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�e electric �eld intensity in one-dimensional (1D) quasiperiodic and hybrid photonics band-gap structures is studied in the present
paper. �e photonic structures are ordered according to Fibonacci, �ue-Morse, Cantor, Rudin-Shapiro, Period-Doubling, Paper-
Folding, and Baum-Sweet sequences. �e study shows that the electric �eld intensity is higher for the �ue-Morse multilayer
systems. A	er that the �ue-Morse structure will be combined with a periodic structure to form a hybrid photonic structure.
It is shown that this hybrid system is the best for a strong localization of light. �e proposed structures have been modeled using
the Transfer Matrix Method.

1. Introduction

During the last decades, a great deal of attention has been
devoted to photonic crystals (PC) as a new type of materials,
whose optical properties are used to manipulate the light on
the scale of the wavelength [1, 2].�ese crystals are structures
whose dielectric index varies periodically on the scale of the
wavelength on one, two, or three directions in space.

Although the two-dimensional (2D) and three-dimen-
sional (3D) photonic crystals have attracted and still attract
many research e�orts, the one-dimensional structure (1D)
is the simplest in both geometry and handling, allowing
mastering the properties of these structures and studying the
in�uence of various physical parameters on these properties.

It consists of a stack of alternating layers having low and
high refractive indices, whose thicknesses satisfy the Bragg
condition: ���� = ���� = �0/4, where �0 is the reference
wavelength. It is known as Bragg Mirror [3]. �is Mirror
produces light, which is propagating in the photonic crystal, a
similar e�ect to that of the periodic potential of the electrons
in a solid crystal. Just as in the case of a semiconductor,
there appear forbidden bands for photons (PBGs) in photonic
crystals prohibiting propagation of light in certain directions

and for certain energies. �e existence of PBGs will lead to
many interesting phenomena.

During the last ten years, researchers have tried to
fabricate several con�gurations of crystals to photonic band
gap (PBG). Within this noteworthy structuring, light (or
more generally an electromagnetic �eld) cannot propagate
freely. It can be blocked (re�ected), allowed only in certain
directions, or even localized in certain areas [4].

Photonic crystals have paved the way for a new �eld of
research and application possibilities. �ese crystals could
for example improve the performance of lasers and light-
emitting diodes or allow the manufacture of new types of
antennas and ampli�ers [5–7].

�e concept of photonic crystal is not limited to periodic
order. Since the discovery of quasiperiodic structures in 1984
by Shechtman et al. [8], most of the studies have concentrated
on the localization properties of photons.

�ere is a wide variety of examples of one-dimensional
quasicrystal [9]. �e most common ones are Fibonacci,
�ue-Morse (TM), Cantor, and Rudin-Shapiro structures.
�ese structures have been widely studied, thus opening a
way to a wide range of technological applications to many
�elds.
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�e electronic properties of a one-dimensional quasicrys-
tal arranged in a Fibonacci sequence, the wave functions at
the center and at the edge of the band, the fractal nature (or
self-similarity), and other critical properties of these wave
functions are investigated by Kohmoto et al. [10].

Sibilia et al. [11] studied the self-similarity e�ects illus-
trated in the transmission spectrum of quasiperiodic struc-
tures arranged in a triadic Cantor.

Gellermann et al. [12] demonstrated experimentally the
existence of band gaps in spectral response of these quasiperi-
odic structures which can be considered as evidence for the
localization of the light waves.

Huang et al. [13] studied numerically the light localization
of these structures by means of Transfer Matrix Method.
�ey compare the localization length as a function of the
chain length for the random, �ue-Morse, and Fibonacci
sequences.

Vasconcelos et al. have studied, for the normal-incidence
case, the electric �eld intensity in quasiperiodic structures:
Fibonacci,�ue-Morse, and Period-Doubling [14]. Although
Vasconcelos et al. have found that the electrical �eld distribu-
tion for each sequence follows its own structure, their study
was not followed by an improvement of the intensity values
(i.e., the improvement of the light localization). �is is the
concept of our study.

�e aim of this work is to study and ameliorate the varia-
tion of the electric �eld intensity as a function of the thickness
of quasiperiodic and hybrid photonics band-gap structures.
�ese structures are composed of dielectric multilayer �
and � stacked alternately following the Fibonacci, �ue-
Morse, Cantor, Rudin-Shapiro, Period-Doubling, Paper-
Folding, and Baum-Sweet sequences.

2. Quasiperiodic Models

2.1. �e Fibonacci Sequence Case. �e Fibonacci dielectric
multilayer consists of two building blocks � and � with
refraction indices �� (higher refractive index) and �� (lower
refractive index) and thicknesses �� and ��, respectively.�e
number of layers of the structure depends on the order of the
Fibonacci sequence.

�e general expression of this sequence is arranged
according to the concatenation rule ��+2 = �� +��+1 for � ≥ 0,
where �� is the �th generation of Fibonacci structure. For
example, �2 = {��}, �3 = {���}, and �4 = {�����}. Here,�0 = {�} and �1 = {�} [14].
2.2. �e �ue-Morse Sequence Case. �e �ue-Morse
sequence can be also grown by juxtaposing the two
building blocks � and � and can be produced by repeating
application of the substitution rules� → �� and � → ��.
For example, the �rst few generations �� of �ue-Morse
sequence are as follows: �0 = {�}, �1 = {��}, �2 = {����},�3 = {��������}, and so on [15].

2.3. �e Cantor Sequence Case. �e distribution of Cantor
consists in cutting each segment by three and the middle
segment is removed. And the algorithm is repeated an in�nite
number of times.

Indeed, the Cantor sequence is created by the in�ation
rule: � → ��� and � → ���. �e resulting set is the
set of triadic Cantor � → ��� → ��������� →���������������������, . . ..
2.4. �e Rudin-Shapiro Sequence Case. �e in�ation rule
used to generate the Rudin-Shapiro (RS) arrays can simply be
obtained by the iteration of the two-letter in�ation as follows:�� → ����, �� → ����, �� → ����, and �� →����.

2.5. �e Period-Doubling Sequence Case. In a two-letter
alphabet, the Period-Doubling sequence can simply be
obtained by the substitution� → �� and � → ��.

2.6. �e Paper-Folding Sequence Case. �is substitution rule
is also simple, and like the other chains, if we start with the
correct tile, the tiling is �xed:� → ��,� → ��, � → ��,
and � → ��.
3. Problem Formulation

�e method that we introduce here for calculating the
electric �eld intensity spectra in one-dimensional photonic
crystal is the Transfer Matrix Method (TMM) introduced
by Yeh and Yariv [16]. �is method is an excellent tool for
accurately analyzing the electromagnetic wave propagation
in strati�ed media which permits particularly extracting and
solving the standard problem of the photonic band structures
(transmission, re�ection, and absorption) spectra [17]. In
this method, the electromagnetic �eld is calculated gradually
during the wave propagation in the structure.

To calculate the electric �eld intensity in a one-
dimensional multilayer system, it su�ces to calculate the
total �eld at the input of system �total(� = 0) = �−0,1 + �+0
and add the �eld inside the system which varies depending
on z:

�total (�) = �+�−1,� + �−�−1,�. (1)

�−0,1 is the re�ected wave by the whole system, �+0 is the
incident wave.

�e TransferMatrixMethod related the amplitudes of the
incident wave �+0 , re�ected wave �−0,1, and transmitted wave�+�,�+1 (Figure 1). �is is expressed by the following matrix
relation:

( �+�−1,��−�−1,� (�)) = �2,1�3,2 ⋅ ⋅ ⋅ ��+1,�
× ( �+0�total (� = 0))

�2,1�3,2 ⋅ ⋅ ⋅ ��+1,� = (� �
� �) .

(2)
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Figure 1: 1D periodic photonic crystal composed of alternating
layers of dielectric permittivities �1 and �2 and thicknesses �1 and�2.

��−1,� is the transfer matrix which is the product of a
transition matrix �ps and a propagation matrix �pr:

��−1,� = �pr ⋅ �ps

= 1��,�−1
× ( exp (−���−1) −��−1,� exp (���−1)

−��−1,� exp (−���−1) exp (���−1) ) .
(3)

�� and �� are the Fresnel transmission and re�ection
coe�cients between the layers (� − 1) and �:

��,�−1 = �� cos �� − ��−1 cos ��−1�� cos �� + ��−1 cos ��−1 = −��−1,�,
��,�−1 = 2�� cos ���� cos �� + ��−1 cos ��−1 .

(4)

�e values  �−1 that appear in the expression of the
propagation matrix indicate the phase changes between the
interfaces (� − 1) and � and are expressed by

 �−1 = 2!� ��−1��−1 cos (��−1) ,  0 = 0, (5)

where � is the wavelength of the incident wave over the
structure and ��−1 is the thickness of the (� − 1)th layer. �e
complex refractive indices "� = �� + �#� and the complex
angles of incidence �� obviously follow Snell’s law:

"�−1 sin ��−1 = "� sin ��, (6)

with � = [1,$ + 1].
�ese equations allowdeducing the expression of the total

electric �eld according to the thickness (�):
�total (�) = �+�−1,� (�) + �−�−1,� (�) . (7)

Finally, the intensity of the total electric �eld will be

% = &&&&�total (�)&&&&2 . (8)

4. Results and Discussions

4.1. Quasiperiodic Systems. In this numerical investigation,
silicon dioxide SiO2 (L) and titanium dioxide TiO2 (H) are

chosen as two elementary layers, with refractive indices �� =1.45 and �� = 2.3, respectively. �e thicknesses of both
kinds of layers in di�erent structures are �� = �0/4�� and�� = �0/4�� (Bragg condition), with �0 = 0.5 'm as the
referencewavelength. For our study, allmaterials are assumed
to be linear, homogeneous, and nonabsorbing. We assume
that the front and the backmedia have refractive index �0 = 1
(air refractive index).

We propose here showing the in�uence of optogeometri-
cal parameters of 1D photonic structure on the localization
of the electromagnetic �eld. We compare the distributions
of Cantor, Fibonacci, �ue-Morse, Rudin-Shapiro, Paper-
Folding, Period-Doubling, and Baum-Sweet for an almost
equal number of layers.

�e strong localization of the electromagnetic �eld in
the material requires structures in which the electromagnetic
wave is slowed sharply to certain frequencies. From Figure 2,
it is clear that the �ue-Morse distribution is the best
structure to localize light; it permits getting the highest
electric �eld intensity (2,5⋅105 u.a) with a number of layers
equal to 128.Here and in contrast to other structures, thewave
is located at the outlet of the structure.

4.2. Hybrid Systems. In this second part, we will study
the variation of the electric �eld intensity as a func-
tion of the thickness of one-dimensional hybrid systems.
�e hybrid assembly design implies putting the peri-
odic and the quasiperiodic multilayer together in a sand-
wich con�guration. �e quasiperiodic photonic crystals
(PCs) used in these hybrid structures are the �ue-Morse
sequence, the best performing structure that we have found
in the �rst part. �e geometrical con�gurations consid-
ered are of the types Bragg/�ue-Morse/Bragg and �ue-
Morse/Bragg/�ue-Morse.

4.2.1. �e Hybrid �(��)�/(*-)�/�(��)� Systems. In the
�rst section, we are interested in the multilayer system com-
posed of �ue-Morse sequence (TM)� sandwiched between
two periodic multilayer systems �(��)� (Bragg mirror)
(Figure 3), where (�) and (�) are the number of iterations of
the �ue-Morse and the periodic systems, respectively.

(1)�eOptimization of the RepetitionNumber � of the Periodic
System. In order to optimize the repetition number j of the
periodic multilayer structure �(��)�, we �x the iteration
number of the �ue-Morse � to 3 and let � vary from 1 to
50. Figure 4 shows the variation of the maximal electric �eld
intensity for di�erent values of �. From Figure 4, we notice
that when � is equal to 25 we obtain the highest intensity.
By moving away from this value, a decrease of the maximal
value of intensity is noticed. �en, we can conclude that the
optimal value of � which can be chosen for the con�guration�(��)�/(TM)3/�(��)� is equal to 25.
(2) Variation E�ect of the Repetitive Number �. Now we
move to study the electric �eld intensity of the con�guration�(��)25/(TM)�/�(��)25 for the optimal value � = 25 and
for di�erent values of � ranges from 1 to 11. From Figure 5,
we can conclude that the electric �eld intensity increases with
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Figure 2: Electric �eld intensity of quasiperiodic photonic crystals according to the thickness (�): (a) Cantor sequence (81 layers), (b)
Fibonacci sequence (89 layers), (c)�ue-Morse sequence (128 layers), (d) Rudin-Shapiro sequence (128 layers), (e) Paper-Folding (128 layers),
(f) Period-Doubling (128 layers), and (g) Baum-Sweet (128 layers).
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Figure 3: Geometry example of the hybrid system formed by a
�ue-Morse sequence sandwiched between two periodic structures.
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Figure 4: Variation of the maximal electric �eld intensity according
to the parameter � and for the�(��)�/(TM)3/�(��)� system.

the parameter �. For the values � ≥ 4, the intensity increases
rapidly. If � = 4, the total length of the hybrid structure is6 = 118 layers. �is value (� = 4) is useful if we seek to
experimentally achieve the hybrid structure because if � > 4
the total number of layers grows rapidly and the structure
becomes experimentally infeasible. For example, if � = 11
the intensity value exceeds 6⋅106 u.a but the total number
of layers becomes 2150 (Figure 5). Consequently, we choose
the value of � = 4 which corresponds to acceptable system
performances with minimal values of layers.

4.2.2. �e Hybrid (*-)�/�(��)�/(*-)� Systems. In the
second section, the spectra of intensity variation were
obtained at normal incidence for a hybrid structure com-
posed of a periodic photonic crystal interposed between two
�ue-Morse sequences (TM)�/H(��)�/(TM)� (see Figure 6),
where (�) and (�) are the number of iterations of the �ue-
Morse and the periodic systems, respectively.

(1)�eOptimization of the RepetitionNumber � of the Periodic
System. To determine the optimal value of � of the periodic
system �(��)�, we study the optical response of the hybrid(TM)�/�(��)�/(TM)� system for di�erent values of � and
by �xing � at 3. �e variation of the maximal electric �eld
intensity showed in Figure 7 indicates that the optimal
value of � for the con�guration (TM)3/�(��)�/(TM)3 is
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Figure 5: Variation of the maximal electric �eld intensity according
to the parameter � and for the�(��)25/(TM)�/�(��)25 system.
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Figure 6: Geometry example of the hybrid system formed by a
periodic sequence sandwiched between two�ue-Morse sequences.

26 corresponding to the highest value of the electric �eld
intensity.

(2) Variation E�ect of the Repetitive Number �. �e optimal
value � = 26 is chosen and the variation of the parameter� is studied for the con�guration�(��)26/(TM)�/�(��)26.
Figure 8 shows the variation of the maximal electric �eld
intensity inside the hybrid photonic structure as function
of the parameter �. �e values of the maximal electric �eld
intensity are governed approximately by a simple re�ned
function according to n by

%max = 345.4 ∗ � + 100. (9)

As in the previous section and to optimize the total number
of layers of the hybrid structure, the value � = 4 is chosen.

Figures 5 and 8 show that the structure �(��)�/(TM)�/�(��)� is better than the structure (TM)�/�(��)�/(TM)� for the localization of light and the optimization of
the total number of layers (i.e., optimization of the hybrid
photonic system thickness).

5. Conclusions

In this paper we have studied �rstly the localization of light in
one-dimensional quasiperiodic photonic crystals, according
to Fibonacci, �ue-Morse, Cantor, Rudin-Shapiro, Period-
Doubling, Paper-Folding, and Baum-Sweet sequences.

By comparing these structures, we try to highlight the
importance of light localization in quasiperiodic photonic



6 Journal of Materials

5 10 15 20 25 30 35 40 45 50 55 60 650

Repetition number j of the periodic system

0

200

400

600

800

1000

I m
ax

(a
rb

. u
n

it
)

Figure 7: Variation of the maximal electric �eld intensity according
to the parameter � and for the (TM)3/�(��)�/(TM)3 system.

1 2 3 4 5 6 7 8 9 100

Repetition number n of the �ue-Morse sequence

101

102

103

104

105

I m
ax

(a
rb

. u
n

it
)

Figure 8: Variation of the maximal electric �eld intensity according
to the parameter n and for the (TM)�/H(��)26/(TM)� system.

crystals. We found that the �ue-Morse distribution is the
best structure to localize light; it permits getting the highest
electric �eld intensity.

Secondly, to enhance the importance of this structure and
to emphasize the importance of hybrid system, we havemade
an optimization by studying the combination of �ue-Morse
and periodic structures.

We found that the hybrid photonic system (Bragg/�ue-
Morse/Bragg) is performing well in localizing light, as well
as optimizing the number of layers and the thickness of the
photonic system.
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