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Energy quantization for biharmonic maps

Paul Laurain and Tristan Riviere

Communicated by Giuseppe Mingione

Abstract. In the present work we establish an energy quantization (or energy identity)
result for solutions to scaling invariant variational problems in dimension 4 which includes
biharmonic maps (extrinsic and intrinsic). To that end we first establish an angular energy
quantization for solutions to critical linear 4th order elliptic systems with antisymmetric
potentials. The method is inspired by the one introduced by the authors previously in
“Angular energy quantization for linear elliptic systems with antisymmetric potentials and
applications” (2011) for 2nd order problems.

Keywords. Fourth order elliptic systems, harmonic maps, conservation laws.
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1 Introduction

Let N be a C3 closed submanifold of R¥ (i.e. N is compact without boundary).
Let By the unit ball of R” and u € W12(B;, N). Then we can define the Dirichlet
energy of u as

1
D(u) = -/ |Vul|? dx.
2 /B,

The critical points of D are the so-called harmonic maps for which an extensive the-
ory has been developed. In particular, when n = 2 since in that case the functional
is conformally invariant, it has been proved that the harmonic maps have some
special properties, in particular an energy quantization for sequences of bounded
energy, see [13] for instance.

In this paper, we consider still quadratic scaling invariant problems but in dimen-
sion n = 4 this time. In that case, there are several ways to define an equivalent of
the Dirichlet functional. Since we look for a scaling invariant quadratic functional,
the gradient has to be replaced by some expression involving second derivatives.
The simplest example is given by

1
E(u):—/ |Au|? dx.
4 Jp,
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The critical point of this functional are called extrinsic biharmonic maps. The term
extrinsic comes from the fact that this functional (and consequently its critical
points) depends on the choice of the embedding of N into R¥. Trying to remedy to
this lack of intrinsic nature of the problem, one can instead consider the following
functional:

1
1= /B (Aw)T P dx,

where (Au)T is the projection of Au onto Ty, N (indeed (Au)T := Dk Daxk Ox, U
where D is the pull back by u of the Levi-Civita connection V on N for the induced
metric). The critical point of I will be called intrinsic biharmonic maps. One can
further introduce other functionals sharing similar properties and we refer to [12]
for more examples. The Euler Lagrange equations satisfied by the biharmonic maps
have been computed in particular in [17]. One shows that u € W?22(By,N) is an
extrinsic (resp. intrinsic) biharmonic map if and only if u satisfies

To(u) = A%u — A(B(u)(Vu, Vu)) — 2V - (Au, VP(u)) + (A(P(u)), Au) = 0,
respectively

Ti(u) = A%u — A(Bu)(Vu, Vu)) — 2V - (Au, VP (u)) + (AP (1)), Au)
— P(w)(B(u)(Vu, Vu)Vy, B(u)(Vu, Vu))
—2Bu)(Vu,Vu)B(u)(Vu,VP(u)) =0,

where P and B are the orthogonal projection onto 73, N and the second fundamental
form of N.! Since our result applies indistinctly to extrinsic as well as to intrinsic
biharmonic maps, except when it is necessary, in what follow we will indifferently
employ the denomination biharmonic map for both extrinsic biharmonic map and
intrinsic biharmonic map. We observe that these equations are of the form,

A%y = Z co(u) 0% u 0%y 0%3u 0%4u,

o ttoas=4
0<o; <4

which make them critical in dimension 4 for W22 in the sense that classical
LP-theory can be directly applied to this equation for proving regularity or com-
pactness results assuming u is in W27 (By) with p > 2 but such an approach fails
in W22, The critical nature of an elliptic problem is characterized by possible
loss of compactness at isolated points. In order to fully describe this concentration-
compactness phenomenon one has to understand “how much” energy is lost at

1 See section 2 for precise definitions.
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these isolated points. Energy quantization means that the energy lost corresponds
exactly to the sum of the energies of the so called bubbles — or rescaled elementary
solutions on S* — concentrating at these points. The word quantization refers to the
fact that the bubbles cannot have arbitrary small energy and in some problems it is
even known that they can realize only a discrete set of values.

Our main result in this paper is the energy quantization result for biharmonic
maps. In fact we are proving something stronger considering more generally se-
quences of approximate solutions of biharmonic maps. To that end we need the
following definition.

Definition 1.1. Let N be a C3-submanifold of R¥, p > 1, f € L?(By, R¥) and
u € W22(By, N). The map u is f-approximate biharmonic if u satisfies

Ti(u)=f or Te(u)=f

The reason why we need N at least C3 is made clear in Section 2 when we
rewrite the equation in term of orthogonal projections onto 7;, N. Hence, we are in
a position to state our main result.

Theorem 1.2. Let N be a C3-submanifold of RX, p > 1, f, € L?(B1,R¥) and
let u, € W»2(B1, N) be a sequence of f,-approximate biharmonic maps with
bounded energy, i.e.

/ (IV?unl? + |Vun|* + | ful?) dz < M. (1.1)
By

Then there exists f € LP(B1,R¥), use € W21 (B, N) an f-approximate bihar-
monic map and

) wl,... ,a)l some biharmonic maps of R* to N,
D
(i1) a,ll, cee, afl a family of converging sequences of points of B,
(iii) )t,lz, ceey Af, a family of sequences of positive reals converging all to zero,

such that, up to a subsequence,

. 2,
Up = Uoo in WEI(By \{al,... al})

forall g < % if p <2, for any q otherwise, and

1 1
v? un—uoo—Zw:l + ||V un—uoo—Zw;, — 0,
=1 L2.(B1) =1 L}.(B1)
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where a),’, = wi(aﬁl + /\ﬁ, .). Moreover, if N is C'*3 and the map Jn is bounded in
CU(By, RK), then the convergence of up to U is in C1 T4V (B, \{al,... ,aéo})
forany O <v <n.

Observe that for a sequence of biharmonic maps into a smooth manifold the
convergence holds in C,32. Such a result was already known for intrinsic biharmonic
maps, see [6] and [7], or for extrinsic biharmonic maps into a sphere, see [19]. Here,
the method employed seems particularly robust since it can be applied equally for
both extrinsic and intrinsic biharmonic maps but it applies moreover to a larger
class of scaling invariant problems. As an illustration of this fact we prove that the

method applies to the following general lagrangians:

[(|Au|2dx+u*9) or /(|(Au)T|2dx+u*Q), (1.2)
B] Bl

where €2 is an arbitrary smooth 4-form of R¥.

The method we use goes first through the proof of an angular energy quantization
result? for sequences of solutions to the general critical 4th order elliptic system
with antisymmetric potentials introduced by Lamm and Riviére [10]. We follow in
fact the approach that we originally introduced in [11] for second order problems.
We have good reasons to think that the method could further be extended for proving
a general energy quantization result for polyharmonic maps in critical dimension
(see the e-regularity for polyharmonic maps in [4] and [3] for the general case, see
also [14]).

As an immediate consequence of Theorem 1.2, we get the asymptotic behavior
of biharmonic maps flow. A weak solution to the extrinsic biharmonic map flow is
amap u € W22([0, +o0[ x By, N) satisfying

g—': + A%u = A(Bu)(Vu, Vu)) + 2V - (Au, VP (u))
— (A(P(u)), Au) on [0, +oo[ x By, (1.3)
U =up on {0} x By,

where ug € W22(B1, N). Several existence results have been established for
(1.3), see for instance [9] for small initial data or [2] and [18] for solution with
finitely many singular times and arbitrary initial data. All these solutions satisfy the
energy identity

/.,

2 See the end of Section 5 for a precise statement.

9y |2
DN daxdr +/ |Au|? dx 5/ |Aug|?>dx forall T > 0. (1.4)
ot B B;
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Corollary 1.3. Let N be a C3-submanifold of R¥ and ug € W2'(B1, N) and let
u € W22([0, +o0[ x By, N) be a global solution of (1.3) satisfying the energy
inequality (1.4). Then there exist t, a sequence of positive real such that t,, — +00,

a biharmonic map uso € W21 (B1,N), | €N, o', ..., o' some biharmonic maps
of R* to N and a,ll, e ,ail a family of points of By converging to aéo, R aéo
such that

U(ty,.) > Ugo O ngc’p(Bl \{aéo,...,a(l)o}) forall p > 1
and

l
V2 uty,.) — o —Zw,’,

=1 L2.(B))

i
+ ||V u(tn,.)—uoo—Za),", — 0,
i=1 LE.(B)

where ), = o' (al, + AL ).

In fact, thanks to (1.4), we easily prove that there exists #, such that u(z,,.)
satisfies the hypothesis of Theorem 1.2 with p = 2.

The paper is organized as follows: in Section 2, we rewrite the equations in order
to apply the theory of Lamm and Riviere, in Section 3 we recall the main results
of Lamm and Riviere and we prove an e-regularity result for biharmonic maps, in
Section 4 we derive the key estimate in Lorentz space for the angular derivatives in
a annular region of arbitrary conformal type, finally in Section 5 we prove our main
result postponing technical result to Sections 6 and 7.

2 Biharmonic equation in normal form

Let N C R¥beaC 3_submanifold, there exists § > 0 such that IT : Ns — N, the
nearest point projection map, is well defined and C3, where

Ns ={y e RF | d(y,N) < 8}.

Let, fory € N, P(y) = VII(y) : RF — Ty N be the orthogonal projection,
and PL(y) = Id — VII(y) : RF — (T, N)*. In the following, we will write
P (resp. P1) instead of P(y) (resp. P~(y)) and we will identify these linear
transformations with their matrix representations in Mj. We also note that these
projections are in C2 and therefore their composition with u, that we keep denoting
respectively P and P, are in W22(By, My) as soon as u is in W22(By, N).
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Finally, let B(.)(.,.) be the second fundamental form of N C R, which is
defined by

B(y)(Y,Z) = Dy P (y)(Z) forallye N, Y,Z € Ty N.

We know that, see [16], that u € W22(By, N) is an extrinsic biharmonic map if
and only if
A%u L Ty N almost everywhere,

which can be rewritten as follows:
A%y = PLA%y
2.1)
= div(P*VAu) — VPV Au.
Then we rewrite the second term of the right hand side as follows:
VPLVAu=VPLPIVAu+VPLPVAu
=VPLPLVAU - PLVPVAu (2.2)
= 2VPLPLVAu + (VPPL — PLVP)VAuU.
But
2VPLPLVAU =2VPLPLVAU—2VPLV div(P1Vu)
= —2VPLVPLAu + 2div(VPL(VPLVU)) (2.3)
—2APLVPLVU.
Thanks to (2.1), (2.2) and (2.3), we get
A%y = div(PYVAu) — diveVPH(VPVu))
+2VPLVPLAU + 2APLVPLVY
— (VPP — PLVP)VAu
= APt Au) — div(VPAu + 2VPH(V P Vu))
+2VPLVPLAU + 2APLVPLVY
— (VPP — PLVP)VAu,
which finally gives the equation of extrinsic biharmonic maps
A%y = —A(VPVu) — div(VPLAu)
+2VPLV(VPLVu) +2VPLVPL A (2.4)
—(VPPL — PLVP)VAuU.
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For intrinsic biharmonic maps, we need to add some tangent terms, see [17] for
details, which gives

A%y = —A(VP+Vu) — div(VP+Au)
+ 2VPLEV(VPLVU) +2VPLV P AU
—(VPP+ - PLVP)VAu (2.5)
+ P(VPHVuv(VPLvu))
+2vPivuvpeive.

Proposition 2.1. Equations (2.4) and (2.5) can be rewritten in the form

A%u = A(VVu) + div(wVu) + VoVu + FVu, (2.6)
where
Ve Wh(By, M @ A'RY), w e L*(By, My),
w € L*(By,s0;), F e L? - WY2(By, My @ A'RY)
with
V= C|Vul,
|F| < C|Vu|(|V2u| + |Vu|2) almost everywhere, 2.7)

w| + |o| < C(IV?ul + |Vul?)
where C is a positive constant which depends only on N .

Proof of Proposition 2.1. We give a proof for equation (2.4), the intrinsic case will
follow easily.
On the one hand, we proceed to the following Hodge decomposition:

dPPL+ — PLdP = do + d*p,
where o« € W2(By,s0r), B € W, > (B1, A2(R*) ® My). Hence @ and B satisty
Ao = APP-—PLAP and AB =dP AdP+ —dPt AdP.
Then o € W22(By,s0x), d*p € WOZ’(%’D(BI, A?(R*) ® M) and we get
(VPPL — PLVP)VAu = dAaVu + Ad*BVu + A(VPPL — PLVP)Vu)
—2div(V(VPP+ — PEVP)Vu)
= Vw1 Vu + F1Vu + A(V1Vu) + div(w; Vu),
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with w; € L?(By,s0g), F1 € L2-WV2(B1, M @ A'R*), Vi € WL2(By, My ®
A'R*) and wy € L?(By, My).
On the other hand, we have

2VPLV(VPLVu) = F>Vu,

with
I P+ 1 2 1,2 14
F, =2WV(VP Vu) e L”- W= (By, M @ A'RY)
y
and
2VPLVPLAU = F3Vu,
with N
aP
F! = 2WVPLAu e L2 - WY 2(By, My @ A'R?),
y
which achieves the proof. |

For general Lagrangian of the form (1.2), the equation becomes

Tou) = H ou ou Jdu Ju Tow) = H ou ou OJdu Ju
u) = —_— Ty Ty T or u) = o e s A s o )
¢ 8x1 3X2 8X3 8X4 ¢ 3X1 aXZ 8X3 aX4

where H is the 4-form on R¥ into R¥ defined by
dQU,V,W,X,Y)=UH (V,W,X,Y) forallUV,W, X,Y e RF.

Hence we have

ou odu Jdu OJu
8x1’8x2’8x3’8x4

with F € L2 - W12(By, Mp @ ATR?).

):FVu,

3 Preliminaries

First, we recall the main result of [10] that provides a divergence form to elliptic
4th order system of the kind (2.6) under small energy assumption. This will be one
of the main tools in order to obtain the estimate needed for the energy quantization.

Theorem 3.1 ([10, Theorem 1.4]). There exist constants ¢ > 0 and C > 0 depend-
ing only on N such that the following holds: Let V.€ W12(By, My ® AIR?),
w e L?(By, M), w € L>(By,s0x) and F € L? - WVL2(By, Mi @ A'R?) such
that

IVliwr2 + lwllz + ollz + [ Fll e <.
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Then there exist A € L®NW?2(By,$ly) and B € Wl’%(Bl, My ® A2R*) such
that
VAA+ AAV —VAw + A(Vw + F) = curl B,

and

IRTS

IAllw22 +d(A.80) + Bl ..

< C(IVllwr2 + w2 + l@ll2 + [ Fll2.p1.2)-

Thanks to the previous theorem, we are in a position to rewrite equations of the
form (2.6) in divergence form.

Theorem 3.2 ([10, Theorem 1.2 and 1.4]). There exist constants € > 0 and C > 0
depending only on N such that ifu € W22(By,R¥) satisfies

A%u = A(VVu) + div(wVu) + VoVu + FVu + f,

where
Ve WH2(By, My @ A'RY), w e L2(By, M), o € L*(By,s0p),
FelL? WY (B, My @ A'R*), f e L'(B1,R¥)

with

Viwrz + llwllz + olla + [ FllLzwrz <e,

then there exist A € L° N W?22(By,8l;)and B € Wl’%(Bl, My @ A2R*) such
that

lAllw22 +d(A,80,) + ”B“Wl,%

<C(IVIwr2 + w2 + l@ll2 + [ FllL2.p1.2)
and
A(AAu) = div(2VAAu — AAVu + AwVu + VAV Vu)
— AV(VVu) — BVu) + Af.
A first consequence of the previous theorem is the e-regularity for biharmonic

maps. It can also be compared with the corresponding result established for second
order problems in [11, Theorem 3.2].

Theorem 3.3. Let p > 1. There exist constants € > 0 and Cp > 0 such that the
following hold:

() (e-regularity) Ifu € W22(B;,R¥), f € LP(B;,R¥), V e WL2(By, Mk ®
AR*), w e L?(By, My), o € L?>(By,sox) and F € L?- WY2(By, My ®
AR*) satisfy (2.7) and

IV2ull2 + [[Vuls <,
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with u a solution of
A%u = A(VVu) + div(wVu) + VoVu + FVu + f  on By,

then we have u € Wz’ﬁ(B%,Rk), where p = % ifp<2elseany p > 2
and

IV?ullpog, )+ 1VullL2ss, ) < CollVullL2,) +1IVullLas,) + 11 1lp)-
2 2

Moreover, if N is smooth and | € CL7 for 1 € N and n > 0, then we can
replace W*P by C1+4m,

(ii) (Energy gap) Ifu € W22(R* R¥), f € LP(R* RK), V e WI2(R*, My ®
AR*), w e L2(R*, My), w € L>(R*,sog) and F € L? - WI2(R*, My ®
AR satisfy (2.7) and

IV2ull2 + [[Vuls <e.
with u a solution of
A%u = A(VVu) + div(wVu) + VoVu + FVu  on R*,
then u is identically equal to zero.

The proof of Theorem 3.3 could be achieved almost following [10, Lemma 3.1].
We give however an independent proof of this fact that sheds new lights on the
problem.

Proof of Theorem 3.3. Let 0 < ¢ < 1 such that, thanks to (2.7), the hypothesis of
Theorem 3.2 is satisfied. Then we can rewrite our equation as

A(AAu) = div(K) + Af,
where A € L® N W22(By,8l;)and K € L? - W2 C L3 satisfy
[Allw2.2 + d(A, 80,) + ”K”L%,l

< C(IV?ullz + IVulla + 1V w12 + wll2 + l@ll2 + [ FllL2.p1.2)

where C is independent of u.
Let p € B% and 0 < p < % We decompose AAu on By(p) as

AAu=C + D,
where C € Wol’z(Bp(p)) and D € WY2(B,(p)). Then C satisfies
AC =div(K) + Af on B,(p)
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and D satisfies
AD =0 on B,(p).

Thanks to the standard L?-theory and Sobolev embeddings, we get

1
2 4(p=1)
(f rerax)” = c(ixis+o™ " 1r1,)
By(p) )

4(p—1)

&
= C(eIVPullz + S 1ul2 + 0771/ ).

(3.1)

where C is a positive constant in dependent of u.
Using the fact that D is harmonic, we have that

1
§— —/ D|?dx
(Sp)4 BSp(P)| |

is an increasing function and hence for all § € ]0, 1] we deduce,

/ |D|?dx < 54/ |D|? dx. (3.2)
Bs,(p) By(p)

We then decompose the map u as follows: u = E + F where E € W01’4(Bp(p))
and F € WH4(B,(p)) satisfy

AE = A™Y(C 4+ D) on B,(p)

and F satisfies
AF =0 on B,(p).

Thanks to the standard L”-theory and Sobolev embeddings, we get

1 1 1
1 2 2 2
—(/ |VE|2dx) gc((/ |C|2dx) +(/ |D|2dx) )
P \JIB,(p) By(p) By(p)

(3.3)
where C is a positive constant in dependent of u.

The function I
> —— / |IVF|?dx
(5/))4 BSD(P)

is increasing since F' is harmonic and we have again, for all § € ]0, 1],

1 82
—2/ |[VF|?dx < —2/ [VF|?dx. (3.4)
(30)* JBs,(p) P JB,(p)
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Then, thanks to (3.1), (3.2), (3.3) and (3.4), for § and & small enough (with respect
to some constant independent of u), we have

1
VZul? + Vu 2) dx
/Bsp@ (' "+ GV

1
< -/ (|V2u|2 |Vu|2) dx +C8
2 Bo(P)

Iterating this inequality gives the following Morrey type estimate: there exist
o > 0and C > 0 such that

_ 1
wp p (/ (|v2u|2 " —2|Vu|2) dx) <Clf .
peB;,0<p<} By (p) o
2

Then

sup p—“/ A2l dx < C| £ -
pEB | ,0<p<} Bo(p)
2

Then a classical estimate on Riesz potentials gives, for all p € B L
1
|Aul(p) = (Cllfllp)W * XBy |A%u] + C[V?ull 25,

[Vul(p) < (Cllfllp) * XBy |A%u] + C|[VullL2(p,),

where y Bl is the characteristic function of the ball 31 Together with injections

proved by Adams in [1], see also [5, 6.1.6], the latter shows that

& ulLrsy) + ”V“”LZ’(B%) < C(If1lp + 1V2ull2 + [ Vull4),
for some r > 1. Then bootstrapping this estimate, we get

||v2”||LP7(B%) + ||Vu||L217(B%) < C(I1fllp + IV2ull2 + [IVull4),

where p is the limiting exponent of the bootstrapping given by the Sobolev injection
of W2 into L? if p < 2. Indeed, thanks to (2.7), the only limiting term for the
bootstrap is the regularity of f.
Now, we can easily derive the proof of the energy gap. Indeed, thanks to the
previous estimate, we easily see that for some g > 2 we get
[l w2
& ullLaBgr) + IVullp2a(pe) < CT for all R > 0,

which proves that u = 0. o
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4 Uniform estimate in annular region

In this section, we derive a strong estimate for angular derivatives in an annular
region independently of the conformal class.

Theorem 4.1. There exist constants € > 0 and C > 0 depending only on k such
that if 0 < r < %, p>1landu € W22(By \ By, R¥) satisfies

A%u = A(VVu) + div(wVu) + VoVu + FVu + f,

where
Ve WhE(By\ By, My ® A'RY), w e L?(By \ By, M),
w € L*(B1 \ Br,s0p), FeL? W"(By\ By, M ® A'R?),

f € LP(B1,RF)

with
Vw2 + lwlz + loll2 + | Fllpzwiz <e,

then

97Vl 25,y = €O+ IV,
4

+ IVulpag\g,) + I fllLr:\B,))
9
where VI f =V f — a—{a%

Proof of Theorem 4.1. Using some Whitney extension theorem, we see that there
exist
Ve WV2(By, My @ A'RY), W e L%(By, My).

@ € L*(B1,s0p), FelL? WY2(By, My @ A'RY)
suchthat V.=V, W =w,® = wand F = F on B; \ B, and
IVlwiz + 1@l + @]z + 1 Fllz2m1.2 < 2.

Thanks to Theorem 3.1, for 0 < ¢ < % small enough, there exist

AeL®NW22(B,8l,) and Be wbGD(B)
such that

d(A,80k) + ||A||W2~2 + ”B”Wl'(%’l)

< C(IVlwrz + 1®ll2 + @2 + | Fl2.p12)



204 P. Laurain and T. Riviere

and
VAA+ AAV —VAw + AVw + F) = curl B.

Then we extend u by it € W2-2(By) such that
IVl 2,y + IVl Lacsyy < 201V Ul L2818,y + VUl 248, B,))-
We easily see that u satisfies
A(AAu) = div(K) + Af on By \ By,
with
K = 2VAAii— AAVii + AwVii + VAV Vii)— AV(V Vi) — BVii € L3 (By)
such that
1K, 4 = C(1+ IV?ullz2,\B,) + IVullL4(B,\B,))-
Then, we extend Af by f € L?(B;) such that
1f 1o <214 5.
Then take D € W."? (By) which satisfies
AD =div(K) + f on Bj.

Hence, thanks to the standard LP?-theory, there exists C a positive constant inde-
pendent of r such that

D]

21 = C(IKI 5.+ 1/1p).

Finally, thanks to Lemma 6.1, there exist a, b € R* and C a positive constant
independent of r such that

L21 (B%\B2r)

41
< C|D - AAul, @1
< CL+ V2l + 1K, 4.0 + 1 1p)-

Hence we have

b
div(AVil) = a + et F onB;\ B,
X

with

IF L2081 \Bory < C(1+ IV?ull2(8,\B,) + IVUllL3(B\B,) + 1/ 1lp)-
2
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Let us proceed to the following Hodge decomposition, see [8, Corollary 10.5.1],
Adii = do + d* B, (4.2)

where o € Wol’z(B%) and f € WI’Z(B%) satisfy

b
Ae=a+ —+F onBi)\ By,
|x|? 2

and
AB =dANdu onB%.

On the one hand, we extend F by FeW'2(B 1 ) such that
1Fll 2008,y < 2 F 2.
2
Then, let & € WOI’Z(B 1 ) which satisfies

Aéd =F onB,.

(Sl

Hence, thanks to the standard bounds for singular integrals on Lorentz spaces,
see [5], there exists C a positive constant independent of r such that

IV2@ll21 < ClIF 2.

Then, thanks to Lemma 6.1, there exists C a positive constant independent of r
such that

T ~
“V V(e —a) ||L2~1(Bl\B4,)
4
< C|V(@—-a&)|2 (4.3)
< C(|Fllz1 + IV?Bll2 + IVAVii |2 + [ AVZi]|2).

On the other hand, thanks to the standard-L?-theory and Sobolev embeddings, we
get

V2B 215,y < COU+ VUl L2(8,\8,) + VUL \B,))- (4.4)
4

Here we use the injection of W2 into L*2. Finally, thanks to (4.2), (4.3), (4.4)
and the fact that
[V Vul pon = C(IVT AV | 2 + [V AVH] 12).

we get the desired estimate. o
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5 Proof of Theorem 1.2

First we are going to separate B in three parts: one where u, converges to a
limiting solution, another composed of some small neighborhoods where the energy
concentrates and where some bubbles blow and a third part which consists of some
neck regions which join the first two parts. This “bubble-tree” decomposition is by
now classical, see [13] for instance, hence we just sketch briefly how to proceed.

Step 1: Finding the points of concentration. Let gy be such that the V, w, w
and F given by Section 2 satisfy, thanks to (2.7), the hypothesis of Theorem 3.3 as
soon as || V2u ||§ + |Vu ||f1 < g¢. Then, thanks to (1.1), we easily proved that there
exist finitely many points a!, ..., a” where

/ (IV2u|* + [Vu|*) dx > &g forall r > 0. (5.1)
B(a;,r)

Moreover, using Theorem 3.3, we prove that there exist f € L?(B;,R¥) and
an f-approximate biharmonic map us, € W?2(By, N) such that, up to a subse-
quence,
fo— f inLP(B1.RY)
and )
Vup = Ve in WEP(By\ {al,....a"}).

loc

Step 2: Blow-up around a’. We choose r; > 0 such that

/ (VU002 + [Vuoo|*) dx < 22
B(a;,ri) 4

Then, we define a center of mass of B(a’, ') with respect to 1, in the following

way:
dly = </B<“’!r">xa|v2un|2dx)
fB(ai’ri) |Vun|? dx —1..4

n

geeey

Let A, be a positive real such that

[ (Tl ) dx =2

B(a},r)\B(a}. 1) 2

Then we set i}, (x) = up(al, + Al x) and N} = B(a!,,r") \ B(a’,, Al)). Thanks to
the conformal invariance, we easily see that

/ IV, + | Vi |*) dx =[ o (IVun* + [Vup|*)dx < M
B(.%7) B(d}y.r1)
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and i/, still satisfies the equation of approximate blharmomc maps with the approx-
imation (A/)* fn which goes to zero in LP-norm. Let a be the possible points of
concentration of %!, where

f - (VL) + | Vit [*) dz > g9 forallr > 0. (5.2)
B(aj ,r)

Then, up of a subsequence, for each i,

Vil — Vul, in WP (B \{a},....d"")),

loc

where ul_ € W22(R*, N) is a biharmonic map.

Step 3: Iteration. Two cases have to be considered separately:

. ﬂf, is subject to some concentration phenomenon as (5.1), and then we find
some new points of concentration, in such a case we apply Step 2 to our new
concentration points.

i . 2.p .. . .
* u', converges in Wlocp (R#) to a non-trivial biharmonic map.

Of course this process has to stop, since we are assuming a uniform bound on
V2up|l2 + || V?up ||4 and each step is consuming at least the energy of a non-trivial
biharmonic map which is bounded from below thanks to the energy gap proved in
Theorem 3.3.

Analysis of a neck region: A neck region is an annular region which is a union
of a finite number of annuli N} = B(a!,, u!,) \ B(al,, A},) such that

i

lim =0, lim 2% =0,
k—+o00 Mn k— 400 ,un
and
/ (IV?un]? 4 |Vup|*) dx < %0 (5.3)
N,

In order to prove Theorem 1.2, we start by proving a weak estimate on the energy
of the gradient and the hessian in the region N,..

First we remark that, for all & > 0, there exists > 0 such that for all p > 0 such
that

Bap(ah) \ Bp(a:;) C Ni(r)

where N/ (r) = B(al,, rul) \ B(d! ) we have

n’r

/ _ (IVPun)?® + |Vun|*) dx <e. (5.4)
B2p(a;1)\B,D(a;1)
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If this is not the case there would exist a sequence pf, — 0 such that, up to a
subsequence, _ .

lin = un(ay + pp2)
converges in W]g(;p (R*\ {0}) to i oo, a non-trivial biharmonic map. Using the fact
that the W2-2-norm of 7l is bounded and the Schwartz Lemma, we can remove
the point singularity. Hence it has to be in fact a solution on the whole space. Using
the energy gap proved in Theorem 3.3 we deduce that il is such that

i
k

/ (IV%1t00? + | Vitoo|*) d > £, (5.5)

which contradicts (5.3).
Then for all € > 0, there exists » > 0 such that

”VzunHLz.oo(NI{;(r)) + ||Vun||L4.oo(N/1‘(r)) e (5.6)

Indeed, let 0 < & < g9 and r > O such that, for all By,(a’,) \ By(al,) C Nj(r), we
have

/ ' C(IV?un)?® + |Vup|*) dx <e. (5.7)
Bap(an)\Bp(an)

Then, thanks to e-regularity in Theorem 3.3, there exist ¢ > 2 and C a positive
constant, independent of r and u, such that for all p > 0 such that

i i (T
Baplay) \ Bo(ay) € N;i(3)-
and n big enough, we have

24 2 1—-2
= 4 |\VoullLas,\B,) + 0 ¢ IVullp2a(s,,\B,)
4(p—1
<C(Ve+@rul) 7 | fal?) = C Ve
Let A > 0, f(x) = |VZu(x)|if x € N,i(%) and f = 0 otherwise. For any p > 0,
we denote

(5.8)

U, p)=1{x € Bz \ By | f(x) > A}
Thanks to (5.8), we have

A\ U(A, p)| < CTe2p*24,

Letk € Z and j > k, we apply the previous inequality with p = 27/1~! and we
sum for j > k, which gives

A2[{x € R*\ Byiyor | f(x) > A} < C27K6—20) g5 p4—24
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Hence, for any k € Z, we have
A2|{x € R* | f(x) > A} < C(27FG=2053 4 2%k),
Taking 24k 8%, we have

q
”Vzun ||L2’°°(N,€(r)) < Ce4,

We prove a similar inequality for ||Vuy||; .00, and then we have (5.6).
Finally using Theorem 4.1 and the duality for Lorentz spaces, we see that, for all
g > 0, there exists r > 0 such that

VT Vi)l 2 gy < & (5.9)

Then using the Pohozaev identity (7.4) for extrinsic biharmonic maps (resp. (7.5)
for intrinsic biharmonic maps) and the fact that the convergence is strong on the
boundary of a neck region, we get that for all ¢ > 0, there exists r > 0 such that

”V2“”L2(N,f,(r)) + ||V”||L4(N,§(r)) =e (5.10)

Which achieves the proof of Theorem 1.2. o

Following step by step the proof of Theorem 1.2, we can prove the following
theorem about the angular energy quantization of solution of fourth order elliptic
system in the form of Lamm—Riviere, [10].

Theorem 5.1. Let
Vy € WE2(By, My @ A'R*), wy, € L2(By, My),
wn € L%(By,s0g), Fp e L2-WY2(By, My ® A'R?),

and let u, € W21(By,R") be a sequence of solutions of
A%u, = AV, Vuy) + div(w, Vitg) + Vo, Vi, + F,Vuy,, (5.11)
with bounded energy, i.e.
IV2unll2+ [ Vunlla+ 1 Vallwr.2 + lwall2 + llonll2 + | Fall 212 < M. (5.12)
Then there exist
Voo € WH2(By, My ® A'RY),  woeo € L*(By, My).
woo € L?(B1,s0%), Foo € L? - WU2(By, My @ A'R*)
and let uso € W2 1(B1,R") be a solution of

Ao = A(VaoViteo) + div(Weo Viteo) + Voo Viteo + FooVilee  on Bi,



210 P. Laurain and T. Riviere

| € N* and
Q) 0',....6%" afamily of solutions to a system of the form
A%0" = A(VL V') + div(wl 0") + Vol VO + F. VO on R*
where
Vi e WERER*, My ® A'RY), wl € L2(R*, My),
wly € L*(R*, s0g), Fl e L2 - W2 (R, My @ A'RY),
(>i1) a,ll, cee, af, a family of converging sequences of points of By,
Gii) AL, ... ,Afi a family of sequences of positive reals converging all to zero,
such that, up to a subsequence,
Vo = Voo in W22 (B, My ® A'R%),
W = Woo i Lie(By. My).
Wy = W In LﬁJC(Bl, SOk),

Fp = Foo  in L2, - W22 (By, My ® A'RY),

2,2
Up —> Uoo on W7 (B \{aéo, ... ,aloo})

1
et
i=1 L2.(B1)
1
<V(un —Upo — Z@,’C)Xn>
i=1

where wl, = w' (al, + AL .) and X, is any vector field whose image is in (Vd,)*+
with d, = min;<;<; (A}, +d(a;,,.)).

and

—0
L (By)

+

s

6 A lemma about harmonic maps on an annular regions

Lemma 6.1. Let 0 < r < % andu € WV2(By \ B,) be a harmonic function such

that
[ udo =0, f udo =0.
0By E):

Then there exists C a positive constant independent of r and u such that

lullz21 B \Bayy < Cllullz  and VT Vullp2.1(8,\5,,) < CIVT Vuull2.
2 2
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Proof. Since u is harmonic, it can be decomposed with respect to the spherical
harmonics as follows:

+o0 N;
ZZ it a2 e (6.1)

where (¢k) Ik area L?-basis of eigenfunction of the Laplacian on S3. In particular
we get A¢k =-I(+ 2)¢k on S3. Thanks to this equation, L?-theory for singular
operators gives the existence of a positive constant C, independent of / such that
I9Llloo < CUU +2))2.

Moreover we know that N;, the dimension of the eigenspace associated to
—I(I 4 2), is equal to ( + 1)2. Hence, computing the L?-norm and L?>!-norm of
the function f; : x > |x|/, we get

r2ti

o> ———— ifj < -2,

I fill2 = Wi B
1

> ——  ifj>0,

1712 = 5 7 1/
1 L2 (B, \Bayy < (21)*F7 if j <=2,

2

1 4 +1 o
||fj||L2~1(B%\Bz,.) < (5) if j >0,

where C is independent of ;.
Then

+o00 Ny

+1
lJull 2. NBy\By) = <C)y Z(dk( ) + d,;’(zr)—l)(z(z +2))?

I=1k=1

+o0 N, 3
< 2
- ((Z PC o 4(21 +4))

I=1k=1

+oo N; ALy2 3

(ZZ4(21+4)(1(1+2)) ( ) )
I=1k=1

+oo N; ’ —2] %

(Efers)

I=1k=1

(5 w3 )1)5).

I=1k=1
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Thanks to the fact that Ny, the dimension of the eigenspace associated to the
eigenvalue —/(/ + 2) of the Laplacian, is equal to (/ 4 1)2, we get the first estimate.
The second identity is obtained in the same way. o

7 Pohozaev identities

In this section, we prove a PohoZaev identity for extrinsic and intrinsic biharmonic
maps in order to rely the radial derivatives to the angular ones. First we multiply
our equation by x¥9,u and we integrate by parts:

/ (xkaku)(Azu) dx
B(o,r)

_ _/ (Vu,V(Au))dx—/
B(0,r) B(o,

+ / (x*93u)d, (Au) do
0B(0,r)

(x*3,07u)(0; (Au)) dx
r)

= 2/ (Au)?dx +/ xKor (Au)(Au) dx
B(0,r) B(0,r)

+ / ((ravu)av(Au) — (0yu)(Au) — r(8fu)(Au)) do
3B(0,r)

- / "(au)? do
9B(0,r) 2

+ / ((ravu)a,,(Au) — (0yu)(Au) — r(8%u)(Au)) do.
dB(0,r)

Using the fact that for an extrinsic harmonic maps we have A2u LT, N almost
everywhere, we get for all r that

/ (l(Au)2 — (%u)Au + (3yu)dy (Au) — l(avu)(Au)) do =0. (7.1)
3B(0,r) \ 2 r

But 3 {
Au = aﬁu + ;Bvu + r_ZAS3u'

Hence
2 2.2 9 2 1 2, 6 2
(Au)? = (350 + 5 (000)” + 7 (Aga)® + — (@) @)

2 6
+ r—z(Asgu)(aﬁu) + 5 @) (Agu).
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On the one hand, we have

—(Au)2 (azu)Au = ——(azu)2+ (8vu)2+—(Aszu)2 —(8vu)(A33u)

which gives

/ (l(Au)z — (aﬁu)Au) dx
BRr\B; 2

_ /B y (_ B + 5 (a u)? (72)

1 3
+ F(Asz.u)z + r—s(avu) (Assu)) dx
On the other hand

(3000 (B0) = @) () = (Bu)(FF0) + > D) @) — = (Do)’

1
+ r—2(8vA53u)(8vu) — %(Asau)(avu).

Integrating by part, we get

/ ((avu)au(Au) — l(avu)(Au)) dx
BR\B;, r

= / ((8vu)(313,u) + %(avu)(aﬁu) _ §(8vu)2) dx
BR\Br r r
1 3
= / (3vu)(3§u) do
8(BR\BI’)
! 6
i /BR\B,. (_5(8”(8"”)2) - @u)? - ;(3uu)) dx  (13)

1 3
i ‘/l;R\Br (r—z(avAssu)(avu) B r_3(A53“)(81)U)) dx

= [ ((avu)(aﬁu) — i(avu)z) do
d(Br\B) 2r

- / ((aﬁu)2 + %(avu)z) dx
BR\Br r

1 3
! /BR\Br (r_z(a”As3“)(a””) - r_a(ASW)(Buu)) dx
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Finally, thanks to (7.1), (7.2) and (7.3), we have

3 2,\2 1 2
/I;R\Br (E(avu) + F(avu) ) dx
= 1 2 1
- /BR\Br (F(Asw) ) e /BR\Br (F_2(8“A53u)(avu)) dx (14)

2 1 )
+ /E)(BR\Br) ((Bvu)(avu) - ;(avu) ) do.

Since the equations of extrinsic and intrinsic biharmonic maps differ only by
Pu)(B(u)(Vu, Vu)Vy, B(u)(Vu, Vu)) +2Bu)(Vu, Vu) B(u)(Vu, VP (u)), we
multiply this term by xk dru which gives

k9 (P(u)(B(u)(Vu, Vu) Vi B(u)(Vu, Vu))
+ 2B(u)(Vu, V) Bu) (Vu, VP(u)))

= B(u)(Vu, Vu)V

xKdru

Bw)(Vu, Vu)
+ 2B(u)(Vu, Vi) B(u)(Vu, V(x* 5 u)

_ kg (|B(u>(w,w)|2
= xkip ;

) + 2| Bu)(Vu, Vu)|?

1 9

r4 2
- W%[? |B(u)(Vu, V)| }

Then integrating, we get the following PohoZdev identity for intrinsic biharmonic
maps:

3 1
Z(@%u)? + —@u)? ) d
-/BR\Br(z( vz ) ) '
1 1
= —(A 3u)2) dx +/ (—(8 Ag3u)(d u)) dx 7.5
/BR\B,-(ZV“ > B\, P2 7
1
+ / ((avu)(agu) — — (@)% — Z|B(u)(Vu, Vu)|2) do.
d(BR\B;) 2r 2
We also get a PohoZdev identity for the critical point of general functional, since
ou Jdu Jdu Jdu
k
a H a. ' a a2 a d
/BR\Br(x k) (8x1 0xy 0x3 8x4) ~

ou ou Jdu OJdu Ju
= a1 —= = = = T )ix =0.
/ (x 8xk’8x1’8xz’8x3’8m) o



Energy quantization for biharmonic maps 215

Acknowledgments. This work was initiated as the first author was visiting the
Forschungsinstitut fiir Mathematik at E.T.H. (Zurich). He would like to thank the
institute for its hospitality and the excellent working conditions.

Bibliography

(1]
(2]

3

[

(4]

(5]

(6]

(71

[12]

[13]

(14]

[15]

D.R. Adams, A note on Riesz potentials, Duke Math. J. 42 (1975), no. 4, 765-778.

A. Gastel, The extrinsic polyharmonic map heat flow in the critical dimension, Adv.
Geom. 6 (2006), 501-521.

A. Gastel and C. Scheven, Regularity of polyharmonic maps in the critical dimension,
Comm. Anal. Geom. 17 (2009), no. 2, 185-226.

P. Goldstein, P. Strzelecki and A. Zatorska-Goldstein, On polyharmonic maps into
spheres in the critical dimension, Ann. Inst. H. Poincaré Anal. Non Linéaire 26 (2009),
no. 4, 1387-1405.

L. Grafakos, Classical Fourier Analysis, Graduate Texts in Mathematics 249, Sprin-
ger-Verlag, New York, 2009.

P. Hornung and R. Moser, Intrinsically biharmonic maps into homogeneous spaces,
Adv. Calc. Var., to appear.

P. Hornung and R. Moser, Energy identity for intrinsically biharmonic maps in four
dimensions, Anal. PDE, to appear.

T. Iwaniec and G. Martin, Geometric Function Theory and Non-Linear Analysis,
Oxford Mathematical Monographs, Clarendon Press, Oxford, 2001.

T. Lamm, Heat flow for extrinsic biharmonic maps with small initial energy, Ann.
Global Anal. Geom. 26 (2004), no. 4, 369-384.

T. Lamm and T. Riviere, Conservation laws for fourth order systems in four dimen-
sions, Comm. Partial Differential Equations 33 (2008), no. 1-3, 245-262.

P. Laurain and T. Riviere, Angular energy quantization for linear elliptic systems with
antisymmetric potentials and applications, preprint (2011), http://arxiv.org/
abs/1109.3599.

R. Moser, A variational problem pertaining to biharmonic maps, Comm. Partial
Differential Equations 33 (2008), no. 7-9, 1654—1689.

T. Parker, Bubble tree convergence for harmonic maps, J. Differential Geom. 44
(1996), 545-633.

M. Rupflin, Uniqueness for the heat flow for extrinsic polyharmonic maps in the
critical dimension, Comm. Partial Differential Equations 36 (2011), no. 7, 1118-1144.

J. Sacks and K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Ann.
of Math. (2) 113 (1981), 1-24.


http://arxiv.org/abs/1109.3599
http://arxiv.org/abs/1109.3599

216 P. Laurain and T. Riviere

[16] C. Wang, Biharmonic maps from R* into a Riemannian manifold, Math. Z. 247
(2004), 65-87.

[17] C. Wang, Stationary biharmonic maps from R™ into a Riemannian manifold, Comm.
Pure Appl. Math. 57 (2004), 419-444.

[18] C. Wang, Heat flow of biharmonic maps in dimension four and its application, Pure
Appl. Math. Q. 3 (2007), 595-613.

[19] C. Wang and Z. Shenzhou, Energy identity for a class of approximate biharmonic
maps into sphere in dimension four, preprint.

Received January 12, 2012; revised June 11, 2012; accepted June 25, 2012.

Author information

Paul Laurain, Institut de Matématiques de Jussieu, Paris 7,
175 rue du Chevaleret 75013 Paris, France.
E-mail: laurainp@math. jussieu.fr

Tristan Riviere, Department of Mathematics, ETH Zentrum,
CH-8093 Ziirich, Switzerland.
E-mail: tristan.riviere@math.ethz.ch


mailto:laurainp@math.jussieu.fr
mailto:tristan.riviere@math.ethz.ch



