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Abstract: The superposition states of two qubits including entangled Bell states are considered in the
probability representation of quantum mechanics. The superposition principle formulated in terms
of the nonlinear addition rule of the state density matrices is formulated as a nonlinear addition rule
of the probability distributions describing the qubit states. The generalization of the entanglement
properties to the case of superposition of two-mode oscillator states is discussed using the probability
representation of quantum states.
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1. Introduction

The conventional description of system states in quantum mechanics is provided
using either wave functions [1] (pure states) or density matrices [2,3] (mixed states). In
addition, the vectors in the Hilbert space or the density operators acting in the Hilbert space
are used to describe the pure states and the mixed states, respectively [4]. Different other
representations of quantum states including the Wigner quasidistribution [5], the Husimi
function [6], the Glauber–Sudarshan quasiprobability distribution [7,8], and the groupoid
picture of quantum mechanics [9] were introduced to describe the systems with continuous
variables such as oscillators. In the case of systems with discrete variables such as spin
systems, the states were also described by analogs of the Wigner function of the discrete
variables; see, e.g., [10]). The described representations of quantum states are very different
from the representations used in classical physics, e.g., in classical statistical mechanics
where the probability distributions are associated with the classical system states. The
attempts to find the probability representation were done, e.g., in [11]).

Recently, the probability representation of quantum states was suggested for the
systems with continuous variables in [12] and with discrete variables in [13–15]. In classical
mechanics, the tomographic probability distribution of system states was introduced
in [16]. All the representations of quantum states including wave functions, density
operators, quasidistributions such as the Wigner functions, and the tomographic probability
distributions contain equivalent information on the physical properties of the quantum
states. However, the probability distribution description of the states sometimes gives
the possibility to obtain a better understanding of the physical phenomena based on an
intuition available due to the classical experience. The classical and quantum aspects of
tomography were discussed in [17], and classical–quantum dynamics were considered
in [18]. Recently, the probability representation of quantum states was used to study
properties of cosmology [19,20]. The density matrices of qudit states were discussed in
different representations in [21,22]. The application of the symplectic tomography scheme
to the stimulated Raman scattering (SRS) process was provided in [23]. The tomographic
probability distribution method was developed, and different aspects of its applications
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are presented in [24]. The review of the harmonic analysis of the density matrix properties
including the method of symplectic tomography is given in [25]. The connection of the
symplectic tomography method with the metaplectic group and the Radon transform was
discussed in [26]. The tomographic causal analysis of two-qubit states was done in [27].

In the probability representation, the system states are described by the standard
conditional probability distributions, which can be used to obtain all the other mentioned
functions determining quantum states. For example, the Wigner function is connected
with the tomographic conditional probability distribution [12] by means of the invertible
integral Radon transform [28]. The review of constructing the probability representation
of quantum states is presented in [29,30]. In quantum mechanics, the phenomenon of the
entangled states discovered by Schrödinger [31] plays an important role.

The aim of this paper is to study the properties of this phenomenon on an example of
qubit states, using the probability representation of the states introduced in [32,33]. The en-
tanglement properties of qubit states were discussed by Bell [34]; in this paper, we consider
the entanglement phenomena in the probability representation of quantum mechanics on
an example of Bell states of qubits—the two spin-1/2 systems. The entanglement of the sys-
tem pure states is associated with such characteristics as the linear entropy. In addition, the
von Neumann entropy is used to characterize this phenomena. We also consider the linear
entropy expressed through the probabilities (associated with probability distributions) to
describe the properties of qibut and ququart quantum states.

This paper is organized as follows.
In Section 2, we review the method of constructing the probability representation

of quantum states on the example of spin-1/2 (qubit) states. In Section 3, we present
the superposition principle of pure qubit states formulated for density matrices of the
orthogonal states following the approach suggested in [35]. In Section 4, we consider density
operators of the states constructed either for systems with two qubit subsystems or for
systems without subsystems and consider the entangled two-qubit states in the probability
representation of quantum mechanics, using the known probability representation of each
qubit state. In Section 5, we study the entangled Bell states for the system with two qubit
subsystems. In Section 6, we discuss the notion of entanglement phenomenon for systems
of two qubits and study the linear entropy of the entangled qubit states. In Section 7,
we consider the entangled states for systems with continuous variables on the example
of two-mode Gaussian states of quantum systems; the linear entropy of such system is
discussed. We present our conclusions and prospectives in Section 8. Explicit formulas
for the state vectors and density matrices expressed through the probabilities of the first
and second spin projections on x, y, and z axes for two-qubit states are provided in the
Appendix A.

2. The Probability Representation of Qubit States

The construction of the probability representation of quantum states is based on the
Born rule [36,37]. The Born rule was discussed in the connection with the relation to
classical probability theory in [38]. Namely, for two arbitrary density operators ρ̂1 and
ρ̂2, the number Tr(ρ̂1ρ̂2) = p(2)

(1) is a non-negative number 0 ≤ p(2)
(1) ≤ 1, which has the

physical meaning of the probability to obtain the properties of the second state with the
density operator ρ̂2, if one measures these properties in the system state with the density
operator ρ̂1 (and vice versa). For pure states ρ̂1 = |ψ1〉〈ψ1| and ρ̂2 = |ψ2〉〈ψ2|, the Born
rule means that in the state with the state vector |ψ1〉, the measured properties of the state
with the state vector |ψ2〉 have the probability given by the number p(2)

(1) = |〈ψ1|ψ2〉|2. Due
to this property of the Born rule, the idea of constructing the probability representation
of quantum states of any system either with continuous variables such as an oscillator or
discrete variables such as a spin-1/2 (qubit) is as follows.

We discuss this idea on the example of qubit. The density matrix ρ of the qubit state is
determined by the state density operator ρ̂ acting in the Hilbert spaceH, a linear space with
three basis vectors |ψx〉, |ψy〉, |ψz〉, which are eigenvectors of the spin projection operators
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sx = 1
2 σx, sy = 1

2 σy, sz =
1
2 σz, where σx, σy, σz are the Pauli matrices, and we assume the

Planck constant h̄ = 1. This means that the spin projection operators have the matrices

sx =
1
2

(
0 1
1 0

)
, sy =

1
2

(
0 −i
i 0

)
, sz =

1
2

(
1 0
0 −1

)
. (1)

Thus, one can check that the normalized state vectors |ψx〉, |ψy〉, |ψz〉 read

|ψx〉 =
1√
2

(
1
1

)
, |ψy〉 =

1√
2

(
1
i

)
, |ψz〉 =

(
1
0

)
. (2)

The corresponding pure-state Hermitian density matrices of the states with the state vec-
tors (2) have the form

ρx = |ψx〉〈ψx| =
1
2

(
1 1
1 1

)
, ρy = |ψy〉〈ψy| =

1
2

(
1 −i
i 1

)
,

ρz = |ψz〉〈ψz| =
(

1 0
0 0

)
. (3)

An arbitrary 2× 2 density matrix

ρ =

(
ρ11 ρ12
ρ21 ρ22

)
has the properties [3] ρ̂† = ρ, Trρ = 1, i.e., ρ11 + ρ22 = 1, and the eigenvalues of ρ are non-negative.

For the pure states ρψ = |ψ〉〈ψ|, one has the property ρ2
ψ = ρψ and Trρ2

ψ = 1. The idea
of constructing the probability representation of quantum states of a spin-1/2 system can
be formulated as follows.

It is possible to express three real parameters of an arbitrary density matrix ρ of the
qubit state in terms of probabilities, which can be obtained using the Born rule. The minimal
number of such independent probabilities is equal to three. The larger number can also be
used, but to get three probability parameters, it is sufficient to calculate three probabilities
given by three numbers

p1 = Tr(ρρx), p2 = Tr
(
ρρy
)
, p3 = Tr(ρρz). (4)

One can check that numbers ρ11, ρ22, ρ21 = ρ∗12, and ρ22 = 1− ρ11 provide an explicit form
of the qubit density matrix [32,33] in terms of the probabilities, namely,

ρ =

 p3 p1 − 1
2 − i

(
p2 − 1

2

)
p1 − 1

2 + i
(

p2 − 1
2

)
1− p3

. (5)

Thus, the spin-1/2 state density matrix is described by the probabilities of the measurable
spin projections equal to +1/2 on three perpendicular directions of x, y, and z axes. We use
the density matrices ρx, ρy, ρz (3) of the pure spin states. However, all other state density
matrices, including mixed state density matrices, can be also used to express the density
matrix ρ parameters in terms of the probabilities given by the Born rule. Thus, the state
of qubit is described by three dichotomic probability distributions given by the pairs of
non-negative numbers 0 ≤ pi ≤ 1, i = 1, 2, 3, i.e., (p1, 1− p1), (p2, 1− p2), (p3, 1− p3),
which satisfy the condition of non-negativity of the eigenvalues of the density matrix ρ (5).
It reads

3

∑
j=1

(
pj −

1
2

)2
≤ 1

4
. (6)
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For pure qubit states, the probabilities pj satisfy the equality(
p1 −

1
2

)2
+

(
p2 −

1
2

)2
+

(
p3 −

1
2

)2
=

1
4

. (7)

This means that the probabilities p1, p2, p3 determine the points on the sphere of the radius
equal to 1/2, which has the center position in the points p1 = p2 = p3 = 1/2. For mixed
states, the probabilities p1 = p2 = p3 = 1/2 determine the points inside the sphere.

In fact, three dichotomic probability distributions can be considered as one conditional
probability distribution, which we denote as Π(j|k), with j = 1, 2 and k = 1, 2, 3 determin-
ing the quantum state of one spin-1/2 system. This notation means Π(j = 1|k = 1) = p1,
Π(j = 2|k = 1) = 1 − p1, Π(j = 1|k = 2) = p2, Π(j = 2|k = 2) = 1 − p2,
Π(j = 1|k = 3) = p3, and Π(j = 2|k = 3) = 1 − p3. This conditional probability
distribution satisfies the relations

2

∑
j=1

Π(j|k) = 1, 0 ≤ Π(j|k) ≤ 1.

Using the known Bayes formula for conditional probability distributions of two random
variables, one can check that the probability distributionsW(j, k) are given by

W(j, k) = Π(j|k)P̃(k).

Here, the function P̃(k) is the probability distribution of random variable k satisfying
the relations

3

∑
k=1
P̃(k) = 1, 0 ≤ P̃(k) ≤ 1.

Thus, the presented function W(j, k) is the joint probability distribution of two random
variables j, k satisfying the relation

2

∑
j=1

3

∑
k=1
W(j, k) = 1.

This distributionW(j, k) completely determines the state of spin-1/2 particle for arbitrary
probability distributions P̃(k).

Now, we consider an explicit generic form of the marginal probability distribution
Wm(j) = ∑3

k=1W(j, k); it reads

Wm(1) = p1P̃(1) + p2P̃(2) + p3P̃(3),
Wm(2) = (1− p1)P̃(1) + (1− p2)P̃(2) + (1− p3)P̃(3).

A partial case of this generic situation is described if the probability distribution P̃(k)
is given by equalities P̃(1) = P̃(2) = P̃(3) = 1/3. One can check that the marginal
probability distributionWm(j) has the form

Wm(1) =
1
3
(p1 + p2 + p3), Wm(2) = 1− 1

3
(p1 + p2 + p3).

One can mention that the marginal probability distribution W̃m(k) = ∑2
j=1W(j, k) coin-

cides with the probability distribution P̃(k). The physical interpretation of the probability
distribution of two random variableW(j, k) is as follows.

The six available probabilities describe the situation where not only spin projections
fluctuate but also directions of x, y, and z axes are random variables since they fluctuate,
which is experimentally possible, and this must be taken into account.
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The probability representation of qubit states can be illustrated by the geometrical
picture constructed as squares named Malevich’s squares [39]. These squares are con-
structed by means of two triangles. The first triangle is an equilateral triangle with a side
length of

√
2. The other triangle is an inscribed equilateral triangle with a side length of 1.

The vertices of the inscribed equilateral triangle are located on the sides of the equilateral
triangle with the side length of

√
2. It can be shown that the distance from the vertex of the

inscribed triangle to the vertex of the large triangle is equal to x,

x =

√
2

2

(
1− 1√

3

)
,

and the distance from the second vertex of the large triangle is equal to

√
2

2

(
1 +

1√
3

)
. The

area of three squares with sides equal to 1 constructed, using the equilateral triangle with the
sides of this length, is equal to 3. This picture is related to probabilities p1, p2, and, p3 [39].
This area is the maximum possible area corresponding to the spin-state description by
these probabilities p1, p2, and p3. The spin state is a quantum system, and the analogous
Malevich’s squares can be obtained for a classical system of three coins in the game of
the coin flipping. In this game, we also have probabilities p1, p2, and p3 corresponding
to the results of the game, if the coins are not ideal, which means that the probabilities
p1, p2, and p3 can take any values from zero to one, and they do not satisfy inequality (6).
The triangle picture of this game corresponds to the extremum distances of the vertex of
the inscribed triangle, which are equal either to zero or

√
2. This means that in this classical

system of three coins, the inscribed triangle can coincide with the large triangle. In addition,
this means that the maximum area of three Malevich’s squares constructed, using the sides
of the inscribed triangle, is equal to six. Thus, the qubit state, being a quantum system
described by three dichotomic probability distributions, and three classical coins, which
are also described by three dichotomic distributions, can be distinguished. In fact, the
maximum area of the classical system Malevich’s squares is twice as large as the area of
such squares for a quantum qubit state.

3. The Superposition Principle of Qubit States in the Probability Representation

For pure orthogonal quantum states, the superposition principle for the existing spin
states |ψ1〉 and |ψ2〉means that the state vector, given as a linear combination

|ψ〉 = c1|ψ1〉+ c2|ψ2〉 (8)

of the normalized vectors with complex numbers c1 and c2 satisfying the condition
〈ψ|ψ〉 = |c1|2 + |c2|2 = 1, describes the existing spin state. In [35], the superposition
principle was expressed in terms of the density operators ρ̂1 = |ψ1〉〈ψ1| and ρ̂2 = |ψ2〉〈ψ2|,
using the additional pure state density operator ρ̂0 = |ψ0〉〈ψ0|. For orthogonal vectors with
ρ̂1ρ̂2 = 0, the relation of density matrices ρ1, ρ2, ρ0, and ρ were expressed as

ρψ = P1ρ1 + P2ρ2 +
√
P1P2

ρ1ρ0ρ2 + ρ2ρ0ρ1√
Tr(ρ1ρ0ρ2ρ0)

, (9)

where P1 and P2 are probabilities, P1 + P2 = 1.
We consider an example of the superposition of two pure orthogonal states of the form

|ψ1〉 =
(

1
0

)
, |ψ2〉 =

(
0
1

)
, (10)

such that the superposed pure-state vector reads

|ψ〉 = c1

(
1
0

)
+ c2

(
0
1

)
. (11)
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It describes the density matrix of the state (11) if we use (9). We introduce the notation for
the pure-state density matrix using the pure-state normalized vector

|ψ0〉 =
(

c1
c2

)
, (12)

which determines the density matrix ρ0 = |ψ0〉〈ψ0| as

ρ0 =

(
|c1|2 c1c∗2
c2c∗1 |c2|2

)
. (13)

Applying relation (9), one can see that the density matrix of the superposed state
ρψ = |ψ〉〈ψ|, which in our example, is equal to ρ0 (13) and is given by (9), because the
probabilities P1 and P2 are chosen according to the Born rule

P1 = Tr(ρ0ρ1), P2 = Tr(ρ0ρ2) (14)

and
[Tr(ρ1ρ0ρ2ρ0)] = P1P2. (15)

The obtained relationships such as (9) can be presented in the form of a nonlinear addition
rule of probability distributions describing the density matrices ρψ, ρ1, ρ2, and ρ0 in (9).

4. The Probability Representation of Two Spin States

In this section, we consider the states of two spins 1/2 (two qubits) with the density
matrix of a ququart state

ρ =


ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44

. (16)

We construct the probability representation, using the Born rule [36,37]. For this, we
consider the density matrices of the pure states with the state vectors and corresponding
density matrices

|z ↑, z ↑〉 =
(

1
0

)
⊗
(

1
0

)
=


1
0
0
0

. (17)

Here, the used notation means that in this state, the first spin has the spin projection +1/2
on the z axis, and the second spin has the projection +1/2 on the z axis. This means that the
obtained vector is the eigenvector of the 4× 4 matrices Sz,1, Sz,2, which read Sz,1 = 1

2 σz ⊗ 1
and Sz,2 = 1

2 1⊗ σz such that Sz,1|z ↑, z ↑〉 = 1
2 |z ↑, z ↑〉 and Sz,2|z ↑, z ↑〉 = 1

2 |z ↑, z ↑〉. In
addition, σz is the standard Pauli matrix (1) and 1 is the 2× 2 identity matrix. The density
matrix of this pure state ρz↑,z↑ = |z ↑, z ↑〉〈z ↑, z ↑ | has the form

ρz↑,z↑ =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

. (18)
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The notation describes the state where the first index z ↑ means that the spin projection
of the first spin along the z axis is equal to +1/2, and the second index z ↑means that the
spin projection of the second spin along the z axis is equal to +1/2 . Analogous notation is
used for all other vectors, which we introduce below. For example, the vector |z ↑, z ↓〉 of
the form

|z ↑, z ↓〉 =
(

1
0

)
⊗
(

0
1

)
=


0
1
0
0

 (19)

describes the state, where the first spin has the projection equal to +1/2 along the z axis,
and the second spin has the spin projection −1/2 along the z axis. The density matrix of
this pure state reads

ρz↑,z↓ =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

. (20)

We present below all other analogous eigenvectors, using the introduced notation and
corresponding density matrices for all the states, with the spin projections ±1/2 on all
the x, y, and z axes. This means that we construct the eigenvectors of the spin projection
matrices Sx,1 = 1

2 σx ⊗ 1, Sx,2 = 1
2 1⊗ σx, Sy,1 = 1

2 σy ⊗ 1, and Sy,2 = 1
2 1⊗ σy. The matrices

σx, σy, and σz are standard Pauli matrices (1). All the eigenvectors and corresponding
density matrices are obtained in Appendix A. Calculating the traces of the product of the
density matrix (16) with matrices given in Appendix A (18), (20), (A1)–(A22), we obtain the
probabilities determining the two qubit states in the probability representation of quantum
mechanics. The notation of these probabilities corresponds to the notation of the density
matrices. For example, the probability pz↑,z↑ due to the Born rule reads pz↑,z↑ = Tr

(
ρρz↑,z↑

)
.

This relation explicitly is

pz↑,z↑ = Tr




ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44




1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


.

This means that
pz↑,z↑ = ρ11. (21)

Using the analogous relations presented in Appendix A, we give explicitly the matrix
elements of the density matrix expressed in terms of the probabilities pz↑,z↑, pz↑,z↓, pz↓,z↑,
pz↓,z↓, px↑,x↑, px↑,x↓, px↓,x↑, px↓,↓, py↑,y↑, py↑,y↓, py↓,y↑, py↓,y↓, pz↑,x↑, px↑,z↑, px↑,z↓, pz↓,x↑,
pz↑,x↓, px↓,z↑, px↓,z↓, pz↓,x↓, pz↑,y↑, py↑,z↑, py↑,z↓, pz↓,y↑, pz↑,y↓, py↓,z↑, py↓,z↓, pz↓,y↓, py↑,x↑,
px↑,y↑, px↑,y↓, py↓,x↑, py↑,x↓, px↓,y↑, px↓,y↓, py↓,x↓ as follows:
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ρ11 = pz↑,z↑, ρ22 = pz↑,z↓, ρ33 = pz↓,z↑, ρ44 = pz↓,z↓,

ρ12 = ρ∗21 = pz↑,x↑ −
1
2
(

pz↑,z↑ + pz↑,z↓
)
+ i
[

1
2
(

pz↑,z↑ + pz↑,z↓
)
− pz↑,y↑

]
,

ρ13 = ρ∗31 = px↑,z↑ −
1
2
(

pz↑,z↑ + pz↓,z↑
)
+ i
[

1
2
(

pz↑,z↑ + pz↑,z↓
)
− py↑,z↑

]
,

ρ14 = ρ∗41 =
1
2
(

px↑,x↑ + px↓,x↓ − py↑,y↑ − py↓,y↓
)

+
i
2
(

py↑,x↓ + py↓,x↑ + px↑,y↓ + px↓,y↑ − 1
)
,

ρ23 = ρ∗32 =
1
2
(

px↑,x↑ + px↓,x↓ − py↑,y↓ − py↓,y↑
)

+
i
2
(

py↑,x↓ + py↓,x↑ − px↑,y↓ − px↓,y↑
)
,

ρ24 = ρ∗42 =
1
2
(

pz↑,z↓ + pz↓,z↓
)
− px↓,z↓ + i

[
1
2
(

pz↑,z↓ + pz↓,z↓
)
− py↑,z↓

]
,

ρ34 = ρ∗43 =
1
2
(

pz↓,z↑ + pz↓,z↓
)
− pz↓,x↓ + i

[
1
2
(

pz↓,z↑ + pz↓,z↓
)
− pz↓,y↑

]
. (22)

These formulae provide the possibility to obtain the density matrix of two qubit states by
measuring the above probabilities. We point out that for an arbitrary ququart state with the
density matrix (16), there exists the formal probability representation described by (22); for
example, it exists for a spin-3/2 system, which has no subsystems.

5. Bell States in the Probability Representation

In this section, we consider the example of entangled states of two qubits in the
probability representation; it is the Bell state which is a superposition of two pure states

1√
2
(|z ↑, z ↑〉+ |z ↓, z ↓〉). The density matrix of this state reads

ρB =
1
2


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

. (23)

This state is entangled, and we can check this using the Peres–Horodecki criterion [40,41].
Making the partial transposition operation with the Bell matrix, which has only non-
negative eigenvalues, we obtain the matrix of the form

ρ
ppt
B =

1
2


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

. (24)

One can check that one of the eigenvalues of this matrix is equal to −1/2. This means that
the Bell matrix is not separable due to the mentioned criterion [40,41]. In addition, one can
obtain the density matrices of the first spin and the second spin using the rule, which is
known for an arbitrary 4× 4 matrix presented in the block form,

ρ =

(
A B
C D

)
, (25)
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where A, B, C, and D are 2× 2 matrices [42]. According to this rule, the first spin density
matrix is expressed as follows:

ρ(1) =

(
TrA TrB
TrC TrD

)
, (26)

and the density matrix of the second spin reads

ρ(2) = A + D. (27)

Considering Equation (22) for a general matrix of the form (25) and calculating the matrices
ρ(1) (26) and ρ(2) (27) in this form, we obtain their matrix elements; they read

ρ
(1)
11 = pz↑,z↑ + pz↑,z↓, ρ

(2)
11 = pz↑,z↑ + pz↓,z↑,

ρ
(1)
12 = px↑,z↑ −

1
2
(

pz↑,z↑ + pz↓,z↑
)
+

1
2
(

pz↑,z↓ + pz↓,z↓
)
− px↓,z↓

+i
[

1
2
(

pz↑,z↑ + pz↓,z↑
)
− py↑,z↑ +

1
2
(

pz↑,z↓ + pz↓,z↓
)
− py↑,z↓

]
,

ρ
(2)
12 = pz↑,x↑ −

1
2
(

pz↑,z↑ + pz↑,z↓
)
+

1
2
(

pz↓,z↑ + pz↓,z↓
)
− pz↓,x↓

+i
[

1
2
(

pz↑,z↑ + pz↑,z↓
)
− pz↑,y↑ +

1
2
(

pz↓,z↑ + pz↓,z↓
)
− pz↓,y↑

]
. (28)

For the matrix elements, we use the equalities ρ
(1)
12 = (ρ

(1)
21 )∗, ρ

(2)
12 = (ρ

(2)
21 )∗, ρ

(1)
22 = 1− ρ

(1)
11 ,

ρ
(2)
22 = 1− ρ

(2)
11 . Thus, we expressed the probabilities of the qubit states determining the

2× 2 matrices of the first and second spins in terms of the probabilities determining the
4× 4 density matrix in terms of the probabilities of the spin projection of both spins on
the x, y, and z axes. These relations are valid for both separable and entangled states.
According to the Silvester criterion, all the probabilities satisfy inequalities for minors of
the 2× 2 and 4× 4 density matrices. One can check that the probabilities determining the
entangled Bell states will satisfy all these discussed equalities and inequalities. Applying
the rules (26) and (27) to the density matrix of the entangled Bell state (23), we see that the
density matrix of the first and second spins in the Bell states is

ρ(1) = ρ(2) =

(
1/2 0

0 1/2

)
. (29)

According to (5), we have p(1)1 = p(1)2 = p(1)3 = P(2)
1 = P(2)

2 = P(2)
3 = 1/2, where the

numbers p(1)k , P(2)
k (k = 1, 2, 3) are probabilities determining the spin-1/2 states according

to (5). In these states, both spins have equal probabilities, namely, 1/2 to be directed along
the x, y, and z axes.

Now, we present the probability representation of the Bell states as the expression of
the 4× 4 density matrix, using the general formula (22)

px↑,x↑ = px↓,x↓ = pz↑,z↑ = pz↓,z↓ = py↑,y↓ = py↓,y↑ =
1
2

,

px↑,x↓ = px↓,x↑ = pz↑,z↓ = pz↓,z↑ = py↑,y↑ = py↓,y↓ = 0,

pz↑,x↑ = px↑,z↑ = px↓,z↓ = pz↓,x↓ = pz↑,x↓ = px↓,z↑ = py↑,x↓ = px↓,y↑ = px↑,y↓

= py↓,x↑ = pz↑,y↑ = py↑,z↑ = py↓,z↓ = pz↓,y↓ = py↑,z↓ = pz↓,y↑ =
1
4

. (30)

The matrices ρ(1) and ρ(2) with matrix elements (30) satisfy inequality (6).
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6. Linear Entropy of Entangled Qubit States

Let us consider the linear entropy according to the following formula [43]:

H = 1− Tr
(

ρ(1)
)2

. (31)

If the separable state of two qubits with the state-vector |ψ〉 is of the form |ψ〉 = |ψ1〉|ψ2〉,
where |ψ1〉 and |ψ2〉 are the two-dimensional state vectors, the density 2× 2 matrices are

ρ(1) = |ψ1〉〈ψ1| and ρ(2) = |ψ2〉〈ψ2|; in this case,
(

ρ(1)
)2

= ρ(1), and this means that the
linear entropy (31) is equal to zero.

If the density matrix of the two qubit pure state |ψ〉〈ψ| is entangled, we have
|ψ〉 = N(|φ1〉 + |ψ1〉) and 〈ψ| = N(〈φ1| + 〈ψ1|). The linear entropy for such states is

not equal to zero, because Tr
(

ρ(1)
)2

< 1.

Let us calculate Tr
(

ρ(1)
)2

in the probability representation of quantum states

Tr
(

ρ(1)
)2

=
(

p(1)3

)2
+ 2|P|2 +

((
1− p(1)3

))2
, (32)

where P = p(1)1 − 1/2 + i(p(1)2 − 1/2).

For the pure state, Tr
(

ρ(1)
)2

= 1. If we consider H for arbitrary entangled two-qubit
states, it is expressed through

Tr
(

ρ(1)
)2

=
(

ρ
(1)
11

)2
+ 2|ρ12|2 + ρ

(2)
22 ,

and its explicit form reads

H = 1− pz↑,z↑ − 2

{[
pz↑,x↑ −

1
2
(

pz↑,z↑ + pz↑,a↓
)]

+

[
1
2
(

pz↑,z↑ + pz↑,z↓
)2 − pz↑,y↑

]2
}

−
(
1− pz↑,z↑

)2. (33)

This means that the linear entropy is not equal to zero for the entangled states of two
qubits. One can check that for Bell states, the linear entropy is equal to 1/2 (29). Thus, we
expressed the linear entropy in terms of the probabilities for arbitrary two-qubit states.

7. The Entanglement of Two-Mode Oscillator States in the Probability Representation
of Quantum Mechanics

Now, we consider the two-oscillator Gaussian states in the tomographic probability
representation. To obtain the tomogram of such states, we recall that for one oscillator state,
one should use the dequantizer operator Û(X, µ, ν) = δ(X1̂− µq̂− ν p̂), where q̂ and p̂ are
the position and momentum operators in the position representation [44,45]. One can check
that the matrix elements of this operator read

〈x|δ(X1̂− µq̂− ν p̂)|x′〉 = 1
2π|ν| exp

(
− iµ

2ν
x2 +

iµ
2ν

x′2 +
i
ν

Xx− i
ν

Xx′
)

. (34)

This formula can be presented in the other form

〈x|δ(X1̂− µq̂− ν p̂)|x′〉 = 1
2π|ν| exp

[
i
ν
(x− x′)

(
X− µ

2
(x + x′)

)]
. (35)

The tomogram w(X|µ, ν) of a one-mode state with a density operator ρ̂ (called the to-
mographic symbol of the operator ρ̂) is w(X|µ, ν) = TrρÛ(X, µ, ν). The density opera-
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tor of the one oscillator state can be reconstructed by means of the quantizer operator
D̂(X, µ, ν) = 1

2π exp(X1̂− νq̂− ν p̂) such that

ρ̂ =
∫

w(X|µ, ν)D̂(X, µ, ν)dX dµ dν. (36)

The matrix elements of the quantizer operator in the position representation have the form

1
2π
〈x| exp(X1̂− µq̂− ν p̂)|x′〉 = 1

2π
exp

[
i
(

X− µ

2
(x + x′)

)]
δ(x− x′ − ν). (37)

The tomogram of the state with the state vector |ψ〉 and wave function ψ(z) is

Tr
(
|ψ〉〈ψ|δ(X1̂− νq̂− ν p̂)

)
=

1
2π|ν|

∣∣∣∣∫ dz ψ(z) exp
(

iµ
2ν

z2 − i
ν

Xz
)∣∣∣∣2 (38)

The tomographic symbol of the operators |φ〉〈ψ| determined by state vectors |φ〉 and |ψ〉 of
a one-mode oscillator is

Tr
(
|φ〉〈ψ|δ(X1̂− νq̂− ν p̂)

)
=

1
2π|ν|

∫
dx φ∗(x) exp

(
− iµ

2ν
x2 +

i
ν

Xx
)

×
∫

dx′ ψ(x′) exp
(

iµ
2ν

x′2 − i
ν

Xx′
)

(39)

If |φ〉 is the ground state of oscillator |φ0〉 and |ψ〉 is the coherent state |ψα〉, then (39) is
expressed as an integral,

Tr
(
|φ0〉〈ψα|δ(X1̂− νq̂− ν p̂)

)
=

1
2π|ν|

∫ dx
π1/4 exp

(
− x2

2

)
exp

(
− iµ

2ν
x2 +

i
ν

Xx
)

×
∫ dx′

π1/4 exp
(
− x′2

2
− |α|

2

2
− α2

2
+
√

2αx′
)

exp
(

iµ
2ν

x′2 − i
ν

Xx′
)

. (40)

Calculating the Gaussian integral, we arrive at

Tr
(
|φ0〉〈ψα|δ(X1̂− νq̂− ν p̂)

)
=

1√
π(µ2 + ν2)

exp

[
−|α|

2

2
+

α2(ν + iµ)
2(ν− iµ)

− i
√

2αX
ν− iµ

− X2

µ2 + ν2

]
. (41)

Let us consider the superposition state

|Φ〉 = N(|φ〉+ |ψ〉), (42)

where |φ〉 and |ψ〉 are any normalized states, i.e., 〈φ|φ〉 = 1 and 〈ψ|ψ〉 = 1. Then, the state
|Φ〉 is normalized, if

N2 =
1

2 + 〈ψ|φ〉+ 〈φ|ψ〉 . (43)

The tomogram of such a state reads

w(X|µ, ν) = Tr
[
δ(X1̂− µq̂− ν p̂)(|φ〉+ |ψ〉)(〈φ|+ 〈ψ|)N2

]
=

N2Tr
[
δ(X1̂− µq̂− ν p̂)(|φ〉〈φ|+ |ψ〉〈ψ + |φ〉〈ψ|+ |ψ〉〈φ|)

]
=

N2{Tr
[
δ(X1̂− µq̂− ν p̂)|φ〉〈φ|

]
+ Tr

[
δ(X1̂− µq̂− ν p̂)|ψ〉〈ψ

]
+Tr

[
δ(X1̂− µq̂− ν p̂)|φ〉〈ψ|

]
+ Tr

[
δ(X1̂− µq̂− ν p̂)|ψ〉〈φ|

]}
(44)
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Let us consider a two-mode oscillator state with the wave function Φ(x, y). Its tomogram
w(X1, X2|µ1, ν1, µ2, ν2) is given by

w(X1, X2|µ1, ν1, µ2, ν2) = Tr
[
|Φ〉〈Φ|δ(X11̂− µ1q̂1 − ν1 p̂1)δ(X21̂− µ2q̂2 − ν2 p̂2)

]
, (45)

where |Φ〉 is the state vector corresponding to the wave function Φ(x, y). Formula (45) can
be written in the form of integral

w(X1, X2|µ1, ν1, µ2, ν2) =
1

4π2|ν1ν2|

∫
Φ(x, y)Φ∗(x′, y′) exp

(
− iµ1x2

2ν1
+

iµ1x′2

2ν1

+
iX1x

ν1
− iX1x′

ν1
− iµ2y2

2ν2
− iµ2y′2

2ν2
+

iX2y
ν2
− iX2y′

ν2

)
dxdx′dydy′. (46)

The state vector under study corresponds to the superposition state of the ground and
coherent states of the two-mode oscillator (the Schrödinger cat state)

|Φ〉 = 1√
2(1 + e−|α|2)

(|φ0〉|ψα〉+ |φα〉|ψo〉), (47)

where |φ0〉 and |ψ0〉 are state vectors of ground states of the first and second modes, and
|φα〉 and |ψα〉 are state vectors of coherent states of the first and second modes. For the
density matrix of the superposition state of the two-mode oscillator, we obtain

|Φ〉〈Φ| = N2(|φ0〉|ψα〉+ |φα〉|ψ0〉)(〈φ0|〈ψα|+ 〈φα|〈|ψ0|) = N2(|φ0〉〈φ0| ⊗ |ψα〉〈ψα|
+ |φα〉〈φα| ⊗ |ψ0〉〈ψ0|+ |φα〉〈φ0| ⊗ |ψ0〉〈ψα|+ |φ0〉〈φα| ⊗ |ψα〉〈ψ0|) (48)

The tomogram of state (45) can be written in the form of the sum of four terms; each of
them is the product of the Gaussian integrals,

w(X1, X2|µ1, ν1, µ2, ν2) =

N2

2π|ν1ν2|

{∣∣∣∣∫ dxφ0(x) exp
[

iµ1x2

2ν1
− iX1x

ν1

]∣∣∣∣2∣∣∣∣∫ dyψα(y) exp
[

iµ2y2

2ν2
− iX2y

ν2

]∣∣∣∣2

+

∣∣∣∣∫ dyψ0(y) exp
[

iµ2y2

2ν2
− iX2y

ν2

]∣∣∣∣2∣∣∣∣∫ dxφα(x) exp
[

iµ1x2

2ν1
− iX1x

ν1

]∣∣∣∣2
+
∫

dyφα(x′) exp
[

iµ1x′2

2ν1
− iX1x′

ν1

] ∫
dxφ∗0 (x) exp

[
−iµ1x2

2ν1
+

iX1x
ν1

]
×
∫

dy′ψ0(y′) exp
[

iµ2y′2

2ν2
− iX2x′

ν2

] ∫
dyψ∗α(y) exp

[
−iµ2y2

2ν2
+

iX2x
ν2

]}
, (49)

where the wave functions of ground states read

φ0(x) =
1

π1/4 exp
(
− x2

2

)
, ψ0(y) =

1
π1/4 exp

(
−y2

2

)
and the wave functions of coherent states are

φα(x) =
1

π1/4 exp
(
− x2

2
+
√

2αx− |α|
2

2
− α2

2

)
,

ψα(y)
1

π1/4 exp
(
−y2

2
+
√

2αy− |α|
2

2
− α2

2

)
.
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The explicit form of tomogram (45) is

w(X1, X2|µ1, ν1, µ2, ν2) =

exp
(
−|α|2 − α2

2 −
α∗2
2

)
2π
(

1 + e−|α|2
)√

(µ2
1 + ν2

1)(µ
2
2 + ν2

2)
exp

(
−

X2
1

µ2
1 + ν2

1

)
exp

(
−

X2
2

µ2
2 + ν2

2

)

×
{

exp

[
(α2 + α∗2)ν2

2
µ2

2 + ν2
2
− i
√

2ν2(α− α∗)X2

µ2
2 + ν2

2
+

i(α2 − α∗2)µ2ν2

µ2
2 + ν2

2
+

√
2X2µ2(α + α∗)

µ2
2 + ν2

2

]

+ exp

[
(α2 + α∗2)ν2

1
µ2

1 + ν2
1
− i
√

2ν1(α− α∗)X1

µ2
1 + ν2

1
+

i(α2 − α∗2)µ1ν1

µ2
1 + ν2

1
+

√
2X1µ1(α + α∗)

µ2
1 + ν2

1

]

+ exp

[
α2ν2

1
µ2

1 + ν2
1
+

α∗2ν2
2

µ2
2 + ν2

2
+

iα2µ1ν1

µ2
1 + ν2

1
− iα∗2µ2ν2

µ2
2 + ν2

2
+

√
2α(µ1 − iν1)X1

µ2
1 + ν2

1

+

√
2α∗2(µ2 + iν2)X2

µ2
2 + ν2

2

]

+ exp

[
α2ν2

2
µ2

2 + ν2
2
+

α∗2ν2
1

µ2
1 + ν2

1
+

iα2µ2ν2

µ2
2 + ν2

2
− iα∗2µ1ν1

µ2
1 + ν2

1
+

√
2α(µ2 − iν2)X2

µ2
2 + ν2

2

+

√
2α∗2(µ1 + iν1)X1

µ2
1 + ν2

1

]}
. (50)

This tomogram of the two-mode oscillator state is the conditional probability distribution
of two random variables X1 and X2 satisfying the relation∫

w(X1, X2|µ1, ν1, µ2, ν2) dX1 dX2 = 1. (51)

In addition, ∫
w(X1, X2|µ1, ν1, µ2, ν2) dX2 = w̃(X1|µ1, ν1), (52)

which is the conditional probability distribution determining the state of the first oscillator.
Tomogram (46) is the tomogram of an entangled state with the density matrix given by (48),
which is the density matrix of the superposition state of the two-mode oscillator.

One can check that the density operator of the first oscillator ρ̂(1) determined by the
tomogram w̃(X1|µ1, ν1), in view of (36), satisfies the condition

Tr(ρ(1))2 =
∫

w̃(X1|µ1, ν1)w̃(Y1| − µ1,−ν1) exp(i(X1 + Y1))dX1 dY1 dµ1 d ν1 < 1. (53)

The linear entropy is H = 1− Tr(ρ̂(1))2, and this means that the linear entropy is not equal
to zero; i.e., the state (47) is entangled. It is interesting that the usual normal probabil-
ity distributions are given in the Gaussian forms [46,47]. The properties of probability
distributions characterizing different aspects of quantum states are discussed in [48,49].
However, in the case of entangled quantum oscillator states, it appears that the probability
distributions, being the sums of Gaussian terms, provide the specific formal probability dis-
tributions in classical probability theory related to quantum mechanics and the description
of entanglement phenomena.

8. Conclusions

To conclude, we formulate the main results of our work.
Using the new representation of quantum system states, namely, the probability

representation, where the states are identified with probability distributions, we explicitly
construct any density matrix of the spin-1/2 states. The matrix elements of this density
matrix are expressed in terms of probability distributions of two spin projections onto
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directions of the x, y, and z axes in three-dimensional space. The construction is based on
the probability representation of the density matrix elements for one qubit states, which
are expressed in terms of dichotomic probabilities to have the spin projections onto the x,
y, and z axes. The method to find the explicit expressions of the density matrix is based
on the Born rule [36,37]. First, we constructed the vectors in the Hilbert space, which are
eigenvectors of the spin-projection operators providing the expressions for density matrices
of these states and then, applying the Born rule, we found all corresponding probabilities,
which are needed for expressing any density matrix elements in terms of the probabilities.
We considered, in the probability representation, a particular example of the entangled Bell
state. Since the probability distributions determine the associated Shannon entropy, the
new entropies of quantum qubit states different from the von Neumann entropy can be
introduced and found for the Bell states. The linear entropy of entangled Bell states was
studied in the probability representation. The probability representation of the entangled
Schrödinger cat states of the two-mode oscillator also was considered on the example of the
superposition of the products of the coherent state of the first oscillator and the ground state
of the second oscillator. The entanglement of this state was studied within the framework of
the symplectic tomographic probability distributions determining the Schrödinger cat states.
The obtained probability distribution is expressed in terms of the sum of the Gaussian
terms of the form analogous to the form of tomograms of the Schrödinger cat states of free
particles [30]. It is worthwhile to add that different aspects of the Bell inequalities, quantum
dynamics, and probability and quasiprobability representations and their applications
were considered recently in [50–55]. The tomographic linear entropy of the Schrödinger cat
states is introduced, and the linear entropy characterizing the entanglement of these states
is obtained. The obtained results can be generalized for n-qubit and qudit states as well as
for multimode superpositions of the Gaussian states with different symmetries discussed
in [56].

We can address the question: what new knowledge can be obtained using the studied
probability representation of quantum states in comparison with using the standard rep-
resentation of quantum mechanics? The statistical properties of quantum systems can be
considered using the language of classical probability theory. Namely, we formulated in
the language of the tomograms determining the quantum states, which are the standard
probability distribution functions (not state vectors or density operators), the notion of
entanglement of the Bell states of two qubits. It is worthwhile to mention that the Shannon
entropy associated with the tomographic probabilities can give extra characteristics of the
properties of quantum system states, which were not used in the standard representations
of quantum mechanics in the literature. In addition, all the known inequalities for classical
probability distributions for the Shannon entropy and other entropies (the Tsallis entropy)
can be applied in quantum mechanics using the new formalism of probability distributions
determining the quantum states. The new aspect of the formalism presented in the paper is
a possible application of the tomographic approach to quantum statistics and description of
the system in the state of the thermodynamic equilibrium. For systems with Hamiltonian Ĥ
and temperature T, these states have density operators ρ̂ = (Z(T))−1 exp

(
−Ĥ/T

)
where

Z(T) = Tr
(
exp

(
−Ĥ/T

))
. In the probability representation of quantum states, this operator

is mapped onto the tomographic probability distribution describing this state of the system
at temperature T. We will study the above-mentioned approach to quantum statistics in
future publications.
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Appendix A

In the Appendix, we present calculations of state vectors and density matrices of
specific pure states of two spins-1/2 systems used to calculate the probabilities determining
the states of two qubits.

The state vector and the density matrix of the state, where the first spin has the
projection equal to −1/2 and the second spin has the projection equal to +1/2 on the z
axis, have the form

|z ↓, z ↑〉 =
(

0
1

)
⊗
(

1
0

)
=


0
0
1
0

, ρz↓,z↑ =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

. (A1)

The state vector and the density matrix of the state, where the first and second spins have
the projections on the z axis equal to −1/2, read

|z ↓, z ↓〉 =
(

0
1

)
⊗
(

0
1

)
=


0
0
0
1

, ρz↓,z↓ =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

. (A2)

The state vector and the density matrix of the state, where the first and second spins have
the projections on the x axis equal to +1/2, are

|x ↑, x ↑〉 =
(

1/
√

2
1/2
√

2

)
⊗
(

1
√

2
1
√

2

)
=


1/2
1/2
1/2
1/2

, ρx↑,x↑ =


1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4

. (A3)

The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 and the second spin has the projection equal to−1/2 on x axis, have the form

|x ↑, x ↓〉 =


1/2
−1/2
1/2
−1/2

, ρx↑,x↓ =


1/4 −1/4 1/4 −1/4
−1/4 1/4 −1/4 1/4
1/4 −1/4 1/4 −1/4
−1/4 1/4 −1/4 1/4

. (A4)

The state vector and the density matrix of the state, where the first spin has the projection
equal to −1/2 and the second spin has the projection equal to +1/2 on the x axis, have
the form

|x ↓, x ↑〉 =


1/2
1/2
−1/2
−1/2

, ρx↓,x↑ =


1/4 1/4 −1/4 −1/4
1/4 1/4 −1/4 −1/4
−1/4 −1/4 1/4 1/4
−1/4 −1/4 1/4 1/4

. (A5)

The state vector and the density matrix of the state, where the first and second spins have
the projections on the x axis equal to −1/2, are

|x ↓, x ↓〉 =


1/2
−1/2
−1/2
1/2

, ρx↓,x↓ =


1/4 −1/4 −1/4 1/4
−1/4 1/4 1/4 −1/4
−1/4 1/4 1/4 −1/4
1/4 −1/4 −1/4 1/4

. (A6)
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The state vector and the density matrix of the state, where the first and second spins have
the projections on y axis equal to +1/2, are

|y ↑, y ↑〉 =


1/2
i/2
i/2
−1/2

, ρy↑,y↑ =


1/4 −i/4 −i/4 −1/4
i/4 1/4 1/4 −i/4
i/4 1/4 1/4 −i/4
−1/4 i/4 i/4 1/4

. (A7)

The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 and the second spin has the projection equal to −1/2 on the y axis, have
the form

|y ↑, y ↓〉 =


1/2
−i/2
i/2
1/2

, ρy↑,y↓ =


1/4 i/4 −i/4 1/4
−i/4 1/4 −1/4 −i/4
i/4 −1/4 1/4 i/4
1/4 i/4 −i/4 1/4

. (A8)

The state vector and the density matrix of the state, where the first spin has the projection
equal to −1/2 and the second spin has the projection equal to +1/2 on the y axis, have
the form

|y ↓, y ↑〉 =


1/2
i/2
−i/2
1/2

, ρy↓,y↑ =


1/4 −i/4 i/4 1/4
i/4 1/4 −1/4 i/4
−i/4 −1/4 1/4 −i/4
1/4 −i/4 i/4 1/4

. (A9)

The state vector and the density matrix of the state, where the first and the second spins
have the projections on the y axis equal to −1/2, are

|y ↓, y ↓〉 =


1/2
−i/2
−i/2
−1/2

, ρy↓,y↓ =


1/4 i/4 i/4 −1/4
−− i/4 1/4 1/4 i/4
−i/4 1/4 1/4 i/4
−1/4 −i/4 −i/4 1/4

. (A10)

The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 on the z axis and the second spin has the projection equal to +1/2 on the x
axis, have the form

|z ↑, x ↑〉 =
(

1
0

)
⊗
(

1
√

2
1
√

2

)
=


1/
√

2
1/
√

2
0
0

, ρz↑,x↑ =


1/2 1/2 0 0
1/2 1/2 0 0

0 0 0 0
0 0 0 0

. (A11)

The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 on the x axis and the second spin has the projection equal to +1/2 on the z
axis, have the form

|x ↑, z ↑〉 =
(

1/
√

2
1/
√

2

)
⊗
(

1
0

)
=


1/
√

2
0

1/
√

2
0

, ρx↑,z↑ =


1/2 0 1/2 0

0 0 0 0
1/2 0 1/2 0

0 0 0 0

. (A12)

The state vector and the density matrix of the state, where the first spin has the projection
equal to −1/2 on the x axis and the second spin has the projection equal to −1/2 on the z
axis, have the form
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|x ↓, z ↓〉 =
(

1/
√

2
−1/
√

2

)
⊗
(

0
1

)
=


0

1/
√

2
0

−1/
√

2

, ρx↓,z↓ =


0 0 0 0
0 1/2 0 −1/2
0 0 0 0
0 −1/2 0 1/2

. (A13)

The state vector and the density matrix of the state, where the first spin has the projection
equal to −1/2 on the z axis and the second spin has the projection equal to −1/2 on the x
axis, have the form

|z ↓, x ↓〉 =
(

0
1

)
⊗
(

1/
√

2
−1/
√

2

)
=


0
0

1/
√

2
−1/
√

2

, ρz↓,x↓ =


0 0 0 0
0 0 0 0
0 0 1/2 −1/2
0 0 −1/2 1/2

. (A14)

The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 on the z axis and the second spin has the projection equal to +1/2 on the y
axis, have the form

|z ↑, y ↑〉 =
(

1
0

)
⊗
(

1
√

2
i
√

2

)
=


1/
√

2
i/
√

2
0
0

, ρz↑,y↑ =


1/2 −i/2 0 0
i/2 1/2 0 0
0 0 0 0
0 0 0 0

. (A15)

The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 on the y axis and the second spin has the projection equal to +1/2 on the z
axis, have the form

|y ↑, z ↑〉 =
(

1/
√

2
i/
√

2

)
⊗
(

1
0

)
=


1/
√

2
0

i/
√

2
0

, ρy↑,z↑ =


1/2 0 −i/2 0

0 0 0 0
i/2 0 1/2 0
0 0 0 0

. (A16)

The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 on the y axis and the second spin has the projection equal to −1/2 on the z
axis, have the form

|y ↑, z ↓〉 =
(

1/
√

2
i/
√

2

)
⊗
(

0
1

)
=


0

1/
√

2
0

i/
√

/2

, ρy↑,z↓ =


0 0 0 0
0 1/2 0 −i/2
0 0 0 0
0 i/2 0 1/2

. (A17)

The state vector and the density matrix of the state, where the first spin has the projection
equal to −1/2 on the z axis and the second spin has the projection equal to +1/2 on the y
axis, have the form

|z ↓, y ↑〉 =
(

0
1

)
⊗
(

1/
√

2
i/
√

2

)
=


0
0

1/
√

2
i/
√

2

, ρz↓,y↑ =


0 0 0 0
0 0 0 0
0 0 1/2 −i/2
0 0 i/2 1/2

. (A18)
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The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 on the y axis and the second spin has the projection equal to −1/2 on the x
axis, have the form

|y ↑, x ↓〉 =


1/2
−1/2

i/2
−i/2

, ρy↑,x↓ =


1/4 −1/4 −i/4 1/4
−1/4 1/4 1/4 −i/4

i/4 −i/4 1/4 −1/4
−i/4 i/4 −1/4 1/4

. (A19)

The state vector and the density matrix of the state, where the first spin has the projection
equal to −1/2 on the x axis and the second spin has the projection equal to +1/2 on the y
axis, have the form

|x ↓, y ↑〉 =


1/2
i/2
−1/2
−i/2

, ρx↓,y↑ =


1/4 −i/4 −1/4 i/4
i/4 1/4 −i/4 −1/4
−1/4 i/4 1/4 −i/4
−i/4 −1/4 i/4 1/4

. (A20)

The state vector and the density matrix of the state, where the first spin has the projection
equal to +1/2 on the x axis and the second spin has the projection equal to −1/2 on the y
axis, have the form

|x ↑, y ↓〉 =


1/2
−i/2
1/2
−i/2

, ρx↑,y↓ =


1/4 i/4 1/4 i/4
−i/4 1/4 −i/4 1/4
1/4 i/4 1/4 i/4
−i/4 1/4 −i/4 1/4

. (A21)

The state vector and the density matrix of the state, where the first spin has the projection
equal to −1/2 on the y axis and the second spin has the projection equal to +1/2 on the x
axis, have the form

|y ↓, x ↑〉 =


1/2
1/2
−i/2
−i/2

, ρy↓,x↑ =


1/4 1/4 i/4 i/4
1/4 1/4 i/4 i/4
−i/4 −i/4 1/4 1/4
−i/4 −i/4 1/4 1/4

. (A22)

References
1. Schrödinger, E. Quantisierung als Eigenwertproblem (Erste Mitteilung). Ann. Phys. 1926, 384, 361–376. [CrossRef]
2. Landau, L. Das Dämpfungsproblem in der Wellenmechanik. Z. Phys. 1927, 45, 430–441. [CrossRef]
3. Von Neumann, J. Wahrscheinlichkeitstheoretischer Aufbau der Quantenmechanik. Gött. Nach. 1927, 1, 245–272. Available online:

https://eudml.org/doc/59230 (accessed on 7 March 2022).
4. Dirac, P.A.M. The Principles of Quantum Mechanics; Clarendon Press: Oxford, UK, 1981; ISBN 9780198520115.
5. Wigner, E. On the Quantum Correction For Thermodynamic Equilibrium. Phys. Rev. 1932, 40, 749–759. [CrossRef]
6. Husimi, K. Some Formal Properties of the Density Matrix. Proc. Phys. Math. Soc. Jpn. 1940, 22, 264–314. [CrossRef]
7. Glauber, R.J. Coherent and Incoherent States of the Radiation Field. Phys. Rev. 1963, 131, 2766–2788. [CrossRef]
8. Sudarshan, E.C.G. Equivalence of Semiclassical and Quantum Mechanical Descriptions of Statistical Light Beams. Phys. Rev. Lett.

1963, 10, 277–279. [CrossRef]
9. Ibort, A.; Man’ko, V.I.; Marmo, G.; Simoni, A.; Stornaiolo, C.; Ventriglia, F. Groupoids and the tomographic picture of quantum

mechanics. Phys. Scr. 2013, 88, 055003. [CrossRef]
10. Stratonovich, R.L. On Distributions in Representation Space. J. Exp. Theor. Phys. 1957, 4, 891–898. Available online: http:

//www.jetp.ac.ru/cgi-bin/e/index/e/4/6/p891?a=list (accessed on 7 March 2022).
11. Wootters, W.K. Quantum mechanics without probability amplitudes. Found. Phys. 1986, 16, 391–405. [CrossRef]
12. Mancini, S.; Man’ko, V.I.; Tombesi, P. Symplectic Tomography as Classical Approach to Quantum Systems. Phys. Lett. A 1996, 213,

1–6. [CrossRef]
13. Dodonov, V.V.; Man’ko, V.I. Positive Distribution Description for Spin States. Phys. Lett. A 1997, 229, 335–339. [CrossRef]
14. Man’ko, V.I.; Man’ko, O.V. Spin State Tomography. J. Exp. Theor. Phys. 1997, 85, 430–434. [CrossRef]

http://doi.org/10.1002/andp.19263840404
http://dx.doi.org/10.1007/BF01343064
https://eudml.org/doc/59230
http://dx.doi.org/10.1103/PhysRev.40.749
http://dx.doi.org/10.11429/ ppmsj1919.22.4_264
http://dx.doi.org/10.1103/PhysRev.131.2766
http://dx.doi.org/10.1103/PhysRevLett.10.277
http://dx.doi.org/10.1088/0031-8949/88/05/055003
http://www.jetp.ac.ru/cgi-bin/e/index/e/4/6/p891?a=list
http://www.jetp.ac.ru/cgi-bin/e/index/e/4/6/p891?a=list
http://dx.doi.org/10.1007/BF01882696
http://dx.doi.org/10.1016/0375-9601(96)00107-7
http://dx.doi.org/10.1016/S0375-9601(97)00199-0
http://dx.doi.org/10.1134/1.558326


Entropy 2022, 24, 527 19 of 20

15. Man’ko, O.V. Tomography of Spin States and Classical Formulation of Quantum Mechanics. In Symmetries in Science X; Gruber, B.,
Ramek, M., Eds.; Springer: Boston, MA, USA, 1998; pp. 207–222. [CrossRef]

16. Man’ko, O.V.; Man’ko, V.I. Quantum States in Probability Representation and Tomography. J. Russ. Laser Res. 1997, 18, 407–444.
[CrossRef]

17. Facchi, P.; Ligabó, M. Classical and Quantum Aspects of Tomography. In Proceedings of the XVIII International Fall Workshop on
Geometry and Physics, Benasque, Spain, 6–11 September 2009; Asorey, M., Clemente-Gallardo, J., Martñez, E., Eds.; American
Institute of Physics: University Park, MD, USA , 2010; Volume 1260, p. 3. [CrossRef]

18. Elze, H.-T.; Gambarotta, G.; Vallone, F. General Linear Dynamics—Quantum, Classical or Hybrid. J. Phys. Conf. Ser. 2011, 306, 012010.
[CrossRef]

19. Stornaiolo, C. Emergent classical universes from initial quantum states in a tomographical description. Int. J. Geom. Methods Mod.
Phys. 2020, 17, 2050167. [CrossRef]

20. Berra-Montiel, J.; Molgado, A. Tomography in loop quantum cosmology. Eur. Phys. J. Plus 2022, 137, 283. [CrossRef]
21. Amiet, J.P.; Weigert, S. Coherent states and the reconstruction of pure spin states. J. Opt. B Quantum Semiclassical Opt. 1999, 1, L5.

[CrossRef]
22. Castaños, O.; Figueroa, A.; López, J.; López-Peña, R. Extremal Density Matrices for the Expectation Value of a Qudit Hamiltonian.

J. Phys. Conf. Ser. 2017, 839, 012012. [CrossRef]
23. Kuznetsov, S.V.; Man’ko, O.V.; Tcherniega, N.V. Photon Distribution Function, Tomograms and Entanglement in Stimulated

Raman Scattering. J. Opt. B Quantum Semiclassical Opt. 2003, 5, S5503. [CrossRef]
24. Przhiyalkovskiy, Y.V. Quantum process in probability representation of quantum mechanics. J. Phys. A Math. Gen. 2022, 55, 085301.

[CrossRef]
25. De Gosson, M.A. Quantum Harmonic Analysis of the Density Matrix. Quanta 2018, 7, 74–110. [CrossRef]
26. De Gosson, M.A. A Few Almost Trivial Notes on the Symplectic Radon Transform and the Tomographic Picture of Quantum

Mechanics. arXiv 2022, arXiv:2203.17210.
27. Kiktenko, E.; Fedorov, A. Tomographic Causal Analysis of Two-Qubit States and Tomographic Discord. Phys. Lett. A 2014, 378,

1704–1710. [CrossRef]
28. Radon, J. Uber die Bestimmung von Funktionen durch ihre Integralwerte Langs Gewisser Mannigfaltigkeiten. Ber. Verh. Sachs.

Akad. Wiss. Leipzig 1917, 69, 262–277.
29. Asorey, M.; Ibort, A.; Marmo, G.; Ventriglia, F. Quantum Tomography Twenty Years Later. Phys. Scr. 2015, 90, 074031. [CrossRef]
30. Man’ko, O.V.; Man’ko, V.I. Probability Representation of Quantum States. Entropy 2021, 23, 549. [CrossRef]
31. Schrödinger, E. Die gegenwärtige Situation in der Quantenmechanik. Naturwissenschaften 1935, 23, 48. [CrossRef]
32. Man’ko, V.I.; Marmo, G.; Ventriglia, F.; Vitale, P. Metric on the Space of Quantum States from Relative Entropy. Tomographic

Reconstruction. J. Phys. A Math. Theor. 2017, 50, 335302. [CrossRef]
33. Terra-Cunha, M.O.; Man’ko, V.I.; Scully, M.O. Quasiprobability and Probability Distributions for Spin-1/2 States. Found. Phys.

Lett. 2001, 14, 103–117. [CrossRef]
34. Bell, J.S. On the Einstein Podolsky Rosen paradox. Phys. Phys. Fiz. 1964, 1, 195–200. [CrossRef]
35. Man’ko, V.I.; Marmo, G.; Sudarshan, E.C.G.; Zaccaria, F. Interference and entanglement: An intrinsic approach. J. Phys. A Math.

Gen. 2002, 35, 7137. [CrossRef]
36. Born, M. Zur Quantenmechanik der Stossvorgänge. Z. Phys. 1926, 37, 863–867. [CrossRef]
37. Gleason, A.M. Measures on the Closed Subspaces of a Hilbert Space. Indiana Univ. Math. J. 1957, 6, 885–893. [CrossRef]
38. Khrennikov, A. Born’s formula from statistical mechanics of classical fields and theory of hitting times. Phys. A Stat. Mech. Appl.

2014, 393, 207–221. [CrossRef]
39. Chernega, V.N.; Man’ko, O.V.; Man’ko, V.I. Triangle Geometry of the Qubit State in the Probability Representation Expressed in

Terms of the Triada of Malevich’s Squares. J. Russ. Laser Res. 2017, 38, 141–149. [CrossRef]
40. Peres, A. Separability Criterion for Density Matrices. Phys. Rev. Lett. 1996, 77, 1413. [CrossRef]
41. Horodecki, P. Separability criterion and inseparable mixed states with positive partial transposition. Phys. Lett. A 1997, 232,

333–339. [CrossRef]
42. Man’ko M.A.; Man’ko V.I. Tomographic entropic inequalities in the probability representation of quantum mechanics. AIP Conf.

Proc. 2012, 1488, 110. [CrossRef]
43. Nielsen, M.A.; Chuang, I.L. Quantum Computation and Quantum Information; 10th ed.; University Press: Cambridge, UK, 2010;

p. 704, ISBN 978-1-107-00217-3.
44. Man’ko, O.V.; Man’ko, V.I.; Marmo, G. Alternative Commutation Relations, Star Products and Tomography. J. Phys. A Math. Gen.

2002, 35, 699–719. [CrossRef]
45. Man’ko, O.V.; Man’ko, V.I.; Marmo, G.; Vitale, P. Star Products, Duality and Double Lie Algebras. Phys. Lett. A 2007, 360, 522–532.

[CrossRef]
46. Kolmogoroff, A. Grundbegriffe der Wahrscheinlichkeitsrechnung; Part of book series Ergebnisse der Mathematik und Ihrer Grenzge-

biete; Springer: Berlin, Germany, 1933; Volume 2. [CrossRef]
47. Holevo, A.S. Probabilistic and Statistical Aspects of Quantum Theory; North-Holland Publishing Company: Amsterdam,

The Netherlands, 1982; ISBN 9780444863331/0444863338.
48. Khrennikov, A. Two-slit experiment: Quantum and classical probabilities. Phys. Scr. 2015, 90, 1402–4896. [CrossRef]

http://dx.doi.org/10.1007/978-1-4899-1537-5_13
http://dx.doi.org/10.1007/BF02559668
http://dx.doi.org/10.1063/1.3479322
http://dx.doi.org/10.1088/1742-6596/306/1/012010
http://dx.doi.org/10.1142/S0219887820501674
http://dx.doi.org/10.1140/epjp/s13360-022-02504-1
http://dx.doi.org/10.1088/1464-4266/1/5/101
http://dx.doi.org/10.1088/1742-6596/839/1/012012
http://dx.doi.org/10.1088/1464-4266/5/4/357
http://dx.doi.org/10.1088/1751-8121/ac4b15
http://dx.doi.org/10.12743/quanta.v7i1.74
http://dx.doi.org/10.1016/j.physleta.2014.04.036
http://dx.doi.org/10.1088/0031-8949/90/7/074031
http://dx.doi.org/10.3390/e23050549
http://dx.doi.org/10.1007/BF01491987
http://dx.doi.org/10.1088/1751-8121/aa7d7d
http://dx.doi.org/10.1023/A:1012373419313
http://dx.doi.org/10.1103/PhysicsPhysiqueFizika.1.195
http://dx.doi.org/10.1088/0305-4470/35/33/311
http://dx.doi.org/10.1007/BF01397477
http://dx.doi.org/10.1512/iumj.1957.6.56050
http://dx.doi.org/10.1016/j.physa.2013.09.009
http://dx.doi.org/10.1007/s10946-017-9628-6
http://dx.doi.org/10.1103/PhysRevLett.77.1413
http://dx.doi.org/10.1016/S0375-9601(97)00416-7
http://dx.doi.org/10.1063/1.4759389
http://dx.doi.org/10.1088/0305-4470/35/3/315
http://dx.doi.org/10.1016/j.physleta.2006.08.057
http://dx.doi.org/10.1007/978-3-642-49888-6
http://dx.doi.org/10.1088/0031-8949/90/7/074017


Entropy 2022, 24, 527 20 of 20

49. Khrennikov, A. Quantum Postulate vs. Quantum Nonlocality: On the Role of the Planck Constant in Bell’s Argument. Found.
Phys. 2021, 51, 16. [CrossRef]

50. Plotnitsky, A. Nature Has No Elementary Particles and Makes No Measurements or Predictions: Quantum Measurement and
Quantum Theory, from Bohr to Bell and from Bell to Bohr. Entropy 2021, 23, 1197. [CrossRef]

51. Park, J. Estimating Non-Gaussianity of a Quantum State by Measuring Orthogonal Quadratures. Entropy 2022, 24, 289. [CrossRef]
52. Claeys, P.W.; Polkovnikov, A. Quantum Eigenstates from Classical Gibbs Distributions. SciPost Phys. 2021, 10, 014. [CrossRef]
53. Foukzon, J.; Potapov, A.A.; Menkova, E.; Podosenov, S.A. A new quantum mechanical formalism based on the probability

representation of quantum states. viXra 2016, viXra:1612.0298.
54. Goldberg A.Z. Quantum polarimetry. Prog. Opt. 2022, 67, 185–274. [CrossRef]
55. Nosal’, I.A.; Teretenkov, A.E. Exact Dynamics of Moments and Correlation Functions for GKSL Fermionic Equations of Poisson

Type. Math. Notes 2020, 108, 911–915. [CrossRef]
56. López, J.; Manko, M.A.; Man’ko V.I. Symplectic tomographic probability distribution of crystallized Schrödinger cat states. Phys.

Lett. A 2022, 434, 128044. [CrossRef].

http://dx.doi.org/10.1007/s10701-021-00430-3
http://dx.doi.org/10.3390/e23091197
http://dx.doi.org/10.3390/e24020289
http://dx.doi.org/10.21468/SciPostPhys.10.1.014
http://dx.doi.org/10.1016/bs.po.2022.01.001
http://dx.doi.org/10.1134/S0001434620110358
http://dx.doi.org/10.1016/j.physleta.2022.128044

	Introduction
	The Probability Representation of Qubit States
	The Superposition Principle of Qubit States in the Probability Representation
	The Probability Representation of Two Spin States
	Bell States in the Probability Representation
	Linear Entropy of Entangled Qubit States
	The Entanglement of Two-Mode Oscillator States in the Probability Representation of Quantum Mechanics
	Conclusions
	Appendix A
	References

