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Abstract

We construct a new random probability measure on the sphere and on the unit interval
which in both cases has a Gibbs structure with the relative entropy functional as Hamiltonian.
It satisfies a quasi-invariance formula with respect to the action of smooth diffeomorphism
of the sphere and the interval respectively. The associated integration by parts formula is
used to construct two classes of diffusion processes on probability measures (on the sphere or
the unit interval) by Dirichlet form methods. The first one is closely related to Malliavin’s
Brownian motion on the homeomorphism group. The second one is a probability valued
stochastic perturbation of the heat flow, whose intrinsic metric is the quadratic Wasserstein
distance. It may be regarded as the canonical diffusion process on the Wasserstein space.

1 Introduction

(a) Equipped with the L2-Wasserstein distance dy, (cf. (2.1)), the space P(M) of probability
measures on an FKuclidean or Riemannian space M is itself a rich object of geometric interest.
Due to the fundamental works of Y. Brenier, R. McCann, F. Otto, C. Villani and many others
(see e.g. [Bre9l, McC97, CEMS01, Ott01, OV00, Vil03]) there are well understood and pow-
erful concepts of geodesics, exponential maps, tangent spaces T, P(M) and gradients Du(pu) of
functions on this space. In a certain sense, P(M) can be regarded as an infinite dimensional
Riemannian manifold, or at least as an infinite dimensional Alexandrov space with nonnegative
lower curvature bound if the base manifold (M, d) has nonnegative sectional curvature.

A central role is played by the relative entropy : P(M) — R U {400} with respect to the
Riemannian volume measure dz on M

i : du(zx
Ent(u) = { J{M plog pdz, lfl dp(r) < dz with p(z) = %)
o0, else.

The relative entropy as a function on the geodesic space (P(M),dw) is K-convex for a given
number K € R if and only if the Ricci curvature of the underlying manifold M is bounded from
below by K, [vRS05, Stu06]. The gradient flow for the relative entropy in the geodesic space
(P(M),dw) is given by the heat equation %,u = Ap on M, [JKO98]. More generally, a large
class of evolution equations can be treated as gradient flows for suitable free energy functionals

S:P(M)— R, [Vilo3].

What is missing until now, is a natural 'Riemannian volume measure’ P on P(M). The basic re-
quirement will be an integration by parts formula for the gradient. This will imply the closability
of the pre-Dirichlet form

E(u,v) = / (Duys), Do(p)z, dP(1)
P(M)

in L?(P(M),P), — which in turn will be the key tool in order to develop an analytic and stochastic
calculus on P(M). In particular, it will allow us to construct a kind of Laplacian and a kind
of Brownian motion on P(M). Among others, we intend to use the powerful machinery of
Dirichlet forms to study stochastically perturbed gradient flows on P(M) which — on the level



of the underlying spaces M — will lead to a new concept of SPDEs (preserving probability by
construction).

Instead of constructing a 'uniform distribution’ P on P(M), for various reasons, we prefer to
construct a probability measure P? on P(M) formally given as

1
dPP () = —— e~ BNt gp(y) (1.1)
Zp
for # > 0 and some normalization constant Zz. (In the language of statistical mechanics, § is
the 'inverse temperature’ and Zg the 'partition function’ whereas the entropy plays the role of
a Hamiltonian.)

(b) One of the basic results of this paper is the rigorous construction of such a entropic measure
P in the one-dimensional case, i.e. M = S' or M = [0,1]. We will essentially make use of the
representation of probability measures by their inverse distributions function g,. It allows to
transfer the problem of constructing a measure P? on the space of probability measures P ([0, 1])
(or P(S1)) into the problem of constructing a measure Qg (or Q) on the space Gy (or G, resp.)
of nondecreasing functions from [0, 1] (or S!, resp.) into itself.

In terms of the measure Qg on Gy, for instance, the formal characterization (1.1) then reads as

follows ]
dQy(g) = 7 e 759 aQy(g). (1.2)

Here Qg denotes some 'uniform distribution’ on Gy C L?([0,1]) and S : Gy — [0,00] is the
entropy functional

1
S(g) := Ent(g.Leb) = —/0 log ¢'(t) dt.

This representation is reminiscent of Feynman’s heuristic picture of the Wiener measure, — now
with the energy

1
H@zéyw%

of a path replaced by its entropy. Qg will turn out to be (the law of) the Dirichlet process or
normalized Gamma process.

(c) The key result here is the quasi-invariance — or in other words a change of variable formula —
for the measure P2 (or Pg ) under push-forwards p +— h,p by means of smooth diffeomorphisms
h of S* (or [0,1], resp.). This is equivalent to the quasi-invariance of the measure Q° under
translations g — h o g of the semigroup G by smooth h € G. The density

dP’ (hap)

dPP () = le ) Y}?(N)

consists of two terms. The first one
X = exp (5 [ g0

can be interpreted as exp(—Ent(h.p))/exp(—FEnt(1)) in accordance with our formal inter-
pretation (1.1). The second one

[ YR

B <
Vlh) = @)1

Tegaps(p)



can be interpreted as the change of variable formula for the (non-existing) measure P. Here
gaps(u) denotes the set of intervals I =]I_, I, [C S! of maximal length with (1) = 0. Note that
P? is concentrated on the set of & which have no atoms and not absolutely continuous parts and
whose supports have Lebesgue measure 0.

(d) The tangent space at a given point p in P = P(S!) (or in Py = P([0,1])) will be an
appropriate completion of the space C*°(S!, R) (or C*°([0, 1], R), resp.). The action of a tangent
vector ¢ on p (‘exponential map’) is given by the push forward ¢,pu. This leads to the notion
of the directional derivative

Du(ye) = lim = [u((Td + tp)uge) — ()

for functions u : P — R. The quasi-invariance of the measure P? implies an integration by parts
formula (and thus the closability)

D:;u =—Dyu—V,-u

with drift V, = lim, o $(Y},,, — 1).
The subsequent construction will strongly depend on the choice of the norm on the tangent
spaces 1,,P. Basically, we will encounter two important cases.

(e) Choosing T,,P = H*(S',Leb) for some s > 1/2 — independent of ; — leads to a regular,
local, recurrent Dirichlet form £ on L?*(P,P%) by

Euww) = [ > 1D 1)

where {¢;}ren denotes some complete orthonormal system in the Sobolev space H®(S1). Ac-
cording to the theory of Dirichlet forms on locally compact spaces [FOT94], this form is associ-
ated with a continuous Markov process on P(S!) which is reversible with respect to the measure
PA. Tts generator is given by

1 1
52 DeDo+ 5D Ve - Dy, (1.3)
k k

This process (g¢)¢>0 is closely related to the stochastic processes on the diffeomorphism group
of S and to the 'Brownian motion’ on the homeomorphism group of S', studied by Airault,
Fang, Malliavin, Ren, Thalmaier and others [AMT04, AMO06, AR02, Fan02, Fan04, Mal99].
These are processes with generator %Zk D,,D,,. Hence, one advantage of our approach is to
identify a probability measure P? such that these processes — after adding a suitable drift —
are reversible.

Moreover, previous approaches are restricted to s > 3/2 whereas our construction applies to all
cases s > 1/2.

(f) Choosing 7,,G = L?([0,1], i) leads to the Wasserstein Dirichlet form
Bu.w) = [ 1D g B (0)
0

on L?(Py, Pg ). Its square field operator is the squared norm of the Wasserstein gradient and its
intrinsic distance (which governs the short time asymptotic of the process) coincides with the
L2-Wasserstein metric. The associated continuous Markov process (pu)¢>0 on P([0,1]), which we
shall call Wasserstein diffusion, is reversible w.r.t. the entropic measure IP’g . It can be regarded
as a stochastic perturbation of the Neumann heat flow on P([0,1]) with small time Gaussian
behaviour measured in terms of kinetic energy.



2 Spaces of Probability Measures and Monotone Maps

The goal of this paper is to study stochastic dynamics on spaces P(M) in case M is the unit
interval [0, 1] or the unit circle S*.

2.1 The Spaces P, = P([0,1]) and G,

Let us collect some basic facts for the space Py = P([0, 1]) of probability measures on the unit
interval [0, 1] the proofs of which can be found in the monograph [Vil03]. Equipped with the
L?-Wasserstein distance dyy, it is a compact metric space. Recall that

1/2
dww,u)::inf(// :c—yr%(dx,dw) , (2.1)
v [0,1]2

where the infimum is taken over all probability measures v € P([0,1]?) having marginals p and
v (ie. y(Ax M) = pu(A) and v(M x B) =v(B) for all A, B C M).
Let Gy denote the space of all right continuous nondecreasing maps g : [0, 1[— [0, 1] equipped

with the L2-distance
1 1/2
o1 = gallez = ( JNICE gz<t>12dt) |

Moreover, for notational convenience each g € Gy is extended to the full interval [0, 1] by ¢g(1) :=
1. The map
X : Go — Po, g+— g«Leb

(= push forward of the Lebesgue measure on [0, 1] under the map g) establishes an isometry
between (Go, ||.||z2) and (Py,dw). The inverse map x~' : Py — Gy, p +— g, assigns to each
probability measure pu € Py its inverse distribution function defined by

gu(t) :=inf{s € [0,1] : p[0,s] > t} (2.2)
with inf () := 1. In particular, for all u,v € Py

dw (1, v) = llgu = gvll 12 (2:3)

For each g € Gy the generalized inverse g~* € Gy is defined by g=1(¢) = inf{s > 0: g(s) > t}.
Obviously,
lgr = g2l = llgr* = g2 Ml (2.4)

(being simply the area between the graphs) and (¢7!)~' = g. Moreover, g~'(g(t)) = t for all
t provided ¢! is continuous. (Note that under the measure Qg to be constructed below the
latter will be satisfied for a.e. g € Gy.)

On Gy, there exist various canonical topologies: the L?-topology of Gy regarded as subset of
L?([0,1],R); the image of the weak topology on Py under the map x ™' : p — gu (= inverse
distribution function); the image of the weak topology on Py under the map u — gljl (=

distribution function). All these — and several other — topologies coincide.

Proposition 2.1. For each sequence (gn)n C Go, each g € Gy and each p € [1, 00| the following
are equivalent:

(i) gn(t) — g(t) for each t € [0,1] in which g is continuous;
(i) gn — g in LP([0,1]);

(iii) g7t — g~ in LP([0,1]);



(i) pg, — pg weakly;
(v) g, = g in dw.
In particular, Go is compact.
Let us briefly sketch the main arguments of the

Proof. Since all the functions g, and g, ! are bounded, properties (ii) and (iii) obviously are
independent of p. The equivalence of (ii) and (iii) for p = 1 was already stated in (2.4) and the
equivalence between (ii) for p = 2 and (v) was stated in (2.3). The equivalence of (iv) and (v)
is the well known fact that the Wasserstein distance metrizes the weak topology. Another well
known characterization of weak convergence states that (iv) is equivalent to (i’): g, 1 (t) — g~ 1(¢)
for each t € [0,1] in which g~ is continuous. Finally, (i’) < (i) according to the equivalence
(ii) < (i4i) which allows to pass from convergence of distribution functions g, ! to convergence
of inverse distribution functions g,. The last assertion follows from the compactness of Py in
the weak topology. O

2.2 The Spaces G, G; and P = P(S?)

Throughout this paper, S = R/Z will always denote the circle of length 1. It inherits the group
operation + from R with neutral element 0. For each x,y € S* the positively oriented segment
from = to y will be denoted by [z,y] and its length by |[x,y]|. If no ambiguity is possible, the
latter will also be denoted by y — x. In contrast to that, |z — y| will denote the S!-distance
between = and y. Hence, in particular, |[y,z]| = 1 — |[z,y]| and |z — y| = min{|[y, ]|, [z, y]|}.
A family of points t1,...,ty € St is called an ’ordered family’ if Zf\il |[ti, tit1]] = 1 with
tn41 :=t1 (or in other words if all the open segments |t;, t;11] are disjoint).

Put

G(R) = {g : R — R right continuous nondecreasing with g(z + 1) = g(z) + 1 for all z € R}.

Due to the required equivariance with respect to the group action of Z, each map g € G(R)
induces uniquely a map 7(g) : S' — S'. Put G := 7(G(R)). The monotonicity of the functions
in G(R) induces also a kind of monotonicity of maps in G: each continuous g € G will be
order preserving and homotopic to the identity map. In the sequel, however, we often will have
to deal with discontinuous ¢ € G. The elements g € G will be called monotone maps of S'.
G is a compact subspace of the L2-space of maps from S!' to S' with metric ||g1 — gal[;2 =
(fir Lo (8) = go () Pdt) 2.

With the composition o of maps, G is a semigroup. Its neutral element e is the identity map.
Of particular interest in the sequel will be the semigroup G; = G/S! where functions g,h € G
will be identified if g(.) = h(. + a) for some a € S*.

Proposition 2.2. The map
X:G1 — P, g— g.Leb

(= push forward of the Lebesque measure on S' under the map g) and its inverse x =1 : P —
Gi, i+ gy (with g, as defined in (2.2)) establish an isometry between the space G equipped
with the induced L*-distance

1/2
g1 — g2llg, = <inf/ Igl(t)gz(t+8)l2dt>
seSt Jg1

and the space P of probability measures on S' equipped with the L?-Wasserstein distance. In
particular, G1 is compact.
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Proof. The bijectivity of x and x™" is clear. It remains to prove that

dw (1, v) = lgu — gvllgy (2.5)

for all u,v € P. Obviously, it suffices to prove this for all absolutely continuous pu,v (or
equivalently for strictly increasing g,, g,) since the latter are dense in P (or in Gy, resp.). For
such a pair of measures, there exists a map F : S! — S! (*transport map’) which minimizes the
transportation costs [Vil03]. Fix any point in S', say 0, and put s = F(0). Then the map F is
a transport map for the mass p on the segment |0, 1[ onto the mass v on the segment |s, s + 1].
Since these segments are isometric to the interval ]0, 1], the results from the previous subsection
imply that the minimal cost for such a transport is given by [q1 |g91(t) — g2(t + s)|*dt. Varying
over s finally proves the claim. O

3 Dirichlet Process and Entropic Measure

3.1 Gibbsean Interpretation and Heuristic Derivation of the Entropic Mea-
sure

One of the basic results of this paper is the rigorous construction of a measure P? formally given
as (1.1) in the one-dimensional case, i.e. M = S* or M = [0,1]. We will essentially make use
of the isometries x : G; — P = P(S'),g — g.Leb and x : Go — Py = P([0,1]). They allow to
transfer the problem of constructing measures P? on spaces of probability measures P (or Py)
into the problem of constructing measures Q° (or Qg ) on spaces of functions Gy (or Gy, resp.).
In terms of the measure Qg on Gy, for instance, the formal characterization (1.1) then reads as

follows .
QY (dg) = 7 e~ 59 Qy(dg). (3.1)

Here Qp denotes some ’'uniform distribution’ on Gy C L?([0,1]) and S : Gy — [0,00] is the
entropy functional S(g) := Ent(g.Leb). If g is absolutely continuous then S(g) can be expressed
explicitly as

1
S(g) = - /0 log ¢ (t) dt.

The representation (3.1) is reminiscent of Feynman’s heuristic picture of the Wiener measure.
Let us briefly recall the latter and try to use it as a guideline for our construction of the measure
Q.

According to this heuristic picture, the Wiener measure P? with diffusion constant o = 1/3
should be interpreted (and could be constructed) as

1
Pi(dg) = — e 71O P(dg) (32)
i
with the energy functional H(g) = 1 01 g'(t)%dt. Here P(dg) is assumed to be the "uniform

distribution’ on the space G* of all continuous paths ¢ : [0,1] — R with g(0) = 0. Even if
such a uniform distribution existed, typically almost all paths g would have infinite energy.
Nevertheless, one can overcome this difficulty as follows.

Given any finite partition {0 =ty < t; < --- <ty = 1} of [0, 1], one should replace the energy
H(g) of the path g by the energy of the piecewise linear interpolation of g

- g(ti71)|2.

N .
Hy(g) =inf{H(G): §€G*, glt:) =g(t:;) Vi} = > |g(§()t‘ ")
i—1 1 1—



Then (3.2) leads to the following explicit representation for the finite dimensional distributions

B i — zia
exp (—2ZM> pn(dxy,...,xN).  (3.3)

Pﬂ(gtl Edwlv"‘agtN € de) =

8,N t; —ti1

=1

Here pn(dx1,...,2N) = P (g1, € dz1,..., gty € dry) should be a "uniform distribution’ on RY
and Zg y a normalization constant. Choosing py to be the N-dimensional Lebesgue measure
makes the RHS of (3.3) a projective family of probability measures. According to Kolmogorov’s
extension theorem this family has a unique projective limit, the Wiener measure P? on G* with
diffusion constant o2 = 1/3.

Now let us try to follow this procedure with the entropy functional S(g) replacing the energy
functional H(g). Given any finite partition {0 = tgp < t; < -+ <ty < ty+1 = 1} of [0, 1], we
will replace the entropy S(g) of the path g by the entropy of the piecewise linear interpolation
of g

N+1
Sw(g) =0 5(9) 3 G 3(0) = g(t) vi} = = 3 low MDZ9Ca). (1, ),
- bi—1
This leads to the following expression for the finite dimensional distributions
Qg (g1, € dx1,..., g1y € dzn)
1 N+1 T 2
i — Ti—1

B, =1
where gy (dz1,...,2n) = Qo (g9¢, € dx1, ..., gty € dry) is a’uniform distribution’ on the simplex
Yy = {(xl,...,wN) c01V: 0<ay<ma... <N < 1} and xg := 0, xny41 = 1.

What is a ’canonical’ candidate for qy? A natural requirement will be the invariance property

qN(dacl, Ce ,de) = [(Erifl’x”k)* qk(dxi, e d$i+k,1)]
dqn—r(dzy, ... dv;1,dzity, ... dzyN) (3.5)

forall 1 <k < Nandalll <i<N—k+1 with the convention zg = 0,xxy+1 = 1 and the
rescaling map 2% :10,1[*— R, y; — yj(b—a) +afor j=1,--- k.

If the qn, N € N, were probability measures then the invariance property admits the following
interpretation: under ¢y, the distribution of the (N — k)-tuple (z1,...,%i—1, Titk,...,TN) 1S
nothing but gy_x; and under gy, the distribution of the k-tuple (x;,...,2;1%,_1) of points in
the interval |x;_1, zx[ coincides — after rescaling of this interval — with ¢x. Unfortunately, no
family of probability measures gy, N € N with property (3.5) exists. However, there is a family
of measures with this property.

By iteration of the invariance property (3.5), the choice of the measure ¢; on the interval
¥ =]0, 1] will determine all the measures gy, N € N. Moreover, applying (3.5) for N = 2,
k =1 and both choices of i yields

[(E")w qu(da2)] dqi(dwr) = [(E™"). qu(dz1)] dgu(daa) (3.6)

for all 0 < z1 < o < 1. This reflects the intuitive requirement that there should be no difference
whether we first choose randomly x; €10, 1[ and then z9 €]z, 1[ or the other way round, first
x9 €10, 1] and then z1 €]0, z2f.

Lemma 3.1. A family of measures qn, N € N, with continuous densities satisfies property (3.5)
if and only if
dry...dzy

day, ... dey) =CN
N (dy TN) z1- (g —x1) ... (v —2N—1) - (1 —2N)

(3.7)

for some constant C € R,..



Proof. 1f q1(dzx) = p(x)dz then (3.6) is equivalent to

p(y)-p@) ';Zp(fﬂ)'PG:Z)dix

for all 0 < x < y < 1. For continuous p this implies that there exists a constant C' € R such
that p(z) = ﬁ for all 0 < x < 1. Iterated inserting this into (3.5) yields the claim. O

Let us come back to our attempt to give a meaning to the heuristic formula (3.1). Combining
(3.4) with the choice (3.7) of the measure gy finally yields

Qg (gtl €dry,..., gy € day)
N+1

dry...dz
7 i — Lj— iitil) 1 N 3.8
il:Il 1 xl'(xQ_Il)'---'(l—l‘N) ( )

with appropriate normalization constants Zg . Now the RHS of this formula indeed turns out
to define a consistent family of probability measures. Hence, by Kolmogorov’s extension theorem
it admits a projective limit (@g on the space Gy. The push forward of this measure under the
canonical identification x : Gg — Po, g — g«Leb will be the entropic measure }P’g which we were
looking for.

The details of the rigorous construction of this measure as well as various properties of it will
be presented in the following sections.

3.2 The Measures Q° and P?

The basic object to be studied in this section is the probability measure Q2 on the space G.

Proposition 3.2. For each real number 3 > 0 there exists a unique probability measure Q° on
G, called Dirichlet process, with the property that for each N € N and for each ordered family
of points ti,ta, ..., ty € S

N
I'(8) bt )1
Qﬁ (gt €dzxy,... , Oty € d.il?N) = ($i+1 — iL'Z)/B( i+1-ti) dry...dzy.
' " [T, T(B(tis1 — i) Zl;ll
(3.9)
The precise meaning of (3.9) is that for all bounded measurable u : (S1)V — R
Lot o) a0
N
I'(5) / Bt i)l -1
= u(xl,...,:cN) |[J;i,xi+1]\ isbitl dry...dzn.
[, T8 [[ts, tiall) Jon 21;[1
with EN = {(l‘l,.. ) (Sl)N . Zivl ][xi,xﬂ_l” = 1} and IN+1 = L1, tN+1 = tl. In
particular, with N =1 this means [, u(g:) )dQ7(g) = [41 u(x)dx for each t € ST

Proof. Tt suffices to prove that (3.9) defines a consistent family of finite dimensional distributions.
The existence of Q7 (as a ’projective limit’) then follows from Kolmogorov’s extension theorem.
The required consistency means that

Be|ltistit1]|—1
Hij\ilr( t“tlJrl /ZNZI_[l’l‘Z,xH_lH (.’Bl, y N)dl'l...dl']\[
) r()
LBt t2ll) - - T(B - [tk—1, thra]l) - - T(B - [t ta]l)
/ Hxl’xﬂ’ﬂ’“thtﬂ\—l . ka_Lxk+1]|ﬁ'|[tk—1:tk+1”_1 .o HxN,:mH’g'l[tN’tl”_l
EN-1
(L1, T, Tk o+ o TN) AT .. dTp_1dTpyq ... dTN



whenever u(z1,...,zy) = v(x1,...,Zp_1,Z...,xn) for all (z1,...2n5) € Xn. The latter is an
immediate consequence of the well-known fact (Fuler’s beta integral) that

/[ , [ el R e P [ Rt o
Tp—1,2k+

LB - ltr—1, ta]DTCE - ([t terall)

- ﬂ'l[tk—l,tk+1]‘—1
I ﬁ —1,T .
( ’ Htk 1,tk+1”> H k—1 k-i-l”

O]

For s € St let és : G — G,9g — g o0 be the isomorphism of G induced by the rotation
6, : S' — St t+s. Obviously, the measure Q° on G is invariant under each of the maps 0.
Hence, Q° induces a probability measure @/16 on the quotient spaces G; = G/S*.

Recall the definition of the map x : G — P,g — g.Leb. Since (g o 65).Leb = g,Leb this
canonically extends to a map x : G; — P. (As mentioned before, the latter is even an isometry.)

Definition 3.3. The entropic measure P? on P is defined as the push forward of the Dirichlet
process Q% on G (or equivalently, of the measure Q’f on Gy) under the map x. That is, for all
bounded measurable u : P — R

[ a0 = [ ulg. e a0 (o)
P

g

3.3 The Measures Q) and P

The subspaces {g € G : g(0) = 0} and {g € Gy : g(0) = 0} can obviously be identified.
Conditioning the probability measure Q7 onto this event thus will define a probability measure
Qoﬂ on Gg. However, we prefer to give the direct construction of Qg .

Proposition 3.4. For each real number 8 > 0 there exists a unique probability measure Qg on
Go, called Dirichlet process, with the property that for each N € N and each family 0 = tg <
t1<te<...<tny<tny1=1

I'(3) (b —t)—
/6 J— . _ . ﬂ(terl tz) 1
edzq,..., Edry) = T; xT; dri...dzy.
QO (gtl 1 gtN N) Hzr(ﬁ . (ti+l N tz)) ];[( +1 ) 1 N
(3.10)
The precise meaning of (3.10) is that for all bounded measurable u : [0, 1]Y — R
| w0 d0(9)
Go
N
INE) / Bo(tig1—ti)—1
= w(zy, ..., xn) | [(@ig1 — )V 7 " ey L day.
[T T8 (tir — 1) Juy 131
with Xy = {({L’l, .. .,xN) € [O, 1]N 0< i<zl <2, < 1} and TN41 = X1, tN4+1 = 11.

Remark 3.5. According to these explicit formulae, it is easy to calculate the moments of the
Dirichlet process. For instance,

E(g1) = /g g dQl(g) = t

and

Varf (g1) = /g (90 = 742 9) = 151~ )

for all 8 > 0 and all ¢ € [0, 1].



Definition 3.6. The entropic measure Pg on Py = P([0,1]) is defined as the push forward of
the Dirichlet process Qg on Go under the map x. That is, for all bounded measurable u : Py — R

[t @@ = | utg.eb) agito)
Po Go
Remark 3.7. (i) According to the above construction Qg( ) =Q°(.]g(0) =0) and

/g0<>d@o<> /u< 4(0)) 0 (g),

[; ) dQP(g) /ég (g + =) dQ) (g) dz

(ii) Analogously, the entropic measures on the sphere and on the are linked as follows

/p ) dPP (p / /PO ) o) PO (1) da:

PP = / 1 ((6,).aP]] da
0

where 0, : S' — Sy —z+yand 0, : P — P : p — (02)up. We would like to emphasize,
however, that P? ]P’g. For instance, consider u(u) := [ fdu for some f: S — R (which may
be identified with f : [0,1] — R). Then

or briefly

/ u(p) dB () = [ f(o)da
P(SL) st

[ utw / F(@)ps(a
7’([01})

Wlth PB( ) Wfo .’E’gt 1 1 .Z')ﬁ(lit)il dt

whereas

According to the last remark, it suffices to study in detail one of the four measures Q°, QB ,

P?, and Pg . We will concentrate in the rest of this chapter on the measure Qg which seems to
admit the most easy interpretations.

3.4 The Dirichlet Process as Normalized Gamma Process

We start recalling some basic facts about the real valued Gamma processes. For a > 0 denote
a—1_—x

by G(«) the absolutely continuous probability measure on Ry with density ﬁx e
Definition 3.8. A real valued Markov process (y¢)t>0 starting in zero is called standard Gamma
process if its increments vy — s are independent and distributed according to G(t — s) for 0 <
s < t. Without loss of generality we may assume that almost surely the function t — ¢ is right
continuous and nondecreasing.

Alternatively the Gamma—Process may be deﬁned as the unique pure jump Levy process With
Levy measure A(dx) = 1,50%
processes gives rise to several other equivalent representations of the Gamma process [Kin93,
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Ber99]. For instance, let IT = {p = (ps, py) € R?} be the Poisson point process on R x Ry with
intensity measure dz x A(dy) with A as above, then a Gamma process is obtained by

Y= > Dy (3.11)

pEllpy <t

For B > 0 the process 7.5 is a Levy process with Levy measure Ag(dx) = 3 - 1Jz>o§dx. Its
increments are distributed according to

1 (t—s)—1 _—=x

Proposition 3.9. For each 8 > 0, the law of the process (%)te[o,l} is the Dirichlet process Qg.

Proof. This well-known fact is easily obtained from Lukacs’ characterization of the Gamma
distribution [EY04]. O

3.5 Support Properties

Proposition 3.10. (i) For each 3 > 0, the measure Qg has full support on Gy.

(ii) Qg-almost surely the function t — g(t) is strictly increasing but increases only by jumps
(that is, the jumps heights add up to 1 and the jump locations are dense in [0,1]).
(iii) For each fized to € [0, 1], Qg—almost surely the function t — g(t) is continuous at tg.

Proof. (i) Let g € G € L?([0,1],dz) and € > 0 then we have to show Q°(B.(g)) > 0 where
Be(g9) ={h € Go: ||h — gllz2(0,1)) < €} For this choose finitely many points ¢; € [0, 1] together
with &; > 0 such that the set S := {f € G| |f(t;)—g(t;)| < & Vi} is contained in Bc(g). Clearly,
from (3.10) Q%(S) > 0 which proves the claim.

(i) (3.10) implies that Qg—almost surely g(s) < g(t) for each given pair s < ¢t. Varying over all
such rational pairs s < ¢, it follows that a.e. g is strictly increasing on R,..

In terms of the probabilistic representation (3.9), it is obvious that g increases only by jumps.
(iii) This also follows easily from the representation as a normalized gamma process (3.9). [

Restating the previous property (ii) in terms of the entropic measure yields that Pg—a.e. w € Po
is ’Cantor like’. More precisely,

Corollary 3.11. Pg -almost surely the measure p € Py has no absolutely continuous part and
no discrete part. The topological support of u has Lebesgque measure (. Moreover,

Ent(p) = +o0. (3.12)

Proof. The assertion on the entropy of p is an immediate consequence of the statement on the
support of u. The second claim follows from the fact that the jump heights of g add up to 1. [

In terms of the measure (@g , the last assertion of the corollary states that S(g) = +oo for Qg -a.e.
g c go.

3.6 Scaling and Invariance Properties

The Dirichlet process Qg on Gy has the following Markov property: the distribution of g,
depends on gjg 1]\[s,¢ only via g(s), g(t).

And the Dirichlet process (@g on Go has a remarkable self-similarity property: if we restrict the
functions ¢g onto a given interval [s, t] and then linearly rescale their domain and range in order

to make them again elements of Gy then this new process is distributed according to Qg/ with

Br=p-t-sl

11



Proposition 3.12. For each > 0, and each s,t € [0,1], s <t

Q) (glis € - | g0.0s1) = Q0 (gl € - | 9(5), (1)) (3.13)
and
(=+4).QF = Q" (3.14)

where 25 : Gy — Gy with 2%t (g)(r) = W forr €[0,1].

Proof. Both properties follow immediately from the representation in Proposition 3.10. O
Corollary 3.13. The probability measures Qg, B > 0 on Gy are uniquely characterized by the
self-similarity property (3.14) and the distributions of gy /2:

@g(glm € dx) = F(FB(/@)Q Nzl = 2)]P? .

Proposition 3.14. (i) For f — 0 the measures Qg weakly converge to a measure QY defined
as the uniform distribution on the set {1y, 1): t €]0,1]} C Go.

Analogously, the measures Q° weakly converge for 3 — 0 to a measure Q¥ defined as the uniform
distribution on the set of constant maps {t: t€ S'} C G.

(ii) For B — oo the measures Qg (or Q) weakly converge to the Dirac mass 5. on the identity
map e of [0,1] (or S, resp.).

Proof. (i) Since the space Gy (equipped with the L2-topology) is compact, so is P(Go) (equipped
with the weak topology). Hence the family Qo’g , 3 > 0is pre-compact. Let QY denote the limit of
any converging subsequence of Qg for 3 — 0. According to the formula for the one-dimensional
distributions, for each t €10, 1]
Qg(gt edr) = F(ﬁt)s((ﬂﬁ()l Y C2P (1 — 2)P00 gy
— (1- t)d{o} (dx) + t(s{l}(dl')

as 8 — 0. Hence, Q] is the uniform distribution on the set {1y 1) : t €]0,1]} C Go.
(ii) Similarly, Qg(gt € dzr) — 0i(dx) as B — oo. Hence, d, with e : t — ¢ will be the unique
accumulation point of Qg for B — oo. O

Restating the previous results in terms of the entropic measures, yields that the entropic mea-
sures Pg converge weakly to the uniform distribution PJ on the set {(1 — t)dg0y + oy 0 t €
[0,1]} € Po; and the measures P® converge weakly to the uniform distribution P? on the set
{0 te S} c P whereas for 3 — oo both, Pg and P2, will converge to 0T b the Dirac mass
on the uniform distribution of [0,1] or S, resp.

The assertions of Proposition 3.12 imply the following Markov property and self-similarity prop-
erty of the entropic measure.

Proposition 3.15. For each each z,y € [0,1], 2 < y

PO (ilog) € - [tlio a0 wa)) = PO (1l € - [1([z,])

and
Py (ptlia € - |1, 9]) = @) = Py (pay € )

with pizy € Po (‘'rescaling of pil(z,) ) defined by iz, (A) = m,u(a: +(y—x)-A) for AC[0,1].

12



3.7 Dirichlet Processes on General Measurable Spaces

Recall Ferguson’s notion of a Dirichlet process on a general measurable space M with parameter

measure m on M. This is a probability measure Qg( M) Oon P(M), uniquely defined by the fact

N+1
that for any finite measurable partition M = Ul 1 M; and o; := m(M;).

Qb (w2 p(My) € day, ..., n(My) € de)

T M _
]S[Tl( )) 56(17171 . O'N 1 Z z; O'N+1 1d$1 o de’
[[:55 T(ow) i=1

If amap h: M — M leaves the parameter measure m invariant then obviously the induced map
h:P(M)— P(M), p+— hp leaves the Dirichlet process Qg‘(M) invariant.
In the particular case M = [0, 1] and m = (3 - Leb, the Dirichlet process Qg( M) can be obtained

as push forward of the measure @g (introduced before) under the isomorphism ¢ : Gy — P([0, 1])
which assigns to each g the induced Lebesgue-Stieltjes measure dg (the inverse (~! assigns to
each probability measure its distribution function):

Q0,1 = 6 Q- (3.15)
Note that the support properties of the measure Qp (j0,1]) r€ completely different from those of

the measure IP’ﬁ In particular, QP( 0,1])" -almost every p € P([0,1]) is discrete and has full topo-
logical support, cf. Corollary 3.11. The invariance properties of Qp (0.1]) under push forwards by
means of measure preserving transformations of [0, 1] seems to have no intrinsic interpretation
in terms of Qg.

4 The Change of Variable Formula for the Dirichlet Process and
for the Entropic Measure

Our main result in this chapter will be a change of variable formula for the Dirichlet process.
To motivate this formula, let us first present an heuristic derivation based on the formal repre-
sentation (3.1).

4.1 Heuristic Approaches to Change of Variable Formulae

Let us have a look on the change of variable formula for the Wiener measure. On a formal level,
it easily follows from Feynman’s heuristic interpretation

aP7(g) = e 9O p(g)

with the (non-existing) 'uniform distribution’ P. Assuming that the latter is 'translation invari-
ant’ (i.e. invariant under additive changes of variables, — at least in ’smooth’ directions h) we
immediately obtain

APP(h+q) = —e 3l %t gp(p 4 )
= LR wwrap i w g o~ 390 gp )

— o5 Jo W (®)2di= [y W (t)dg(t) dP?(g).

If we interpret fol B'(t)dg(t) as the Ito integral of A’ with respect to the Brownian path g then
this is indeed the famous Cameron-Martin-Girsanov-Maruyama theorem.
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In the case of the entropic measure, the starting point for a similar argumentation is the heuristic
interpretation

1 1 /
AQy(g) = 7" o =" dQu(9)

again with a (non-existing) ’uniform distribution’ Qp on Gy. The natural concept of ’change
of variables’, of course, will be based on the semigroup structure of the underlying space Gy;
that is, we will study transformations of Gy of the form g + h o g for some (smooth) element
h € Gyg. It turns out that @Qp should not be assumed to be invariant under translations but
merely quasi-invariant:

dQo(h o g) =Y} (9) dQo(9)
with some density Y;,. This immediately implies the following change of variable formula for (@g :
ng(h og) = %eﬁ Jy log(hog)' (t)dt dQq(h o g)
1 ' /
_ ZBB Jo logh'(g(t))dt _ B [y log g (t)dt . Y2(g) dQo(g)
1 /
= P Joload dt 0y ng(g),

This is the heuristic derivation of the change of variables formula. Its rigorous derivation (and
the identification of the density Y},) is the main result of this chapter.

4.2 The Change of Variables Formula on the Sphere
For g, h € G with h € C? we put

i) = T YUl F(glah) o

h )
= 5;g (a)

where .J; C S denotes the set of jump locations of g and

h(g(a+)) = h(g(a—))
glat+) —gla—)

5(hog)

59 (a) :=

To simplify notation, here and in the sequel (if no ambiguity seems possible), we write y — x
instead of |[x,]| to denote the length of the positively oriented segment from z to 3 in S*. We
will see below that the infinite product in the definition of ¥}?(g) converges for QP-ae. g €G.
Moreover, for § > 0 we put

1
XP(g) = exp <B / 1ogh'<g<s>>ds), v2(g) == XP(g)- Y2 (0). (4.2)

Theorem 4.1. Each C?-diffeomorphism h € G induces a bijective map 7, : G — G, g+ hog
which leaves the measure Q° quasi-invariant:

dQ%(h o g) = Y, (g) dQ°(g).

In other words, the push forward of QF under the map 7'};1 = 75,1 1s absolutely continuous w.r.t.
QP with density Yhﬁ :
d(Thfl)*Qﬁ(g)
dQ%(g)

The function Yhﬂ is bounded from above and below (away from 0) on G.

= Yhﬁ(g)'

By means of the canonical isometry x : G — P, g — g.Leb, Theorem 4.1 immediately implies

14



Corollary 4.2. For each C2-diffeomorphism h € G the entropic measure PP is quasi-invariant
under the transformation p v hyp of the space P:

dPP (hapr) = Yy (X7 (1)) dP ().
The density Yhﬂ(x_l(u)) introduced in (4.2) can be expressed as follows

W) (L)
Il =@

where gaps(p) denotes the set of segments I =]I_,I.[C S' of mazimal length with u(I) = 0
and |I| denotes the length of such a segment.

Y (x M (1)) = exp [ﬁ /0 110g h’(S)u(dS)] :

Tegaps(u)

4.3 The Change of Variables Formula on the Interval

From the representation of Q° as a product of Qg and Leb (see Remark 3.7) and the change of
variable formulae for Q® and Leb, one can deduce a change of variable formula for Qg similar to
that of Theorem 4.1 but containing an additional factor %. In this case, one has to restrict

to translations by means of C2-diffeomorphisms h € G with h(0) = 0.
More generally, one might be interested in translations of Gy by means of C2-diffeomorphisms
h € Go. In contrast to the previous situation, it now may happen that h'(0) # h'(1).

For g € Gy and C%ismorphism A : [0,1] — [0, 1] we put

Yiolg) == X} (9) - Yo(9) (4.3)
with .
Yho(g) = Y2(g)

ZORION
and X,f(g) and Y,(g) defined as before in (4.1), (4.2). Note that here and in the sequel by a

C2-isomorphism h € Gy we understand an increasing homeomorphism h : [0, 1] — [0, 1] such that
h and h=! are bounded in C2([0, 1]), which in particular implies b’ > 0.

Theorem 4.3. Each translation 13, : Go — Gy, g — hog by means of a C2-isomorphism h € G
leaves the measure Qg quasi-invariant:

dQg (ho g) = Y;(9) dQ)(g)
or, in other words, 5
d(1,-1)-Qo(9) _ .5
dQg(g) )

The function Y,’?O is bounded from above and below (away from 0) on Gy.

Corollary 4.4. For each C?-isomorphism h € Gy the entropic measure }P’g 1S quasi-invariant
under the transformation v hyp of the space Py:

dP] (haps) [ b
— = eX logh
s epﬂA og ' (s)

}_ I V() - W (1)
VI Legaps(u) [h(D)]/ 1]

where gaps(u) denotes the set of intervals I =1]1_,I1,.[C [0,1] of maximal length with p(I) =0
and |I| denotes the length of such an interval.

Remark 4.5. Theorem 4.3 seems to be unrelated to the quasi-invariance of the measure Q;;‘([O’l])
under the transformation dg — h - dg/(h,dg) shown in [Han02]. Nor is it anyhow implied by
the quasi-ivarariance formula for the general measure valued gamma process as in [TVY01] with
respect to a similar transformation. In our present case the latter would correspond to the
mapping dy — h - dvy of the (measure valued) Gamma process d-.
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4.4 Proofs for the Sphere Case

Lemma 4.6. For each C?-diffeomorphism h € G

k-1 B(ti+1—tq)
Beoy— 1 h(g(tiy1)) —h(g(t:))
(o) = ,}Eﬂo ZI;I [ g(tiv1) — g(t:) “4)
Here t; = % fori=0,1,....k—1 and ty =0. Thus t;y1 —t; == |[ti, tiy1]| = % for all i.
Proof. Without restriction, we may assume 3 = 1. According to Taylor’s formula
h(g(tiv1)) = h(g(ta) + 1 (g(t:)) - (g(tirs) — g(ts)) + 51" (%) - (9(tir1) — g(t:))
for some v; € [g(t;), g(ti+1)]. Hence,
T [Rleltin) — R (g(t))] 0
fn 1 Ry
k-1 o
= lm (W (g(t:)) + 5h" (3) - (g(tira) — g(t:))]
i=0
= lim ex kil{[lo h' (g(t;)) + lo <1+ lM( (tiy1) — (t)))} - (t; —t')}
= um p £ g (gt g 2 (g(tz)) g\li+1 g\t; i+1 i
k—1
® exp (klijgoz {log h' (g(t:)) - (tix1 — tz‘)})
) =0
—exp ([ tou (o) ) = X (o)
0
Here (x) follows from the fact that
L M) h(g(tie) — h(g(t) 1
Pty ) T = T Tty W)
= W) s
YO (g(ti)
> e >0
for some n; € [g(t;), g(ti+1)] and some € > 0, independent of ¢ and k. Thus
S h ()
; log [1 + %h’ ) (9(tiv1) — g(ti))} ‘ (tigr — )
k—1 v
<033y | e —o)- s -0
k—1
<O ) (9(tipr) — g(t:)) - (tir — ta)
i=0
<Cy-1.
O
Lemma 4.7. For each C3-diffeomorphism h € G
k—1
0(0) — Tim vy 9tiv1) — g(t)
Vi) = Jim 1 H ) e ) .

whereti:%fori:O,l,...,k:—l and tp, = 0.
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Proof. Let h and g be given. Depending on some € > 0 let us choose [ € N large enough (to be
specified in the sequel) and let a1, . . ., a; denote the [ largest jumps of g. Put J; = Jy\{a1,...,a;}
and for simplicity a;y1 := a1. For k very large (compared with ) and j =1,...,[ let k; denote
the index i € {0,1,...,k — 1}, for which a; € [t;, ti+1]. Then again by Taylor’s formula

kj+1—1 -1
vy 9(tivn) — g(t)
AL IR o]
e RV ATI) L W) :
= z':lk—-IH [1 + gm “(g(tiy1) —g(ti)) + gm “(g(tiv1) — g(t:)) ]
j+1—1
Q<exp( > tog[1+{} mghowg@»>+§}-@@ﬂl>g@»ﬂ)
i=k;j+1
(16) e/l 1 gy AY
< eexp | ) (logh) (g(ts) - (9(tipr) — g(ts) |
i=kj+1

provided [ and k are chosen so large that

€
tiv1) —9(ti)| < =—
|9(tit1) — g(ti)] CL-1

for all i € {0,...,k — 13\ {k1,..., &}, where C} = sup'g’;:}( ))'
On the other hand,

W gCte)) ) g
Moy = p</g(tw (Llogh' ( >d>

=exp | [(% log 1) (g(t:)) - (9(tiv1) — g(t:) + (3logh')" () - & (gtit1) — g(t:))?

i=k;+1

kjt1-1
el exp (; > (logh’>’<g<ti>>-<g<ti+l>g(tz—>>)7

provided ! and k are chosen so large that

€
Cy -1

(%logh’)" (x))

lg(tiv1) — g(ti)| <

for alli € {0,1,...,k — 1} \ {k1,...,ki}, where Cy =

Therefore,

1€{0,1,....k—1}\{k1,....k; }

In order to derive the corresponding lower estimate, we can proceed as before in (1a) and (2)
(replacing € by —e and < by > and vice versa). To proceed as in (1b) we have to argue as

17



follows

j+1—1
( Z log [1 + { 2 log h’)/ (9(ti)) — %} “(g(tit1) — Q(tz))})
i=k;j+1

kjr1—1
el p( 2 <1s)-(5logh/)’<g<ti>>-<g<tz-+1>9<ti>>)’

i=k;+1
provided [ and k are chosen so large that
log (14 C3 - (g(tit1) — g(ti))) = (1 —¢) - C3- (g(tiy1) — g(t:))
for all i € {0,1,...,k — 1}\ {k1,..., K}, where C5 = sup‘(%logh’)/(x)‘.
Thus we obtain the following lower estimate ’

vy 9(tivn) — g(t)
iE{O,l,...,k];[}\{kl7”.7kl} [h (g(22) h(g(tiv1)) —h

since

! , € !
LHI W] o ( D o aft,.) ~ Lo <g<tkj+1>>})

poIm
9
—
Q
—~
~
>
.
+
=
N—
Q
—~
~
>
+
—
S~—
=~
SN—

where C3 = sup |(log h')’ (z)].

Now for fixed [ as k — oo the bound (I) converges to

/ o2 aJ+1_)>
H it)
and the bound (II) to

(II/)_ —2e 0—8/2 H a]+1_)>)) )

Finally, it remains to consider

1
H |:h/ (g(t:)) - - g(ti+1) — }gl(tz) )):| = (III).

i€{ky,....k} (9(ti+1)) — h(g(t

Again for fixed [ and £ — oo this obviously converges to

l

y 1 d(ho
) =11 gy 5 @)

j=1 %

Putting together these estimates and letting | — oo, we obtain the claim.
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Lemma 4.8. (i) For all g,h € G with h € C? strictly increasing, the infinite product in the
definition of Y,)(g) converges. There exists a constant C = C(B,h) such that Vg € G

L<vfg<c

Ql

(i3) If hy, — h in C? then Y,?n(g) —Y(g).
(i) Let Yi?,kv Xﬁk, Y,fk denote the sequences used in Lemma 4.6 and 4.7 to approximate Y,?, X,f, Y/L@.
Then there exists a constant C = C(B, h) such that Vg € G, Vk € N

<yl <c

Proof. (i) Put C = sup|(logh’)'|. Given g € G and € > 0, we choose k large enough such that
> ac, (k) 19(at) —gla—)| < e where Jo(k) = Jg\{a1,az, ..., a;} denotes the 'set of small jumps’
of g. Here we enumerate the jump locations a1, as, ... € J; according to the size of the respective
jumps. Then with suitable &, € [g(a—), g(a+)]

S o VI (g(a—)) /I (g(at))

52 (a)

a€Jy(k) og

< > %logh’(g(a—))Jr%10gh’(g(a—))—logh’(f(a))
a€Jy(k)

< Y C-(glat) —gla=)|=C-e.
a€Jg(k)

Hence, the infinite sum

S 1og VIO DVIGEH) _ 5 0 VIO DY alat)

5(ho T d(ho
2 (a) R 700wl Ty k) S (a)

acJy og

is absolutely convergent and thus also infinite product in the definition of Y}? (g) converges. The
same arguments immediately yield

Llog ' (g(a-)) + 2 log W (g(a—)) — log M'(¢(@)| < C.  (4.6)

logY(0)] < > |3 5

a€dy

(ii) In order to prove the convergence Y,?" (9) — Y,? (g), for given g € G we split the product over
all jumps into a finite product over the big jumps and an infinite product over all small jumps.
Obviously, the finite products will converge (for any choice of k)

11 Vi (g(a=)) v/ (g(at)) — T VI (g(a=))\/ 1 (g(at))
§(hnog) (a) 5(h09)( )
ac{ai,....,ar} og ac{ai,...,ar} og

as n — oo provided h,, — h in C2. Now let C = sup,, sup, |(log h.,)'(x)| and choose k as before.
Then uniformly in n

hl,(g(a—))\/h),(g(a+
o TV <g<6(hzzg)¢(a)<g< )
ac€Jg\{a1,....ar} dg

(iii) Let Cy = sup|h/(z)| and Cy = sup |(log ')’ (x)|. Then for all g and k:

k—1
Xnw(g) = [[ W) < Gy
1=0
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and

0 T (9(t) ey
Yielg) = HW = eXP[ (log ") (Cz‘)'(g(ti)—%)]
i=0 ¢ i=0
k—1
< exp Cz'Z!g(ti)—%!] < exp(Ch)
1=0

(with suitable v;,m; € [g(ti),g(ti+1)] and ¢ € [g(ti),7:]). Analogously, the lower estimates
follow. O

Proof of Theorem 4.1. In order to prove the equality of the two measures under consideration, it
suffices to prove that all of their finite dimensional distributions coincide. That is, for each m €
N, each ordered family ¢1,...,%,, of points in S and each bounded continuous u : (S*)™ — R
one has to verify that

Lo o) 7 o) a0 a2
- /g w(g(tr). gt2). . gltm)) - Y (g) dQ(g).

Without restriction, we may restrict ourselves to equidistant partitions, i.e. t; = # for i =
1,...,m. Let us fix m € N, u and h. For simplicity, we first assume that h is C3>. Then by
Lemmas 4.6 - 4.8 and Lebesgue’s theorem

/g“(g(ﬁl),---,gﬂ)) Y3 (9) dQ°(9)

- /g w(g(%).--9 (V) - lim Y7, (g) dQ7(g)

k—oo

= lim gu(g(i), ,9(1)) H) [h’(g(kin)) h(gg(%;:zij&))]

mk—1 mk—1 3
= klg{)lo W /S{nk w(Tk, Toky - -y Tink) E) b (z;) - H [W(@ip1) — h(x)Fmtday ... depy,

=0
s T(5) met B
= k]i)n;o W /S{nk u(ajk, Toky - - - ,:Iimk) . g [h(aziﬂ) — h(%,)] fem L dh(ml) . dh(l’mk)
mk—1
= klgglo W(BZE?%” /S{nk w (P yk), B (yon), - B (Y - Z1_[0 [Yir1 — yi]%fl dyy ... dymk

- /g“ (g (7)) A (g ()5 h 7 (9 (1)) dQ7(g).

Now we treat the general case h € C2. We choose a sequence of C3-functions h,, € G with h,, — h
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in C2. Then
/gu (™" (9(t1)), ™ (g(t2)) 5. b7  (g(tm))) dQ7(g)

= lim [ u(hy! (9(h)) k' (9(t2)) - byt (9(tm)) dQ%(g)

n—oo g

= lim [ u(g(t1),g(t2),...,9(tm)) - Y} (9) dQ°(g)

n—oo g

- /g w(g(tr). gt2). .. gltm)) - Y/ (g) dQ(g).

For the last equality, we have used the dominated convergence Yﬁ (9) — Yhﬂ (9) (due to Lemma
48). 0
4.5 Proof for the Interval Case

The proof of Theorem 4.3 uses completely analogous arguments as in the previous section. To
simplify notation, for h € C([0,1]), k € N let X}, x, Y}?,k : Go — R be defined by

Xnk(g H [ g(ti+1)) —h(g(t: ))} tig1—t;

tz+1 g(tz)
and -
t1) — g(to) 2 9(tit1) — g(ti)
V)= | W (g(t)
ok h(g(t1)) — h (g(to)) El h(g(tiy1)) — h(g(t:))
where t; = % with ¢ = 0,1,...,k. Similar to the proof of theorem 4.1 the measure Qg satisfies

the following finite dimensional quasi-invariance formula.
For any u : [0,1]™ ! — R, m,l € N and C!-isomorphism % : [0, 1] — [0, 1]

[; w (B (g(t) A (g(2)) oo B (g(tmo))) dQE(9)

- /g w(g(t1), g(t2), - - gltm)) - X 11 (9) - Yhm(9) AL (),

where t; = %, t=1,---,m—1. The passage to the limit for letting first [ and then m to infinity
is based on the following assertions.

Lemma 4.9. (i) For each C?-isomorphism h € Gy and g € Go

Xn(g) = lim Xpk(9)-

(i3) For each C3-isomorphism h € Gy and g € Gy

hm Yh k(9) = H VIl 6(hog) Wigla—))

aEJg og ( )

y 1 { }Z,( ) if 9(1-) = g(1)
VH(GO) - H(g(1-) | mearqy e

og

where Jg C]0, 1] is the set of jump locations of g on ]0,1[. In particular,

kllnolo Y}gk(g) =Yno(g9) for Qg—a.e.g.
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(iii) For all g € Gy and C%-isomorphism h € Gy, the infinite product in the definition of Yi0(g)
converges. There exists a constant C = C(f3, h) such that ¥Yg € Gy

L<ylig<c

() If hy, — h in C%([0,1],[0,1]) with h as above, then YO"n (g) — Yo 1(g).
(v) For each C3-isomorphism h € Gy there exists a constant C = C(B3,h) such that Vg € G,

Vk e N
L <X} g) V(g < C.

Proof. The proofs of (i) and (iii)-(iv) carry over from their respective counterparts on the sphere,
lemmas 4.6 and 4.8 above. We sketch the proof of statement (ii) which needs most modification.
For € > 0 choose [ € N large enough and let ag,...,a;—1 denote the [ — 2 largest jumps of g
on |0, 1[. For k very large (compared with [) we may assume that ag, ..., a;— 2 €]2,1 - 2[. Put
ai = %, a = 1— % For j = 1,...,l let k; denote the index i € {1 1} for which

€ [ti,tiy1[. In particular, k&; = 1 and k; = k — 1. Then using the same arguments as in lemma
4.7 one obtains, for k and [ sufficiently large, the two sided bounds

25 H g ]+1))

(9(t, +1))
g(ti+1) — g(ti)

-1
/ ) . g
- i€{17--~,k11_}[\{k1,..‘,kl} [h (9(t2) h(g(tiv1)) — h(g(ti>):|

-1
e~ 2. —€/2 M =
& ity

For fixed [ and k — oo the bounds (I) and (II) converge to

1) = e / = V (9 am—))‘ \/ W(9(1-))
i A\ Wlglasi+)
N = o2 ome/? a2 - ag+1—)). W(g(1-))
() =Gy \/ 13\/ ) \/ W (g(ari b))

It remains to consider the three remaining terms

_ / A g(tz-l-l) g(tz) -
=" ]I {h D) altesn) — (g >>] ’

i€{ka,....k;_1}

and

which for fixed [ and k& — oo converges to

(V) =

oD -9 1 [
ho(h) - <g<o>>] [h <g(k>> hio2

converging by right continuity of g to

(IV') = h'(9(0))
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and
-1

which tends, also for k& — oo, to

6(ho
(Jgg)(l)h,(g(ll_)) else.

, 1 if g continuous in 1
(V') =

Combining these estimates and letting | — 0o, we obtain the first claim. The second claim in
statement (ii) follows from the fact that ¢ is continuous in ¢t = 1 Qg -almost surely. O

5 The Integration by Parts Formula

In order to construct Dirichlet forms and Markov processes on G, we will consider it as an infinite
dimensional manifold. For each g € G, the tangent space T,G will be an appropriate completion
of the space C*°(S!,R). The whole construction will strongly depend on the choice of the norm
on the tangent spaces T;G. Basically, we will encounter two important cases:

e in Chapter 6 we will study the case T,G = H*(S',Leb) for some s > 1/2, independent
of g; this approach is closely related to the construction of stochastic processes on the

diffeomorphism group of S' and Malliavin’s Brownian motion on the homeomorphism
group on S1, cf. [Mal99].

e in Chapters 7-9 we will assume T,G = L?(S', g.Leb); in terms of the dynamics on the
space P(S!) of probability measures, this will lead to a Dirichlet form and a stochastic
process associated with the Wasserstein gradient and with intrinsic metric given by the
Wasserstein distance.

In this chapter, we develop the basic tools for the differential calculus on G. The main result
will be an integration by parts formula. These results will be independent of the choice of the
norm on the tangent space.

5.1 The Drift Term

For each ¢ € C*°(S,R), the flow generated by ¢ is the map e, : R x S' — S! where for each
z € S' the function e,(.,x) : R — St — e, (¢, ) denotes the unique solution to the ODE

dCL't

dar o(x) (5.1)

with initial condition g = . Since e, (t,z) = e, (1,2) for all ¢, ¢, 2 under consideration, we
may simplify notation and write e;,(x) instead of e, (¢, ).

Obviously, for each ¢ € C*°(S!,R) the family e, t € R is a group of orientation preserving,
C*®-diffeomorphism of S*. (In particular, eq is the identity map e on S*, €ty O €sp = €(145)p fOT
all s,t € R and (e,) ! =e_y.)

Since %ew (2)|t=0 = ¢(x) we obtain as a linearization for small ¢

ero(T) = o + to(x). (5.2)

More precisely,
letp(z) — (z +tp(x))| < C - 12

as well as

) 9 )
erplw) = (L tp(e)) £ C -t
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uniformly in z and |¢| < 1.

For ¢ € C®°(S',R) and 8 > 0 we define functions Vf :G — R by

VE(g) =V2(g)+8 ; ¢ (g(x))da

where
0y . ¢'(glat)) +¢'(gla—))  wlglat)) —p(g(a—))

Vo(g) = C;g [ : @) —sa) ] . (5.3)

Lemma 5.1. (i) The sum in (5.3) is absolutely convergent. More precisely,
0 ¢'(9(at)) +¢'(g(a—))  plglat)) —plgla—))| _ 1 ")
LY ! el — e < L e @
and
Vi)l < 1/2+9)- [ I @)dz.
(ii) For each >0
0 0
V)= gYa.0)| = 5¥)| (5.4)
Proof. (i) According to Taylor’s formula, for each a € J,
¢'(g(at+)) + ¢'(gla—)) d(pog), 1 9l w
Hence,
3 ¢'(g(at)) -QF ¢'(gla—)) 5(@; 9) (a)
acJy
< 5Yc / / " ceny - ) - (y)dyd
aEJg
<. iy = 3 [ 1" w)ld
C; / Y / "( Y.
Finally,
[ #otal < swp < [ 1o wlay

(ii) Let us first consider the case 8 = 0.

G osYs,@| = S | Sloalgren oo + 5 s e alam) —tog X420 )
t= a€Jgy t=0
- T % 5 ox(gen)a(o ) + lox(en ) ola) — o 242 0|

In order to justify that we may interchange differentiation and summation, we decompose (as
we did several times before) the infinite sum over all jumps in J,; into a finite sum over big
jumps ai,...,a; and an infinite sum over small jumps in Jy(k) = Jy \ {a1,...,ax}. Of course,
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the finite sum will make no problem. We are going to prove that the contribution of the small
jumps is arbitrarily small. Recall from Lemma 4.8 that

> [Flrpenoten) + 3 loulsanoa) - oe D) < € ¥ lgtat) - gla-)

acJ,(k) 09 aeJy(k)

where Cy := sup,, ‘8% log(%et@)(x)|. Now C; < C'-t| for all |t| < 1 and an appropriate constant
C'. Thus for any given € > 0

0 19 1.9 d(erp 0 g)

- Z Il Z _ ) — A\t T ) <

5 O |3lstpenoa) + 5oy enate-) - e "2 D) | <
a€y(k) =0

provided k is chosen large enough (i.e. such that C'- >, ; ) [9(a+) —g(a—)| < €). This justifies

the above interchange of differentiation and summation.

Now for each z € St
0 | 0 (2)
ot 8 ox NN

since the linearization of e, for small ¢ yields

= ¢'(z)
t=0

0
erp(z) ~ x + to(x), a—acew(a:) ~1+to'(x).

Similarly, for small ¢ we obtain

d(etp 0 9) 6(poyg)
B ~14+t-
2P~ 14125 )
and thus 5 5( ) 5( )

Cip 4 Yog
=2 (a) ———(a)
ot dg +=0 0g

Therefore,
9 0
at log ew( ) -0 - Vip (g)
On the other hand, obviously
0 0
1 = Y7
5 log Y (9) T Bt e (9) »

since Y2 (g) = 1.
Finally, we have to consider the derivative of X, . Based on the previous arguments and using
the fact that % log (%ew) (x) is uniformly bounded in t € [~1,1] and = € S! we immediately

see
7 fton ()
= — log [ =—e d
-0 at g1 g 8:13 tp (g(y)) Yy

_ 91 (2
= Jo a8\ 9

Again X, (g) = 1. Therefore,

0
at log Xetw( ) —0

(9(y)dy = /S1 ©'(9(y))dy.

t=0

0
X0 =8 Py
at t=0 St
and thus 3
95 _ B
5z Yeu (9) . Ve (9)-

this proves the first identity in (5.4). The proof of the second one Vf(g) = gtYsto( ) . is
t=

similar (even slightly easier).
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5.2 Directional Derivatives

For functions u : G — R we will define the directional derivative along ¢ € C*(S!,R) by

D,u(g) = lim + [ules, 0 ) — u(g)] (5.5)

t—
provided this limit exists. In particular, this will be the case for the following ’cylinder functions’.

Definition 5.2. We say that u : G — R belongs to the class G*(G) if it can be written as

u(g) =Ul(g(z1), ..., 9(zm)) (5.6)

for some m € N, some x1,..., 2, € S* and some Ck-function U : (S1)™ — R.
It should be mentioned that functions u € G*(G) are in general not continuous on G.

Lemma 5.3. The directional derivative exists for all u € &Y(G). In particular, for u as above
1
Dyu(g) = lim-fulg+t-pog)—u(g)]
= Y 0U(g(x1), ... g(zm)) - plg(zi))
i=1

with ;U := %U. Moreover, Dy, : G*(G) — &*~1(G) for all k € NU {0} and

IDgullr2@ey < vVm - [VU o - llpllzz(st):

Proof. The first claim follows from

Douls) = GUlerplo@). - euplofen)))]
= Y AUl e(glom) - Srensloen)
=1 t=0
= Y aU(g(@1), -, 9(zm)) - plg(:)
i=1
= DUGge) + o)) 9(om) + tolglen)
t=0

- lim%[u(g—i-t-sf?og)—u(g)]-

t—0

For the second claim,

m 2
IDoulage, = [ (S 0U@@), .. gem) - wlol@) | dQ(9)
g \i=1

m m

L’ (Z(@U)Q(g(m% cg(mm) Y @2(9(%))) dQ’(g)

i=1 =1

IN

IN

2 . - 2 T 1]
VI3 /g S(9(z:)) QP (g)

= me VU [ P

26



5.3 Integration by Parts Formula on P(S%)
For ¢ € C*®°(S1,R) let D7, denote the operator in L*(G,QP) adjoint to D, with domain G!(G).
Proposition 5.4. Dom(D}) > 6'(G) and for all u € 6'(G)

Diu = —Dyu — Vf - U (5.7)
Proof. Let u,v € 61(9). Then

&/zhm.deﬁ — tim 2 [ u(en 0 g) — u(g)] - v(g) Q% (g)

t—0 t
= lim [u(g) oetp09) Y2, —ulg) ()] dQ%(9)
= hm / [v(e—4p,09) —v(g )]dQﬁ()

tlim [ ulg)-olo)- [v2, ~1] d0’(9)

lim 2 [ (o) foletp00) (@) - [V2,, ~1] dQ%(o)

— —/u-Dwdeﬂ(g)—/u-U'VfdQﬁ(g)‘i‘o

To justify the last equality, note that according to Lemma 4.8 |log ew| < C -t for |t| < 1.
Hence, the claim follows with dominated convergence and Lemma 5.4. O

Corollary 5.5. The operator (Dy,, &1(G)) is closable in L?(QP). Its closure will be denoted by
(Dy, Dom(Dy)).

In other words, Dom(D,,) is the closure (or completion) of &!(G) with respect to the norm

w [+, >]d@ﬂ)m.

Of course, the space Dom(D,) will depend on 3 but we assume 5 > 0 to be fixed for the sequel.
Remark 5.6. The bilinear form

Ep(u,v) = /D@u - DyvdQP, Dom(&,) := Dom(D,,) (5.8)

is a Dirichlet form on L?(G, Q") with form core &*°(G). Its generator (L, Dom(L,)) is the
Friedrichs extension of the symmetric operator

(=D} 0 Dy, &*(G)).

5.4 Derivatives and Integration by Parts Formula on P([0,1])

Now let us have a look on flows on [0,1]. To do so, let a function ¢ € C*([0,1],R) with
©(0) = ¢(1) = 0 be given. (Note that each such function can be regarded as ¢ € C*(S! R)
with ¢(0) = 0.) The flow equation (5.1) now defines a flow e, t € R, of order preserving C*
diffeomorphisms of [0, 1]. In particular, e;,(0) = 0 and e;,(1) =1 for all ¢t € R.

Lemma 5.1 together with Theorem 4.3 immediately yields
Lemma 5.7. For ¢ € C*([0,1],R) with ¢(0) = ¢(1) =0 and each 3 >0

9.8

Oy oa)| =vpg - POEEW v ) (5.9

t=0 2

27



For functions u : Gy — R we will define the directional derivative along ¢ € C*([0,1],R) with
©(0) = ¢(1) = 0 as before by

Dyulg) = lim  ulery 0 9) — ulg)] (5.10)

provided this limit exists. We will consider three classes of ’cylinder functions’ for which the
existence of this limit is guaranteed.

Definition 5.8. (i) We say that a function u : Go — R belongs to the class €F(Gy) (for k €
NU{0,00}) if it can be written as

u(g) = U ([ Ft)g()dt) (5.11)
for somem €N, some f = (f1,..., fm) with f; € L*([0,1], Leb) and some C*-function U : R™ —
R. Here and in the sequel, we write [ f(t)g(t)dt = (fol fAt)gt)dt,. .., fol fm(t)g(t)dt>.
(ii) We say that u : Gy — R belongs to the class G*(Gy) if it can be written as

u(g) = U (g9(x1), ..., 9(xm)) (5.12)
for some m €N, some x1,..., 2, € [0,1] and some C*-function U : R™ — R.
(iii) We say that u : Go — R belongs to the class 3%(Gy) if it can be written as
ulg) = U ([ai(gs)ds) (5.13)

with U as above, @ = (a, ..., ) € CE([0,1],R™) and [ d(gs)ds = (fol ai1(gs)ds, ..., fol am(gs)ds>.

Remark 5.9. For each ¢ € C*°(S!, R) with ¢(0) = 0 (which can be regarded as ¢ € C*([0,1],R)
with ¢(0) = ¢(1) = 0), the definitions of D, in (5.5) and (5.10) are consistent in the following
sense. Each cylinder function v € &'(Gy) defines by v(g) := u(g — go) (Vg € G) a cylinder
function v € &'(G) with Dyv = Dyu on Gy. Conversely, each cylinder function v € &1(G)
defines by u(g) :=v(g) (Vg € Go) a cylinder function u € &'(Gy) with Dyv = Dyu on Go.

Lemma 5.10. (i) The directional derivative Dyu(g) exists for all u € ¢H(Go)UBH(Go) U3 (Go)
(in each point g € Gy and in each direction ¢ € C*®([0,1],R) with v(0) = ¢(1) = 0) and
Dyu(g) =limy—o 1 [u(g +t-pog) —ulg)]. Moreover,

Dante) = Yoo (IF0(ar) - [hOplole)i
for each u € €1(Gy) as in (5.11), .
Dyu(g) = Em: U (g(x1), .-, 9(zm)) - (g(2:))
for each u € &1(Gy) as in (5.12), an;:1
Dyu(g) = i&U (Ja(gs)ds) - [ai(gs)e(gs)ds
for each u € 3'(Go) as in (5.13). .

(i) For ¢ € C>([0,1],R) with p(0) = ¢(1) = 0 let D7, denote the operator in L2(QO,Q/§)
adjoint to D,. Then for all u € €' (Gy) U &' (Gp) U 31 (Go)

D} gu=—Dyu— VS u. (5.14)
Proof. See the proof of the analogous results in Lemma 5.3 and Proposition 5.4. O

Remark 5.11. The operators (D, €' (Gy)), (Dy, &' (Gy)), and (Dy,3'(G)) are closable in
LQ(Qg). The closures of (D, @ (Gp)), (Dy,3'(Go)) and (D, &(Gy)) coincide. They will be
denoted by (D,, Dom(D,,)). See (proof of) Corollary 6.11.
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6 Dirichlet Form and Stochastic Dynamics on on G

At each point g € G, the directional derivative D, u(g) of any 'nice’ function u on G defines
a linear form ¢ — Dyu(g) on C®(S1). If we specify a pre-Hilbert norm |.|, on C*°(S') for
which this linear form is continuous then there exists a unique element Du(g) € T,G with
Dyu(g) = (Du(g),¢)q for all p € C(S1). Here T,G denotes the completion of C*°(S') w.r.t.
the norm ||.[|,.

The canonical choice of a Dirichlet form on G will then be (the closure of)

E(u,v) = [; (Du(g), Do(g))y dQ%(g), w0 € &'(G). (6.1)

Given such a Dirichlet form, there is a straightforward procedure to construct an operator (’gen-
eralized Laplacian’) and a Markov process ('generalized Brownian motion’). Different choices of
||.Ilg in general will lead to completely different Dirichlet forms, operators and Markov processes.
We will discuss in detail two choices: in this chapter we will choose ||.||4 (independent of g) to
be the Sobolev norm ||| s for some s > 1/2; in the remaining chapters, |||, will always be the
L%norm ¢ — ([ ¢(g¢)2dt)'/? of L*(S?, g.Leb).

For the sequel, fix — once for ever — the number § > 0 and drop it from the notations, i.e.
Q:=Q° V, = VP etc.

6.1 The Dirichlet Form on G
Let (¢%)ren denote the standard Fourier basis of L?(S!). That is,

Vor(z) = V2 -sin(2rkz),  hops(x) = V2 - cos(2mkx)

for k = 1,2,... and v (z) = 1. It constitutes a complete orthonormal system in L?(S!): each
¢ € L*(S') can uniquely be written as p(z) = > 52, ¢k - ¥x(x) with Fourier coefficients of ¢
given by ¢x 1= [¢1 @(y)¥x(y)dy. In terms of these Fourier coefficients we define for each s > 0
the norm

o 1/2
ol = ( e <c3k+c3kﬂ>) 6.2

k=1
on C®(S!). The Sobolev space H*(S') is the completion of C>°(S!) with respect to the norm

l.|lzrs. It has a complete orthonormal system consisting of smooth functions (¢g)ken. For
instance, one may choose

or(x) = V2 -k~ -sin(2mkz),  @opp1(x) = V2 k™% - cos(2mkx) (6.3)
for k=1,2,... and pi(x) = 1.
A linear form A : C*(S') — R is continuous w.r.t. |.|[zs — and thus can be represented as

A(p) = (¥, @) s for some p € H5(SY) with ||¢||gs = ||Al|lgs — if and only if

00 1/2
[Allfrs = <\A(¢1)!2 + ) K (A + |A(¢2k+1)l2)> < oo (6.4)

k=1

Proposition 6.1. Fiz a number s > 1/2. Then for each cylinder function u € &(G) and each
g € G, the directional derivative defines a continuous linear form ¢ — Dyu(g) on C®(St) C
H5(SY). There exists a unique tangent vector Du(g) € H*(S') such that Dyu(g) = (Du(g), ) -
for all p € C(S1).

In terms of the family ® = (¢k)ken from (6.3)

Du(g) =Y _ Dy, u(g) - ¢k(.)
k=1
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and

IDu(g)l7 = Z [ Depyu(9) (6.5)

Proof. Tt remains to prove that the RHS of (6.5) is finite for each v and g under consideration.
According to Lemma 5.3, for any u € &(G) represented as in (5.12)

(oo} o0 m 2
Y Dpulg)? = Z<Z&U(g(:v1),--.,g($m))‘cpk(g(wi))>
k=1 k=1 \i=1

oo o0
m-[VUZ 1Y @il = m- VU - (144 k).
k=1 =

IN

And, indeed, the latter is finite for each s > 1/2. O

For the sequel, let us now fix a number s > 1/2 and define
£(u.) = [ (Dule). Do) (o) (6.6)

for u,v € &1(G). Equivalently, in terms of the family ® = (px)ken from (6.3)

&)=Y [ Doyulg) - Doyoly) Qo). (6.7)
k=179

Theorem 6.2. (i) (£,81(G)) is closable. Its closure (€, Dom(E)) is a regular Dirichlet form
on L*(G,Q) which is strongly local and recurrent (hence, in particular, conservative).
(ii) For u € &Y(G) with representation (5.6)

oo m 2
Z/ <Z€9¢U(g(ﬂf1),---,g(:ﬂm))~s0k(g(xi))> dQ(g).
k=1"9 \i=1

The generator of the Dirichlet form is the Friedrichs extension of the operator L given on &%(G)
by

YD 005U (glx1), -, g(m)) wrlg(xi)enlg(z;))

i,j=1 k=1

+3 Y U (g(@), -, (@) [@h(9(@0) + Vi (9))en(g ().

i=1 k=1

(iii) 3'(G) is a core for Dom (&) (i.e. it is contained in the latter as a dense subset). For
u € 31(G) with representation (5.13)

o m 2
Z/ (Z@-U(fo?’(gt)dt)'faé(gt)wk(gt)dt> dQ(g).
k=179 \i=1

The generator of the Dirichlet form is the Friedrichs extension of the operator L given on 3%(G)
by

Lu(g) = Y Y 00U ([a(g)dt) - [ai(g)er(ge)dt - [o(ge)r(ge)dt
',j*l k=1
+225U a(ge)dt) {Vip, (9) + [1of (90 (9¢) + i(90) 23 (90) or(g2))dt }.
i=1 k=1
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(iv) The intrinsic metric p can be estimated from below in terms of the L*-metric:
(9:0) > —=llg —
plg,n) = g— 2.
c L

Remark 6.3. All assertions of the above Theorem remain valid for any £ defined as in (6.7)
with any choice of a sequence ® = (pp)ren of smooth functions on S with

C =1 illo < 0. (6.8)
k=1

(This condition is satisfied for the sequence from (6.3) if and only if s > 1/2.)
The proof of the Theorem will make use of the following

Lemma 6.4. (i) Dom(E) contains all functions u which can be represented as

u(g) =Ullg = fillez, - llg = fnll2) (6.9)

with some m € N, some f1,..., fm € G and some U € C'(R™,R).
For each u as above, each ¢ € C*°(S') and Q-a.e. g€ G

Dyulg) = Y00y = il g = Full) - [ sienta(0) - 50 5= o)
=1 7

where sign(z) := +1 for z € S with |[0, 2]| < 1/2 and sign(z) := —1 for z € S* with |[2,0]| < 1/2.
(ii) Moreover, Dom(E) contains all functions u which can be represented as

u(g) = U(gel (xl)v <oy Yem (xm)) (610)

with some m € N, some z1,...,2, € S, some €1, ..., e, €]0,1] and some U € CH((SH)™, R).
Here g(x) := fore g(t)dt € St for x € St and 0 < e < 1. More precisely,

x

xr+e€
ge(x) := 77(/ W_lg(t)dt)

where 7 : G(R) — G (cf. section 2.2) denotes the projection and 7= : G — G(R) the canonical
lift with 7=(g)(t) € [9(z),9(x) + 1] CR fort € [z,z + 1] C R.
For each u as above, each ¢ € C*°(S') and each g € G

m 1 Ti+é€;
Doulg) = 32 00 (g w0) - g (an)) - [ lalt))at
i=1 i

)

(iii) The set of all u of the form (6.10) is dense in Dom(E).

Proof. (i) Let us first prove that for each f € G, the map u(g) = ||g — f]| 2 lies in Dom(E). For
n € N, let m, : G — G be the map which replaces each g by the piecewise constant map:
v 1+1

M) = 9(0)  forve [t

[.

Then by right continuity 7,(g) — g as n — oo and thus

Sl

n—1 . .
S lo) = S — [ gt - feo) P
=0

31



Therefore, for each g € G as n — oo

) — u(g) (6.11)

where Uy, (x1,...,zy) = (% Z?;()l dn(Tiv1 — f(%))2>1/2 and d,, is a smooth approximation of
the distance function z — |z| on S* (which itself is non-differentiable at = 0 and = = 1) with
|d,| <1 and d,(x) — |z| as n — oco. Obviously, u, € &1(G).
By dominated convergence, (6.11) also implies that u,, — u in L*(G, Q). Hence, u € Dom(&) if
(and only if) we can prove that

sup € (up) < 00.

But

)| dQ(g)

o 1 n i o0
< 3 [ et 9 = Y llerlls < oo,
k=1 i=1 k=1

uniformly in n € N. This proves the claim for the function u(g) = ||g — f||12-

From this, the general claim follows immediately: if v,, n € N, is a sequence of G'(G) approx-
imations of g — ||g — 0|72 then uy(g) := U(vn(g — f1),-..,vn(g — fm)) defines a sequence of
&'(G) approximations of u(g) = U(llg — fillzz:- -, lg = fmllr2)-

(ii) Again it suffices to treat the particular case m = 1 and U = id, that is, u(g) = g.(z)
for some z € S and some 0 < ¢ < 1. Let § € G(R) be the lifting of g and recall that
u(g) = m(L [T §(t)dt). Define u, € &'(G) for n € N by u,(g) = 7(2 07 gz + Le)). Right
continuity of § implies u,, — u as n — oo pointwise on G and thus also in L?(G, Q). To see the
boundedness of & (u,) note that Dyu,(g) = = 31 o(g(x + Le)). Thus

un<2/ Zwk (e+ Le)aaly anumoo

(iii) We have to prove that each u € &'(G) can be approximated in the norm (||.||> + £(.))"/2 by
functions u,, of type (6.10). Again it suffices to treat the particular case u(g) = g(x) for some
x € S'. Choose u,(g) = gi/n(7). Then by right continuity of g, u, — u pointwise on G and

thus also in L?*(G, Q). Moreover, Dyuy,(g) = nffrl/" ©(g(t))dt (for all ¢ and g) and therefore

o0

z+1/n
S <Yon [ ehlan)deaats ZH‘Pk”L2<OO

k=1
O

Proof of the Theorem. (a) The sum & of closable bilinear forms with common domain &(G)
is closable, provided it is still finite on this domain. The latter will follow by means of Lemma
5.3 which implies for all u € &'(G) with representation (5.11)

0 m 2
E(u,u) = Z/ (Z iU(g(x1),...,9(xm)) - s%(g(xi))> dQ(g)
k=179 \i=1
< m-|VU|3- Z H(Pk||%2(sl) < 0.

k=1
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Hence, indeed & is finite on &1(G).

(b) The Markov property for £ follows from that of the &, (u,v) = fg Dy, u- Dy, vdQ.

(c) According to the previous Lemma, the class of continuous functions of type (6.10) is dense
in Dom(E). Moreover, the class of finite energy functions of type (6.9) is dense in C(G) (with
the L? topology of G C L?(S'), cf. Proposition 2.1). Therefore, the Dirichlet form & is regular.
(e) The estimate for the intrinsic metric is an immediate consequence of the following estimate
for the norm of the gradient of the function u(g) = |lg — f||z2 (which holds for each f € G
uniformly in g € G):

oo ) 2
IDu(g)]? = 23(/'wm@a»—ﬁmﬂ“”‘fmmwamwmﬁ

st lg — fill 2

dt < HZQ%HOO =:C.

IA
]
T
§

(f) The locality is an immediate consequence of the previous estimate: Given functions u,v €
Dom(&) with disjoint supports, one has to prove that £(u,v) = 0. Without restriction, one may
assume that supp[u] C B,(g) and supplv] C B,(h) with ||g — h|[z2 > 2r + 2. (The general
case will follow by a simple covering argument.) Without restriction, u,v can be assumed to be
bounded. Then |u| < Cws 4 and |v| < Cwsy, for some constant C' where

wsg() = 500 +6—If ~ glliz) 1| V0.

Given u, € 6'(G) with u, — u in Dom(&) put

Up = (up AN ws,g) V (—wsg).

Then @, — u in Dom(&). Analogously, T, — v in Dom(&) for v, = (v, Awsp) V (—wsp). But
obviously, &(@y, vy,) = 0 since u, - v, = 0. Hence, £(u,v) = 0.

(g) In order to prove that 31(G) is contained in Dom(€) it suffices to prove that each u € 31(G)
of the form u(g) = [ a(g:)dt can be approximated in Dom(&) by u, € &(G). Given u as above
with a € C1(SY,R) put u,(g) = 2 S0, a(gi/n). Then u, € (G), u, — u on G and

n

<pun Za gz/n gz/n _)/ (g1)p(ge)dt = ( )-

Moreover,

2

gz/n) (gz/n) d@(g)

Eltn,uy) = /g

C- /Z Za gz/n d@ ) /(t)th

Sl

IA

uniformly in n € N. Hence, v € Dom(€) and

E(u,u) = lim E(up, up) /g o' (ge)r(ge)dt d@(g).

n—oo

(h) The set 3'(G) is dense in Dom(€) since according to assertion (ii) of the previous Lemma
already the subset of all u of the form (6.10) is dense in Dom(&).

Finally, one easily verifies that 3%(G) is dense in 3'(G) and (using the integration by parts
formula) that L is a symmetric operator on 3%(G) with the given representation. O
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Corollary 6.5. There exists a strong Markov process (g:)e>0 on G, associated with the Dirichlet
form E. It has continuous trajectories and it is reversible w.r.t. the measure Q. Its generator

has the form
1 1 1
Ll=3 Y DDy, + 3 > Ve Dy,
k k

with {pk }ren being the Fourier basis of H®(S*).

Remark 6.6. This process (g¢)t>0 is closely related to the stochastic processes on the diffeo-
morphism group of S' and to the ‘Brownian motion’ on the homeomorphism group of S!,
studied by Airault, Fang, Malliavin, Ren, Thalmaier and others [AMT04, AM06, AR02, Fan02,
Fan04, Mal99]. These are processes with generator $Lo = 3 >, Dy, Dy, . For instance, in the
case s = 3/2 our process from the previous Corollary may be regarded as 'Brownian motion
plus drift’. All the previous approaches are restricted to s > 3/2. The main improvements of
our approach are:

e identification of a probability measure Q such that these processes — after adding a
suitable drift — are reversible;

e construction of such processes in all cases s > 1/2.

6.2 Finite Dimensional Noise Approximations

In the previous section, we have seen the construction of the diffusion process on G under minimal
assumptions. However, the construction of the process is rather abstract. In this section, we try
to construct explicitly a diffusion process associated with the generator of the Dirichlet form &
from Theorem 6.2. Here we do not aim for greatest generality.

Let a finite family ® = (px)k=1,.n of smooth functions on St be given and let (W;);>¢ with
W, = (W}, ...,W}") be a n-dimensional Brownian motion, defined on some probability space
(Q, F,P). For each x € S! we define a stochastic processes (1:()):>0 with values in S* as the
strong solution of the Ito differential equation

Anw) = 3 eulm(@)aWE + 5 3 elelm(w)oulm (@)t (6.12)
k=1 k=1

with initial condition ng(z) = x. Equation (6.12) can be rewritten in Stratonovich form as
follows

dne(@) = > u(mi(a)) o dWF (6.13)
k=1

Obviously, for every ¢t and for P-a.e. w € Q, the function z — n(z,w) is an element of the
semigroup G. (Indeed, it is a C*°-diffeomorphism.) Thus (6.13) may also be interpreted as a
Stratonovich SDE on the semigroup G:

dne = pr(m) o dWE,  mo=e. (6.14)
k=1

This process on G is right invariant: if g; denotes the solution to (6.14) with initial condition
go = g for some initial condition g € G then g, = n; o g. One easily verifies that the generator
of this process (g;)i>0 is given on &%(G) by 2 >} | Dy, D,,. What we aim for, however, is a
process with generator

1 ., 1 — l —
_iszkD% = §ZD%D% + 52‘/9% "Dy,
k=1 k=1 k=1
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Define a new probability measure P9 on (Q, F), given on F; by

n t 1 n t
dPY = exp <Z/ Vi, (ns 0 g)dWE — B Z/ |V (s © g)|2ds> dp (6.15)
k=1"0 k=1"0

and a semigroup (FP;)¢>0 acting on bounded measurable functions v on G as follows

Pru(g) = /Q u(m(g(.), w)) dPY(w).

Proposition 6.7. (P;);>0 is a strongly continuous Markov semigroup on G. Its generator is an
extension of the operator 1L = —1 31" | D7, Dy, with domain &2(G). That is, for allu € &2(G)
and all g € G

lim + (Pru(g) — u(9)) = 5 Lulo). (6.16)

Proof. The strong continuity follows easily from the fact that n,(z,.) — x a.s. as t — 0 which
implies by dominated convergence

Piu(g) = /QU(mog) dP? — u(g)

for each continuous u : G — R.
Now we aim for identifying the generator. According to Girsanov’s theorem, under the measure
P9 the processes

- 1 [t
Wtk = Wtk - 2/0 Vo, (ns 0 g)ds

for k =1,...,n will define n independent Brownian motions. In terms of these driving processes,
(6.12) can be reformulated as

dor(x) = 3 prlane DAV + 5 > leh(e(e) + Vi (90w (on o) (6.17)
k=1 k=1

(recall that gs = ns o g). The chain rule applied to a smooth function U on (S')™, therefore,
yields

dU (gt(yl)v cee 7gt(ym))

= Z ai,l U (gt(yl)v R 7gt<ym)> dgt(yi)

=1
m 2
+;”Z agjaij(gt(m%--.7gt(ym))d<g.(yi),g.(yj)>t

U (gt(y1)s- - - 9t (m)) 2 (ge(ys) ) AW

I
(]

s
I
—
>
Il
—_

8$i

3

0

T

2
8x?8xj Ugt(y1),-- -, 9t(ym)) r(ge(yi))pr (gt (y5))dt.

U(ge(y1)s - -5 9t(ym)) (5 (9e (i) + Vi, (90)]on (g (vi) )t

+
N |
iNgE
Bl
o I
Q

+
| =
ZMS

=

<
Il
[y
bl
Il
—_
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Hence, for a cylinder function of the form u(g) = U(g(y1), ..., 9(ym)) we obtain
lim — (Ptu( ) —u(g))

=ty [ (U0 0m) ~ U o). g0 ()] 4P

t—0
= }g%t// [;; 2 aiz (95(y1)s - -+ 95(yYm)) [93 (95 (Vi) + Vipy, (95)lpn (95 ()
+5 2 U (9gs(y1); - -+ 9s(ym)) 0r(9s (i) pr(gs(y;)) | ds dP?
4,j=1 k:l
S>> a‘i U (gl - um) [ o(01)) + Vi (9)in(o(0)
i=1 k=1 "

J% > Z i, 9w 9m)) o9 (i) or9(y))

1 n
= 52 [DaDyulg) + Vi, (9) - Dulg) :—*ZD Dy ulg)

In order to justify (x), we have to verify continuity in s in all the expressions preceding (). The
only term for which this is not obvious is V,,, (gs). But gs = 150 g with a function 7s(z,w) which
is continuous in z and in s. Thus V,, (ns(.,w) o g) is continuous in s. O

Remark 6.8. All the previous argumentations in principle also apply to infinite families of
(Pk)k=1,2,.., provided they have sufficiently good integrability properties. For instance, the
family (6.3) with s > % will do the job. There are three key steps which require a careful

verification:

e the solvability of the Ito equation (6.12) and the fact that the solutions are homeomor-
phisms of S'; here s > % suffices, cf. [Mal99];

e the boundedness of the quadratic variation of the drift to justify Girsanov’s transformation
in (6.15); for s > 3 this will be satisfied since Lemma 5.1 implies (uniformly in g)

oo s 1 -

e the finiteness of the generator and Ito’s chain rule for C2-cylinder functions; here s > %
will be sufficient.

Remark 6.9. Another completely different approximation of the process (g¢)¢>0 in terms of
finite dimensional SDEs is obtained as follows. For N € N, let 6}\, denote the set of cylinder
functions u : G — R which can be represented as u(g) = U(g(1/N),g(2/N),...,g(1)) for some
U € CH(SYH)YN). Denote the closure of (£,8%) by (EV, Dom(EN)). Tt is the image of the
Dirichlet form (EV, Dom(E™)) on Xy C (SY)V given by

BY(U) = /2 Z U (2)0;U (x) ais(x)pla) da (6.18)
with N
aij(w) = Z‘pk(mi)%(%‘)a p(x) = F(g;]ﬁv))]v H($i+1 — ;)N "y,
= i=1
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and (as before) Xy = {(l’l, can) € (SHN Zi\il [[zi, xig1]] = 1}. That is,

EN(w) = EN(U)

for cylinder functions u € 6]1\, as above. Let (X¢,P;)i>04ex, be the Markov process on Xy
associated with E™V. Then the semigroup associated with £V is given by

TN u(g) = Eyany,.o [U(XD)].

Now let (g, Py)i>0,9eg and (1};)i>0 denote the Markov process and the L?-semigroup associated
with €. Then as N — oo

21\]

T7 — 1T, strongly in L?

since N
EXN €
in the sense of quadratic forms, [RS80], Theorem S.16. (Note that UyenG3y is dense in Dom().)

6.3 Dirichlet Form and Stochastic Dynamics on G; and P

In order to define the derivative of a function v : G; — R we regard it as a function 4 on G with
the property @(g) = @(go6,) for all z € S1. This implies that Dyi(g) = (Dy,)(go6,) whenever
one of these expressions is well-defined. In other words, D, defines a function on G; which will
be denoted by D,u and called the directional derivative of u along .

Corollary 6.10. (i) Under assumption (6.8), with the notations from above,

S(u,u):Z/ Dy ul? dQ.
k=19

defines a regular, strongly local, recurrent Dirichlet form on L*(G1,Q).
(i) The Markov process on G analyzed in the previous section extends to a (continuous, re-
versible) Markov process on Gy.

In order to see the second claim, let ¢, § € G with § = g 0 6, for some z € S'. Then obviously,

Ge(w) =ne(g(.),w) = ne(g(- + 2),w) = gi(.,w) 0 0.

Moreover,

P9 =P9

since V,,(g 0 0,) = V,,(g) for all ¢ under consideration and all z € S'.

The objects considered previously — derivative, Dirichlet form and Markov process on Gy — have
canonical counterparts on P. The key to these new objects is the bijective map x : G1 — P.
The flow generated by a smooth ’tangent vector’ ¢ : S' — R through the point 1 € P will be
given by ((es)«/t)ier. In these terms, the directional derivative of a function u : P — R at the
point x4 € P in direction ¢ € C*°(S',R) can be expressed as

Dyu(p) = lim% [u((esp)spe) — u(p)],

t—0

provided this limit exists. The adjoint operator to D, in L*(P,P) is given (on a suitable dense
subspace) by
Diu() = =Dy () = Vo (x ™ (1)) - ulp).
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The drift term can be represented as

2 1|

1 / / _
vso(Xil(N)) :5/0 S0/(8) ,U,(dS) + Z |:90 (I*)jL(p(IJr) QO(IJr) SO(I*)
Iegaps(u)

Given a sequence ® = (¢ )ren of smooth functions on S! satisfying (6.8), we obtain a (regular,
strongly local, recurrent) Dirichlet form £ on L?(P,P) by

£w) =3 [ IDputap(). (6.19)

It is the image of the Dirichlet form defined in (6.7) under the map x. The generator of £ is
given on an appropriate dense subspace of L?(P,P) by

o0
L=-Y D} D,,. (6.20)
k=1

For P-a.e. p9 € P, the associated Markov process (ut)¢>0 on P starting in o is given as
pu(w) = ge(w)+Leb

where (g;)¢>0 is the process on G, starting in go := x ! (10). (As mentioned before, (g;);>0 admits
a more direct construction provided we restrict ourselves to a finite sequence ® = (Yr)p=1,...n-)

6.4 Dirichlet Form and Stochastic Dynamics on G, and P,

For s > 0 and ¢ : [0,1] — R let the Sobolev norm ||¢|/zs be defined as in (6.2) and let H{(]0, 1])
denote the closure of C2°(]0,1[), the space of smooth ¢ : [0,1] — R with compact support
in ]0,1[. If s > 1/2 (which is the only case we are interested in) H{([0,1]) can be identified
with {¢ € H*([0,1]) : ¢(0) = ¢(1) = 0} or equivalently with {p € H*(S') : ¢(0) = 0}.
For the sequel, fix s > 1/2 and a complete orthonormal basis ® = {¢k}ren of H([0,1]) with
C =2 ¢illoo < 00, and define

ZUUEDY /g 1D 0(6) do(o).

Corollary 6.11. (£, 8'(Gy)), (£0,3%(Go)) and (£y, €1 (Go)) are closable. Their closures coincide
and define a regular, strongly local, recurrent Dirichlet form (€, Dom(&y)) on L%(Go, Qo).

Proof. For the closability (and the equivalence of the respective closures) of (£y,&(Gp)) and
(€0,3%(Go)), see the proof of Theorem 6.2. Also all the assertions on the closure are deduced in
the same manner. For the closability of (&g, €*(Go)) (and the equivalence of its closure with the
previously defined closures), see the proof of Theorem 7.8 below.

O

As explained in the previous subsection, these objects (invariant measure, derivative, Dirichlet
form and Markov process) on Gy have canonical counterparts on Py defined by means of the
bijective map x : Go — Po.

7 The Canonical Dirichlet Form on the Wasserstein Space

7.1 Tangent Spaces and Gradients

The aim of this chapter is to construct a canonical Dirichlet form on the L?-Wasserstein space
Py. Due to the isometry x : Go — Pp this is equivalent to construct a canonical Dirichlet form
on the metric space (Go, ||.||12). This can be realized in two geometric settings which seem to be
completely different:
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e Like in the preceding two chapters, Gy can be considered as a group, with composition of
functions as group operation. The tangent space T,y is the closure (w.r.t. some norm)
of the space of smooth functions ¢ : [0,1] — R with ¢(0) = ¢(1) = 0. Such a function ¢
induces a flow on Gy by (g,t) — e, 09 = g+t og and it defines a directional derivative
by Dyu(g) = limy o 1 [u(ew, 0 g) —u(g)] for u : Go — R. The norm on T,Gy we now choose
to be [¢ll7, :== ([ ¢(gs)%ds)/2. That is,

T,Go := L*([0,1], g.Leb).
For given u and g as above, a gradient Du(g) € T,Go exists with

Dyu(g) = (Dulg), o)1, (Vo €Ty)

Dyu(g)

it and only if sup,, =55~
L

< 00.

e Alternatively, we can regard Gy as a closed subset of the space L?([0,1],Leb). The lin-
ear structure of the latter (with the pointwise addition of functions as group operation)
suggests to choose as tangent space

T,Go := L*([0,1], Leb).

An element f € T,Go induces a flow by (g,t) — g+tf and it defines a directional derivative
("Frechet derivative’) by Dyu(g) = limy—o {u(g + tf) — u(g)] for u : Go — R, provided u
extends to a neighborhood of Gy in L?([0, 1], Leb) or the flow (induced by f) stays within
Go. A gradient Du(g) € TyGo exists with

Dyu(g) = (Du(g), f)r2 (Vo € L?)

I‘D‘);ﬁ(‘? < 0o. In this case, Du(g) is the usual L2-gradient.
L

if and only if sup;
Fortunately, both geometric settings lead to the same result.

Lemma 7.1. (i) For each g € Gy, the map vy : ¢ — @ o g defines an isometric embedding
of T,Go = L*([0,1], g.Leb) into TyGo = L*([0,1], Leb). For each (smooth) cylinder function
u:Gp— R
Dyu(g) = Dyogu(g).

If Du € L*(Leb) exists then Du € L*(g.Leb) also exists.
(it) For Qo-a.e. g € Gy, the above map vy : TGy — TyGo is even bijective. For each u as above
Du(g) =Du(g) o g~! and

[Du(g)ll7, = [Dulg)]|z,-

Proof. (i) is obvious, (ii) follows from the fact that for Qp-a.e. g € Gy the generalized inverse
g~ ! is continuous and thus g~!(g;) = t for all ¢ (see sections 3.5 and 2.1). Hence, the map

tg : TyGo — TyGo is surjective: for each f € TGy
tg(fog™)=fog log=f.
O

Example 7.2. (i) For each u € 3'(Gp) of the form u(g) = U(fo1 a(gy)dt) with U € C'(R™,R)
and @ = (ai,...,a,) € CY([0,1],R™), the gradients Du(g) € T,Go = L*([0,1], g«Leb) and
Du(g) € TyGo = L?([0,1], Leb) exist:

Du(g) = Y aU(fa(g)dt) - ailg()),  Dulg) =Y U([al(gr)dt) - ai(.)
i=1 i=1
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and their norms coincide:
2

1Du(g)l7, = IDu(g) ZaU Jalg)dt) - ai(g(s))| ds.

—

(ii) For each u € €'(Gy) of the form u(g) = U(fo1 (t)g(t)dt) with U € CY(R™, R) and f =

(fi,.-., fm) € L*([0,1],R™), the gradient

=" oU([f(t)g(t)dt) - a;(.) € L*([0,1],Leb)
=1

IDu(g)2, = /

For u € €1(Gy) U 3'(Gy), the gradient Du can be regarded as a map Go x [0,1] — R, (g,t) —
Du(g)(t). More precisely,

exists and )

Z@U dt) - fi(s)

D: ¢YGy) U3l (Gy) — LGy x [0,1],Qp @ Leb).
Proposition 7.3. The operatorD : 3'(Gy) — L%(Gox[0,1], Qo® Leb) is closable in L?(Ggy, Qo).

Proof. Let W € L?(Gyx [0, 1], Qo®Leb) be of the form W (g) = w(g)-¢(g:) with some w € 3'(Gy)
and some ¢ € C*([0, 1]) satisfying go(()) gp( ) = 0. Then according to the integration by parts
formula for each u € 3(Go) with u(g fo (gs)ds)

1 m
/Qox[o ; Du - W d(Qo ® Leb) = /Go /0 ;aiU(fd’(gs)ds)ag(gt)w(g)go(gt)dtd(@o(g)

= [ Dulg)ule) dQo(g) = /g u(g) Duw(g) dQo(g).

Go

To prove the closability of D, consider a sequence (uy), in 3'(Gy) with u,, — 0 in L?(Qp) and
Du,, — V in L?*(Qy ® Leb). Then

/V - W d(Qo ® Leb) = lim/]D)un - W d(Qo ® Leb) = lim/unD;w dQy =0 (7.1)

for all W as above. The linear hull of the latter is dense in L?(Qy ® Leb). Hence, (7.1) implies
V = 0 which proves the closability of D. O

The closure of (ID,3'(Gp)) will be denoted by (D, Dom(D). Note that a priori it is not clear
whether D coincides with D on €(Gp). (See, however, Theorem 7.8 below.)

7.2 The Dirichlet Form
Definition 7.4. For u,v € 3'(Gy) U €' (Gy) we define the 'Wasserstein Dirichlet integral’

E(u,v) = /g (Du(g), Do(g)) 12 dQolg). (7.2)

Theorem 7.5. (i) (E,3%(Go)) is closable. Its closure (E, Dom(E)) is a regular, recurrent
Dirichlet form on L?*(Go, Qo).
Dom(E) = Dom(D) and for all u,v € Dom(D)

E(u,v) = / Du-Dv d(Qp ® Leb).
0x[0,1]
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(ii) The set 35°(Go)
U e C*[R™R) and
for (E, Dom(E)).
(iii) The generator (L, Dom(L) of (E, Dom(E)) is the Friedrichs extension of the operator
(L, 35°(Go) given by

m

Lu(g) = =) Diuig)
=1

of all eylinder functions u € 3°°(Go) of the form u(g) = U(J a( 0_2 ) with
a=(ai,...,an) € C([0,1],R™) satisfying o/,(0) = a}(1) = 0 is a core

m 1 m
= Y 0:0,U ([a(gs)ds) - / i(ga)cj(gs)ds + > U ([a(gs)ds) -VCZ(g)
t,j=1 i=1

where u;i(g) = ;U([d(gs)ds) and Vﬁ (g9) denotes the drift term defined in section 5.1 with

@ =af; >0 is the parameter of the entropic measure fized throughout the whole chapter.
(iv) The Dirichlet form (E, Dom(E)) has a square field operator given by

I'(u,v) := (Du, Do) p2rery € L'(Go, Qo)
with Dom(T") = Dom(E) N L*>(Go, Qo). That is, for all u,v,w € Dom(E) N L*(Gy, Qo)

2/w T(u,v)dQp = E(u, vw) + E(uw, v) — E(uv, w). (7.3)

Proof. (a) The closability of the form (E, 31(Gy)) follows immediately from the previous Propo-
sition 7.3. Alternatively, we can deduce it from assertion (iii) which we are going to prove first.
(b) Our first claim is that E(u,w) = — [u - LwdQq for all u,w € 35°(Go). Let u(g) =
U([a(gs)ds) and w(g) = W ([ 7(gs)ds) with U, W € C®(R™,R) and & = (a1,...,m),7 =
(M1 - -5 ym) € C([0, 1], R™) satisfying «;(0) = (1) = +}(0) = ~/(1) = 0. Observe that

(Du(g),Dw(g))rz = Z aiU(f&@S)ds) ’ 8]'W(fp7(gs)d3> /0 O‘g(gs)’)’;’(gs)ds

ij—=1
m

= ) uilg) - Darw(g)-
=1

Hence, according to the integration by parts formula from Proposition 5.10

E(u,w) = / (Du(g), Duw(g)) 1z dQo(g)
= Z / - Doyw(g) dQo(g)
= Z D ’uz ()dQO(g)

_ /g Lu(g) - w(g) dQo(g).

This proves our first claim. In particular, (L, 33°(Go)) is a symmetric operator. Therefore, the
form (E, 35°(Go)) is closable and its generator coincides with the Friedrichs extension of L.

(c) Now let us prove that 35°(Gy) is dense in 3'(Gp). That is, let us prove that each function
u € 3'(Go) can be approximated by functions u. € 35°(Go). For simplicity, assume that u is of the
form u(g) = U([ a(gs)ds) with U € C*(R) and o € C'([0,1]). (That is, for simplicity, m = 1.)
Let U, € C*°(R) for € > 0 be smooth approximations of U with ||U — U¢||ec + [|[U" — U!||oc — 0
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as € — 0 and let . € C*(R) with «/(0) = /(1) = 0 be smooth approximations of o with
| — el|oo — 0 and o (t) — /(t) for all ¢ €]0, 1] as € — 0. Moreover, assume that sup, ||¢/]|c <
0.

Define u. € 35°(Go) as ue(g9) = Ue([ ae(gs)ds). Then ue — u in L*(Go, Qo) by dominated
convergence relative Q.

Since
sup igg(vzqae(g(s))ds))2f[0,1}az<gs>2ds <c,
(al)?(g(s)) 2 a/(gs)® Vs € [0,1]\ ({g=0}n{g=1}),
and

[0,1]\ ({g =0} N {g =1}) =]0, 1] for Qp-almost all g € Gy
one finds by dominated convergence in L2([0, 1], Leb), for Qp-almost all g € Gy

(UL(Jaelgs)ds))* [ o 110(gs)2ds =2 (U'(fa(gs)ds))” [0 (95)?ds.

Hence also with

E(ueu) = /(U;<fae<gs>ds>>2-fa;<gs>2ds@o<dg>

0

< [ (W folo)in)? o asatan)

by dominated convergence in L?(Go, Q). In particular, {uc}. constitutes a Cauchy sequence
relative to the norm HUHIQ[«:,l = HUH%Q(Q,Q) + E(v,v). In fact, since the sequence u, is uniformly
bounded w.r.t. to ||.|[g,1, by weak compactness there is a weakly converging subsequence in
(Dom(E), ||.|lg,1). Since the associated norms converge, the convergence is actually strong in
(Dom(E), ||.|lg,1). Moreover, since u, — u in L*(Go, Qp), this limit is unique. Hence the entire
sequence converges to u € (Dom(E), ||.||g 1), such that in particular E(u, u) = lim o E(ue, u).

This proves our second claim. In particular, it implies that also (E, 3'(Go)) is closable and that
the closures of 35°(Go) and 3'(Gy) coincide.

(d) Obviously, (E, Dom(E)) has the Markovian property. Hence, it is a Dirichlet form. Since
the constant functions belong to Dom(E), the form is recurrent. Finally, the set 3'(Gy) is dense
in (C(Go), ||-||sc) according to the theorem of Stone-Weierstrass since it separates the points in
the compact metric space Gy. Hence, (E, Dom(E)) is regular.

(e) According to Leibniz’ rule, (7.3) holds true for all u,v,w € 3'(Gg). Arbitrary u,v,w €
Dom(E) N L>®(Gy, Qo) can be approximated in (E(.) 4 ||.||*)*/2 by tn, vn, w, € 3%(Go) which are
uniformly bounded on Gy. Then u,v, — wv, upw, — uw and vyw, — vw in (E() + |[.||2)2.
Moreover, we may assume that w, — w Qg-a.e. on Gy and thus

/|wf‘(u, v) — wpI'(Up, v,)|[dQp < /\w — wp|T'(u, v)dQo +/ |wn| - [T(w, v) = T'(tp, v,)|dQo — 0

by dominated convergence. Hence, (7.3) carries over from 3'(Gy) to Dom(EE) N L*(Go, Qo). O
Lemma 7.6. For each f € Gy the function u : g — (f,g)r2 belongs to Dom(E).

Proof. (a) For f,g € Go put puy = f.Leb and py = g.Leb. Recall that by Kantorovich duality

1 1
SIF=glits = b (urm)

1 1 1 1
= S;}E{/o god,uf-f—/o ¢dug}:il,l}ﬁ){/0 @(ft)dt""/o @Z)(gt)dt}
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where the sup,,,, is taken over all (smooth, bounded) ¢ € L'([0,1],y), ¢ € L([0,1], ug)
satisfying o(z) + ¥ (y) < %\x — y|? for ps-a.e. z and pga.e. y in [0,1]. Replacing p(z) by
|z|2/2 — ¢(z) (and 9 (y) by ...) this can be restated as

(F,9)12 = int { /O Colfdi + /0 1 w<gt>dt} (7.4)

where the inf,, ;, now is taken over all (smooth, bounded) ¢ € L'([0,1], uy), ¥ € L([0,1], ug)
satisfying o(x) + 9 (y) > (x,y) for ps-a.e. x and pg-a.e. y in [0,1]. If g is strictly increasing
then v can be chosen as

V= fog
cf. [Vil03], sect. 2.1 and 2.2.
(b) Now fix a countable dense set {gy, }nen of strictly increasing functions in Gy and an arbitrary
function f € Gy. Let (¢n, 1¥y,) denote a minimizing pair for (f, g,,) in (7.4) and define u,, : Go — R

b
y )= i { [Cotienae+ [ utatonar}

Note that 1} = f o g; ' and thus u,(g;) = (f,g:) for all i = 1,...,n. Therefore,

1
) = wn@) < [ oot~ @Ot < max ol [ ot6) - 301t < g gl

for all g, § € Go. Hence, u,, — u pointwise on Gy and in L?(Gy, Qq) where u(g) := (f, g).
(c) The function u, is in the class 3°(Gp):

un(g) = Un (fa(g:)dt)

with Uy (21,...,2,) = min{e; + z1,..., ¢, + 2}, ¢ = [ @i(f(t))dt and o; = 1;. The function
U, can be easily approximated by C! functions in order to verlfy that u, € Dom(E) and

Dun(g) = Y 1a,(9) - ¥i(9()
i=1

with a suitable dlSJOlIlt decomposﬂzlon QO = U;A;. (More pre(nsely, A; denotes the set of all
g€ QO satlsfymg fo ))dt + fo 1/12 ))dt < fol © f] ))dt + fo 1;(g(t))dt for all j < i and
fo ))dt + fo Yi(g t < fo dt+ fo ¥i(g(t))dt for all j > i.) Thus

1
Do) =31 (o) | vitatpar

and

B(un) < max [ 4o gl2d0ofo).
- 0

In particular, since |1} < 1,
sup E(u,) <1
n

and thus u € Dom(E). O

Lemma 7.7. For all u € 3'(Gy) and all w € €1(Gy) N Dom(E)
B(uw) = | (Du(g).Dun(g) 1:0o(o) (1.5)
0
(with Du(g) and Dw(g) given explicitly as in Example 7.2).
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Proof. Recall that for u € 33°(Go) of the form u(g) = U([a(g:)dt)

9) = ZDZ;W(Q)
i=1
with u;(g) = ;U([@(g:)dt). Hence, for w € €(Gy) of the form w(g) = W((h,g))

E(uw) = - / Lu(g) w(g) dQo(g)

- Z Do) (o) dQo(g) = Y- /g ui(9) Dayui(9)w(g) dQ(g)
=1 0

— Z 6»U(f&(gt)dt)-8jW(fﬁ(t) ) - [ai(g (t)dt dQo(g)

2,7=1

— /g(Du(g),Dw(g)>on(9)-

This proves the claim provided u € 35°(Gp). By density this extends to all u € 3%(Gy). O

Theorem 7.8. (i) (E, ¢Y(Go)) is closable and its closure coincides with (E, Dom(E)). Similarly,
(D, €1(Gy)) is closable and its closure coincides with (D, Dom(D)).
(ii) For all u,w € 3(Gy) U €1(Gp)

L(u, w)(g) = (Du(g), Dw(g)) L2, (7.6)

in particular, E(u,w) = fgo (Du(g), Dw(g))2dQo(g) (with Du(g) and Dw(g) given explicitly as
in Example 7.2).

(iii) For each f € Gy the function uy : g — ||f — g||L2 belongs to Dom(E) and T'(up,uf) <1
Qop-a.e. on Gp.

(iv) (E, Dom(E)) is strongly local.

Proof. (a) Claim: For each f € L*([0,1], Leb) the function uys : g — (f, g) 2 belongs to Dom(E)
and E(up, up) = || f]|72

Indeed, if f € L2 NC! then f = co + c1fi + cofo with fi1, fo € Go and cg,c1,ca € R. Hence,
uf € Dom(E) according to Lemma 7.6 and E(us,uf) = [||Dus||?dQo = | f||* according to
Lemma 7.7. Finally, each f € L? can be approximated by f, € L? N C! with || f — f.|| — 0.
Hence, uy € Dom(E) and E(uys,uyr) = || f]|.

(b) Claim: C!(Gy) C Dom(E).

Let u € C'(Go) be given with u(g) = U((f, g)), U € C*(R™R), f = (f1,..., fm) € L2([0,1],R™).
For each i = 1,...,m let (w;,)nen be an approximating sequence in (3'(Go), (E + ||.[|?)/2) for
wi g (fi,g). Put un(g) = U(win(g),..., wmn(g)). Then u, € 3(Gy), un — u pointwise on
Go and in L?(Gy, Q). Moreover,

Blunwn) = [ 130U w1n(0): - wmn(9)Duin(9) 2 dolo)
= [ IS 0U10) - g D) 2 dulo)

- / IDu(g) |2dQo(g).

Hence, u € Dom(E) and E(u,u) = [ |Du(g)||*dQo(g).

(c) Assertion (ii) then follows via polarization and bi-linearity. Assertion (iii) is an immediate
consequence of assertion (ii). Assertion (iii) allows to prove the locality of the Dirichlet form
(E, Dom(E)) in the same manner as in the proof of Theorem 6.2.
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(d) Claim: €(Gy) is dense in Dom(E).
We have to prove that each u 6 3 (Go) can be approximated by u, € €*(Gp). As usual, it suffices
to treat the particular case u(g fo (ge)dt for some a € CL([0,1]). Put Uy(z1,...,2,) =

LS Lalz;) and fri(t) =n- 1[%%[( ). Then

un(g) = Un(<fn,1ag>, fn ny g Zoz (n/ tdt)

defines a sequence in €' (Gy) with u,(g) — u(g) pointwise on Gy and in L?(Go, Qo).

Moreover,
Duy, (g Za ( / !

n

gtdt) [i= i[(-) (7.7)

and therefore

; 2
— l - a ln " — 10/ 2 = Elu
E(u,) = /gon;f ( [lgtdt> 10(0) — [ [ (o danto) =B (19

n

Thus (up)n is Cauchy in Dom(E) and u, — u in Dom(E).

O
7.3 Rademacher Property and Intrinsic Metric
We say that a function u : Gg — R is 1-Lipschitz if

lu(g) —u(h)| <llg=hllrz (Vg,h € Go).

Theorem 7.9. Every 1-Lipschitz function u on Gy belongs to Dom(E) and T'(u,u) < 1 Qp-a.e.
on Gop.

Before proving the theorem in full generality, let us first consider the following particular case.

Lemma 7.10. Given n € N, let {h1,...,h,} be a orthonormal system in L*([0, 1], Leb) and let
U be a 1-Lipschitz function on R"™. Then the function u(g) = U((h1,9),...,{hn,g)) belongs to
Dom(E) and T'(u,u) <1 Qp-a.e. on Gy.

Proof. Let us first assume that in addition U is C'. Then according to Theorem 7.8, u is in
Dom(E) and Du(g) = >, iU ((h,g)) - h;. Thus

[(u, u)(g) = [Du(g)ll 2 = Z 0:U (R, g)I* < 1.

=1

In the case of a general 1-Lipschitz continuous U on R™ we choose an approximating sequence
of 1-Lipschitz functions Uy, k € N, in C*(R") with U, — U uniformly on R” and put ux(g) =
Ur(({h,g)) for g € Go. Then u, — u pointwise and in L2(Go,Qq). Hence, v € Dom(E) and
I(u,u) <1 Qp-a.e. on Gy. O

Proof of Theorem 7.9. Every 1-Lipschitz function u on Gy can be extended to a 1-Lipschitz
function @ on L?([0, 1], Leb) ('Kirszbraun extension’). Hence, without restriction, assume that
u is a 1-Lipschitz function on L?([0, 1], Leb). Choose a complete orthonormal system {h;};cn of
the separable Hilbert space L%([0,1], Leb) and define for each n € N the function U,, : R* — R

by
Un(z1,...,2) =u (Z :cihi>
i=1
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for © = (z1,...,2,) € R™. This function U, is 1-Lipschitz on R™:

n n
Z rih; — Z yihi
i=1 i=1
Hence, according to the previous Lemma the function

un(g) = Un(<h17.g>7 ) <hTL7g>)

belongs belongs to Dom(E) and I'(uy, u,) < 1 Qp-a.e. on Gy.

Note that .
un(g) =u <Z<hi79>hi>

i=1

|Un(2) = Un(y)| < < |z —yl.

L2

for each g € L?([0,1],Leb). Therefore, u, — u on L?([0,1],Leb) since > (hi,g)hi — g
on L?([0,1],Leb) and since u is continuous on L2([0,1],Leb). Thus, finally, u € Dom(E) and
I'(u,u) <1 Qp-a.e. on Gp. O

Our next goal is the converse to the previous Theorem.

Theorem 7.11. Every continuous function u € Dom(E) with I'(u,u) < 1 Qp-a.e. on Gy is
1-Lipschitz on Gy.

Lemma 7.12. For each u € €1(Gy) U 3'(Go) and all go, g1 € Go

1
u(gr) — u(go) = /O (Du (1~ )0+ tg1) g1 — go} odt. (7.9)

Proof. Put g; = (1 —1t)go +tg1 and consider the C* function 7 : [0,1] — R defined by n; = u(g;).
Then

N = Dg1—gou(gt) = (Du(g¢), 91 — go)
and thus
1 1
m—1no = / ndt = / (Du(gs), g1 — go)dt.
0 0
O

Lemma 7.13. Let gy, g1 € GoNC? and put g; = (1 —t)go+tg1. Then for each u € Dom(E) and
each bounded measurable ¥ : Gy — R

/ [u(g1 o h) —u(go o h)|¥(h) dQo(h / / u(gi o h, (g1 — go) © h)¥(h) Qo(h)dt. (7.10)
Go Go

Proof. Given g, g1, ¥ and u € Dom(EE) as above, choose an approximating sequence in 3'(Go) U
¢!(Gy) with u, — u in Dom(E) as n — oo. According to the previous Lemma for each n

/ [t (910h) — tun (900 ) ¥ () dQo(h / / (D (g1 0 h) , (91— g0)oh) () dQo(R)dt. (7.11)
Go Go

By assumption u, — u in L?(Gy, Qo) and Du,, — Du in L?(Gy x [0,1], Qo ® Leb) as n — oo.
Using the quasi-invariance of Qy (Theorem 4.3) this implies

[u(ge 0 h) — un(gy o )| ¥ (h) dQo(h) :/ [u(h) = un(R)W(g7 " 0 b) - ¥, () dQo(R) —

Go Go
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as n — oo as well as

g IDu(ge © h) — Duy(ge © h)|72¥(h) Qo(h)

= | IDu(h) = Dun (B[ ¥(g; " 0 h) - ¥, () Qo) = 0

Hence, we may pass to the limit n — oo in (7.11) which yields the claim. O

Proof of Theorem 7.11. Let a continuous u € Dom(E) be given with I'(u,u) < 1 Qp-a.e. on Gy.
We want to prove that u(g1) — u(go) < |lg1 — gol|z2 for all go, g1 € Go. By density of Go N C? in
Go and by continuity of u it suffices to prove the claim for go, g1 € Go N C3.

Choose a sequence of bounded measurable ¥y : Go — Ry such that the probability measures
U.dQg on Gy converge weakly to d., the Dirac mass in the identity map e € Gy. Then according
to the previous Lemma and the assumption |Dul| < 1

/g fu(gn © h) — u(go o )] T4 ((h)dQ(h)
1
= [ [ Bt n (o1 - o) o 1w (i
0 JGo
1
< /O /g (g > Wz 01 = g0) o il - Wilh) Ao}l

< / (91— g0) © bl - We(h) dQo(R).
Go

Now the integrands on both sides, h +— u(g1 o h) —u(go o h) as well as h — ||(g1 — go) o hl| 2, are
continuous in h € Gy. Hence, as k — oo by weak convergence ¥V dQy — d. we obtain

u(gr) — u(go) < llgr — gollz2-
O
Corollary 7.14. The intrinsic metric for the Dirichlet form (E, Dom(E)) is the L?>-metric:
191 = goll > = sup {u(g1) — u(go) : u € C(Go) N Dom(E), I'(u,u) <1Qo-a.e. on Go}

for all go, g1 € Go.

7.4 Finite Dimensional Noise Approximations

The goal of this section is to present representations — and finite dimensional approximations —
of the Dirichlet form

E(u,v) = /g (Du(g), Du(g)) 12 dQo(g)

in terms of globally defined vector fields.
If (;)ien is a complete orthonormal system in T, = L?([0,1], g.Leb) for a given g € Gy then
obviously

(Du(g), Do(9)) 2 = Y _ D u(9) D, 0(9)- (7.12)
i=1

Unfortunately, however, there exists no family (¢;);eny which is simultaneously orthonormal in
all T, = L?([0,1], g«Leb), g € Gy. For a general family, the representation (7.12) should be
replaced by

(Du(g),Dv(g))r2 = Y, Dyulg) - aij(g) - Dy,v(9) (7.13)
ij=1

47



where a(g) = (aij(9))i jen is the 'generalized inverse’ to ®(g) = (®;;(g))i jen with

1
Bij(g) = (i 05)7, = /0 i)y (g0)dt.

In order to make these concepts rigorous, we have to introduce some notations.

For fixed n € N let S4(n) C R"*" denote the set of symmetric nonnegative definite real (n x n)-
matrices. For each A € Sy (n) a unique element A~ € S, (n), called generalized inverse to A,
is defined by
A1y { 0 if z € Ker(4),
' y if z € Ran(A4) with z = Ay

This definition makes sense since (by the symmetry of A) we have an orthogonal decomposition

R™ = Ker(A) @ Ran(A). Obviously,
ATV A=A A =7y

where 74 denotes the projection onto Ran(A).
Moreover, for each A € S, (n) there exists a unique element A'/2 € S, (n), called nonnegative
square root of A, satisfying

A2 A2 = A
Let ¥(™ denote the map A — A1, regarded as a map from Si(n) € R™™ to R™" with
\I'Z(;L)(A) = (A1) for i,j = 1,...,n. Similarly, put

2™ 1 8, (n) — Sy(n), A (AVHT = (A H/2

Note that U™ (A) = 2 (A) . 2™ (A) for all A € S (n).

The maps ¥ and Z(™ are smooth on the subset of positive definite matrices A € S, (n) but
unfortunately not on the whole set S;(n). However, they can be approximated from below
(in the sense of quadratic forms) by smooth maps: there exists a sequence of C*° maps g0l .
R™" — R ™ with

¢ 20(4) £ <€ 204 ¢
for all A€ S (n),& € R” and all k,l € N with k& <[ and

—(n,l —(n —
=7004) = S () = (A7)

for all A€ Sy (n),i,j € {1,...,n} as | — oo. Put WD (4) = 2D (A4). 2D (A) for A € R™*".
Then the sequence (\Il(”J))leN approximates U(") from below in the sense of quadratic forms.

Now let us choose a family {(; };eny of smooth functions ¢; : [0, 1] — R which is total in C°([0, 1])
w.r.t. uniform convergence (i.e. its linear hull is dense). Put

1
ii(g) = (wi, 0j)T, = /0 ©i(92)p;(gz)dx

and l l [ [
Mgy = (@(g)),  olM(g) = 2 (@(g)).

Note that the maps g — ag-l’l) z‘(;z’l)

class 3°°(Go). Moreover, put

(9) and g — o, (g) (for each choice of n,l,i,j) belong to the

" (g) = v (2(g)).
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Then obviously the orthogonal projection 7, onto the linear span of {¢p,..

L%(]0,1], g«Leb) is given by

TR = Z a, (u, i), - ©;

1,j=1

and
n

(s, )7, = Y (. pi)r, - ) (9) - (v, 5),
ij=1
for all u,v € T,.

Theorem 7.15. (i) For each n,l € N the form (E™D 31(Gy)) with

n

E™D (u,v) = Z Dy,u(g) - a(;l (g )+ Dy,0(9) dQo(g)

ij=1"90

Sent C T, =

is closable. Its closure is a Dirichlet form with generator being the Friedrichs extension of the

symmetric operator (LMY, 32(Gy)) given by

Zanl D%D%+Z[ pid l;ﬂ (nl) Vﬁ}D%

7.7 1 ,_] 1
(ii) Asl — o0
EM™) ~EM
where
”) (u,v) Z D%u a(J)(g) 'DSOjU(g) dQo(g).
i,7=1
for u,v € 3'(Go). Hence, in particular, E™ is a Dirichlet form.
(iii) Asn — o

E®) K

(which provides an alternative proof for the closability of the form (E,3'(Gy))).

(7.14)

Proof. (i) The function ag;-’l) on Gy is a cylinder function in the class 3'(Gp). The integration

by parts formula for the D,,,, therefore, implies that for all u,v € 3%(Go)

B0 (4, 0) = Z / Dy u(g)Dy,0(g)al (9)dQu(g)

- 2/ Dy, (al'D,,0) (9) dulg) = - [ u(g) - L"u(g) dQols).

with

L) — ZD* ( Zzz )

=1

Hence, (E(™!32(Gy)) is closable and the generator of its closure is the Friedrichs extension of

(LD, 3%(Go))-

(ii) The monotone convergence ED A E®M of the quadratic forms is an immediate consequence
of the fact that a(™!(g) / a(™(g) (in the sense of symmetric matrices) for each g € Gy which in
turn follows from the defining properties of the approximations W) of the generalized inverse

y(n),
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The limit of an increasing sequence of Dirichlet forms is itself again a Dirichlet form provided it
is densely defined which in our case is guaranteed since it is finite on 3%(Gp).

(iii) Obviously, the E™, n € N constitute an increasing sequence of Dirichlet forms with E” < E
for all n. Moreover, 3'(Gy) is a core for all the forms under consideration. Hence, it suffices to
prove that for each u € 3'(Gg) and each € > 0 there exists an n € N such that

E™ (u,u) — E(u, u)‘ <e

To simplify notation, assume that u is of the form u(g) = U([ a(g:)dt) for some U € CL(R)
and some « € C1([0,1]). By assumption, the set {(;,i € N} is total in C°([0,1]) w.r.t. uniform
convergence. Hence, for each § > 0 there exist n € Nand ¢ € span(¢1, ..., ¢,) with ||/ —¢||sup <
¢ which implies

<O/7 ()0>Tq
AT 5 glly, — 6> o, — 26.
el ! !
Thus
1
Go H‘tOHTg
> [ Ualn? - (1'lz, - 25)° dGo(o)
0
> ' dt)? —46 | d
> [ Uatanar - (15le'1E, - 46) dooto)
1
> - !
> B ) - 6,
Hence, for ¢ sufficiently small, E(u,u) and E®) (u,u) are arbitrarily close to each other. O

Remark 7.16. For any given go € Go, let (g¢)t>0 with g; : (z,w) — gf (w) be the solution to the
SDE

dg} Z o; i (g7) AW}
4,j=1
+; S o) - pi(at) - (a7) + VE o)
i,j=1
1 n n il
5 2 2 ¥ (@(0) - ((prem) s o, - 0i(gF)dt
i,j=1k,m=1

where 8km\11g-“l) for (k,m) € {1,...,n}? denotes the 1st order partial derivative of the function

\IIZ-L’Z) : R™*™ — R with respect to the coordinate xi,,. Then the generator of the process coincides

on 3%(Go) with the operator %L("’l) from (7.14), the generator of the Dirichlet form B!,

Let us briefly comment on the various terms in the SDE from above:

e The first one, >/, l(] )(gt) ©j(g¥) dW} is the diffusion term, written in Ito form;

e the second one, 3 Z” 1 EJ )(gt) -0 (gF) - ¥i(gF)dt is a drift which comes from the trans-

formation between Stratonovich and Ito form (it would disappear if we wrote the diffusion
term in Stratonovich form).

50



e The next one, 3 i =1 agl’l)(gt) i (g¥) - Vﬁ (g¢)dt is a drift which arises from our change

of variable formula. Actually, since

1
Vi) = 6/0 Pilg(y)dy + >

[s0£(9(a+)) +¥ilglan))  wilglat)) — eilg(a—))
acJy

2 glat) —g(a—)

it consists of two parts, one originates in the logarithmic derivative of the entropy of the
g’s (which finally will force the process to evolve as a stochastic perturbation of the heat
equation), the other one is created by the jumps of the g’s.

7l .
e The last term, %ZZ]’:I > hm=1 Bkm\lfgl )(<I>(gt)) ((erem)', 0i)T, - w;(gf)dt involves the
derivative of the diffusion matrix. It arises from the fact that the generator is originally
given in divergence form.

7.5 The Wasserstein Diffusion (y;) on P

The objects considered previously — derivative, Dirichlet form and Markov process on Gy — have
canonical counterparts on Py. The key to these objects is the bijective map x : Gg — Py,
g — g.Leb.

We denote by 3¥(Pp) the set of all (‘cylinder’) functions u : Py — R which can be written as

u(p) =U (/01 ardp, ... ,/01 amdﬂ> (7.15)

with some m € N, some U € C¥(R™) and some @ = (a1, ..., ay) € C*([0,1],R™) . The subset
of u € 3*(Py) with a/(0) = al(1) = 0 for all i = 1,...,m will be denoted by 3k(P;). For
u € 3'(Py) represented as above we define its gradient Du(u) € L2([0, 1], 1) by

m

Du(p) = > oU([adp) - ()
=1
with norm
Ll m 9 1/2
| D) 2y = / S OU(fadp) - of| dp
=1

The tangent space at a given point 4 € Py can be identified with L?([0,1], ). The action of a
tangent vector ¢ € L?([0,1], ) on p (’exponential map’) is given by the push forward ¢, .

Theorem 7.17. (i) The image of the Dirichlet form defined in (7.2) under the map x is the
regular, strongly local, recurrent Wasserstein Dirichlet form E on L%(Py,Py) defined on its core

3'(Po) by
Blu.0) = [ (Dulu). Do)y o). (7.16)

The Dirichlet form has a square field operator, defined on Dom(E) N L>, and given on 3'(Py)
by
T (u,v) (1) = (Du(p), Dv(p))7z2 (-

The intrinsic metric for the Dirichlet form is the L?-Wasserstein distance dyy. More precisely,
a continuous function u : Py — R is 1-Lipschitz w.r.t. the L?-Wasserstein distance if and only
if it belongs to Dom(E) and I'(u,u)(p) < 1 for Py-a.e. p € Pp.
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(ii) The generator of the Dirichlet form is the Friedrichs extension of the symmetric operator
(L, 3(2)(770) on L?(Po,Py) given as L =Ly + Ly + 3 - L3 with

Liu(p) = Zaanadu / ol dy;

t,j=1

S " af (I-) + ol (I (1) — (I a(0) + /(1
Lou(p) = ZaiU(fadM)‘ Z { ( )2 (I+) (+)’I| )] ()2 (1)

=1 Iegaps(u)

m 1
Lau() = S 0U(fdd)- [ oldp.
=1

Recall that gaps(u) denotes the set of intervals I =]I_,1,[C [0,1] of maximal length with
w(I) =0 and |I| denotes the length of such an interval.

(iii) For Po-a.e. po € Po, the associated Markov process (ut)e>0 on Py starting in po, called
Wasserstein diffusion, with generator %}L S given as

pe(w) = ge(w)«Leb

where (g¢)e>0 is the Markov process on Gy associated with the Dirichlet form of Theorem 7.5,

starting in go == x" (o).
For each u € 3%(Py) the process

) = (o) = 5 [ L)

is a martingale whenever the distribution of g is chosen to be absolutely continuous w.r.t. the
entropic measure Py. Its quadratic variation process is

[ v

Remark 7.18. L; is the second order part (’diffusion part’) of the generator L, Lo and Ls
are first order operators ('drift parts’). The operator L; describes the diffusion on Py in all
directions of the respective tangent spaces. This means that the process (u;) at each time ¢ > 0
experiences the full "tangential’ L?([0, 1], u;)-noise.
L3 is the generator of the deterministic semigroup ('Neumann heat flow’) (Hy)i>o on L?(Po, Po)
given by

Hyu(p) = u(hep).

Here ht is the heat kernel on [0, 1] with reflecting ("Neumann’) boundary conditions and h¢u(.) =
fo hi(.,y)p(dy). Indeed, for each u € 33(Py) given as u(g) = U([ @du) we obtain Hyu(u) =
(ffa ht (z,y)pu(dy)dz) and thus

O Hyu(p) = Z@ U(hp) - O f [evi(x) hi(z, y) p(dy)da
= 26 Uhp) - [ [ei(@)hf (z, y)p(dy)dx
= Za Uhep) - [ [of (z)he(, y)p(dy)de = LgHyu(p).
Note that I depends on § only via the drift term Lg and %]L — Lg as § — oc.
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The following statement, which in the finite dimensional case is known as Varadhan’s formula,
exhibits another close relationship between (u;) and the geometry of (P([0,1]),dw ). The Gaus-
sian short time asymptotics of the process (ut)t>0 are governed by the L?-Wasserstein distance.

Corollary 7.19. For measurable sets A, B € Py with positive Py-measure, let dy (A, B) =
inf{dw (v,7)|v € A,0 € B} and pi(A,B) = [, [gp:(v,dD)Po(dv) where pi(v,dv) denotes the
transition semigroup for the process (1it)i>0-

Then

dw (A, B)?

5 (7.17)

lim tlog pi(A, B) = —

Proof. This type of result is known as Varadhan’s formula. Its respective form for (E, Dom(E) on
L?(Po, Py) holds true by the very general results of [HR03] for conservative symmetric diffusions,
and the identification of the intrinsic metric as dy in our previous Theorem. ]

Due to the sample path continuity of (u;) the Wasserstein diffusion is equlvalently characterized
by the following martingale problem. Here we use the notation (c, fi) fo x) g (dx).

Corollary 7.20. For each o € C%([0,1]) with o/(0) = o/(1) = 0 the process

t
M= o) = [ n)ds

1 o'(I)+a"(Iy) _a'(Iy) = /()] _a"(0)+a"(1))
/0 Iegazpsws)[ ’ d ? d

s a continuous martingale with quadratic variation process

M), = /0 (0")2, pa)ds.

Remark 7.21. For illustration one may compare corollary 7.20 for (u;) in the case § = 1 to
the respective martingale problems for four other well-known measure valued process, say on
the real line, namely the so-called super-Brownian motion or Dawson-Watanabe process (uP"),
the Fleming-Viot process ("), both of which we can consider with the Laplacian as drift, the
Dobrushin-Doob process (u?) which is the empirical measure of independent Brownian motions
with locally finite Poissonian starting distribution, cf. [AKR98], and finally simply the empirical
measure process of a single Brownian motion (uPM = 5Xt) For each ? 6 {DW FV,DD,BM}
and sufficiently regular o : R — R the process M; := (o, ut) — 3 fo ', pl)ds is a continuous
martingale with quadratic variation process

Moy = [ s
M = [ ) = )Pl
e RO
M = [ s

In view of corollary 7.19 the apparent similarity of P and u?™ to the Wasserstein diffusion
 is no suprise. However, the effective state spaces of PP, uPM and p; are as much different
as their invariant measures.
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