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Enhanced nonlinear magneto-
optical rotation in cold atoms:
A theoretical study
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Published online: 19 April 2019 : We theoretically investigate magneto-optical rotation (MOR) of a linearly polarized probe field in the

. four-level N-type cold atoms. By applying a static magnetic field and a weak coupling field, it is shown

. that the birefringence enhancement is induced in the system. Moreover, we show that the static

. magnetic field has a major role in switching the dichroism to enhanced birefringence in the system. We
also obtain a large intensity for the output field with nearly perpendicular MOR angle by 88 degrees with

. subnatural width. It is demonstrated that Doppler broadening has a destructive effect on the MOR of

: the polarization direction of the probe field. The results of our study can be used for selecting narrow
band of wavelengths and polarization converter for efficient switching of TM/TE polarization modes in
optical communication, the depolarization backscattering lidar, polarization spectroscopy and precision
measurements.

It is well known that the polarization plane of a linearly polarized field is rotated passing through an anisotropic
medium. In fact, asymmetry between refractive indices of the circular components of the linear field is the cor-
. nerstone of the rotation of the polarization plane. When a medium is subjected to a magnetic field, Zeeman split-
© ting of the magnetic degenerate sub-levels is the responsible for the asymmetry leading to the Faraday rotation'?.
Faraday and Voigt effects depend respectively on the longitudinal and transverse orientation of the external mag-
netic field with respect to the propagation direction of the light. In MOR, the optical fields interact with atoms
in the presence of an externally static magnetic field. Agarwal et al. have reported the possibility of the control
. of MOR in atomic system using a coherent coupling field and the static magnetic®. The effect of temperature of
: the atomic system on MOR has been studied in multiple three-level electromagnetically induced transparency
subsystems and the maximum rotation angle have been reported 45 degrees at T = 65 °C*. The coherent control of
. optical polarization has been studied in GaAs quantum well nanostructures’, metamaterials®, single- and multi-
. layer graphene’, mesogenic organic molecules®, diamond nitrogen vacancy centers’ and cavity QED'. Moreover,
several experimental studies have been reported in generation and control of the MOR'"'-*>.
: Numerous studies have reported that manipulating of the polarization of a field has a wide variety of applica-
© tion'® in magnetometry'”!® atomic clocks'?, optical limitation®**!, optical atomic filters based on birefringence?>*
and dichroism?®". One of the interesting applications of the MOR is magnetometry. The output of nonlinear MOR
is a signal that depends on both light and static magnetic field. It allows us to accurate measurements of non-zero
. magnetic fields®®. Petrosyan et al. proposed an experimentally feasible setup that can induce large MOR and
. therefore be used for ultrasensitive optical magnetometry®. The effect of the intensity and atomic density on the
MOR have been reported in a three-level lambda-type system?”. Another mechanism in removing degeneracy
- and making asymmetry is based on the AC-stark shift*®. It was shown that a circularly polarized control light
. plays the role of a static magnetic field via a Zeeman-like ac Stark interaction and induces the optical Faraday
© rotation of the probe light®. Recently, the polarization rotation with the subnatural width, in the absence of the
static magnetic field, has been reported at room temperature and the several 107> rad rotation has been measured
in the hyperfine transition of the Rb vapor cell*’. More recently, the effect of microwave field on the nonlinear
optically induced Faraday rotation was presented and it was demonstrated that the optical activity due to the
enhanced birefringence can be generated in a wide range of frequency®'.
: In this paper, MOR of a linearly polarized field is theoretically investigated passing through the four-level
. N-type cold atoms in the presence of a static magnetic field. It is shown that using a weak coupling field and a
: static magnetic field, a birefringence enhancement is induced in the system. We show that the linearly polarized
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Figure 1. (a) Schematic diagram of a four-level N-type system. The system is driven by a weak coupling field
with Rabi frequency Q. and a right- and left- circularly polarized fields derived from a linearly polarized probe
field with Rabi frequencies 2, , and 2, _ respectively. (b) Schematic of experimental setup. EOM is a electro-
optical modulator, P1 a polarlzer, P2a polarlzatlon analyzer and PD1 and PD2 are photodiodes.

probe field is transmitted through the medium by 0.94 of the intensity of the input field while its polarization
direction is rotated up to 88 degrees due to the large birefringence induced in a narrow subnatural linewidth. We
also find that the generation and control of the dichroism or birefringence in the system depend on the applied
static magnetic field. Finally, the effect of the Doppler broadening is studied on the MOR and it is observed that
increase of the Doppler width has a destructive role in MOR and reduces dramatically the intensity of the output
field. Despite the decrease in MOR by increasing the temperature, it is reported a MOR angle by 17 degrees at
room temperature. Our obtained results can be used for designing a monochromator as well as in the TM/TE
polarization converters in optical communication, the depolarization backscattering lidar, polarization spectros-
copy and precision measurements.

Theoretical framework
The considered system is a four-level N-type system shown schematically in Fig. 1. This system can be generated
in D, lines, including the transitions 5°S, , <+ 5°B,, of “Rb atoms in a vapor medium. Two states|1) = |5°S,,,
(F=1, mz = 0))and|2) = |5S,,,, (F = 2, mp = —1)), separated by 6.83 GHz are set to be the ground states
and two degenerate states|3) = |5°B,,, (F/ = 1, my = —1))and|4) = |5’B,,, (F' = 1, mp = 1)) areassumed as
the excited states. Here, F and F' are the quantum numbers of the total angular momentum and my denotes mag-
netic quantum number of the corresponding states. An externally static magnetic field B = BZ is applied to the
medium that it removes the degeneracy of the excited levels |3) and |4) mducmg a level splitting 2AB. On the
Faraday geometry, a strong linearly polarized probe field E = iE exp[— k,z)] + c. cis applied to the
medium parallel to the applied magnetic field. Since a linearly poIDarlzed pro%e field is a linear combination of
right- and left- circularly polarized fields, the right- (left-) circular component of the linear probe field couples the
transition|4) <> |1) (3) <> [1)) with the Rabi frequency Q,,, = (1. &)E,/h (Q,_ = (11,. € )E_/h). The excited
state |3) is coupled to the ground state |2) with a linearly weak coupling field with the Rabi frequency
Q. = (i, ¢)E/h.Here, E, = E_= EP/JE and |1, | = |[Z, | also,e;(i = + , c) are the unit vectors of the right-
and left- rotating and weak coupling fields. Zeeman splitting of the levels |3) and |4) is given by hA; = mg 1B
where ju5 is Bohr magneton, g, is Lande’ factor and m, = +1is magnetic quantum numbers of the corresponding
sublevels of the excited states. A schematic of experimental setup is displayed in Fig. 1(b). A diode laser at 780 nm
passes through a Electro-Optic Modulator (EOM) to generate the probe and coupling fields. Each of them prop-
agates through a high-quality polarizer (P1) to have linear polarization. Then, the coupling field is set to pass
through the medium perpendicular to the probe field. It is needed to say that perpendicular arrangement of the
probe and coupling field is suitable for cold atoms®. Simultaneously, a static magnetic field is applied to the
medium parallel to the probe field. The transmitted probe field is then passed through a polarization analyzer
cube (P2). Finally, the transmitted probe fields with different polarizations are detected by PhotoDiodes PD1 and
PD2 from both channels of P2. It allows simultaneous measurements of the polarization rotation angle and the
transmitted fields intensities.

Under the dipole and the rotating wave approximation, the Hamiltonian describing system in the interaction

picture is:
Vo= —h(Qe Crt A1) (4] 4 Qg e B 1) (3]
+ Qje_i(A‘_AB)t|2><3|) + h.c., 1)
where A, = w,, — Wi A, =w; —w, and A, = wy, — w, are the detunings of the applied fields and the

related central transition frequenc1es The cfensrty matrix equations of motion of the considered four-level N-type
system can be written as

SCIENTIFICREPORTS| (2019) 9:6312 | https://doi.org/10.1038/s41598-019-42710-z 2


https://doi.org/10.1038/s41598-019-42710-z

www.nature.com/scientificreports/

Py = VawPyy + Yalyy T 8 py — I py+ i p — 80,

Py = VsaPsy t Vaabyy + Py, — 2y
Py = —Om+ ey, + 8.0, — iQ;+p4l,
Py = —lwi+1)/2 —iA,- — Aplp,
+ iQ;+p43 - iQ:plz + iQ;—(pss - pu)’
P = —a+ 72 — A, + Ap)lp,,
iy pyy + i 0y — )
Dy =~y + 132)/2 — (A — Ap)lp,,
—i2,_py, + 120y = py)s
Py = —MOm+ )2 —iA, — A,  + A+ Aplp,,
+ i, — iQ;+p21’
Py = O+ v+ v+ W2 —ilDy — A,
+28p)1py, + 1Q,_p, + 1Qp,, — 2,0,
P, = WA, = A)p, + i p, +iQ,_py, — iQp, 5,
Pz = (bt Pyt Ay @)

where v,;(75;) (i = 1, 2) is the decay rate of the excited level |4)(|3)) to the ground state |i). The response of the
system to the right- and left- circular components of the probe field is determined by the susceptibilities which are

given by
e!
ool
47Tkp (3)
Here, S, are the normalized susceptibilities defined as:
5 = Adn g _ P
s @, (4)

where ol = 47k, l1>N/hry is the field absorption at resonance in which /and k, are the length of the atomic medium
and probe field wave number respectively. Moreover, N indicates electron number density in the medium and
p = || = |K,|. The transition coherence of the right- and left- circular components of the probe field can be
driven from equation (2). It should be noted that the real and imaginary parts of S, represent the dispersion and
absorption of the right- and left- circular component of the probe field. As mentioned above, it is assumed that the
polarization direction of the input probe field is in £ direction. So, the intensity of the output probe field in §
direction is measured for calculating the MOR angle of the polarization of the probe field. In experimental works,
it is done by using a j-polarized analyzer permitting only a polarized field in j direction. Intensity of the output
probe field with (without) rotated polarization direction T, (T) is given by*:

‘ (Ep(au!))y

2

1 . .
T, = ———— = JlexplialS./2] — explials /2] &
‘Ep“n) (5)
2
(Er..)
‘ Ploury x 1 . . 2
T,=—" = Z|exp[1alS+/2] + expliadS_/2]|
|Ep(,m (©6)

as well as the MOR angle is specified by
¢ = tan '[ [T,/ T,] = tan ' (xk,l(x, — X)) @)

Rotation of the polarization plane of the probe field passing through a medium can be resulted in either bire-
fringence or dichroism induced in the system. Difference between the real (imaginary) part of the normalized
susceptibilities S, leads to difference between the dispersions (absorptions) of the right- and left- circular compo-
nents of the linearly polarized probe field making the medium to show birefringence (dichroism) behavior. It is
noteworthy that to obtain the lossless MOR, the birefringence is preferred with respect to the dichroism. In cur-
rent study, we try to enhance the birefringence and reduce the dichroism in the medium. Here, we are going to
determine the suitable conditions for birefringence enhancement in the system. An interesting case takes place
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Figure 2. The imaginary (a) and real (b) parts of S, (dotted) and S_ (dashed) and their difference (solid) versus
detuning of the probe field A,. The other parameters are 2, = 0.57, ), = 0.17, Ay = 30y, al = 190y and
A, =0.

when Re[S, ] = Re[S_]and Im[S,] = Im[S_] = /3 occur simultaneously at which the MOR happens merely due
to the birefringence. In this case, equations (5 and 6) are rewritten as

—alp

T, =¢ [ lexplialRe(s,]/2] - explialRe([S_]/2]7, ®)
efalﬂ

T, = lexpliciRe[S,]/2] + exp[ialRe[Sf]/2]|2‘

4 9)

when (1is positive and al3 < 1, the intensity of the probe field is not attenuated passing through the medium. In
this case, the probe field rotates only due to the birefringence induced in the medium. However, the situation is
different for negative 3 in which the propagating probe field experiences a gain, leading to amplification of the
rotated probe field.

Results and Discussion

In this section, we study MOR of the polarization direction of a linearly polarized probe field crossing through a
medium by numerically solving the equation (2) in the steady state. Throughout the results, the parameters used
are scaled with v which is taken as y = 2 x 6 MHz for D, transition of Rb. Furthermore, it is supposed that
Q =9, =Q,andA,; =A,_ = A, In Fig. 2(a and b), respectively, the imaginary and real parts of S,
(dotted), S_ (dashed) and their difference (solid) are plotted versus detuning of the probe field A,. The other
parameters are Q= 0.57, Q. = 0.17, Ay = 30y, al = 190yand A, = 0. It is seen from Fig. 2(a) that when the
probe field is tuned to resonance (A = 0), the absorption of the right- circular component is negligible
(Im[S,] = 0.0005), while the left- circular component is not absorbed. Meanwhile as can be seen in Fig. 2(b), the
real parts of S, and S_ are maximally different in magnitude and different in sign. Difference in dispersions of the
right- and left- circular components of the probe field, accompanied by nearly zero absorption, implies a birefrin-
gence enhancement in the system at A = 0. The intensity of the output field (a) in direction y (solid) and direc-
tion X (dashed) as well as the MOR angfe (b) are displayed in Fig. 3 versus detuning of the probe field A,,. It should
be noted that T is the intensity of the output field with rotated polarization direction, while T, is the intensity of
the output field in input polarization direction. Figure 3(a) shows that T, enhances around A = 0 and reaches its
peak in the resonance condition with a value of 0.94, while T, attenuates extremely at A, = 0. It is known that
measuring the intensity of the output field in direction j is the experimental method for measuring polarization
rotation of the input field polarized in direction £. The large intensity obtained in direction j for the output field
(T}, = 0.94) indicates an enhancement in MOR. Moreover, as shown in Fig. 3(b), the MOR angle of the polariza-
tion direction of the probe field experiences a large rotation and its value reaches 88 degrees (nearly perpendicu-
lar) at A, = 0. Due to inducing the birefringence at A, = 0 mentioned in Fig. 2, the large obtained MOR of the
polarization direction of the probe field is merely due to the birefringence induced in the system. Since
Re[S, — S_]is positive in Fig. 2(b), equation (7) also represents that the direction of MOR of the polarization of
the probe field is clockwise. It should be noted that the Zeeman splitting Ay = 30+ is corresponded to the static
magnetic field B ~ 64.5 G which can be easily supplied in experimental works. A bird’s eye view of the Fig. 3(b)
shows that the width of the MOR angle plot is narrower than natural linewidth of the probe field. This implies that
the polarization of very narrow frequency linewidth can rotate to the direction j. Then the suggested MOR model
can be also used as a monochromator which transmits selectable narrow band of wavelengths of the probe field
with resolving power A—‘: ~ 10°.
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Figure 3. The intensity of the output field (a) in direction y (T,) (solid) and direction £ (T,) (dashed) and MOR
angle (b) versus detuning of the probe field A,. The other parameters are the same used in Fig. 2.
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Figure 4. The imaginary (a) and real (b) parts of S, (dotted) and S_ (dashed) and their difference (solid) versus
Ap. The other used parameters are 2, = 0.57,€), = 0.17,0l = 1907, A, = 0and A, = 0.

In Fig. 4, the effect of the applied static magnetic field is studied on the MOR of the linearly polarized probe
field. The imaginary (a) and real (b) parts of S, (dotted), S_ (dashed) and their difference (solid) are plotted versus
Ay. The other parameters are considered as €2, = 0.57,Q, = 0.1y,al = 1907, A, = 0and A, = 0. It is shown
that in the absence of the static magnetic field, the imaginary part of S, and S_ is different. But the situation is
different in the presence of the static magnetic field and their difference gradually decreases by increasing the
static magnetic field. For the region of higher Zeeman splitting i.e., Ay > 20, absorptions of the right- and left-
circular components of the probe field are negligible, so this region has a higher potential to investigate the bire-
fringence enhancement in the system. Meanwhile, as shown in Fig. 4(b) when the static magnetic field is switched
off, the dispersion of the probe field becomes zero. Thus, according to equation (7), birefringence cannot be
induced in the system in the absence of the static magnetic field and dichroism is the dominant phenomenon. An
investigation on Fig. 4(b) shows that the difference between two dispersions dramatically grows after switching
on the static magnetic field. Thus, it can be said that the birefringence induced completely depends on the static
magnetic field. Moreover, it is observed that the birefringence is the dominant phenomenon for higher values of
Zeeman splitting, i.e. Ay > 207.

Let us now investigate the behavior of the output probe field for different values of the static magnetic field.
Figure 5 shows the intensity of the output probe field (a) in directions y (solid) and £ (dashed) as well as MOR
angle (b) as a function of Ay. It is seen from Fig. 5(a) that in the completely birefringent region (A; > 207), T,
enhances while T, attenuates, leading to an enhancement in MOR angle as shown in Fig. 5(b). As a result, static
magnetic field introduces a region in which MOR happens solely due to birefringence induced in the system. Note
that for Zeeman splitting about Ay = 30+, a large intensity of the T, (T, = 0.94) as well as a large MOR angle
(¢ =88 degrees) are obtained for the polarization direction.

In Fig. 6, the effect of the weak coupling field €2, on the intensity of the output probe field (a) in direction
(solid) and direction X (dashed) and MOR angle (b) is investigated at AP = 0. The other used parameters are
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Figure 5. Intensity of the output field (a) in direction j (solid) and direction £ (dashed) and MOR angle (b)
versus Ag. The other parameters are the same used in Fig. 4.
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Figure 6. T, (solid), T, (dashed) (a) and MOR angle (b) versus (2 . The parameters used are QP = 0.5v,
Ap = 307,00l = 1907, A, = 0and A, = 0.

Q, = 0.57,al = 1907, Ay = 30y and A, = 0. It is shown in Fig. 6(a) that for small values of Q2,, the intensity of
the output field in direction j increases sharply and reaches a nearly maximum value. Simultaneously, T,
decreases to negligible value by increasing ... Figure 6(b) displays the behavior of the MOR angle versus Q.. It is
expected that the similar behavior can be seen in the MOR angle. Note that the maximum MOR angle is not sen-
sitive to the intensity fluctuations of the weak coupling field.

The effect of the different parameters on the MOR angle are simultaneously shown in Fig. 7. Figure 7 displays
the density plot of the MOR angle as functions of €2 and A. The parameters used are Q, = 0.5y, ol = 1907,
A, = 0and A, = 0. An investigation on Fig. 7 shows that either the static magnetic field or weak coupling field
can control the MOR angle. Thus, the suitable set of parameters can be determined for obtaining the different
values of the MOR angle.

The effect of the length of the atomic medium is another parameter which plays a major role in switching the
intensity of the output probe field in direction £ to direction J. The evolutions of T, and T, are plotted versus
in Fig. 8. The used parameters are (), = 0.5v, Q. = 0.17, Ap = 307, A, = 0and A, = 0. As can be seen in
Fig. 8, by increasing the length of the medium, the intensity of the input probe field in direction X decreases and
simultaneously the intensity of the output field increases in direction j. Ultimately, it can be seen that for the
higher values of ali.e. al = 2007, the input probe field in X polarization is completely switched to y direction. So,
our results can be used as a polarization converter for switching TM/TE modes.

Here, we are going to introduce an analytical expression to the physical interpretations of our numerical
results. The normalized susceptibilities (S..), at resonance and weak coupling approximation, are given by

iy + A0 + Q) + AgA Q7 + ) + AA))

, =
Q,AH(6Q1) + 8220, + Ag(Q + 205)A,(207 + AgA,)) (10)
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Figure 8. Evolutions of T (dashed) and T, (solid) considered as TM and TE modes respectively versus al. The
other used parameters are 2, = 0.5, = 0.1y, A, = 0and A, = 0.

=90, + AA) (9 4295 + (—iv + ApA,)
T QAR6000% + 8020 + Ay(Q] + 205)A,207 + AgA)) (1)

Equations (4 and 5) predict that the maximum MOR angles occur at

ol(QF + 20X02A) [—(44nm Q) + olPQAQ! + 2024)

B~ >
4An7rﬂpﬂg (12)

where A = 393 + 40%andn = 1, 2, 3, .... In addition, the imaginary part of the S, and S_, corresponding to
the absorptions of the right- and left- circular components of the probe field, in the presence of the static magnetic

fieldand at A, = Oyields,

2.2 2
Im[S,] = —2] (Q; - Q"i , Im[S_] =o.
A3 + 4QP) (13)
The above equation represents that the absorption of the right circular component is reduced by increasing the
Zeeman splitting and left- circular component is not absorbed (see Fig. 3(a)). It corroborates that the presented
analytical results are in good agreement with the obtained numerical results in Fig. 3 and Fig. 4.
Finally, we are interested in taking into account the effect of Doppler broadening on the MOR in the system.
Through the numerical calculations, the effect of the Doppler broadening was ignored. In a sample, atoms may
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Figure 9. Intensity of the output field (upper row) in direction j (solid) and direction X (dashed), and MOR
angle (lower row) variation versus detuning of the probe field for kD = 1+ (a,d), kD = 10~ (b,e) and kD = 50y
(c,f). The other parameters are the same used in Fig. 2.

move with velocity v. Velocities of the atoms can influence the effective frequencies of the probe and coupling
fieldsasw, — k,. vandw, — k.. v. Here, k,.=+(—)v/c denotes propagation vector of the probe and weak cou-
phng field with the same (opp051te) dlrection of the atom motion. Throughout the results, we suppose that

= k. = kas well as the probe and coupling field co-propagate in the same direction of the atom motion. Also,
tﬁe detunings of the fields are replaced by A | — k.v, A, — k.vand A, — k.vin equation (2). It is clear that the
transition coherences p,, and p,  for the c1rcular components of the probe field are dependent on velocity. Then
normalized susceptibilities S, andS_are averaged over the Maxwell-Boltzmann distribution for velocities and are
given by

5, = f_ ) p41§(lk P £ kv dk),

» (14)
+oo p, (kv)y
S = f_ R 3;}Tf(kv)d(kv), )

2kgTw;
—w" is Doppler width of distribution. Here, m is mass of moving

where f(kv) = exp[—] and kD =

atom, T'is temperature of the cell and kj is Boltzmann constant.

In Fig. 9, the intensity of the output field in § (solid) and £ (dashed) direction (upper row) and MOR angle of
the polarization direction of the probe field (lower row) are plotted versus detuning of the probe field for different
values of Doppler width kD = + (a,d), kD = 107 (b,e) and kD = 50+ (c,f). Here, the Doppler width kD = 50~
corresponds to #Rb vapor at room temperature. The other parameters are the same taken in Fig. 2. Our numerical
results show that MOR is affected dramatically by Doppler broadening. It is observed from the upper row of the
Fig. 9 that by increasing the Doppler width, T, is extremely suppressed while T, is enhanced at A = 0.

The lower row of the Fig. 9 shows that the MOR angle of the polarization direction of the probe field drops
strongly by increasing the Doppler width. Thereby, Doppler broadening has a destructive effect on the MOR of
the polarization direction of the probe field. Moreover, it can be resulted that the enhancement in MOR is estab-
lished only in cold atoms. The MOR angle behavior versus the temperature of the medium from the cold atoms to
the room temperature is shown in Fig. 10. The used parameters are Q, = 0.57,€, = 0.17, Ay = 30yand A, = 0.
It is seen that when atoms are cold, the polarization direction of the probe field experiences the maximum rota-
tion. By increasing the temperature, MOR angle decreases to 17 degrees at room temperature.
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Figure 10. Behavior of MOR angle versus the temperature of the medium. The other taken parameters are

&,

= 0.57,Q, = 0.1y, Ay = 30,al = 190yand A, = 0.

Conclusion

In summary, we have theoretically investigated the MOR of a linearly polarized probe field passing through the
four-level N-type cold atoms. It was shown that in the presence of a static magnetic field and using a weak cou-
pling field, a birefringence enhancement is induced in the system. We have illustrated that by applying the static
magnetic field the dichroism switches to the enhanced birefringence in the system. Then, a higher intensity of the
output field by 0.94 with roughly perpendicular rotated polarization direction by 88 degrees has been obtained
with subnatural width. It was shown that the Doppler broadening has a destructive effect on the MOR so that
MOR angle is reduced to 17 degrees at room temperature. The results can be used for designing a monochroma-
tor to select a wavelength with subnatural band width. Moreover, it can be used as a polarization converter for
efficient switching of TM/TE polarization modes in optical communications.
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