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The Fourier series expansions are used to obtain the expressions for the components of
the electromagnetic field at an arbitrary point of observation and for the total energy loss
of a gyrating charged particle in a non-ionized medium having a uniform magnetic field.
For a non-relativistic particle, it is shown that the total energy loss is split into the collision
loss, whose formula is found to be the familiar one for linear motion, and the loss due to
cyclotron radiations. The relative magnitude of the latter to the former is less than (wg/w,,)?
where wg is the cyclotron frequency and w,2=4nn.e%m, where n, and m, are the density and
mass of electrons in the medium. In the relativistic case, we get the explicit formula of
the polarization loss, depending upon the external magnetic field, and of the losses due to

the Cerenkov and synchrotron radiations. The spectral and angular distributions of these
two radiations are discussed.

§1. Imtroduction

The theoretical study of the energy loss and radiation of a charged particle
passing through a medium, especially a plasma, having a magnetic field is important
with respect to some astrophysical problems. As is well known, a plasma in a
magnetic field has a tensor dielectric constant and behaves like an optically-active
> Therefore, the treatment of a magnetoplasma is much more
complicated than that of a non-ionized medium. Studies on the energy dissipation

of a charged particle moving parallel to the magnetic field were made by several

anisotropic medium.!

authors.” But for the motion perpendicular to the magnetic field the previous re-
search has been limited to the radiation loss” and the calculation of the collision
loss has not yet been made. This can be said for the non-ionized medium as well
as for the magnetoactive plasma. Although in this paper we shall confine our-
selves to the former case, our present work may be a useful step towards the latter
investigation.

A charged particle moving uniformly loses its energy by interacting with the
medium through which it passes. This loss can be divided into two parts;?
namely, one is due to close collisions, which are binary, and the other due to

* The main part of this work was carried out at Osaka City University.
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760 K. Kitao

distant collisions consists of the polarization loss and the loss due to Cerenkov
radiation. For a spiralling particle, however, the cyclotron or synchrotron radiations
become an additional cause of the energy dissipations.

The motion of a charged particle in the direction of the magnetic field is not
affected by this field, so that we can use the familiar formula of the energy loss
for linear motion. Hence it is sufficient to consider only the circular motion per-
pendicular to the magnetic field. We may assume the distortion of the orbit to
be negligible, the velocity of the particle being large.

First, in § 2, the potentials of the electromagnetic field produced by a gyrating
charged particle will be derived. The calculation is rather tedious and the previous
ones are limited to the value in the wave zone. Here the value at an arbitrary
point of observation is exactly evaluated. On account of the circular motion, the
quantities concerning the field are resolved into harmonic components by the
’ In §3 the general formula of the total energy loss,
including the radiation loss, per unit time is derived from the work of the reaction
force of the medium on the particle.” This expression is not of a convenient form
and it is impossible to get numerical values unless adequate approximations are
used.

Fourier series expansion.’

In the non-relativistic case, we can use some approximations with high accuracy
and it is shown in §4 that the total energy loss is the sum of the collision loss
and the loss due to cyclotron radiations. As is expected from the fact that the
Larmor radius is extremely larger than the adiabatic limit of the impact parameter,
the value of the collision loss is the same one as for the linear motion.

For the relativistic case, applying the asymptotic formulas of the Bessel functions
with large order and large argument, it is found that the polarization loss depends
on the magnitude of the external magnetic field and the emission of the Cerenkov
radiation may be possible in addition to the synchrotron radiation (§5). And the
spectral and angular distributions of these two radiations will be discussed. In

the Appendix, another treatment of the same problem by the method of the Poynting
vector is presented.

§ 2. The electromagnetic field of a gyrating charged particle

If only the radiation emitted by the particle is considered, it is sufficient to
know the electromagnetic field in the wave zone and it can be done easily. How-
ever, as we shall deal with collisions, we must find the value of the field near
the orbit of the particle.

Let us consider a charged particle with mass 7, charge ¢ and velccity o,
gyrating in a uniform magnetic field H,, which is directed along the 2z axis. The
angular velocity @, (i.e. the Larmor frequency) of the particle is (gH ./mc)
X1/ 1—v/c® and the radius of the orbit, 7o=wvs/w, The components of the radius
vector r, and of the velocity v, of the particle are in the cylindrical coordinate
(7, ¢, 2)
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Energy Loss and Radiation of a Gyrating Charged Particle 761

o= (7"0, ¢0=600t, 0), Vo= (0, Vo, O).

The field quantities, such as the scalar and vector potentials, ¢ and A, are
analysed into the Fourier series respectively

¢___ i ¢ne“"nw0‘, A— zw} Ane_mw‘)t. (2.1)

The charge and current densities of the particle are

[ee)
p=qo(r—ro) = 21 pne"",
n=-—co

(2-2)

e
j=pri= 33 e,

n=—ow

where the ¢ {function may be expressed by the cylindrical coordinate as

O(r—ry) =0(r—ry)0(@—awyt)d(z) /7. (2-3)

From the Maxwell equations ¢, and A, obey the next equations :

2 2

Am+£%gim=—i”m, (2-4)
2 2 :

dAn +"n (202 € An: - 4: jn» (25)

where €, is the dielectric constant of the medium and a function of frequency 7wy.
0. and j, are easily obtained as

7 fwo

. q(UO’_ ( ) e inwg b . __q_ 0“ ( r— ro) ine .
Pr="g ) O(r—ry) e dt= on = d(z)e™, (2-6)
};n:%{)n (27)
The solutions of (2-4) and (2-5) are expressed as follows,

¢n (T) — j €Xp [Z?’l Wy ]/ad/()] On (1'/) dr’, (2 . 8)

€. d
A,(r) = j explinw ed/c)jy ™) g, (2-9)

cd

where d=|r—r’|.
Integrations of (2-8) and (2-9) with respect to 7/ and 2’ give us

ge™? ’{ expi[k,v/ R +r¢—2r R sinf cos X +nx]

b= - ' - 2.

%= ome, J V R+ 7 —2r R sinf cos¥ ax, 2-10)
A auee™ ¢ expi[k,y/ R+ 1 —2r, R sind cos1+nx] .

e 2mc jﬂ V' R+ ri—2r, R sind cosX sinydy, (2-11)
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Fig. 1. Geometry of the source and field points

A - quee™ E expi|k,y/ R*+ ri —2r R sintl cos 7 +n¥|
T 9me v R+ ri—2r, Rsint cosy

cosxdy (2-12)

A, =0, (2-13)
where ¥=¢—¢', R'=7"+2, r=Rsinl and k,=nwy/ ¢,/c is the wave number.
If we consider only the wave zone, namely R> 7, the above integrands are

easily approximated (see the Appendix).”™ But as we need to consider the case
of R~ry, it is necessary to use the expansion :

exp|ik, v/ REf 72 —2r,Rsinb ccs/{_]
vV R4 ri—2r, R sinf cos )

In(knr) B (ks R)  R>ry
j7n (/en R) h;}) (kn rO) R< o,
where j,, and Af) are respectively the spherical Bessel function and the spherical
Hankel function of the first kind and of order .

Substituting (2-14) in (2-10), (2-11) and (2-12), and integrating over the
angle ¥, we obtain

© {
=ik, 2_]0 @2m+1) P, (sind cosX) i (2-14)

: ng o™ -m kn hg,];) knR R>
an:é?i/in_‘le_ SV Y8, 0) Y, (L 0) {J (% 70) : (k. R) 7o (2-15)
. €p m=|n| 2 ]m(knR)hin)(knro) R<r0’
A= 4 Eq0 ™
<
0, for n=0
o i (B ) R (B, R) R>7r
[ SV Y i (0, 0) Ym,‘,,,_j[(_’l, o) {J 5 1( ) )
m=|n|~1 2 ]m(knR)h'En)(knr0> R<7’0
% i (bur) hD (b R) R @16
© Vi m nr m n >r
— 3 Yo waa(0, 0) Yo juyan (-"f—, 0) {]. R ]
m=|n|+1 2 ]m(knR)hsn)(knrO) R<7"0

for |n|>1
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, 27iquy b, e™?
A= qUg Ry
c

230 Y0, 0) Y, (5, 0) (VA2 (), for n=0

[

+ v Ym inl+1 (0 O) Ym Inj+1

m= \’ILI +1

jm (k 7—0)}”(1) (knR) R> 7o
G (B RYRS (Byro) R<7y (2-17)

[Me

m=|nl-1

s

Va0, 0)Y i (2, o){

< T O) (jm(kn TO) hs) (kn R) R> 7/‘0'J
| 2 ({]m(knR) h(l) (kn ro) R<r, ’

L\ for |n|=>1.

From ¢,(r) and A,(r) just obtained above, the electromagnetic field E(r)
and H(zr), at an arbitrary point of observation r, may be easily calculated.

§ 3. General formula of energy loss

There are some ways to estimate the energy loss arising from distant
collisions. Among these methods, the use of the Poynting vector is not
convenient but intricate especially in our case, because we must evaluate the energy
flux out of the toroidal surface having the circular orbit of the particle as axis. The
simplest way to calculate the energy loss is, as usual, to get the work done by
the reaction force of the medium on the particle® This method gives us the
energy loss per unit time as follows,

—id%/:— — g0 E) yerr=—qUo E, (70, wyt, 0). (3-1)

Really this formula represents the total energy loss per unit time, including
the contribution of close collisions. However, it must be noticed that whether
Eq. (3-1) includes the close collision loss or not depends on the choice of the
upper limit of order m, which corresponds to the minimum impact parameter (see
the next section).

It is obvious from (3-1) that we have only to know E, whose harmonic
component is given by

1 )
R — LAn 3:2
Rsind 3¢ e, 3-2)

Substituting (2-15) and (2-17) into (3-2), we have

E,=—

Jm(lnro) AP (ByR) R>ry
Jm(ka RYRS (k7o) R<179
Jm (o) P (R R) R>r,
Tk RYRS (karo) R<ro

4ank, qe’"?
mp R d ’—i—‘ Ymn 0 0 Ymn <—_“ 5 O>
( #) = €, Rsind m%fn . 0) 2 {

__ 2mqo kale™? o i
S o (5.0)
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had im(kn 7 )hgi)(knR) R>r
+ S Va0 0) Yo (2o, 0) 17 | e
m=in|+1 ]m(kn R) h§n> (kn 7'0) R < o
Evidently E, is written as
E¢: E\ (En¢€—inmot+E4n¢ einmot)’ (3 . 4)

[
-

n

where E_,, is the complex conjugate of E,, and easily obtained from (3-3).
Using the above relations, finally we get the energy loss of the particle moving
in a circle as follows,

2 2 o © S _
— AW SR S| Re{ S vaL (2, 0) (b € B (v )}
n=1

dt 7o L ]/En m=mn
— s fiRe{y e 3 Vi (o, 0)juGf/ ) D (nfor/ <)
Ve 3 Vi (-, 0) jutain/ €)h2 i/ e} |, (3:5)

where 3,=v,/- and a relation k,7,=n8,1 ¢, is used.
The spherical harmonics Y,,,(7/2, 0) is zero at m—n=odd, and when m —n=2/
is even its square is

v (L 0)___‘ 2n+41+1  @)! @n+2D)!
mn ? A 22””5[!2(7’1—%—[)!2 ’

(Z: integer).

Further, there is the following relation,
h},? (2) :j77a (Z) +in, (Z) s

in which #,(z) is the spherical Neumann function of order .

In Eq. (3-5), the contributions from the terms with ;2 and #,,/, correspond
to the radiation and collision losses respectively, where the collision loss means the
polarization loss plus the binary collision loss. Thus we shall divide the total loss
as follows,

dw ( d W) < d W)
AW _(aV ) (-4 3.6
d{,‘ dt coll dt rad ( )

From Eq. (3-5) one cannot say anything about further details about the energy

loss Thus, in the following sections we shall derive the explicit formulas, applying

the asymptotic formulas for the Bessel functions.

§ 4. Non-relativistic case

For the non-relativistic velocity of the particle (8,<1), the next asymptotic
formula for the Bessel functions may be used.®® That is, for 73|y ¢,| <2m—1 and
Boly/ €,] <2e7!, we have
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. (B €)™ o (@Cm—1)!! ,
Jm (P €, ) x ~TEOY Enl a1yl s M (nBov €0) = i ey (4-1)

I) Collision loss

Using Eq. (4:1), the series of terms containing j,n, in Eq.(3-5) are
reduced to

1 <h 2D (2n+20)!

i Yofm( ﬂ s O) .m n’? a 7, (7] /E; = = 9
| 2 J ( 101/ ) ( /901/ ) 47571}901/6” 7;.01 22/1+41112(7’l+l)!2

& e [ 7 . — . 1 & @D (2n+20—2)!
> Ym n— ( & O) m €n m A\ n) =" = Xﬁ? ’
mSi ™M g B/ €a) 30‘/6, ) danfoy/ €, (S0 5y L ] 1)1
SR Y W — 1 2, (2D (2n4-204-2)!
:21 m,m < 5 ’ 0) m n? /en AN /En = *\ ( —
i m+l 2 J ( FoV ) ( IBOV ) 4771[90[/6,L 09?n+4l+9ﬂ0(7l+l+1)‘2
(4-2)

The Stirling formula may be applied to the right-hand side of (4-2) and then we
have, for example,

S @DtCaven! 1 & 1 4-3
= 9 oML 12 (57 4 [) 1P T z“oi/l(n—}—l) “9)

The summation may be further replaced by an integral. Although these infinite
series or integrals diverge, actually there exists an upper limit of order m or of
the integral variable. This fact is based on the following reason.

Y,..(0, ¢) is the eigenfunction of the angular momentum operator, and m and
n are the azimuthal and magnetic quantum numbers, respectively, of a spherical
wave. The virtual photon accompanying by the particle whose angular dependence
will be given by Y,.(¢, ¢) has an angular momentum nh along the 2 axis,”” and
has a frequency mw, as a result of the circular motion of the particle with an
angular velocity @, On the other hand, a maximum frequency of the virtual photon
exists and is given by vy/P.m, where p,., is the lower limit of the impact para-
meter.*  Accordingly, the maxium value of #, which is designated by M, is given

by
May=20o/Ppin (4-4)
with
(qe/m S if ge/fivy>1
{ﬁi/l — B¢/ m,vy it ge/Tiv,<1,

where —e and m, are the charge and mass of the electron.
Finally, we obtain

71’17%

* If we take as Pmmwatomic radius in (4-4), (3-5) represents only the loss due to distant
collisions.
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each expression of (4-2)=— 1 1 41n( M )
4 1Py €. n
Then the formula of the collision loss may be shown to be reduced to
2 o«
__CZW _ 2q‘l}0 En1n<M>Im<1_‘302> 2q'UOZ €ap 7111'1<M),
dt rolt 71'7/'02 n=1 7 €, 777"02 IE Iz ”n
(4-5)

where ¢€,, is the imaginary part of €, and €,=¢€;,+i€,,. The summation over n
in Eq. (4-5) has poles at the resonant frequencies w; of ne,,/|€,]” and the con-
tributions of terms with small #’s are completely negligible. In order to compare
with the case of the linear motion, we shall replace the sum by the integral over
frequency @ as follows,

2q2 i €20 1 M(UO
in

coll: TV 6 JE(U|2 \ W

Maw,

47m qe

ot L

Mo Vg

B dW
dt

). o

where w; and f; are respectively the frequency and the strength of the j-th oscil-
lator of the atomic electrons, and where 7, is the electron density of the medium.

When we substitute the value of A/ defined by (4-4) in the energy loss formu-
la (4-6), it agrees with the well-known one for the linear motion. After all, in
the non-relativistic case it can be said that the collision loss for the circular motion
may be approximated by the one for the linear motion with sufficient accuracy
This should be expected from the fact that the Larmor radius 7, is extremely
larger than the adiabatic limit of the impact parameter p,...=v,/®;, because wo< w,,
however strong the magnetic field may be.

II) Radiation loss

Using the asymptotic form (4-1), the summation over = of the terms con-
taining j,. is reduced, for instance, to

13 Cn+414+1) D! @Cn+2D)! (P €,)™
dr =3 22n+41112( e (Cn+4l+1)11%

5 Ya (2 0) A ) =

where the right series decreases very rapidly with /, and by retaining only the
first term we have

S ya (T 0) it e = = %

Similarly, we get

E Yrrzz,n—-l(; >

m=n—1

0) st/ ey = L (e e

and

2 1 (71;901/5)2n+Z
m—zmlym Ml( 2 > (nﬁo‘/en)_E (2n+3)!

220z Isnbny g1 uo Jasn aoysnr Jo Juswipedad "S'N Aq 220S981/65./S/€g/a10ne/d)d/wod dnooiwepese)/:sdjy woly papeojumod



Energy Loss and Radiation of a Gyrating Charged Particle 767

in which the last one will be omitted, because it is negligibly small compared with
the other two.
Thus the contribution from the terms of j,» in (3-5) give us

_ AW | _ 2¢chd v n(ntl) { (nPor/ €)™
dt haa o 7?:]1 @Cn+1)! Re( vV en }

2q" v, n+1 B Y2+l n—1/2 7
= n n o s 4-
7‘02 n=1 (271 ‘{_‘ 1) I ( O) “ ( )

where the effect of €,, has been neglected. If we put €,=1 in (4-7), we obtain
the well-known formula for the cyclotron radiation in vacuum.

IIT) Partition of energy loss

It is readily shown from (4-6) and (4-7) that the radiation loss is less than
a fraction (wy/w,)” of the collision loss, where w, =47n,e*/m, In a dense medium,
(wy/w,)? is ordinarily much less than unity and the contribution from radiations
to the stopping power may be negligible. As (w,/w,)? is proportional to H2/n,,
however, the radiation loss in a rarefied gas having a strong magnetic field is not
always negligible compared with the collision loss.

The ratio of the collision loss to the radiation loss, designated by 7, is as
follows :

/?:76751167;10%2 1— 8¢ ol 7 B L,

n LSS,
m,Z H) B k‘ i,/ 1— 55

where ¢g=Ze¢ and @,=>)f;1In ;. For the radiation loss, there has been used the
next familiar value in vacuum,

(4-8)

-

R Bo=1/10v10
6 FT 1°g10 Hex(gaUSS)

1}

R<1

Bo=v"99/10
>1

I )
T T ¥ T U T

10 15 20
= log; 77, (cm™3)

N G T

Fig. 2. The lines of 70 =1 for an electron gyrating in a hydrogen gas, drawn for some
values of B,. The regions under the lines correspond to 78 >1.
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dW 2(1)02q2‘302 i .
— = . 4-9
dt bt Be(1—B)? (4-9)

Fig. 2 shows the region of /& >1 in the n,-H,, plane for an electron gyrating
in a hydrogen gas. Eq. (4-8) is not valid for the ultra-relativistic case, because
of the FI,, dependence of the collision loss (see the next section).

§ 5. Relativistic case

In the relativistic case, we must use the following asymptotic formulas for
the spherical Bessel functions with large order and large argument.®:®

Case 1) If m+L>n3|y/ ¢,|, we have

exp| (m+3) (tanhe,,—a,,) ]
i/2nﬁo v e, v/ (2m+1) tanh am’

jm (711801/';) =

(5-1)
2 exp[(m+3) (a,,—tanha,,) |

nm(n 1/’5):”‘ = 5
P 1/211,301/ €, vV 2m+1) tanhea,,

where

tanh’a,, =1— <M>2

m+3

Case 2) If m—+4<nfo|v e,|, we have

‘/nIBU ‘/E;: ‘/ (771 +-—,]Z) tan 7’171,

9 /TN~ 1 sin[ (m+3) (tany,,—7,.) —7/4] )
n,, (7/“901/6%) i/n‘@() ‘/e;n— 1// (’}}Z —R_ %}Tan o )

B/ ey~ L cos[m+3) <tam<m—rm>—fr/4],1

(5-2)

where

/ 2

tan’y,, = (M) —1.
m—43

I) Collision loss

Substituting (5-1) in the cross term j, 7, of (3-5), we obtain the polarization

loss, including the close collision loss, in the following way.

2 2 - Amac
— AW =2 SiaRe S L = 6D
L leall Ty n=1 €, =0 - 723 €
= &/1-< Fo Wn_>
G PG VRS

where we have used (5-1) even for small »n because the contributions from the
terms with small #’s are completely negligible. The summation over / is limited
to a certain upper limit /... given by (4-4) and its imaginary part is negligibly
small. If 3|y ¢,| <1, we get (4-5) from (5-3) again.
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Considering that 3|3/ ¢,| is nearly equal to unity in the ultra-relativistic case,
and replacing the sum by the integral, the sum over / is reduced to
lmac

4n 4

2

1 \ n+2l dj— 1 ln(Mz n )_ 1 In < m, vy [0 )
Z 2 J Il+n) 2

e 47 wwy (1 — ﬂoz) A(u(,

where (4-4) has been used. Then the collision loss per unit time in the ultra-
relativistic case is found to be

2 9 2, 4 N\ 12
_dW _ dnn,e’q ij ln< : M, Vg _ W ) ) (5-4)
dt et myvy g A w,0,(1—37) 4w,

The second term in the logarithmic factor is negligible compared with the first
term. Here it should be noted that (5-4) depends on the external magnetic field,
in contrast with the case of motion parallel to the magnetic field, and that it is
not applicable to the limiting case H,,—0.

II) Synchrotron radiation

When m+1/2>n%y/ ¢
in (3-5) give us the energy loss by synchrotron radiations. First, we must apply

e

the contributions of the square terms Ja(n3n/ €,)

the recurrence formula and then use the asymptotic cne for (3-5).* Here it should
be noticed that if m>n, viz. @,>1, j.(ndy/ ¢,) is nearly equal to zero; and thus
we have only to consider the case of a,,<1. Therefore we have

U\ 2) 3/2
tanh“m—*wmi—ia,iz——}{1_—<m>} _
3 3 m+3%

Approximately we get the following

—%—ﬁﬁ/en[ > (; );m<nﬂou/en>+ > Vi 2 = ,0>]'3L(ﬂﬁol/?n)J

m=n—1 m-—n+

1 a: 7
‘/E* ’:zjn YnZLn (T )]m(ﬂﬂO‘/ EIL)——_IBOI/EH n~1n 1( ; s

~ Bon™" exp[—(2n/3) (lﬂg} (5-5)

0) ji_l (73, l/z;)

167y 7 V1l en
where the remaining terms are found to be almost cancelled, using the recurrence
formula and adequate approximations

As we can neglect the imaginary part of €, in (5-5), we obtain the loss due
to the synchrotron radiation as follows,

AWl qeB’ z Vn exp[——
dt lsyn 2]/"[ ro n=l 1/1‘—@] €1

For small 7, the spectrum represented by (5-6) is not a good approximation. If

e | 66

* If we directly apply (56-1) for the j,,2 term in (3-5), we are misled to the wrong result
(energy gain) on account of incorrectness of (5-1).
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we neglect the dispersion and replace €, by a certain average €, we have

6 — q By’ n e—nlne,
(56)—21/ ey 1— ﬂoen—]/e/

where #, is defined by

. 27,
3

C(1—fe)¥=1.

If we put y=n/n, and approximate the sum by the integral, we obtain

dW 3/ 3¢*chy’ 3 V§q2 By’

Putting € equal to unity, the above expressions are a little different from the
ordinary ones in vacuum given by the method of the Poynting vector (see the
Appendix or reference 7)). One of the reasons is due to the poor approximations

to the lower harmonics.

IIT) Cerenkov radiation

When the condition 3]y ¢,| >1 is satisfied, it is also possible for a gyrating

charged particle to emit the Cerenkov radiation, provided the wavelength is much

smaller than the radius of the orbit.

- — e A ~yd - =
dt 41/271‘7’02(1—-,@02 E)11/4 15) i/ye Y 8!/2 7-02(1——3026)“/4 .

(5-7)

As it is sufficient to consider only the case of 7, <1, we can write as

tan T?IL - Tm =~ ‘-1‘ 7‘713&

3
and thus from (5-1)
, oS {Zm—{—l - %}
-9 ‘E_n“ ~ _
]m(nﬁo‘/ ) 2m+1 nﬂov/en tany,,
Therefore we have
- _
T 0> .’"2L 9 En L — 1
¥ (5 0) it/ @)= 2 f,
m;_ J (71‘301/ )= on 71{301/ —f(n—1),
. — 1
H Y;zn+l< 7r > 0) 'rr2:. n = 1 3
> o 0)in(nBov/ € e AR

where the function f(n) is

(2n—l—4l+1 3 T )

1 1 7"6'7 Tfn+20T

n = — —_——————— —

7@ 7 271/1(1—1—71) ~/< 131 €, jz_
A2l )

(5-8)
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and
F)=f(n—1)=f(n+1) (for large n),
where the upper limit of / is determined by the condition n3|y/ ¢, >n+2[+1/2.
Thus the energy loss due to the Cerenkov radiation is expressed as

_aw. _ 4‘]2;’0 Zn] Re{n(ﬁoz eln >f(n)}, (5-9)

dt éer 7 n
0 B0|VE72 [>1

where the sum over 7 is limited to the case of 3|}/ ¢,|>1 and the imaginary part

of £(n) is small enough to be omitted. If we put cos’(:--) equal to unity in f(n),
and considering ﬂo‘“’]i/ e, |1, f(n) is reduced to

I+3 1 1
~ T 14+ 272 ) ~_—
fm) = - ( g n+l>i/2l(n,303/€ —n—20—1%) 4

where the second term in brackets is neglected and the sum is replaced by the
integral,
After all, we get the following expression,

_dwW
dt

v
Cer 7o I

601V§|>1
where ¢(n) represents the effect of interference and is given by

. on+4i+1 , T >
sin’ <kv‘ S oy ———
ERs 6 "M a)

& 11/1(z+n)/( (B )

7’1 2l+7—

=L 3 a(w- ) amge, JECED)

g(n) =

Replacing the sum over n by the integral, we have

_aw
dr

2
=L (= 22) a—g(o/o)) o do, (5-11)
Cer Vo |€w‘2

Cer.
where ¢(w/w,) is much less than unity for high frequencies. On account of the

poor approximation, however, the low frequency part of the spectrum given by

(5-10) or (5-11) is not valid. As is mentioned before, the Cerenkov radiation
with rather low frequency will be weak or impossible, because of the destructive
effect of interference (see the Appendix). ’

IV) Angular distribution of radiation

As will be shown in the Appendix, most of the synchrotron radiation is con-
centrated within an angle g~41/1—32¢, where @=n/2—0. On the other hand,

the angular distribution of the Cerenkov radiation is almost like a ¢ function at
6=cos™'(1/8n/ €) Fig. 3 and Fig. 4 schematically represent the angular distri-
butions of these two radiations.
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:z
%i
'R

AN A

)

—a 0 a —b 0
Fig. 3. The angular distribution of the Fig. 4. The angular distribution of the
synchrotron radiation. a==v1—82€. Cerenkov radiation. &==cos™1(1/8,1€).

In a dense medium, the two angular distributions may rather be of great dif-
ference ; in a rarefied gas, however, they may practically be indistinguishable.
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Appendix

The next treatment follows the method of reference 7). The fields of a gy-
rating charged particle in the wave zone are given from (2-2) as

2 o S N
—Dy=H,=9" " ny/cre= .7 (nfor/ <. sind),

1"0 n=—00
. 5 (A-1)
D,=H,= _ 4P cotd >3 ne™ Jn(nﬂol/asinﬁ),
7"0 n=—co
where
;/:wot—{—i-—go——wo‘/e” R.
2 c
If we neglect the absorption, namely €, is real, we get
2 o _ —_
_Dﬁ’:Hg:h__zq% S_J‘l nv/ €, J,' (nB8v/ €, sinb) cos ny,
. 7o n=
(A-1)’

Dy=H,= —ZL% cotd 5:‘ nd, (nﬁ()]/gsinﬂ) sinzny.

7o n=1
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Thus the energy flow per unit time in a solid angle d® is reduced to

dW=3>1dW,
n=1
2wt Bl — — (A-2)
AW, =920 [cot? 01,2 (nBoy/ € sind) + 35" €, J,2(nPs1/ €, sinl) ] d 2,
Zﬂrozﬁ/e,n
where the time average over a period of motion has been taken. Therefore the
radiation energy of a frequency nw, per unit time is

2By Ve,

2 J—
Wn___ii;():;n_iyagoz €, J2,n(27l‘301/6n) + (A‘902 En—“l) S JZn (x) dle . (AS)
o € 0

1. Synchrotron radiation (35€,<1)
Neglecting the dispersion, and replacing €, by a certain average ¢, the fol-
lowing spectrum is obtained :

if w<w,,
ﬂ/‘n d7l: Bv/g_ qz 6‘30 F(Z/B) yllsdy,
27 e (1—37¢€)”
if w>aw,, (A-4)
o 2
W,dn= 3v'3 _g’chy ! ;e dy,

4v2n rle  (1—pl€)
where w,=mn,wy, y=n/n, and n,=3/2- (1—57) "

2. Cerenkov radiation (Ble,>1)
Using the recurrence formula, and considering the relation

©

j'J,,(.:c)dx:l,
]

(A-3) may be rewritten as follows,

< 8

n

Wn:q_zﬁz"_(ggenq)b_ ) Jzn(x)dx+M{Jzn(2"ﬁol/E;)

7¢ € €
¢ 218y V? ‘3

—tgo ‘/ngm(Znﬂm/?n) } :l .
For large 7, being approximately

Jzn (27’%30 I/E—n) = J2n+1 (271[90 l/z;») s
we have

[+

W= TP (gpe,~1 1= | Ju@)de—fo/GIn@in/@) |, A5

0 *n o —
213y V('n
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where we have used an approximation
2(1—Fv/ €) =1—p3¢,.

The second and third terms in brackets represent the destructive effect of interference
and may be neglected in the case of n>1. Hence, when the wavelength is much
smaller than the radius of the orbit, the same spectrum as for the linear motion
is obtained.

8. Angular distribution

Neglecting the dispersion, and putting €, equal to €, the radiation energy
emitted in a solid angle d£ per unit time is given by

— ,326 _ ,326 .
W= 4(1—,302oesin25)7/2 1+cos™d —(:r(1+3;902€)51n40 d9. (A-6)

Thus it is necessary that

1—07 € sind > 0.

a) Cerenkov radiation
If we put §==n/2+6, we get the condition

cos@ <

1
;30 1/6

The maximum intensity is evidently lying at an angle given by

cos O =

1 .
4‘901/ €
which is nothing but the Cerenkov relation. As is easily seen from (A-6), the
angular distribution is almost like a ¢ function.
b) Synchrotron radiation

The most part of the radiation is emitted within an angle
6~y 1—32€. (A-8)

Thus the angular distributions of these two radiations may be schematically shown
by Fig. 8 and Fig. 4.
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