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1 Introduction

One of the most important lessons for quantum gravity that we have learned from holog-
raphy [1] is the relation between the structure of quantum entanglement and properties
of gravitating spacetimes. Various studies starting from the celebrated Ryu-Takayanagi
proposal [2] and its generalisations [3–5] even led to a paradigm that the holographic
geometry in Anti-de Sitter spaces (AdS) is in fact emergent from entanglement in dual
conformal field theories (CFT) [6, 7]. This phenomenon is particularly manifest for the
so-called thermofield double state that is holographically dual to the two-sided, eternal
black hole [8]. The entanglement structure hidden in the purification is geometrically
represented by the connectedness of the two black hole spacetimes that are otherwise dual
separately to two thermal density matrices. Further evidence has also been gathered in
more complicated holographic geometries that are dual to states in the so-called “code
sub-space” of holographic CFTs [9].
Nevertheless, the number of CFT states with clear and analytically tractable holographic
dual geometries is still quite limited. The biggest progress has been achieved in two-
dimensional CFTs where, despite the lack of an explicit example of a CFT dual only to pure
gravity,1 the power of Virasoro symmetry can be harnessed to derive universal results valid
for putative “large-c” CFTs. On the other hand, holographically, by appropriately rendering
the cut-off, a universal class of Bañados geometries [11] allows to construct metrics that
reproduce these universal features of the 2d CFT states.
An interesting class of states that have a well-established gravity counterparts, that will be
important in our work, consists of CFT states excited by local operators [12–18]. Their
holographic dual involves a dynamical geometry that can be obtained from the back-reaction
of a massive particle (or generally a bulk field), which is dual to that local operator [19].
In particular, entanglement evolution in these states has been studied extensively in the
context of quantum quenches [20–27], scrambling [28, 29], quantum chaos [30–33] as well as
bulk reconstruction in AdS/CFT [34–36]. Certainly, this family provides very important
and analytically tractable data points in the “spacetime from entanglement” program.
In this work, we make some further progress in the above-mentioned program and consider
an interesting general class of states in 2d CFTs excited by coherent action of higher Virasoro
generators. These states are among the generalized (Peremolov) coherent states [37]. They
have been recently utilized in various contexts such as for the study of the growth of operators
and Krylov complexity in 2d CFTs [38, 39] as well as exactly solvable deformations of
CFTs [40–43]. Here, we will derive the expectation value of the energy momentum tensor
and find a simple function that “uniformizes” the answer into a Schwarzian derivative. From
there, we obtain dual geometries that correspond to gravitationally dressed excitations
in AdS3 and have an interesting “folded structure”. We then compute a single-interval
entanglement entropy and study its features in CFT as well as in gravity for different ranges
of parameters.

1Interestingly, many properties of classical 3d gravity with the threading of massive particles can be
recovered from an ensemble of CFTs with random CFT data [10].
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This paper is organised as follows. To start with, in section 2 we define our setup and
coherent states. In section 3 we compute the expectation value of the CFT stress tensor,
uniformise it, and, in section 4, discuss its holographic interpretation. In section 5 we
discuss entanglement entropy in our coherent states. Last but not the least, in 6, we discuss
possible applications of our states and their dual geometries to Krylov complexity and
inhomogeneous quenches, summarise and list some open problems. A few technical details
are contained in three appendices.

2 Virasoro coherent states

We start by defining our setup and fixing conventions. Most of the arguments will be valid
for general, two-dimensional CFTs with central charge c (see e.g. [44, 45] for standard
reviews). The symmetries of such models are governed by two copies of infinite-dimensional
Virasoro algebras with generators Lm and L̄m with m ∈ Z satisfying commutation relations

[Lm, Ln] = (m− n)Lm+n + c

12m(m2 − 1)δm+n,0 , (2.1)

and similarly for L̄m. We will refer to the copy of Lm as chiral and L̄m as anti-chiral. In
the following, we will present our formulas keeping only the chiral part.
From this infinite set we pick a sub-set of three generators {Lk, L0, L−k} for some fixed
positive integer k. From (2.1), we see that these generators close the following subalgebra

[L0, L±k] = ∓kL±k, [Lk, L−k] = 2kL0 + c

12k(k2 − 1). (2.2)

In fact, by redefining the generators as

L̃0 = 1
k

(
L0 + c

24(k2 − 1)
)
, L̃±1 = 1

k
L±k, (2.3)

we see that the triples {Lk, L0, L−k} form one of the infinitely many SL(2, R) subalgebras
of the Virasoro (2.1).
Our main object of interest will be a family of generalised coherent states of Perelomov [37]
created by these Virasoro generators as follows2

|Ψk(ξ)〉 = exp
(
ξL−k − ξ̄Lk

)
|h〉 , (2.4)

where ξ is a complex variable with complex conjugate ξ̄ and |h〉 is the highest weight state
such that

L0 |h〉 = h |h〉 , Lk |h〉 = 0, for k > 0. (2.5)

In (2.4), the unitary operator acting on the highest weight state |h〉 is conventionally referred
to as the displacement operator.
The motivation for considering these coherent states comes from various recent developments
in high-energy as well as condensed matter studies of CFTs. For example, such states can be

2In general 2d CFT we will have two independent copies of the unitary operators acting on the highest
weight state |h, h̄〉.
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interpreted as “universal” quantum circuits and studying their Nielsen’s [46–49] or Krylov
complexity [38] is an active area of research. On the other hand, for purely imaginary
ξ = −it, we can also view such states as quench evolution protocol (see e.g. review [50])
with a version of an inhomogeneous Hamiltonian of the SSD type that have been studied
in [40]. The goal of our work is to elaborate more on the interpretation of these states,
including their holographic dual and analyze their entanglement structure.
For the purpose of performing computations, it will be useful to expand (2.4) in an
orthonormal basis. For that we parametrize the complex coordinate as ξ = ρeiθ and apply
the Baker-Campbell-Hausdorff formula (see appendix A.2) to write

|Ψk(ρ, θ)〉 = 1
cosh2hk(kρ)

∞∑
n=0

einθ tanhn(kρ) 1
n!knL

n
−k |h〉 , (2.6)

where we introduced3

hk = 1
k

(
h+ c

24(k2 − 1)
)
. (2.7)

Orthonormal basis vectors are then defined as

|h, k, n〉 = 1√
Nk,n

Ln−k |h〉 , (2.8)

were the normalisation is explicitly given by

Nk,n = 〈h|LnkLn−k|h〉 = k2n
n∏
l=1

l(2hk + l − 1) = n!k2nΓ(2hk + n)
Γ(2hk)

. (2.9)

Finally, our three-parameter coherent states can be expanded in this basis as

|Ψk(ρ, θ)〉 = 1
cosh2hk(kρ)

∞∑
n=0

einθ tanhn(kρ)
√

Γ(2hk + n)
n!Γ(2hk)

|h, k, n〉 . (2.10)

Moreover, it will be useful to introduce a coordinate

zk = eiθ tanh (kρ) , (2.11)

in terms of which the state is parametrized as

|Ψk(zk, z̄k)〉 = (1− zkz̄k)hk
∞∑
n=0

znk

√
Γ(2hk + n)
n!Γ(2hk)

|h, k, n〉 . (2.12)

In the following sections we will explore these families of states labelled by different values
of parameters (k, ρ, θ) and their entanglement structure.

3Notice that for h = 0, hk becomes the dimension of the twist field

hk = c

24

(
k − 1

k

)
.

This resemblance of the “orbifold” techniques will be present in various other steps of the analysis.
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3 Expectation value of the stress tensor

As a first step in this direction, we begin with computing the expectation value of the stress
tensor. For 2d CFT on the plane, the stress tensor has only two independent components,
chiral T (z) and anti-chiral T̄ (z̄). Again, we present the result for the chiral component.
On the complex plane, the operator T (z) is expanded in terms of the Virasoro genera-
tors (2.1) as

T (z) =
∑
n∈Z

z−n−2Ln . (3.1)

This way, suppressing the parameters of the state (2.12), we can first evaluate the following
expectation value

〈Ψk|T (z)|Ψk〉 =
∑
n∈Z

z−n−2〈Ψk|Ln|Ψk〉. (3.2)

The details of this computation, even though they only involve the standard Virasoro
algebra, are slightly involved and we included them in appendix B. Here we only state the
final result that is

〈Ψk|T (z) |Ψk〉 = khkz
2(k−1)(1− zkz̄k)2

(zk − zk)2(1− zkz̄k)2 −
c

24(k2 − 1) 1
z2 . (3.3)

This formula allows us to “geometrize” the coherent state in terms of a coordinate transfor-
mation. Namely, we can find a map z → fk(z) such that

〈Ψk|T (z) |Ψk〉 = c

12{fk(z), z}, (3.4)

where {f(z), z} is the Schwarzian derivative.4 Solving this “uniformization” equation gives

fk(z) =
(
zk − zk
zk − z̄−1

k

)αk
, αk =

√
1− 24hk

kc
= 1
k

√
1− 24h

c
. (3.5)

Note that the above function is uniquely determined up to a Möbius transformation that
leaves the Schwarzian derivative intact. It is also interesting to compare our answer with
the known result in the highest weight state

〈h|T (z)|h〉 = h

z2 = c

12{z
α, z}, α =

√
1− 24h

c
. (3.6)

3.1 Interpretation in terms of correlator with local operators

Note that (3.5) looks very similar to the function that uniformises one-point function of the
stress tensor in states locally excited by primary operators. In fact we can check that our
result is identical to the expectation value of the stress tensor with a local primary state

〈Ψk|T (z) |Ψk〉 = 〈Õ
†(zk)T (zk)Õ(zk)〉
〈Õ†(zk)Õ(zk)〉

, (3.7)

4The Schwarzian is defined as

{f(z), z} = f ′′′(z)
f ′(z) −

3
2

(
f ′′(z)
f ′(z)

)2

.
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where the standard one-point function, fixed by conformal Ward identity,5 reads

〈O†(z1)T (z)O(z1)〉
〈O†(z1)O(z1)〉 = h̃(1− z1z̄1)2

(z − z1)2(1− zz̄1)2 = c

12{f1(z), z}, (3.8)

and the stress tensor is transformed under z → g(z) = zk as

T ′(z) = g′(z)2T (g(z)) + c

12{g(z), z} = k2z2(k−1)T (zk)− c

24(k2 − 1) 1
z2 . (3.9)

For this interpretation, and consistently with (3.5), we also have the conformal dimension h̃
of Õ(zk) given by

h̃ = 1
k
hk. (3.10)

This operator interpretation is not too surprising since the highest weight states in CFTs
are usually associated with a mode of a primary operator

O(z) =
∑
n∈Z

z−n−hOn, (3.11)

such that
|h〉 = O−h |0〉 = lim

z→0
O(z) |0〉 . (3.12)

This way, our states in CFTs can be thought of as simply

|Ψk〉 = Uk(zk)Oh(0) |0〉 . (3.13)

The action of this unitary displacement operator generally moves the operator so some
position z. This is clear for k = 1 where L−1 is the momentum that indeed implies

ezL−1O(0) |0〉 = ezL−1O(0)e−zL−1ezL−1 |0〉 = O(z) |0〉 . (3.14)

Nevertheless, for k > 1 our finding (3.7) may be less familiar. In the following, given this
intuitive picture and the bulk interpretation for local operator excitations [19], we will
discuss the holographic counter-parts of our states also from the perspective of a massive
particle connecting the two insertion positions of the operators at the boundary.

4 Holographic understanding

In this section, we consider holographic dual geometries of the coherent states discussed
above.6 As it is well-known, the Bañados ansatz [11] captures all the three-dimensional AdS
spacetimes with flat asymptotic boundary, which will be our starting point in constructing
the bulk dual of the Virasoro coherent states, given that we have obtained the stress energy
tensors in the last section. In the following subsection 4.2, we give a more intuitive bulk
understanding in terms of a massive particle moving from one boundary insertion point to
the other. The back-reacted action can be evaluated through exercising a wedge from the

5Can be computed using the OPE of T (z) with the primary O(z1).
6Strictly speaking in this part we have in mind the putative large-c 2d CFTs.
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pure AdS spacetime. The excised wedge introduces a logarithmic divergence into the action,
which can be compared with the result in [51, 52]. There they consider the bulk replica
trick in the presence of a cosmic string (comparable to the massive particle in the dimension
we are interested in). The metric they used for their calculation is the Skenderis-Solodukhin
solutions [53] with delta-type singularities on the asymptotical boundaries. However, they
claim the delta-type singularities are irrelevant once regulators are put properly around
those singular points. Taking away the singularities brings their metric back to the Bañados
type we are considering. This is to say that the intuitive picture with the massive particle
is effectively described by the Bañados geometry, which we rely on in the next section for
the calculation of the holographic entanglement entropy.
In the following part of this section, we first give an overview of the Euclidean Bañados
geometries with emphasis on the correspondence to our Virasoro coherent states. Then, we
present a detailed analysis on the massive particle interpretation for the k = 1 coherent
states. Gauging the subtlety regarding the conical singularities considered in [51, 52], we
confirm that the Bañados approach and the massive particle picture give a consistent
holographic understanding of the coherent states.

4.1 Bañados geometry and geodesic length

In three dimensions, the most general solutions with flat asymptotic boundary are given by
Euclidean Bañados metrics [11]

ds2 = dη2

η2 + (dz + η2L̄(z̄)dz̄)(dz̄ + η2L(z)dz)
η2 , (4.1)

where the holomorphic and anti-holomorphic functions parametrising the metric are

L(z) = 3(f ′′)2 − 2f ′f ′′′

4f ′2 = −1
2{f(z), z}, L̄(z̄) = 3(f̄ ′′)2 − 2f̄ ′f̄ ′′′

4f̄ ′2
= −1

2{f̄
′(z̄), z̄}.

(4.2)
Locally, geometries (4.1) can be brought into Poincare coordinates

ds2 = dZ2 + dwdw̄

Z2 , (4.3)

with the explicit map for the boundary coordinates

w = f(z)− 2η2(f ′)2f̄ ′′

4|f ′|2 + η2|f ′′|2
, w̄ = f̄(z̄)− 2η2(f̄ ′)2f ′′

4|f ′|2 + η2|f ′′|2
, (4.4)

as well as the change of radial coordinate

Z = 4η(f ′f̄ ′)3/2

4|f ′|2 + η2|f ′′|2
. (4.5)

From the CFT perspective these maps can be interpreted in the language of “uniformisation”.
More precisely, as soon as we manage to “geometrize” a quantum state |Φ〉 by finding

– 6 –
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coordinate transformations: z → f(z) and z̄ → f̄(z̄), such that the expectation value of the
stress tensor is

〈Φ|T (z)|Φ〉 = c

12{f(z), z}, 〈Φ|T̄ (z̄)|Φ〉 = c

12{f̄(z̄), z̄}, (4.6)

at large central charge, we immediately obtain dual gravity metrics7 (4.1) with

L(z) = −6
c
〈Φ|T (z)|Φ〉, L̄(z̄) = −6

c
〈Φ|T̄ (z̄)|Φ〉. (4.7)

One of the general results that can be derived from these local transformations is geodesic
length. Indeed, having found f(z) and f̄(z̄), we can compute the length of a geodesic γ
between two arbitrary points (z1, z̄1) and (z2, z̄2) at the boundary η = ε of the holographic
geometry. The leading ε answer is

Lγ = ln
(

(f(z1)− f(z2))2

f ′(z1)f ′(z2)ε2

)
+ ln

(
(f̄(z̄1)− f̄(z̄2))2

f̄ ′(z̄1)f̄ ′(z̄2)ε2

)
. (4.8)

This in turn can be used to compute entanglement entropy or correlators of semi-classical
operators from gravity. We will employ this in the next section while considering the
entanglement entropy using the Ryu-Takayanagi prescription [2].

4.2 Interpretation in terms of a particle in the bulk

As shown in eq. (3.14), the states built from the global conformal generators L±1 can be
rewritten as a primary operator inserted in a shifted position with a certain normalization
factor. This observation renders an interesting holographic interpretation for this class of
states. Namely, they can be seen as a Euclidean AdS with a massive particle “following” a
geodesic between the two insertion points of the primary operators (see figure 1) whose
conformal weight are below the black hole threshold h < c

24 .
Below, we provide a detailed analysis of this setup. We start by deriving the trajectory of
the massive particle in Euclidean signature, then we consider the back-reacted geometry and
evaluate the action on the excised geometry. As expected, the divergent part of the action
is logarithmic, which comes from the volume of the excised region due to the backreaction
of the massive particle. This is consistent with the considerations in [51, 52] where authors
evaluated the action using a more general Skenderis-Solodukhin solution [53] with delta-type
singularities on the asymptotical boundary.
Readers who are not concerned with the technical details of this subsection can jump
directly to the next section on the entanglement entropy.

4.2.1 Trajectory of a massive particle

The trajectory of the massive particle is a timelike geodesic in the Lorentzian AdS spacetime.
However, here we are primarily interested in the Euclidean signature, it is no wonder that

7Generally, as will be also the case in our examples, we should be careful about singularities of the
asymptotic metric. In that case, it is more appropriate to use solutions with curved asymptotic metric and
we will be more careful about this below.
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O

Figure 1. The massive particle moves along the red dashed geodesic which connects the two
operators at the asymptotic boundary. The blue region can be interpreted as Krylov complexity
(see discussions in section 6).

the geodesic can anchor on the two insertions of the primary operators. We work with
global coordinates {φ, τ, θ} in the Euclidean signature and the metric is given by

ds2 = l2AdS
cos2 φ

(dτ2 + dφ2 + sin2 φdθ2) , (4.9)

where φ = π/2 is the AdS boundary. We take lAdS = 1 for simplicity in the following. A
known stationary geodesic is in the coordinate center φs = 0, the subindex “s” is associated
with the stationary one. We use the isometries of the spacetime to map the stationary one
to that connecting the two primaries. This is done by applying a boost in the (03) plane in
the embedding coordinates (see eq. (C.12)),

cosh τs secφs = sinh β cos(θ − θ0) tanφ+ cosh β cosh τ secφ , (4.10)
sinh τs secφs = sinh τ secφ , (4.11)
sin θs tanφs = sin(θ − θ0) tanφ , (4.12)
cos θs tanφs = cosh β cos(θ − θ0) tanφ+ sinh β cosh τ secφ , (4.13)

such that the stationary particle at the center (φs = 0) is mapped to

sinφ = cosh τ
cosh τ0

, θ = θ0 , (4.14)

in the coordinate that we are working with. The boost angle is identified as cosh τ0 =
− coth β assuming τ0 > 0. To relate to the parameter of the coherent state |Ψ1〉, the relation
between τ0 and ρ is τ0 = ln coth ρ. One feature of this geodesic is that it locates at a
constant angular plane θ = θ0 and anchors on the asymptotic boundary at τ = ±τ0. In
principle, θ0 is undetermined through this coordinate transformation (the geodesic φs = 0
is symmetric under rotation). Another interesting feature is that it is perpendicular to
the asymptotic AdS boundary φ → π/2, as its normal vector within the θ = θ0 plane,
nµ ∝ cosφdφ− sinh τ

cosh τ0
dτ + 0dθ, when evaluated on the asymptotic boundary, nµ ∼ −dτ . In

the following part, without loss of generality, we take θ0 = 0.
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4.2.2 Action for the excised geometry

The backreaction of the stationary particle located at the center φs = 0 can be understood in
terms of exercising the AdS spacetime. One needs to exercise a bulk wedge between θs = η

and θs = −η (0 < η < π), then identify the two surfaces together, as discussed in [54, 55].
The mass of the particle is related to the deficit angle of the exercised geometry as

m = 2η
κ
, (4.15)

where κ = 8πG is the gravitational constant. For our setup, we need to map stationary
geodesic to the one described in eq. (4.14) and exercise the corresponding wedge afterwards.
Using (4.10)–(4.13), the two surfaces θs = ±η, are mapped to the surfaces

Σ± : ± cot η sin θ = sinh β cosh τ cscφ+ cosh β cos θ , (4.16)
or ± cot η sin θ = cos θ coth τ0 − cosh τcschτ0 cscφ , (4.17)

in our working coordinates. It is worth noting that the extrinsic curvature of the surfaces
θs = ±η vanishes, so as for that of Σ±.
In the current situation, we are dealing with a simply connected Euclidean geometry without
topological change after excising, there is no obstruction to the additivity of the gravitational
action [56, 57]. We can evaluate the action for the back-reacted geometry by subtracting
the relevant action for the wedgeM and adding the action for the massive particle,

IBR = IAdS3 − Iexcised + Im . (4.18)

Upon the identification of Σ±, a conical singularity arises along the trajectory of the massive
particle. As pointed out in [10], the contribution of the Ricci scalar on the conical singularity
cancels the action of the massive particle.8 The action for the AdS3 part IAdS3 is UV finite
once the counter term is introduced on the cutoff surface [58]. Therefore, we only need to
focus on the excised action Iexcised and find out the source for the divergence. It includes
the following pieces

Iexcised = 1
2κI

EH
M + 1

κ
(IGH

Σ + Ict
Σ ) + 1

κ
(IJoint

Σ∩Σ− + IJoint
Σ∩Σ+) , (4.19)

IEH
M = −

∫
d3x
√
g(R+ 2) , IGH

Σ = −
∫

Σ
d2x
√
hK , Ict

Σ = 2
∫

Σ

√
h ,

where IEH
M is the Einstein-Hilbert term for the excised region with constant Ricci curvature

R = −6, IGH
Σ is the Gibbons-Hawking term on the surfaces surrounding the region M,

as shown in figure 2, Ict
Σ is the counter term on the cutoff surface, while the remaining

joint terms in the excised action are due to the non-smoothness on the surfaces upon
identifying. Now we can evaluate the action piece by piece. It is simpler to do this
calculation in the Poincaré coordinate {t, z, x}, which are related to the global coordinates
via the following relations,

z = cosφ
cos θ sinφ+ cosh τ , x = sin θ sinφ

cos θ sinφ+ cosh τ , t = sinh τ
cos θ sinφ+ cosh τ . (4.20)

8We thank the anomalous referee for pointing this out to us.
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Figure 2. The slice is a constant time slice t = 0 in Poincaré coordinates. M is the wedge being
exercised, which is bounded by three surfaces, the cutoff surface Σ and Σ±.

In this coordinate, the geodesic (4.14) satisfies

(
t2 + x2 + z2 + l2

)2
4 (t2 + z2) = coth2 τ0 , for θ0 6= 0 , (4.21)

z2 + t2 = tanh2(τ0/2) , x = 0 , for θ0 = 0 , (4.22)

where the geodesic equation in the first line reduces to the second one when taking x = 0.
The surfaces Σ± in the Poincaré coordinates are mapped to

Σ± : t2 + z2 + (x± cot η tanh(τ0/2))2 = csc2 η tanh2(τ0/2) , (4.23)

which are part of spheres centered at t = z = 0 and x = ∓ cot η tanh(τ0/2) with radius
csc η tanh(τ0/2). Let us choose the cutoff at Σ : z = ε and start with the EH action for the
part that x < 0, which is half of the regionM =M+ ∪M−,

IEH
M− = 4

∫ 1
z3dzdxdt

= 2
ε2

∫
dxdt+

∫ 2 dxdt
t2 + (x− cot η tanh(τ0/2))2 − csc2 η tanh2(τ0/2)

, (4.24)

the first term is divergent and will cancel with the Gibbons-Hawking term IGH
Σ and the

counter term Ict
Σ on the cut-off surface Σ, which we will neglect from now on. Given that,

we now focus on the evaluation of the second integral. It is better to work in the cylindrical
coordinates,

x = ρ cosα+ cot η tanh(τ0/2) , t = ρ sinα , (4.25)

substituting inside the EH action part, the second term becomes∫ 2ρ
ρ2 − csc2 η tanh2(τ0/2)

dρdα , (4.26)

for the integration region, we have to subtract the triangular region from the disc sector with
opening angle δ = 2 arccos

(
cot η tanh(τ0/2)√

csc2 η tanh2(τ0/2)−ε2

)
and radius ρ =

√
csc2 η tanh2(τ0/2)− ε2,

as illustrated in figure 3.
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Figure 3. The projection of the excised wedge on the asymptotic boundary z = 0 is the region
within the red curve. The blue region isM−, which is evaluated by subtracting the green region
from the corresponding portion of the sphere. Its mirroring region within the red curve is M+.

After careful calculation, neglecting the O(ε−2) term, the results are the following9

IEH
M1
−

= −4η ln
(tanh(τ0/2)

ε sin η

)
+O(ε) , (4.27)

IEH
M2
−

= iLi2
(
−e−2iη

)
+ iLi2

(
e2iη

)
− i

2Li2
(
e−4iη

)
+O(ε2) , (4.28)

with IEH
M− = O(ε−2) + IEH

M1
−
− IEH
M2
−
, neglecting the leading divergence that will be cancelled

by the GH term and the counter term. Li2(x) is the polylogarithmic function. The “+”
region IM+ contributes equally as the “−” region, IEH

M+
= IEH
M− . Let us now consider the

corner terms or Hayward terms [59], the inner product between the out-pointing normals are

nΣ · nΣ− = nΣ · nΣ+ = −ε sin η coth(τ0/2) . (4.29)

We have to keep in mind that upon identification, we should subtract an overall angle of π
from them. In a practical way, we subtract π/2 from each term, which gives

IJoint
Σ∩Σ± = −

∫ (
cos−1(nΣ · nΣ±)− π

2

) csc η tanh
( τ0

2
)

ε
dθ = 2η +O(ε) . (4.30)

Now we can collect all the terms together due to excising, this gives

Iexcised =− 4η
κ

ln
(tanh(τ0/2)

ε

)
+ 4η

κ
(1− ln sin η)

− 2iLi2
(
−e−2iη)+ 2iLi2

(
e2iη)− iLi2 (e−4iη)

2κ +O(ε) , (4.31)

which vanishes when η → 0 as expected. The cutoff z = ε in the Poincaré coordinates is
related to the cutoff φ = π/2 − ε̃ in the global coordinates as ε = 1

2sech
2(τ0/2)ε̃ + O(ε̃3).

9For the integral on the triangle region, we have to use this indefinite integral when integrating over θ,∫
ln
(
1− cos2 η sec2 α

)
dα = i

2
(
Li2
(
e2i(α−η))+ Li2

(
e2i(η+α))− 2Li2

(
−e2iα)) .
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This allows us to rewrite the first term in eq. (4.31), i.e., the logarithmic divergent term
with the τ0-dependent part, in terms of ε̃, which gives

− 4η
κ

ln
(2 sinh τ0

ε̃

)
+O(ε̃2) = −2m ln

(coth ρ− tanh ρ
ε̃

)
+O(ε̃2), (4.32)

where eq. (4.15) and the relation τ0 = ln coth ρ are used to relate to the parameter of the
coherent state |Ψ1〉. For sufficiently small mass m or small deficit angle η, one can identify
the mass and the conformal weight of the scalar primary operator as ∆ = h+ h̄ = 2h = m.10

The logarithmic divergent part together with the τ0-dependent part is the same as in [51, 52]
upon identifying ε̃ = δ and taking θ = 0 for the phase part of u, u′. The divergent part
of the back-reacted action can also be compared with the geodesic approximation of the
propagator of the bulk scalar field as discussed [55].

5 Entanglement entropy

For the coherent states (2.4), the parameter ρ determines the “distance”11 from the original
highest-weight state. An interesting question then is how the entanglement entropy for
one interval changes as ρ grows. From the holographic side, the Ryu-Takayanagi formula
computes this by the regulated geodesic length (4.8). Namely, for an interval (z1, z̄1) and
(z2, z̄2),12 the holographic entanglement entropy of one interval is given as

SHolo
k (z1, z2) = Lγ

4G = c

6 ln
∣∣∣∣∣(fk(z1)− fk(z2))2

f ′k(z1)f ′k(z2)ε2UV

∣∣∣∣∣ , (5.1)

with functions fk(z) determined from solving the uniformization equation (3.4).
While in the CFT side, we can use the replica trick to calculate the entanglement entropy [60,
61]. Roughly speaking, the two-point function of the twist operators of conformal dimension
hσ = h̄σ = c

24

(
n− 1

n

)
, inserted at the two ends of the interval computes the trace of the

n-th power of the reduced density matrix ρnA. Then the entanglement entropy is obtained
taking the limit n→ 1,

SCFT
k (z1, z2) = − lim

n→1
∂nTrρnA,k , TrρnA,k ∝ 〈Ψk(ρ, θ)|σ(z1, z̄1)σ̃(z2, z̄2) |Ψk(ρ, θ)〉 . (5.2)

For “holographic” 2d CFTs, the above two-point function can be obtained using a coordinate
transformation fk(z) which was found from the uniformization (3.5). Indeed using the
transformation property of the primary operators we have

〈Ψk(ρ, θ)|σ(z1)σ̃(z2) |Ψk(ρ, θ)〉 ∼ (f ′k(z1))hσ(f ′k(z2))hσ 〈0|σ(fk(z1))σ̃(fk(z2)) |0〉

= (f ′k(z1)f ′k(z2))hσ

(fk(z1)− fk(z2))2hσ . (5.3)

10The more precise relation between the scalar conformal weight and the massive particle is ∆ =
m(1 − 2Gm), for example in [10], when the mass is small mG � 1, which gives ∆ ≈ m. We thank the
anonymous referee for raising concerns about this point.

11This can be made precise by considering e.g. the Fubini-Study metric in phase space.
12For careful readers, z1 and z2 are simply the insertions of the operators, which have nothing to do

with (2.11). We will keep this notation for the rest of this section.
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Up to a total constant which is a function of the UV cutoff, this way of calculation reproduces
the holographic entanglement entropy (5.1). Moreover, in the k = 1 case, this two-point
function is essentially a four-point function, of which the identity block dominates in
the heavy-heavy-light-light (HHLL) scenarios [18, 20, 62, 63]. As we will show, closely
following [20], the leading contribution of the HHLL block reproduces the holographic
formula (5.1), thus consistently indicating the legitimacy of the uniformizing way of getting
the two point function as in (5.3).
Further, we utilize the HHLL block to analytically analyze the “evolution”13 of the en-
tanglement entropy as ρ increases. For the more general k ≥ 2 case we just conduct the
analysis by using the holographic formula or equivalently the uniformizing method.

5.1 Entanglement entropy from CFT and HHLL block

The coherent states constructed using global generators, as show in eq. (3.14), may be
written in terms of an operator inserted at a shifted location, which enables us to rewrite the
two-point function of the twist operators in the coherent background to a four-point function

〈Ψ1(ρ, θ)|σ(z1, z̄1)σ̃(z2, z̄2) |Ψ1(ρ, θ)〉 = 〈O(u′, ū′)σ(z1, z̄1)σ̃(z2, z̄2)O(u, ū)〉
〈O(u′, ū′)O(u, ū)〉 , (5.4)

where u = eiθ tanh ρ and u′ = eiθ coth ρ.14 The conformal weight of the operator O in
our case is comparable to the central charge, h/c ∼ 1, while the conformal weight of the
twist operator in the limit n → 1 is light compared to the large c → ∞. Given that we
are considering a holographic CFT with a sparse spectrum of light operators, this enables
us to use the expansion for the heavy-heavy-light-light block where the identity block
dominates [20, 62]. With a conformal map g(z) = (u′−z1)(z−u)

(u′−z)(z1−u) and ḡ(z̄) = (ū′−z̄1)(z̄−ū)
(ū′−z̄)(z̄1−ū) , the

insertions of the operators are mapped to 0, 1,∞ and the cross ratio η,

u′ →∞ , z1 → 1 , z2 → η = (u′ − z1)(z2 − u)
(u′ − z2)(z1 − u) , u→ 0 , (5.5)

analogously for the anti-holomorphic part, the expression (5.4) becomes

〈O(u′, ū′)σ(z1, z̄1)σ̃(z2, z̄2)O(u, ū)〉
〈O(u′, ū′)O(u, ū)〉 = G(η, η̄)(1−η)2hσ(1− η̄)2h̄σ〈σ(z1, z̄1)σ̃(z2, z̄2)〉 , (5.6)

where the leading contribution of the conformal block G(η, η̄) in its t-channel15 is

G(η, η̄) =
∣∣∣α2hσ(1− ηα)−2hση(α−1)hσ

∣∣∣2 +O
(
(hσ/c)2

)
. (5.7)

We further substitute the above expression into eq. (5.2) for the entanglement entropy and
introduce a UV scale εUV to keep the quantity dimensionless inside the logarithm, this gives

S(z1, z2) = c

6 ln
∣∣∣∣∣(1− ηα)2 (z1 − z2)2

(1− η)2α2ηα−1ε2UV

∣∣∣∣∣ . (5.8)

13We use evolution without reference to time, but to the parameter ρ in the coherent state.
14The notation here is again different from eq. (2.11), but actually coincides with k = 1 there.
15In general, the four-point function doesn’t have such a simple form, one needs to use e.g. recursion

formula of Zamolodchikov to do the calculation [64, 65].

– 13 –



J
H
E
P
0
6
(
2
0
2
3
)
1
5
9

<latexit sha1_base64="egPbPWtjWR7/Ozpezvo2t0aXlVs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHngWPKA==</latexit>�

<latexit sha1_base64="H+rdK22Prcst/Ve/obQjdVgMgao=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabSbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprDi2eylR3Q2ZACgUtFCihm2lgSSihE47uZn7nCbQRqXrEcQZBwgZKxIIztJLvo5AR+EYMEtav1ty6OwddJV5BaqRAs1/98qOU5wko5JIZ0/PcDIMJ0yi4hGnFzw1kjI/YAHqWKpaACSbzm6f0zCoRjVNtSyGdq78nJiwxZpyEtjNhODTL3kz8z+vlGN8EE6GyHEHxxaI4lxRTOguARkIDRzm2hHEt7K2UD5lmHG1MFRuCt/zyKmlf1L2ruvtwWWvcFnGUyQk5JefEI9ekQe5Jk7QIJxl5Jq/kzcmdF+fd+Vi0lpxi5pj8gfP5Az9hkdI=</latexit>

�̃

<latexit sha1_base64="akt2346eXejTDW0OaZEq5TABZN0=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF29WsLaQhrLZbtulm03YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bMJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6SGS6F4CwVK3kk0p1EoeTsc3+R++4lrI2L1gJOEBxEdKjEQjKKV/G5EccSozO6mvWrNrbszkGXiFaQGBZq96le3H7M04gqZpMb4nptgkFGNgkk+rXRTwxPKxnTIfUsVjbgJslnkKTmxSp8MYm2fQjJTf29kNDJmEoV2Mo9oFr1c/M/zUxxcBZlQSYpcsflHg1QSjEl+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycvk8azuXdTd+/Na47qoowxHcAyn4MElNOAWmtACBjE8wyu8Oei8OO/Ox3y05BQ7h/AHzucPhzqRag==</latexit>

O
<latexit sha1_base64="akt2346eXejTDW0OaZEq5TABZN0=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF29WsLaQhrLZbtulm03YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bMJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6SGS6F4CwVK3kk0p1EoeTsc3+R++4lrI2L1gJOEBxEdKjEQjKKV/G5EccSozO6mvWrNrbszkGXiFaQGBZq96le3H7M04gqZpMb4nptgkFGNgkk+rXRTwxPKxnTIfUsVjbgJslnkKTmxSp8MYm2fQjJTf29kNDJmEoV2Mo9oFr1c/M/zUxxcBZlQSYpcsflHg1QSjEl+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycvk8azuXdTd+/Na47qoowxHcAyn4MElNOAWmtACBjE8wyu8Oei8OO/Ox3y05BQ7h/AHzucPhzqRag==</latexit>

O

<latexit sha1_base64="x4Rn7yYp2o17zzM2rUoHiTIo8Vc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJczO9iZDZh/OzAbCku/w4kERr36MN//GyWYPmljQUFR1T0+XlwiutG1/W6W19Y3NrfJ2ZWd3b/+genjUVnEqGbZYLGLZ9ahCwSNsaa4FdhOJNPQEdrzx3dzvTFAqHkePepqgG9JhxAPOqDaS289fyCT6MyIG1Zpdt3OQVeIUpAYFmoPqV9+PWRpipJmgSvUcO9FuRqXmTOCs0k8VJpSN6RB7hkY0ROVm+coZOTOKT4JYmoo0ydXfExkNlZqGnukMqR6pZW8u/uf1Uh3cuBmPklRjxBaLglQQHZN5AsTnEpkWU0Mok9z8lbARlZRpk1PFhOAsn7xK2hd156puP1zWGrdFHGU4gVM4BweuoQH30IQWMHiCZ3iFN2tivVjv1seitWQVM8fwB9bnD/nhkjs=</latexit>

l

<latexit sha1_base64="DM44Gad3mi3sKjt1M+HYw39AIu8=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVF0MYygpcEkiPsbfaSJXt7x+6cEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGmSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KR3czv/XEtRGJesRxyoOYDpSIBKNoJV/edFPRK1fcqjsHWSVeTiqQo9Erf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSfOi6l1Waw+1Sv02j6MIJ3AK5+DBFdThHhrgAwMBz/AKb45yXpx352PRWnDymWP4A+fzB52QjpI=</latexit>

l < ⇡
<latexit sha1_base64="DmD8UqSvYAnzEQgMnaxkI/Feklo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+fKmm4peueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKmhdV77Jae6hV6rd5HEU4gVM4Bw+uoA730AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/oJ6OlA==</latexit>

l > ⇡

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z
<latexit sha1_base64="G4NrL4+FchmdNAyoq1HYtt9oFXI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOejjQQ=</latexit>w

<latexit sha1_base64="akt2346eXejTDW0OaZEq5TABZN0=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF29WsLaQhrLZbtulm03YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bMJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6SGS6F4CwVK3kk0p1EoeTsc3+R++4lrI2L1gJOEBxEdKjEQjKKV/G5EccSozO6mvWrNrbszkGXiFaQGBZq96le3H7M04gqZpMb4nptgkFGNgkk+rXRTwxPKxnTIfUsVjbgJslnkKTmxSp8MYm2fQjJTf29kNDJmEoV2Mo9oFr1c/M/zUxxcBZlQSYpcsflHg1QSjEl+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycvk8azuXdTd+/Na47qoowxHcAyn4MElNOAWmtACBjE8wyu8Oei8OO/Ox3y05BQ7h/AHzucPhzqRag==</latexit>

O

<latexit sha1_base64="akt2346eXejTDW0OaZEq5TABZN0=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF29WsLaQhrLZbtulm03YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bMJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6SGS6F4CwVK3kk0p1EoeTsc3+R++4lrI2L1gJOEBxEdKjEQjKKV/G5EccSozO6mvWrNrbszkGXiFaQGBZq96le3H7M04gqZpMb4nptgkFGNgkk+rXRTwxPKxnTIfUsVjbgJslnkKTmxSp8MYm2fQjJTf29kNDJmEoV2Mo9oFr1c/M/zUxxcBZlQSYpcsflHg1QSjEl+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycvk8azuXdTd+/Na47qoowxHcAyn4MElNOAWmtACBjE8wyu8Oei8OO/Ox3y05BQ7h/AHzucPhzqRag==</latexit>

O

<latexit sha1_base64="x4Rn7yYp2o17zzM2rUoHiTIo8Vc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJczO9iZDZh/OzAbCku/w4kERr36MN//GyWYPmljQUFR1T0+XlwiutG1/W6W19Y3NrfJ2ZWd3b/+genjUVnEqGbZYLGLZ9ahCwSNsaa4FdhOJNPQEdrzx3dzvTFAqHkePepqgG9JhxAPOqDaS289fyCT6MyIG1Zpdt3OQVeIUpAYFmoPqV9+PWRpipJmgSvUcO9FuRqXmTOCs0k8VJpSN6RB7hkY0ROVm+coZOTOKT4JYmoo0ydXfExkNlZqGnukMqR6pZW8u/uf1Uh3cuBmPklRjxBaLglQQHZN5AsTnEpkWU0Mok9z8lbARlZRpk1PFhOAsn7xK2hd156puP1zWGrdFHGU4gVM4BweuoQH30IQWMHiCZ3iFN2tivVjv1seitWQVM8fwB9bnD/nhkjs=</latexit>

l<latexit sha1_base64="H+rdK22Prcst/Ve/obQjdVgMgao=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabSbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprDi2eylR3Q2ZACgUtFCihm2lgSSihE47uZn7nCbQRqXrEcQZBwgZKxIIztJLvo5AR+EYMEtav1ty6OwddJV5BaqRAs1/98qOU5wko5JIZ0/PcDIMJ0yi4hGnFzw1kjI/YAHqWKpaACSbzm6f0zCoRjVNtSyGdq78nJiwxZpyEtjNhODTL3kz8z+vlGN8EE6GyHEHxxaI4lxRTOguARkIDRzm2hHEt7K2UD5lmHG1MFRuCt/zyKmlf1L2ruvtwWWvcFnGUyQk5JefEI9ekQe5Jk7QIJxl5Jq/kzcmdF+fd+Vi0lpxi5pj8gfP5Az9hkdI=</latexit>

�̃

<latexit sha1_base64="egPbPWtjWR7/Ozpezvo2t0aXlVs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHngWPKA==</latexit>�

<latexit sha1_base64="TXuDgWiIUAs83Uguip/RZv9ckfc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBPOAZA2zk04yZHZ2mZlV4pKP8OJBEa9+jzf/xkmyB00saCiquunuCmLBtXHdbye3tLyyupZfL2xsbm3vFHf36jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMYXk/8xgMqzSN5Z0Yx+iHtS97jjBorNZ4u8T59HHeKJbfsTkEWiZeREmSodopf7W7EkhClYYJq3fLc2PgpVYYzgeNCO9EYUzakfWxZKmmI2k+n547JkVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnoXfsplnBiUbLaolwhiIjL5nXS5QmbEyBLKFLe3EjagijJjEyrYELz5lxdJ/aTsnZVPb09LlassjjwcwCEcgwfnUIEbqEINGAzhGV7hzYmdF+fd+Zi15pxsZh/+wPn8AYJUj7I=</latexit>

z = ew

Figure 4. The setup for the evolution of the entanglement entropy on the complex plane (left) and
on the cylinder (right). On the complex plane, the two heavy operators are placed on the real axis,
while the twist operators are placed on a circle centered around the origin, symmetrically along the
real axis; on the cylinder, the two heavy operators are placed vertically, while the twist operators
are placed on a time slice, here we illustrate on τ = 0 slice.

Obviously it reproduces the holographic entanglement entropy (5.1) once we substitute the
uniformization solution (3.5) into (5.1).
It is worthy to keep in mind that eq. (5.8) is the entanglement entropy for an interval on
the complex plane. For the discussion below, we find it useful to subtract the vacuum
contribution from eq. (5.8) such that its form is invariant under conformal transformations,

∆S(η) = S(z1, z2)− Svac(z1, z2) = c

6 ln
∣∣∣∣∣ (1− ηα)2

(1− η)2α2ηα−1

∣∣∣∣∣ = c

3 ln
∣∣∣∣∣ 1α sinh(α ln η

2 )
sinh ln η

2

∣∣∣∣∣ , (5.9)

which makes it more convenient to discuss the evolution on a cylinder through the map
z = ew = eτ+iσ with τ being the Euclidean time and σ the spacial direction.

5.2 Evolution of the entanglement entropy for k = 1

Now we can use the result (5.8) to study the evolution of the entanglement entropy when
the pair of heavy operators is approaching each other. Without loss of generality, we place
the two heavy operators on the real axis of the complex plane with θ = 0, and the twist
operators symmetrically around the real axis, as illustrated on the left side in figure 4

u′ = coth ρ , z1 = reil/2 , z2 = re−il/2 , u = tanh ρ . (5.10)

It is clear that the coordinate depends on the radius of the circle r (or different time slices
on the cylinder), the angular difference of the two twist operators l and the coherent state
parameter ρ. Before considering the entanglement entropy, let us first take a look at the
cross-ratio by substituting the above coordinates

η = (re−
il
2 − tanh ρ)(re

il
2 − coth ρ)

(re−
il
2 − coth ρ)(re

il
2 − tanh ρ)

. (5.11)
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Figure 5. Bulk interpretation in terms of geodesic crossing. The blue dashed geodesic connecting
the two operators O is γO while the green one connecting the two twist operators is γσ. When the
two operators O are moving towards each other, the blue geodesic shrinks, crossing the green one at
the moment when the cross-ratio crosses the branch cut at η = −1.

It can be further decomposed into the real value and the imaginary one, given as

Re(η) =
1
4

(
−2
(
r2+1

)
r cos

(
l
2

)
sinh(4ρ)+r2 cos l(cosh(4ρ)+3)+

(
r4+4r2+1

)
sinh2(2ρ)

)
AA∗

,

Im(η) =−
r
(
r sin lcosh(2ρ)−

(
r2+1

)
sin
(
l
2

)
sinh(2ρ)

)
AA∗

,

(Re(η))2+(Im(η))2 = 1 , A=
(
sinhρ−e

il
2 r coshρ

)(
r sinhρ−e

il
2 coshρ

)
, (5.12)

where we see that the cross-ratio η always lies on the unit circle centered around the origin
and moves anticlockwise towards η = 1 as ρ increases to ∞. There are situations that the
cross-ratio η crosses the branch cut at η = −1, a necessary condition is that its imaginary
part goes to zero, which means

cos(l/2) = 1 + r2

2r tanh(2ρ) . (5.13)

It is obvious that this equation can only be satisfied when 0 < l ≤ π, since ρ ≥ 0.
In fact, once we map the setup to the cylinder (shown on the right side of figure 4), such
a crossing of the branch cut can be understood holographically in terms of two geodesics,
one is γO connecting the two operators O through the bulk where the conical singularity
locates, and the other is the geodesic connecting the two twist operators γσ placed on a
given Euclidean time slice,16 shown in figure 5.
Initially when ρ = 0, the conical singularity γO is located at the coordinate center of AdS;
as ρ increases, γO is moving towards the boundary and crosses γσ at the moment when
eq. (5.13) is fulfilled; finally it shrinks to a point on the boundary as ρ→∞. Clearly, if the
interval π < l < 2π, the two geodesics can never intersect with each other. We illustrate
this in figure 6 on a given time slice.

16Different r in (5.13) correspond to different time slices on the cylinder. For the standard RT surface at
τ = 0 we have r = 1.
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O

<latexit sha1_base64="x4Rn7yYp2o17zzM2rUoHiTIo8Vc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJczO9iZDZh/OzAbCku/w4kERr36MN//GyWYPmljQUFR1T0+XlwiutG1/W6W19Y3NrfJ2ZWd3b/+genjUVnEqGbZYLGLZ9ahCwSNsaa4FdhOJNPQEdrzx3dzvTFAqHkePepqgG9JhxAPOqDaS289fyCT6MyIG1Zpdt3OQVeIUpAYFmoPqV9+PWRpipJmgSvUcO9FuRqXmTOCs0k8VJpSN6RB7hkY0ROVm+coZOTOKT4JYmoo0ydXfExkNlZqGnukMqR6pZW8u/uf1Uh3cuBmPklRjxBaLglQQHZN5AsTnEpkWU0Mok9z8lbARlZRpk1PFhOAsn7xK2hd156puP1zWGrdFHGU4gVM4BweuoQH30IQWMHiCZ3iFN2tivVjv1seitWQVM8fwB9bnD/nhkjs=</latexit>

l<latexit sha1_base64="H+rdK22Prcst/Ve/obQjdVgMgao=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabSbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprDi2eylR3Q2ZACgUtFCihm2lgSSihE47uZn7nCbQRqXrEcQZBwgZKxIIztJLvo5AR+EYMEtav1ty6OwddJV5BaqRAs1/98qOU5wko5JIZ0/PcDIMJ0yi4hGnFzw1kjI/YAHqWKpaACSbzm6f0zCoRjVNtSyGdq78nJiwxZpyEtjNhODTL3kz8z+vlGN8EE6GyHEHxxaI4lxRTOguARkIDRzm2hHEt7K2UD5lmHG1MFRuCt/zyKmlf1L2ruvtwWWvcFnGUyQk5JefEI9ekQe5Jk7QIJxl5Jq/kzcmdF+fd+Vi0lpxi5pj8gfP5Az9hkdI=</latexit>

�̃

<latexit sha1_base64="egPbPWtjWR7/Ozpezvo2t0aXlVs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHngWPKA==</latexit>�

<latexit sha1_base64="TXuDgWiIUAs83Uguip/RZv9ckfc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBPOAZA2zk04yZHZ2mZlV4pKP8OJBEa9+jzf/xkmyB00saCiquunuCmLBtXHdbye3tLyyupZfL2xsbm3vFHf36jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMYXk/8xgMqzSN5Z0Yx+iHtS97jjBorNZ4u8T59HHeKJbfsTkEWiZeREmSodopf7W7EkhClYYJq3fLc2PgpVYYzgeNCO9EYUzakfWxZKmmI2k+n547JkVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnoXfsplnBiUbLaolwhiIjL5nXS5QmbEyBLKFLe3EjagijJjEyrYELz5lxdJ/aTsnZVPb09LlassjjwcwCEcgwfnUIEbqEINGAzhGV7hzYmdF+fd+Zi15pxsZh/+wPn8AYJUj7I=</latexit>

z = ew

<latexit sha1_base64="H+rdK22Prcst/Ve/obQjdVgMgao=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabSbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprDi2eylR3Q2ZACgUtFCihm2lgSSihE47uZn7nCbQRqXrEcQZBwgZKxIIztJLvo5AR+EYMEtav1ty6OwddJV5BaqRAs1/98qOU5wko5JIZ0/PcDIMJ0yi4hGnFzw1kjI/YAHqWKpaACSbzm6f0zCoRjVNtSyGdq78nJiwxZpyEtjNhODTL3kz8z+vlGN8EE6GyHEHxxaI4lxRTOguARkIDRzm2hHEt7K2UD5lmHG1MFRuCt/zyKmlf1L2ruvtwWWvcFnGUyQk5JefEI9ekQe5Jk7QIJxl5Jq/kzcmdF+fd+Vi0lpxi5pj8gfP5Az9hkdI=</latexit>

�̃
<latexit sha1_base64="egPbPWtjWR7/Ozpezvo2t0aXlVs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHngWPKA==</latexit>�

<latexit sha1_base64="egPbPWtjWR7/Ozpezvo2t0aXlVs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHngWPKA==</latexit>�
<latexit sha1_base64="H+rdK22Prcst/Ve/obQjdVgMgao=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabSbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprDi2eylR3Q2ZACgUtFCihm2lgSSihE47uZn7nCbQRqXrEcQZBwgZKxIIztJLvo5AR+EYMEtav1ty6OwddJV5BaqRAs1/98qOU5wko5JIZ0/PcDIMJ0yi4hGnFzw1kjI/YAHqWKpaACSbzm6f0zCoRjVNtSyGdq78nJiwxZpyEtjNhODTL3kz8z+vlGN8EE6GyHEHxxaI4lxRTOguARkIDRzm2hHEt7K2UD5lmHG1MFRuCt/zyKmlf1L2ruvtwWWvcFnGUyQk5JefEI9ekQe5Jk7QIJxl5Jq/kzcmdF+fd+Vi0lpxi5pj8gfP5Az9hkdI=</latexit>

�̃

<latexit sha1_base64="FqKI70Hk+nGomlcPnsQx5qS3/sM=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3bisYB/QGUomzUxDk8yQZIQ69EvcuFDErZ/izr8xbWehrQcu93DOveTmhCln2rjut1NaW9/Y3CpvV3Z29/artYPDjk4yRWibJDxRvRBrypmkbcMMp71UUSxCTrvh+Hbmdx+p0iyRD2aS0kDgWLKIEWysNKhVEfJjLAQe+JrFttXqbsOdA60SryB1KNAa1L78YUIyQaUhHGvd99zUBDlWhhFOpxU/0zTFZIxj2rdUYkF1kM8Pn6JTqwxRlChb0qC5+nsjx0LriQjtpMBmpJe9mfif189MdB3kTKaZoZIsHooyjkyCZimgIVOUGD6xBBPF7K2IjLDCxNisKjYEb/nLq6Rz3vAuGxf3F/XmTRFHGY7hBM7Agytowh20oA0EMniGV3hznpwX5935WIyWnGLnCP7A+fwBCQ6StQ==</latexit>��
<latexit sha1_base64="FqKI70Hk+nGomlcPnsQx5qS3/sM=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3bisYB/QGUomzUxDk8yQZIQ69EvcuFDErZ/izr8xbWehrQcu93DOveTmhCln2rjut1NaW9/Y3CpvV3Z29/artYPDjk4yRWibJDxRvRBrypmkbcMMp71UUSxCTrvh+Hbmdx+p0iyRD2aS0kDgWLKIEWysNKhVEfJjLAQe+JrFttXqbsOdA60SryB1KNAa1L78YUIyQaUhHGvd99zUBDlWhhFOpxU/0zTFZIxj2rdUYkF1kM8Pn6JTqwxRlChb0qC5+nsjx0LriQjtpMBmpJe9mfif189MdB3kTKaZoZIsHooyjkyCZimgIVOUGD6xBBPF7K2IjLDCxNisKjYEb/nLq6Rz3vAuGxf3F/XmTRFHGY7hBM7Agytowh20oA0EMniGV3hznpwX5935WIyWnGLnCP7A+fwBCQ6StQ==</latexit>��

Figure 6. On a given time slice, the conical singularity is moving towards the AdS boundary. It
intersects with the geodesic γσ for the interval l < π at a certain moment, while moving away from
γσ for l > π.

Now we move to the discussion of the evolution of the entanglement entropy as the two heavy
operators are approaching each other. As we know, the cross ratio has a unit norm, such
that it can be parametrized as η = eiση . However, the branches matter for the evaluation of
the entanglement entropy. With the reparametrization in terms of the phase, the difference
in the entanglement entropy is simply given by,

∆S(η) = c

3 ln
∣∣∣∣∣ 1α sin(αση2 )

sin ση
2

∣∣∣∣∣ , (5.14)

which decreases monotonically with α and increases monotonically with ση in the range
0 < α < 1 and 0 < ση < π. This simply tells us that ∆S(η) ≥ 0 is non-negative. To
understand the evolution in more details, we need to distinguish the two cases, l < π and
l > π. For the case l < π, initially, ση = −l, combining with the vacuum entanglement
entropy on the cylinder

Scyl. vac.(l) = c

3 ln
(2 sin(l/2)

εUV

)
, (5.15)

we obtain the known result when the conical singularity is at the center of the AdS

S(l) = c

3 ln
( 2
α εUV

sin
(
α l

2

))
, (5.16)

where as α becomes imaginary, this gives the entanglement entropy for the thermal state.
As ρ increases to 1

2 tanh−1
(

2r
r2+1 cos(l/2)

)
, ση decrease to −π, then jump to the second

sheet and decrease to π from 0. As for the entanglement entropy difference, it increases
initially from c

3 ln
(

sin(α l/2)
α sin(l/2)

)
to its maximal value

∆Smax = c

3 ln sin(απ/2)
α

, (5.17)

then decreases to 0 in the end, as shown on the left side of figure 7.
For l > π, there is no crossing, the entanglement entropy is evaluated directly in the second
sheet. Initially ση = 2π − l, as ρ increases, ση decreases to 0. The entanglement difference
decreases monotonically to 0 from c

3 ln
(

sin(πα−α l/2)
α sin(π−l/2)

)
, as shown on the right side of figure 7.
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<latexit sha1_base64="fInxg+JkCHWgn6TFSpch9zjmtA4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXiMaB6QLGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqAccx90M6UKIvGEUrtTo3XCIl991iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5q5SqV1kceTiCYzgFDy6gCrdQgzowkPAMr/DmPDovzrvzMW/NOdnMIfyB8/kDYF+PjA==</latexit>

�S

<latexit sha1_base64="fhEFKYK0RKQPsCCXB/6ufJ7UO3w="></latexit>

c

3
ln

✓
sin(↵ l/2)

↵ sin(l/2)

◆

<latexit sha1_base64="34bkb01syozQj/ANuwzy1MW78LI=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WoIDVpi7osunFZwT6gCWUynbRDJ5MwMxFKyIe48VfcuFDEjQvBv3HaZKGtBy6cOede5t7jRYxKZVnfRmFldW19o7hZ2tre2d0z9w86MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmNzO/+0CEpCG/V9OIuAEacepTjJSWBmbd8QXCCU6TegodxiHMBEdSXnEQi8bIOXMiel47TZPsnQ7MslW15oDLxM5JGeRoDcxPZxjiOCBcYYak7NtWpNwECUUxI2nJiSWJEJ6gEelrylFApJvMj0vhiVaG0A+FLq7gXP09kaBAymng6c4AqbFc9Gbif14/Vv6Vm1AexYpwnH3kxwyqEM6SgkMqCFZsqgnCgupdIR4jHY7SeZZ0CPbiycukU6vaF9XGXaPcvM7jKIIjcAwqwAaXoAluQQu0AQaP4Bm8gjfjyXgx3o2PrLVg5DOH4A+Mrx9R96GH</latexit>

c

3
ln

sin(↵⇡/2)

↵

<latexit sha1_base64="yJYPtlFepW+MPh/sU+UZk9Fq2sA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSinosevFYwX5AE8pmu2mWbjZxd1Moob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPOlLbtb6uwsbm1vVPcLe3tHxwelY9POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x3dzvzuhUrFYPOppQr0IjwQLGMHaSJ6rsQhRte7KML4clCt2zV4ArRMnJxXI0RqUv9xhTNKICk04Vqrv2In2Miw1I5zOSm6qaILJGI9o31CBI6q8bHH0DF0YZYiCWJoSGi3U3xMZjpSaRr7pjLAO1ao3F//z+qkObryMiSTVVJDloiDlSMdongAaMkmJ5lNDMJHM3IpIiCUm2uRUMiE4qy+vk0695lzVGg+NSvM2j6MIZ3AOVXDgGppwDy1oA4EneIZXeLMm1ov1bn0sWwtWPnMKf2B9/gCRspFU</latexit>

tanh(2⇢)
<latexit sha1_base64="Pr1OJ0NIhguvR1pGF73HIn91Guo=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQEWoSirosunFZwT6giWUynbRDJ5kwMxFKyMKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oS54ITFqYMy66PpKE0Yi0FFWMdGNBUOgz0vHH11O/80CEpDy6U5OYeCEaRjSgGCkt9c2yGwiEU0dkqbh3Tu0MuphLWGVnzknfrFg1awa4TOycVECOZt/8cgccJyGJFGZIyp5txcpLkVAUM5KV3ESSGOExGpKephEKifTS2RMZPNbKAAZc6IoUnKm/J1IUSjkJfd0ZIjWSi95U/M/rJSq49FIaxYkiEZ4vChIGFYfTROCACoIVm2iCsKD6VohHSKeidG4lHYK9+PIyaTs1+7xWv61XGld5HEVQBkegCmxwARrgBjRBC2DwCJ7BK3gznowX4934mLcWjHzmEPyB8fkDcJCWqw==</latexit>

2r

r2 + 1
cos(l/2)

<latexit sha1_base64="DM44Gad3mi3sKjt1M+HYw39AIu8=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVF0MYygpcEkiPsbfaSJXt7x+6cEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGmSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KR3czv/XEtRGJesRxyoOYDpSIBKNoJV/edFPRK1fcqjsHWSVeTiqQo9Erf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSfOi6l1Waw+1Sv02j6MIJ3AK5+DBFdThHhrgAwMBz/AKb45yXpx352PRWnDymWP4A+fzB52QjpI=</latexit>

l < ⇡

<latexit sha1_base64="fInxg+JkCHWgn6TFSpch9zjmtA4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BPXiMaB6QLGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqAccx90M6UKIvGEUrtTo3XCIl991iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5q5SqV1kceTiCYzgFDy6gCrdQgzowkPAMr/DmPDovzrvzMW/NOdnMIfyB8/kDYF+PjA==</latexit>

�S

<latexit sha1_base64="yJYPtlFepW+MPh/sU+UZk9Fq2sA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSinosevFYwX5AE8pmu2mWbjZxd1Moob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPOlLbtb6uwsbm1vVPcLe3tHxwelY9POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x3dzvzuhUrFYPOppQr0IjwQLGMHaSJ6rsQhRte7KML4clCt2zV4ArRMnJxXI0RqUv9xhTNKICk04Vqrv2In2Miw1I5zOSm6qaILJGI9o31CBI6q8bHH0DF0YZYiCWJoSGi3U3xMZjpSaRr7pjLAO1ao3F//z+qkObryMiSTVVJDloiDlSMdongAaMkmJ5lNDMJHM3IpIiCUm2uRUMiE4qy+vk0695lzVGg+NSvM2j6MIZ3AOVXDgGppwDy1oA4EneIZXeLMm1ov1bn0sWwtWPnMKf2B9/gCRspFU</latexit>

tanh(2⇢)

<latexit sha1_base64="DmD8UqSvYAnzEQgMnaxkI/Feklo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+fKmm4peueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKmhdV77Jae6hV6rd5HEU4gVM4Bw+uoA730AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/oJ6OlA==</latexit>

l > ⇡

<latexit sha1_base64="EumG3O1f9USJluCx6hG3dJmY5mw="></latexit>

c

3
ln

✓
sin(⇡↵� ↵ l/2)

↵ sin(⇡ � l/2)

◆
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1

Figure 7. The evolution of the entanglement entropy after subtracting the vacuum contribution
for the interval l < π and l > π. The entanglement entropy difference ∆S asymptotes to zero as ρ
approaches infinity.

In both cases, the entanglement entropy is always larger than the vacuum entanglement
entropy and decreases to the level of the vacuum entanglement entropy in the end. This
large ρ behavior is consistent with the result in [20] for considering local quenches inside
the interval at early stages. This can also be understood in terms of the energy density,
when ρ→∞,

T (z) ρ→∞∼ h

e4ρ(z − 1)4 ∼ 0 , (5.18)

if ρ approaches to the infinity faster than z approaches 1, which is essentially the vacuum
energy up to contact terms. Therefore, it is of no surprise that we obtain the vacuum
entanglement entropy in the end.

5.3 Evolution of the entanglement entropy for general k ≥ 2

For the general case k ≥ 2, we can use the uniformization method or the holographic way
to study the evolution of the entanglement entropy as one of the parameters grow. To start
with, we introduce the k-folded coordinate w = zk and define a function analogous to the
cross-ratio η in the k = 1 case17

ηk = w2 − uk
w2 − ū−1

k

w1 − ū−1
k

w1 − uk
, uk = eiθ tanh (kρ) . (5.19)

Substituting the uniformizing function (3.5) to the entanglement entropy formula allows us
to write

Sk(z1, z2) = c

6 ln
∣∣∣∣∣(fk(w1)− fk(w2))2

f ′k(w1)f ′k(w2)ε2UV

(
∂w1
∂z1

)−1 (∂w2
∂z2

)−1
∣∣∣∣∣ ,

= c

6 ln
∣∣∣∣∣(1− η

αk
k )2 (w1 − w2)2

(1− ηk)2α2
kη
αk−1
k ε2UV

1
k2zk−1

1 zk−1
2

∣∣∣∣∣ . (5.20)

From the expression above, the first factor inside the log has a similar form as in eq. (5.8),
while the second factor is a result of the chain rule. From another point of view, regarding

17The notation here is different from eq. (2.11), but uk = zk in that notation.
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w = zk as a conformal map, the second factor essentially comes from the conformal factor
for the twist operators during the conformal transformation. The entanglement entropy in
the folded coordinate is then given by

Sk(w1, w2) = c

6 ln
∣∣∣∣∣(1− η

αk
k )2 (w1 − w2)2

(1− ηk)2α2
kη
αk−1
k ε2UV

∣∣∣∣∣ (5.21)

which resembles (5.8) in the k = 1 case with the new “cross-ratio” defined as (5.19) and
αk = α/k. This is consistent as we have noticed for the expectation value of the stress
energy tensor (3.7).
We proceed by placing z1 = eil/2, z2 = e−il/2 and taking θ = 0 for the coherent state as in
the previous subsection, which means that in the folded patch w1 = eilk/2 and w2 = e−ilk/2.
Subtracting from eq. (5.21) the “k-folded vacuum”18 contribution gives

∆Sk(eilk/2, e−ilk/2) = c

6 ln
∣∣∣∣∣ (1− ηαkk )2

(1− ηk)2α2
kη
αk−1
k

∣∣∣∣∣ , (5.22)

= c

3 ln

∣∣∣∣∣∣ sinh
(αk

2 ln ηk
)

αk sinh
(

1
2 ln ηk

)
∣∣∣∣∣∣ , (5.23)

where ln ηk returns the principle value for the following analysis and more explicitly ηk is
given by

ηk = e−ilk/2 − tanh(kρ)
e−ilk/2 − coth(kρ)

eilk/2 − coth(kρ)
eilk/2 − tanh(kρ)

. (5.24)

Similarly as in (5.12), we can perform an analysis for the entropy difference in terms of
the “cross-ratio”. Not surprisingly, |ηk| = 1 lies on the unit circle as well. For ρ = 0,
ηk = e−il̃k with l̃k ≡ lk mod 2π; as ρ increases,19 the phase of ηk decreases and reaches
to zero (mod 2π) as ρ goes to infinity. Depending on the initial phase, the evolution of
the entanglement entropy exhibits two different behaviors. In the case l̃k < π, the entropy
difference (5.22) grows to its maximum when

cos(kl/2) = tanh(2kρ) , with ∆Smax
k = c

3 ln
∣∣∣∣sin(αkπ/2)

αk

∣∣∣∣ , (5.25)

before dropping down to zero. This condition can also be interpreted as the crossing of two
geodesics, however, in the k-folded patch, i.e., in the w-coordinate. For l̃k > π, the entropy
difference decreases monotonically to zero

lim
ρ→∞

∆Sk(eilk/2, e−ikl/2) = 0 . (5.26)

The two scenarios are plotted in figure 8, which resembles the behavior in the k = 1 case.
Note that the results look identical to the k = 1 when working with effective parameters
l̃k = lk mod 2π, αk = α/k and ρk = kρ. However, one should keep in mind that the

18By “k-folded vacuum”, we mean that the two-point correlator of the twist operators evaluated in such a
state is 〈σ(w1)σ(w2)〉k-fold = (w1 − w2)−2hσ .

19Here k is fixed. Alternatively, one can fix ρ and increase k, the effect will be the same.
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Figure 8. The evolution of the entanglement entropy after subtracting the “k-folded vacuum”
contribution for the interval l̃k < π and l̃ > π.

physical length of the entangling region is still l instead of l̃k i.e., one of the effects of our
coherent state of Lk’s is the effective rescaling of degrees of freedom in the entangling region
from l → kl. Besides that, a rescale of k makes it faster for the entanglement entropy
difference to approach zero asymptotically as ρ grows to infinity.

6 Summary and discussions

We conclude this work with some discussions and suggestions for future studies. The whole
study circles around different classes of generalized coherent states, constructed with the
SLk(2,R) sub-sectors of the Virasoro generators acting on the highest weight state (2.4).
We obtain the energy density distributions through explicit calculations of the expectation
values of the stress energy tensor (3.3) using CFT techniques. This enables us to gain
a holographic understanding of these coherent states in terms of the Bañados solution.
More specifically for the class of the coherent states constructed using global conformal
generators L±1 and L̄±1 when k = 1, we can interpret the bulk picture in terms of a massive
particle moving along a certain Euclidean geodesic which anchors asymptotically on the
insertion points of the operators, as in figure 1. This is based on the properties of the global
conformal generators so as to render an operator interpretation of this class of coherent
states. Analogously, the general k > 1 cases can have a particle interpretation as well,
though in the k-folded patch. However, this should be treated with cautions as the insertion
of the operators in the k-folded picture is merely an effective description.
As an interesting application, we study the entanglement property of such states, with
emphasis on the evolution of one-interval entanglement along the increment of the norm of
the complex number ξ parametrizing the coherent states. Holographically, this is calculated
in terms of the regulated length of the geodesic which anchors asymptotically on the two
ends of the interval using the RT formula [3, 66, 67], which matches the CFT calculations
using the replica trick and uniformization method. Especially when k = 1, the two-point
correlation function of the twist operators can be rewritten as a four-point correlator of
HHLL type, where we show that the leading contributions from the HHLL conformal block
is equivalent to the two-point function using the uniformization method, as in eq. (5.8). We
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further study the evolution of entanglement entropy of a single interval l on the cylinder
in both the k = 1 and the general k > 1 family of excited states. For all the cases, there
are two scenarios depending on the interval size, which are plotted in figure 7 and figure 8.
When the interval size l < π or the effective one l̃k < π (though the physical size of the
entangling region is still l), there exists a peak for the entanglement difference, given in
eq. (5.17) and (5.25), which can be interpreted in terms of geodesic crossing in the AdS or
the k-folded AdS space. While for the interval size l > π or the effective one l̃k > π, the
entanglement difference decreases monotonically to zero. Pictorially, this can be understood
via the motion of two operators with the level k indicating the relative velocity. Along
the increment of |ξ|, the two operators approach each other and finally fuse together to an
identity block, which explains the vanishing of the difference in the entanglement entropy.
Certainly, the setup we have considered is not confined to the study for the entanglement
entropy. Rather, it can host quite a wide range of applications in the framework of 2d
CFTs, among which we will discuss two in the following part.
The first one will be the operator growth and the so-called Krylov complexity [68]. In that
context, one can consider the growth of some abstract operator governed by the Liouvillian
super-operator that, in the Krylov basis, can be represented by the ladder operators of some
symmetry algebra [38] (see also [69]). For example, we may be interested in the Liouvillian
of the type

L(k) = α(L−k + Lk), (6.1)

such that the state representing the operator growth becomes

|O(t)) = eiLkt |h〉 =
∞∑
n=0

tanhn(kαt)
cosh2hk(kαt)

√
Γ(2hk + n)
n!Γ(2hk)

|Kn〉 ≡
∞∑
n=0

φn(t) |Kn〉 , (6.2)

where |h〉 is the highest weight state and |Kn〉 stand for the Krylov basis vectors.
This is precisely our state (2.10) with identification ρ = αt and θ = π/2. Following [38], this
can be interpreted as a motion in phase space along this trajectory (geodesic in Fubini-Study
metric space).
Moreover, the growth of the operator in this protocol can be characterised by the
Krylov complexity20

KO =
∑
n

n|φn(t)|2 = 2hk sinh2(kαt). (6.3)

One can actually show that this quantity can be expressed by the variation of the SL(2, R)
symmetry generator L0. Namely we have the relation [77]

KO = (O(t)|L0|O(t))− (O(0)|L0|O(0)). (6.4)

This variation of the expectation value of L0 can be easily computed using our dual Bañados
metrics and their associated expectation value of the holographic stress tensors. Indeed
from the general expression for expectation values in some state |Φ〉, we have

〈Φ|L0|Φ〉 = 1
2πi

∮
dz z 〈Φ|T (z)|Φ〉 = − c

12πi

∮
dz z L(z). (6.5)

20See [38, 39, 68, 70–76] for some recent developments pedagogical reviews.
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In addition, another geometric relation between KO and volume on the hyperbolic disc
was observed in [38]. It is tempting to identify the Fubini-Study hyperbolic disc (i.e., the
information metric [78]) with the τ = 0 slice of the Bañados metric dual to our coherent
state. The geodesic of the massive particle that we discussed crosses this slice at point
ρ = αt and the volume (area) of the disc (the blue shaded region in figure 1) from the origin
of AdS up to that point is proportional to KO. Though at the moment the above statements
are merely mathematical observations, it is worth to explore these heuristic interpretations
further and test whether they can be elevated to the proper holographic dual of the Krylov
complexity. Another new direction in the Krylov complexity is the interpretation of the
universal operator evolution in 2d CFTs in terms of the Young lattice [77] (see also [79]).
In that setup, operator L(k) adds or subtracts k boxes to and from Young diagrams, so for
k > 1 becomes non-local.21 It will be interesting to understand this non-local growth and
fastest/slowest paths through the lattice, also from the matrix model perspective (along
the lines of [80]).
The second interesting application of our coherent states and the associated dual geometries
might be in the context of the so-called inhomogeneous 2d CFTs, whose Hamiltonian is
obtained through a convolution of the (undeformed) Hamiltonian density h(x) and an
inhomogeneity function f(x),

H(f) =
∫
dx f(x)h(x). (6.6)

From the geometric perspective, such a deformation can be equivalently seen as placing the
2d CFT on a curved background whose time component becomes space-dependent

ds2 = f(x)2dτ2 + dx2. (6.7)

For instance, considering a function on the cylinder (x ∼ x+ 2π)

f(x) = γ + 2α cos(kx), (6.8)

the corresponding Hamiltonian for the inhomogenous CFT would be

H(f) = γL0 + α(Lk + L−k) + anti-chiral. (6.9)

In fact, this type of Hamiltonian has appeared in the study of quantum quenches, such as
the Möbius quench and the SSD quench.22 The techniques and the dual bulk geometries
in our work can serve as building blocks for the holographic understanding of the quench
dynamics in those deformed models or related questions with excited states. Some progress
in this direction has been already reported in [89–93] and more will be presented in the
future work [94].

21The local k = 1 case was analyzed in [77].
22See also [81–88] for similar operators playing the role of the modular Hamiltonian in 2d CFTs.
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A sl(2, R) sectors of the Virasoro algebra

A.1 Matrix representation of sl(2, R)

The matrix representation for the generators of the special linear group SL(2,R) can be
adopted as the following,

L−1 =
(

0 −1
0 0

)
, L0 =

(
−1

2 0
0 1

2

)
, L1 =

(
0 0
1 0

)
. (A.1)

It is easy to check that they satisfy the sl(2,R) algebra [Lm, Ln] = (m − n)Lm−n with
m,n ∈ {0,±1}. We can then use this representation to check e.g. various BCH formulas
(as below) etc.

A.2 Closed form of BCH formula

Since the subalgebra formed by L0 and L±k is essentially an sl(k)(2,R) algebra, it is expected
that there should be some nice closed form of the BCH formula, as shown in [95] for the
Virasoro generators at level k

exp (λ−kL−k) exp (λ0L0) exp (λkLk) =

exp
{

λ− − λ+
ekλ− − ekλ+

[
kλ−kL−k −

(
2− ekλ+ − ekλ−

)
L0 + kλkLk − ckI

]}
(A.2)

where the coefficients ck and λ± are given by

ekλ± =
1 + ekλ0 − k2λ−kλk ±

√
(1 + ekλ0 − k2λ−kλk)2 − 4ekλ0

2 , (A.3)

ck = λ−kλk
λ+ − λ−

(
λ+

1− ekλ+
− λ−

1− ekλ−

)
c

12
(
k4 − k2

)
. (A.4)

To kill the L0 term in equation (A.2), we can set

λ+ = ln(1 +
√

1− ekλ0)
k

= ln(1 + tanh(kρ))
k

, (A.5)

λ− = ln(1−
√

1− ekλ0)
k

= ln(1− tanh(kρ))
k

, (A.6)
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choosing λ0 = −2 ln(cosh(kρ))
k . To make the operator in equation (A.2) unitary, it is convenient

to write λ−k and λk in the following form,

λk = −tanh(kρ)
k

e−iθ , λ−k = tanh(kρ)
k

eiθ (A.7)

substituting back into eq. (A.2), this gives the desired form

exp
(tanh(kρ)

k
eiθL−k

)
exp

(
− 2ln(cosh(kρ))

k
(L0+c(k2−1)/24)

)
exp

(
−tanh(kρ)

k
e−iθLk

)
= exp

(
−ρ(e−iθLk−eiθL−k)

)
. (A.8)

B Expectation value of the stress tensor

This appendix contains a pedagogical and detailed derivation of the stress tensor expectation
value. Even though the derivation uses nothing but standard tricks and results from the
Virasoro algebra, we still present it for curious readers interested in following all the details
of our derivation.

B.1 Setup

First, it will be convenient to split the (chiral) stress tensor operator as

T (z) =
∑
n∈Z

z−n−2Ln = z−2
(
L0 +

∞∑
n=1

(znL−n + z−nLn)
)
, (B.1)

and write our coherent states as

|Ψk〉 = (1− zkz̄k)hk
∞∑
p=0

zpk
p!kpL

p
−k |h〉 , 〈Ψk| = (1− zkz̄k)hk

∞∑
q=0

z̄qk
q!kq 〈h|L

q
k, (B.2)

and we used notation for coherent state parameters

zk = eiθ tanh (kρ) , z̄k = e−iθ tanh (kρ) . (B.3)

In both formulas we used the Virasoro generators satisfying the algebra

[Ln, Lm] = (n−m)Ln+m + c

12n(n2 − 1)δn+m,0. (B.4)

Moreover, the generators used for our coherent states involve only a subset of three:
{L−k, L0, Lk}, for some fixed k satisfying

[L0, L±k] = ∓kL±k, [Lk, L−k] = 2kL0 + c

12k(k2 − 1), (B.5)

that is an algebra isomorphic to SL(2, R). Finally, the state |h〉 is the highest-weight state
that satisfies

Ln |h〉 = 0, for n > 0, 〈h|Ln = 0, for n < 0. (B.6)

Our main goal is to compute the expectation value

z2 〈Ψk|T (z) |Ψk〉 = 〈Ψk|L0 |Ψk〉+
∞∑
n=1

(zn 〈Ψk|L−n |Ψk〉+ z−n 〈Ψk|Ln |Ψk〉). (B.7)

We will compute these terms separately, but first lets review some basic facts and tricks
from Virasoro algebra that will be important to get the result.
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B.2 Basic tools and tricks

The fact number one is that states with different eigenvalues of the generator L0 are
orthogonal. Since expectation values can be regarded as overlaps between different states,
this will provide important constraints.
Next, we will accuire a few useful tools by performing simpler, intermediate computations.
First, consider integers n ≥ 1, p > 0 and the state

LnL
p
−k |h〉 =

Lp−kLn +
p−1∑
l=0

Ll−k[Ln, L−k]L
p−1−l
−k

 |h〉 , (B.8)

where the right hand side is simply a rewriting of the process of moving Ln all the way to
the right through Lp−k’s. Next, we use the Virasoro algebra commutator

[Ln, L−k] = (n+ k)Ln−k + c

12n(n2 − 1)δn,k, (B.9)

and the fact that Ln annihilates |h〉, to write our first useful result

LnL
p
−k |h〉 =

p−1∑
l=0

Ll−k

(
(n+ k)Ln−k + c

12k(k2 − 1)δn,k
)
Lp−1−l
−k |h〉 . (B.10)

For another stepping stone, we start from the n = k case of the above formula

LkL
p
−k |h〉 =

p−1∑
l=0

Ll−k

(
2kL0 + c

12k(k2 − 1)
)
Lp−1−l
−k |h〉 ,

=
p−1∑
l=0

(
2k(h+ k(p− 1− l)) + c

12k(k2 − 1)
)
Lp−1
−k |h〉 ,

= k2p(2hk + p− 1)Lp−1
−k |h〉 ≡ A

p
k L

p−1
−k |h〉 . (B.11)

In the second step we just used that the state on the right is an eigenstate of L0 with
eigenvalue h+ k(p− 1− l) and then moved Ll−k through. Finally in the last line we defined

Apk = k2p(2hk + p− 1), hk = 1
k

(
h+ c

24(k2 − 1)
)
. (B.12)

This formula can be used recursively to compute the action of higher powers: Lqk given by

LqkL
p
−k |h〉 = Lq−1

k

(
LkL

p
−k |h〉

)
= ApkL

q−2
k (LkLp−1

−k |h〉) = ApkA
p−1
k Lq−2

k Lp−2
−k |h〉 , (B.13)

and so on. From this observation we derive two facts: one that state (B.13) vanishes for
q > p and second, the norm

〈h|LqkL
p
−k |h〉 = δq,p

p∏
i=1

Aik = δq,pp!k2pΓ(2hk + p)
Γ(2hk)

. (B.14)

For the following, it will be very useful to introduce a special notation for this norm

Nk,p ≡ p!k2pΓ(2hk + p)
Γ(2hk)

, (B.15)
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in terms of which
Apk = Nk,p

Nk,p−1
. (B.16)

Notice that in our recursive formula above these ratios cancel and we can write compactly

LlkL
p
−k |h〉 = Nk,p

Nk,p−1

Nk,p−1
Nk,p−2

. . .
Nk,p−(l−1)
Nk,p−l

Lp−l−k |h〉 = Nk,p
Nk,p−l

Lp−l−k |h〉 . (B.17)

Analogous result holds for the conjugate state

〈h|LqkL
l
−k = Nk,q

Nk,q−l
〈h|Lq−lk , (B.18)

and we will use it shortly. With these basic tools we are ready to compute the main matrix
elements.

B.3 〈h|Lq
kL±nLp

−k |h〉 ,

Lets now carefully compute the elements that will enter the expectation value. We start
with Ln and the building block

〈h|LqkLnL
p
−k |h〉 . (B.19)

From our first fact that states with different eigenvalues of L0 are orthogonal we must have

kq + n = pq, (B.20)

since n is an integer, this correlator will be non-zero only for n = kñ as well as

p = q + ñ. (B.21)

We then need to compute (we drop the ˜ for simple notation):

〈h|LqkLknL
q+n
−k |h〉 . (B.22)

Using our formula (B.10), we can first write

LknL
q+n
−k |h〉 =

q+n−1∑
l=0

Ll−k

(
k(n+ 1)Lk(n−1) + c

12k(k2 − 1)δn,1
)
Lq+n−1−l
−k |h〉 , (B.23)

where we used δkn,k = δn,1. Then sandwiching it with 〈h|Lqk gives

〈h|LqkLknL
q+n
−k |h〉=

q∑
l=0
〈h|LqkL

l
−k

(
k(n+1)Lk(n−1)+ c

12k(k2−1)δn,1
)
Lq+n−1−l
−k |h〉 ,

=
q∑
l=0

Nk,q
Nk,q−l

(
k(n+1)〈h|Lq−lk Lk(n−1)L

q+n−1−l
−k |h〉+ c

12k(k2−1)δn,1Nk,q−l
)
, (B.24)

where in the first line we used that for l > q we have 〈h|LqkLl−k = 0 and in the second line
the norm (B.14). We can also change the summation index to l1 = q − l to write this as

〈h|LqkLknL
q+n
−k |h〉=

q∑
l1=0

Nk,q
Nk,l1

(
k(n+1)〈h|Ll1k Lk(n−1)L

l1+n−1
−k |h〉+ c

12k(k2−1)δn,1Nk,l1
)
.

(B.25)
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This correlator will be very useful and we will put it into recursive form in a moment. First
let us compute the n = 1 case

〈h|LqkLkL
q+1
−k |h〉 = 2k2Nk,q

q∑
l1=0

(hk + l1) = k2(q + 1)(2hk + q)Nk,q. (B.26)

On the other hand, for n > 1 we have

〈h|LqkLknL
q+n
−k |h〉 = k(n+ 1)

q∑
l1=0

Nk,q
Nk,l1

〈h|Ll1k Lk(n−1)L
l1+n−1
−k |h〉 . (B.27)

Now we iterate this expression. The first step is

〈h|LqkLknL
q+n
−k |h〉 = k2(n+ 1)n

q∑
l1=0

Nk,q
Nk,l1

l1∑
l2=0

Nk,l1
Nk,l2

〈h|Ll2k Lk(n−2)L
l2+n−2
−k |h〉 . (B.28)

So basically we can just iterate this formula until we reach the correlator with Lk, that
means we need to have n− 1 sums:

〈h|LqkLknL
q+n
−k |h〉 = kn−1

(
n−1∏
i=1

(n− i+ 2)
) q∑
l1=0

. . .

ln−2∑
ln−1=0

Nk,q
Nk,ln−1

〈h|Lln−1
k LkL

ln−1+1
−k |h〉 .

(B.29)
Finally, we use our previous result (B.26) but written as a sum

〈h|Lln−1
k LkL

ln−1+1
−k |h〉 = 2k2Nk,ln−1

ln−1∑
ln=0

(hk + ln). (B.30)

This way, our main expression becomes

〈h|LqkLknL
q+n
−k |h〉 = kn+1(n+ 1)!Nk,q

q∑
l1=0

. . .

ln−1∑
ln=0

(hk + ln). (B.31)

Luckily, these nested sums can performed and compactly written as

q∑
l1=0

. . .

ln−1∑
ln=0

(hk + ln) = (q + n)!
q!(n+ 1)!((n+ 1)hk + q). (B.32)

Finally, we can write our expression as

〈h|LqkLknL
q+n
−k |h〉 = kn+1Nk,q

(q + n)!
q! ((n+ 1)hk + q),

= k2q+n+1(q + n)!Γ(2hk + q)
Γ(2hk)

((n+ 1)hk + q), (B.33)

and similarly for the conjugation

〈h|Lp+nk L−knL
p
−k |h〉=

(
〈h|LpkLknL

p+n
−k |h〉

)†
= kn+1Nk,p

(p+n)!
p! ((n+1)hk+p). (B.34)

Note also that both expressions agree with n = ±1 results.
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B.4 〈Ψk|L±n |Ψk〉 and 〈Ψk|L0 |Ψk〉

Now we are ready to evaluate

〈Ψk|Lkn |Ψk〉 = (1− zkz̄k)2hk
∞∑
q=0

zq+nk

(q + n)!kq+n
z̄qk
q!kq 〈h|L

q
kLknL

q+n
−k |h〉 ,

= kznk (1− zkz̄k)2hk
∞∑
q=0

(zkz̄z)q

q!
Γ(2hk + q)

Γ(2hk)
((n+ 1)hk + q),

= khkz
n
k

(
n− 1 + 2

1− zkz̄k

)
, (B.35)

where we used the result (B.33). Similarly, with (B.34), we carefully get

〈Ψk|L−kn |Ψk〉 = (1− zkz̄k)2hk z̄nk

∞∑
p=0

(zkz̄k)p

p!(p+ n)!k2p+n 〈h|L
p+n
k L−knL

p
−k |h〉 ,

= kz̄nk (1− zkz̄k)2hk
∞∑
p=0

(zkz̄k)p

p!
Γ(2hk + p)

Γ(2hk)
((n+ 1)hk + p),

= khkz̄
n
k

(
n− 1 + 2

1− zkz̄k

)
, (B.36)

that is of course a complex conjugate of the previous element. Las but not the least, we
compute the L0 element

〈Ψk|L0 |Ψk〉 = (1− zkz̄k)2hk
∞∑

p,q=0

zpk
p!kp

z̄qk
q!kq 〈h|L

q
kL0L

p
−k |h〉 ,

= (1− zkz̄k)2hk
∞∑

p,q=0

zpk
p!kp

z̄qk
q!kq (h+ kp) 〈h|LqkL

p
−k |h〉 ,

= (1− zkz̄k)2hk
∞∑
p=0

zpk z̄
p
k

p! (h+ kp)Γ(2hk + p)
Γ(2hk)

,

= h+ 2hkkzkz̄k
1− zkz̄k

. (B.37)

B.5 Re-summation

Finally we can sum both contributions
∞∑
n=1
〈Ψk| zknL−kn + z−knLkn |Ψk〉 = khk

∞∑
n=1

(
n− 1 + 2

1− zkz̄k

)((
zkz̄k

)n
+
(
z−kzk

)n)
,

(B.38)
which sums up to

khk

(
z2
k

(zk − zk)2 + 2zk
(zk − zk)(1− zkz̄k)

)
+ khk

(
z̄2
k

(z−k − z̄k)2 + 2z̄k
(z−k − z̄k)(1− zkz̄k)

)
.

(B.39)
Putting everything together

z2 〈Ψk|T (z) |Ψk〉 = 〈Ψk|L0 |Ψk〉+
∞∑
n=1

(zkn 〈Ψk|L−kn |Ψk〉+ z−kn 〈Ψk|Lkn |Ψk〉), (B.40)
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allows us to write

〈Ψk|T (z) |Ψk〉 = khkz
2(k−1)(1− zkz̄k)2

(zk − zk)2(1− zkz̄k)2 −
c

24(k2 − 1) 1
z2 . (B.41)

This is our result (3.3).

C Geodesics in AdS from the embedding formalism

In this section, we obtain the most general form of the trajectory of a massive particle
using the embedding formalism both in Lorentzian and Euclidean signatures. We start in
Lorentzian signature, where the trajectory is essentially a timelike geodesics. The global
Lorentzian AdS3 can be embedded in R2,2 in terms of the coordinates

X0 = secφ cos t , X0′ = secφ sin t , (C.1)
X1 = tanφ cos θ , X2 = tanφ sin θ . (C.2)

The the trajectory of the particle in the embedding coordinates has to satisfy the constraining
equation [96]

EXµ = J0µX0′ − J0′µX0 (C.3)

where J0µ and J0′µ are the conserved charges. Redefining them as

ζµ ≡ J0′µ − iJ0µ , ζ∗µ ≡ J0′µ + iJ0µ (C.4)

we can be expressed the trajectory of the massive particle in terms of the embedding
coordinates as

X0 = secφ(t) cos t , X0′ = secφ(t) sin t , (C.5)

Xµ(t) = − 1
2E cosφ(t)(ζµe−it + ζ∗µe

it) , (C.6)

to stay on the hyperboloid, one has

sinφ(t) = 1
2E

√
e−2itζ2 + 2ζ · ζ∗ + e2itζ∗2 . (C.7)

Comparing with eq. (C.1), the geodesic equations parametrized by t are given as

sinφ = 1
2E

√
e−2itζ2 + 2ζ · ζ∗ + e2itζ∗2 , (C.8)

tan θ = ζ∗1e
it + ζ1e

−it

ζ∗2e
it + ζ2e−it

, (C.9)

actually in the first equation, the energy E can be absorbed into the parameters, while it
doesn’t affect the second equation. Let us denote the new parameters to be ζ̃µ = ζµ/(2E),
to comply with the range of the coordinates φ and θ, we have ζ̃ · ζ̃∗ < 1. In total, there are
four real parameters, which is reasonable, since we only need to specify the position and
velocity of the particle on a given Cauchy slice for AdS3.
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Euclidean case. The global Euclidean AdS3 can be embedded in R1,3 in terms of the co-
ordinates

X0 = cosh ρ cosh τ , X0′ = cosh ρ sinh τ , (C.10)
X1 = sinh ρ cos θ , X2 = sinh ρ sin θ , (C.11)

using a change of variable tanh ρ = sinφ, one has the embedding

X0 = secφ cosh τ , X0′ = secφ sinh τ , (C.12)
X1 = tanφ cos θ , X2 = tanφ sin θ . (C.13)

As a comparison to the Poincaré embedding and other global embedding, we can write
those relations as

X0 = l2 + z2 + x2 + t2

2z =
√
l2 + r2 cosh τ = l cosh τ

sinφ ,

X1 = lt

z
=
√
l2 + r2 sinh τ = l sinh τ

sinφ ,

X2 = lx

z
= r sin θ = l tanφ sin θ ,

X3 = −l
2 + z2 + x2 + t2

2z = r cos θ = l tanφ cos θ . (C.14)

In Euclidean case, the geodesics are obtained by taking the solutions t→ iτ in (C.1), and
change ζµ → αµ and ζ∗µ → βµ as independent parameters. The geodesics parametrized in
terms of τ are given as

sinφ = 1
2E

√
e2τα2 + 2α · β + e−2τβ2 , (C.15)

tan θ = β1e
−τ + α1e

τ

β2e−τ + α2eτ
, (C.16)

in terms of the embedding coordinates

X0 = secφ(τ) cosh τ , X0′ = secφ(τ) sinh τ , (C.17)

Xµ(τ) = − 1
2E cosφ(τ)(αµeτ + βµe

−τ ) . (C.18)

We are interested in one particular type of the geodesics passing through (τ = ±τ0, φ = π/2)
on the constant θ = θ0 plane, such boundary conditions lead to α1 = α2 tan θ0 and
β1 = β2 tan θ0, taking α2 = β2 = cos θ0

2 cosh τ0
, we have

sinφ = cosh τ
cosh τ0

, θ = θ0 , (C.19)

which reproduces eq. (4.14) in the main text.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

– 29 –

https://creativecommons.org/licenses/by/4.0/


J
H
E
P
0
6
(
2
0
2
3
)
1
5
9

References

[1] J.M. Maldacena, The Large N limit of superconformal field theories and supergravity, Adv.
Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200] [INSPIRE].

[2] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from AdS/CFT,
Phys. Rev. Lett. 96 (2006) 181602 [hep-th/0603001] [INSPIRE].

[3] V.E. Hubeny, M. Rangamani and T. Takayanagi, A Covariant holographic entanglement
entropy proposal, JHEP 07 (2007) 062 [arXiv:0705.0016] [INSPIRE].

[4] T. Nishioka, S. Ryu and T. Takayanagi, Holographic Entanglement Entropy: An Overview, J.
Phys. A 42 (2009) 504008 [arXiv:0905.0932] [INSPIRE].

[5] M. Rangamani and T. Takayanagi, Holographic Entanglement Entropy, Springer (2017)
[DOI:10.1007/978-3-319-52573-0] [INSPIRE].

[6] M. Van Raamsdonk, Building up spacetime with quantum entanglement, Gen. Rel. Grav. 42
(2010) 2323 [arXiv:1005.3035] [INSPIRE].

[7] J. Maldacena and L. Susskind, Cool horizons for entangled black holes, Fortsch. Phys. 61
(2013) 781 [arXiv:1306.0533] [INSPIRE].

[8] J.M. Maldacena, Eternal black holes in anti-de Sitter, JHEP 04 (2003) 021 [hep-th/0106112]
[INSPIRE].

[9] A. Almheiri, X. Dong and D. Harlow, Bulk Locality and Quantum Error Correction in
AdS/CFT, JHEP 04 (2015) 163 [arXiv:1411.7041] [INSPIRE].

[10] J. Chandra, S. Collier, T. Hartman and A. Maloney, Semiclassical 3D gravity as an average of
large-c CFTs, JHEP 12 (2022) 069 [arXiv:2203.06511] [INSPIRE].

[11] M. Banados, Three-dimensional quantum geometry and black holes, AIP Conf. Proc. 484
(1999) 147 [hep-th/9901148] [INSPIRE].

[12] M. Nozaki, T. Numasawa and T. Takayanagi, Quantum Entanglement of Local Operators in
Conformal Field Theories, Phys. Rev. Lett. 112 (2014) 111602 [arXiv:1401.0539] [INSPIRE].

[13] M. Nozaki, Notes on Quantum Entanglement of Local Operators, JHEP 10 (2014) 147
[arXiv:1405.5875] [INSPIRE].

[14] P. Caputa, M. Nozaki and T. Takayanagi, Entanglement of local operators in large-N
conformal field theories, PTEP 2014 (2014) 093B06 [arXiv:1405.5946] [INSPIRE].

[15] S. He, T. Numasawa, T. Takayanagi and K. Watanabe, Quantum dimension as entanglement
entropy in two dimensional conformal field theories, Phys. Rev. D 90 (2014) 041701
[arXiv:1403.0702] [INSPIRE].

[16] P. Caputa and A. Veliz-Osorio, Entanglement constant for conformal families, Phys. Rev. D
92 (2015) 065010 [arXiv:1507.00582] [INSPIRE].

[17] B. Chen, W.-Z. Guo, S. He and J.-Q. Wu, Entanglement Entropy for Descendent Local
Operators in 2D CFTs, JHEP 10 (2015) 173 [arXiv:1507.01157] [INSPIRE].

[18] P. Caputa, J. Simón, A. Štikonas and T. Takayanagi, Quantum Entanglement of Localized
Excited States at Finite Temperature, JHEP 01 (2015) 102 [arXiv:1410.2287] [INSPIRE].

[19] M. Nozaki, T. Numasawa and T. Takayanagi, Holographic Local Quenches and Entanglement
Density, JHEP 05 (2013) 080 [arXiv:1302.5703] [INSPIRE].

– 30 –

https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://arxiv.org/abs/hep-th/9711200
https://inspirehep.net/literature/451647
https://doi.org/10.1103/PhysRevLett.96.181602
https://arxiv.org/abs/hep-th/0603001
https://inspirehep.net/literature/711505
https://doi.org/10.1088/1126-6708/2007/07/062
https://arxiv.org/abs/0705.0016
https://inspirehep.net/literature/749637
https://doi.org/10.1088/1751-8113/42/50/504008
https://doi.org/10.1088/1751-8113/42/50/504008
https://arxiv.org/abs/0905.0932
https://inspirehep.net/literature/819622
https://doi.org/10.1007/978-3-319-52573-0
https://inspirehep.net/literature/1485332
https://doi.org/10.1142/S0218271810018529
https://doi.org/10.1142/S0218271810018529
https://arxiv.org/abs/1005.3035
https://inspirehep.net/literature/855413
https://doi.org/10.1002/prop.201300020
https://doi.org/10.1002/prop.201300020
https://arxiv.org/abs/1306.0533
https://inspirehep.net/literature/1236661
https://doi.org/10.1088/1126-6708/2003/04/021
https://arxiv.org/abs/hep-th/0106112
https://inspirehep.net/literature/558359
https://doi.org/10.1007/JHEP04(2015)163
https://arxiv.org/abs/1411.7041
https://inspirehep.net/literature/1330275
https://doi.org/10.1007/JHEP12(2022)069
https://arxiv.org/abs/2203.06511
https://inspirehep.net/literature/2051114
https://doi.org/10.1063/1.59661
https://doi.org/10.1063/1.59661
https://arxiv.org/abs/hep-th/9901148
https://inspirehep.net/literature/482527
https://doi.org/10.1103/PhysRevLett.112.111602
https://arxiv.org/abs/1401.0539
https://inspirehep.net/literature/1275957
https://doi.org/10.1007/JHEP10(2014)147
https://arxiv.org/abs/1405.5875
https://inspirehep.net/literature/1297940
https://doi.org/10.1093/ptep/ptu122
https://arxiv.org/abs/1405.5946
https://inspirehep.net/literature/1297941
https://doi.org/10.1103/PhysRevD.90.041701
https://arxiv.org/abs/1403.0702
https://inspirehep.net/literature/1283632
https://doi.org/10.1103/PhysRevD.92.065010
https://doi.org/10.1103/PhysRevD.92.065010
https://arxiv.org/abs/1507.00582
https://inspirehep.net/literature/1380931
https://doi.org/10.1007/JHEP10(2015)173
https://arxiv.org/abs/1507.01157
https://inspirehep.net/literature/1381556
https://doi.org/10.1007/JHEP01(2015)102
https://arxiv.org/abs/1410.2287
https://inspirehep.net/literature/1321402
https://doi.org/10.1007/JHEP05(2013)080
https://arxiv.org/abs/1302.5703
https://inspirehep.net/literature/1221086


J
H
E
P
0
6
(
2
0
2
3
)
1
5
9

[20] C.T. Asplund, A. Bernamonti, F. Galli and T. Hartman, Holographic Entanglement Entropy
from 2d CFT: Heavy States and Local Quenches, JHEP 02 (2015) 171 [arXiv:1410.1392]
[INSPIRE].

[21] J.R. David and J. Mukherjee, Entanglement entropy of local gravitational quenches, JHEP 04
(2023) 028 [arXiv:2209.05792] [INSPIRE].

[22] D.S. Ageev, A.I. Belokon and V.V. Pushkarev, From locality to irregularity: introducing local
quenches in massive scalar field theory, JHEP 05 (2023) 188 [arXiv:2205.12290] [INSPIRE].

[23] T. Kawamoto et al., Holographic local operator quenches in BCFTs, JHEP 05 (2022) 060
[arXiv:2203.03851] [INSPIRE].

[24] P. Caputa et al., Double Local Quenches in 2D CFTs and Gravitational Force, JHEP 09
(2019) 018 [arXiv:1905.08265] [INSPIRE].

[25] A. Bhattacharyya, T. Takayanagi and K. Umemoto, Universal Local Operator Quenches and
Entanglement Entropy, JHEP 11 (2019) 107 [arXiv:1909.04680] [INSPIRE].

[26] Y. Kusuki and T. Takayanagi, Renyi entropy for local quenches in 2D CFT from numerical
conformal blocks, JHEP 01 (2018) 115 [arXiv:1711.09913] [INSPIRE].

[27] Y. Kusuki and M. Miyaji, Entanglement Entropy, OTOC and Bootstrap in 2D CFTs from
Regge and Light Cone Limits of Multi-point Conformal Block, JHEP 08 (2019) 063
[arXiv:1905.02191] [INSPIRE].

[28] P. Caputa et al., Scrambling time from local perturbations of the eternal BTZ black hole, JHEP
08 (2015) 011 [arXiv:1503.08161] [INSPIRE].

[29] C.T. Asplund, A. Bernamonti, F. Galli and T. Hartman, Entanglement Scrambling in 2d
Conformal Field Theory, JHEP 09 (2015) 110 [arXiv:1506.03772] [INSPIRE].

[30] S.H. Shenker and D. Stanford, Black holes and the butterfly effect, JHEP 03 (2014) 067
[arXiv:1306.0622] [INSPIRE].

[31] D.A. Roberts and D. Stanford, Two-dimensional conformal field theory and the butterfly effect,
Phys. Rev. Lett. 115 (2015) 131603 [arXiv:1412.5123] [INSPIRE].

[32] L. Nie, M. Nozaki, S. Ryu and M.T. Tan, Signature of quantum chaos in operator
entanglement in 2d CFTs, J. Stat. Mech. 1909 (2019) 093107 [arXiv:1812.00013] [INSPIRE].

[33] J.R. David, S. Khetrapal and S.P. Kumar, Local quenches and quantum chaos from higher spin
perturbations, JHEP 10 (2017) 156 [arXiv:1707.07166] [INSPIRE].

[34] K. Goto and T. Takayanagi, CFT descriptions of bulk local states in the AdS black holes,
JHEP 10 (2017) 153 [arXiv:1704.00053] [INSPIRE].

[35] Y. Kusuki, Y. Suzuki, T. Takayanagi and K. Umemoto, Looking at Shadows of Entanglement
Wedges, PTEP 2020 (2020) 11B105 [arXiv:1912.08423] [INSPIRE].

[36] Y. Kusuki and K. Tamaoka, Entanglement Wedge Cross Section from CFT: Dynamics of Local
Operator Quench, JHEP 02 (2020) 017 [arXiv:1909.06790] [INSPIRE].

[37] A. Perelomov, Generalized Coherent States and their Applications, Springer-Verlag, Berlin,
(1986) [DOI:10.1007/978-3-642-61629-7].

[38] P. Caputa, J.M. Magan and D. Patramanis, Geometry of Krylov complexity, Phys. Rev. Res. 4
(2022) 013041 [arXiv:2109.03824] [INSPIRE].

– 31 –

https://doi.org/10.1007/JHEP02(2015)171
https://arxiv.org/abs/1410.1392
https://inspirehep.net/literature/1320594
https://doi.org/10.1007/JHEP04(2023)028
https://doi.org/10.1007/JHEP04(2023)028
https://arxiv.org/abs/2209.05792
https://inspirehep.net/literature/2151072
https://doi.org/10.1007/JHEP05(2023)188
https://arxiv.org/abs/2205.12290
https://inspirehep.net/literature/2087685
https://doi.org/10.1007/JHEP05(2022)060
https://arxiv.org/abs/2203.03851
https://inspirehep.net/literature/2048051
https://doi.org/10.1007/JHEP09(2019)018
https://doi.org/10.1007/JHEP09(2019)018
https://arxiv.org/abs/1905.08265
https://inspirehep.net/literature/1735818
https://doi.org/10.1007/JHEP11(2019)107
https://arxiv.org/abs/1909.04680
https://inspirehep.net/literature/1753595
https://doi.org/10.1007/JHEP01(2018)115
https://arxiv.org/abs/1711.09913
https://inspirehep.net/literature/1639295
https://doi.org/10.1007/JHEP08(2019)063
https://arxiv.org/abs/1905.02191
https://inspirehep.net/literature/1733295
https://doi.org/10.1007/JHEP08(2015)011
https://doi.org/10.1007/JHEP08(2015)011
https://arxiv.org/abs/1503.08161
https://inspirehep.net/literature/1356754
https://doi.org/10.1007/JHEP09(2015)110
https://arxiv.org/abs/1506.03772
https://inspirehep.net/literature/1375846
https://doi.org/10.1007/JHEP03(2014)067
https://arxiv.org/abs/1306.0622
https://inspirehep.net/literature/1236835
https://doi.org/10.1103/PhysRevLett.115.131603
https://arxiv.org/abs/1412.5123
https://inspirehep.net/literature/1334562
https://doi.org/10.1088/1742-5468/ab3a29
https://arxiv.org/abs/1812.00013
https://inspirehep.net/literature/1706192
https://doi.org/10.1007/JHEP10(2017)156
https://arxiv.org/abs/1707.07166
https://inspirehep.net/literature/1611328
https://doi.org/10.1007/JHEP10(2017)153
https://arxiv.org/abs/1704.00053
https://inspirehep.net/literature/1589314
https://doi.org/10.1093/ptep/ptaa152
https://arxiv.org/abs/1912.08423
https://inspirehep.net/literature/1771573
https://doi.org/10.1007/JHEP02(2020)017
https://arxiv.org/abs/1909.06790
https://inspirehep.net/literature/1754304
https://doi.org/10.1007/978-3-642-61629-7
https://doi.org/10.1103/PhysRevResearch.4.013041
https://doi.org/10.1103/PhysRevResearch.4.013041
https://arxiv.org/abs/2109.03824
https://inspirehep.net/literature/1919144


J
H
E
P
0
6
(
2
0
2
3
)
1
5
9

[39] A. Dymarsky and M. Smolkin, Krylov complexity in conformal field theory, Phys. Rev. D 104
(2021) L081702 [arXiv:2104.09514] [INSPIRE].

[40] T. Hikihara and T. Nishino, Connecting distant ends of one-dimensional critical systems by a
sine-square deformation, Phys. Rev. B 83 (2011) 060414 [INSPIRE].

[41] N. Ishibashi and T. Tada, Dipolar quantization and the infinite circumference limit of
two-dimensional conformal field theories, Int. J. Mod. Phys. A 31 (2016) 1650170
[arXiv:1602.01190] [INSPIRE].

[42] X. Wen, S. Ryu and A.W.W. Ludwig, Evolution operators in conformal field theories and
conformal mappings: Entanglement Hamiltonian, the sine-square deformation, and others,
Phys. Rev. B 93 (2016) 235119 [arXiv:1604.01085] [INSPIRE].

[43] T. Tada, Time development of conformal field theories associated with L1 and L−1 operators,
J. Phys. A 53 (2020) 255401 [arXiv:1904.12414] [INSPIRE].

[44] P. Di Francesco, P. Mathieu and D. Sénéchal, Conformal Field Theory, Springer-Verlag, New
York (1997) [DOI:10.1007/978-1-4612-2256-9] [INSPIRE].

[45] P.H. Ginsparg, Applied conformal field theory, in the proceedings of the Les Houches Summer
School in Theoretical Physics: Fields, Strings, Critical Phenomena, Les Houches France, 28
June–5 August (1988). [hep-th/9108028] [INSPIRE].

[46] S. Chapman, M.P. Heller, H. Marrochio and F. Pastawski, Toward a Definition of Complexity
for Quantum Field Theory States, Phys. Rev. Lett. 120 (2018) 121602 [arXiv:1707.08582]
[INSPIRE].

[47] N. Chagnet, S. Chapman, J. de Boer and C. Zukowski, Complexity for Conformal Field
Theories in General Dimensions, Phys. Rev. Lett. 128 (2022) 051601 [arXiv:2103.06920]
[INSPIRE].

[48] P. Caputa and J.M. Magan, Quantum Computation as Gravity, Phys. Rev. Lett. 122 (2019)
231302 [arXiv:1807.04422] [INSPIRE].

[49] J. Erdmenger et al., Exact Gravity Duals for Simple Quantum Circuits, SciPost Phys. 13
(2022) 061 [arXiv:2112.12158] [INSPIRE].

[50] P. Calabrese and J. Cardy, Quantum quenches in 1 + 1 dimensional conformal field theories, J.
Stat. Mech. 1606 (2016) 064003 [arXiv:1603.02889] [INSPIRE].

[51] S. Colin-Ellerin et al., Real-time gravitational replicas: low dimensional examples, JHEP 08
(2021) 171 [arXiv:2105.07002] [INSPIRE].

[52] L.-Y. Hung, R.C. Myers, M. Smolkin and A. Yale, Holographic Calculations of Renyi Entropy,
JHEP 12 (2011) 047 [arXiv:1110.1084] [INSPIRE].

[53] K. Skenderis and S.N. Solodukhin, Quantum effective action from the AdS / CFT
correspondence, Phys. Lett. B 472 (2000) 316 [hep-th/9910023] [INSPIRE].

[54] H.-J. Matschull, Black hole creation in (2 + 1)-dimensions, Class. Quant. Grav. 16 (1999) 1069
[gr-qc/9809087] [INSPIRE].

[55] V. Balasubramanian and S.F. Ross, Holographic particle detection, Phys. Rev. D 61 (2000)
044007 [hep-th/9906226] [INSPIRE].

[56] D. Brill and G. Hayward, Is the gravitational action additive?, Phys. Rev. D 50 (1994) 4914
[gr-qc/9403018] [INSPIRE].

– 32 –

https://doi.org/10.1103/PhysRevD.104.L081702
https://doi.org/10.1103/PhysRevD.104.L081702
https://arxiv.org/abs/2104.09514
https://inspirehep.net/literature/1859318
https://doi.org/10.1103/physrevb.83.060414
https://inspirehep.net/literature/1934120
https://doi.org/10.1142/S0217751X16501700
https://arxiv.org/abs/1602.01190
https://inspirehep.net/literature/1419271
https://doi.org/10.1103/PhysRevB.93.235119
https://arxiv.org/abs/1604.01085
https://inspirehep.net/literature/1442387
https://doi.org/10.1088/1751-8121/ab8c63
https://arxiv.org/abs/1904.12414
https://inspirehep.net/literature/1731825
https://doi.org/10.1007/978-1-4612-2256-9
https://inspirehep.net/literature/454643
https://arxiv.org/abs/hep-th/9108028
https://inspirehep.net/literature/265020
https://doi.org/10.1103/PhysRevLett.120.121602
https://arxiv.org/abs/1707.08582
https://inspirehep.net/literature/1613339
https://doi.org/10.1103/PhysRevLett.128.051601
https://arxiv.org/abs/2103.06920
https://inspirehep.net/literature/1851415
https://doi.org/10.1103/PhysRevLett.122.231302
https://doi.org/10.1103/PhysRevLett.122.231302
https://arxiv.org/abs/1807.04422
https://inspirehep.net/literature/1681969
https://doi.org/10.21468/SciPostPhys.13.3.061
https://doi.org/10.21468/SciPostPhys.13.3.061
https://arxiv.org/abs/2112.12158
https://inspirehep.net/literature/1996610
https://doi.org/10.1088/1742-5468/2016/06/064003
https://doi.org/10.1088/1742-5468/2016/06/064003
https://arxiv.org/abs/1603.02889
https://inspirehep.net/literature/1426852
https://doi.org/10.1007/JHEP08(2021)171
https://doi.org/10.1007/JHEP08(2021)171
https://arxiv.org/abs/2105.07002
https://inspirehep.net/literature/1863555
https://doi.org/10.1007/JHEP12(2011)047
https://arxiv.org/abs/1110.1084
https://inspirehep.net/literature/930762
https://doi.org/10.1016/S0370-2693(99)01467-7
https://arxiv.org/abs/hep-th/9910023
https://inspirehep.net/literature/508114
https://doi.org/10.1088/0264-9381/16/3/032
https://arxiv.org/abs/gr-qc/9809087
https://inspirehep.net/literature/477041
https://doi.org/10.1103/PhysRevD.61.044007
https://doi.org/10.1103/PhysRevD.61.044007
https://arxiv.org/abs/hep-th/9906226
https://inspirehep.net/literature/502703
https://doi.org/10.1103/PhysRevD.50.4914
https://arxiv.org/abs/gr-qc/9403018
https://inspirehep.net/literature/37502


J
H
E
P
0
6
(
2
0
2
3
)
1
5
9

[57] L. Lehner, R.C. Myers, E. Poisson and R.D. Sorkin, Gravitational action with null boundaries,
Phys. Rev. D 94 (2016) 084046 [arXiv:1609.00207] [INSPIRE].

[58] V. Balasubramanian and P. Kraus, A Stress tensor for Anti-de Sitter gravity, Commun. Math.
Phys. 208 (1999) 413 [hep-th/9902121] [INSPIRE].

[59] G. Hayward, Gravitational action for space-times with nonsmooth boundaries, Phys. Rev. D 47
(1993) 3275 [INSPIRE].

[60] C. Holzhey, F. Larsen and F. Wilczek, Geometric and renormalized entropy in conformal field
theory, Nucl. Phys. B 424 (1994) 443 [hep-th/9403108] [INSPIRE].

[61] P. Calabrese and J. Cardy, Entanglement entropy and conformal field theory, J. Phys. A 42
(2009) 504005 [arXiv:0905.4013] [INSPIRE].

[62] A.L. Fitzpatrick, J. Kaplan and M.T. Walters, Universality of Long-Distance AdS Physics
from the CFT Bootstrap, JHEP 08 (2014) 145 [arXiv:1403.6829] [INSPIRE].

[63] A.L. Fitzpatrick, J. Kaplan and M.T. Walters, Virasoro Conformal Blocks and Thermality
from Classical Background Fields, JHEP 11 (2015) 200 [arXiv:1501.05315] [INSPIRE].

[64] A.B. Zamolodchikov, Conformal symmetry in two-dimensions: an explicit recurrence formula
for the conformal partial wave amplitude, Commun. Math. Phys. 96 (1984) 419 [INSPIRE].

[65] A.B. Zamolodchikov, Conformal symmetry in two-dimensional space: Recursion representation
of conformal block, Theor. Math. Phys. 73 (1987) 1088.

[66] M.M. Roberts, Time evolution of entanglement entropy from a pulse, JHEP 12 (2012) 027
[arXiv:1204.1982] [INSPIRE].

[67] M.M. Sheikh-Jabbari and H. Yavartanoo, Excitation entanglement entropy in two dimensional
conformal field theories, Phys. Rev. D 94 (2016) 126006 [arXiv:1605.00341] [INSPIRE].

[68] D.E. Parker et al., A Universal Operator Growth Hypothesis, Phys. Rev. X 9 (2019) 041017
[arXiv:1812.08657] [INSPIRE].

[69] D. Patramanis, Probing the entanglement of operator growth, PTEP 2022 (2022) 063A01
[arXiv:2111.03424] [INSPIRE].

[70] A. Kar, L. Lamprou, M. Rozali and J. Sully, Random matrix theory for complexity growth and
black hole interiors, JHEP 01 (2022) 016 [arXiv:2106.02046] [INSPIRE].

[71] V. Balasubramanian, P. Caputa, J.M. Magan and Q. Wu, Quantum chaos and the complexity
of spread of states, Phys. Rev. D 106 (2022) 046007 [arXiv:2202.06957] [INSPIRE].

[72] E. Rabinovici, A. Sánchez-Garrido, R. Shir and J. Sonner, Krylov complexity from integrability
to chaos, JHEP 07 (2022) 151 [arXiv:2207.07701] [INSPIRE].

[73] W. Mück and Y. Yang, Krylov complexity and orthogonal polynomials, Nucl. Phys. B 984
(2022) 115948 [arXiv:2205.12815] [INSPIRE].

[74] B. Bhattacharjee, X. Cao, P. Nandy and T. Pathak, Krylov complexity in saddle-dominated
scrambling, JHEP 05 (2022) 174 [arXiv:2203.03534] [INSPIRE].

[75] N. Hörnedal, N. Carabba, A.S. Matsoukas-Roubeas and A. del Campo, Ultimate Speed Limits
to the Growth of Operator Complexity, Commun. Phys. 5 (2022) 207 [arXiv:2202.05006]
[INSPIRE].

[76] V. Balasubramanian, J.M. Magan and Q. Wu, Tridiagonalizing random matrices, Phys. Rev.
D 107 (2023) 126001 [arXiv:2208.08452] [INSPIRE].

– 33 –

https://doi.org/10.1103/PhysRevD.94.084046
https://arxiv.org/abs/1609.00207
https://inspirehep.net/literature/1484829
https://doi.org/10.1007/s002200050764
https://doi.org/10.1007/s002200050764
https://arxiv.org/abs/hep-th/9902121
https://inspirehep.net/literature/495405
https://doi.org/10.1103/PhysRevD.47.3275
https://doi.org/10.1103/PhysRevD.47.3275
https://inspirehep.net/literature/362659
https://doi.org/10.1016/0550-3213(94)90402-2
https://arxiv.org/abs/hep-th/9403108
https://inspirehep.net/literature/372325
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1088/1751-8113/42/50/504005
https://arxiv.org/abs/0905.4013
https://inspirehep.net/literature/821276
https://doi.org/10.1007/JHEP08(2014)145
https://arxiv.org/abs/1403.6829
https://inspirehep.net/literature/1287645
https://doi.org/10.1007/JHEP11(2015)200
https://arxiv.org/abs/1501.05315
https://inspirehep.net/literature/1340715
https://doi.org/10.1007/BF01214585
https://inspirehep.net/literature/215193
https://doi.org/10.1007/bf01022967
https://doi.org/10.1007/JHEP12(2012)027
https://arxiv.org/abs/1204.1982
https://inspirehep.net/literature/1107879
https://doi.org/10.1103/PhysRevD.94.126006
https://arxiv.org/abs/1605.00341
https://inspirehep.net/literature/1454199
https://doi.org/10.1103/PhysRevX.9.041017
https://arxiv.org/abs/1812.08657
https://inspirehep.net/literature/1710334
https://doi.org/10.1093/ptep/ptac081
https://arxiv.org/abs/2111.03424
https://inspirehep.net/literature/1961542
https://doi.org/10.1007/JHEP01(2022)016
https://arxiv.org/abs/2106.02046
https://inspirehep.net/literature/1867197
https://doi.org/10.1103/PhysRevD.106.046007
https://arxiv.org/abs/2202.06957
https://inspirehep.net/literature/2032813
https://doi.org/10.1007/JHEP07(2022)151
https://arxiv.org/abs/2207.07701
https://inspirehep.net/literature/2116074
https://doi.org/10.1016/j.nuclphysb.2022.115948
https://doi.org/10.1016/j.nuclphysb.2022.115948
https://arxiv.org/abs/2205.12815
https://inspirehep.net/literature/2088741
https://doi.org/10.1007/JHEP05(2022)174
https://arxiv.org/abs/2203.03534
https://inspirehep.net/literature/2047359
https://doi.org/10.1038/s42005-022-00985-1
https://arxiv.org/abs/2202.05006
https://inspirehep.net/literature/2030649
https://doi.org/10.1103/PhysRevD.107.126001
https://doi.org/10.1103/PhysRevD.107.126001
https://arxiv.org/abs/2208.08452
https://inspirehep.net/literature/2138821


J
H
E
P
0
6
(
2
0
2
3
)
1
5
9

[77] P. Caputa and S. Datta, Operator growth in 2d CFT, JHEP 12 (2021) 188 [Erratum ibid. 09
(2022) 113] [arXiv:2110.10519] [INSPIRE].

[78] M. Miyaji et al., Distance between Quantum States and Gauge-Gravity Duality, Phys. Rev.
Lett. 115 (2015) 261602 [arXiv:1507.07555] [INSPIRE].

[79] M. Beşken, S. Datta and P. Kraus, Semi-classical Virasoro blocks: proof of exponentiation,
JHEP 01 (2020) 109 [arXiv:1910.04169] [INSPIRE].

[80] A. Chattopadhyay, S. Dutta, D. Mukherjee and N. Neetu, Quantum mechanics of Plancherel
growth, Nucl. Phys. B 966 (2021) 115368 [arXiv:1909.06797] [INSPIRE].

[81] B. Czech, J. De Boer, D. Ge and L. Lamprou, A modular sewing kit for entanglement wedges,
JHEP 11 (2019) 094 [arXiv:1903.04493] [INSPIRE].

[82] J. de Boer et al., Virasoro entanglement Berry phases, JHEP 03 (2022) 179
[arXiv:2111.05345] [INSPIRE].

[83] S. Khetrapal, Chaos and operator growth in 2d CFT, JHEP 03 (2023) 176
[arXiv:2210.15860] [INSPIRE].

[84] B. Lapierre and P. Moosavi, Geometric approach to inhomogeneous Floquet systems, Phys.
Rev. B 103 (2021) 224303 [arXiv:2010.11268] [INSPIRE].

[85] B. Lapierre et al., Emergent black hole dynamics in critical Floquet systems, Phys. Rev. Res. 2
(2020) 023085 [arXiv:1909.08618] [INSPIRE].

[86] P. Moosavi, Inhomogeneous conformal field theory out of equilibrium, arXiv:1912.04821
[DOI:10.1007/s00023-021-01118-0] [INSPIRE].

[87] E. Langmann and P. Moosavi, Diffusive Heat Waves in Random Conformal Field Theory,
Phys. Rev. Lett. 122 (2019) 020201 [arXiv:1807.10239] [INSPIRE].

[88] K. Gawedzki, E. Langmann and P. Moosavi, Finite-time universality in nonequilibrium CFT,
J. Statist. Phys. 172 (2018) 353 [arXiv:1712.00141] [INSPIRE].

[89] X. Wen and J.-Q. Wu, Floquet conformal field theory, arXiv:1805.00031 [INSPIRE].

[90] R. Fan, Y. Gu, A. Vishwanath and X. Wen, Floquet conformal field theories with generally
deformed Hamiltonians, SciPost Phys. 10 (2021) 049 [arXiv:2011.09491] [INSPIRE].

[91] D. Das, R. Ghosh and K. Sengupta, Conformal Floquet dynamics with a continuous drive
protocol, JHEP 05 (2021) 172 [arXiv:2101.04140] [INSPIRE].

[92] K. Goto et al., Non-Equilibrating a Black Hole with Inhomogeneous Quantum Quench,
arXiv:2112.14388 [INSPIRE].

[93] S. Das et al., Out-of-Time-Order correlators in driven conformal field theories, JHEP 08
(2022) 221 [arXiv:2202.12815] [INSPIRE].

[94] A. Bernamonti, F. Galli, D. Ge and D. Neuenfeld, in preparation.

[95] M. Matone, An algorithm for the Baker-Campbell-Hausdorff formula, JHEP 05 (2015) 113
[arXiv:1502.06589] [INSPIRE].

[96] H. Dorn and G. Jorjadze, On particle dynamics in AdSN+1 space-time, Fortsch. Phys. 53
(2005) 486 [hep-th/0502081] [INSPIRE].

– 34 –

https://doi.org/10.1007/JHEP12(2021)188
https://arxiv.org/abs/2110.10519
https://inspirehep.net/literature/1949091
https://doi.org/10.1103/PhysRevLett.115.261602
https://doi.org/10.1103/PhysRevLett.115.261602
https://arxiv.org/abs/1507.07555
https://inspirehep.net/literature/1385344
https://doi.org/10.1007/JHEP01(2020)109
https://arxiv.org/abs/1910.04169
https://inspirehep.net/literature/1758452
https://doi.org/10.1016/j.nuclphysb.2021.115368
https://arxiv.org/abs/1909.06797
https://inspirehep.net/literature/1754219
https://doi.org/10.1007/JHEP11(2019)094
https://arxiv.org/abs/1903.04493
https://inspirehep.net/literature/1724685
https://doi.org/10.1007/JHEP03(2022)179
https://arxiv.org/abs/2111.05345
https://inspirehep.net/literature/1965384
https://doi.org/10.1007/JHEP03(2023)176
https://arxiv.org/abs/2210.15860
https://inspirehep.net/literature/2173019
https://doi.org/10.1103/PhysRevB.103.224303
https://doi.org/10.1103/PhysRevB.103.224303
https://arxiv.org/abs/2010.11268
https://inspirehep.net/literature/1824496
https://doi.org/10.1103/PhysRevResearch.2.023085
https://doi.org/10.1103/PhysRevResearch.2.023085
https://arxiv.org/abs/1909.08618
https://inspirehep.net/literature/1755089
https://arxiv.org/abs/1912.04821
https://doi.org/10.1007/s00023-021-01118-0
https://inspirehep.net/literature/1769767
https://doi.org/10.1103/PhysRevLett.122.020201
https://arxiv.org/abs/1807.10239
https://inspirehep.net/literature/1715954
https://doi.org/10.1007/s10955-018-2025-x
https://arxiv.org/abs/1712.00141
https://inspirehep.net/literature/1640515
https://arxiv.org/abs/1805.00031
https://inspirehep.net/literature/1670958
https://doi.org/10.21468/SciPostPhys.10.2.049
https://arxiv.org/abs/2011.09491
https://inspirehep.net/literature/1831368
https://doi.org/10.1007/JHEP05(2021)172
https://arxiv.org/abs/2101.04140
https://inspirehep.net/literature/1840448
https://arxiv.org/abs/2112.14388
https://inspirehep.net/literature/1998113
https://doi.org/10.1007/JHEP08(2022)221
https://doi.org/10.1007/JHEP08(2022)221
https://arxiv.org/abs/2202.12815
https://inspirehep.net/literature/2038885
https://doi.org/10.1007/JHEP05(2015)113
https://arxiv.org/abs/1502.06589
https://inspirehep.net/literature/1345860
https://doi.org/10.1002/prop.200510208
https://doi.org/10.1002/prop.200510208
https://arxiv.org/abs/hep-th/0502081
https://inspirehep.net/literature/676354

	Introduction
	Virasoro coherent states
	Expectation value of the stress tensor
	Interpretation in terms of correlator with local operators

	Holographic understanding
	Bañados geometry and geodesic length
	Interpretation in terms of a particle in the bulk
	Trajectory of a massive particle
	Action for the excised geometry


	Entanglement entropy
	Entanglement entropy from CFT and HHLL block
	Evolution of the entanglement entropy for k = 1
	Evolution of the entanglement entropy for general k >=0 2

	Summary and discussions
	Acknowledgement
	sl(2,R) sectors of the Virasoro algebra
	Matrix representation of sl (2,R)
	Closed form of BCH formula

	Expectation value of the stress tensor
	Setup
	Basic tools and tricks
	brahL**(q) (k)L( + - n)L**(p) ( - k)keth,
	bra Psi(k)L( + - n) ketPsi(k) and bra Psi(k)L(0) ketPsi(k)
	Re-summation

	Geodesics in AdS from the embedding formalism

