress memory and we only consider the dissipation due to the memory of the heat flux.
So, we may ask under such conditions, whether the dissipation produced by the memory
of the heat flux is strong enough to produce exponential decay of the solution.

The main result of this paper is to show that the solution of system (1.1)—(1.2) decays
exponentially as time goes to infinity provided the kernel k is positive definite and also
decays exponentially to zero.

The main difficulty in showing the exponential decay is that the dissipation does not
depend on the present values of the heat flux. The boundary condition also plays an
important role. When we apply the multiplicative technique, the Dirichlet boundary
conditions for both the displacement and the difference of temperature, introduce point-
wise terms, which are not possible to estimate using standard Sobolev's inequalities.

Unfortunately, the method used to achieve uniform rates of decay in the aforemen-
tioned works is based on the estimates of the present values of the temperature gradient
or second-order estimates of the stress memory. Thus, the methods that have been used
for establishing uniform rates of decay to thermoelasticity and viscoelasticity, fail in the
case of materials with thermal history and a new asymptotic technique has to be devised.

To overcome the above difficulties we use some boundary inequalities to the wave
equation, together with some technical ideas involving positive definite kernels. We also
introduce two new multipliers (see (4.9)-(4.10) below) which will help us to get the
required estimate.

The remaining part of this paper is organized as follows. In section 2 we justify
the hyperbolicity of the thermoelastic system. In section 3 we prove the existence and
uniqueness of weak solutions and finally, in section 4 we prove that the solution has an
exponential decay.

2. The thermoelastic hyperbolic system. In this section we will show that sys-
tem (1.1)—(1.2) has a hyperbolic behaviour. To do so, we will assume that a and fc(0) are
positive constants. Let us differentiate equation (1.2) with respect to the time; therefore,
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we have

k{0)6xx k * 0Xx — @tt Q'U'xtt'

Using Volterra's resolvent kernel we can rewrite the above equation as

@xx = TTn\{®tt "f" Ot^xtt} ~\~ I * {@tt ~t~ Q'U'xtt}•>k{ 0)
where k(0)l is the resolvent kernel of k/k(0) and is given by the solution of

+ k'"--w>
and, performing an integration by parts, we get

@xx = j /n\ {@tt "f" Q^xxt} ~f~ ̂(0){^£ "f"k(0)
— l(t){9t(-, 0) + auxt(-, 0)} + I' * {9t + oiUxt}-

Thereby we have that

@tt ^(O)^XX ~t~ Q'U'XXt   f )

where

/ = + oiuxt} + 10) + otuxt(-, 0)} — I' * {6t + auxt}-

Differentiating equation (1.1) and denoting by v = ut we get that the couple (v,9)
satisfies

Vtt &VXX ~t~ CH@xt — 0? (^'^)

@tt ~ k(0)9xx + oivxt = f ■ (2.2)

Since / has only first-order derivatives in v and 8, we consider / as data. In fact, let
us suppose we are given the values v,vx,vt,0,6t,0x on a curve 7. Thus, for 7 given
parametrically by

x = f{s), t = g(s),

we prescribe in 7 the Cauchy data,

v = h\(s), vx = ipi(s), vt = ipi (s),

0 = h2{s), Ox=ip2(s), et=ip2(s).

Therefore, additionally to system (2.1)—(2.2), the second-order derivative of v and 6
satisfies:

Vxxf "f" Vxt9 =

Vxtf + vttg' = tp'i,

9xxf "I- 9xt9 — ̂ P2i

6xtf' + Qttg' = V4-
So, we can rewrite the above system in the following form:

AU = T
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where

/1 0 0 a — a 0 \

A =

( vtt\

U

Vtt

Vxt

9xt
Vxx

\@xx J

T -

(0 \
f

<p'l

fx
V>2w

0 1 a 0 0 —/e(0)
o 0 g' 0 /' 0
g' 0 /' 0 0 0
0 0 0 g' 0 f

\0 g' 0 /' 0 0 /
After some calculations it is not difficult to see that

det(.4) = -(/')4 + (fc(0) + a + a2)(/V)2 - ak(0)(g')4.

Therefore, a characteristic curve will satisfy

(.dx)4 - (fc(0) + a + a2)(dtdx)2 + ak(0)(dt)4 = 0,

and since

(fc(0) + a + a2)2 - 4afc(0) = (fc(0) - a)2 + 2(fc(0) + a)a2 + a4 > 0,

for any a, we conclude that system (1.1) (1.2) is of hyperbolic type.

3. Existence and regularity. In this section we prove the existence and regularity
of weak solutions of the hyperbolic thermoelastic equation with memory. Let us introduce
the following space:

W = {w e H\0, L); w(0) = w(L) = 0}.

To simplify our analysis let us define the binary operator

kDv(t) = f k(t — t) f \v(x,t) — v(x,t)\2 dx dr.
Jo Jo

Under this notation we have

Lemma 3.1. For any v € <^([0, T]; H1(0, L)) and 77 € C1(R),

[ ( r/(t — t)v(x,t) drvt(x,t) dx = —-r](t) f \v\2 dx +-r/'Ov

Proof. To show the above identity, it is enough to differentiate with respect to time
the expression r]Ov. □

The definition of weak solution we use in this work is given as follows.
Definition 3.1. We say that the pair (u, 9) is a weak solution of the system (1.1)-

(1.2) if

«6C([0,r|;W)nC1([0,I1;L2(0)L)),

deC([0,T};L2(0,L)),
k*de L2([0,T}-,W),
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and satisfies the following identities:
pT />L rT nL rT rL

/ / u$tt dx dt + a / / ux$x dxdt — a / 0$x dx dt
Jo Jo Jo Jo Jo Jo

nL flj
= — I uo(x)^>t(x, 0) dx + / ui(x)$(x, 0) dx

Jo Jo
rT />L pT nL r>T pL

— / 9$tdxdt+ / / k * 6X<&X dxdt — a / / ut$xdxdt
Jo Jo Jo Jo Jo Jo

= f 9o(x)$(x, 0) dx
Jo

for any $ G C2([0,T}-W) such that $(•,T) = $t(-,T) = 0.
Let us introduce the energy functions

E(t',v,<p) -=\ j [\vt\2 + a\vx\2 + \ip\2)dx,

1 fL
F(t;v,<p):=- J [\vtt\2 + a\vxt\2+ \pt\2 + k{t)\Px\2 ~ k'0<Px]dx,

and let us denote by {wj € W;j G N} an orthonormal basis of W such that —WjtXX =
XjWj.

The following lemma will play an important role in the sequel.

Lemma 3.2. Let us suppose that k G L1(M+) is a strongly positive definite kernel satis-
fying k' G L1(R+); then we have

/ \k * y(r)\2 dr < (3qK / k * y{r)y(r) dr
Jo Jo

for any y G L11oc(R+) where K = \k\\ + A\k'\\ and /?o > 0 is such that the function
k(t) — /3oe_t is a positive definite kernel.

Proof. See [15]. □
In these conditions we are able to prove the following theorem.

Theorem 3.1. Let us suppose that the initial data satisfies (uoiMi^o) G W x L2 x L2.
Then there exists a unique weak solution for (1.1)—(1.2). Moreover, if we take the initial
data

w0 G 0, L) n W, ui G W, 0Q G W,

then the solution satisfies

u G C([0, T]; H2(0, L) n W) n C1 ([0, T]; W) n C2([0, T]; L2(0, L)),

0GC([O,r];H/)nC1([O,T];L2(O,L)).

Proof. Our starting point is to construct the Galerkin approximation um and 9m of
the solution. Let us denote by

m m

3=1
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where the functions gjiTn and hjtm are given by the solution of the approximated system,

pL pL pL
/ u^Wj dx + a u™WjX dx — a O^Wj^ dx = 0, j = 1,..., m, (3-1)

Jo Jo ' Jo
pL pL pL
/ 9™Wjdx+ / k*6™Wj,xdx — a / u™WjtX dx = 0, j = (3.2)

Jo Jo ' Jo
Um(; 0)=U0,m, «T(-,0)=«limi 9m(-,0)=6O,m,

and

^0,771

j "j m ( "j

y / uoWjdx\wj, u\ m = s / U\Wj dx > Wj,
j=i l7° J ' i=i l7° J

<9o,m = ^ j J OqWj cte j Wj.

The existence of the approximated solutions um and 9m is guaranteed by standard results
on ordinary differential equations. Our next step is to show that the approximated
solution remains bounded for any m > 0. To this end, let us multiply equation (3.1) by
h'j m and (3.2) by Summing the product result in j we arrive at

jtE(t-,um,9m) = -k* 9™9™dx.

Integrating from 0 to t the above relation and using Lemma 3.2 it follows that

E{t-,um,6rn)+C0 f [ \k*e™\2dxdr < E(0;um,9m). (3.3)
Jo Jo

Prom our choice of Uo,m,Ui,m, and #0,m it follows that

{u™,u?,9m) is bounded in L°°(0,T;L2(0,L)), (3.4)

k*9™ is bounded in L2(0, T; L2(0, L)). (3.5)

Let us denote Um = um — un and 0m = 9m — 9n with m > n. We may rewrite the
sequences un and 9n as

m m

«"M) = "52 hj,nit)™j(-)> 0n{-,t) = 0.
j=1 j=1

where

hj,n(t) = ghn{t) = 0, n < j < m.

Using similar arguments as above we can show the corresponding inequality (3.3) to
{Um, Om}. This implies that {um} and {9m} are Cauchy sequences in C1(0, T; L2(0, L))l~l
C(0, T; i?1(0, L)) and C(0, T; L2(0, L)), respectively. Multiplying equations (3.1) and
(3.2) by ip G C1([0,T]) such that <p(T) = <ft{T) = 0 and performing an integration over
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[0,T] we have

rT rL rT rL rT rL
umWjipadx dt + a / / u™Wj Xipdxdt — a / / 9mWj^x<p dx dt

J 0 Jo J 0 Jo

= / UitmWjip(0) dx + / UO,mWjipt{0) dx
Jo J 0

rT rL rT rL rT rL

— I / dmWj<pjdxdt+ / / k * 6™WjtXipdx dt — a / / u™Wj,x<pdx dt
Jo Jo Jo Jo Jo Jo

= / 0O,mWjip(0) dx.
Jo

From (3.4), (3.5) and using the density of the set {wj(fj4,j G S C1([0,T])} in
C1([0, T]; W) we conclude that (u, 0) is a weak solution of the system (1.1)—(1.2), where
(u, 9) are obtained by taking the limit when m —> oo. The uniqueness follows by standard
methods for hyperbolic equations. To show the regularity let us differentiate equations
(3.1) and (3.2) with respect to time to get

rL rL rL

/ u™tw3 dx + a j u™Wj,x dx — a 6™Wj,x dx = 0, (3.6)
Jo Jo ' Jo

rL rL rL rL

/ dx + k(0) / 6™u)jtX dx+ k' * 0"KwhX dx + a u™uwj dx = 0. (3.7)
Jo Jo Jo Jo

Multiplying equation (3.6) by h"rn and (3.7) by g'j rn and using similar arguments as
above our conclusion follows. □

4. Uniform rate of decay. In this section we show that the solution of the system
(1.1)—(1.2) decays exponentially as time goes to infinity. The method we use here is
based on the construction of a functional C(t) equivalent to the first-order energy whose
derivative is negative proportional to itself. Here we will assume that k and —k' are
positive definite kernels satisfying

k\k"eC\K+), (4.1)

f k'*tp<pdt<—C [ k*ip<pdt. (4-2)
Jo Jo

The above inequality is satisfied for any function k that is the sum of exponential func-
tions with varying rates of decay. Since the kernel k decays exponentially, we take 7 > 0
small enough such that there exists £ > 0 satisfying

k(t) := eytk(t) < Ce~£t.

Let us denote v(x,t) = u(x,t)eyt and <p(x,t) = 9(x,t)e'yt. Then

Vt = Uteyt + 7 ue7< = Ute+ 71;,

vtt = u«e7t + 7Ufe7< + 7ute7t + 72ueit = wite7t + 2^vt - -y2v,

(fit = 0te7t + 7 if,

k * fxx — 67 {k* 9XX).
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From the above identities it is easy to see that the pair (v, tp) satisfies

Vtt &Vxx CX'px — R> (4*^)

tpt k * ^pxx ~t~ 0/.VXt — (^"^)

where R and S are given by

R := 27vt — 72i>,

5 := 7<yj + a-yvx,

with v and ip satisfying the same boundary conditions and initial values as in system
(1.1)—(1.2). Let us introduce the energy function

E{t\v, <p) := ^ J [\vt\2 + a\vx\2 + \tp\2}dx.

So, to show the exponential decay of the couple (u, 6) it is enough to show that E(T, v, <p)
is bounded. To this end, we start with the following Lemma.

Lemma 4.1. Let us suppose that the initial data satisfy

u0 e H2{o, L) n W, Ml e w, o0 e W.

Then we have

£
dt

nL pL

E{t; v,<p) < — / k*ipx(pxdx + cy {\vt\2 + \vx\2 + \(p\2) dx.
Jo J o

Proof. Multiplying equation (4.3) by vt and equation (4.4) by tp and integrating from
0 to L, we get

d
dt

pL r>L

E(t; v, ip) = — / k * tpxtpx dx+ (Rvt + Stp) dx. (4.5)
Jo Jo

After applying Holder's inequality and Young's inequality we have

rL „ -3 fL
[ Rvtdx [ \vt\2dx+~- [ \vx\2dx,

Jo "Jo * Jo

[ \ip\2dx+ f \vx\2dx.
Jo z Jo

rL
Sip dx -Y

Thereby, our conclusion follows. □
To get — Jq \ip\2 dx and — \vx\2 dx we will use the following lemma (note that

jfe(0) = fc(0)).



450 LUCI HARUE FATORI and JAIME E. MUNOZ RIVERA

Lemma 4.2. With the same hypotheses as Lemma 4.1 we have

d rLi m "L
dt I k * (pipdx < ——7— f M2dx + C f \k * ipx\2 dx + C f \k' * tpx\

10 4 J g J Q J Q
dx

d
dt 'o

rL rL

— a vtk*ipxdx— / S(k*tp)dx, (4-6)
J o Jo

cL a rL rL a2 rL
vvt dx < -- / \vxfdx+ / \vt\2dx+— / \ip\2 dx

* Jo Jo Jo

+ 7cf {\vt\2+ \vx\2)dx. (4.7)
Jo

Proof. Multiplying equation (4.4) by —k * ip and integrating from 0 to L we have

rL rL

/ (<pt - k * <pxx + avxt)(-k * <p) dx = - / S(k*ip)dx. (4.8)
Jo Jo

Note that

— f (ftk*(pdx=^- f (p(-k*(p)dx-\-k(0) f \(p\2 dxf k'*(fLpdx,
Jo dt Jo Jo Jo

rL rL

/ k * *p)dx = - \k* (fx|2 dx,
Jo Jo

rL rL
a

r L/ rJb

/ vxt(—k*<p)dx = a / Vtk*ipxdx.
Jo Joio Jo

On the other hand, from (4.3) we have

rL rL rLd_
dt

r±j rLi r Ju

/ vvtdx= / \vt\2 dx-\- / Wttdx
Jo Jo Jo

rL rL rL rL

= / \vt\2 dx + a / vvxx dx — a / v<pxdx-\1- / Rv dx
Jo Jo Jo Jo

< J I'Utl2 dx - ^ J \vx\2dx+^J \ip\2dx

+ 7(1 + cp) [ (\vt\2+ \vx\2)dx.
Jo

The proof is now complete. □
Let us introduce the multipliers q and given by

-fc = vt in (0,L) x M+, (4.9)
<7(0, t) = q(L, t) = 0 in M+,

~wxx = <p - Tp in (0, L) x R+, (4-10)

wx(0, t) — wx(L, t) = 0 in R+,
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where <P = j; f0 <pdx. We easily get

WqxWm < {cP + 1) [ \vt\2dx, (4.11)
JO

pL nL

/ \wx\2 dx < c / \ip\2 dx. (4-12)
Jo Jo

In this condition we have

Lemma 4.3. With the same hypotheses as Lemma 4.1 we have that for any (v, <p) and
any 5 > 0, there exist C$ > 0 such that

rT rT i>L pT pL

/ \\<1x(-,t)\\2 s dt < 6 / (\vt\2+ \<p\2+ \vx\2)dxdt + C5 / \k * <px\2 dx dt.
Jo Hl Jo Jo Jo Jo

Proof. We reason by contradiction. Let us suppose that there exists a sequence
and 5q > 0 such that

rT T L T L

Jo hx{',T)\\2Hidt>5oj^ (Kl2 + l^l2 + \v"x\2)dxdt + vj j \k * ipx\2 dx dt,

where

I K(;T)\\2H,dt = l. (4.13)

It follows that

vf,<pu,vx are bounded in L°°(0, T; L2(0, L)) (4-14)

and also that

k * ipx —■► 0 strong in L2(0, T; i2(0, L)). (4-15)

Prom (4.14) we have that there exist (vt,tp,vx) such that

(vt,<P,vx) in [L2(0,T;L2(0,L))]3.

The above convergence together with (4.15) implies

k * <px —> k * (px — 0.

Since k * ip satisfies Dirichlet boundary conditions, we have that k * ip = 0 and, using
Volterra's resolvent, we conclude that <p = 0. On the other hand, since — qxx = from
(4.14) it follows that

qx,q% is bounded in L2(0, T; i?1(0, L)).

Applying Lions-Aubin's Theorem (see [9], Theorem 5.1, p. 58) we conclude that

qx -> qx strong in L2(0,T; H3(0, L)). (4-16)

Prom (4.13) we have

/ \\<1x(-,t)\\:l 3 dt = 1. (4.17)
Jo H 4

Using (4.4) and since v satisfies Dirichlet's boundary condition we have that

vxt = lvx => vx(x, t) = vx(x, 0)e7t => v(x, t) = v(x, 0)e7t.
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Using (4.3) we have that

— 0.

Since v satisfies Dirichlet's condition we conclude that v = 0. Therefore we have that

in L2(0,T; L2(0,L)3).

Finally, since —qxx = v\ from (4.16) we conclude that qx = 0. But this is contradictory
with (4.17). The proof is now complete. □

Lemma 4.4. With the same hypotheses as Lemma 4.1 we have that

(•L „ rL „ „ rL /o„ \ rLd
dt J0 qxpdx<-^J \yt\2 dx + ^ \Vx\2dx+ +a) J \ip\2 dx

+ gj^/Q) {l^ * ')|2 + * fx(0,t)\2} +  ^3

+ 2^ I | k * ipx\2 dx + erf [ (\vt\2 + \yf + \vx\2)dx
Jo Jo

where u>i is the embedding constant of H->(0,L) L°°(0, L) and c\ is a constant that
does not depend on 7.

Proof. Note that

— j qxip dx = J qxtipdx + J qxiptdx (4.18)
rLj f Lj rJu 0L1

/ qxtfdx+ / qxk * ipxx dx + / qxvxtdx+ / qxS dx .
Jo Jo Jo Jo

h h h

Recalling the definitions of w, v and q we have
rL rL

h = / Qa:t(<P — ~0)dx = — I qxtwxx dx

rL
0

rL/ r Lj

= / qxxtWx dx = - VttWx dx.
Jo Jo

Using equation (4.3) we arrive at

rL rL rL

Ii = —a / vxxwx dx + a (fxwx dx — Rwx dx
Jo J 0 J 0

rL rL rL

= a I vxwxx dx — a tpwxx dx — Rwx dx
Jo Jo Jo

rL rL rL

=—a / vx(ip — lp) dx + a / ip(ip — Tp)dx— / Rwxdx
Jo Jo Jo

L L f L \ ^
= —a / vxtpdx + a |</p|2 dx — a I ipdx J — I

Jo Jo \Jo J Jo
Rwx dx.
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rL nL

/ Rwxdx= / (2'yvt — r)2v)wx dx (4-19)
Jo J o

< H [ (K|~ + |</?|2 + \vx\2) dx,
Jo

aa fL, ,9 , 8 a fL1 ,,
— / \vx\ dx + — \ip\ dx. (4.20)
32 Jo a Jo

L
a I vxifdx

o

We conclude that

rLaa . ,9

A£3j/0 W dX+(ja^+a)J0 2dx + c^J (\Vt\2+ \(P\2+ \vx\2)dx-

Now we consider the term I^'.

I2 = qxk * (fixlo ~ / qxx ~k*Vxdx
Jo

<hx(-,t)\\Lao{\k*<px(L,t)\ + \k*<px(0,t)\}+ / vtk*<pxdx
Jo

<ui\\qx(-,t)\\Hii{\k*ipx(L,t)\ + \k*(px(0,t)\} + J vtk*ipxdx.

Applying Holder's inequality and Young's inequality in the last expression we have

Wj8fc(0) 2 aLIi <

+ §/ K't|2dx + ^ J \k*(px\2dx.

Recalling the definition of g we conclude that .Z3 satisfies

e if ms
JO

rL
h = -a I \vtY dx.

Finally, we have that

pL pL
h= qx(w + alvx)dx < cry / (|i>t|2 + M2 + \vx\2) dx.

Jo Jo

Taking the summation of the functions Ii our conclusion follows. □
One of the main difficulties in proving the exponential decay is to estimate the point-

wise terms k * <px(0,t) and k * ipx(L,t). We overcome this problem using the following
lemma.
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Lemma 4.5. With the same hypotheses as Lemma 4.1 we have that

d_
dt Ti(t) < fc(0) j \ip\2dx- ^ ||fc* ipx{L,t)\2 + \k*ipx(0,t)\2}

+ C f \k * ipx\2 dx + f \vt\2 dx + k(0)a f \vx\2 dx
Jo 2 J o J o

k(0)aL
{\vx(L,t)\2 + \vx(0,t)\2}+cyJ (\vt\2 + \ip\2 + \vx\2 + \k * ipx\2) dx,

where Ti(t) = — fg (x — j){<pk * <px + av^k * (px + k(0)vxvt} dx.

Proof. Multiplying (4.4) by (x — U)k * ipx we get

k*tpxdx- j k* ipxx [ x - - ) k * ipx dx
o

h

xf Vxt yx - k * ipx dx = J S ^x - ^ ) k* (fix dx. (4.21)

h

2

Now we consider each term II. We have

h = ^ J (p (x - ^jk * tpx dx - J ip ̂ x - k(0)<px dx - J tp (x - k1 * <px dx

= ij0 I
- J ip k' * tpx dx

dItJ v(x- k * ipx dx + J \<p\2 dx - J <p(x-^yk'*<px.dx,dt

h=-\L
=-^ [\k*<px(L,t)\2+ \k*ipx(0,t)\2}+ ^ j \k*ipx\2dx,

J vx (x - k * ipx dx - a J vx(yX —^j k(0)<px dxh = adt

a J vx yx - ^ j k' * <px dx.
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From (4.3) we have

J8 = k(0) J Vx(x- vtt dx - k(Q)a J vx vxx dx

- k(0) J vx(x- ^ Rdx

^(°)a f (x _ £) jL\Vx\l dx - k(Q,)jT ̂  fx - ^ Rdx
2 J dx

= fc(0)| £ v, (z ^ r, dr i M £ \vt\2 dx

k(0)aL
4

+ fc(0)ffl y |^|2dx _ fc(0) y ^x - ^ ) i?dx.

On the other hand, we have

{|vx(L,t)|2 + |fx(0, i)|2}

fc(0) [
Jo

fL f L\f. , fc(0)a [L l2, L2(50 /'Llf ,2,a I vx\ x A; * <£>,. dx <   / w,. ax H ^  / fc * <pJ ax,
io I 2 7 ^ " 2 i0 1 11 8afc(0) Jo ' '

J ip (^x — k'* ipx dx < J \<p\2 dx + C J \k*ifx\2dx.

Using the above inequalities in (4.21) our conclusion follows. □
The exponential decay is summarized in the following theorem.

Theorem 4.1. Under the same hypotheses as Lemma 4.1, there exist positive constants
Cq and 7 such that

—itE(t; u, 8) < CoE(0; u, 9)c

Proof. Consider e = . Then ek(0) < From Lemmas 4.4 and 4.5 we have

_d
dt J qxipdx + eTi(t) 1 < j" \vt\2 dx + ^ j \vx\2 dx (4.22)

+ + (~ + ~ + e^°)) I \v\'dx
fL

|2+ C I |k* <px\ dx
Jo

+ C7 / (H2 4- |<p| + IueI2 4- |fe * <px|2)
Jo
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where C = c(a, L, k(0),So)- Let us introduce the functional

£1 (t) — / qxipdx + eTi(t) + j / vvtdx.
Jo 4 Jo

From inequalities (4.22) and (4.7) we get

d_
dt4^i(t)<~J \vt\2dx-^J \vx\2dx + noj \tp\2dx (4.23)

+ C' [ \k*(px\2dx+ 8Ulk^ \\qx(-,t)\\2 *
Jo H 4

+ C7 [ i\vt\2+ \vf + \vxf+\k*(px\2)dx,
Jo

where Mo = {^f + + ek(0) + f^}- Note that

fL t , k(0)a fL l2 , 20/i0o: fL lf l2 ,a / Vtk*wxdx < —— / \vA dx -\—;  / \k * ipx \ dx.
Jo 80/xo Jo k(0) Jo

Using the above estimate in (4.6) from Lemma 4.2 it follows that

pL l/r\\ rL rL

dt1/ lVtfdx
rL n L

+ c \k* <px\2 dx + C7 / (|t>*|2 + Ifzl2 + |(/?|2 + |fe * v^l2) dx. (4.24)
J 0

Let us write
rL

T{t) = (0 - I k * ipip dx.
fc(O) Jofc(0) Jo

From (4.23) and (4.24) we get

rL
< -ho [ (\<p\2 + \vt\2 + \vx\2) dx + C [ Ik*ipx\2dx

Jo Jo

+ 8^(0) ||^(.,t)||2 +7C / (\vt\2 + \<p\2 + \vx\2 + \k*ipx[2)dx, (4.25)iM||0 f. t)l|2 rL

where ko — min{^, f|, ff }• Finally, we consider the functional

C{t) = F(t) + NE(t\v,tp).

From Lemma 4.1 and inequality (4.25) it follows that

~C(t)<-k0[ \ip\2 + \vx\2 + \vt\2 dx + C [ \k * ipxl2 dx
d* Jo Jo

]-\\<lx(-,t)\\2 3 - N f k*ipxipx.dx +Nc-y [ (\vt\2 + \vx\2 + \ip\2) dx
H4 Jo Jo

8wffc(0)|u f ^||2
aL

+ c-y f (\vt\2 + \vx\2 + \ip\2 + |k * <px|2) dx.
Jo
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Integrating from 0 to T the above relation, using Lemma 3.2 and the inequality

pT pL pT pL pT pL
/ / \k' * <^|2 dxdt < — C / / k'* pipdx dt < Co / / k * ipipdxdt,

Jo Jo Jo Jo Jo Jo
it follows that

rT rL

£(T) - £(0) < -kQ [ [ (\tp\2 + \vx\2 + \vt\2) dx dr
Jo Joto Jo
N ^ rT rL

K(30
2 wrA rT

— C) I f \k*(fix\2dxdr
Jo Jo

8u(k(0) f 2+ ̂ t.L h'^rKidr

+ Ncyf f (\vt\2 + \vx\2 + \<p\2)dxdr
Jo Jo

+ c7 [ [ (H2 + \i>x\2 + l^l2 + \k * <px\2) dx dr.
Jo Jo

From Lemma 4.3 we have that
CT rL

C(T) - £(0) < -k0 [ [ (\ip\2 + \vx\2 + \vt\2) dxdr
Jo Jo

Csj J J \k*ipx\2dxdrN Scufk(0)o —

+

\K/30 aL

8uj2k(0) rT rL
aL 5 J J \vt\2 + \vx\2 + \<p\2 dx dr

+ Ncyf f \vt\2 + \vx\2 + \ip\2 dx dr
Jo Jo

n[ [ \vt\2 + \vx\2 + \<p\2 + \k * <px\2dxdr.
Jo Jo

Choose <5 > 0 such that 6 < ^. Taking N large enough and 7 sufficiently small
we conclude that

£(T) - £(0) <[ [ \ip\2 + \vx\2 + \vt\2 dxdr < 0, (4.26)
z Jo Jo

which implies

C{T) < £(0).

Repeating the above integration from 0 to nT with n e N we conclude that

C(nT) < £(0). (4.27)

Observe that there exist positive constants Co and ci satisfying

coe~2'ytE(t; u, 0) < C(t) < de"2^E(t; u, 0). (4.28)
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Since any number t > 0 can be written t = nT + r where r < T and E(t;u,9) is a
decreasing function, then from (4.28) and (4.27) it follows that there exists a positive
constant Co such that

E(t; u, 6) < E(nT; u, 9) < -e-27nT£(nT) < C0e~2^nT E(Q- u, 9).
Co

Since t < 2nT, we have

E{t\ u, 9) < Coe_7t£'(0; u, 9).

The proof is now complete. □
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