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Energy dissipation rate and energy spectrum in high resolution direct
numerical simulations of turbulence in a periodic box
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High-resolution direct numerical simulations~DNSs! of incompressible homogeneous turbulence in
a periodic box with up to 40963 grid points were performed on the Earth Simulator computing
system. DNS databases, including the present results, suggest that the normalized mean energy
dissipation rate per unit mass tends to a constant, independent of the fluid kinematic viscosityn as
n→0. The DNS results also suggest that the energy spectrum in the inertial subrange almost follows
the Kolmogorovk25/3 scaling law, wherek is the wavenumber, but the exponent is steeper than
25/3 by about 0.1. ©2003 American Institute of Physics.@DOI: 10.1063/1.1539855#
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Direct numerical simulation~DNS! of turbulent flows
provides us with detailed turbulence data that are free fr
experimental ambiguities such as the effects of using T
lor’s hypothesis, one dimensional surrogates, etc.1 However,
the degrees of freedom or resolution necessary for DNS
creases rapidly with the Reynolds number. The maxim
resolution is obviously limited by the available computin
memory and speed. To date, DNSs of incompressible tu
lence using spectral methods have been limited to a m
mum of 10243 grid points.

The recently developed Earth Simulator~ES!, with a
peak performance and main memory of 40 TFlops and
TBytes, respectively, provides a new opportunity in this
spect. We recently performed a series of DNSs of inco
pressible turbulence that obeys the Navier–Stokes equa
using an alias-free spectral method and up to 40963 grid
points on the ES. This Letter reports some of the results w
a special emphasis on the mean energy dissipation rat^e&
per unit mass and the energy spectrumE(k).

The numerical method used for the DNS is similar
that reported in our previous studies.2,3 In particular, the total
energyE was maintained at an almost time-independent c
stant (50.5) by introducing negative viscosity in the wav
number rangek,2.5. The minimum wavenumber of th
DNS was 1. A preliminary report of the DNS with an em
phasis on the parallel computing aspect was presente
Ref. 4.

We performed two series of runs, Series 1 and 2,
which the maximum wavenumberkmax and the kinematic
viscosityn were chosen so thatkmaxh;1 and 2, respectively
where h is the Kolmogorov length scale defined byh
5(n3/^e&)1/4. In each series, we first executed a low reso
L211070-6631/2003/15(2)/21/4/$20.00
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tion preliminary run (2563) using an appropriate random in
tial flow field. The preliminary run was continued until th
simulated field reached a statistically quasistationary st
judged by monitoring several one-point statistics. We th
reduced the kinematic viscosityn and started a new DNS
with twice the resolution in each direction, using the fin
state of the lower resolution DNS for the initial condition
We repeated this process until the resolution reached 403

or 20483. The conditions for each run are listed in Table
We used double precision arithmetic for all of the runs, e
cept Run 4096-1 in which we used single precision ari
metic for the time integration and double precision ari
metic for the convolution sums when evaluating t
nonlinear terms in wavevector space. Our preliminary tes
a resolution of 10243 suggested that the lower arithmet
precision has no significant influence on the energy sp
trum. Figure 1 shows the Taylor-scale Reynolds numberRl

versus timet.
DNS data may be used to answer some fundame

questions in turbulence research. Among these is a ques
about the normalized mean energy dissipation rateD
[^e&L/u83: ‘‘Does D tend to a constant independent of th
kinematic viscosityn in the limits asn tends to zero?’’ Here,
u8 is the characteristic velocity of the energy-containing e
dies given by 3u8252E and L is the integral length scale
defined by

L5
p

2u82 E k21E~k!dk.

The independence ofD from n for large Reynolds numbe
flows is a basic premise in the phenomenology of turbulen
its significance has been emphasized in the literature
noted by Sreenivasan.5 He examined the DNS data availab
© 2003 American Institute of Physics
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TABLE I. DNS parameters and turbulence characteristics att510 for Runs 256, 512, 1024, and 2048, and att52.15 for Run 4096.N is the number of grid
points in each direction of the Cartesian coordinates,Dt is the time increment, andl is the Taylor microlength scale.

N Rl kmax Dt(31023) n(31024) ^e& L l h(31023)

Series 1 Run 256-1 256 167 121 1.0 7.0 0.0849 1.13 0.203 7.97
Run 512-1 512 257 241 1.0 2.8 0.0902 1.02 0.125 3.95
Run 1024-1 1024 471 483 0.625 1.1 0.0683 1.28 0.0897 2.10
Run 2048-1 2048 732 965 0.4 0.44 0.0707 1.23 0.0558 1.05
Run 4096-1 4096 1201 1930 0.25 0.173 0.0668 1.17 0.0360 0.528

Series 2 Run 256-2 256 94 121 1.0 20 0.0936 1.10 0.326 17.1
Run 512-2 512 173 241 1.0 7.0 0.0795 1.21 0.210 8.10
Run 1024-2 1024 268 483 0.625 2.8 0.0829 1.12 0.130 4.03
Run 2048-2 2048 429 965 0.4 1.1 0.0824 1.01 0.0817 2.00
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in 1997, when the resolution and the simulatedRl had
reached 5123 and 250, respectively. Since then, the reso
tion as well asRl have increased substantially. Therefore
is of interest to revisit this question.

Before analyzing the data, it is important to note that
order to estimate theRl-dependence ofD, the simulation
time must be sufficient to avoid the transient effect. This w
stressed by Ishihara and Kaneda3 ~hereafter called IK!, who
examined the time dependence ofL, ^e&, andD using DNS
databases with resolutions of up to 10243. Figure 2 shows
the time dependence ofD in the present Series 1 DNS dat
bases. There is an initial transient period over whichD
changes rapidly that lasts up tot52. After that period,D is
quasistationary~except in Run 256-1 and Run 512-1!. Here,
since u8252E/3 and E50.5, one eddy turnover timeT
5L/u8 is about 2.0 for each run~see Table I!.

In the following, we use data at the final time step
each run. Note that due to the size of Run 4096-1, it co
only be run up tot52.15. Thus there may be stronger no
stationarity effects onD compared to the other runs.

Figure 3 showsD versusRl for the present Series 1 an
2 DNS data. Data from IK and from Sreenivasan,5 which
includes decaying turbulence6 forced turbulence with nega
tive viscosity3,6–8 and stochastic forcing,9,10 are also shown
for comparison. The figure suggests that the data form
groups whenRl,250, as noted by Sreenivasan.5 However,
the two groups merge together for largerRl , andD tends to
a constant that is almost independent ofRl , despite the dif-

FIG. 1. Taylor microscale Reynolds numberRl versus time.
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ferent run conditions. The constant is approximately
;0.5. WhenRl51201, the value is ('0.41) which is in
good agreement with recent experiments.11

The mean dissipation rate^e& is one of the key variables
in various turbulence theories, but it has also been arg
that turbulence statistics in the inertial subrange may be
ter described in terms of the energy fluxP(k) rather than̂e&
that is dominated by dissipation range statistics, where
flux P(k) is defined asP(k)52*0

kT(k)dk, andT(k) is the
energy transfer function. Spectral closure approximatio
support this view.

It is widely stated in the literature that in turbulent flow
at large Reynolds numbers,~i! there is a wide enough inertia
subrange in whichP(k) is constant and independent ofk,
~ii ! P(k) is almost stationary, and~iii ! P(k)5^e&. Many
studies and analyses using DNS data have been based
plicitly or explicitly on these assumptions. However,
shown by IK, in DNSs with a resolution of up to 10243, ~i!
the range over which the curveP(k) is flat is quite narrow,
~ii ! the nonstationarity is substantial, and~iii ! the difference
of P(k) from ^e& is also substantial. It would not be surpri
ing if the ‘‘inertial range’’ in a DNS exhibiting~i!, ~ii !, or
~iii ! is under substantial influence from the nonuniversal s
tistics of turbulence, such as the initial conditions and lo
wavenumber statistics.

It is therefore interesting to examine to what extent~i!–
~iii ! are satisfied in a DNS with a higher resolution, such

FIG. 2. Time dependence of the normalized mean energy dissipation
D5^e&L/u83 in the Series 1 DNSs.
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L23Phys. Fluids, Vol. 15, No. 2, February 2003 Energy dissipation rate and energy spectrum
Run 2048-1. Figure 4 showsP(k) at various times in Run
2048-1. The range over whichP(k) is nearly constant is
quite wide; it is wider than the flat range of the correspon
ing compensated-energy-spectrum~see Fig. 5!. The station-
arity is also much better than that of lower resolution DN
~figures omitted!, andP(k)/^e& is close to 1. In the study o
the universal features of small-scale statistics of turbulen
if there are any, it is desirable to simulate or realize an in
tial subrange exhibiting~i!–~iii ! rather than~i!–~iii !. The
present results suggest that a resolution at the level of
2048-1 is required for such a simulation. Such DNSs
expected to provide valuable data for the study of turbulen
and in particular for improving our understanding of possi
universality characteristics in the inertial subrange.

These considerations motivate us to revisit anot
simple but fundamental question of turbulence: ‘‘Does
energy spectrumE(k) in the inertial subrange follow Kol-
mogorov’s k25/3 power law at large Reynolds numbers?
Figure 5 shows the compensated energy spectrum for
present DNSs~the data were plotted in a slightly differen
manner in our preliminary report4!. From the simulations
with up toN51024, one might think that the spectrum in th
range given by

E~k!5K0e2/3k25/3 ~1!

FIG. 3. Normalized energy dissipation rateD versusRl from Ref. 5~data
up to Rl5250), Ref. 3~n,d!, and the present DNS databases~j,m!.

FIG. 4. P(k)/^e& obtained from Run 2048-1.
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with the Kolmogorov constantK051.6– 1.7 is in good
agreement with experiments and numerical simulations~see,
for example, Refs. 1, 3, 9, and 10!. However, Fig. 5 also
shows that the flat region, i.e., the spectrum as describe
~1!, of the runs withN52048 and 4096 is not much wide
than that of the lower resolution simulations. The high
resolution spectra suggest that the compensated spectru
not flat, but rather tilted slightly, so that it is described by

E~k!}e2/3k25/32mk, ~2!

with mkÞ0.
The detection of such a correction to the Kolmogor

scaling, if it in fact exists, is difficult from low-resolution
DNS databases. The least square fitting of the data of
40963 resolution simulation for (d/d logk)logE(k) to
(25/32mk)logk1b (b is a constant! in the range 0.008
,kh,0.03 givesmk50.10. The slope withmk50.10 is
shown in Fig. 5.

It may be of interest to observe the scaling of the seco
order moment of velocity, both in wavenumber and physi
space. For this purpose, let us consider the structure func

S2~r !5^uv~x1r ,t !2v~x,t !u2&,

where S2 may, in general, be expanded in terms of t
spherical harmonics as

S2~r !5 (
n50

`

(
m52n

n

f nm~r !Pn
m~cosu!eimf.

Here,r 5ur u andu,f are the angular variables ofr in spheri-
cal polar coordinates,Pn

m is the associated Legendre polyn
mial of ordern,m, and f nm(5 f n,2m* ) is a function of onlyr ,
where the asterisk denotes the complex conjugate. The
argument is omitted. ForS2 satisfying the symmetryS2(r )
5S2(2r ), we havef km50 for any odd integerk. In strictly
isotropic turbulence,f nm must be zero not only for oddn,
but also for anyn and m exceptn5m50. However, our
preliminary analysis of the DNS data suggests that the
isotropy is small but nonzero. In such cases,f nm is also small
but nonzero, andS2 itself may not be a good approximatio
for f 05 f 00. To improve the approximation forf 0 , one
might, for example, take the average ofS2 over r /r

FIG. 5. Compensated energy spectra from DNSs with~A! 5123, 10243, and
~B! 20483, 40963 grid points. Scales on the right and left are for~A! and~B!,
respectively.
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5(1,0,0),(0,1,0), and~0,0,1!. This average is free from
f 2m ; we write it as@S2(r )#. The idea of removing the highe
order anisotropy effect is basically similar to that of Ara
et al.12

Figure 6 shows the values of the local slopez(r )
[(d/d log r)log@S2(r)#. A least square fit of the data of Ru
4096-1 to a constant in the range 70,r /h,400, gives
z(r )50.73460.004, which implies

S2~r !}r z2, z252/31m r , m r50.06760.004. ~3!

The valuem r50.067 is a little different frommk50.10 ob-
tained above. Theoretically, we must havemk5m r provided
that the inertial subrange is sufficiently wide and23
,25/32mk,21. The small difference between the tw
measured valuesmk and m r would not be surprising, if the
width of the inertial subrange in the DNS is considered
would be interesting to improve the statistics by taking tim
averages, but the simulation time in Run 4096-1 seems
short for taking the time averages.

One might associate the exponentsmk or m r with the
intermittency correction. We would, however, prefer
present the data as they are, and leave the interpretatio
the exponent to readers or to a future study.
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