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1 Introduction

One of the most important lessons for quantum gravity that we have learned from holog-
raphy [1] is the relation between the structure of quantum entanglement and properties
of gravitating spacetimes. Various studies starting from the celebrated Ryu-Takayanagi
proposal [2] and its generalisations [3-5] even led to a paradigm that the holographic
geometry in Anti-de Sitter spaces (AdS) is in fact emergent from entanglement in dual
conformal field theories (CFT) [6, 7]. This phenomenon is particularly manifest for the
so-called thermofield double state that is holographically dual to the two-sided, eternal
black hole [8]. The entanglement structure hidden in the purification is geometrically
represented by the connectedness of the two black hole spacetimes that are otherwise dual
separately to two thermal density matrices. Further evidence has also been gathered in
more complicated holographic geometries that are dual to states in the so-called “code
sub-space” of holographic CFTs [9].

Nevertheless, the number of CFT states with clear and analytically tractable holographic
dual geometries is still quite limited. The biggest progress has been achieved in two-
dimensional CFTs where, despite the lack of an explicit example of a CFT dual only to pure
gravity,! the power of Virasoro symmetry can be harnessed to derive universal results valid
for putative “large-¢” CF'Ts. On the other hand, holographically, by appropriately rendering
the cut-off, a universal class of Baniados geometries [11] allows to construct metrics that
reproduce these universal features of the 2d CFT states.

An interesting class of states that have a well-established gravity counterparts, that will be
important in our work, consists of CFT states excited by local operators [12-18]. Their
holographic dual involves a dynamical geometry that can be obtained from the back-reaction
of a massive particle (or generally a bulk field), which is dual to that local operator [19].
In particular, entanglement evolution in these states has been studied extensively in the
context of quantum quenches [20-27], scrambling [28, 29], quantum chaos [30-33] as well as
bulk reconstruction in AdS/CFT [34-36]. Certainly, this family provides very important
and analytically tractable data points in the “spacetime from entanglement” program.

In this work, we make some further progress in the above-mentioned program and consider
an interesting general class of states in 2d CFTs excited by coherent action of higher Virasoro
generators. These states are among the generalized (Peremolov) coherent states [37]. They
have been recently utilized in various contexts such as for the study of the growth of operators
and Krylov complexity in 2d CFTs [38, 39] as well as exactly solvable deformations of
CFTs [40-43]. Here, we will derive the expectation value of the energy momentum tensor
and find a simple function that “uniformizes” the answer into a Schwarzian derivative. From
there, we obtain dual geometries that correspond to gravitationally dressed excitations
in AdS; and have an interesting “folded structure”. We then compute a single-interval
entanglement entropy and study its features in CFT as well as in gravity for different ranges
of parameters.

nterestingly, many properties of classical 3d gravity with the threading of massive particles can be
recovered from an ensemble of CFTs with random CFT data [10].



This paper is organised as follows. To start with, in section 2 we define our setup and
coherent states. In section 3 we compute the expectation value of the CFT stress tensor,
uniformise it, and, in section 4, discuss its holographic interpretation. In section 5 we
discuss entanglement entropy in our coherent states. Last but not the least, in 6, we discuss
possible applications of our states and their dual geometries to Krylov complexity and
inhomogeneous quenches, summarise and list some open problems. A few technical details
are contained in three appendices.

2 Virasoro coherent states

We start by defining our setup and fixing conventions. Most of the arguments will be valid
for general, two-dimensional CFTs with central charge ¢ (see e.g. [44, 45] for standard
reviews). The symmetries of such models are governed by two copies of infinite-dimensional
Virasoro algebras with generators L,, and L,, with m € Z satisfying commutation relations

C
[Liny L] = (m — 1) Loy n + ﬁm(m2 — 1)dmtno, (2.1)

and similarly for L,,. We will refer to the copy of L,, as chiral and L,, as anti-chiral. In
the following, we will present our formulas keeping only the chiral part.

From this infinite set we pick a sub-set of three generators {Lg, Lo, L_j} for some fixed
positive integer k. From (2.1), we see that these generators close the following subalgebra

c
(Lo, L+y] = FkLy, [Li, L_) = 2kLo + Ek(k:z —1). (2.2)
In fact, by redefining the generators as

- 1 c ~ 1
Lo==(Lo+—(k -1 Li=_L 2.
0 k:<0+24( )), 1= 7 Lk, (2.3)
we see that the triples {Ly, Lo, L_j} form one of the infinitely many SL(2, R) subalgebras
of the Virasoro (2.1).

Our main object of interest will be a family of generalised coherent states of Perelomov [37]
created by these Virasoro generators as follows?

(W (€)) = exp (€Lx — €Ly ) |B), (24)

where £ is a complex variable with complex conjugate ¢ and |h) is the highest weight state
such that
Lo |h) = h|h), Ly |h) =0, for k> 0. (2.5)

In (2.4), the unitary operator acting on the highest weight state |h) is conventionally referred
to as the displacement operator.

The motivation for considering these coherent states comes from various recent developments
in high-energy as well as condensed matter studies of CF'Ts. For example, such states can be

In general 2d CFT we will have two independent copies of the unitary operators acting on the highest
weight state |h, ).



interpreted as “universal” quantum circuits and studying their Nielsen’s [46-49] or Krylov
complexity [38] is an active area of research. On the other hand, for purely imaginary
& = —it, we can also view such states as quench evolution protocol (see e.g. review [50])
with a version of an inhomogeneous Hamiltonian of the SSD type that have been studied
in [40]. The goal of our work is to elaborate more on the interpretation of these states,
including their holographic dual and analyze their entanglement structure.

For the purpose of performing computations, it will be useful to expand (2.4) in an
orthonormal basis. For that we parametrize the complex coordinate as & = pe® and apply
the Baker-Campbell-Hausdorff formula (see appendix A.2) to write

1

Ue(p,0)) = ————— " & tanh™(k L™, |h 2.6
0. 0)) = o Z (k) L2 ). (26)
where we introduced?® )
h h K —1)). 2.7
o= (h 5502 - 1) (27)
Orthonormal basis vectors are then defined as
k.n
were the normalisation is explicitly given by
n I'(2h +n)
n=(h|LPL™ |h) = k> T[i1(2ht +1 — 1) = nIk?n—2 2.9
N = (HLEL2 ) = K2 [ 2he 1 1) = mik2 = (29)

=1

Finally, our three-parameter coherent states can be expanded in this basis as

1 ['(2hy +n)

Ui(p,0) = ———— ¢ tanh™ (k ————|h, k,n). 2.10
a0, 0)) = Z (o Sapary ke 210

Moreover, it will be useful to introduce a coordinate
2z, = € tanh (kp) (2.11)

in terms of which the state is parametrized as
_ ['(2h +n)

Wk (zks 2)) = (1 — 212k) Z W |h k). (2.12)

In the following sections we will explore these families of states labelled by different values
of parameters (k, p,#) and their entanglement structure.

3Notice that for h = 0, hj becomes the dimension of the twist field

1
=51 (k_ E)

This resemblance of the “orbifold” techniques will be present in various other steps of the analysis.



3 Expectation value of the stress tensor

As a first step in this direction, we begin with computing the expectation value of the stress
tensor. For 2d CFT on the plane, the stress tensor has only two independent components,
chiral T'(z) and anti-chiral T'(%). Again, we present the result for the chiral component.
On the complex plane, the operator T'(z) is expanded in terms of the Virasoro genera-
tors (2.1) as
=> 2"?Ly,. (3.1)
ne”z
This way, suppressing the parameters of the state (2.12), we can first evaluate the following
expectation value
(T )W) = 3 22 (W4 | Lo W), (3.2)
ne”z
The details of this computation, even though they only involve the standard Virasoro
algebra, are slightly involved and we included them in appendix B. Here we only state the
final result that is

il R (3.3)
(2F — 2)2(1 — 2Fz)2 24 ) )

22

(k| T(2) |Wy) =

This formula allows us to “geometrize” the coherent state in terms of a coordinate transfor-
mation. Namely, we can find a map z — fi(z) such that

c
(Ul T(2) [Or) = 15 {fr(2), 2}, (3.4)
where {f(2), z} is the Schwarzian derivative.* Solving this “uniformization” equation gives
o - (222" Sy L2 (35)
R 2k — 7t ’ = ke k c '

Note that the above function is uniquely determined up to a Mobius transformation that

leaves the Schwarzian derivative intact. It is also interesting to compare our answer with
the known result in the highest weight state
h c 24h
(RIT(2)lh) = 5 = 5127 2} 1—— (3.6)

z c
3.1 Interpretation in terms of correlator with local operators

Note that (3.5) looks very similar to the function that uniformises one-point function of the
stress tensor in states locally excited by primary operators. In fact we can check that our
result is identical to the expectation value of the stress tensor with a local primary state

(OF ()T (z*)O(21,))
| T(2) [Ug) = s _ , 3.7
T = G )0 ) &0
4The Schwarzian is defined as
INMONEYSUON
U2 =Ty 2<f’(z)> '



where the standard one-point function, fixed by conformal Ward identity,” reads

<(9T(z1)T(z)O(zl)> B h(1 — 2121)2 _c
O)0G) o= zmp 1@ (3:8)
and the stress tensor is transformed under z — g(z) = 2* as
T'(2) = ¢ (2)°T(9(2)) + 15{9(2), 2} = K22E D) — = (e = 1)5. (3.9)

For this interpretation, and consistently with (3.5), we also have the conformal dimension h
of O(z;) given by

~ 1
h=—h. 3.10
ks (3.10)

This operator interpretation is not too surprising since the highest weight states in CFTs
are usually associated with a mode of a primary operator

0(z) =Y z "o, (3.11)
nez
such that
|h) = O_,|0) = liir(l) O(z)0) . (3.12)

This way, our states in CFTs can be thought of as simply
W) = Uk(21)Onr(0) |0) . (3.13)

The action of this unitary displacement operator generally moves the operator so some
position z. This is clear for £k = 1 where L_; is the momentum that indeed implies

e L=10(0) |0) = 21 0(0)e*E-1e*L-1|0) = O(2) |0) . (3.14)

Nevertheless, for & > 1 our finding (3.7) may be less familiar. In the following, given this
intuitive picture and the bulk interpretation for local operator excitations [19], we will
discuss the holographic counter-parts of our states also from the perspective of a massive
particle connecting the two insertion positions of the operators at the boundary.

4 Holographic understanding

In this section, we consider holographic dual geometries of the coherent states discussed
above.% As it is well-known, the Bafiados ansatz [11] captures all the three-dimensional AdS
spacetimes with flat asymptotic boundary, which will be our starting point in constructing
the bulk dual of the Virasoro coherent states, given that we have obtained the stress energy
tensors in the last section. In the following subsection 4.2, we give a more intuitive bulk
understanding in terms of a massive particle moving from one boundary insertion point to
the other. The back-reacted action can be evaluated through exercising a wedge from the

®Can be computed using the OPE of 7'(z) with the primary O(z1).
6Strictly speaking in this part we have in mind the putative large-c 2d CFTs.



pure AdS spacetime. The excised wedge introduces a logarithmic divergence into the action,
which can be compared with the result in [51, 52]. There they consider the bulk replica
trick in the presence of a cosmic string (comparable to the massive particle in the dimension
we are interested in). The metric they used for their calculation is the Skenderis-Solodukhin
solutions [53] with delta-type singularities on the asymptotical boundaries. However, they
claim the delta-type singularities are irrelevant once regulators are put properly around
those singular points. Taking away the singularities brings their metric back to the Banados
type we are considering. This is to say that the intuitive picture with the massive particle
is effectively described by the Banados geometry, which we rely on in the next section for
the calculation of the holographic entanglement entropy.

In the following part of this section, we first give an overview of the Euclidean Banados
geometries with emphasis on the correspondence to our Virasoro coherent states. Then, we
present a detailed analysis on the massive particle interpretation for the £ = 1 coherent
states. Gauging the subtlety regarding the conical singularities considered in [51, 52|, we
confirm that the Banados approach and the massive particle picture give a consistent
holographic understanding of the coherent states.

4.1 Banados geometry and geodesic length

In three dimensions, the most general solutions with flat asymptotic boundary are given by
Euclidean Bafiados metrics [11]
dn?  (dz+n?L(2)dz)(dz + n*L(2)dz)

2 _
dS = F =+ ?72 s (41)

where the holomorphic and anti-holomorphic functions parametrising the metric are

_ 3(f//)2 _ Qf/fm B 1 _ 3(JF//)2 _ QJF/JF/// _ 1

p—— r(= R 7, ~ ~
[:(Z) 4f/2 - Q{f(Z),Z}, £(Z) 4f—.,2 Q{f (Z),Z}
(4.2)
Locally, geometries (4.1) can be brought into Poincare coordinates
dZ? + dwdw
g2 = 347 T awaw (4.3)

A ’
with the explicit map for the boundary coordinates

WP
AP+ R R

WP
AFE+PIfE

w=f(2) o= f(2) (4.4)

as well as the change of radial coordinate

gy
TP+ PP

(4.5)

From the CFT perspective these maps can be interpreted in the language of “uniformisation”.
More precisely, as soon as we manage to “geometrize” a quantum state |®) by finding



coordinate transformations: z — f(z) and Z — f(Z), such that the expectation value of the
stress tensor is

(@IT()|9) = 5{f(2). 2}, (@IT(RN®) = S{f(2), 2}, (4.6)

at large central charge, we immediately obtain dual gravity metrics” (4.1) with

6 5 6, = _
L(z) = (AT )[®),  L(2) = = (S|T(2)[®). (4.7)
One of the general results that can be derived from these local transformations is geodesic
length. Indeed, having found f(z) and f(2), we can compute the length of a geodesic
between two arbitrary points (21, z1) and (22, 22) at the boundary n = € of the holographic

geometry. The leading € answer is

o (GG —FE)PY | (UE) — f(z2)
Ly =1 ( f'(z21) f' (22)€? >+1 < f/(gl)f/(22)€2 ) (4.8)

This in turn can be used to compute entanglement entropy or correlators of semi-classical

operators from gravity. We will employ this in the next section while considering the
entanglement entropy using the Ryu-Takayanagi prescription [2].

4.2 Interpretation in terms of a particle in the bulk

As shown in eq. (3.14), the states built from the global conformal generators Li; can be
rewritten as a primary operator inserted in a shifted position with a certain normalization
factor. This observation renders an interesting holographic interpretation for this class of
states. Namely, they can be seen as a Euclidean AdS with a massive particle “following” a
geodesic between the two insertion points of the primary operators (see figure 1) whose
conformal weight are below the black hole threshold h < 57.

Below, we provide a detailed analysis of this setup. We start by deriving the trajectory of
the massive particle in Fuclidean signature, then we consider the back-reacted geometry and
evaluate the action on the excised geometry. As expected, the divergent part of the action
is logarithmic, which comes from the volume of the excised region due to the backreaction
of the massive particle. This is consistent with the considerations in [51, 52] where authors
evaluated the action using a more general Skenderis-Solodukhin solution [53] with delta-type
singularities on the asymptotical boundary.

Readers who are not concerned with the technical details of this subsection can jump
directly to the next section on the entanglement entropy.

4.2.1 Trajectory of a massive particle

The trajectory of the massive particle is a timelike geodesic in the Lorentzian AdS spacetime.
However, here we are primarily interested in the Euclidean signature, it is no wonder that

"Generally, as will be also the case in our examples, we should be careful about singularities of the
asymptotic metric. In that case, it is more appropriate to use solutions with curved asymptotic metric and
we will be more careful about this below.



Figure 1. The massive particle moves along the red dashed geodesic which connects the two
operators at the asymptotic boundary. The blue region can be interpreted as Krylov complexity
(see discussions in section 6).

the geodesic can anchor on the two insertions of the primary operators. We work with
global coordinates {¢, 7,0} in the Euclidean signature and the metric is given by

ds* = cl(;%sgsgﬁ(dTQ + d¢? + sin® pdo?) (4.9)

where ¢ = 7/2 is the AdS boundary. We take [5qg5 = 1 for simplicity in the following. A

known stationary geodesic is in the coordinate center ¢s = 0, the subindex “s” is associated

with the stationary one. We use the isometries of the spacetime to map the stationary one

to that connecting the two primaries. This is done by applying a boost in the (03) plane in
the embedding coordinates (see eq. (C.12)),

cosh 75 sec ¢s = sinh 5 cos(f — Oy) tan ¢ + cosh B cosh Tsec ¢, (4.10)

sinh 75 sec ¢s = sinh Tsec ¢, (4.11)

sin f, tan g5 = sin(f — Op) tan ¢, (4.12)

cos 05 tan g5 = cosh B cos(6 — 6p) tan ¢ + sinh S cosh Tsec ¢, (4.13)

such that the stationary particle at the center (¢s = 0) is mapped to

sin ¢ = , 0=46p, (4.14)

in the coordinate that we are working with. The boost angle is identified as coshy =
— coth 3 assuming 79 > 0. To relate to the parameter of the coherent state |¥1), the relation
between 79 and p is 79 = Incoth p. One feature of this geodesic is that it locates at a
constant angular plane 8 = 6y and anchors on the asymptotic boundary at 7 = £79. In
principle, 6y is undetermined through this coordinate transformation (the geodesic ¢s = 0
is symmetric under rotation). Another interesting feature is that it is perpendicular to
the asymptotic AdS boundary ¢ — 7/2, as its normal vector within the § = 6y plane,

sinh 7
cosh 19

the following part, without loss of generality, we take 6y = 0.

Ny, o< cos ¢pdo — dr + 0df, when evaluated on the asymptotic boundary, n, ~ —dr. In



4.2.2 Action for the excised geometry

The backreaction of the stationary particle located at the center ¢5 = 0 can be understood in
terms of exercising the AdS spacetime. One needs to exercise a bulk wedge between 6, = n
and 0 = —n (0 < n < 7), then identify the two surfaces together, as discussed in [54, 55].
The mass of the particle is related to the deficit angle of the exercised geometry as

m =21 (4.15)

K

where k£ = 87(G is the gravitational constant. For our setup, we need to map stationary
geodesic to the one described in eq. (4.14) and exercise the corresponding wedge afterwards.
Using (4.10)—(4.13), the two surfaces 6s = £, are mapped to the surfaces

Y4 : +cotnsinf = sinh 3 cosh 7 csc ¢ + cosh S cos b, (4.16)

or = cotnsinf = cos# coth 1y — cosh Tcschr csc @, (4.17)

in our working coordinates. It is worth noting that the extrinsic curvature of the surfaces
0s = +n vanishes, so as for that of X4.

In the current situation, we are dealing with a simply connected Euclidean geometry without
topological change after excising, there is no obstruction to the additivity of the gravitational
action [56, 57]. We can evaluate the action for the back-reacted geometry by subtracting
the relevant action for the wedge M and adding the action for the massive particle,

IBR _ IAdS3 o Iexcised +1,,. (4.18)

Upon the identification of ¥, a conical singularity arises along the trajectory of the massive
particle. As pointed out in [10], the contribution of the Ricci scalar on the conical singularity
cancels the action of the massive particle.® The action for the AdSs part 1495 is UV finite
once the counter term is introduced on the cutoff surface [58]. Therefore, we only need to
focus on the excised action 1°*¢¢d and find out the source for the divergence. It includes
the following pieces

: 1 1 L Joi i
d G
Jexcised _ 2KI/]%/II{ + E(IEH + Igﬂ) + ;([%%I%E + Ig%%t-&-) , (419)

IEH:—/d3x\/§(R+2), Igﬂz—/d%\/ﬁf(, Ict=2/\/ﬁ,
) ¥

where IEIH is the Einstein-Hilbert term for the excised region with constant Ricci curvature
R = —6, ISM is the Gibbons-Hawking term on the surfaces surrounding the region M,
as shown in figure 2, I is the counter term on the cutoff surface, while the remaining
joint terms in the excised action are due to the non-smoothness on the surfaces upon
identifying. Now we can evaluate the action piece by piece. It is simpler to do this
calculation in the Poincaré coordinate {t, z, x}, which are related to the global coordinates
via the following relations,

cos ¢ sin 0 sin ¢ sinh 7

= = = . 4.20
: cosfsin ¢ + cosh 7’ v cosfsin ¢ + cosh 7’ cos@sin ¢ + cosh T (4.20)

8We thank the anomalous referee for pointing this out to us.



Figure 2. The slice is a constant time slice ¢ = 0 in Poincaré coordinates. M is the wedge being
exercised, which is bounded by three surfaces, the cutoff surface ¥ and X4.

In this coordinate, the geodesic (4.14) satisfies

(2 + 22 4 22 +12)?
4(t2 + 22)
22 + 1% = tanh?(rp/2), =0, for 6y =0, (4.22)

=coth?71, for 6y #0, (4.21)

where the geodesic equation in the first line reduces to the second one when taking x = 0.
The surfaces ¥4 in the Poincaré coordinates are mapped to

Yo t2 + 2% 4 (2 £ cot ntanh(rp/2))? = csc? ntanh?(7p/2), (4.23)

which are part of spheres centered at t = z = 0 and © = F cot ntanh(7y/2) with radius
cscntanh(7p/2). Let us choose the cutoff at ¥ : z = € and start with the EH action for the
part that x < 0, which is half of the region M = M UM_,

1
ﬁﬂ:4/;@@ﬁ
2 2dzdt
- dﬁ+/ ,
€2 / v t2 + (z — cotntanh(7y/2))2 — csc2 ntanh?(rp/2)

(4.24)

the first term is divergent and will cancel with the Gibbons-Hawking term ISH and the
counter term I on the cut-off surface ¥, which we will neglect from now on. Given that,
we now focus on the evaluation of the second integral. It is better to work in the cylindrical

coordinates,

x = pcosa + cot ntanh(rp/2), t=psina, (4.25)

substituting inside the EH action part, the second term becomes

2p
dpda, 4.26

/ p? — csc2 ntanh?(7p/2) P (4.26)
for the integration region, we have to subtract the triangular region from the disc sector with

opening angle § = 2 arccos ( \/Cszztn"t;anf;((z// 22))_62> and radius p = \/ csc2 ntanh?(79/2) — €2,

as illustrated in figure 3.

~10 -



Figure 3. The projection of the excised wedge on the asymptotic boundary z = 0 is the region
within the red curve. The blue region is M_, which is evaluated by subtracting the green region
from the corresponding portion of the sphere. Its mirroring region within the red curve is M.

After careful calculation, neglecting the O(e~2) term, the results are the following”

tanh(7o/2)

I = 4l ( —— )+ 0 4.27

£ = —anhn (M) 0, (427)
I = iLip (—e™2") 4 iLiy (¢27) — %Liz (e7m) +0(e), (4.28)

with I/%E =0(e )+ I/]?/lHl_ — I/%l%_, neglecting the leading divergence that will be cancelled

by the GH term and the counter term. Lis(z) is the polylogarithmic function. The “+4”

region [, contributes equally as the “—” region, Iﬂi = /}QJAH_. Let us now consider the

corner terms or Hayward terms [59], the inner product between the out-pointing normals are
n* . n* =n¥.n> = —esinncoth(r/2). (4.29)

We have to keep in mind that upon identification, we should subtract an overall angle of m
from them. In a practical way, we subtract 7/2 from each term, which gives

, tanh (2
I%oml%ti _ _/ <cos_1(n2 ) nEi) _ g) de =21+ 0(e). (4.30)

Now we can collect all the terms together due to excising, this gives

: 4 tanh(7o/2 4
gexcised _ N In (an(m/)) + ﬂ(l — Insin 77)
K € K

_ 2iLig (—e~ ") + 2iLiy (€*") — iLiy (e~*")
2K

+0(e), (4.31)

which vanishes when 17 — 0 as expected. The cutoff z = € in the Poincaré coordinates is
related to the cutoff ¢ = 7/2 — € in the global coordinates as € = Ssech?(7/2)é + O(&).

9For the integral on the triangle region, we have to use this indefinite integral when integrating over 0,

/ln (1 — cos® psec? a) do = % (Li2 (62i(a7n>) + Lio (ezi("JrO‘)) — 2Li» (—e2ia)) .

- 11 -



This allows us to rewrite the first term in eq. (4.31), i.e., the logarithmic divergent term
with the 79-dependent part, in terms of €, which gives

- %7 In (25”1;”0) +O0(@) = —2mln (W) +0(&), (4.32)
where eq. (4.15) and the relation 7y = In coth p are used to relate to the parameter of the
coherent state |¥q). For sufficiently small mass m or small deficit angle 7, one can identify
the mass and the conformal weight of the scalar primary operator as A = h+h = 2h = m.'°
The logarithmic divergent part together with the 79-dependent part is the same as in [51, 52]
upon identifying € = § and taking # = 0 for the phase part of u, u’. The divergent part
of the back-reacted action can also be compared with the geodesic approximation of the
propagator of the bulk scalar field as discussed [55].

5 Entanglement entropy

For the coherent states (2.4), the parameter p determines the “distance”!! from the original
highest-weight state. An interesting question then is how the entanglement entropy for
one interval changes as p grows. From the holographic side, the Ryu-Takayanagi formula
computes this by the regulated geodesic length (4.8). Namely, for an interval (z1,2;) and
(22, 22),'? the holographic entanglement entropy of one interval is given as

(fr(z1) = fr(22))?

fr(z) fr(z2) ety

with functions fi(z) determined from solving the uniformization equation (3.4).

L
Sz, 20) = L = Cln’

While in the CFT side, we can use the replica trick to calculate the entanglement entropy [60,
61]. Roughly speaking, the two-point function of the twist operators of conformal dimension
hy = hy = 2—04 (n — % , inserted at the two ends of the interval computes the trace of the
n-th power of the reduced density matrix p’i. Then the entanglement entropy is obtained
taking the limit n — 1,

Sk (21, 22) = = Lim 0. Tupll o, Teplyy o (Ti(p, 0)] 0(21,21)5 (22, 22) [ Wi (p. 0)) - (5.2)

For “holographic” 2d CFTs, the above two-point function can be obtained using a coordinate
transformation f;(z) which was found from the uniformization (3.5). Indeed using the
transformation property of the primary operators we have

(Wi(p, )] 0(20)6(22) [B1(p, 0)) ~ (Fh(20))" (Fi(22))" (0] o Fi(21)5(fi(22))10)
_ (i) fi(z2))
(fe(z1) = fr(z2))™ (5.3)

0The more precise relation between the scalar conformal weight and the massive particle is A =

m(1l — 2Gm), for example in [10], when the mass is small mG < 1, which gives A &~ m. We thank the
anonymous referee for raising concerns about this point.

1This can be made precise by considering e.g. the Fubini-Study metric in phase space.

12For careful readers, z; and z are simply the insertions of the operators, which have nothing to do
with (2.11). We will keep this notation for the rest of this section.
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Up to a total constant which is a function of the UV cutoff, this way of calculation reproduces
the holographic entanglement entropy (5.1). Moreover, in the k = 1 case, this two-point
function is essentially a four-point function, of which the identity block dominates in
the heavy-heavy-light-light (HHLL) scenarios [18, 20, 62, 63]. As we will show, closely
following [20], the leading contribution of the HHLL block reproduces the holographic
formula (5.1), thus consistently indicating the legitimacy of the uniformizing way of getting
the two point function as in (5.3).

713 of the en-

Further, we utilize the HHLL block to analytically analyze the “evolution
tanglement entropy as p increases. For the more general k£ > 2 case we just conduct the

analysis by using the holographic formula or equivalently the uniformizing method.

5.1 Entanglement entropy from CFT and HHLL block

The coherent states constructed using global generators, as show in eq. (3.14), may be
written in terms of an operator inserted at a shifted location, which enables us to rewrite the
two-point function of the twist operators in the coherent background to a four-point function

(O, u")o(21,21)0(22,22)O(u, u))

(W1(p, 0)| 0(21,21)5 (22, 22) [¥1(p, 0)) = (O, 1O, 1)) ,

(5.4)

where u = ¢ tanh p and v’ = € coth p.!* The conformal weight of the operator O in
our case is comparable to the central charge, h/c ~ 1, while the conformal weight of the
twist operator in the limit n — 1 is light compared to the large ¢ — co. Given that we
are considering a holographic CFT with a sparse spectrum of light operators, this enables
us to use the expansion for the heavy-heavy-light-light block where the identity block
insertions of the operators are mapped to 0, 1,00 and the cross ratio 7,

dominates [20, 62]. With a conformal map g(z)

(u' — 21) (22 — u)
(W —29)(21 —u)’

W =00, 2z =1, z—n=

u—0, (5.5)

analogously for the anti-holomorphic part, the expression (5.4) becomes

(O, u')o(21,21)5 (22, 22)O(u, u))

<(’)(u’, a/)@(w ﬁ)) = G(?], ﬁ)(l _77)2110 (1 _ﬁ)gﬁa <U(Zl7 21)5(227 52)> , (5'6)

where the leading contribution of the conformal block G(n,7) in its t-channel!® is

10 ((hafe)?) . (5.7)

We further substitute the above expression into eq. (5.2) for the entanglement entropy and

G(n,7) = |02 (1 — ) ~2hoplo=Dhe

introduce a UV scale eyy to keep the quantity dimensionless inside the logarithm, this gives

(1—7*)? (21 — 22)2|
(1 - 77)2(12770“16%\/

S(Zl, ZQ) = E In

. (5.8)

13We use evolution without reference to time, but to the parameter p in the coherent state.

'4The notation here is again different from eq. (2.11), but actually coincides with k = 1 there.

15Tn general, the four-point function doesn’t have such a simple form, one needs to use e.g. recursion
formula of Zamolodchikov to do the calculation [64, 65].
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Figure 4. The setup for the evolution of the entanglement entropy on the complex plane (left) and
on the cylinder (right). On the complex plane, the two heavy operators are placed on the real axis,
while the twist operators are placed on a circle centered around the origin, symmetrically along the
real axis; on the cylinder, the two heavy operators are placed vertically, while the twist operators
are placed on a time slice, here we illustrate on 7 = 0 slice.

Obviously it reproduces the holographic entanglement entropy (5.1) once we substitute the
uniformization solution (3.5) into (5.1).

It is worthy to keep in mind that eq. (5.8) is the entanglement entropy for an interval on
the complex plane. For the discussion below, we find it useful to subtract the vacuum
contribution from eq. (5.8) such that its form is invariant under conformal transformations,

c (1 —n)? c. |1 sinh(agm)
AS(n) = S(z1,22) — SY(21,22) = = 1In oy e R e I (5.9)
6 | (1—n)%a?y 3 |« sinh ="

which makes it more convenient to discuss the evolution on a cylinder through the map

z = e" = €™ with 7 being the Euclidean time and o the spacial direction.

5.2 Evolution of the entanglement entropy for £k =1

Now we can use the result (5.8) to study the evolution of the entanglement entropy when
the pair of heavy operators is approaching each other. Without loss of generality, we place
the two heavy operators on the real axis of the complex plane with § = 0, and the twist
operators symmetrically around the real axis, as illustrated on the left side in figure 4

u =cothp, z =re¥?, z5=re *?, y=tanhp. (5.10)
It is clear that the coordinate depends on the radius of the circle r (or different time slices
on the cylinder), the angular difference of the two twist operators [ and the coherent state
parameter p. Before considering the entanglement entropy, let us first take a look at the
cross-ratio by substituting the above coordinates

— tanh ,0)(7“6% — coth p)

n= (5.11)

(7“6_% — coth p)(re% — tanh p) .
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..,

Figure 5. Bulk interpretation in terms of geodesic crossing. The blue dashed geodesic connecting
the two operators O is 7o while the green one connecting the two twist operators is v,. When the
two operators O are moving towards each other, the blue geodesic shrinks, crossing the green one at
the moment when the cross-ratio crosses the branch cut at n = —1.

It can be further decomposed into the real value and the imaginary one, given as

1 (—2 (r?+1)rcos (é) sinh(4p)+r?cosl(cosh(4p)+3)+ (rt+4r2+1) sinh2(2p)>

Re(r) = = Ve :
r (7‘ sinlcosh(2p) — (r?+1) sin (é) sinh(2p))

Im(n) = - e ,

(Re(n))?+(Im(n))?>=1, A= (sinhp—e%*coshp) (rsinhp—e% coshp) , (5.12)

where we see that the cross-ratio n always lies on the unit circle centered around the origin
and moves anticlockwise towards n = 1 as p increases to co. There are situations that the
cross-ratio n crosses the branch cut at n = —1, a necessary condition is that its imaginary
part goes to zero, which means

1+ 72
T

cos(l/2) = tanh(2p) . (5.13)

It is obvious that this equation can only be satisfied when 0 < [ < 7, since p > 0.

In fact, once we map the setup to the cylinder (shown on the right side of figure 4), such
a crossing of the branch cut can be understood holographically in terms of two geodesics,
one is yp connecting the two operators O through the bulk where the conical singularity
locates, and the other is the geodesic connecting the two twist operators ~, placed on a
given Euclidean time slice,'® shown in figure 5.

Initially when p = 0, the conical singularity ~o is located at the coordinate center of AdS;
as p increases, Yo is moving towards the boundary and crosses 7, at the moment when
eq. (5.13) is fulfilled; finally it shrinks to a point on the boundary as p — oo. Clearly, if the
interval m < I < 2w, the two geodesics can never intersect with each other. We illustrate
this in figure 6 on a given time slice.

5Different r in (5.13) correspond to different time slices on the cylinder. For the standard RT surface at

7 =0 we have r = 1.

~15 —



d
Q

l<m >

Figure 6. On a given time slice, the conical singularity is moving towards the AdS boundary. It
intersects with the geodesic 7, for the interval | < 7 at a certain moment, while moving away from
v for I > 7.

Now we move to the discussion of the evolution of the entanglement entropy as the two heavy
operators are approaching each other. As we know, the cross ratio has a unit norm, such
that it can be parametrized as 1 = €'“7. However, the branches matter for the evaluation of
the entanglement entropy. With the reparametrization in terms of the phase, the difference
in the entanglement entropy is simply given by,

AS(n) = %ln

lsin(a;’”)
o sin%

: (5.14)

which decreases monotonically with o and increases monotonically with o, in the range
0 <a<1landO0 < o, < m. This simply tells us that AS(n) > 0 is non-negative. To
understand the evolution in more details, we need to distinguish the two cases, I < 7 and

[ > m. For the case | < m, initially, 0, = —I, combining with the vacuum entanglement
entropy on the cylinder
2sin(l/2
Scyl.vac.(l) _ Cln( Sln( / )) , (515)
3 €UV

we obtain the known result when the conical singularity is at the center of the AdS

S(l) = gln <a€2UV sin <O‘2l>) , (5.16)

where as a becomes imaginary, this gives the entanglement entropy for the thermal state.

As p increases to %tanh*1 (TQQL cos(l/2)>, o, decrease to —m, then jump to the second
sheet and decrease to w from 0. As for the entanglement entropy difference, it increases

sin(al/2)
asin(l/2)

initially from £ In ( ) to its maximal value

i 2
ASumax = %ln Sm(o;f/) : (5.17)

then decreases to 0 in the end, as shown on the left side of figure 7.
For [ > 7, there is no crossing, the entanglement entropy is evaluated directly in the second

sheet. Initially o, = 27 — [, as p increases, o, decreases to 0. The entanglement difference
sin(ra—al/2)

decreases monotonically to 0 from £ 1In (m

), as shown on the right side of figure 7.
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c

3

In sin(am/2)

< sin(ra — al/2)
3\ @ sin(m — 1/2)

c sin(al/2)
3 n (u sin(l/2)

g >

;anh(Qp) 1 tanh(2p)

>

Figure 7. The evolution of the entanglement entropy after subtracting the vacuum contribution
for the interval [ < 7 and [ > 7. The entanglement entropy difference AS asymptotes to zero as p
approaches infinity.

In both cases, the entanglement entropy is always larger than the vacuum entanglement
entropy and decreases to the level of the vacuum entanglement entropy in the end. This
large p behavior is consistent with the result in [20] for considering local quenches inside
the interval at early stages. This can also be understood in terms of the energy density,

when p — oo,
p—00 h

etr(z —1)4

if p approaches to the infinity faster than z approaches 1, which is essentially the vacuum

T(z) ~0, (5.18)

energy up to contact terms. Therefore, it is of no surprise that we obtain the vacuum
entanglement entropy in the end.

5.3 Evolution of the entanglement entropy for general k > 2

For the general case k > 2, we can use the uniformization method or the holographic way
to study the evolution of the entanglement entropy as one of the parameters grow. To start

with, we introduce the k-folded coordinate w = z*¥ and define a function analogous to the

cross-ratio 1 in the k = 1 case!”

e = w2 ,u,k1 - ~k ’ U = 610 tanh (kp) : (519)
wy — Uk w1 — Uk

Substituting the uniformizing function (3.5) to the entanglement entropy formula allows us

to write

Sk(21,22) = Cln’(fk(wl) — fr(w2))? (311)1)1 <8w2>1|7

6| fr(w)fp(wa)ety \ 0z Oz

e (L= m)? (w1 — wg)? 1

= —1In CICTES I Py (5.20)
6 (1 —mr)2ainy,* gy k221 2

From the expression above, the first factor inside the log has a similar form as in eq. (5.8),
while the second factor is a result of the chain rule. From another point of view, regarding

"The notation here is different from eq. (2.11), but ur = zx in that notation.
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w = 2* as a conformal map, the second factor essentially comes from the conformal factor

for the twist operators during the conformal transformation. The entanglement entropy in
the folded coordinate is then given by

kN2 _ 2
S(wr,ws) = = In (1 =" )" (wn — wo)

- (5.21)
6| (1 —m)2adn ety

which resembles (5.8) in the k = 1 case with the new “cross-ratio” defined as (5.19) and
aj = a/k. This is consistent as we have noticed for the expectation value of the stress
energy tensor (3.7).

We proceed by placing z1 = e'/2, zy = e~ /2 and taking 6 = 0 for the coherent state as in
the previous subsection, which means that in the folded patch wy = €¥/2 and wy = e~ #k/2,

Subtracting from eq. (5.21) the “k-folded vacuum”!® contribution gives

k)2
ASk(eilk/Q e—ilk/Q) — ¢ ln‘ (1 — N ) - (5 22)
) an—1 12 .
6 (1 —m)2agng*
inh (%1

- gm sinh (5 In ) (5.23)

o, sinh (% In TIk) 7

where In 9 returns the principle value for the following analysis and more explicitly n is
given by

e~ "k/2 _ tanh(kp) e*/2 — coth(kp)
e~Uk/2 — coth(kp) etk/2 — tanh(kp)

M = (5.24)

Similarly as in (5.12), we can perform an analysis for the entropy difference in terms of
the “cross-ratio”. Not surprisingly, |nx| = 1 lies on the unit circle as well. For p = 0,
M = e~ilk with I, = Ik mod 27; as p increases,'® the phase of 7y, decreases and reaches
to zero (mod 27) as p goes to infinity. Depending on the initial phase, the evolution of
the entanglement entropy exhibits two different behaviors. In the case I}, < 7, the entropy
difference (5.22) grows to its maximum when

Cc

! 2
cos(kl/2) = tanh(2kp), with ASI™ = . In sin(aym/2)

, (5.25)

893

before dropping down to zero. This condition can also be interpreted as the crossing of two
geodesics, however, in the k-folded patch, i.e., in the w-coordinate. For [ > 7, the entropy
difference decreases monotonically to zero
. ilk/2 —ikl/2y _
plgglo ASk(e™4 e )=0. (5.26)
The two scenarios are plotted in figure 8, which resembles the behavior in the £ = 1 case.

Note that the results look identical to the & = 1 when working with effective parameters
I, = lk mod 27, ap = a/k and pr = kp. However, one should keep in mind that the

18By “k-folded vacuum”, we mean that the two-point correlator of the twist operators evaluated in such a
state is <J(w1)0(w2)>k_f01d = (w1 — w2)—2hg.

9Here k is fixed. Alternatively, one can fix p and increase k, the effect will be the same.
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I sin(r”.l}./Z)
3 |aysin(ly/2)
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>

l~k<7r l~k>7r

Figure 8. The evolution of the entanglement entropy after subtracting the “k-folded vacuum”
contribution for the interval I, < 7 and [ > 7.

physical length of the entangling region is still [ instead of I, i.e., one of the effects of our
coherent state of Lg’s is the effective rescaling of degrees of freedom in the entangling region
from [ — kl. Besides that, a rescale of k makes it faster for the entanglement entropy
difference to approach zero asymptotically as p grows to infinity.

6 Summary and discussions

We conclude this work with some discussions and suggestions for future studies. The whole
study circles around different classes of generalized coherent states, constructed with the
SLi(2,R) sub-sectors of the Virasoro generators acting on the highest weight state (2.4).
We obtain the energy density distributions through explicit calculations of the expectation
values of the stress energy tensor (3.3) using CFT techniques. This enables us to gain
a holographic understanding of these coherent states in terms of the Banados solution.
More specifically for the class of the coherent states constructed using global conformal
generators Ly and L4; when k = 1, we can interpret the bulk picture in terms of a massive
particle moving along a certain Euclidean geodesic which anchors asymptotically on the
insertion points of the operators, as in figure 1. This is based on the properties of the global
conformal generators so as to render an operator interpretation of this class of coherent
states. Analogously, the general k > 1 cases can have a particle interpretation as well,
though in the k-folded patch. However, this should be treated with cautions as the insertion
of the operators in the k-folded picture is merely an effective description.

As an interesting application, we study the entanglement property of such states, with
emphasis on the evolution of one-interval entanglement along the increment of the norm of
the complex number £ parametrizing the coherent states. Holographically, this is calculated
in terms of the regulated length of the geodesic which anchors asymptotically on the two
ends of the interval using the RT formula [3, 66, 67], which matches the CFT calculations
using the replica trick and uniformization method. Especially when k = 1, the two-point
correlation function of the twist operators can be rewritten as a four-point correlator of
HHLL type, where we show that the leading contributions from the HHLL conformal block
is equivalent to the two-point function using the uniformization method, as in eq. (5.8). We
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further study the evolution of entanglement entropy of a single interval [ on the cylinder
in both the kK = 1 and the general k > 1 family of excited states. For all the cases, there
are two scenarios depending on the interval size, which are plotted in figure 7 and figure 8.
When the interval size | < 7 or the effective one I, < 7 (though the physical size of the
entangling region is still [), there exists a peak for the entanglement difference, given in
eq. (5.17) and (5.25), which can be interpreted in terms of geodesic crossing in the AdS or
the k-folded AdS space. While for the interval size [ > & or the effective one I}, > 7, the
entanglement difference decreases monotonically to zero. Pictorially, this can be understood
via the motion of two operators with the level k indicating the relative velocity. Along
the increment of ||, the two operators approach each other and finally fuse together to an
identity block, which explains the vanishing of the difference in the entanglement entropy.
Certainly, the setup we have considered is not confined to the study for the entanglement
entropy. Rather, it can host quite a wide range of applications in the framework of 2d
CF'Ts, among which we will discuss two in the following part.
The first one will be the operator growth and the so-called Krylov complexity [68]. In that
context, one can consider the growth of some abstract operator governed by the Liouvillian
super-operator that, in the Krylov basis, can be represented by the ladder operators of some
symmetry algebra [38] (see also [69]). For example, we may be interested in the Liouvillian
of the type

['(k) = Ck(L,k + Lk), (6.1)

such that the state representing the operator growth becomes

tanh"(kat) |T'(2hg + n)
cosh?* (kat) \| n!T(2hs)

O(t) = e ) =)

n=0

[Kn) =D on(t) | Kn), (6.2)
n=0

where |h) is the highest weight state and |K,) stand for the Krylov basis vectors.

This is precisely our state (2.10) with identification p = ot and 8 = 7 /2. Following [38], this
can be interpreted as a motion in phase space along this trajectory (geodesic in Fubini-Study
metric space).

Moreover, the growth of the operator in this protocol can be characterised by the
Krylov complexity?”

Ko = Z n|én(t)|* = 2hy, sinh? (kat). (6.3)

n
One can actually show that this quantity can be expressed by the variation of the SL(2, R)
symmetry generator Ly. Namely we have the relation [77]

Ko = (O()[Lo|O(t)) = (O(0)[Lo[O(0)). (6.4)

This variation of the expectation value of Ly can be easily computed using our dual Banados
metrics and their associated expectation value of the holographic stress tensors. Indeed
from the general expression for expectation values in some state |®), we have

fdzzﬁ(z). (6.5)

208ee [38, 39, 68, 70-76] for some recent developments pedagogical reviews.

c
1271

(®[Lo|®) = % fdzz (D|T(2)|®) = —
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In addition, another geometric relation between o and volume on the hyperbolic disc
was observed in [38]. It is tempting to identify the Fubini-Study hyperbolic disc (i.e., the
information metric [78]) with the 7 = 0 slice of the Banados metric dual to our coherent
state. The geodesic of the massive particle that we discussed crosses this slice at point
p = at and the volume (area) of the disc (the blue shaded region in figure 1) from the origin
of AdS up to that point is proportional to X». Though at the moment the above statements
are merely mathematical observations, it is worth to explore these heuristic interpretations
further and test whether they can be elevated to the proper holographic dual of the Krylov
complexity. Another new direction in the Krylov complexity is the interpretation of the
universal operator evolution in 2d CFTs in terms of the Young lattice [77] (see also [79]).
In that setup, operator L) adds or subtracts k boxes to and from Young diagrams, so for
k > 1 becomes non-local.?! It will be interesting to understand this non-local growth and
fastest/slowest paths through the lattice, also from the matrix model perspective (along
the lines of [80]).

The second interesting application of our coherent states and the associated dual geometries
might be in the context of the so-called inhomogeneous 2d CFTs, whose Hamiltonian is
obtained through a convolution of the (undeformed) Hamiltonian density h(z) and an
inhomogeneity function f(x),

H(f) = [ dz f@)ha). (6.6)

From the geometric perspective, such a deformation can be equivalently seen as placing the
2d CFT on a curved background whose time component becomes space-dependent

ds® = f(z)%dr? + da?. (6.7)
For instance, considering a function on the cylinder (z ~ x 4 27)
f(x) =~ + 2acos(kx), (6.8)
the corresponding Hamiltonian for the inhomogenous CFT would be
H(f)=~Lo+ a(Ly + L_j) + anti-chiral. (6.9)

In fact, this type of Hamiltonian has appeared in the study of quantum quenches, such as
the Mébius quench and the SSD quench.?? The techniques and the dual bulk geometries
in our work can serve as building blocks for the holographic understanding of the quench
dynamics in those deformed models or related questions with excited states. Some progress
in this direction has been already reported in [89-93] and more will be presented in the
future work [94].

2'The local k = 1 case was analyzed in [77].
22Sce also [81-88] for similar operators playing the role of the modular Hamiltonian in 2d CFTs.
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A sl(2,R) sectors of the Virasoro algebra

A.1 Matrix representation of sl(2,R)

The matrix representation for the generators of the special linear group SL(2,R) can be
adopted as the following,

L= (8 _01> , Lo = <_0% 0) 7 L= (? 8) . (A1)

It is easy to check that they satisfy the sl(2,R) algebra [Ly,, L,] = (m — n)Ly,_, with
m,n € {0,£1}. We can then use this representation to check e.g. various BCH formulas

D=

(as below) etc.

A.2 Closed form of BCH formula

Since the subalgebra formed by Lo and L4, is essentially an 5(F) (2, R) algebra, it is expected
that there should be some nice closed form of the BCH formula, as shown in [95] for the
Virasoro generators at level k

exp (A_pL_) exp (AoLo) exp (A\xLy) =

A=\
exp {M [BA KLk — (2= € — ) Lo+ kA Ly — il | } (A.2)

where the coefficients ¢, and A+ are given by

B 1+ ekro — k2>\—k>\k + \/(1 + ekro — k:Z)\_k)\k)2 — 4ekAo

e 5 , (A.3)
= — — - : A4
D VS (1—ekk+ 1— e ) 12 (k k> (A4)
To kill the Ly term in equation (A.2), we can set
In(1+ V1 —ekr)  In(1 + tanh(kp))
/1 _ A _
N = In(1 ]: ekro) _ In(1 tznh(k:p)) 7 (A.6)
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__2In(cosh(kp))
k

choosing A\g = . To make the operator in equation (A.2) unitary, it is convenient

to write A_j and A; in the following form,

tanh(k : tanh(kp) .
)\k — an k( p) 6—19 ’ )\—k: — an k( p) ez@ (A7)
substituting back into eq. (A.2), this gives the desired form

Xp (tarlhk(kp)eieL_k> exp (— 2h1(C()Zh(kl)>)(Lg+c(k2— 1)/24)) exp <_tanhk(kp)€_i9Lk)

=exp (—p(e_ka—ewL,k)) . (A.8)
B Expectation value of the stress tensor

This appendix contains a pedagogical and detailed derivation of the stress tensor expectation
value. Even though the derivation uses nothing but standard tricks and results from the
Virasoro algebra, we still present it for curious readers interested in following all the details
of our derivation.

B.1 Setup

First, it will be convenient to split the (chiral) stress tensor operator as

T(z) = Z 2L, =20 <Lo + i(z”L_n + Z”Ln)> , (B.1)

nez n=1

and write our coherent states as

[e%S) [ Il

_ 25 _ Z
Wp) = (1= zp2)" ]T;:;pﬂik |h), (Wp| = (1= zp2)" q,i;;q (h| LY,  (B.2)
p=0 q=0
and we used notation for coherent state parameters
2, = € tanh (kp) Z, = e~ tanh (kp) . (B.3)
In both formulas we used the Virasoro generators satisfying the algebra
c
(L, L) = (n — m) Ly + ﬁn(n2 — 1)dntm.o- (B.4)

Moreover, the generators used for our coherent states involve only a subset of three:
{L_k, Lo, Ly}, for some fixed k satisfying

(Lo, Lea) = FhLa,  [Ln L] = 2kLo + TSk(k? = 1), (B.5)

that is an algebra isomorphic to SL(2, R). Finally, the state |h) is the highest-weight state
that satisfies

L,|h) =0, for n >0, (h| Ly, =0, for n<0. (B.6)

Our main goal is to compute the expectation value

22 <\11k| T(Z) ‘\I/k> = <\I’k‘ LQ "I’k> + i(z” <‘I’k| L_n "l’k> + Zﬁn <\11k| Ln ‘\I/k>) (B?)

n=1
We will compute these terms separately, but first lets review some basic facts and tricks
from Virasoro algebra that will be important to get the result.
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B.2 Basic tools and tricks

The fact number one is that states with different eigenvalues of the generator Ly are
orthogonal. Since expectation values can be regarded as overlaps between different states,
this will provide important constraints.

Next, we will accuire a few useful tools by performing simpler, intermediate computations.
First, consider integers n > 1, p > 0 and the state

p—1
L,LP, |h) = (L wLn + > LYy [Ly, Lo ]ka”) h), (B.8)
=0

where the right hand side is simply a rewriting of the process of moving L,, all the way to
the right through L” ’s. Next, we use the Virasoro algebra commutator

c
[Lna L—k] = (n + k)Ln—k + EH(RZ - 1)671,14:’ (B'g)
and the fact that L, annihilates |h), to write our first useful result
L,L?, |h) = Z Lt < n+k)L,_ + 1—0214:(162 — 1)5n7k> Lli?*l |h) . (B.10)
For another stepping stone, we start from the n = k case of the above formula

p—1
LilZy |h) = Z Lt (27<?L0 k(R - 1)) Py
1=

’G

= k(h+k(p—1—1 k(k?—1)) P71 ),
g( (0= 1= D)+ 15k02 = 1)) 275 1)
= Kp(2hy + p = LY |h) = AL L B (B.11)

In the second step we just used that the state on the right is an eigenstate of Lo with
eigenvalue h + k(p — 1 —[) and then moved L', through. Finally in the last line we defined

1
AP = E*p(2hy, +p — 1), hy = = (h + 24(k2 — 1)) . (B.12)

This formula can be used recursively to compute the action of higher powers: L] given by
-1 -2 -1 —17q-27p—2
LYLP by = L (LLP 1)) = APLY (L L?3t ) = ADAD ' L7272 ), (B3)

and so on. From this observation we derive two facts: one that state (B.13) vanishes for
q > p and second, the norm

T'(2ht + p)
T(2hg)

For the following, it will be very useful to introduce a special notation for this norm

P
(h| LEL  |h) = 6%P T] Aj = 67Pplk?P (B.14)

Nk; |]€2p (Qhk + p)
7p

T (B.15)
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in terms of which
(B.16)

Notice that in our recursive formula above these ratios cancel and we can write compactly

Nip Ni L Nip—(1-1) pi N !
LLIP, |h AL A L Py = 21" |h B.17
k| > Nk,p 1Nk;p 2 Nkz,p—l —k | > Nk,p—l | > ( )
Analogous result holds for the conjugate state
(T, = ke ) g, (B.15)
Nig—1

and we will use it shortly. With these basic tools we are ready to compute the main matrix
elements.

B.3 (A L{LiaL”, |R),

Lets now carefully compute the elements that will enter the expectation value. We start
with L, and the building block
(h| L{L, L, |h). (B.19)

From our first fact that states with different eigenvalues of Ly are orthogonal we must have
kg +n = pq, (B.20)
since n is an integer, this correlator will be non-zero only for n = kn as well as
p=q-+n. (B.21)
We then need to compute (we drop the ~ for simple notation):
(h| L Ly LT3 ) (B.22)

Using our formula (B.10), we can first write

qg+n—1
n c n—1—
Lin LT hy = > I, (k<n+1>Lk<n1>+12k<k2—1>5n,1) L4 ny, (B.23)

where we used 0y, = 0,1 Then sandwiching it with (k| L] gives
q
<h|LZLknLq+n‘h :Z h|Lqu ( n+1)Lk(n1)+1C2k(k2—1)6n71) LZ—Zn_l_l|h>,
=0

N . ni-
=3 S (K1) (1L Ly B ) b D0 1) (B20)
k,qg—1

where in the first line we used that for [ > ¢ we have (h| LZLC = 0 and in the second line
the norm (B.14). We can also change the summation index to 3 = ¢ — [ to write this as

n z N, — C
(h| Lf Lipn LT ) = Zm(k(nﬂ)ngLk(n_l)thn 1|h>+mk(k21)5n,1Nk,ll).
11=0
(B.25)
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This correlator will be very useful and we will put it into recursive form in a moment. First
let us compute the n = 1 case

q
(h| LLLR LT |h) = 2k° Ny Y (hi + 1) = k(g + 1) (2hy + q) N (B.26)
11=0

On the other hand, for n > 1 we have

Nig
N

(h| L Ly LT3 [B) = k(n + 1) Z
11=0

(h| L} Ly 1y L1 |B) (B.27)

Now we iterate this expression. The first step is

Nig & Niog,

h| L{ Ly, L7 R + 1)n
(h| L{ Lin LT ) = K2(n E:Nm”Fwwh

(h] L Lynogy L2 ). (B28)

So basically we can just iterate this formula until we reach the correlator with Lj, that
means we need to have n — 1 sums:

n—1 ln 2
N,
<h|LZLk’nLq+n|h> -1 <H TL—Z+2 > Z Z N k.q h’L,i;n_lLkLl_nklerl ’h>
i=1 L=0  lp_1=07" Filn—
(B.29)
Finally, we use our previous result (B.26) but written as a sum
lnfl
Bl L= L LT Y = 2k2NG., i + 1) B.30
k k sin—1
1n=0
This way, our main expression becomes
In—
(W L] Ly LT RY = K" (n + 1) WG, Z Z i + 1) (B.31)
11=0 ln=0
Luckily, these nested sums can performed and compactly written as
( +n)!
11=0 In *O ’
Finally, we can write our expression as
+n)!
L 2511 = 1, R i ),
T'(2hr + ¢
= (g S D o D), (B33)

and similarly for the conjugation

n n n +n)!
(WL L gL |h) = (<h|L§L,mLP+ \h>) =k “Nk,p(pp! ) ((n+1)hi+p). (B.34)

Note also that both expressions agree with n = £1 results.
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B.4 (‘I’kl Ly, |‘I’k> and <‘I’k| Lg |‘I’k>

Now we are ready to evaluate

00 qg+n —q

— yA z
(V| L |Y) = (1 — zkzk)2hk Z;) o Z)!k‘fr" q!;::q (h| LI Ly LY q+n 1),
q:

2 s (222)7 T (20 + )
— (] — 2hy, (2k22) 1

2
— ny — S B.
khyzy, (n 1+ 1 Zkgk) ) (B.35)

where we used the result (B.33). Similarly, with (B.34), we carefully get

(22k)P
pl(p + n)lk2p+n

(Up| Logn [ W) = (1 — 2,25,) 2" 21 Z (I LY™" L gL |,

p=0
_ _ k)P T'(2hy, + p)
(] — 5 2h Z (21:2) D
2

that is of course a complex conjugate of the previous element. Las but not the least, we
compute the Ly element

o0 p
_ z
(UK Lo [Ok) = (1 — 2.2,)"" D ko Sk (| LILoLP, |hY |

—~, DIkP q'kq
o0 =q
S )™ S () (b L4 |y
plkP qlk4 ==k 10
p,q=0
- 2zl '(2h + p)
= (1 — 2z 2,) 2 kkh kp) —————,
( ) go (k)=
2hikzz
= h4 TR (B.37)
212k
B.5 Re-summation
Finally we can sum both contributions
= > 2 n n
U knL—n —k‘nLn A\ — ( -1 ) k= —k
nZ::l< k| 2 kn + 2 kn | Wk) khknz::l n +1—zk,§k ((z Zk:) +(z zk) )7
(B.38)

which sums up to

2 =2 =
2j; 2z, 2, 27
i ((zk SR PR (e gy Y- m) A ((z—k A P e T m)) '

Putting everything together

22 (W T(2) |g) = (V| Lo |[Wy) + i(zkn (k| Lo [Wk) + 27" (U] Ly, [Tr)), (B.40)

n=1
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allows us to write

khk22(k71)(1 — Zkfk)2 C .9 1
(Ug| T(2) [Wg) = ke 515 1 (B.41)

This is our result (3.3).

C Geodesics in AdS from the embedding formalism

In this section, we obtain the most general form of the trajectory of a massive particle
using the embedding formalism both in Lorentzian and Euclidean signatures. We start in
Lorentzian signature, where the trajectory is essentially a timelike geodesics. The global
Lorentzian AdSs can be embedded in R?? in terms of the coordinates

Xo =secopcost, Xo =secosint, (C.1)
X1 =tan¢cosf, Xo =tan¢sind. (C.2)

The the trajectory of the particle in the embedding coordinates has to satisfy the constraining
equation [96]
EX, = JouXo — JoruXo (C.3)

where Jo, and Jy, are the conserved charges. Redefining them as
CN = JOIM — iJO,u s CZ = JO/M + iJOu (C4)

we can be expressed the trajectory of the massive particle in terms of the embedding
coordinates as

Xo =seco(t)cost, Xo = sec ¢(t)sint, (C.5)
1 4 .
X,u(t) — —m(é}ieizt + C:Zelt) 5 (06)

to stay on the hyperboloid, one has

sin ¢(t) = iﬁf?it@ 1+ 20t editge? (C.7)

Comparing with eq. (C.1), the geodesic equations parametrized by ¢ are given as

1 : )
i — —24t 2 L O* 24t ~*2
sin ¢ 2E'\/€ C'+2C C* + et (2 (C.8)
Gie' + e

Gyet 4 (pe

(C.9)
actually in the first equation, the energy E can be absorbed into the parameters, while it
doesn’t affect the second equation. Let us denote the new parameters to be {, = (,/(2E),
to comply with the range of the coordinates ¢ and 6, we have - * < 1. In total, there are
four real parameters, which is reasonable, since we only need to specify the position and
velocity of the particle on a given Cauchy slice for AdSs.

~ 98 —



Euclidean case. The global Euclidean AdS3 can be embedded in R in terms of the co-
ordinates

X = cosh pcosh T, X = cosh psinh 7, (C.10)
X1 =sinh pcos?, Xo = sinh psin @, (C.11)
using a change of variable tanh p = sin ¢, one has the embedding
Xo=secpcosh, Xo =secosinh T, (C.12)
X =tan¢cosd, X9 =tan¢sing. (C.13)

As a comparison to the Poincaré embedding and other global embedding, we can write
those relations as

2 2 24 ¢2 [ cosh
Xo = rE =12+ 7r2cosht = cos T,

2z sin ¢
It . [sinh T
X =—==+VI12+r2sinht = — ,
z sin ¢
lx ) .
Xo=— =rsinf =ltan ¢sinb,
z
2.2 2, 42
X3 = l +22+$ Rl =rcosf =ltan¢pcosh. (C.14)
z

In Euclidean case, the geodesics are obtained by taking the solutions ¢t — i7 in (C.1), and
change ¢, — a, and (;; — B, as independent parameters. The geodesics parametrized in
terms of 7 are given as

1
3 - 2T A2 . —27 32
smqb—zE\/e a2+ 2a-f+e 2732, (C.15)
—T T
tang = ¢ T’ (C.16)
Boe™™ 4+ age”
in terms of the embedding coordinates
Xo =seco(r)cosh, Xor =secp(r)sinh 7, (C.17)
1
X = T . C.18
/'L(T) 2ECOS¢(T) (aﬂe +/B/—Le ) ( )
We are interested in one particular type of the geodesics passing through (7 = +79, ¢ = 7/2)
on the constant 8 = 6y plane, such boundary conditions lead to a3 = agtanfy and
B1 = Patan by, taking as = o = 2222}91070, we have
cosht
in¢ = , 0 =106, C.19
sin ¢ cosh 0 ( )

which reproduces eq. (4.14) in the main text.
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