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In this contribution to the Proceedings of the US Community Study on the Future of Particle
Physics (Snowmass 2021) we review recent progress in the evaluation and application of the Energy-
Energy Correlator (EEC) event shape observable in e+e− annihilation, hadronic collisions, and
deep inelastic scattering. The importance of EEC as a precision probe of the perturbative and
non perturbative aspects of QCD dynamics is emphasized. It can be used to extract the strong
coupling constant and to constrain TMD distribution functions. Closely related energy-correlation
shape variables have also been used to tag boosted objects produced in high energy collisions. The
opportunities to study EEC at the future Electron-Ion Collider are also highlighted.
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I. INTRODUCTION

Event shape observables (such as thrust, C-parameter, etc.) are measures of the energy flow, multiple particle
correlations, and the radiative patterns in high energy collisions. They have been extensively investigated at various
colliders and, over the past several decades, have played a central role in our understanding of the perturbative and
non-perturbative aspects of Quantum Chromodynamics (QCD).

The energy-energy correlator (EEC) is such an observable, which was originally introduced in the context of e+e−

collisions as an alternative to the thrust family of event shapes. The EEC is defined as follows [1],

EEC(χ) =
∑

a,b

∫
dσee→a+b+X

σ
wab δ(cosχab − cosχ) , (1)

where the sum runs over all the hadron pairs (a, b) and the cross section is weighted by wab ≡ 2EaEb/s, which is
the product of the energies of a and b normalized by the center-of-mass energy of the system. EEC measures the
energy correlations as a function of the opening angle χab between particles a and b. In the literature the EEC is
often written in terms of

z ≡ 1

2
(1− cosχ) = sin2

(χ
2

)
, (2)

which allows to work with a variable z ∈ [0, 1]. Significant theoretical effort has been devoted to understanding
this observable, including fixed-order calculations [2–7], and QCD factorization and resummation in the back-to-back
z → 1 (χ→ π) and collinear z → 0 (χ→ 0) limits [8–12] where logarithmic singularities spoil the convergence of the
perturbative series and therefore resummation techniques are necessary to get reliable predictions in these regions.
It is important to note that the two limits have very different behaviour as the small angle limit is characterized
by a single logarithmic series, while in the back-to-back limit there is double logarithmic behaviour generating a
Sudakov-like peak. Very recently [13], the back-to-back limit was calculated at N3LL′ accuracy after obtaining the
O(α3

s) singular distributions constituting the first example of an event shape resummed analytically at this level of
accuracy.

At hadronic colliders, an adaptation of EEC known as transverse-energy-energy correlation (TEEC) considers only
the momenta in the transverse plane in order to construct the corresponding observable [15]. TEEC was calculated
including next-to-leading order (NLO) QCD corrections in Ref. [16], and NNLL resummation in the dijet limit was
accomplished in Ref. [17].

For observables like the EEC and TEEC soft radiation contributes only through recoil to the energetic collinear
particles, since direct contributions from soft emissions are suppressed by the energy weighting factor. Thus, we should
anticipate to have smaller non-perturbative corrections compared to other event shape variables. Moreover, owing to
the high perturbative accuracy achieved both in resummed and fixed order calculations [8, 13, 17, 18], complemented
by high precision measurements [19–25], EEC and TEEC observables offer an opportunity for precision studies in
QCD. In particular, EEC and TEEC have been used for precise extractions of the strong coupling constant, for a
recent review see Section 9 of Ref. [26].

II. THE EEC IN THE BACK-TO-BACK LIMIT

For z → 1, the energy-energy correlation presents a double logarithmic series at each order in perturbation theory.
As z gets closer and closer to 1, i.e. as we look at the energy correlations of particles that are closer and closer to a
back-to-back dijet configuration, these large logarithmic contributions spoil the perturbative convergence of the fixed
order calculation. Therefore, in order to get reliable predictions it is then necessary to have an understanding of this
asymptotics to all orders in the coupling.

A. Factorization and Connection to TMD Fragmentation Functions

We can understand the all-order behaviour of the EEC in the back-to-back limit by using Soft and Collinear
Effective Theory (SCET) [27–30]. In this asymptotic the EEC can be seen as a weighted cross section of the small-qT
distribution for di-hadron production in e+e− annihilation [8, 13, 31, 32],

lim
z→1

dσ

dz
=

∫ 1

0

dz1dz2
z1z2

2

∫
d2~qT δ

(
1− z − q2

T

Q2

)
lim
qT→0

∑

h1,h2

dσe+e−→h1h2

dz1dz2d2~qT
, (3)
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FIG. 1: Experimental measurement of the EEC at LEP. The figure uses experimental data from the OPAL
collaboration tabulated in [14]. The presence of a peaked structure in the back-to-back (χ→ π) and collinear

(χ→ 0) limits is evident. Analytically, these enhancements manifest themselves as logarithmic singularities in the
perturbative expansion, therefore requiring an all-order treatment of such contributions via resummation techniques.

where z1,2 = (P1,2 · q)/q2 is the longitudinal momenta of the hadrons and qµ = pµe+ + pµe− is the momentum of the
color singlet source. Importantly the ~qT and the EEC measurements become related at small ~qT since

1− z = cos2
(χ

2

)
=
q2
T

Q2

[
1 +O

(
q2
T

Q2

)]
. (4)

At small ~qT , the differential di-hadron production cross section in e+e− annihilation,
dσe+e−→h1h2
dz1dz2d2~qT

, factorizes as [31, 32]

dσe+e−→h1h2

dz1dz2d2~qT
= σ̂0Hqq̄(Q,µ)

∫
d2~bT
(2π)2

ei~qT ·~bT D̃h1/q

(
z1, bT , µ,

ν

Q

)
D̃h2/q̄

(
z2, bT , µ,

ν

Q

)

× S̃q(bT , µ, ν) ×
[
1 +O

( q2
T

Q2

)]
, (5)

where D̃h1/q

(
z1, bT , µ,

ν
Q

)
is a Transverse Momentum Dependent Fragmentation Function (TMDFF) and it is con-

venient to express the result in impact parameter space, with ~bT being the conjugate variable to ~qT , as the functions
factorize as simple products in this space rather than as convolutions. Note that for perturbative values of ~qT , i.e.
~qT � ΛQCD, or equivalently for bT . Λ−1

QCD, the TMDFFs obey an operator product expansion onto longitudinal

(collinear) fragmentation functions dh/q via

D̃h/q

(
z, bT , µ,

ν

Q

)
=
∑

q′

∫ 1

z

dz′

z′
dh/q′

( z
z′

)
K̃qq′

(
z′, bT , µ,

ν

Q

)
+O(b2TΛ2

QCD) , (6)

where here K̃qq′ is a matching kernel that can be calculated in perturbation theory.

Using Eqs. (3) and (5) we obtain the factorization theorem for the Energy Energy Correlation in the back-to-back
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FIG. 2: Graphical representation of the Energy Energy Correlator in electron positron annihilation. The EEC
measures the energy flowing through two calorimeters at infinity separated by a given angle χ. Figure from Ref. [8].

limit [8]

dσ

dz
=
σ̂0

2
Hqq̄(Q,µ)

∫
d2~bT d2~qT

(2π)2
ei~qT ·~bT δ

(
1− z − q2

T

Q2

)
Jq

(
bT , µ,

ν

Q

)
Jq̄

(
bT , µ,

ν

Q

)
S̃q(bT , µ, ν)

× [1 +O(1− z)]

=
σ̂0

8
Hqq̄(Q,µ)

∫ ∞

0

d(bTQ)2 J0

(
bTQ
√

1− z
)
Jq

(
bT , µ,

ν

Q

)
Jq̄

(
bT , µ,

ν

Q

)
S̃q(bT , µ, ν)

× [1 +O(1− z)] . (7)

Here J0 is the 0-th order Bessel function, which naturally arises from the Fourier Transform with radial symmetry.
Hqq̄(Q,µ) is the hard function for e+e− annihilation to quark-antiquark and it is related to the IR finite part of the
form factor, which has now been calculated at N4LO in Ref. [33] and was known up to N3LO for a long time [34–42].

We normalize the hard function by the born cross section σ̂0 such that H = 1 + O(αs). S̃q(bT , µ, ν) is the EEC
soft function, which is equivalent to the qT soft function normally appearing in transverse momentum distributions
at small qT for color singlet production at the LHC, see Ref. [8] for details on this relation. The qT soft function
has been obtained at 3 loops via bootstrapping techniques in Ref. [43] and later confirmed by direct calculation in

Refs. [44, 45]. Jq

(
bT , µ,

ν
Q

)
is the EEC jet function. It describes the dynamics of energetic collinear particles under

the EEC measurement constraint. Because of Eq. (3), there is a key relation between the EEC jet function and the
TMD Fragmentation Functions

Jq

(
bT , µ,

ν

Q

)
=
∑

h

∫ 1

0

dz z D̃h/q

(
z, bT , µ,

ν

Q

)

=
∑

q′

∫ 1

0

dz′ z′ K̃qq′
(
z′, bT , µ,

ν

Q

)
, (8)

where the last line holds because of the sum rule for the fragmentation function,

∑

h

∫ 1

0

dz z dh/q(z, µ) = 1 . (9)

The EEC jet function has been calculated to N3LO in Ref. [13]. This result has been obtained in conjunction to the
calculation at N3LO for the TMD Fragmentation Functions matching kernels [46] via an analytic continuation of the
TMDPDFs of Ref. [45] using the framework of collinear expansion for color singlet cross section [47]. Note that the
TMDFF matching kernels where also calculated independently in Ref. [48] using different techniques [12, 44].
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Accuracy H, J , S Γcusp(αs) γi(αs) β(αs)

LL Tree level 1-loop – 1-loop

NLL Tree level 2-loop 1-loop 2-loop

NLL′ 1-loop 2-loop 1-loop 2-loop

NNLL 1-loop 3-loop 2-loop 3-loop

NNLL′ 2-loop 3-loop 2-loop 3-loop

N3LL 2-loop 4-loop 3-loop 4-loop

N3LL′ 3-loop 4-loop 3-loop 4-loop

N4LL 3-loop 5-loop 4-loop 5-loop

N4LL′ 4-loop 5-loop 4-loop 5-loop

TABLE I: Resummation accuracy in terms of the perturbative order of boundary terms, anomalous dimensions and
beta function. Here γi is a short hand for all the non-cusp anomalous dimensions, including the rapidity anomalous

dimension. See Eq. (10) for details.

B. Resummation

The Hard, Jet and Soft functions appearing in Eq. (7) contain logarithms of the ratio between the characteristic
scales of the hard, collinear, and soft radiation and of the µ and ν renormalization scales. These logarithms naturally
arise in the fixed order calculation of these objects after regulating both UV and rapidity divergences. Using the
standard QFT technique of removing these divergences with appropriate counterterms and imposing the independence
of the bare quantities on the µ and ν renormalization scales, one derives the Renormalization Group Equations (RGEs)
for the Hard, Jet and Soft functions. The µ-evolution is dictated by the following RGEs

d

d lnµ
lnHi(Q,µ) = γiH(Q,µ) ,

d

d lnµ
ln Ji(bT , µ, ν/Q) = γ̃iJ(µ, ν/Q) ,

d

d lnµ
ln S̃i(bT , µ, ν) = γ̃iS(µ, ν) . (10)

The anomalous dimensions can be organized in the sum of two terms. The first one drives the leading double
logarithmic behaviour and it is proportional to the cusp anomalous dimension [49], while the second one is the
non-cusp piece and it determines the logarithms beyond leading logarithmic accuracy

γiH(Q,µ) = 4Γicusp[αs(µ)] ln
Q

µ
+ 4γi[αs(µ)] ,

γ̃iJ(µ, ν/Q) = 2Γicusp[αs(µ)] ln
ν

Q
+ γ̃iJ [αs(µ)] ,

γ̃iS(µ, ν) = 4Γicusp[αs(µ)] ln
µ

ν
+ γ̃iS [αs(µ)] . (11)

Note that the cusp is known to 4 loops [50] and the non-cusp hard anomalous dimension γi is related to the collinear
anomalous dimension which has also been obtained at 4 loops in QCD [51]. The jet and soft non cusp anomalous
dimensions are related to the threshold anomalous dimension and to the DGLAP kernel at threshold and are therefore
know to 3 loops. Because of the presence of rapidity divergences in TMD observables, such as the EEC in this limit,
the Jet and Soft function obey a Rapidity Renormalization Group Equation [52]

d

d ln ν
ln Ji(bT , µ, ν/Q) = −1

2
γ̃iν(bT , µ) ,

d

d ln ν
ln S̃i(bT , µ, ν) = γ̃iν(bT , µ) , (12)

where γ̃iν(bT , µ) is the rapidity anomalous dimension that has been calculated to N3LO in Ref. [43]. We can solve
analytically the RGE equations Eqs. (10) and (12), fixing the boundary at the scale µH for the Hard function, µJ and
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νJ for the jet function, and µS and νS for the soft function. Using the solution of the RGEs we obtain the analytic
formula for the resummation of the EEC in the back-to-back limit [8, 13]

dσ

dz
=
σ̂0

8

∫ ∞

0

d(bTQ)2 J0

(
bTQ
√

1− z
)
Hqq̄(Q,µH)Jq

(
bT , µJ ,

νJ
Q

)
Jq̄

(
bT , µJ ,

νJ
Q

)
S̃q(bT , µS , νS)

× exp

[∫ µ

µH

dµ′

µ′
γqH(Q,µ′) + 2

∫ µ

µJ

dµ′

µ′
γ̃qJ(µ′, νJ/Q) +

∫ µ

µS

dµ′

µ′
γ̃qS(µ′, νS)

](νJ
νS

)γ̃qν(bT ,µ)

×
[
1 +O(1− z)

]
. (13)

Note that perturbative power corrections to Eq. (13) have been studied and resummed in N = 4 SYM in Ref. [53]
and they necessitate the treatment of subleading power rapidity divergenges [54] analogous to TMD distributions for
color singlet production at the LHC. The canonical choice for the boundaries is

µH ∼ Q , µJ ∼
b0
bT

, µS ∼
b0
bT

,

νJ ∼ Q , νS ∼
b0
bT

, (14)

which is the choice of scales that renders all the explicit logarithms in the boundary functions vanishing. Resummation
uncertainties can be obtained by varying the choice of scales around the canonical values, see Ref. [13] for details.

In Eq. (13), both the boundary functions H,J, S as well as the anomalous dimensions can be calculated in pertur-
bation theory. The accuracy of the resummed prediction depends on the order at which these different ingredients
are calculated. In Table I we provide a summary for the counting of the resummation accuracy as a function of the
perturbative order of the anomalous dimensions and boundaries entering Eqs. (10) and (12). Note that NnLL′ means
higher accuracy than simple NnLL, as it includes the full fixed order ingredients at O(αns ).

C. Event Shapes at 3 Loops in QCD and αs Extraction

In Ref. [13] the calculation of the EEC quark and gluon jet functions at N3LO determined the last missing ingredient
for the complete analytic result at O(α3

s) in QCD for the back-to-back limit of this observable. At this order the
z → 1 asymptotic of the EEC reads

1

CF

dσ̄(3)

dz
= −4C2

FL5(z̄) + L4(z̄)
[
−30C2

F −
220

9
CFCA +

40

9
CFnf

]
+ L3(z̄)

[
C2

F (−16ζ2 − 104) +
88

9
CFnf + CFCA

(
−16ζ2 −

388

9

)
− 242

9
C2

A +
88

9
CAnf −

8

9
n2
f

]
+ L2(z̄)

[
C2

F (−144ζ2 − 16ζ3 − 189) + CFCA

(
−592

3
ζ2 − 72ζ3 +

244

3

)
+ CFnf

(88

3
ζ2 −

40

3

)
+ C2

A

(2471

27
− 88

3
ζ2
)

+ CAnf

(16

3
ζ2 −

760

27

)
+

44n2
f

27

]
+ L1(z̄)

[
C2

F

(
−542

3
− 412ζ2 + 224ζ3 − 192ζ4

)
+ CFCA

(
−2900

9
ζ2 −

1688

3
ζ3 − 8ζ4 +

3797

9

)
+ CFnf

(536

9
ζ2 +

32

3
ζ3 −

479

9

)
+ C2

A

(
−916

9
ζ2 − 44ζ4 −

2354

81

)
+ CAnf

(448

9
ζ2 + 16ζ3 −

380

81

)
+ n2

f

(124

81
− 16

3
ζ2
)]

+ L0(z̄)
[
C2

F

(
64ζ3ζ2 − 402ζ2 + 332ζ3 − 552ζ4 + 48ζ5 −

169

2

)
+ CFCA

(
−128ζ3ζ2 +

212

3
ζ2 −

2812

9
ζ3 −

1342

3
ζ4 − 120ζ5 +

3358

9

)
+ CFnf

(
−20

3
ζ2 −

296

9
ζ3 +

244

3
ζ4 −

623

18

)
+ C2

A

(4420

9
ζ2 −

560

9
ζ3 −

326

3
ζ4 − 40ζ5 −

4241

27

)
+ CAnf

(
−1508

9
ζ2 +

184

9
ζ3 +

56

3
ζ4 +

1414

27

)
+ n2

f

(112

9
ζ2 +

16

9
ζ3 −

98

27

)]
+ δ(z̄)

[
C2

F

(
−337

3
− 1049

3
ζ2 +

530

3
ζ3 + 512ζ2ζ3 − 64ζ23 − 1396ζ4 +

3136

3
ζ5 − 672ζ6

)
+ CFCA

(10169

27
+

2729

3
ζ2 −

22070

9
ζ3 +

2176ζ4
9

+ 528ζ5 + 22ζ6 − 288ζ2ζ3 + 64ζ23

)



7

+ CFnf

(
−148

27
− 985ζ2

9
+

3340ζ3
9

+
58ζ4

9
− 368ζ5

3
− 224

3
ζ2ζ3

)
+ C2

A

(
−55504

81
− 3968

81
ζ2 +

39337

27
ζ3 +

3815

18
ζ4 −

2720

3
ζ5 −

700

3
ζ2ζ3 + 59ζ6 − 56ζ23

)
+ CAnf

(15626

81
− 3326

81
ζ2 −

3788

27
ζ3 −

290

9
ζ4 + 80ζ5 + 72ζ2ζ3

)
+ n2

f

(
−1048

81
+

616

81
ζ2 −

464

27
ζ3 −

16

9
ζ4
)

+NF,V
dabcd

abc

Nr
(2 + 5ζ2 +

7

3
ζ3 −

ζ4
2
− 40

3
ζ5)
]
, (15)

where z̄ ≡ 1− z, Ln(z̄) indicates the standard plus distribution, Ln(z̄) ≡
[

logn(z̄)
z̄

∣∣∣
+

, and NF,V , following the notation

of Ref. [42], is the charge of the singlet contribution, where the vector boson that sources the hard scattering event is
coupled to a closed quark loop.

With Eq. (15) and the N3LO anomalous dimensions, the resummation of the EEC in the back-to-back limit was
carried out at N3LL′ [13], constituting the first event shape to be resummed analytically at this order1. In Fig. 3 we
show the impact of N3LL and N3LL′ resummation on the EEC spectrum in the back to back region compare to the
numerical fixed order result from Ref. [57] and experimental measurements from Fig. 1 of the OPAL collaboration
at LEP [14]. We see that the resummation cures the pathological behaviour of the fixed order cross section for
large angles and that the inclusion of N3LL’ corrections reduces the perturbative uncertainty to a level that is now
comparable to the experimental accuracy.

150 155 160 165 170 175 180

0.0

0.5

1.0

1.5

2.0

2.5

FIG. 3: EEC partonic spectrum at N3LL and N3LL′ resummation accuracy from Ref. [13] compared to the analytic
leading power spectrum at O(α3

s), the NNLO numerical fixed order calculation of Ref. [57] and the experimental
data from the OPAL collaboration at LEP [14]. Figure from Ref. [13].

Thanks to its high sensitivity to QCD radiation the EEC is a natural candidate for the extraction of the strong
coupling constant. For a recent review on the extraction of αs from EEC measurements see Section 9 of Ref. [26].
Given the very high level of control on the perturbative convergence of this event shapes obained with the inclusion
of resummation effects up to N3LL′, it is possible to improve the precision of such extractions by including in the
analysis the large amount of data in the back-to-back region that were originally excluded due to the poor theoretical
control of the observable in this region. However, although the uncertainties are now comparable, it is evident that

1 Note that for both Thrust and C-Parameter the O(α3
s) spectrum is not known analytically due to the fact that the soft function is not

known at this order. However, very good numerical approximation can be made for it allowing the resummation of these event shapes
at N3LL′ with a small additional uncertainty due to this unknown 3 loop ingredient [55, 56].
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A

FIG. 4: A schematic illustration of TEEC at hadron collider. In the φ→ π limit, it measures the momentum in the
direction ŷ perpendicular to the scattering plane spanned by the beam and jet axes, outlined in dashed blue. Figure

adopted from ref. [17].

there is tension between the partonic prediction and the data. It is crucial to note that for a full phenomenological
analysis it will be necessary to include a variety of effects such as:

• Electroweak corrections

• Finite quark mass effects

• Singlet contributions to the axial current

• Hadronization and non perturbative corrections

Among them, getting a better understanding of non perturbative corrections, which that are known to be quite sizable,
see for example Ref. [58], is probably the most challenging task. All these effects can easily account for few percent
shifts of the result and it is important to calculate and include them for future extractions of the strong coupling
constant from the EEC, in case we want to include the large amount of data measured in this region.

III. TEEC AT A HADRON COLLIDER

Transverse EEC was originally proposed as a quantitative test of perturbative QCD at high energy hadron colli-
sions [15], generalizing the original EEC [1]. The idea is to consider transverse energy weighting ET =

√
m2
T + p2

T
and azimuthal angle correlation, as is common in a hadron collider environment, see Fig. 8. Ignoring hadron mass
mT , as is appropriate at high energy collider such as the LHC, it simply reduces to transverse momentum weighting.
Explicitly, TEEC is defined as

dσ

dφ
=
∑

a,b

∫
dσpp→a+b+X

2ET,aET,b
|∑iET,i|2

δ(cosφab − cosφ) , (16)

where φ is the difference of azimuthal angles between two detected hadrons, while dσpp→a+b+X represents the semi-
inclusive cross section for production of two hadrons a and b plus anything X. To avoid overwhelmed by forward
scattering, one can impose kinematical cuts in Eq. (16), such as rapidity cut on the detected hadrons, total transverse
energy cut, or cut on jet pT . Fortunately, for the kinematical limit discussed below, TEEC is insensitive to these cuts.

A direct analogy of back-to-back limit in EEC translates into back-to-back limit in the azimuthal plane at hadron
collider. Following EEC, we can define a scaling variable

τ =
1 + cosφ

2
, τ ∈ [0, 1] . (17)

The hadron back-to-back limit corresponds to τ → 0. Similar to EEC, the back-to-back limit of TEEC is sensitive
to Sudakov double logarithms, but with much more complicated kinematics and color evolution. Only recently, a
resummation formula has been proposed for TEEC in the back-to-back limit [17],

dσ

dτ
=

pT
16πs2(1 + δf3f4)

√
τ

∑

channels

1

Ninit

∫
dy3dy4dp2

T

ξ1ξ2

∫ ∞

−∞

db

2π
e−2ib

√
τpT tr

[
Hf1f2→f3f4(pT , y

∗, µ)S(b, y∗, µ, ν)
]

·Bf1/N1
(b, ξ1, µ, ν)Bf2/N2

(b, ξ2, µ, ν)Jf3 (b, µ, ν) Jf4 (b, µ, ν) + subleading power . (18)
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The sum is over different 2 → 2 partonic scattering channels f1(p1)f2(p2) → f3(p3)f4(p4), where Ninit is the corre-
sponding spin- and color-averaged factor for each channel,

√
s is the center-of-mass energy, y3, y4, and pT are the

rapidity and transverse momentum of the two leading partonic jets at the lowest order in perturbation theory, and
ξ1 = pT (ey3 + ey4)/

√
s and ξ2 = pT (e−y3 + e−y4)/

√
s are the born-level initial-state momentum fractions. The factor-

ization formula Eq. (18) depends on a renormalization/factorization scale µ and a rapidity scale ν, as is common to
TMD-like problem. The beam function Bf/N and jet function Jf are simply the one-dimensional projection of TMD

beam and fragmentation functions. The novel part which departures most from back-to-back EEC in e+e− and DIS
is the presence of matrix-valued hard function and soft function in color space. For example, the soft function in
Feynman gauge is defined as vacuum expectation value of product of semi-infinite soft Wilson lines,

S(b, y∗) = 〈0|T [On1n2n3n4
(0µ)]T [O†n1n2n3n4

(bµ)]|0〉 . (19)

Here On1n2n3n4(x) = Yn1Yn2Yn3Yn4(x), with Yni(x) = exp[i
∫

ds ni · A(sni + x)Ti] a semi-infinite light-like soft
Wilson line, and nµi = pµi /p

0
i the light-like direction of the incoming or outgoing parton in the partonic center-of-mass

frame. The soft function and hard function obey similar matrix-valued evolution equation. For the hard function, the
evolution equation control the singularity of on-shell scattering amplitudes, and have received substantial attention
recently [59, 60] due to non-trivial large-angle soft gluon correlation. TEEC thus provides potential collider probes
of these correlation effects.

The factorization formula Eq. (18) has been validated to high precision against fixed-order prediction from NLO-
JET++ [61, 62], as is shown in Fig. 5a, adopted from [17]. The asymptotic small τ region agrees nicely between
factorization SCET prediction and fixed-order perturbation theory. Fig. 5b shows the NNLL+NLO resummed pre-
diction for TEEC at the LHC from [17]. In the back-to-back region (φ→ π), fixed-order perturbation theory breaks
down and resummation is necessary. It’s interesting to note that large corrections are observed when going from
NLL+LO to NNLL+NLO. This emphasizes the importance of including higher order corrections.
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FIG. 5: Factorization v.s. fixed order perturbation theory in Fig. 5a. The resummed TEEC distribution matched to
fixed order at both NLL+LO and NNLL+NLO in Fig. 5b. Both figures are adopted from [17].

Analytic resummation formula for dijet event shape is rare, while TEEC provides an example where even NNLL
accuracy is possible to achieve, thanks to the intrinsic simplicity of the observable. It is therefore important to explore
its application to precision QCD physics. We comment on a number of interesting directions below.

A variant of TEEC has been measured by ATLAS [23, 25, 63], where correlation of hadrons has been replaced by
correlation of jets. The measured has been compared with NLO prediction [16] based on NLOJET++ [61, 62]. A
determination of αS has been made using the latest 13 TeV data [25]:

αS(mZ) = 0.1196± 0.0004(exp.)+0.0072
−0.0105(theo.) . (20)

In this determination only data for | cosφ| < 0.92 is used. It would be very interesting to extend the fit down to
cosφ < −0.92, where the cross section is much larger. For that one will need to extend the factorization formula in
Eq. (18) to incorporate the effects of jet correlation [64]. On the other hand, it would be useful if the correlation
can be measured directly in terms of hadrons, as NNLL+NLO prediction is directly available. It is well-known that
direct measurement of hadron energy correlation leads to large hadronization corrections. However, recent studies
shows that hadronization corrections can be substantially reduced if ratio of EEC are measured [65, 66]. It would be
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interesting to whether similar reduction in hadronization corrections can be achieved in TEEC by forming ratio. It
would also be interesting to generalize TEEC to processes of V plus jet production, where V stands for electroweak
boson. This process is simpler than dijet production and can achieve even higher accuracy. For the case of jet-
boson correlation, this has been done in [67, 68]. It is anticipated that the factorization would be even simpler for
hadron-boson correlation.

At the same time, it would be interesting to push the theory accuracy for TEEC to N3LL and beyond. As originally
emphasized in [17], a key motivation for TEEC is its simplicity in factorization, thus allowing probing effects which are
deep in the perturbation series, such as factorization breaking effects. Many of the ingredients for N3LL resummation
has become available in recent years, such as three-loop 2 → 2 amplitudes [69, 70], three-loop rapidity anomalous
dimension [43, 71], and closely related three-loop TMD beam functions [44, 45] and fragmentation functions [46, 48].
An important missing ingredient is the three-loop soft function for TEEC at hadron collider, whose calculation may
also shed light on the structure of factorization violation.

The factorization formula in Eq. (18) can be generalized to include gluon spin correlation effects. At NNLL accuracy
such effects are absent for dijet production, but is presented for V+jet production [68]. Starting from N3LL, spin
correlation will also be presented in dijet production. In that case the beam function and jet function need to be
generalized to incorporate spin effects. The correlation is complicated as it involve both initial state and final state
through the hard function. It would be interesting to study to what extent such spin correlation can be measured.

Finally, it is important to note that TEEC can also be generalized to incorporated track. Measurement performed
on track can lead to smaller systematic uncertainties on experiment side and is therefore very welcome. On theory
side, recent studies has shown that the track function formalism [72, 73] becomes much simpler when applying to
energy correlators [65]. In the collinear limit this has been exploited to obtain moments of anomalous dimension of
track function to two loops [74, 75]. It would be very interesting to apply these results to TEEC.

IV. EEC FOR ORGANIZING HARD SCATTERING PROCESSES

Up to now, we have considered EEC’s as a means to probe the distribution of energy correlations surrounding the
hard scattering event. The specific hard scattering process is not the main object of study in these cases, and one can
sum inclusively over many different hard scattering configurations that all contribute to the same energy-correlation
functions. Often though, one wishes to select for specific hard scattering structures, and distributions of energy-energy
correlations can usefully organize the hard scattering phase space. By putting constraints on the distribution of the
sum of over energy correlations in the event or jet, one can select for specific hard scattering geometries. This gives
an infra-red and collinear safe means of studying the corresponding S-matrix element (squared), up to a set of cut-offs
on phase-space specified by the constraints on the energy-correlation sums. Phenomenologically, this is most useful
in tagging boosted decays at hadron-colliders, see Ref. [76] for review.

In particular, as demonstrated in Refs. [77–80], building on a proposal in Ref. [81], by constraining the sums over
higher point correlations, we can form shape variables. If we consider the case of a jet with momentum pJ = Qn

2 ,
with n a null vector and n̄ the conjugate null vector (n · n̄ = 2), these observables take the form:

zi =
n̄ · pi
Q

(21)

e
(β)
2 =

∑

i,j∈J
zizj

(2pi · pj
Q2zizj

)β/2
, (22)

e
(β)
3 =

∑

i,j,k∈J
zizjzk

(2pi · pj
Q2zizj

2pj · pk
Q2zjzk

2pk · pi
Q2zkzi

)β/2
. (23)

The sums over i, j, k, etc., range over all particles in the jet, and zi is the momentum fraction of the particle in the
jet. Higher-point generalizations are straightforward to construct. In the case of investigating the substructure of a
jet, one sums only over the particles contained within the jet and replaces the center of mass energy Q with EJ , the
jet energy, and the energies of the particles by their appropriate projected momentum along the jet direction. As

a shape variable, it is easy to see that e
(2)
2 for instance is simply the invariant mass of the jet, and specifying that

e
(2)
2 � 1 selects out a narrow, pencil-like jet.
The utility of the energy-correlation shape variables2 is their ability to cleanly separate out distinct phase-space

regions. We have already noted that e
(2)
2 � 1 selects for a narrow jet, but if we wish to understand the structure of a

2 In prior literature, Refs. [77–81], they were often called energy correlation functions. But we will refrain from this here, as they are not
actually a correlation function, though the moments of their distributions are related to correlation functions.
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FIG. 6: Regions of interest for studying the two-prong substructure of a jet on which the soft drop grooming
algorithm has been applied. (a) Collinear-soft haze region in which no subjets are resolved. (b) Collinear subjets
with comparable energy and a small opening angle. (c) Collinear-soft subjet carrying a small fraction of the total

energy, with zcs ∼ zcut.

1→ 2 splitting process in QCD, we must dig deeper into the phase space. A prime example of how to do this is the
ratio observable:

D
(β)
2 =

e
(β)
3

(e
(β)
2 )3

. (24)

While we will not reproduce the full analysis here, see Ref.[77], when D
(β)
3 � 1, we will have a jet with two-prongs.

Otherwise, the jet will consist of predominately one central core of radiation. By imposing multiple constraints on

eα2 , e
β
2 , e

γ
3 , for various exponents, we can further differentiate whether the jet has two collinear prongs, or a soft prong

with a hard central prong. Radiation between the prongs is suppressed as long as we maintain the condition D
(β)
3 � 1.

These distinct configurations are illustrated in Fig. 6 in the case that we have also groomed the jet with the modified
Mass Drop Tagger algorithm of Ref. [82], where wide-angle soft radiation at the edge of the jet, carrying an energy
fraction less than zcut has been systematically removed. This enables writing down factorizations for each kinematic
region, and the smooth interpolation between regions via subtractions of the overlaps. Such interpolations are more
challenging using other substructure observables, for instance, N-subjettiness Refs. [83]. However, see Ref. [84] for a

wide ranging analysis of different multi-prong discriminants. In Fig. 7, from [80], we give the distribution of D
(2)
2 for

groomed jets.

Up till now, the main application of energy-correlation shape variables has been to tagging boosted objects coming
out of a hadronic collision, relying on a first-principles analysis of the QCD process generating the decay patterns. As
such, they continue to serve as a benchmark against which more sophisticated machine learning algorithms are tested.
A worry always is that the machine learning algorithm will always be biased by the selection of the training data, so
that any claimed improvement in performance over first-principle driven tagging variables should be accompanied by
a first principles motivated analysis of the tagging procedure Ref. [85].

V. EEC AND TEEC AS PROBES OF TMD PHYSICS IN DEEP INELASTIC SCATTERING

With the Electron-Ion Collider (EIC) on the horizon and the very high resummed accuracy that can be achieved
in the evaluation of EEC and TEEC, we now turn to deep inelastic scattering (DIS) on nucleons and nuclei.
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FIG. 7: A comparison of the analytic D2 distributions for both quark and gluons (left column) with parton shower
Monte Carlo at parton level (right column), for z/rmcut = 0.1. A mass cut of mJ ∈ [80, 100] GeV has been applied.
Good agreement in the shape is observed. The analytic distribution were calculated at NLL accuracy, and matched

to the leading order distribution.

A. TEEC at the Electron-Ion Collider

The TEEC observable can be generalized to DIS by considering the transverse-energy and transverse-energy corre-
lation between the lepton and hadrons in the final state [18]

TEEC =
∑

a

∫
dσlp→l+a+X

ET,lET,a
ET,l

∑
iET,i

δ(cosφla − cosφ) , (25)

where the sum runs over all the hadrons in the final state and φla is the azimuthal angle between the final-state lepton
l and hadron a.

Taking DIS as an example, the underlying partonic Born process is e(k1)+q(k2)→ e(k3)+q(k4) and the first order
non-trivial contribution to TEEC begins from one order higher. Similarly to TEEC in hadronic collisions, the cross
section in the back-to-back limit is factorized into the convolution of a hard function, beam function, soft function,
and jet function. Specifically, up to leading power in SCET in terms of the variable τ = [1 + cos(φ)]/2 the cross
section can be written as

dσ(0)

dτ
=
∑

f

∫
dξdQ2

ξQ2
Q2
fσ0

pT√
τ

∫
db

2π
e−2ib

√
τpTBf/N (b, E2, ξ, µ, ν)H(Q,µ)

× S
(
b,
n2 · n4

2
, µ, ν

)
Jf (b, E4, µ, ν) , (26)

where σ0 = 2πα2

Q2 [1 + (1− y)2], b is the conjugate variable to ky, Q2 is the invariant mass of the virtual photon, and

y = Q2/(ξs). Four-vectors n2 and n4 represent the momentum directions of the momenta k2 and k4, respectively. E2

and E4 are the energies of k2 and k4. ν is rapidity scale associated with the rapidity regulator for which we adopt
the exponential regulator introduced in Ref. [86].

The connection to transverse momentum distribution physics is clear. The TMD beam functions have been cal-
culated up to three loops for quark beam functions [44, 45] and unpolarized gluon beam [45]. Two loops results are
available for the linearly polarized beam function [87]. The jet function Jf is defined as the second Mellin moment of
the matching coefficients of the TMD fragmentation function. The soft function S is the same as the TMD soft func-
tion. In addition to the close connection to TMD physics, TEEC in DIS has the advantage that it can be computed
to high accuracy. The left panel of Fig. 8 presents the resummed predictions at NLL, NNLL, and N3LL accuracy in
the back-to-back limit with scale uncertainties [18]. Ref. [18] finds good perturbative convergence There is about 30%
suppression in the peak region from NLL to NNLL, while it is about 5-6% from NNLL to N3LL. The reason is that
these are absolute cross sections rather than ones normalized over a finite τ interval. The NLL uncertainty might also
be underestimated. In general the non-perturbative (NP) corrections can be important in the infrared region and can
be studied with the help of TEEC in DIS. The results for the normalized TEEC φ distributions are shown in the right
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orange, blue and green bands are the final predictions with scale uncertainties up to N3LL+NLO.

panel of Fig. 8, where the non-perturbative Sudakov factor is also implemented [18]. The matching region is chosen
to be 160o < φ < 175o and for φ < 160o the distributions are generated by fixed-order calculations. The fixed-order
predictions are calculated with µr = µf = κQ with κ = (0.5, 1, 2). In the back-to-back limit, the predictions are
significantly improved.

B. EEC in the Breit Frame in DIS

Measurements of QCD observables in DIS are often done in the Breit frame. Recently, a new definition of EEC
in the Breit frame, which is a natural frame for the study of TMD physics [88], was presented [89]. In this frame,
the target hadron moves along ẑ and the virtual photon moves in the opposite direction. The Born-level process is
described by the lepton-parton scattering e+ qi → e+ qf , where the outgoing quark qf back-scatters in the direction
opposite to the proton. Hadronization of the struck quark will form a collimated spray of radiation close to the −ẑ
direction. On the other hand, initial state radiation and beam remnants are moving in the opposite direction close to
the proton’s direction of motion. It is this feature of the Breit frame, which leads to the clean separation of target and
current fragmentation that we utilize to construct the novel EEC observable in DIS. The kinematics, together with
the contributions from the collinear and soft momenta to the transverse momentum of the hadron q⊥ is illustrated in
Figure 9.

We denote the new event shape variable EECDIS to avoid confusion with the conventional observable. Our definition
reads,

EECDIS =
∑

a

∫
dσep→e+a+X

σ
za δ(cos θap − cos θ) , (27)

where

za ≡
P · pa

P · (∑i pi)
, (28)

and pµa and Pµ are the momenta of the hadron a and the incoming proton respectively. The angle θap is the polar angle
of hadron a, which is measured with respect to the incoming proton. Note that the asymmetric weight function, za,
is Lorentz invariant and is suppressed for soft radiation and radiation close to the beam direction. Furthermore, this
definition of EEC in the Breit frame naturally separates the contribution to the cos θ spectrum from: i) wide angle soft
radiation, ii) initial state radiation and beam remnants, and iii) radiation from the hadronization of the struck quark.
This unique feature makes the new observable in the back-to-back limit (θ → π) insensitive to experimental cuts on
the particle pseudorapidity (in the Laboratory frame) due to detector acceptance limitations in the backward and
forward regions, making the comparison of theory and experiment in this region even more accurate. This definition
of EEC is spherically invariant, however, definitions that are fully Lorentz invariant and can be measured directly in
any frame are also possible.

To illustrate the reduced sensitivity of the new observable to kinematics, we present the TEECLab [18] and EECDIS

distributions predicted by Pythia 8 [90, 91] in Fig. 10. The red, blue, and green lines represent the results with
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FIG. 9: Illustration of the measurement of the transverse momentum q⊥ of the hadron-a w.r.t. the proton axis in
the Breit frame.

pseudorapidity cuts |η| < 5.5, |η| < 4.5, and |η| < 3.5 in the lab frame, respectively, which imitates detector
limitations in the backward and forward regions. In order to compare the results with different pseudorapidity cuts,
all the distributions in Fig. 10 are normalized by the event number with |η| < 5.5. Because TEEC measures the
correlation between hadrons and the final state lepton in the lab frame, pseudorapidity cuts have an impact on the
full cosφ range, as shown in left panel of Fig. 10. EEC is defined as the correlation between the final state hadrons and
incoming proton in the Breit frame, and the pseudorapidity cuts only remove particles in the forward region where
the weighted cross section is small. In the backward region the distribution is independent on the pseudorapidity
cuts. Similar perturbative accuracy to the TEEC case can be achieved.
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FIG. 10: TEEC (left) and EEC (right) distributions from PYTHIA 8 with different rapidity cuts in the lab frame.
The ratio relative to the |η| < 4.5 case is also shown.

VI. EEC IN DENSE MATTER

Jet and hadron correlations and jet substructure receive large in-medium corrections in reactions with nuclei. So
far, these studies have been limited to heavy ion reactions [92–102]. Thus, EEC can also be used to shed light
on the interaction between partons and cold QCD medium in electron-ion (eA) collisions. Ongoing theoretical and
experimental design efforts aim to elucidate the physics opportunities with hadron and jet modification at the EIC
and, very importantly, to ensure that the detectors at this future facility have the capabilities to perform the necessary
measurements, see e.g. ref. [103].

As recent calculations rely on the SCET framework, a natural choice to address (T)EEC in eA collisions is the
extension of the effective theory approach to include the interactions between partons and the background QCD
medium mediated by Glauber gluons. Soft collinear effective theory with Glauber gluon interactions has provided a
way to evaluate the contribution of in-medium parton showers [104, 105] to a variety of observables in reactions with
nuclei. The most recent examples include the modification of jet cross sections and jet substructure ranging from the
jet splitting functions to the jet charge [102, 106, 107]. To obtain predictions for the (T)EEC event shape observable
in DIS on nuclei will require a computation of the contributions from parton branching in strongly-interacting matter
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to the terms in the master factorization formula. This deserves careful consideration and can be one of our future
research goals.

VII. CONCLUSIONS

Due to its simplicity, the EEC is a natural candidate for precision studies of the dynamics of the strong interactions.
In perturbative QCD the EEC is the event shape where we have the most analytic control, due to the analytic results
at NLO and the resummation at N3LL′ in the back-to-back limit. Given its sensitivity to strong radiation, the EEC
is also a natural candidate for the extraction of the strong coupling constant. Significant progress in this direction
can be made by including the most recent perturbative results, although a much better control and understanding of
non perturbative effects has to be obtained before achieving a level of accuracy comparable to the lattice results.

Moreover, the EEC/TEEC event shape observables can be studied in e+e−, ep and pp collisions, which provides a
way to test the universality of QCD factorization in different colliding systems. These observables can also be used
to study TMD physics, which is one of the most important goals of the EIC.

Hadron colliders present a more complex environment than e+e− or ep colliders, nevertheless, the simplicity of
TEEC in pp reactions shows that high accuracy can still be achieved. On one hand, this open the avenue for the rich
LHC data to be combined with precision resummed QCD prediction to obtain precision measurement of standard
model parameter, such as strong coupling constant, and various TMD functions. On the other hand, the simplicity in
theoretical structure of EEC/TEEC make higher order calculation feasible.In turn these higher calculation can shed
light on the structure of perturbation theory. Both of these lead to valuable addition to our understanding of QCD.

Finally, the EEC/TEEC observables can be generalized to eA, pA, and AA collisions. They can shed new light
on the many-body QCD dynamics in reactions with nuclei, specifically multi-parton interactions and the formation
of parton showers in matter. In these environments, precise extraction of transport properties of various forms of
nuclear matter will greatly benefit from the high perturbative accuracy achieved in the baseline ep and pp reactions.
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[57] Z. Tulipánt, A. Kardos and G. Somogyi, Energy–energy correlation in electron–positron annihilation at NNLL + NNLO

accuracy, Eur. Phys. J. C 77 (2017) 749, [1708.04093].
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