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Abstract

In this paper, we consider near cloaking for the full Maxwell equations. We extend the
method of [5, 6], where the quasi-static limit case and the Helmholtz equation are considered,
to electromagnetic scattering problems. We construct very effective near cloaking structures
for the electromagnetic scattering problem at a fixed frequency. These new structures are,
before using the transformation optics, layered structures and are designed so that their first
scattering coefficients vanish. Inside the cloaking region, any target has near-zero scattering
cross section for a band of frequencies. We analytically show that our new construction
significantly enhances the cloaking effect for the full Maxwell equations.
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1 Introduction

The cloaking problem is to make a target invisible from far-field electromagnetic measurements
[29, 20, 23, 13, 12, 21]. Many schemes for cloaking are under active current investigation. These
include exterior cloaking in which the cloaking region is outside the cloaking device [25, 1, 24, 11,
10, 2], active cloaking [15], and interior cloaking, which is the focus of our study.

In interior cloaking, the difficulty is to construct electromagnetic material parameter distribu-
tions of a cloaking structure such that any target placed inside the structure is undetectable to
waves. One approach is to use transformation optics [29, 13, 30, 33, 16]. It takes advantage of
the fact that the equations governing electromagnetism have transformation laws under change of
variables. This allows one to design structures that steel waves around a hidden region, returning
them to their original path on the far side. The change of variables based cloaking method uses
a singular transformation to boost the material properties so that it makes a cloaking region look
like a point to outside measurements. However, this transformation induces the singularity of
material constants in the transversal direction (also in the tangential direction in two dimensions),
which causes difficulty both in the theory and applications. To overcome this weakness, so called
‘near cloaking’ is naturally considered, which is a regularization or an approximation of singular
cloaking. In [19], instead of the singular transformation, the authors use a regular one to push
forward the material constant in the conductivity equation describing the quasi-static limit of elec-
tromagnetism, in which a small ball is blown up to the cloaking region. In [18], this regularization
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point of view is adopted for the Helmholtz equation. See also [22, 28]. More recently, Bao and Liu
[8] considered near cloaking for the full Maxwell equations. They derived sharp estimates for the
boundary effect due to a small inclusion with an arbitrary material parameters enclosed by a thin
high-conducting layer. Their results show that the near cloaking scheme can be applied to cloak
targets from electromagnetic boundary measurements.

In [5, 6] it is shown that the near cloaking, from measurements of the Dirichlet-to-Neumann
map for the conductivity equation and of the scattering cross section for the Helmholtz equation,
can be drastically enhanced by using multi-layered structures. The structures are designed so
that their generalized polarization tensors (GPTs) or scattering coefficients vanish (up to a certain
order). GPTs are building blocks of the far-field behavior of solutions in the quasi-static limits
(conductivity equations) and the scattering coefficients are ‘Fourier coefficients’ of the scattering
amplitude. The multi-layered structures combined with the usual change of variables (transfor-
mation optics) greatly reduce the visibility of an object. This fact is also confirmed by numerical
experiments [3].

The purpose of this paper is to extend the results of [5, 6] to Maxwell’s equation and show
that the near cloaking from cross section scattering measurements at a fixed frequency can be
enhanced by using layered structures together with the change of variables. Again the layered
structures are designed so that their first scattering coefficients vanish. It is also shown that inside
the cloaking region, any target has near-zero scattering cross section for a band of (low) frequencies.
We analytically show that our new construction significantly enhances the near cloaking effect for
the full Maxwell equations. It is worth mentioning that even if the basic scheme of this work is
parallel to that of [6], the analysis is much more complicated due to the vectorial nature of the
Maxwell equations.

The paper is organized as follows. In Section 2, we recall some fundamental results on the
scattering problem for the full Maxwell equations. In Section 3, we introduce the scattering
coefficients of an electromagnetic inclusion and prove that the scattering coefficients are basically
the spherical harmonic expansion coefficients of the far-field pattern. Section 4 is devoted to the
construction of layered structures with vanishing scattering coeflicients. We also present some
numerical examples of the scattering coefficient vanishing structures. In Section 5, we show that
the near cloaking is enhanced if a scattering coefficient vanishing structure is used.

2 Multipole solutions to the Maxwell equations

In this section, we recall a few fundamental results related to electromagnetic scattering, which
will be essential in the sequel.
Consider the time-dependent Maxwell equations

where p is the magnetic permeability and e is the electric permittivity.
In the time-harmonic regime, we look for the electromagnetic fields of the form

{ H(x,t) = H(X)efiwt,
E(x,t) = B(x)e™ ™",

where w is the frequency. The couple (E, H) is a solution to the harmonic Maxwell equations

{ V x E =iwuH, (2.1)

V x H = —iweE.
We say that (E, H) is radiating if it satisfies the Silver-Miiller radiation condition:

lim |x|(v/pH x X — eE) =0,
|x]—00



where x = x/|x|. In the sequel, we set k = w,/en, which is called the wave number.
Form=-n,...,nand n=1,2,..., set Y,” to be the spherical harmonics defined on the unit
sphere S. For a wave number k£ > 0, the following function

Vn,m (k%) = h{ (k[x|)Y," (%) (2.2)
satisfies the Helmholtz equation Av +k%v = 0 in R?\ {0} and the Sommerfeld radiation condition:

avn m

lim |x|(

(k;x) — ikvy, (k3 x)) = 0.
Here, h%l) is the spherical Hankel function of the first kind and order n which satisfies the Som-
merfeld radiation condition. Similarly, o, ,,(x) is defined as

6n,m(k;x) = Jn(MXDYryb(f{)a (23)

where j,, is the spherical Bessel function of the first kind. The function 9y, ,, satisfies the Helmholtz
equation in all R3.

In the same manner, we can make solutions to the Maxwell system with the vector version of
spherical harmonics. Define the vector spherical harmonics as

1
Unin = V¥ '(%) and Vi =% % Up, (24)
n(n+1)

form=-n,...,nand n=1,2,.... Here, X € S and Vg denotes the surface gradient on the unit
sphere S. The vector spherical harmonics defined in (2.4) form a complete orthogonal basis for
L2.(S), where LZ(S) = {u € (L*(S))* | v -u =0} and v is the outward unit normal to S.

Multiplying the vector spherical harmonics to the Hankel function, we can make the so-called
multipole solutions to the Maxwell system. To make the analysis simple, we separate the solutions
into transverse electric, (E-x) = 0, and transverse magnetic, (H - x) = 0. Define the exterior
transverse electric multipoles to (2.1) as

ETE (k;x) = —/n(n + 1) (k[x|) Vo (%),

; 2.5
HYZ (k) = —WLMVX( V(i + D)D) (k|x|)V (fc)), 25)

and the exterior transverse magnetic multipoles as
ETM(k;x) = ivX ( — /n(n + DA (k[x]) Vn’m(fc)), 20

HIM (% \/ (n 4 DR (k|x]) Vi (X).

The exterior electric and magnetic multipole satisfies the radiation condition. By the same way,
we define the interior multipoles (ETE HTE ) and (ETM HTM) with h$ replaced by jn, i.e.,

En D (k%) = —/n(n + 1)j50 (kX)) Vm (%),
2.7
BLE (%) = =9 x BLE (i), =0
: Wit ;
and
HTM k;x) = —v/n(n + 1) (Ex|))Vm(X),
(2.8)

EXM (k;x) = Ly« HTM(k,x).
n,m we n,m

We will sometimes omit the wave number £ in the notation of the multipoles.



Note that we have

v BLE (ki) = Y e U0+ D v 0k (29)
VX BIE () = YU g ) U+ 0 v 0k (210)

/!
where Hy () = A (1) + ¢ () () and Jo(t) = ju(®) + 174 (0):

The solutions to the Maxwell system can be represented as separated variable sums of the
multipole solutions, see [27, Section 5.3]. With multipole solutions and the Helmholtz solutions in
(2.2) and (2.3), it is also possible to expand the fundamental solution to the Helmholtz operator.
For k > 0, the fundamental solution I'y to the Helmholtz operator (A + k?) in R? is

6ik\x|

Th(x) = — (2.11)

Ar|x|’

Let p be a fixed vector in R3. For |x| > |y|, the following addition formula holds (see [26, Section
9.3.3)):

Th(x—y)p=— Z Z E1 (b x)ETY (ky) - p

n= m=—n

o0

+Z n+1 ZETEkxET (ky) - p

’%Z Z V0 (k3 %)V, (K y) - P, (2.12)

n=1m=-—n

with vy, n, and ¥y, ,, being defined by (2.2) and (2.3).

Plane wave solutions to the Maxwell equations have the expansion using the multipole solutions
as well (see [17]). The incoming wave E’(x) = ik(q x p) x qe’*9* where q € S is the direction of
propagation and the vector p € R? is the direction of polarization, is expressed as

) =1 TE _ L CC)ETM (« .
kzm ;[ B0~ o (Upa(a) - B, (2.19)

where ¢ = (q X p) X q.

3 Scattering coefficients of an inclusion

Let D be a bounded domain in R3 with C1® boundary for some a > 0, and let (eg, j19) be the pair
of electromagnetic parameters (permittivity and permeability) of R3\ D and (e, 1) be that of D.
We assume that €g, €1, 19, and pq are positive constants. Then the permittivity and permeability
distributions are given by

e=ex(R*\ D) +ex(D) and p=pox(R*\ D) + px(D),

where x denotes the characteristic function. In the sequel, we set k = w,/e1 1 and kg = w./€pftg-
For a given solution (E*, H") to the Maxwell equations

V x E = iwpoH? in R3,
V x H = —iwegE in R3,



let (E,H) be the solution to the following Maxwell equations:
V x E =iwuH in R3,
VxH=—iweE  inR? (3.1)
(E—E' H-H") satisfies the Silver-Miiller radiation condition.
We emphasize that along the interface 9D, the following transmission condition holds:
[v xE]=[vxH]=0. (3.2)
Here, [v x E] denotes the jump of v x E along 0D, namely,

v x E]=(vxE)|}, — (vxE)|,,.

Let Vyp- denote the surface divergence. We introduce the function space
TH(div, dD) ::{u € L2(D) : Vop -u € L2(aD)},
equipped with the norm
|l rr(giv,opy = |wllL2op) + [Vop - w200 -

For a density ¢ € TH(div,dD), we define the single layer potential associated with the fundamental
solutions I'y, given in (2.11) by

Shlgl(x) = /8 Tulx=¥)gy)irly). xR

For a scalar density contained in L?(0D), the single layer potential is defined by the same way.
We also define boundary integral operators:

Lhlel(x) i=(vx (k2Shle] + VSh[Van - ) ) (%),

Mb[p](x) = p.v. / v(x)% (Vax (Tu(x = ¥)p(y)) )dor(y),  x € OD.
oD

In the same way, we define S]]B", E’BJ, and MIB’ associated with I'y, instead of I'y,. Then the solution
to (3.1) can be represented as the following:

E(x) E'(x) + 1oV x S [p](x) + V x V x SP[¢](x), x€R*\ D, (3.3)
x) = :
mV x Splel(x) + V x V x Sp 9] (x), x €D,
and .
H(x) = ——(V x E)(x), xcR*\aD,
Wit
where the pair (¢, ) € TH(div,0D) x TH(div,9D) is the unique solution to
_|_
BT+ My — poMi ck — cho _
k k K k3 ke kg ok Lﬂ - [z‘wHi X u] :
_ 0 . _ 9V o _ U 0
o= Lo (2u1 * 2#0) I+ mMD quD P
(3.4)

The invertibility of the system of equations (3.4) on TH(div,0D) x TH(div,0D) was proved in
[32]. Moreover, there exists a constant C' = C'(e, u,w) such that

||<P||TH(div,aD) + ||¢HTH(div,aD) < C(HEi X VHTH(div,aD) + HHi X V||TH(div,0D))- (3.5)



From (2.12) (with kg in the place of k) and (3.3) it follows that, for sufficiently large |x|,

oo

(E — E’
nn—|—1

n=1

where

O = —iweo,uo/ EZ;
oD

Bn,m = _iWGO,UJO/

oD

TE
En m

(ko;y) -

Z; (an mTn m kO» ) + Bn,nLE£7%(kO§X))7 (36)

M (hry) - o(y) + K2 /a B (hiy) %)

oly) — wied /8 EDNGiy) ().

Definition 1. Let (¢, 7,9 ) be the solution to (3.4) when B = Egg(ko; y) and H* = ItIgf(ko; y),

and ((,0;2/[, 524) when Ef = ngy(k’o;y) and H' = ﬁgfy(ko;y). The scattering coefficients
TE,TE TE,TM TM,TE TM,TM , . L
(W(n,m)(p,q)’ I/[/(mm)(p,q),W(mn)(m])7 (7L,m)(p7q)) associated with the permittivity and the perme-

ability distributions €, and the frequency w (or k, ko, D) is defined to be

(szmfgpw@— ~iweopio /a DETM (ko3 y) -
g = —iweono | BIE (o)
ety = iweopn | BEE (ko)

¥)- o2 (y) do(y) + 3 /8 B (hiy) 1R () do(y),

O (y) doly) + K / BIE (kory) -7 (y) do(y),
oD

IE(y) doly) —w?el /8 B (hy) 9EE () do(y),

e (y) do(y >—w263/8DETM<k y) - 9T (y) do(y).

As we see it now, the scattering coefficients appear naturally in the expansion of the scattering
amplitude. We first obtain the following estimates of the scattering coefficients.

Lemma 3.1. There exists a constant C' depending on (€, u,w) such that

contp

TE,TE

(n,m)(p,q) e, p,w]| < nipp (3.7)
for all n,m,p,q € N. The same estimates hold for W&Emig(ﬂiq) W(TM ;"Efq) and ngj\;[n;"g[q)

Proof. Let (¢, 1) be the solution to (3.4) with E¢(y) = Ei{f(l{:o;y) and H! = — . Recall

that the spherical Bessel function j, behaves as

—.t€2p+ 0 (1 +0 (;)) as p — 0o,

Jp(t) = 1-3..
VZRB(p/€) (1 + o(1)), we have

uniformly on compact subsets of R. Using Stirling’s formula p! =

CPtP
Jp(t) =0 ( ) as p — 0o, (3.8)
pp
uniformly on compact subset of R with a constant C' independent of p. Thus we have
; ; C/P
||E HTH(div,aD) + HH ||TH(div,8D) = pT
for some constant C’. It then follows from (3.5) that
cr
||90HL2(3D) + H¢HL2(8D) .
for another constant C'. So we get (3.7) from the definition of the scattering coefficients. O



Suppose that the incoming wave is of the form
© P
x) = Z Z (ap q (ko, x) + by, qE 3 (ko; )) (3.9)
p=1q=—p
for some constants a, , and b, ;. Then the solution (¢, 1) to (3.4) is given by

P
> (on0E + bl

q=-p

M

®

]
Il
-

M
M= |

¥ (ap q'/’pq + by, qQ’bTM)’

S
Il
-

q=-p

By (3.6) and Definition 1, the solution E to (3.1) can be represented as

(E - E')(x) = Z __*Ro Z (an mBr b (ko;x) + BmELN (ko )), x| = 0o, (3.10)
n=1 n(n + 1) m=—n
where v
_ TE,TE TE,TM
Hnym = Z Z (ap qW(ﬂ m)(p.a) T bp, qW )(p,q))
potasp (3.11)
TM,TE TM,TM
Z (ap,an m)(p,q) bp’qW( )(p,q))
p=1q=—p

Using (3.10), (3.11) and the behavior of the spherical Bessel functions, we can estimate the
far-field pattern of the scattered wave (E — E?). The far-field pattern (also called the scattering
amplitude) A[e, p, w] is defined by

1k0|x\

E(x) - E'(x) = Tl Al pw] (%) +o(|x|7Y)  as |x| — oo. (3.12)

Since the spherical Bessel function h%l) behaves like

1 n
RD(t) ~ Zeitemi™e T as t — 00,
t

1., _.»
(RDY(t) ~ Ze“e_z?’r as t — 0o,

one can easily see by using (2.9) that

eik}o‘xl 1
ET m (ko3 x) ~ me*lTﬂ (= Vnn+1))Vy (%) as |x| — oo,
0|X
iko|x| n
ETM(kO, X) ~ ¢ @e—l%”( —Vn(n+1)) Uy (%) as |x| — oo.
k0|X| €0

The following result holds.

Proposition 3.2. If E' is given by (3.9), then the corresponding scattering amplitude can be
expanded as

Ale, pyw

= Z m (an m Y n,m ) + 6n,m %(())Un,m ()A()), (313)

where @y m and By, are defined by (3.11).



We emphasize that since {Vy, s, Up 1} forms an orthogonal basis of L%(S), the conversion of
the far-field to the near field is achieved via formula (3.10).

We now consider the case where the incident wave E! is given by a plane wave e
|k| = ko and k- ¢ = 0. It follows from (2.13) that

KXo with

. s i P R =
Hxo =30 AT Y (V) BEE (i) -

=Vl +1) =, ’ iwjto

where k = k/ko € S, and therefore,

(szq(f() ’ C)E;Zy(ko;x) )

4P X dmip 1 .
g =~ k)-c) and by, =———o—(U,,k)-c).
p,q p(p+1)< Pv‘I( ) ) p,q p(p+1) iwpio pq( ) )

Hence, the scattering amplitude, which we denote by A e, u, w|(e, Iz:;aA:), is given by (3.13) with
the coefficients o, ., and By, m

4me® - TETE 1 - TETM
Ap.m = Z Z 7) [(Vp,q(k) : C)W(n,m)(p,q) - W(Upiq(k) : C)W(n,m)(p,q) P

o ' p
_ 4P . TM,TE 1 - TM,TM
Bn,m = Z ) |:(Vp,q(k) : C)W(mm)(p,q) - iwﬂo (UP;Q<k) : C>W(n,m)(p,q) '

(3.14)
These formulas tell us that the scattering coefficients appear in the expansion of the scattering
amplitude.
We now investigate the low frequency behavior of the scattering coefficients. Let I'(x) :=
—1/(4m|x|) denote the fundamental solution corresponding to the case k = 0, and M p the associ-
ated boundary integral operator:

Mple)(x) = p.v. /

Y (x)x (Vxx (D(x — y)cp(y)))da(y), » € TH(div, dD).
oD

Analogously to (3.4), one can prove that there is a unique solution (¢, %) € TH(div,dD) x
TH(div,9D) to the following equations:

n1 + o
— — I+ M 0
(1 — po) <2<#1 ~ o) D)

+ O = |/H*
0 (61 — 60) (2(6611_6600)1 + MD) w¢ ! o

oD

(3.15)
In fact, since D is C*, Mp is compact and we may apply the Fredholm alternative to prove
unique solvability of above equation. Moreover, we have

||<P(O)||TH(div,aD) + W||¢(O)HTH(div,aD) < C(|E* x V|| 7Hdiv,0D) + [H* x v|rH@div.op)), (3.16)

with a constant C' = C'(e, p).
Let p be a small positive number and consider the boundary integral equation (3.4) with k, ko,
and w replaced by pk, pko, and pw, respectively. Then, we have (see [14])

M = Mp = 0(5"),  Mp* = Mp = 0(p"),

and
£l = £ = 0(p?).



Since

k2 k2 k2 k3 [e1+ €0
I k _ ROy ko _ 2 2 I _ O(p?
(2#1 * 2#0) " MlMD quD e 2 (@ = )Mp+0(r)).

if we express the solution (¢, 1) to (3.4) as (¢, ¥) = (¢”, pw1p?), then it satisfies

(a+00) | o] = [me'ss]

where A is the 2-by-2 matrix appeared in the left-hand side of (3.15). From the invertibility of A,
it follows that there are constants pg and C' = C/(e, u, w) independent of p as long as p < pgp such
that

)

oD

1?78 (div,00) + pllY T e aiv.opy < CIE' X vlraiv.op) + [H X v|ra@v,en).  (3.17)
Lemma 3.3. There exists py such that, for all p < pg,

TE,TE CYL-’rp n+p+1
W(n’m)(p’q) [67M>pw]‘ <——p ) (3.18)

n"pP
for alln,m,p,q € N, where the constant C' depends on (e, u,w) but is independent of p. The same

. TE, TM TM,TE TM, TM
estimate holds for W, 050, o0 Wiy gy 978 W) p.)-

Proof. Let (¢,%) be the solution to (3.4) with Ei(y) = Eg’f(pko;y) and H' = —pjuov x E'.
Then, from (3.8), it follows that

HELPHTH(div,c’}D) + HHi,pHTH(div,aD) < prp’

where C' is independent of p, and hence

cP
1112 0m) +211%" | 200y < 50"

for p < po for some py. So we get (3.18) from the definition of the scattering coefficients in
Definition 1. O

4 S-vanishing structures

The purpose of this section is to construct multilayered structures whose scattering coefficients
vanish, which we call S-vanishing structures. The multi-layered structure is defined as follows: For
positive numbers r1,...,rp4q with2 =17y >re > ---rp 1 =1, let

Aji={x:rj1 <|x|<r}, j=1,....,L, Ag:=R*\ A1, Ap.(=D):={x:|x| <1},

and
Ly ={lx|=r;}, j=1,...,L+1

Let (u;,€;) be the pair of permeability and permittivity parameters of A; for j =1,...,L+1. Set
o =1 and €9 = 1. We then define

L1 L+1
W= Z wix(A;) and €= Z €ix(4,), (4.1)
§=0 §=0



which are permeability and permittivity distributions of the layered structure.

The scattering coefficients (W(i i’gé @) W(Z Emﬁj\; q),W(Z %)T(fiq),w(i %)T(fq)) are defined as be-

fore, namely, if E given as in (3.9), the scattered field E — E? can be expanded as (3.10) and
(3.11). The transmission condition on each interface I'; is given by
xxE]=[xxH]=0. (4.2)
We assume that the core Ay, is perfectly conducting (PEC), namely,
Exv=0 onlpy; =0A141. (4.3)

Thanks to the symmetry of the layered (radial) structure, the scattering coefficients are much

simpler than the general case. In fact, if the incident field is given by Ef = 1735%;, then the solution
E to (3.1) takes the form

E(x) = 4,El" (x) + ¢,ElE (x), x€4;, j=0,...,L, (4.4)
with ao = 1. From (2.9) and (2.10), the interface condition (4.2) amounts to

ki) A (kiry) [&J}

1 1
7;711 k‘r' 77-[” k'T‘ Qs
L ( J J) 1 ( J ]) j
1jn(kj71rj) {Lgll)(kj*lrj) aj—1 =1 L 4.5
a 7‘~7n(kj*1rj) 7Hn<kj,1’rj) |:aj_1:| J=4... L ( . )
Hi—1 Hj—1

/
where H,,(t) = h%l)(t) +t (hg)) (t) and Jp,(t) = jn(t) + tj.(¢), and the PEC boundary condition
onI'pyq is
. 1) -
Jn(kr) hn'(kL)| |GL — 0 4
[ . ()] fas] 0], (4.6)

Since the matrices appeared in (4.5) are invertible, one can see that there are a; and a;, j =
0,1,...L satisfying (4.5) and (4.6). Similarly, one can see that if the incident field is given by
E’ = EJ" (x), then the solution E takes the form

E(x) = 0,EIM (x) + b,EIM(x), x€4;, j=0,1,..,L (4.7)

for some constants b; and b; (bp = 1). One can see now from (4.4) and (4.7) that the scattering
coefficients satisfy

TETM TM,TE
) o:d) = Winm) o) = 0 for all (m,n) and (p,q),
TE,TE _ yy/TMTM _ .

Wemya) = Winmpe =0 if (m,n) # (p,q),

and, since (4.4) and (4.7) hold independently of m, we have

TETE _ ;,TETE
Wi, 0)(n.0) = Win,m)(nm)>

TM,TM i, TM,TM B
W om0 = Wamynm ~— for —nsm=n.

Moreover, if we write

TE . TE TM . TM
W, = = W(n,o)(n,o) and W, ™ = W(n,O)(n,O)’

10



then we have
in(n+1)

ko

in(n+1)

. 4.
o bo (4.8)

TE _ TE _
W, = =— ap and W,~ =-—

Suppose now that E,{fg is the incident field and the solution E is given by
E(x) = ;B[ §(x) + B f(x). x€4d; j=0...L

with @y = 1, where the coefficients @;’s and a;’s are determined by (4.5) and (4.6). We have from
(4.5) that

‘ —1 .
- Jn(kjrj) hD (kjry) Jnlkj—1r;) i (kj_1r)) -
= Sty Dt | L] ]
a; —TInlkjr;)  —Hu(kjr; n(kj—17; n(kj—1m5)| aj=1]’
J 14 Jt [L; FA] [ 1 j—1"j i1 j—1"j j—1

for j =1,..., L. Substituting these relations into (4.6) yields

0| _ orE ao
M =P, "[e, p, 0] [ao] : (4.9)
where
TE TE L . (1)
Pni Pa - 3.3 n(kr) hn’(k
PEE[e,u,w] = 071 012] = (—zw)L H/,L;S;Tj [‘7 (OL) é L)]
L ot}
rl
f[ ;Hn(kjrj) *hgll)(kjrj) 1jn(kj717"j) {lfll)(kjfﬂ”j) ( )
o i 4.10
1 . — Tnlkigr) ——Hp(kioqr
=1 _—/Tjjn(/fﬂj) G ,Uj—lj (kj-175) o (Fj175)
We then have from (4.9)
in(n+1) in(n+1)p2%
wre o i), it P 4.11
’ PR o

Similarly, for W™ we look for another solution E of the form
E(x) = b;ELY (x) + bEIY (x), x€4;, j=0,..L,

with by = 1. The transmission conditions become

1 1 -
= Inlkjrs)  —Ha(kyrj) [bj]

J J .
Jn(kjrj) hH (kjry) bi
1 1 -
—TIn k._ . —H, k,_ . o )
_ Ejflj ( ] 17'j) 5]‘717-[ ( ¥ 1TJ) |:Z] 1:| ; ]:1,,N+1, (412)
Jn(kj—17j) WD (kj—ary) it

and the PEC boundary condition on the inner most layer is

) ] ] 1] i
From (4.12) and (4.13), we obtain
o] = e 1] (4.14)




TM T M k H'n k
Pg“ [E’lqu] _ |:p761 p%2:| H“262 |: E) L) E) L)
L | R (kjry)  ——Ha(kjry) 1 1
n kn ' k,_ . n k,_ .
~ H ' 161 ejflj (kj-175) EjfllfH (kj-175) . (4.15)
Jj=1 jn(kjrj) N (k'rj) jn(kjflTﬂ h;)(kj,ﬂ“ )

From the definition of W and (4.14), we have

" ko by ko pEYT '

It should be emphasized that pl5 # 0 and pZd # 0. In fact, if pL§ 5 = 0, then (4.9) can be

fulfilled with ag = 0 and ag = 1. Thls means that there exists (u,€) on R®\ D such that the
following problem has a solution:

V x E = iwuH in R?\ D,
VxH=—iweE  inR3*\D,
(XXE)’+:O on 0D,
E(x) =E]§(x) for |x| > 2.
Applying the following Green’s theorem on Q = {x ‘ 1< |x|] < R},
/ (E - AF + curlE - curlF + divE divF) dx
Q

= / (v x E-curlF + v - E divF)do(x)
a0
with F = ETf(x) and the PEC boundary condition on {x| = 1}, we have
/ (v x E)-Hdo(x) = z’ko/(|H|2 — |E[*)dx
|x|=R Q
In particular, the left-hand side is real-valued. Hence,
/ |H x v — E|?do(x) :/ (H x v]*+ |E|* — 2R((v x E) - H)do(x)
|x|=R |x|=R
:/ (JH x v[2 + [E[?)do (x).
|x|=R

From the radiation condition, the left-hand side goes to zero as R — oo, and it contradicts the
behavior of the hankel functions. One can show that pTM # 0 in a similar way. 0

To construct the S-vanishing structure at a fixed frequency w we look for (u, €) such that
WIEe u,w) =0, WIM[g y,w] =0, n=1,...,N
for some N. More ambitiously we may look for a structure (u,€) for a fixed w such that

W E e, pw] =0, WM [, €, pu] = 0

12



forall 1 <n < N and p < pg for some py. Such a structure may not exist. So instead we look for
a structure such that

2N+1) 2N+1)

W B, e, pw] = o(p*M 1), WM u,e, pw] = o(p*N 1), (4.17)
forall 1 <n < N and p < pg for some pyg. We call such a structure a S-vanishing structure of
order N at low frequencies. In the following section, we expand the scattering coefficients for low
frequencies and derive conditions for the magnetic permeability and the electric permittivity to be
a S-vanishing structure.

Suppose that (u,€) is an S-vanishing structure of order N at low frequencies. Let the incident
wave E’ be given by a plane wave e'”**c with |k| = kg and k-c = 0. From (3.14), the corresponding

scattering amplitude, A [u, €, pw](c, k; Z), is given by (3.13) with the following v, ., and Sy m.

4™ .
a = (V.. (k) - c)WTE L€, P,
n,m n(n—l—l)( n, (k) -¢) n (1, €, pw]
4™ 1 .\
Prm = ——F—= (Unm (k) - )W, M, €, pw.

Applying (3.18) and (4.17), we have
Anclp e pul(e, k: %) = oo™ ) (4.18)

uniformly in (R, X) if p < pg. Thus using such a structure the visibility of scattering amplitude is
greatly reduced.

4.1 Asymptotic expansion of the scattering coefficients

The spherical Bessel functions of the first and second kinds have the series expansions:

) e (71)ltn+2l
n t) = )
Jnlt) ;251!1~3---(2n+2l+1)
and
(2n)! > (—l)ltzl*"*1

un(D) = = u 22+ 1)(=2n+3) - (=2n+ 21— 1)’

So, using the notation of double factorials, which is defined by

n-(n—2)...3-1 if n > 0 is odd,
nlli=¢ n-(n—2)...4-2 if n > 0 is even,
1 if n=-1,0,
we have -
Gn(t) = m(1 +o(t)) fort <1, (4.19)
and

Yn(t) = —((2n — )Mt (1 +0(t)) for t < 1. (4.20)
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We now compute PIE[e, . t] for small t. For n > 1,

Zz n n —ZQ(TL) —n—1
PTE[ 1] HM2€2 mt + o(t") Tt
0 0
M it ey QM) oy
% ﬁ Nj(zjrj)nﬂt olt ) (zj7; )"Ht +olt )
- —(n+ 1) (zm)™ , . (zr)™ .
= Wt +o(t") Mt +o(t")
(n+1)(zj—1m)" " M
pj—1(2n + DN # 4ol pj—1(zj—1ry)

where z; = ,/g;; and Q(n) = (2n — 1)!. We then have

Z’n

PIPle, 1) = | @2n+ DI s
0 0

Q(n)zf—l ( + (”+1)Uj)(1+0(1))

n
L (2n + D27 Hi—1
I I n n+1_2n+1
Zizs s n+1 )
j=1 J—1% J ( )(1_ Hj ) 2n+1(1+ (1))

((2n+1)1)2 Hj—1

Similarly, for the transverse magnetic case, we have

n+ 1)z ., e —inQ(n o
P = [ Dt o) T o
0 0
L % ((n + Ejil (n+ 1)) (1 + 0(1))
H n n+1 2n+f
o | Az (it 1) g5\ g2nt
S K (CTES e (1 - sj_l) 1+ 0(1))

Using the behavior of spherical bessel functions for small arguments, we see that p?f

admit the following expansions:

N—n

phl e t] = t" <Z

=0

and

P net] = £ 1(29

Similarly, pg’ and p M have the following expansion:

N—n

Pk [se, 1] —t"(Z

and
N—n

pn2 [,Lng t}*t nt (Z gT]VI

=0

for ¢t = pw and some functions fTF, gf?, gfw,

14

St ol _iQ(”)t"Wo(tnl)]

(2n + 1)!!z;‘fl

and gg]l‘/[

X

t—n—l 4 O(t—n—l)

t—n—l + O(t—n—l)

Ly @

n+1_2n+1
ZJ Zj-1Tj

Qn)z; ™

(71)7@(”))2” (1 - i) 721 (1 + (1))

n) (1+0(1))

Qn)zj
(2n + 1)!!z;.ir11

o)

t2l +0(t2N 2n)) .

t2l+0(t2N 2n)>

)t21 +0(t2N2n)> )

independent of .

(n—|—1+ £
1)

B y=2n=1 (1 + 0(1))

T
(n +1+u )(1+0(1))

and pfg

(4.21)

(4.22)

(4.23)

(4.24)



Lemma 4.1. For any pair of (u,€), we have

956 (1) #0 (4.25)
and
gr 0 (1,€) #0. (4.26)

Proof. Assume that there exists a pair of (u,¢) such that gZ§(u,e) = 0. Since pl5[u,e, pw] =

o(p~"~1), the solution given by (4.4) with ag = 1 and @ = 0 satisfies

1 _
V x (VxE)—p2w26E=0 in R*\ D,
i

V-E=0 in R\ D,
(v x E)|+ = o(p~("t1) on 0D,
E(x) = Al (pko|x|) V;.0(X) for |x| > 2.

Let V(x) = lim,_, p" " E(x). Using (4.20) we know that the limit V satisfies

Vx(1V><V>O in R?\ D,
K —
V- V=0 in R3\ D,
(VXV)’+:O on 0D,

V(x) = —((2n — 1))V, o(X) for |x| > 2.
Since V,, 0(%x) = O(|z|™!), we get V(x) = 0 by Green’s formula, which is a contradiction. Thus
926 (p,€) # 0. In a similar way, (4.26) can be proved. O
From Lemma 4.1, we have the following theorem.

Proposition 4.2. We have
N—n
WEE[Muat] _ t2n+1 Z WnT,lE[M,S]L‘QZ + O(tQN—i-l)7
1=0

and
N—n

WM e, t] = 2770y 7 WM [, et + o2V,
=0

where t = pw and the coefficients WnTF [, €] and ng\/f (i, €] are independent of t.

Hence, if we have (u, €) such that
WPl el =W M u,e] =0, foralll<n<N, 0<1<(N-—n), (4.27)

(1, €) satisfies (4.17), in other words, it is a S-vanishing structure of order N at low frequencies.
It is quite challenging to construct (p,€) analytically satisfying (4.27). In the next section we get
some numerical examples of such structures.

4.2 Numerical examples

In this section we provide numerical examples of S-vanishing structures of order N at low frequen-
cies based on (4.27). To do this, the gradient descent method for the suitable energy functional is
used, as used in [5] and [6] to compute the enhanced near-cloaking structures for the conductivity
problem and the Helmholtz problem. As in [6], we symbolically compute the scattering coefficients.
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In the place of spherical Bessel functions and spherical Hankel functions, we put its low frequency
asymptotic expansions in (4.10) and (4.15), and symbolically compute W.I'® and WM to have

Wn l [ M, } and W;{{V[ [1“’7 E]‘
The following example is a S- Vanishing structure of order N = 2 made of 6 multilayers. The
radii of the concentric disks are r; =2 — T for 5 =1,...,7. From Proposition 4.2, the nonzero

leading terms of WIE [y, e, t] and WM [u, €,t] up to t° are
o [t3,t%] terms in W{ F[p, e,1], i.e., WIE, WIE,
o [t3,t7] terms in W{M[p, e ], i.e., WM, WEM,
o [t°] term in W #[p, e,1], i.e., Wi,
o [t°] term in WM [y €, 1], ice., WS
Consider the mapping
(1) — (Wi, W, WG W Wy, Wogh), (4.28)

where, p = (p1,...,16) and € = (e1,...,&¢). We look for (u,e) which has the right-hand side of
(4.28) as small as possible. Since (4.28) is a nonlinear equation, we solve it iteratively. Initially,
we wet g = (9 and e = €(©. We iteratively modify (u(?,e®)

[t g(HNT — [, T —Alb("), (4.29)
where A;f is the pseudoinverse of

8(W10,W117H WT]V[)
a(u’a ) (”75):(H<i),s(i))7

Ai =

and
W

WTE

b(l) _ 1,1
TM

Wz (m,8)=(n(,e®)

Example 1. Figure 4.1 and Figure 4.2 show computational results of 6-layers S-vanishing structure

of order N = 2. We set r = (2, 161,...,%), u® = (3,6,3,6,3,6) and e® = (3,6,3,6,3,6) and

modify them following (4.29) with the constraints that p and e belongs to the interval between 0.1
and 10. The obtained material parameters are p = (0.1000, 1.1113,0.2977, 2.0436, 0.1000, 1.8260)
and € = (0.4356, 1.1461,0.2899, 1.8199, 0.1000, 3.1233), respectively. Differently from the no-layer
structure with PEC condition at |x| = 1, the obtained multilayer structure has the nearly zero
coefficients of W[y, e, t] and WIM[p, e t] up to t°.

5 Enhancement of near cloaking

We make a cloaking structure based on the following lemma.

Lemma 5.1. Let F be a diffeomorphism of R3onto R® such that F(x) is identity for |x| large
enough. If (E,H) is a solution to

V xE =1iwuH in R3,
V x H = —iweE in R3, (5.1)
(E — E\, H — HY) is radiating,
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Figure 4.1: This figure shows the graph of the material parameters and the corresponding coef-
ficients in W E[u, e, t] and W M [u,e,t] up to t5. The first row is of the no-layer case, and the
second row is of 6-layers S-vanishing structure of order N = 2 which is explained in Example 1. In

the third column, the y-axis shows (W{F, WIE Wil wiM wiE will?) from the left to the

1,0 » 1,1 »

right.
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Figure 4.2: This figure shows the graph of W[y, e, t] and WIM[u, €, t] for various values of t.
The first row is of the no-layer case, and the second row if of 6-layers S-vanishing structure of order
N = 2 which is explained in Example 1. The values of W ¥ and W™ are much smaller in the
S-vanishing structure than in the no-layer structure.

then (E,H) defined by (E(y), H(y)) =(E(F~\(y)), H(F~'(y))) satisfies
V x E = iw(F,p)H in R3,

V xH = —iw(F.e)E in R3,
(EE',H — H') is radiating,
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where (E*(y), Hi(y)) =(E(F~}(y)), H(F~\(y))),

_ DF(x)u(x)DF” (x)

_ DF(x)e(x)DF7 (x)
(Fep)(y) det(DF(x))

and (F.O) = — 4 Drx)

with x = F~Y(y) and DF is the Jacobian matriz of F.
Hence,
Alp, e,w] = A[Fupu, Fee,w].

To compute the scattering amplitude which corresponds to the material parameters before the
transformation, we consider the following scaling function, for small parameter p,

1
T, (x)=-x, x€cR>
p

1
p

Then we have the following relation between the scattering amplitudes which correspond to two
sets of differently scaled material parameters and frequency:

A [uo\I!;7eo\IJ;7w} = Ao [u, €, pw]. (5.2)
To see this, consider (E, H) which satisfies
(VX E)(x) =iw(po¥i)(x)H(x) for x € R3\ B,
) (x)E(x) for x € R3\ B,
xxE(x)=0 on 0B,,
(E — E\, H — HY) is radiating,
with the incident wave E'(x) = ¢’**¢ and H' = ;7-V x E' with k- ¢ = 0 and |k| = ko. Here B,
is the ball of radius p centered at the origin. Set y = %X and define

(By) HE) =((Bowi) ), (Hovi ")) =((Bow,)(v), (How,)(y))
and
(B'(y), H'(y) = ( (B0 w,)(v), (H 0 W,)(y)).
Then, we have
Vy x E) (y) = ipwu(y)H(y) for y € R®\ By
Vy xH) (y) = —ipwe(y)E(y)  fory € R*\ By,
yxﬁ():o on 0B,
(E — E', H — HY) is radiating

Remind that the scattered wave can be represented using the scattering amplitude as follows:

) iko|x| ~
(E—Ez)(x)wekoﬁ oo[uo\I/%,eolll%,w (c,k; %) as x| = oo,
and
BBy ~ A el (e k%) as Iyl
— y)~ —— u,6,w| (¢, k;X) as |y| = oo.
koply| =

Since the left-hand sides of the previous equations are coincide, we have (5.2).
Suppose that (u,€) is a S-vanishing structure of order N at low frequencies as in Section 4.
From (4.18) and (5.2), we have

A [ﬂo\I/;,eo\I/;,w (c,k; %) = o(p*NT1) (5.3)
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Then, we define the diffeomorphism F), as

X for |x| > 2,
—4 1
(ot X)X for2p< x| <2
20—-p) 41 —=p)" /x|
2 2p |x| p=XI=2p
X for |x| < p.
P

We then get from (5.3) and Lemma 5.1 the main result of this paper.

Theorem 5.2. If (u,€) is a S-vanishing structure of order N at low frequencies, then there exists
po such that

A [(F)u(o W), (Fp)uleoW1),0] (e, ki%) = o(p™¥ 1),
for all p < po, uniformly in (k,%).

Remark that the cloaking structure ((F,). (1o W1),(F,).(eo¥1)) in Theorem 5.2 satisfies the
B P
PEC boundary condition on |x| = 1.

6 Conclusion

We have shown near-cloaking examples for the Maxwell equation. We have designed a cloaking
device that achieves enhanced cloaking effect based on the method of [5, 6] to electromagnetic
scattering problems. Any target placed inside the cloaking device has an approximately zero scat-
tering amplitude. Such cloaking device is obtained by the blow up using the transformation optics
of a multi-coated inclusion with PEC boundary condition. The cloaking device has anisotropic
permittivity and permeability parameters.
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