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The entanglement of distillation for gauge theories

Karel Van Acoleyen,1 Nick Bultinck,1 Jutho Haegeman,1

Michael Marien,1 Volkher B. Scholz,1 and Frank Verstraete1, 2

1Department of Physics and Astronomy, Ghent University, Krijgslaan 281, S9, 9000 Gent, Belgium
2Vienna Center for Quantum Science and Technology, Faculty of Physics,

University of Vienna, Boltzmanngasse 5, 1090 Vienna, Austria

We study the entanglement structure of lattice gauge theories from the local operational point
of view, and, similar to Soni and Trivedi (arXiv:1510.07455), we show that the usual entanglement
entropy for a spatial bipartition can be written as the sum of an undistillable gauge part and of
another part corresponding to the LOCC distillable entanglement, which is obtained by depolarizing
the local superselection sectors. We demonstrate that the distillable entanglement is zero for pure
abelian gauge theories in the weak coupling limit, while it is in general nonzero for the nonabelian
case. We also consider gauge theories with matter, and show in a perturbative approach how area
laws – including a topological correction – emerge for the distillable entanglement.

Introduction—The concept of quantum entanglement is
at the center of current day physics. While it used to
be confined to the realms of quantum information the-
ory, it is now appearing in many other fields. It is used
for instance to characterize new phases of matter with
topological order [1, 2], and it also plays a crucial role
as guiding principle in the classical simulation of general
quantum many body systems [3–5]. Furthermore in the
context of the holographic principle and quantum grav-
ity there appears to be an intricate connection between
entanglement and geometry [6, 7]. At the same time en-
tanglement lies at the root of the firewall paradox in the
quantum behavior of black holes [8, 9].

It is hence highly desirable to gain a better under-
standing of the entanglement structure of quantum field
theories. However, as first pointed out in [10], for gauge
theories the concept of entanglement is obscured by their
intrinsic non-locality. More formally, the Hilbert space
for locally distinct regions is not of tensor product form,
which renders the usual rules for computing the entangle-
ment not applicable. While a number of tools have been
developed to cope with this computational problem [10–
18], the physical meaning of entanglement in gauge the-
ories was still unclear.

In this letter, we put forward the operational view on
entanglement: for us, the physical entanglement is iden-
tified as the accessible one. That is, the asymptotic num-
ber of EPR-pairs Egauge

D which can be distilled [19, 20]
per copy from many copies of the lattice gauge theory
state by physically allowed local operations in combi-
nation with classical communication (LOCC) acting on
spatially separated regions of the lattice. We show that
from this operational point of view, every pure state is
physically undistinguishable from a mixed state if we are
only allowed to use local gauge preserving operations.
Hence it is the distillable entanglement of this mixed
state which is physically relevant. The expression we find
for the distillable entanglement in a lattice gauge theory
was already identified as being part of the overall math-
ematical expression for the entanglement entropy in ear-
lier works [10–18], however, its operational interpretation

was missing so far (but see also the very recent work [21],
where similar conclusions were reached). Moreover, our
results imply that it is the only physical sensible defi-
nition of entanglement, as it is defined with respect to
the physical observables. As such, it adds to recent pro-
gresses in understanding the entanglement structure of
physical systems obeying superselection rules in opera-
tional terms [22–25] and can be seen as another instance
of the “think operationally” paradigm approach to quan-
tum physics [26].

We illustrate our findings by calculating the physically
relevant entanglement for ground states of lattice gauge
theories in the weak coupling limit, both for pure gauge
theories and for theories involving matter. Furthermore
we show in a perturbative approach how an area law
with a topological correction emerges for the distillable
entanglement of Z2 gauge theory with matter and argue
that the topological correction is generic for zero-coupling
abelian gauge theories with finite groups.

Hamiltonian lattice gauge theory—We only briefly re-
view the setup of the Kogut-Susskind (K-S) Hamiltonian
formulation of lattice gauge theory [27–29] in order to
extract the relevant facts for us. A more detailed dis-
cussion can be found in the Appendix or in the liter-
ature [11, 12, 27–29]. We start with a compact group
G, as well as with a lattice (V, L) consisting of vertices
v ∈ V that are connected by edges e ∈ L. The gauge de-
grees of freedom are located on the edges: on each edge
e we have a local Hilbert space He ≃ L2(G) on which
the group acts by left (Le) and right (Re) multiplication,
(Fig. 1a). The matter degrees of freedom are located
on the vertices: on each vertex v the local Hilbert space
Hm consists of a representation space of the group G,
with a certain number of irreducible representations and
the local group action Vv defined accordingly. The over-
all Hilbert space H is given by the tensor product of all
local ones. In order to define the local gauge transforma-
tions, we assign an orientation to each edge. The local
gauge transformation at vertex v is given by the opera-
tor Uv(g) = Vv(g) ⊗e∈E+

v
Re(g) ⊗e∈E−

v
Le(g), where E

+
v

(resp. E−
v ) denote the sets of all incoming (resp. outgo-
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ing) edges of the vertex v. The subspaceHphys of physical
states |ψ〉 is singled out by the constraint Uv(g)|ψ〉 = |ψ〉
for all v ∈ V and g ∈ G. Correspondingly, the algebra
B(Hphys) of physically allowed operations O, consist of
all gauge invariant operators on H, that is those oper-
ators that obey U+

v (g)OUv(g) = O, again for all v and
g. The non-local character of gauge theories is now man-
ifest: since Uv(g) is not 1-local, having non-trivial sup-
port on a vertex v and different edges e, the true physical
Hilbert space Hphys does not decompose in a direct prod-
uct of local Hilbert spaces. As such, the tensor product
structure of the Hilbert space H is nothing but a conve-
nient illusion that is used to define the true “non-local”
Hilbert space Hphys. But notice that we still have a clear
notion of local observables and operations: to each gauge
invariant operator O we can assign the spatial region of
non-trivial support.

Locality and allowed operations—Let us make the non-
locality more concrete by considering some bipartition of
the full system in a connected spatial region A and its
complement B, connected by n boundary edges (Fig. 1b).
The structure of the associated local Hilbert spaces HA,
HB is most apparent if written in the representation
bases corresponding to the gauge transformations cross-
ing the boundary (see the Appendix for more details).

Specifically for A we define the basis {|~r,~i, α〉A}, with
~r = (r1, r2, . . . , rn) ∈ Λn, where Λ is the set of equiva-
lence classes of irreducible representations of G, with the
subindex running over the n different boundary lattice
vertices vb, and ~i = (i1, i2, . . . , in) enumerating a basis
in the associated representation space. For each ~r the
multiplicity space is labelled by α (which has zero range
if ~r does not appear in the basis). In a similar way we
can take for HB the irreducible representation basis of
⊗vbG on B: {|~r,~i, β〉B}, with the difference that we now
label the states according to their transformation under
the complex conjugate irreducible representations. The
local Hilbert spaces thus have the following direct sum
structure:

HA = ⊕~rH~r
Ag ⊗H~r

Am , HB = ⊕~rH~r
Bg ⊗H~r

Bm ,

with H~r
Ag,H~r

Bg the representation spaces for the irrep ~r

corresponding to the group indices ~i and H~r
Am,H~r

Bm the
multiplicity spaces on A and B.

Now, the gauge constraints imply that all physical
states have to be maximally entangled between the rep-
resentation spaces, which amounts to the decomposition

Hphys =
⊕

~r∈Λn

(

|φ~r〉gAB ⊗H~r
Am ⊗H~r

Bm

)

,

with |φ~r〉gAB =
∑

~i |~i〉A|~i〉B/
√
d~r, the maximally entan-

gled state in the representation space H~r
Ag ⊗H~r

Bg. Here

d~r =
∏

vb
drvb denotes the dimension of the direct prod-

uct irrep ~r. Notice that for the A/B partition the ‘inner’
and ‘outer’ gauge constraints, for which the gauge trans-
formations Uv(g) only have non-trivial support on either

(a)

R

R

L

Lv

(b)

r2 r3

r4

r5
r6

A

B

r1

FIG. 1. (a) The setting of lattice gauge theory: the action of
a gauge transformation Uv is determined by the orientation
of the edges. (b) A bipartite cut: the edges along the cut are
labeled by irreducible representations r1, . . . , r6 of the group
action at the 6 different boundary vertices (thick points), giv-
ing rise to a direct sum structure. Fixing theses irreducible
representations produces a direct product structure on each
boundary edge, with one factor lying on the inside and one
factor on the outside.

A or B, can be considered local. The effect of these con-
straints is taken into account implicitly by restricting the
multiplicity spaces accordingly.

It is now evident that indeed Hphys 6= HA⊗HB . How-
ever, after projecting onto a specific choice of bound-
ary representations ~r, the physical Hilbert space is iso-
morphic to the well-defined tensor product Hilbert space
H~r
Am ⊗ H~r

Bm separating the region A from its com-
plement B. Since physical operations which are ei-
ther located in the inside or in the outside of the re-
gion A cannot change the superselection sector labeled
by ~r, they have to commute with the projection P~r =

|φ~r〉〈φ~r|gAB ⊗ IH~r
Am

⊗ IH~r
Bm

= W~rW
†
~r where the isome-

try W~r = |φ~r〉gAB ⊗ IH~r
Am

⊗ IH~r
Bm

satisfies W †
~rHphys ≃

H~r
Am ⊗H~r

Bm. From an algebraic viewpoint, this implies
that the algebra of physical local observables has a non-
trivial center, as already pointed out in [12]. We find
that the algebra C of local physical observables for the
A/B partition equals

C =
⊕

~r∈Λn

AA(~r)⊗AA(~r)
′ ⊂ B(Hphys) ,

where AA(~r) = P~rAAP~r is the projected algebra AA of
all gauge invariant operators acting on the region A and
AA(~r)

′ is the commutant of AA(~r), i.e. all operators
in B(P~rHphys) which commute with AA(~r). The role of
the commutation relation is to ensure locality: as all el-
ements in AA(~r)

′ commute with elements in AA(~r) and
map physical states to physical states they correspond to
the operations which can be performed by acting only on
the outside of the region A.

Equivalence of pure and mixed states—The structure of
gauge theories imply that local operations O ∈ C are
not only constrained by geometry but also by the gauge
constraints. Specifically, exploiting the fact that they
commute with the orthogonal projections P~r as well as
using

∑

~r P~r|ψ〉 = |ψ〉 for |ψ〉 ∈ Hphys, we find for the
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expectation values for elements O ∈ C that

〈ψ |Oψ 〉 =
∑

~r∈Λn

Tr[OP~r|ψ〉〈ψ|P~r] .

Therefore physical operations respecting the bipartite cut
cannot distinguish between the pure state |ψ〉〈ψ| and the
mixed depolarized state

σψ =
∑

~r∈Λn

P~r|ψ〉〈ψ|P~r . (1)

This implies that from the point of view of a physical
experiment, the entanglement of the pure state ψ is ir-
relevant and only the mixed state σψ is physical. We
will show that the physically accessible entanglement is
indeed the one contained in the latter. That symmetry
constraints can lead to such an equivalence of pure and
mixed states was first noted in [26].

Main result—As first suggested in [10], to define a formal
bipartite entanglement entropy for an arbitrary physical
state |ψ〉 ∈ Hphys, one can consider it as a state on the
larger local Hilbert spaceH = HA⊗HB and trace out the
subsystem B to get a density matrix ρA = TrB |ψ〉〈ψ|.
As was first shown in [11] for the general nonabelian case,
the corresponding von Neumann entropy can then be de-
composed as:

SA = −TrAρA ln ρA = −
∑

~r

p~r ln
p~r
d~r

+
∑

~r

p~rS
~r
A (2)

with S~rA = −Trρ~rA ln ρ~rA the von Neumann entropy of the
density matrix on the multiplicity space of the irrep sec-

tor ~r, ρ~rA = 1
p~r
TrH~r

Bm
[W †

~r |ψ〉〈ψ|W~r], the normalization

given by p~r = 〈ψ |P~r|ψ 〉. However, as discussed before,
the pure state |ψ〉 is physically equivalent to the depolar-
ized mixed state σψ and hence for operational purposes
such as entanglement distillation, this state has to be con-
sidered. As shown below, the fact that the eigenstates of
σψ can be locally distinguished by acting only on the
inside or outside of the region A leads to the following
expression of the entanglement of distillation for σψ,

Egauge
D (|ψ〉) = ED(σ

ψ) =
∑

~r

p~rS
~r
A , (3)

which equals the second term in Eq. () (see also [21]).
Hence it is this term which possesses a clear operational
meaning of the true physical quantum entanglement; and
in contrast to previous discussions in the literature we
consider the first term to be an artefact of the embed-
ding of the physical Hilbert space Hphys into the tensor
product space H.

Proof—The proof is naturally divided into two parts:
the statement that this amount of entanglement can be
extracted (direct part), and the converse statement that
no more entanglement can be extracted. In order to pro-
ceed, we first remark that the projected algebra AA(~r)

together with its commutantspans the algebra of all oper-
ators on the projected subspace P~rHphys, which is equiv-
alent to the already established fact that this subspace
decomposes into a tensor product of two Hilbert spaces.
This implies that after projecting (and adjusting the nor-
malization) the state |ψ〉 onto the subspace P~rHphys, we
are again in the well-known situation of standard quan-
tum information theory: we are given a pure state on a
tensor product, and all operations on each tensor factor
are allowed local operations. In this case the formula of
the entanglement of distillation is given by the entropic
expression S~rA which also equals the entanglement of for-
mation (that is, the entanglement necessary to asymptot-
ically create the state by local operations and classical
communication). The direct part then proceeds as fol-
lows: Each party first measures with respect to the set of
projectors {P~r}~r∈Λn . On average, this brings the state
into the form of the depolarized state σψ (cf. Eq. ()).
Depending on the measurement outcome, each one ap-
pearing with probability p~r, they are left with the pure
state 1

p~r
P~r|ψ〉〈ψ|P~r. They then perform the usual en-

tanglement distillation protocol [19, 20], asymptotically
yielding S~rA amount of entanglement. On average of all
outcomes, this gives an asymptotic rate of

∑

~r∈Λn p~rS
~r
A

many ebits. For the converse part, it suffices to show that
the entanglement cost Egauge

C of σψ — that is, the asymp-
totic rate of ebits needed to successfully create many
copies of the state by LOCC, a task called entanglement
dilution [19, 20, 30] — equals

∑

~r∈Λn p~rS
~r
A. This follows

from Egauge
D ≤ Egauge

C , since otherwise the two parties
could interchangeably run the two protocols to create
entanglement by LOCC, which is absurd. We start with
one party creating the overall state |ψ〉〈ψ| locally on one
side. We proceed to measure with respect to the projec-
tions onto boundary representations, sending the value
of ~r, and conditioned on this measurement result apply-
ing the usual entanglement dilution protocol [19, 20, 30]
for the state 1

p~r
P~r|ψ〉〈ψ|P~r, asymptotically using up S~rA

pairs of ebits. On average, this protocol creates the state
σψ while using

∑

~r∈Λn p~rS
~r
A many ebits.

As a side result, we find that both operationally defined
measures of entanglement, the distillable entanglement
Egauge
D and the entanglement cost Egauge

C are equal to
each other and given by () if we restrict to local gauge
invariant operations and classical communication.

Weak coupling results for pure lattice gauge theories—For
a pure lattice gauge theory, the zero-coupling Hamilto-
nian is given as the sum over all Wilson loops around pla-
quettes, H0 = −

∑

Plaquettes pWp, where for a plaquette
p with edges e = 1, 2, 3, 4, Wp is a projector diagonal in
the group basis, projecting onto the states |g1, g2, g3, g4〉
for which

∏

i g
pi
i = e. Here e stands for the group iden-

tity element and pi = +1 for a clockwise orientation of
the edge i along the plaquette and pi = −1 for a coun-
terclockwise orientation. As Wp is gauge invariant, the
zero-coupling ground state |ψ0〉 is given by applying the
projector QHphys

=
∑

~r P~r on the product state with all
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edge states initialized to the group identity.

For abelian groups the ground state of H0 has no dis-
tillable entanglement. For concreteness, consider a Z2 =
{e, x} zero-coupling gauge theory, also called the Toric
code [31], where we take R(x) = L(x) = σx. The corre-
sponding plaquette term Wp is given by 1/2(I⊗4 + σ⊗4

z ).
The ground state of H0 is then simply the equal weight
superposition of all closed loop configurations of |−〉
states on the edges, where σx|−〉 = −|−〉. The projec-
tors P~r now simply project the boundary edges into a
particular configuration of |+〉 and |−〉 states. The re-
sulting state W~r|ψ0〉 is easily seen to be a product state
|φAm〉 ⊗ |φBm〉, from which we conclude that the distill-
able entanglement is zero. This argument is readily gen-
eralized to arbitrary abelian groups (and even to twisted
versions of H0 [32, 33] such as the double semion model).

We remark that abelian theories already show that the
distillable entanglement does not satisfy strong subaddi-
tivity [34, 35], and even fails to fulfill subadditivity: A
simple example is a state for a Z2-abelian gauge theory
which is in a superposition of having two closed loops,
one crossing the boundary between two regions A and B
and one outside of both, and no loops. Operations either
located inside A or B cannot detect the loop crossing the
boundary — which implies that the entanglement distil-
lable between the regions A or B and their complements
is the same as for the states with no loops present: zero.
On the contrary, operations located in the union A ∪ B
can detect the loop present and hence can exploit the en-
tanglement between the loops inside and outside of A∪B.
This example can be amplified to yield a violation of sub-
additivity scaling with the area of the boundary between
A and B. The violation can be traced back to the fact
that for every choice of a bipartite cut, the center of the
observable algebra chances, implying a different depolar-
ization map for different cuts.

Let us now calculate the distillable entanglement in
the ground state for nonabelian theories at zero coupling.
For these, we find that the reduced density matrix has
flat spectrum with respect to representation basis |~r,~i, α〉,
and for fixed ~r the rank is given by the number N1

~r of
inequivalent ways the representations ~r can fuse to the
scalar one (see the Appendix for details). This gives a
distillable entanglement () of

Egauge
D (|ψ0〉) =

1

|G|n−1

∑

~r∈Λn

d~rN
1
~r logN

1
~r . (4)

For abelian groups N~r = 0, 1 and we find Egauge
D (|ψ0〉) =

0 consistent with the derivation above, for nonabelian
groups N~r 6= 0, 1 for some ~r, implying a nonzero distill-
able entanglement already at zero coupling.

Theories with matter— Let us now consider the dis-
tillable entanglement of a globally symmetric matter
state |ψmat〉 after gauging. For simplicity we restrict
to abelian groups. Before gauging, the entanglement
entropy of the matter state after tracing out B is
given by S(ρA) = H(pr) +

∑

r prS(ρ
A
r ), where pr =

〈ψmat|ΠAr |ψmat〉 is the probability of measuring total
charge r in A, H(pr) is the Shannon entropy of {pr},
and prρ

A
r = TrB

(

ΠAr |ψmat〉〈ψmat|ΠAr
)

. Analogous to the
case of local gauge constraints, the restriction to symmet-
ric operations implies that the state is again equivalent to
a depolarized mixed state σψmat , and the entanglement
distillable by symmetric operations of the matter state is
given by the second term

∑

r prS(ρ
A
r ). For this argument

to hold it is important that when we consider multiple
copies in order to implement the distillation protocol, we
demand that the symmetry conditions hold for each copy
simultaneously, not only just for all copies at once, be-
cause otherwise also the first term is distillable [36].

We can now apply the procedure of Ref. [37] to ob-
tain the gauged state |ψg,mat〉 in the zero coupling limit:
|ψg,mat〉 = G|ψmat〉, with G an isometry called the gaug-
ing map that maps to the Hilbert space containing both
matter and gauge degrees of freedom on the vertices and
edges respectively. In order to compute the distillable
entanglement after gauging, we note that in the abelian
case, upon projecting onto one superselection sector P~r,
the gauging map decomposes into a tensor product of
isometries P~rG = GA~r ⊗GB~r (taking the normalization into
account). Hence the depolarized state σψg,mat can be pre-
pared starting from σψmat by LOCC which implies that

ED(|ψmat〉) ≥ Egauged
D (|ψg,mat〉). However, again by the

fact that with respect to each sector the gauging map is a
tensor product of local observables, each local symmetric
operator on the matter Hilbert space can be mapped to a
local gauge invariant operation [37] which in turn yields

the other inequality ED(|ψmat〉) ≤ Egauged
D (|ψg,mat〉). We

find that for abelian theories in the zero-coupling limit
the distillable entanglement after gauging is the same as
that of the original matter state, if we restrict in this
case to symmetric operations (see the Appendix for the
detailed argument).

For an illustration of how matter degrees can change
the value of the physical entanglement content, we con-
sider a Z2 gauge theory. For a zero hopping term between
the matter degrees of freedom, we are effectively in the
pure abelian gauge case, with a zero distillable entangle-
ment. Turning on the hopping term induces a positive
distillable entanglement. For small interaction strength
ε and large boundary area ∂A we find using perturbation
theory (see the Appendix for details):

Egauge
D ≈ ∂AH(cos2(ε), sin2(ε))− log(2) .

Hence the physically accessible entanglement obeys an
area law featuring the same topological correction as the
full entanglement entropy, a fact we expect to hold for
arbitrary finite abelian groups and generic translation in-
variant Hamiltonians at zero gauge coupling (see the Ap-
pendix for an argument).

Conclusions—We addressed the issue of entanglement for
lattice gauge theories from an operational standpoint. As
we have shown, it is the entanglement in the multiplic-
ity spaces of the local gauge constraints that can indeed
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be distilled by an LOCC protocol. Interestingly, the dis-
tillable entanglement violates subadditivity. Moreover,
we calculated its value for zero-coupling gauge theories
– abelian and nonabelian, with and without matter. We
stress that our general results are valid both for discrete
lattice gauge spin systems and for relativistic gauge quan-
tum field theories that are regulated by a spatial lattice
formulation[38] [27–29].

One of the motivations for this letter was the firewall
paradox [8, 9] that crucially hinges on the violation of
the monogamy of entanglement on a local Hilbert space.

It should be interesting to reformulate the paradox for
gauge field theories in light of our results.

During the completion of this work, we became aware
of the recent contribution [21], that has a partial overlap
with our results.
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M.M. are supported by the FWO.

Appendix A: Kogut-Susskind formulation of lattice theories and bipartite cuts

To set up the Kogut-Susskind (K-S) Hamiltonian formulation of lattice gauge theory [27–29] for a general compact
group G, we start from a certain lattice (V, L) consisting of vertices v ∈ V that are connected by edges e ∈ L.
The gauge degrees of freedom are located on the edges: on each edge e we have a local Hilbert space He ≃ L2(G)
spanned by the group basis {|g〉e}g∈G. We also define a left and right group action for each edge, Le(h)|g〉e =
|hg〉e and Re(h)|g〉e = |gh−1〉e. Notice that [Le(h1), Re(h2)] = 0, while in general both [Le(h1), Le(h2)] 6= 0 and
[Re(h1), Re(h2)] 6= 0. The matter degrees of freedom are located on the vertices: on each vertex v the local Hilbert
space Hm consists of a representation space of the group G, with a certain number of irreducible representations and
the local group action Vv(h) defined accordingly. One then obtains the Hilbert space H simply by taking the direct
product of all local Hilbert spaces: H = ⊗eHe ⊗v Hv.

The local gauge symmetry is of course what makes a theory a gauge theory. In the K-S Hamiltonian formulation
this symmetry is implemented by time-independent local gauge transformations. To define them we have to assign
an orientation to the edges (see the figure). The local gauge transformation Uv(g) at a vertex v is then defined as
Uv(g) = Vv(g)⊗e∈E+

v
Re(g)⊗e∈E−

v
Le(g), where the sets E

+
v and E−

v consist respectively of all incoming and outgoing

edges of the vertex v. For the simple case of a square lattice that we consider in the figure, E+
v contains the edges

at the lefthand side and at the bottom, while E−
v consists of the edges at righthand side and the top. Notice also

that [Uv1(g1), Uv2(g2)] = 0 for any two different vertices v1, v2. Now the physical Hilbert space Hphys is defined as the
subspace of H consisting of all gauge-invariant states, that is all states |ψ〉 that obey the gauge constraints:

Uv(g)|ψ〉 = |ψ〉 ,

for all vertices v and all group elements g.

Let us now concentrate on a bipartite cut, dividing the full full system into a connected spatial region A and its
complement B, connected by n boundary edges. We define the boundary vertices vb as those vertices for which the
gauge transformations have non-trivial support on both A and B: Uvb(g) = UAvb(g)⊗ UBvb(g). Notice that UAvb(g) and

UBvb(g) can take different forms: Le1(g), Le1(g) ⊗ Re2(g), Le1(g) ⊗ Re2(g) ⊗ Vvb(g), . . . depending on the vertex vb
and on the specific partition. For simplicity, we will always explicitly consider partitions as in the figure, where each
UAvb(g) only has non-trivial support on a single edge. But this will not affect the generality of our conclusions. As
basis for the Hilbert space HA on A we can then take the orthonormal irreducible representation basis of ⊗vbG on

A: {|~r,~i, α〉A}. Here ~r = (r1, r2, . . . , rn) ∈ Λn and ~i = (i1, i2, . . . , in), where Λ is the set of equivalence classes of
irreducible representations of G and the subindex runs over the n different boundary lattice vertices vb. The group
action is implemented as UA1 (g1) . . . U

A
n (gn)|~r, (i1, . . . , in), α〉A =

∑

(j1,...,jn)
Γr1j1i1(g1) . . .Γ

rn
jnin

(gn)|~r, (j1, . . . , jn), α〉A.
The index α labels the multiplicity of the direct product irreducible representation ~r. Notice that this multiplicity
can be zero (in which case we will of course not have the corresponding irreducible representation ~r in our basis). In

a similar way we can take for HB the irreducible representation basis of ⊗vbG on B: {|~r,~i, β〉B}, with the difference
that we now label the states according to their transformation under the complex conjugate irreps Γr∗ij (g). It is clear
that our choice of bases for A and B amounts to the decompositions:

HA = ⊕~rH~r
Ag ⊗H~r

Am , HB = ⊕~rH~r
Bg ⊗H~r

Bm ,

with H~r
Ag,H~r

Bg the representation spaces for the irrep ~r corresponding to the group indices ~i and H~r
Am,H~r

Bm the
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multiplicity spaces on A and B. Using the implications of the Peter-Weyl theorem, in particular the relation
∫

G

dg
√

drd′rΓ
r∗
ij (g)Γ

r′

lk(g) = δrr′δilδjk , (A1)

with dr the dimension of the irrep r of G and
∫

dg the group-integral [39], we can now easily show that a complete
orthonormal basis for the gauge invariant states on H, i.e. the states |ψ〉 for which UAvb(g) ⊗ UBvb(g)|ψ〉 = |ψ〉
for all boundary vertices vb and all group elements g, consists of {|~r, α, β〉 ≡ 1/

√
d~r
∑

~i |~r,~i, α〉A|~r,~i, β〉B} , where
d~r ≡

∏

n drn . This then amounts to the decomposition:

Hphys =
⊕

~r∈Λn

(

|φ~r〉gAB ⊗H~r
Am ⊗H~r

Bm

)

,

with |φ~r〉gAB =
∑

~i |~i〉A|~i〉B/
√
d~r, the maximally entangled state in the representation space H~r

Ag ⊗H~r
Bg.

Appendix B: Distillable entanglement for nonabelian groups

First we write for the projector QHphys
= PAPB

∏

vb
Pvb , with PA, PB the product of all vertex projectors, having

only non-trivial support on A or B. Also, for convenience we now consider the orientations on all boundary edges eb
of A pointing inwards, such that UAvb(gvb) = L(gvb) for all boundary gauge transformations. One can then show that
tracing out B results in the following density matrix on A:

ρA ≡ TrB |ψ0〉〈ψ0|

=
∏

vb

∫

G

dgvb

n
∏

vb=1

UAvb(gvb)PA|e〉A〈e|APA
n
∏

vb=1

UA+
vb

(gvb)

≡
∏

vb

∫

G

dgvb |φ({gvb})〉〈φ({gvb})| ,

with |e〉A ≡ |e〉⊗|LA|. Furthermore it can be seen that the states |φ({gvb})〉 are equivalent under a global symme-
try h: |φ({gvb})〉 = |φ({gvbh})〉 and that the different equivalence classes are orthogonal: 〈φ({g̃vb}) |φ({gvb}) 〉 =
∫

G
dh
∏

vb
δ(g̃vbg

−1
vb

−h). This implies that the density matrix is flat [40, 41], with non-zero eigenvalues on the |G|n−1

independent orthogonal states |φ(g1, . . . , gn−1, e)〉, leading to an entanglement entropy SA = (n−1) log |G| on the full
Hilbert space. To calculate the distillable entanglement we have to write ρA in the irreducible representation basis.
From the Peter-Weyl relation (A), one can construct the appropriate set of orthonormal states:

|~r,~i, α〉 =
∏

vb∈tG

∫

G

dgvb
∑

~j

cα
~r,~j

Γr1i1,j1(g1) . . .Γ
rn
in,jn

|φ({gvb})〉 . (B3)

Here the multiplicity index α = 1, . . . , N1
~r labels the different scalars under the right global group action that appear

in the fusion of ~r:
∑

~k
Γr1∗j1,k1

(h) . . .Γrn∗jn,kn
(h)cα

~r,~k
= cα

~r,~j
, for any h ∈ G. Orthonormality of the states (B) then follows

if we take the normalization
∑

~k
cα∗
~r,~k
cβ
~r,~k

= d~rδα,β . In this basis ρA then reads:

ρA =
1

|G|n−1

∑

~r,~i,α

|~r,~i, α〉〈~r,~i, α| ,

from which the formula () can be read off.

Appendix C: The distillable entanglement after gauging an abelian symmetry

In this section we consider a matter state |ψmat〉 with a global abelian symmetry and derive the distillable entan-
glement before and after gauging. We consider a square lattice and make a bipartition by dividing it in a simply
connected region A and its complement B. A general symmetric state can then be written as

|ψmat〉 =
∑

rαβ

crαβ |rα〉A|r∗β〉B ,
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where r is an irrep of the abelian group labeling the charge in region A and the orthonormal basis states transform
under the group action as |rα〉A → Γr(g)|rα〉A, with Γr(g) an irrep of G. The dual irrep r∗ is then defined via
Γr

∗

(g) = Γ̄r(g), for all g ∈ G. The labels α (β) are degeneracy labels that encode for example the position of the
charges in A (B). We can write the projector onto globally symmetric states as Πsymm =

∑

r Π
A
r ⊗ ΠBr∗ with ΠA,Br

local projectors in regions A, B that project onto the sector with total charge r.

The reduced density matrix of region A is now easily obtained as

ρA =
∑

r

pr|r〉〈r| ⊗





1

pr

∑

αα′





∑

β

crαβc
∗
rα′β



 |α〉〈α′|





≡
∑

r

pr|r〉〈r| ⊗ ρAr ,

where pr is a normalization such that Tr(ρAr ) = 1. The entanglement entropy is then

S(ρA) = H(pr) +
∑

r

prS(ρ
A
r ) .

The first term in this expression is the Shannon entropy of the probability distribution pr of measuring charge r in
region A. Similar reasoning as in the main text shows that if one restricts to operators in A that commute with
the global symmetry then only the second term is the entanglement distillable via LOCC, i.e. Esymm

D (|ψmat〉) =
∑

r prS(ρ
A
r ).

We now define the gauged state |ψg,mat〉, which is defined in the Hilbert space consisting of the tensor product of
local Hilbert spaces on both the vertices and edges, by applying the gauging map of [37] to the globally symmetric
matter state: |ψg,mat〉 = G|ψmat〉. The map G creates the equal weight superposition of all gauge field configurations
(= irrep assignments) on the edges that are consistent with the charges on the vertices. It is an “isometry” on the
set of globally symmetric states G†G = Πsymm. Linearity of the gauging map implies

|ψg,mat〉 =
∑

rαβ

crαβG(|rα〉|r∗β〉) ,

where the product state |rα〉|r∗β〉 will be gauged into an entangled state. Let us now denote the number of edges that
connect vertices in A to vertices in B with n. The n-dimensional vector ~r is then defined to represent a particular
configuration of irreps on the edges that connect A to B. We now use the fact that for abelian groups the gauging
map on a bipartition can be written as

G =
1

|G|n−1
2

∑

~r

GA~r ⊗ GB~r ,

where GA~r (GB~r ) map states in A or B to an equal weight superposition of all gauge field configurations consistent with
the charges on the vertices and subject to the boundary condition that the n edges along the boundary are fixed to

the configuration ~r. As a consequence of Gauss’ law, these maps are “isometric” in the sense that GA†
~r GA~r = ΠA|~r| and

GB†
~r GB~r = ΠB|~r|∗ where we abuse the notation |~r| to denote the total charge to which the product of irreps ~r will fuse.

The normalization in front of the previous decomposition is explained by observing that there exist |G|n−1 different
configuration ~r that give rise to the same |~r|.
Applying this decomposition of the gauging map onto |ψmat〉 gives rise to

|ψg,mat〉 =
1

|G|n−1
2

∑

r

∑

~r

∑

rαβ

crαβ GA~r |rα〉GB~r |r∗β〉.

where now GA~r will annihilate the state |rα〉 if r 6= |~r|. So defining |~rα〉 = G~r|rα〉 and henceforth implicitly using
r = |~r|, the gauged state is

|ψg,mat〉 =
1

|G|n−1
2

∑

~r

∑

αβ

crαβ |~rα〉|~rβ〉.

and we obtain the reduced density matrix of subsystem A as

ρAg =
∑

~r

pr
|G|n−1





1

pr

∑

αα′β

crαβc
∗
rα′β |~rα〉〈~rα′|



 ,
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where pr is the same as in ρA (because of the isometric nature of GA~r ). The entanglement entropy is then given by

S(ρAg ) = log |G|(n− 1) +H(pr) +
∑

r

prS(ρ
A
r ) .

While for the distillable entanglement entropy () we find, since
∑|~r|=r
~r p~r = pr and ρA~r = ρAr :

Egauge
D (|ψg,mat〉) =

∑

~r

p~rS(ρ
A
~r ) =

∑

r

prS(ρ
A
r ) .

Appendix D: Perturbative Calculations

In this section we calculate the lowest order corrections to the entropy of a Z2 gauge theory with matter if an
interaction between the matter degrees of freedom is turned on. A similar calculation can be done for all abelian
gauge theories. This calculation is an illustration of the results obtained in the main text and in the previous section,
although we will not make explicit use of it. In a perturbative approach that we explain below we calculate the full
entanglement entropy of the zero-coupling gauge theory and show that it can indeed be decomposed in a distillable
and non-distillable part, consistent with the general expression that was derived above.

We start with the unperturbed Hamiltonian

H = −
∑

Plaquettes p

Wp −
∑

vertices

Xv

where Wp = 1−Z⊗4 is the projector onto the even subspace of the four gauge qubits around a plaquette. The ground
state of this Hamiltonian is given by the equal superposition of all closed loop configurations on the gauge fields and
all matter in the product state |+〉. The local gauge condition is given by the operators X⊗4

g ⊗Xm which act on a
matter degree and all neighbouring gauge fields.

We now consider a bipartition A,B of the lattice corresponding to a topologically trivial cut. Let there be nA edges
in A, nB in B and n on the boundary. For the toric code, or any abelian gauge theory, the different superselection
sectors can be obtained by fixing the elements on every edge on the boundary in one of the eigenvectors |+〉, |−〉 of
the electric field operator X. We can decompose the ground state |gs〉 as

|gs〉 = 1√
2n−1

⊕

~r even

|A,~r〉|~r〉|B,~r〉.

Here, |~r〉 is the product state of the edges of the boundary where the value of every edge is specified by α The
vectors |A,~r〉, |B,~r〉 are given by the equal superpositions of all string configurations in A and B respectively that are
compatible with the boundary values. All matter is still in the product state |+〉.
We can perturb the Hamiltonian with a term Vℓ on every edge ℓ with Vℓ = Zm ⊗Zg ⊗Zm. Here the Zm operators

work on the two vertices connected to the edge ℓ and Zg acts on the gauge field on this particular edge. The operators
Vℓ create excitations of the magnetic fields on neighbouring vertices.

We now approximate the entanglement of the ground state |gs(ε)〉 of H + ε
∑

ℓ Vℓ. The results of [42–44] imply
that the exact ground state |gs(ε)〉 of the Hamiltonian H + ε

∑

ℓ Vℓ can be obtained by evolving |gs〉 in time,

|gs(ε)〉 = exp

(

−i
∫ ε

0

D(x)dx

)

|gs〉

with D(x) quasi-local in the sense that the strength of the interaction of D(x) decay superpolynomially as a function
of the size of its support. We now quickly argue that instead of focusing on the entanglement of |gs(ε)〉 we can
calculate the entanglement of a simpler state, called |g̃sAB〉 in the remainder of this section. For more details we refer
the reader to the references. The argument goes as follows. Using the formula for the entanglement rate [45], we see
that to find the entanglement of |gs(ε)〉 it suffices to only evolve with terms in D(x) located close to the boundary
between A,B. We can usually restrict ourselves to operators located a distance ∼ log(n) from the boundary. Denote
this operator by DAB . We now have

exp

(

−i
∫ ε

0

DAB(x)dx

)

= exp (−iεDAB(0))

(

exp (+iεDAB(0)) exp

(

−i
∫ ε

0

DAB(x)dx

))

= exp (−iεDAB(0)) exp
(

iεH̃
)

,
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with ||H̃|| ≈ εmaxs∈[0,ε] ‖DAB(0) − DAB(s)‖, which scales as ǫn log n. This motivates us to simplify the evolution
operator even further, we henceforth focus on the state

|g̃sAB〉 = exp (−iεDAB(0)) |gs〉,

which from the bound on the entanglement rate [45] implies an error ∝ ε||H̃|| = ε2n log n on the calculated entropy.
The operator DAB(0) can easily be calculated using the formulas in [43, 44]. If we denote by Wℓ the operator
Zm ⊗ Zg ⊗ Ym, very similar to the operator Vℓ, then DAB(0) =

∑

ℓWℓ. As we work on a bipartite lattice, we can
equally use an operator with the Z always acting on the matter in one of the part and the Y on the other part. This
convention has the benefit that all terms Wℓ commute. We now have

|g̃sAB〉 = exp

(

iε
∑

ℓ

Wℓ

)

|gs〉 =
∏

ℓ

(cos(ε)1 + i sin(ε)Wℓ) |gs〉.

Since exp(iε
∑

ℓWℓ) is a unitary generated by a local commuting Hamiltonian, we can first apply all the factors acting
exclusively in A or B. As these do not change the entanglement we can look at the entanglement of the state

∏

ℓ∈∂AB

(cos(ε)1 + i sin(ε)Wℓ) |gs〉

where the sum now ranges only over Vℓ acting across boundary. As all matter degrees of freedom in |gs〉 start in a
product state of |+〉 it is easy to see that the application of this last operator on |gs〉 is equal to [46]

∏

ℓ∈∂AB

(cos(ε)1 + i sin(ε)Wℓ) |gs〉 =
∏

ℓ∈∂AB

(cos(ε)1 + sin(ε)Vℓ) |gs〉.

Let us now compute the entropy of the state |g̃sAB〉. We first focus on an even sector α. After applying the gates
across the boundary we find that the state in this sector is given by

1√
2n−1

∑

k even

(nk)
∑

m=1

cos(ε)n−k sin(ε)k|Ak,m, ~̃rk,m)〉|~r〉|Bk,m, ~̃rk,m〉.

Here |Ak,m, ~̃rk,m〉 is the state obtained from |A, ~̃rk,m〉 by acting with Z on the k vertices neighbouring edges where α

differs from ~̃rk,m and similar for the state |Bk,m, ~̃rk,m〉. Moreover this expression is immediately a Schmidt decompo-
sition of the state in the sector ~r. The normalization of this state is then given by

1

2.2n−1

(

(cos2(ε) + sin2(ε))n + (cos2(ε)− sin2(ε))n
)

=
1

2n
(1 + cos(2ε)n).

Similarly for odd sectors we find

1√
2n−1

∑

k odd

(nk)
∑

m=1

cos(ε)n−k sin(ε)k|Ak,m, ~̃rk,m)〉|~r〉|Bk,m, ~̃rk,m〉

with normalisation 1
2n (1 − cos(2ε)n). The sum over all pα still sums to 1, as we applied a unitary. We can see that

the non-distillable part of the entropy is now given by

Enon-distillable(|g̃sAB〉) = −2n−1

(

1 + cosn(2ε)

2n

)

log

(

1 + cosn(2ε)

2n

)

− 2n−1

(

1− cosn(2ε)

2n

)

log

(

1− cosn(2ε)

2n

)

= (n− 1) log(2) +H(peven, podd)

with peven = 1+cosn(2ε)
2 , podd = 1−cosn(2ε)

2 . We clearly recognize the first two terms obtained in the section of the main
text that deals with gauging theories of matter.

We now look at the distillable entanglement. We can look at all sectors ~r independently, look at the usual entan-
glement in a sector and finally average over the sectors. We start with a sector with ~r even. For a given sector the
Schmidt values are given by the probabilities of a sequence of n Bernoulli variables Bi, with the extra restriction that
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the sum of all values 1 is even. The normalization constant for the probabilities is given by peven. We first state a
useful combinatorial identity. Taking the derivative of the equality

∑

k even

(

n

k

)

pn−kqk =
(p+ q)n + (p− q)n

2

to q gives

∑

k even

(

n

k

)

kpn−kqk−1 =
n(p+ q)n−1 − n(p− q)n−1

2
.

The distillable entanglement in the even sector ~r is given by

ED,~r,even(|g̃sAB〉) = −
∑

k even

(

n

k

)

(

cos2(ε)
)n−k (

sin2(ε)
)k

peven
log

(

(

cos2(ε)
)n−k (

sin2(ε)
)k

peven

)

= − log
(

cos2(ε)
)

peven

∑

k even

(

n

k

)

(n− k)
(

cos2(ε)
)n−k (

sin2(ε)
)k

− log
(

sin2(ε)
)

peven

∑

k even

(

n

k

)

(k)
(

cos2(ε)
)n−k (

sin2(ε)
)k

+ log (peven)

= −n cos2(ε) log
(

cos2(ε)
)

peven

1 + cos(2ε)n−1

2
− n sin2(ε)

log
(

sin2(ε)
)

peven

1− cos(2ε)n−1

2
+ log (peven) .

A similar calculation for ~r odd gives

ED,~r,odd(|g̃sAB〉) = −n cos2(ε) log
(

cos2(ε)
)

podd

1− cos(2ε)n−1

2
− n sin2(ε)

log
(

sin2(ε)
)

podd

1 + cos(2ε)n−1

2
+ log (podd) .

We conclude that the distillable entanglement is given by

ED(|g̃sAB〉) = pevenSα,even + poddSα,odd.

For fixed ε and in the limit n → ∞ we see, as mentioned in the main text, peven and podd both go to 1/2, even for
very small ε. As this is a combinatorial consequence of translation invariance we indeed expect it to be generic. The
expression for the distillable entanglement then becomes very simple,

ED(|g̃sAB〉) ≈ nH(cos2(ε), sin2(ε))−H(peven, podd)

≈ nH(cos2(ε), sin2(ε))− log(2)

We make one final remark concerning the topological entropy. If we look at the total entanglement we see that
the correction to the area law, the so called topological entropy, is still log(2) as the corrections to this term in the
non-distillable and distillable parts of the entropy cancel. Notice that part of the topological entropy is accessible in
the interacting state. For fixed ε and n→ ∞ we even find the usual term − log(2) as a contribution to the distillable
entanglement. We therefore see that the distillable entanglement of the ground state of the perturbed Hamiltonian
also features the usual topological correction.

We expect that a similar result holds in the case of arbitrary finite abelian groups for generic translation invariant
Hamiltonians at zero gauge coupling. The argument goes as follows. We can construct any zero-coupling gauge
theory state by applying the gauging map G on a particular globally symmetric matter state |ψmat〉. Let us then take
a matter state in the trivial phase that we obtain by applying a low depth quantum circuit (respecting the symmetry)
on a globally symmetric product state. This state obeys an area law: S(ρA) = c∂A = cn, for some constant c.
Furthermore, for a generic circuit we expect a maximal Shannon entropy H(pr) ≈ log |G| for the distribution of
the resulting global charge among the different sectors. See the calculation on Z2 in the Appendix for an explicit
illustration of this. We then find for the distillable entanglement of the gauged state:

Egauge
D = S(ρA)−H(pr) = c∂A− log |G| ,
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it is the last term that we can identify as the topological correction.
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