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ENTROPY AND INDEX FOR SUBFACTORS

By MIHAI PIMSNER and SORIN POPA

Introduction

Let M be a type II i factor with normalized trace T and NcM a subf actor. In a
recent paper [13] V. Jones considered the coupling constant of N in his representation
on L2(M, T) as an invariant for N up to conjugations by automorphisms of M. He
calls this invariant the index of N in M and denotes it [M: N]. In the case M and N
are the group algebras of some discrete groups Go<=G, [M:N] is just the index of Go in
G. This exemple provides the motivation for the notation and for the name "index". It
also suggests that [M: N] may take only integer values. However, even in the hyperfinite
Hi factor R one can construct subf actors of any index ^4 just by identifying the reduced
algebras of R by the projections /, l-/eR (cf. [13]). The situation is much more
complicated when one requires N to have trivial relative commutant in M,
N' Pi M=C. As a consequence of the properties of the coupling constant Jones shows
that in case [M:N]<4 the condition NTllV^C is automatically fulfilled. He then
proves the striking result that if the index is less than 4, then it can only take the values
4 cos2 n/n, n ̂  3. Moreover for each

fee{4cos27c/n|n^3}U[4, oo)

he constructs in a natural way a subf actor in R having index k. We denote it in the
sequel by R^ where ^=fe~ 1 . For index greater than 4 these subfactors have nontrivial
relative commutant (cf. [13]). It is worth noting that the pairs R^cR are obtained as
increasing limits of finite dimensional subalgebras A^cfi^, such that the corresponding
conditional expectations commute.

There are at least two important problems arising from Jones' work: (1) Find the
possible values of the index on the halfline (4, oo) in the trivial relative commutant
case. (2) Classify the subfactors of R having the same index.

This paper originates in our attempt to get more insight on these and other index
problems.

We begin by considering M as a module over its subfactor N and get an interpretation
of the index as the dimension of M over N. Then we obtain some formulas for [M : N]
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58 M. PIMSNER AND POPA

expressing the flatteness of the positive elements in M when projected on N. Further
we introduce the Connes-Stormer relative entropy H(M|N) as an invariant of N up to
conjugation. Quite surprinsingly the relative entropy is very closely related to the index
and is actually finite whenever the index is finite. In fact we obtain an explicit formula
of H(M|N) depending on the index and the relative commutant of N in M. By this
formula, if N' 0 M = C then H (M | N) == In [M: N]. But more interesting is that for small
enough index, e.g. 4 <[M : N]< 3 + 2 / 2 , the converse is also true: if H(M|N)=ln

[M:N] thenN'nM=C.

In more detail the main results of the 6-sections are as follows.
In section 1 we prove that the index [M:N] is finite if and only if M is a finitely

generated projective module over N and that if this is the case then M has an "ortho-
normal decomposition" over N. This result was obtained independently by U. Haagerup
(paper in preparation). We use this to get some duality type results similar to the case
when M is the crossed product of N by a finite group. Moreover, using the "ortho-
normal decomposition" we show that if the index is finite then M and N have the same
type of central sequence algebra.

In Section 2 we prove the formulas for the index. We show that if ^=[M:N]~1

(with the convention co~l=0) then E^(x)^x for all x e M + and that ^ is the best
constant for which this inequality holds (EN denotes the trace preserving conditional
expectation onto N). Along the line we also prove that ^ is the infimum of all the
norms || E^(f) ||, /running over the nonzero projections in M. We then define for von
Neumann subalgebras B^ c: B^ <= M the constant X, (B^, B^) = max {^^OlEeJx)^
XEg^(x) for all xeB^ } as a remplacement of the index when B^, B^ are not necessary
factors (the definition actually works for arbitrary von Neumann algebras, whenever
there exists a normal conditional expectation from B^ onto B^). The consideration of

the constant ^ makes possible the computation of the index whenever the pair N c: M is
the inductive limit of pairs of finite dimensional algebras, under certain compatibility
conditions.

In Section 3 we recall the definitions and basic properties of the Connes-Stormer
relative entropy H( | ). We also prove some technical results and note the important
relation between H and the constant ^( , ) namely H^ —In X,.

Section 4 contains the computation of H(M | N) for II i factors: if N' 0 M has a diffuse
part then H(M|N)=oo; if N'Pi M is atomic and { / „ } are minimal projections in
N 'OM such that ^/.=1 then H(M|N)=^T(/.) In ([M^ : NJ/r(/,)2). As a conse-
quence we characterize the pairs of minimal and maximal entropy (for a given index). In
particular we obtain the earlier mentioned condition for N to have trivial relative
commutant in M.

Section 5 deals with applications. We show that Jones' pairs of subf actors R^cR
are of minimal entropy. Then we consider a family of automorphisms ©^ of the

hyperfinite factor R, related with the construction of the subfactors R^,

X - - l e { 4 cos27l/n|n^3} U[4, oo), and compute their entropy. For X'^4 we show
that in fact €)^ are noncommutative Bernoulli shifts.
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ENTROPY AND INDEX FOR SUBFACTORS 59

In section 6 we compute X and H in the finite dimensional case thus providing a tool
for computing the index and the entropy for pairs of hyperfinite factors N c R that can
be obtained as inductive limits of appropriate pairs of finite dimensional algebras. It is
an open problem whether any pair N c= R of finite index can be realized in this way. But
anyway it seems reasonable to believe that, if ̂  denotes the set of all possible values of
the index of subf actors with trivial relative commutant, then, as in the case <4, for any
fee^R, k>4, there exists a subf actor of R with index k and trivial relative commutant,
such that the corresponding pair of factors is the inductive limit of pairs of finite
dimensional algebras as before. Thus to characterize ̂  at least for small values of the
index k (e. g. k < 3 + 2 /2) it would be enough to construct sequences of finite dimensional

algebras such that the limit of the entropies equals the limit of the logarithm of the
index. By our results this would avoid the computation of the relative commutant
(which is usually very difficult).

We would like to thank Dan Voiculescu for fruitful conversations and constant
encouragement. We are also grateful to Vaughan Jones for a useful long term correspon-
dence and for providing us an early version of his work.

0. Preliminaries

In this section we fix the notations and, for the convenience of the reader, recall some
of Jones' terminology and results in [13], to be more frequently used in the paper.

Throughout M will be a finite von Neumann algebra with a fixed normal faithful
trace T, T (!)=!. We denote by ll.xll^T^*^)^2 the Hilbert norm on M given by T
and L2(M, r) the completion of M in the norm || l^. Thus L2(M, r) is the Hilbert
space of the GNS representation of M, given by T, and M acts on L2(M, r) by left
multiplication. This representation of M is called the standard representation. The
canonical conjugation on L2(M, r) is denoted by J. It acts on the dense subspace
McL^M, r) by Jx==x*. Then J satisfies JMJ=M' and in fact JxJ is the operator of
multiplication on the right with x* : J x J ( y ) = = y x * , yeM(=^L2(M, r).

If NcM is a von Neuamnn subalgebra ( IN= l\i) ^en E^ denotes the unique T-preser-
ving conditional expectation of M onto N [24]. E^ is in fact the restriction to M of the
orthogonal projection of L2(M, r) onto L^N, r) (which is the closure in L2(M, r) of
N). We shall denote this orthogonal projection by e^, or simply by e, if no confusion
is possible. The following properties of e=e^ are easy consequences of the definition
(see [13], 3.1.4, and also [5], [12]).

0.1 exe = EN (x) e, x e M;

0.2 I f x ( = M t h e n x e N i f f ^ c = x ^

0.3 W=(M/U{e}Y/',

0.4 J commutes with e.

By 0.3, 0.4 it follows that if M^ denotes the von Neumann algebra on L^M, r)
generated by M and e then M^JN'J. This is called the basic construction for NcM
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60 M. PIMSNER AND POPA

(cf. [13]). We now list some of its properties ([13], 3.1.5):
n

0.5. Operators of the form a+ ^ a^eb^ with a, a^ b^eM, give a dense ^-subalgebra
1=1

in Mi;

0.6. N 9 x ^-> xe e e M ̂  e is an isomorphism;

0. 7. The central support of e in M^ is 1;

0.8. Mi is a factor iff N is;

0.9. Mi is finite iff N'is.

If Mi satisfies 0.9 and if there exists a trace T^ on M^ such that T^ | M = T and E^(^) ==^-
IM, where E^( is the T^-preserving conditional expectation of M^ onto M and X>0 is a
scalar, then we say that (M^, T^) is a ^-extension ofM by N. By 0. 5 it follows that if
such a trace T^ exists then it is unique.

If M is a finite factor and acts on the Hilbert space Jf, the Murray and von Neumann
coupling constant dim^c^ is defined as T^M'yVT'^My), where O^eJf and for
A c^(H) a von Neumann algebra [A ^] is the orthogonal projection onto A ^. It is
shown in [18] that this definition is independent of ^0. For a pair of finite factors
NcM V. Jones defined in [13] the index of N in M, [M:N], to be the number
dim^i (Jf) /dim^ (J^) or equivalently dim^L^M, r). In particular, [M: N] is a conjugacy
invariant for N as a subf actor of M. In the case Nc=M comes from the group
construction in [18], for some I.C.C. discrete groups Go<=G, then [M:N] coincide with
the index of Go in G. Another important example to be noted is when M is the crossed
product of N by some outer action of a discrete group K, M=Nx|K, when [M:N] is
just the cardinal of K.

The index [M:N] has all the nice properties of the index for subgroups (see [13],
2.1.8):

0.10. [M:M]=1;

0.11. [M:N]^1;

0.12. If NcPcM then [M:P] [P:N]=[M:N], [M:P]^[M:N] with equality iff
N=P.

Note also that [M: N] = oo iff N' (or equivalently M^) is of type 11 .̂

If [M: N]< oo then M^ is a finite factor and so it has a unique normalized trace, to be
denoted also by T (as the trace of M). Moreover if ^=[M:N]~1 then it follows that

Mi =(M U { ^N } Y is a ^-extension of M by N (cf. [13], 3.1.7). In this case we simply
call Mi the extension of M by N. Then the pair of finite factors McM^ satisfies the
important relation [M: N] = [M^: M] ([13], 3.1.7). So, by using the basic construction,
from a pair of factors N c M of finite index k = [M: N] one can get a new pair of facors
M c: Mi with the same index, [M^: M] = k. It turns our that in fact the basic construction
is generic for subf actors of finite index. More precisely Jones showed in [13], 3.1.9
that if N c M are type II i factors with [M: N] < oo then there is a subf actor N^ c= N such
that M is the extension of N by N^, i. e. there is a projection e e M with E^ (e) = [M: N] ~ \
[e, NJ=0 and exe==E^^(x)e for xeN, such that M is generated as a von Neumann
algebra by N and e. We shall sometimes refer to the construction of N^ as the downward
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ENTROPY AND INDEX FOR SUBFACTORS 61

basic construction. This construction is no more canonical as it is the usual basic
construction, because the sub factor N^ cN and the projection e with the above properties
are not unique. However we shall prove in Section 1 that any two such subf actors N^
of N are conjugated by a unitary element in N.

Now we mention two useful formulas relating the index [M: N] with the index of the
induced algebras Mp, N^, where p e N' 0 M ([13], 2.2).

0.13 If [M: N] < oo and p e N ' n M is a projection then

[M^N^tM^T^T^),

where T" is the unique normalized trace on N'.

0.14. If/^eN' 0 M are projections with ̂ pi= 1 then

[M:N]=^[M^:N^]/T(A-).

We note that if [M:N]<oo then 0.14 follows by 0.13 and it is easy to see that if
[M: N] = oo then ^ [M^. : N^.]/T (p,) = oo.

These formulas allow to compute the index of the following example of factors N c= M
([13], 2.2. 5): Let M be a type II^ factor and a>0 in the fundamental group ^(M) of

M (so that M is isomorphic to its amplification by a, M^). Let /eM be a projection
such that T(/)/T (!—/)= a and denote by 8 an isomorphism of My onto M i _ y [it exists
by the assumption a e ̂  (M)]. Denote N = { x @ 8 (x) | x e My }. Then 0.14 applies to
gettMiNl^/^+TO-/)-1.

Another important consequence of 0.14 is that if [M:N]<4 then
N' Ft M === C. Moreover Jones proves in [13] the remarkable result that if [M: N] <4 then
the only possible values for [M: N] are { 4 cos2 n/n \ n ̂  3 } .

1. Factors as modules
over their subfactors

If NcM are type II i factors then in particular M may be regarded as a right Hilbert
N-module [22] with N valued inner product E^m^m^). We shall prove in this section
that M is a finitely generated projective module over N iff the index [M:N] is
finite. Since projective modules over II ̂  factors are of a simple form, this will make
possible to chose an "orthonormal basis" of M over N. Such a basis yields a decomposi-
tion of L^M, T) into n copies of L2 and a "remainder" and it is a useful tool for proving
several duality type results.

For the next two lemmas we only assume M to be a finite von Neumann algebra (not
necessary a factor). The notations are those of Section 0.

n

1.1. LEMMA. — Operators of the form ^ ^e^b^ a^ b^eM give a dense ^-subalgebra

mM,=(MU{^}r .
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62 M. PIMSNER AND POPA

Proof. - The relation e^ xe^ = EN (x) e^ shows that these operators form a
^-subalgebra. To see the density it suffices to prove that the projection onto the closure
of Me^L2(M, T) is the identity on L^M, r). But this projection is the central support
of e^ in Mi so that 0. 7 yields the conclusion.

Q.E.D.

1.2. LEMMA. - Suppose M^=(MU{e^}y is a ^-extension of M by N. For any
xeM^ there exists a unique m e M such that xe^=me^.

Proof. — Let E^ be the T^-preserving conditional expectation of M^ onto M (where
the trace T^ on M^ make it into a ^-extension of M by N). Of course if m exists then
it must equal ^^E^x^). The weak continuity of E^ implies that we only have to

n

prove the existence part for x in a dense subset of M^. But for x= ̂  a^e^b^ a^ &,eM,

^N=(E^EN(^))^N-
i

Q.E.D.

In the rest of this section N c: M are assumed to be factors such that [M: N] < oo.

If a>0 we shall identify the elements in the amplification N^ of N with (n+ 1) x (n+ 1)
matrices (a,^. ^), ^ where n is the integer part of a and the entries a^ satisfy a^.eN,
a^ ^+ieN/?, f l^+i ,e/?N, a^+i ̂ +^^N7?, where/?eN is a fixed projection of trace a-n.

1.3. PROPOSITION. - There exists a family {m^.}^^^i of elements in M, \vith n equal
to the integer part of [M: N], satisfying the properties:

(a) EN(mfmfc)=0,7^fe ;

(fc) EN(mfm,)=l , l^/^;
(c) EN(m^+im^+i ) is a projection of trace [M:N]-n. Moreover any such family

satisfies:

(1) mj€^ are partial isometries, l^j^n+1;
n + l

(2) ^ m^N^*=l;
j= i
n + l

(3) ^m,mf=[M:N];
j= i

n+l

(4) Every m e M has a unique decomposition m= ^ m^. with ^-eN,
j'=i

^-neEN(m^im^i)N.

V {^i^j^n+i is another family with the properties (a), (b\ (c) then
(^^i*^-))!, j=(^j)i^i, j ^ n + i is a unitary element in N^ (where a=[M:N] and N^ is the
^-amplification o/N) SMC/I that

n+l

<= E w^I ^Ik-
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ENTROPY AND INDEX FOR SUBFACTORS 63

Proof. — Let ^i, . . . . ^+1 be a family of pairwise orthogonal projections in the
extension of M by N, M^ satisfying T(^)=[M:N]~1, l ^ f^n , r(^+i)== 1-n[M:N]-1,
n + l

^ g,=l. Choose partial isometries i^.eMi such that v^=gp \^j^ n+ l , ^*^.=^
i = i

1^7^^ ^I^I^N- Lemma 1.2 then implies the existence of {m^}^ such that
^.=m^N- Since 1^=0 for j^fe it follows that O^Nm^m^p^EN^mfc)^ so that
Ep^mfm^O. Further ^(m:fmj)e^=e^m:fmje^=e^ l^/'^n, so that
E^(mfmj)=l and similary E^(m^+^m^+^)e^=fe^ where/eN is a projection such that

T(^+l)=T(/^)=T(/)T(^)=T(/)[M:N]- l . Thus EN(m;!^m^)=/ and r(/)=
T(^+i)[M:N]=[M:N]-n.

Let {m;.}^^^+i be another family satisfying (a), (fo), (c). If 1^/^n then
e^m/j*mje^=E^(mj*mj)e^=e^ so that m^ are partial isometries and similary m^^e^
is a partial isometry. Moreover by (a), Q^^m^m^e^e^m^m^e^ for j^k, so
that m^N have mutually orthogonal left supports and by (fc), (c), m^rn^.* fill up the
identity in Mp Applying the conditional expectation E^ of M^ on M we also get
l=EM(Zm^N^J•*)=[M:N]-l^m;•m;•*. This shows that m;. satisfy (1), (2),
(3). Finally if meM, by (2) we obtain that ^mjE^(mj*m)e^=^mje^mj*me^=me^

which shows that ^=^^^j, where yj=E^(m/^m). This decomposition is easily seen
to be unique by (a).

Let now ^=^^s^ be the decomposition of m^. in the given basis { m , } . Then
5

mfm/j=T.mfmsbsj so that ENW^^ZEN^*^)^./ which by (a), (b), (c) equals
s

b^. Thus bij=dij. Also by (2) we have

Z ̂ i %• ̂ N = S ^N m? ̂ k ^N W? ̂ } ^N = ̂ N ̂ f* Wj- ^N = KN (^f* ̂ }) ^N
k k

and since {m^.} satisfy (a), (b), (c), (a^), j is a unitary element in N^.

Q.E.D.

1.4. Remarks. - 1° By (4) in 1.3, the family {m^}^^^i forms an "orthonormal
basis" in M with respect to the N valued inner product E^mfm^), m^, m^eM.

2° Property (3) in 1.3 shows that if [M: N] is not an integer then one cannot find an
"orthonormal basis" of n unitaries m^, m^, . . ., m^ plus a remainder.

n+l

3° At the L^M, r) level one gets the decomposition L^M, r)= @ myN [the closure
j=i ___

is in the || [2 topology onJ^M, r)]. The orthogonal projections gj on mjN are
equivalent in M^ with ^= 1 N, 1 ^/^n, while m^+i N is equivalent in M^ with the
projection on E^m?^ m^QL^N, r).

4° From 1° it follows that M is isomorphic as a right N-module with
N" @ E^(m^+i m^+i )N so that M is projective and finitely generated.

Conversely if M is a finitely generated N-module then there exist m^ . . ., m^eM such
that M=^m,N. Thus M=^Nm*. This means that the unit in N' can be filled up
with k cyclic projections. Thus the coupling constant of N is ^fe, so that [M:N]^fe.
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64 M. PIMSNER AND POPA

Note that since N" © E^m^i m^i)N is of the form ^N"^, where /? is a projection
in the n+1-amplification of N with T (/?) = [M: N]/n + 1 it follows that the class of M in
Ko (N) is equal to [M: N] via the usual isomorphism KQ (N) ̂  R.

For the next proposition we shall denote by a,, the amplification of the ^-morphism
o- : N -> M, i. e. or,, : N^ -> M^ acts on the entires of the matrix.

1.5. PROPOSITION. - Let Nc=M be type II^ factors mth finite index a=[M:N]. Let
McM^cM^ be the factors obtained by iterating the basic construction, i.e. M^ is the
extension of M by N and M^ 15 the extension of M^ by M. // i : N -> M, j : M^ -^ M^
^r^ ̂  inclusion maps then there exist isomorphisms p : N^ -> M^, cr : M^ ̂  M^ such that
the diagram

N, ^M,
p! 1°

Mi ^M^

commutes.

Proof. - Let us first show that any family {mJi^ .^+icM as described in the
preceding proposition defines a ^-isomorphism p : N^ -> M^ by

P(.(yij)i^i, j^n+l)=T.miyije^m:!' since ^Nm^N=EN(m) eN. P ^ easily seen to be a
i. j

^-homomorphism.

Since the algebras involved are simple, p is injective. To show that it is surjective, let
x e Mi (= (M U { ^N } D and write

x = (^ m, (?N ̂ *) ̂ (E w .̂ ̂  wf) = S w, ̂  ̂ * ̂ ^j ̂ N ̂ j*-
l J l, J

By 1.2 there exist elements a^eM such that m^xm^e^a^e^ so that

x = ̂  m^N ^j^ ^N m./* = Z ̂ i EN (^fj) ^N m^ ^s concludes the proof that p is an isomor-
»'. j i, j

phism.

To prove the commutativity of the diagram note that the family
{or^m^N^^.^.ncMi satisfies the properties (a), (b), (c) of 1.3 for the pair
Me: Mi. By the first part of the proof this family implements an isomorphism a of M^
onto M^. So all we have to prove is that the map

^^(^^.^^(a'^m.^^^M.Ca'^^N^eM^
», j

takes values in M^ when restricted to N^. This follows from the fact that
^M^tM:^-1^^-1^./: [13]).

Q.E.D.

1.6. Remark. - The isomorphism between N^ and the extension of M by N, M^, in
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ENTROPY AND INDEX FOR SUBFACTORS 65

the preceding proposition is just the fact that N and M^ are Morita equivalent via
M. The second statement may be viewed as an analogue of the duality for crossed
products by finite groups, and express the fact that M^ is obtained by inducing the
module M.

The next proposition gives another type of duality results, connecting unitaries in M
to projections in M^ (the extension of M by N).

1.7. PROPOSITION. — Let ^f(M) denote the unitary group ofM and J^(N) the normalizer
o/N in M. For ue^(M) let ^(u)=ue^u*eM^.

(i) The map (p induces a one to one correspondence between ^(M)/^(N) and the

projections p in M^ with E^ (p) = [M: N] ~1 . 1 .̂ Moreover EN (u) = 0 iff e^ (p (u) = 0.

Q.E.D.

(ii) The map (p induces a one to one correspondence between ^(^/^(N) and the
projections p in N' 0 M^ with E^ (p) = [M: N] ~ 1 . 1 .̂

Proof. — (i) Since e^ commutes with ^(N) and E^ (ue^ u*) = ̂  uu* = ̂  (where
^=[M:N]~1), (p induces the desired map. If ^>(u^==^(u^) then i4^ ^N^N1^61^ so

that M^eN (c/. 0.2). To see that (p is onto let peM^ be a projection with
EM(/?)=X. In particular r(^)=X so that /? is equivalent in M^ with ̂  By 1.2 there is
meM such that me^m*=p and applying E^ on both sides we see that mm*=l, i.e.
me^(M).

Moreover if M € ̂  (M) then EN (u) = 0 iff e^ ue^ = 0 iff e^ ue^ u* = 0.

(ii) If ueJ^(N) and yeN then

U^N M* ̂  = M^N (M* V^ u*=u (u* yu) e^ u* =yue^ M*.

Conversely if ue^u*y==yue^u* then u*yu commutes with e^ so that u*yue^. So we
have to prove only the surjectivity, which follows by (i).

Q.E.D.

We show now that the downward basic construction ([13], 3.1.9; see Section 0) is
unique up to unitary conjugacy.

1. 8. COROLLARY. — Let N c= M be type II^ factors with [M: N] < oo.

(i) IfeeM is a projection such that E^(e)=[M:1^]~1. 1̂  then P = { ^ } ' n N is a type
Hi factor, [N: P] = [M: N] and eye = Ep (y) e for all y e N. Thus M is the extension of N
by P.

(ii) If e^ e^eM are projections such that EN(^-)=[M:N]~1 .1^ i=l , 2, then there
exists a unitary element M E N such that ue^u*=e^. Moreover i/'P^.={^}'?|N are as in
(i) then u Pi u* = P^.

Proof. — By [13], 3.1.9 there exists a projection ^eM and a subf actor P() c= N such

that EN (^o) = [M: N] -1. IN, [eo, Po] = 0, ^ J^o = Epo 00 ̂ o ^ all ^ e N and
[N: P()] = [M: N]. If e e M is another projection with EN (e) = [M: N]-1. IN then applying
1.7 (i) to the pair ?o c: N it follows that there exists a unitary i^eN such that
ueo M* == e. Thus M P o M * = M ( { ^ o } / ^ | N ) M * = { ^ } / ^ | N = P and the rest of the statement
follows now easily.

Q.E.D.
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The next proposition is motivated by the following example. If M is a II i factor and
G is a finite group of outer automorphisms of M, then the relative commutant of the
fixed point algebra M°=N in M x|G is isomorphic to L(G). Moreover the extension
of M by N, Mi, is isomorphic to M x|G and e^=e^o corresponds to the projection in
L(G) determined by the trivial representation of G.

1.9. PROPOSITION. - Let N c= M be II i factors with [M: N] = ' k ~ 1 < oo. Suppose that
Wr\M==C.l.

(1) The trace of every projection p in N' U M^ is greater than or equal to X.

(2) If the trace of the projection p eN' Pi M^ equals ^, then p is central.

(3) More generally ifpeWf^M^ and T(^)<(fe+l)?i then p lies in a factor-summand
ofW 0 Mi of dimension at most k (as usual M^ is the extension ofM by N).

Proof. - It is enough to prove that it is impossible to have k +1 mutually orthogonal

projections ^eNTiM^ of trace less than ( fc+l )? i which are pairwise equivalent in
N-HMi.

Suppose the contrary and choose partial isometrics

i^eMi, l^f^+1, 1^5^+1

where a:=T(/?y)=X. /+v, 0^v<^, such that

^s^s^e^ l^s^l, l ^ f ^ f e + 1

^+1^+1= /^N» l^^fe+1

l+l

E ^i,s^s=Pi. l^^fe+1L ^s^,
s=l

and

^^E^^N^+l,

1 ̂ i^k are partial isometries in N' n M^ such that

Wi w* =/?^., 1 ̂  i ̂  fc

w*w,=/?^i.

Put also Wfc+i=/?fc+i .

Note that e^. = w, w^ 1 ̂  ij ̂  k + 1, is a system of matrix units in N' 0 M^ such that

eu=Pi, l^f^+1,
1+1

eij= Z ^^N^'
s=l

Lemma 1.2 implies that each ^ is of the form m,^ for some m, ,eM. Since
^je N' 0 Mi it follows that E^ (^^) e N' 0 M = C. 1 so that

EM(^)=8^(^)=a8f,
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Applying the conditional expectation E^ on both sides of the equality

W l+l l+l

eij= S ^N^== Z ^is^m^^is
s=l s=l

we get

i+i

a8 .̂ = ̂  ^ nti, m^ l^ij^k+1.

Since ?^fe the above relations show that the matrix

(?i/oc)1/2 m = ((W/2 m^,, e M^^ (M)

where

f m; ^ for r^J,

"-'i 0 for .>!

is a unitary operator, so that l=k. Moreover if we denote by ? the diagonal matrix
diag (e^e^, . . .,^) and by a the matrix a=(^. ^, formula (^) shows that mem^=a

and since (^/oc^m is unitary, (X,/a) a must be a projection. But ^^(fe+^fl so that
a = (k + 1) ̂  which contradicts our assumption that a = T (/^) < (k + 1) L

Q.E.D.

It is natural to expect that if N c= M are II i factors with finite index [M:N] then M
and N share many properties, or even that they are isomorphic. For instance, by
Connes' theorem it follows that M is hyperfinite iff N is (cf. [13]). It turns out that in
general M and N may be nonisomorphic. In fact it is proved in [8] that there exists a
type Hi factor N with a period 2 automorphism such that if M=Nx|Z/2Z then

^(M)=/=^(N), where ^ is the Connes invariant. Thus [M:N] =2 but M^N.

Yet there are some important properties that M and N have in common: existence of
nontrivial central sequences (i.e. property F of Murray and von Neumann [18]) or
splitting by R (i.e. McDuffs property [17]). In order to prove these results we first
need to relate the index [M:N] with the index of the corresponding ultrapower

factors. This will be a simple consequence of 1.3:

1.10. PROPOSITION. — Let N c M be type II^ factors, co a free ultrafilter on N and
N" c= M" the corresponding ultrapower factors [17]. Then [M": N"] = [M: N].

Proof. — If [M:N] < oo then let { ^ i } i ^ i ^ n + i be as in 1.3 an "orthonormal basis" of
M over N. We claim that {wji^^.n is also a basis of M" as a module over
N". Indeed, since ENG)((X^)J=(EN(X^ it follows that {m^N^i^^+i are mutually
orthogonal subspaces and that (m^E^m^*^)),, is the orthogonal projection of

n+l

x=(x^)^eM(o onto m^.N". Moreover x^^Ei^m^x^em^N" and ^ x^x.
j= i

This shows in particular that if [M: N] < oo then [M: N] = [M": N0].
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To end the proof note that L^M.T) is canonically imbedded in L^M",^) and that
if ^r\eL2(M,T) are such that N^ and NT| are mutually orthogonal in L^M.T) then
N"^ and N^ri are mutually orthogonal in L^M^TJ. Moreover if ^o denotes the
image of 1 in L2(M,T) then [N^] is equivalent to [N^J in N' iff £. is separating for N,
i. e. x e N, x ̂  = 0 implies x = 0. But it is easily seen that this holds iff x e N", x £, = 0
implies x=0, which in turn means that [N0^] is equivalent to [N^o] m

(N")' c ̂  (L2 (M01, T,)). This shows that [M": N0] ̂  [M: N] and thus if [M: N] = oo then
[M^N^oo.

Q.E.D.

1.11. PROPOSITION. — Let M be a type II i factor N c: M a sub factor of finite index.

(i) M is a full factor iff^ is.

(ii) M is a Me Duff factor iff^ is.

Proof. — In both (i) and (ii) we only need to prove one implication. This is because
by 0.6N is isomorphic to a reduced algebra of Mi(=(M U {^N})") ^d because each
of the above properties is invariant to amplification (cf. [7]). Fix co a free ultrafilter on
N.

(i) By Connes' results [6] we only need to show that if N' pi N^C then M' 0 W has
atoms. We shall actually prove that N' 0 M0 has atoms. Suppose on the contrary
that N' n M" is completely nonatomic.

But C = 1ST U N" c W n M" and E^ (W U NT) c: W n N" = C, i' e. N' U M" is ortho-
gonal to N10 (see [21]). Since N' n M" is completely nonatomic we can find an infinite
set of unitaries { u^ }„ g ^ in N' 0 M" such that T (u^ u^) = 0 for n 7^ w. Thus { u^ N" }„ are
mutually orthogonal in M" with respect to the trace so that [M®: N"] = oo, in contradiction
with 1.10.

(ii) Suppose M is a McDuff factor and N is not. By (i) it follows that N has property
r so that N'PiN" is a diffuse abelian algebra (cf. [6]). Since M'HM" is a type II^
von Neumann algebra (cf. [6]) it follows that N' 0 M" => M' H M" is of type Hi. As
we pointed out in (i) we have E^(W U M") c: N' 0 N". Thus if ye^ 0 M^ is such

that EN' n N" 0) = ° then KN" (y) = a Let n ̂  1 such that 2" > [M: N]. Since N' 0 M" is
of type Hi and N' P| N" is abelian we can find, as in [21], a unitary element ueW C} M"
such that E^^^(uk)=0 for l^fe^2"-l. It follows that E^(uk)=0 so that
{i/N^o^^-i are mutually orthogonal in M". Thus [M": N"] ̂  2" > [M: N],
contradicting 1.10.

Q.E.D.

We end this section by mentioning an interesting consequence of [20] and of Jones
result that the basic construction is generic for factors with finite index.

1.12. PROPOSITION. — Let N c M be separable type II i factors with [M:N]<oo. If
any maximal abelian subalgebra o/N is maximal abelian in M then M=N.

Proof. — By [13] there exists a projection e^eM and N^ c: N such that
e^xe^=E^^(x)e^ for xeN, [^i,NJ=0, EN(^i)=[M:N]~1 . By the hypothesis it follows
that ]SrnM=C so that N i n N = C (cf. e.g. 1.5). Thus by [20] N^ has a maximal
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abelian subalgebra A^ c N^ which is maximal abelian in N. But e^ commutes with
A i ( c N i ) and E^(^i)=E^ EN^^M:^-^ so that ^ is not in Ai, unless
^ i=l . Thus if AI is maximal abelian in M then [M: N] = 1 and M =N.

Q.E.D.

The preceding proposition is related to a well known problem of R. V. Kadison asking
whether if N c= M are type II i factors and any maximal abelian subalgebra in N is
maximal abelian in M then M=N. By a counterexample in [21] this fails to be true if
the index [M:N] is infinite. Thus 1.12 seem to be the best positive result that can be
obtained in this direction.

2. Some formulas for the index

In the first section we considered the index of N in M only as a module-dimension. We
shall now provide a more analytical characterization of [M:N], depending on the
behaviour of the conditional expectation E^ on the positive cone of M: the number
[M:N] will show how "flat" Ep^x) can be, compared to jc, xeM+.

2.1. PROPOSITION. — Let M be a type II i factor and N c= M a sub factor of finite index
fe=[M:N]. Then E^(x)^k~lx for all xeM+.

Proof. — Since fe<oo, M is the extension of N by some subfactor N^ c N (cf. [13],
3.1.9). Denote by eeM a projection implementing the conditional expectation of N
onto Ni, i.e. E^(e)=k~\ kNJ==0, eye=E^(y)e, for all .yeN. If x e M + then by
the preceding section there exist a^ . . ., a^ b^ . . ., fc^eN such that

x = (̂  a, eby ̂  a, eb,) = ̂  bj E^ (aj a,) eb,
J i i, j

Since (afa^j is a positive matrix and Ep^ is completely positive it follows that
(E^(afai)\j is also positive. Thus there exists a matrix (c,J,^, c,,eNi such that

KNI (^T ^f) = E ̂  <^p for a11 i J ' If we denote by ? the matrix (c,J, „ ? the column matrix
k

/. 0^

bl

b.

and e=

0 e

then we get

x = ̂  bf EN , (of a,) eb, = K* ?* e^ S* ?* ̂

= K* (EN, (af a;)), ,-?= ̂  fcf EN, (af a.) fc,
',j

= fe EN (E fcf EN, (of a;) e&,) = k EN (x).
••,.»•

Q.E.D.
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In fact the existence of a constant k with the above property caracterizes the finite
index. Moreover fe=[M:N] is best possible in the inequality 2.1. More precisely we
have the following:

2.2. THEOREM. — 7/N is a sub factor of the type II i factor M then

[ M : N ] - l = m a x { ^ e l R + | E N ( x ) ^ X x , x e M + }

=inf{||EN(x)||j/||x|[j xeM^x^O}

=inf{||EN(x)||/||x|||xeM^x^O}

= i n f { || EN(/) || |/nonzero projection in M }.

Proof. — Denote

^ i=max{? i6[R+ |EN(x)^x ,x6M+},

^=mf{| |EN(^) | | j / | |x | | j |xeM^x^O},

^=mf\\E^(x)\\/\\x\\\xEM^x^},

^4 = i n f { || EN(/) || |/eM nonzero projection}.

Obviously ^^^ Also, if E^(x)^x for some x€M+, Xeff^ , then

^(E^(x)2)=^(xE^(x))^(x2\ so that ||EN(x)||j^||x||i This shows that
^i ^^2- Moreover if/eM is a projection, then

||B^/)||j=T(E^/)2)^||E^(/)||T(E^(/))=||E^/)||T(/)=||E^(/)||[|/||i

Thus ^2 ̂  ̂ 4-

Now if the index [M:N] is finite then by 2.1 [M::^]-1^ and by [13] there exists a
projection e e M such that E^ O?) = [M: N] -1. Thus ^4 ̂  || E^ ((?) || = [M: N] -1.

For the proof of the case [M: N] = oo we need a technical result. Its proof is the
same as that of 2.4 in [20] so we give here only a sketch.

2.3. LEMMA. - Let Mi be a type 11^ factor \vith semifinite trace (p and McM^ a
type Hi subfactor. Assume that M' 0 M^ contains no finite projections of M^, then for
any £>0 and xeM^ mth (p(x)<oo there exist projections e^ . . . ,^eM such that
V ̂  = 1 and || ̂  ̂ .x^, ||^ < e || x ||̂  (|[ x ||̂  = (p (x* x)172 fs ̂  ffiftm norm ^f^n ̂  (p).Z

Proo/. — We may suppose x^O and first prove that there exists a unitary ueM such

that | |MXM*-x| |<p>| |x | |<p. To do this let K^CO^UXU*!!; unitary element inM}, so
that K^ is a weakly compact convex set in M^ and y^O, (p(j)^(p(x) for all ^eK^. By
the weak inferior semicontinuity of the norm || ||̂  there exists Yo^K^ such that

I I Yo IL =inf { I I y ||<p I Y f= K^ }. Since || (|^ is a Hilbert norm and K^ is convex, y^ is unique
with this property. But vy^eK, for all unitaries reM and ||i;^i;*[|^=|[^ so that
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vyQv*=yo and thus yo^M' OMi. As ^o^O, (p(^o)<oo it follows by the hypothesis
that ^o=°- Now if ||i;xy*-x||^||x||^ for all unitaries ueM, we get
2Re(p(.x*uxi;*)^||x||2 so that 2Re(p(x*^)^||x||^ for all yeK^, which for y=yo=0
gives 0^||x||(p, a contradiction.

By an approximation argument (e.g. using spectral decomposition) we may assume
that the unitary ueM satisfying | |MXM*-x| |<p>| |x | |<p has finite spectrum, i.e. it is of the
form M=^^.^. for some scalars ^-eC, |A-, |=1 and projections ^eM, ^=1. Then
we have

4||^IL2-4||Z^x.J|,2=4||S^x.,||^||E(^X,-l).,^|^^
i^J i^J

so that

IIS^^IL2=£ll^^l|^3/4||x||,2.

This proves the statement for e = ̂ /3/2. But for any projection e e M the algebras

M^c(Mi)^ still satisfy that M^r^Mi^^M' 0 M^ contains no finite projections of
(M^. Indeed because if /eM'OMi is such that (p (^/) < oo then letting w^, . . ., w^ e M
be partial isometrics such that ^w^w*=l, we get ^w^/w*=^w^w*/=/and thus

(p (/) ̂  mq> (6?/) < oo, which is a contradiction unless f= 0. This shows that we can apply
recursively 5 times the inequality for £ = / 3 / 2 to get it for s=( /3/2)5.

Q.E.D.

End of the proof of theorem 2.2. - If [M:N]=oo then obviously [M: N]~1 =O^X,i

so, with the preceding notations, we only need to show ,̂4 =0. There are two possibilities:
N' 0 M is infinite of finite dimensional. If N' 0 M is infinite dimensional then for any
£>0 there exists a projection/eN' 0 M such that s>r(/)>0. Since N is a factor and
EN^GN'HM, we get EN(/)=T(/)IN, which shows that ^<G and as e is arbitrary,
^4=0. If N 'QM has finite dimension then by Jones' formula 0.14 there exists a
minimal projection /osN'HM such that [M^:N^]=oo. Since f^fo implies

1 1 EN (/) 11^11 KN^ (/)||» it is sufficient to show that for any s>0 there exists feM^ such

that || EN^ (/) || < £. Consequently we may assume N' 0 M == C, [M: N] = oo.

Let M <= ^(L^M,-!:)) be in standard form with canonical conjugation J and denote
M^JN'J. Since [M:N]=oo, M^ is a type II ̂  factor. The condition N'OIV^C
implies M' H M^JN'J nJMJ=C. Let e^=e be the extension to L^M.r) of the
conditional expectation of M onto N, as in Section 0. Then eeM^ M^==(M U{e}Y\
e is a finite projection in M^ and the reduced algebra (Mi)g is isomorphic to N. We
denote by (p the semifinite trace on M^ that satisfies (p(^)=l and by llxll^q)^*^)172,
xeM^ the Hilbert norm given by (p. By 2.3 for any e>0 there exist projections
/i» • • ^/^M such that

Ey;.=l and EII/.^ll^ll^-^H^e^e^T^.).
1 I
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It follows that there exists i e { 1, . . ., n} such that \\f^ ef, ||̂  < £2 T (y;). But

II^^IL2=II^^IL2=l|EN(/^IL2==||EN(y;.)||j.

Thus||EN(y,)||2<£|y;||2.

Let now p be the spectral projection of E^^.) corresponding to the interval
[0, e^2]. Then we have

^(^=£||y;•|j>^EN(y;•)2)^T((l-^)EN(y;.)2)^£T(l-^)
so that T (/?) + T (^) > 1. If we denote q =p A y;. e M then

T^)=T(^)+T(y;)-T(^vy;)^T(^)+T(y;.)-i>o.

Moreover ^ satisfies

^(q)=^(pAf,)^(pf,p)=pE^(f,)p^2p^2.

Thus given arbitrary e>0 we can find a nonzero projection qeM such that
EN (<?) ̂  s^2- This shows that ^4 = 0.

Q.E.D.

2.4. Remark. — One can use the preceding theorem and a maximality argument to
show that if [M:N]=oo then for any e>0 there exists a nonzero projection eeM such
that: (i). EN«)^£. IN; (ii) the spectral projection of E^(e) corresponding to the s e t { e }
has trace ^1—e. It would be interesting to decide whether one can find the projection
e such that Ey(e)=s 1 .̂

Each of the four constants involved in the formulas of Theorem 2.2 make sense for
any pair of finite von Neumann algebras (and even for arbitrary von Neumann algebras
in case there is a normal conditional expectation of M onto N). Therefore we can chose
any of them as a replacement of the index for the general case when N c M are not
necessary finite factors. We shall use the first constant because of its close relation to
the relative entropy that will be considered in the next two sections.

2.5. NOTATION. — Let M be a finite von Neumann algebra with faithful trace T,
T (!)=!, and B^, B^ c: M two von Neumann subalgebras of M, with B^ c= Bp We
denote )i(Bi, B^) =max { X^O | Eg^ (x) ̂ x, x e B^ + }.

The consideration of the constant X is particularly useful to reduce the index problems
from the II i factor case to problems concerning imbeddings of finite dimensional
algebras. To be more precise, let us consider the following situation: Let { N^}, { M^}
be increasing sequences of von Neumann subalgebras of the finite factor M, with
Nfc <= M^, and assume that M^ generate M and N^ generate a subfactor N c M. Then
we wish to have [M: N]~1 =limX(Mfc, N^). This is obviously false in general, as we can
modify the limit of ^(M^, N^), by taking the limit of MM^, N^) instead. The additional
hypothesis that has to be made is EN^E^=E^, fe^ l . Note that this condition is
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equivalent to E^ E^ = E^ Ep^ = E^ and it implies N^inM^N^. In fact for
this to hold it is sufficient that EN ^ (M^) c= N^.

2.6. PROPOSITION. — (i) // {B^}, { A ^ } are increasing sequences of von Neumann
subalgebras in the finite von Neumann algebra M, such that A^ c B ,̂ n^l, and if
B=UB^, A=UA^, r^n X(B,A)^limsup?i(B^A^). (ii) If in addition E^^E^=E^
n ̂  1, ^n ^ (B, A) = lim ̂  (B^, AJ, decreasingly.

Proof. - Let ^=)i(B^A^), )i=limsup MB,,, A,,) and £>0. Then there exists a

subsequence {^}n such ^t \.^-£, ^1. Since UB^UB^ it follows that if

xeUB^then

E^ (X)^EB, (X)^(?I-£)EB, (x)

and letting n -> oo, EA(X)^(^-£) EB(X)=(^-£)X. As £>0 is arbitrary we get the first
part of the proposition.

If E^EB,=E^ then by induction E^E^=E^ and letting k ̂  w, E^a^E^.
Thus if x e B^ then E^, (x) = E^ (x) ̂  X- (B, A) x, so that ^ (B, A) ̂  ̂ . This shows that

?i(B,A)^liminf^.

Q.E.D.

A similar proof to that used in Theorem 2.2 for factors shows that if A c= B then

'k (B, A) ̂  ̂  == inf{ || EA (/) || |/e B nonzero Projection}

and that

^=inff| |EA(x)| | j/ | |x| | j |xeB^x^O},

X3=inf{ | |EA(x) | | / | |x | | |xeB^x^O}

lie between 7.(B, A) and ^4. It is easily seen that ^, ^3, ^4. satisfy a statement similar
to 2.6 (i) and that ̂  satisfies 2.6 (ii) as well, but it is not clear whether ^3 and ^4 also
satisfy it. In fact even the problem of whether all these constants coincide or not is
open. However we shall prove in Section 6 that for finite dimensional algebras they are
all equal to ^. Proposition 2.6 then applies to get the equality for more general pairs
of approximately finite dimensional algebras. Indeed if A^, B^ satisfy the hypothesis of
2.6(ii) and ^(B^, AJ=^(B^, A^) for all n, then X(B, A)^(B, A) and since the
opposite inequality allways holds we actually have ^(B, A)=^-4(B, A).

It seems to be of great interest to prove (or disprove) that any pair of hyperfinite
factors can be constructed as an inductive limit of finite dimensional algebras {A^} ,
{ B^} satisfying the conditions of proposition 2.5. In other words: if Rg c R are hyperfi-
nite factors, does there exist an increasing sequence of finite dimensional subalgebras B

i n R w i t h U B ^ = R and such that E^E^=E^E^ Or at least such thai

U (B^ U RcO^Ro? This last problem is related to a problem of Sakai (see [23] p. 241).
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3. Relative entropy: some generalities

In [9] A. Connes and E. Stormer extended the notion of entropy from the classical
ergodic theory to the nonabelian frame of operator algebras. Their first step was to
define the entropy of a finite dimensional subalgebra and more generally the relative
entropy between two finite dimensional subalgebras B^, B^cM, as a substitute of the
entropy and relative entopy for partitions: Let S be the set of all finite families (x^,..., x^)
of positive elements in M with £ x^ = 1 (as usual M is a finite von Neumann algebra
with fixed trace r). If T| : [0, oo) -> ( — oo, oo) is defined by T| (Q = — tint, then

W
H(BjB2)= sup I(Tr|EB,(x,»-TT|E^(x,))

(xi)eS i

is the entropy of B^ relative to B^. If B^=C then H(Bi | C) is simply the entropy of B^
and is denoted by H(B^). In the particular case when M is commutative, B^, B^ are
generated by some partitions of the unity P^, P^ and H(BjB2) coincides with the
classical relative entropy h(P^ | P^).

Connes and Stormer use this relative entropy mainly as a technical tool in the proof
of their Kolmogorow-Sinai type theorem. They show that for subalgebras of dimension
less than some n e N the usual « distance »

8(Bi, B2)=sup{| |x-E^(x)| |2|xeBi, | |x||^l}

is comparable with H(Bi | B^). Thus if 8 is small then H is small. However it is easy
to see that 5^1 and that in fact §==1 whenever B^ is "far" from B^, whereas H may
take different values even if § = 1. In particular if B^ =3 B^ the relative entropy H (B^ | B^)
is more appropriate to express the relative size of B^ with respect to B^. It is this
feature of the relative entropy that we shall exploit here.

Note that the definition (^) does not depend on B^, B^ being finite dimensional, so
that we may consider H(Bi IB^) as in (^) for arbitrary von Neumann subalgebras B^,
B^ c: M and allow H (B^ | B^) = oo.

In fact we shall consider the case when B^ = M and B^ =N is a subalgebra of M. Then
H(M|N) is clearly invariant to conjugation of N by x-preserving automorphisms of
M. Our aim in the rest of the paper is to relate this invariant to the index.

In this section we first recall the basic properties concerning the relative entropy and
then prove some useful technical results.

1° In is operator increasing on (0, oo);

2° T| is operator concave on [0, oo) and operator continuous on [0, 1];

3° ifx, ^eM+, xy=yx, then r|(x^)=r|(x)^+xr| (y)\

4° if x e M + then r|x=0 iff x is a projection;

5° if x, yeM+, then TT|(.x;+^)^Tr|x+TT|^ and if xy=0 then we have equality;

6° if BcM is a von Neumann subalgebra and xeM+ then T| EB(x)^Eg(r|x), in
particular T|T (x) ̂  TT| Eg (x) ̂  TT| x;

7° if x e M + is a scalar multiple of a projection then TT| Eg (x) = TT| x iff x e B;
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8° if BI, B^cM are von Neumann subalgebras then H(Bj B^O and H(BjB2)=0
iffBiczB^;

9° if BI, B^, B3c=M are von Neumann subalgebras then
H(BjB3)^H(BjB2)+H(B,|B3);

10° H(Bi | B^) is increasing in B^ and decreasing in B^;

11° if Be: M is finite dimensional and e^..., ^eB is a set of minimal projections in B
with^=l thenH(B|C)=H(B)==^riT(eO.

For the proof of 1°, 2°, 6°, see [15], [16], [II], [4]. A unified exposition of these results
can be found in [1].

3° and 4° are easy consequences of the functional calculus.

To prove 5° (see [10]) note first that by adding some small positive scalar we may
assume x, y, x-}-y have the spectrum in (0, oo). As In is operator increasing on (0, oo)
we get \n(x-^-y)^\n x, ln(x+.>0^1n y so that T(xln(x+.v))^T(xlnx),
T (y In (x +^)) ̂  T (y In ^). Summing up we get rr| (x +y) ̂  TT| x + TT| ̂ .

If x=c^ in 7°, for some projection eeM and c e R + , then TT| Eg (x) = T| (c)
T (e) + c Tr| EB (^)and Tr| x = T| (c) T (^) so that TT| EB (x) = TT| x iff T| Eg (e) = 0. As Eg (e) is
a projection iff E^(e)=e, 4° applies to get 7°.

8° is now an easy consequence of 6°, 7°: if B^B^ then there exists a projection eeB^
such that ^B^, thus

H(BjB,)^(Tr|E^(^)-Tr|^)+(Tr|EB,(l-^)-Tr|(l-^))^TTiEB,()>0.

9° and 10° are clear by the definition and by 6°.

11° is proved in [9].

From now on a finite family x^, . . ., x^eM of positive elements with ^x^=l will be
called a partition of the unity in M.

3.1. LEMMA. — J/B^cBi are von Neumann subalgebras in M and S'cS is the set of
all finite families (xo, x\, x^..., x^) in S mth each x^ f ^ 1, a scalar multiple of a projection
and x^eB^, then

H(BjB^)= sup S(TTiEB,(xO-TTiE^)).
(^)eS' i

Proof. — It is clear from the definition (^) that to compute H(Bi |B2) it is enough
to consider partitions (x^) in B^. If (x^) e S with all x^ e B^, then by spectral decomposition
there exist x^eB^ such that O^x^Xp x^—x^s and x^ have finite spectrum, i.e.
Xi=^^ij€ij for some scalars oc^.^O and some mutually orthogonal projections (^.)y in

j
BI. As T| is continuous we get

^ (TT1 EB, (X,) - TT1 X,) ̂  ̂  (T71 EB, (x;) - ̂  X,) + 8 (c)

where 8 (e) -^ 0 when s -^ 0. By 5° we have

^ ̂ 2 (x^ ̂  E Tr!E^ (^ije^ and ^^^ (^D = S Tr! (a^ ̂ )
j j
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so that

^ (TT| E^ (X,) - TT| X,) ̂  ̂  (TT| E^ (a,, ̂ .)

-TT|(a^,))+5(E)^ sup (TriEB^Cy,)-TTv,)+§(£).
(yf) e S'

Q.E.D.

3.2. LEMMA. — Let BcM ^ a uon Neumann subalgebra and {fn}n>i a sequence of
projections in M with || /„— 1 \\^ -> 0.

(i) J/^eB, n^l , then H(M|B)=lim H(M^ B^).
n

(ii) Iff^ e W H M and B 15 a factor then again

H (M | B) = lim H (M^ | B^).
n

[In both (i), (ii) the entropy H(M^ B^) is considered with respect to the induced
trace T^ (/.x/,) = T (/,) -1 T (/^).]

Proof. — Consider first the case when /^eB. Let (x^,..., x^) be a partition of the
unity in M^. If Eg denotes the i^-preserving conditional expectation of M^ onto

B. then
J n

H(M | B) ̂ ^(TTl EB(X.)-TTI X,)+(TT1 Ee(l -/,)-T11 (1 -/„))

I

= <fn) (Z ̂  ̂  EB^ (^f) - ̂  1̂ ^f) + ̂ ^1 EB ( 1 -/n)-

This shows that H (M | B) ̂  lim sup H (M^ | B^).
n

Now if (xi, . . ., x^) is a partition of the unity in M then/^x^./^ tends strongly to x^ so
that Eg (fn^ifn) tends strongly to Eg^.) and as T| is operator continuous

^ (T^ T| EB^ (/„ x, /„) - T^ (/„ x,^))
i

tends to ̂ (^E^x^-^Xi). This shows that H(M|B)^liminfH(M^|B^).

If /^eB'HM then note that for xe/^M/^ we have Es^eB' 0 B=Z(B) and

EB (/n) EB^ (^) =fn KB (^)- It follows as before (for /„ e B) that H (M | B) ̂

liminfH(MjB^).
Finally let x^,..., x^ be a partition of/,, for some fixed n. Then

H (M | B) ̂  ̂  (TT1 EB (X,) - TT1 X,) ̂  ̂  (T (/„ TI EB (X,)) - TT1 X,)

i i

= Z (T11 (/„ Eg (X,)) - TT1 X,) = ̂  (TT1 (EB (/„) EB^ (X,)) - TT1 X.)

I I"

= Z ̂ (EB (/„) TI EB^ (X,)) + T (E^ (X,) r| EB (/„)) - Til X,).
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Now if B is a factor then EB(^)=T(/^). Ig and by the above inequalities we get
H (M | B) ̂  T (/,)2 ̂  (^ T| EB^ (x,) - ̂  r| x,) so that

H (M | B) ̂  lim sup H (M^ | B^).

Q.E.D.

3.3. Remark. — In (ii) of the preceding lemma the condition that B is a factor is in
fact superfluous. However the proof of the general case requires a much more careful
analysis.

Like the constant ^ considered in Section 2, the relative entropy H behaves well with
respect to inductive limits:

3.4. PROPOSITION. — 7/{B^}, { A ^ } are increasing sequences of von Neumann subalge-
bras in M, such that A^ c= B^, n ̂  1, and if B = UB^, A = UA^, then H (B | A) ̂  lim inf
H (B^ |AJ. // m addition E^, Eg^ = E^, n ̂  1, r^n H (B | A) = lim H (B^ | A^), increasin-

n

gly'

Proof. — Let x^,..., x^ be a partition of the unity in M. As E^(Xi)=limE^ (x,),
n

^(^I^I^KB^^I-) m Ae strong operator topology, it follows that
n

^ (Til EA (x;) - TT| En (x,)) = lim ̂  (TTI E^ (x,) - TTI Eg,, (x,)) ̂  lim inf H (B, | A,).
i" n i n

If E^, Eg, = EA, then by induction E^, Eg^ = E^ so that E^ EB, = E^ and if Xi,..., x,
is a partition of the unity in B,, then

S (^n EA, (x,) - rr| x,-) = ̂  (Tr| EA (x.) - TT) x,)
I I"

so that H (Bj A^) ̂  H (B^ | A) ̂  H (B | A), which completes the proof.

Q.E.D.

We now establish the basic inequality that relates the constant ^ with the relative
entropy H.

3.5. PROPOSITION. — If NcM is a von Neumann subalgebra then
H(M|N)^-ln?i(M,N).

Proof. - If ^=^(M, N) then E^(x)^'kx, xeM+. Since In is operator increasing we
get

x l / 2( lnEN(x))x l / 2^x l /2( ln?lx)x l /2=xlnX+xlnx
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and thus Tr iENW—Trix^T^ln^" 1 . Summing up over a partition of the unity (x^)
in M and taking the supremum we get H(M|N)^ln^~ 1 .

Q.E.D.
We end this section with a useful technical lemma. Its proof is standard calculus and

will be omitted.

3.6. LEMMA. — The maximum of the expression

-Z^(E^,lnWfc,)
i k

on the set ^w^=l, ̂ viwki=^k' ^i^? v^Q for every ie! and feeK, is

-ZP.ln(MZP,)-1)
k I

and is attained only when

^ki= Pfc (S Pf) ~1 f01^ ^^V ^ vi being arbitrary.
i

4. Computation of H (MIN)
for type II i factors

In this section we shall obtain a formula for the relative entropy H(M|N) in the

case M and N are factors. It will depend on both the relative commutant and the index
of N in M.

First of all we note a straightforward consequence of 2.2 and 3.4; it will provide an
estimate of H(M |N) from above.

4.1. COROLLARY. — If M LS a type II i factor and NcM a sub factor then
H(M N)^ln[M:N].

The next lemma is the key result in proving the estimate of H(M | N) from below.

4.2. LEMMA. — Let NcM be arbitrary finite von Neumann algebras and qeM. a

projection such that E^ ^ M (q) = cffor some scalar c and some projection fe W C} M. Then
^MiN^c-^riE^).

Proof. ̂  Since T((?)=T(EN^M(<?))=^(/) we have c=T(^)T(/)-1. Let x=q-cf
and ^=00^ {vxv*\v unitary element in N}. As in the proof of 2.3 it follows that

there exists y^ e K^ U N'. But E^ ^ M (vxv*) = v E^ M (x)y* =£N'01^ (x) = 0 (by the uni-

queness of the conditional expectation), so that E^' n M O O = ^ f01 a^ .V6^ m particular
YQ = EN' ^ M (Vo) = 0. Since the closures of co { vxv* | v unitary element in N} in the weak
and || 112 topologies coincide it follows that for any e>0 there exist unitary elements
i^,..., ^ in N such that

-Z^^*-^/
n i

1^ *-I>^?
n i

<£ c l l ^ l |2•

2
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Denote by y=^(cn)~1 v.qvf. Then ||^-/||^£|| f\\r O^j^c-1.1^. Moreover, since
i

0=(l-/)E^^(g)(l-/)=E^,M((l-/)^(l-/)), (1-/)^=0

so that q^f and v^qv^f, thus y ^ c ' 1 / . Let 8>0 and denote by p the spectral
projection of y corresponding to [0, 1 + 8] in the algebra fMf. Then

so that

Thus

Denote

and

y(f-p)^(\+S)(f-p)

\\y-f\\i^((y-f)\f-p))^y^f-p\

||/-^|j^§-2||^-/||j^(£8-l)2T(/).

x,=((l+8)cn)-1^ A v.qvf

y, = ((1 + 8) en) ~1 (v, qvf -p A .̂ qvf).

It follows that x,, ^,^0, EX^( l+8)~ lJ rW?^ ^-^^O. Applying first 5° then 6° of
section 3 we obtain:

^ (TT| EN (x,) - TT| x,) ̂  ̂  (TT| E^ (((1 + 5) en) -1 v, qvf)
i i

-^W+^cnr^.qv^-^^E^-^y,)
i

^nT^((l+5)cn)- lT(^)+n(( l+5)cn)- lT1^EN(g)

-nr|(((l+8)cn)-l)T(^)-^(r|T^;-T•^.^',)
I

=((l+5)c)- lT1^EN(g)-^((l+8)cn)- lr^T(u,^*-^ A v,qv*).
i

Since y .̂ qvf, p ̂ f we have

X(? A F,^*)^T^)+T(^)-T(/)^T(^-(88-1)2T(/)

so that T^qvf-p A ^.^^^(eS-^T^). But for s small enough, (£5 -1)2T(/)^^-1

and because T| is increasing on [0, e ~1] we obtain T|T (v^ qvf -p A v, qv*) ̂
r|((e8~l)2T(/)), so that by the preceding inequalities:

H(M|N)^(l4-8)- lc- lTr|EN(^)-n(l+8)- ln- lc- lr | ((£5- l)2T(/))

=(l+8)- lc- lTr|EN(^)-(l+5)- lc- lr |((£8- l)2T(/)).
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Letting now first £ ->• 0 and then 8 -> 0 we get the result.

Q.E.D.

4. 3. LEMMA. — Let M be a finite factor and {e^}^ a sequence of projections in M mth
^=1. J/B={^};,nM^nH(M|B)=^r|T(^).

Proof. — By 3.2 we may assume that { ^ } n = { ^ i , e^,..., e^} is finite. Let Q^q^e^

be some mutually equivalent projections and choose {^•}i^i , j^m a set °^ matrix units
such that 1^1= (?i (this is possible because M is a factor). If g==^ (x(e^{e^))112 v^ then

i, j
it is easy to see that q is a projection of the same trace as q,. Moreover if
Bo=B /0 M = { ^ } / / then Eg^(^) is a scalar multiple of the identity and since
T EBQ ((?) = T (g), Fay (^) = T {q). 1 .̂ By the preceding lemma we get

H(M|B)^T(g)- lTT^EB(^)=T(g)- l^r|(T(^))T(^,)=^r|T(^).
i i

For the opposite inequality let {Cjfj}j be a finite partition of the unity in M, c^e tR+,
fj projections. For any e>0 there exists a refinement {gjk}k of// and some nonnegative
scalars oc^ such that

£ <^ =/j and 0 ̂  ̂  ̂ , g^ - a^ ̂  ̂  e g^
k

for all f, 7, ^c. Indeed, by spectral decomposition oi f^e^f^ one can find g^ satisfying the
conditions for i'=l. Then apply the same argument to g^e^g^ to get projections g^
satisfying the conditions for i = 2. Since g^ is a refinement of g^ it will also satisfy the
conditions for f = = L Recursively we finally obtain the projections gf^=gjr that satisfy
the conditions for all i= 1, 2,..., m.

It follows that {Cjgjk}j, k ls also a partition of the unity (since ̂ cjSjk=cjfj) and that
k

£ (TT| Eg (C^-fc) - TT| ̂ .^)

^£(Tr|EB(£^.^)-TT|(£^.^))=£(Tr|EB(^.^.)-Tr|c,/,).
J fc k j

Moreover using 3°, 5° and that T| is increasing on [0, e~1], we get for s^e~1:

£ (TT| EB (Cjgjk) - Tr| Cjgjk) = £ Cj TTI EB (gjk)

J , k j, k

^^(Z^^ £ ^^(^^^^ £ ^^(^^^)
J, fc i i, J, k i, j, k

= Z cj Trl (Z ̂ fe ̂  ̂ fe) ̂  £ ̂  ̂  (E ̂  ̂ fc) + I ̂  r|T (s /,)
i, J k i, j k i, j

= ^ ^Tr|(a}fc^)+8(E)= ^ ^r|(ayT(^)+8(e),
i, J , k i, j, k
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where 8 (e) -> 0 when s -> 0. By the above properties of the projections g^ and of the

scalars a^ it follows that 0 ̂  ̂  - ̂  a^ ̂  ̂  m £ ̂  so that 0 ̂  1 - ̂  oc}fe ̂  m £ = £'. Also,
i i

°^ E ̂ (^^^-a}fc^)^£ Z ^gjk
J , k j, k

so that

0 ̂  T (6?, ̂  .̂ ̂ ) - ̂  C, OC}fe T (g^) = T (^,) - ̂  .̂ a^ T (^) ̂  £.

J\ ^ J, k j, k

Thus T (e,) ̂  ̂  c, a}, T (^) ̂  T (^) - £.
J , k

We can now apply the calculus lemma 3.6 to get

^ c.a^T^y^^TiT^+y^),
i, J , k i

where 8" (£) -> 0 when £ -> 0. This together with the preceding computations show that

^ (TT| EB (C, /,) - TT| C, /,) ̂  ̂  TIT (^,) + 5- (£),

J i

and letting £-^O,H(M|B)^T|T (6?,).

Q.E.D.

4.4. THEOREM. - Let M be a type II i /actor and N a sub factor of M. //N'Fl M

ftas a completely nonatomic part then H (M | N) = oo. J/ N' P| M fs atomic and { f^ }k are
atoms in N' P| M such that ^ f^ = 1 then

H(M|N)=2^TiT(/,)+^T(/,)ln[M^:NJ=^T(/,)ln([M^:N^]/Ta)2)).
fc fc fc

Proo/ — If N' Pi M has a completely nonatomic part with support /^O then for each
n^ l there exist f\, f^..., /,eN' n M such that T^)^-1^/), ̂ /;=/ Since N is a

factor EN (fi) is a scalar, so that EN (/3 = n~ 1 T (/). IN. Thus

H(M|N)^^(Tr|EN(/D-^/D=nr|(n- lT(/))=T(/)ln(T(/)- ln)-^oo.

Assume now that N' n M is atomic and denote B={f^nM. By 3.2 we may

suppose {fk}k={fo.'-.fm} is a finite set. By the preceding lemma we have
H(M|N)^H(M B)+H(B N)=^T|T(/,)+H(B|N). Let M^=M,, N^=N,, T^=T,

k

and E^ the T^-preserving conditional expectation of M^ onto N^. Fix the projection
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fo e { fk }k ^d denote by 8y: No -> N .̂ the isomorphism making commutative the diagram

where the verticals are the induced isomorphisms corresponding to /o, fj(sW). Note
that if x^.eN^. then ^(Xj)=^(fi)^QiQ]~1 (Xj) (N .̂ is also considered as the subalgebra

/,N/, in M).

To estimate H(B | N) consider first a projection eeB majorized by/o, and c a nonnega-
tive scalar. Then we have

EN (ce) = EN (/o (® ̂  EN, (ce))) = EN (/o) (® ̂  (ENQ (^)))-j
./ J

=Tc/o)(®^(EN,(c60)).
J

Since for x e N .̂ we have Ty (x) = T (/^) ~1 T (x) and T^ ° ̂ . = TQ, it follows that

TTt EN (ce) - TT| ce = ̂  TTt (T (/o) 9, (EN, (ce))) - r| (c) T (̂ )
j

= E ̂  (̂ -) ̂  n (T (/o) ̂  (ENQ (ce))) - n (c) T (<o
j

= Z ̂  (̂ -) TO TI (T (/o) ENO (ce)) - n (c) T (e)
J

= ^0 1̂ (^ (/o) ENQ (^^)) - T1 (̂  ̂  00

= 1̂ (T (/o)) ̂ o (^^) + T (/o) To T| EN, (ce) - T (/o) TO (r| ce).

If we take now a partition {c^}, of/o» with .̂ projections and c^e lR+ then by the
above computations we get:

^ (TT| EN (C, €,) - TTI C, €,) = r| (T (/o)) + T(/o) (E TQ TI EN, (c, €,) - TQ TI C, €,)
i i

^(/o)+T(/o)H(Mo|No).

By the second part of property 5° in Section 3 and by 3.1 the relative entropy H (B | N)
can be computed by considering only partitions of the unity { a^ } with p^ projections,
a f€ [R+, and each p^ majorised by some fj. The preceding inequality and Corollary 4.1
eventually give

E (TT| EN (a,/?,) - TT| a,/?,) = E ( E (Tr! KN (a. A) - TT| a,^)) ̂  E r|T (/,) + T ( .̂) In [M, N,].
1 J Pi^fj J
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This shows that H(B|N)^T|T(/,)+^T(/,) In [M,:N,] so that
j

H(M|N)^2^r|T(/,)+^T(/,)ln[M,:N,].J ] ' • L^ " \ J j ^ i " l - " / '

j

To prove the opposite inequality we shall use Lemma 4.2.

We first assume that [My:Ny]<oo for all 7^0, and show that there exists a projection
q e M such that:

(1) T(<?)=[M:N]-1;

(2) fjqfj=^(fj)qp where q^fj are projections with T(^)=T(^),J^O;

(3) E^. (qj) = [Mj: N^] ~1 pj for some projections pj e N^ with

T(^,)==[M,:N,]/[M:N], 7^0;

(4) ^(pj)=^(fj)s? where s^.eN are mutually orthogonal projections, ^sj=lN an(^
T(S,)=[M,:N,]/(T(/,)[M:N]).

Then we prove that for such a projection q, E^' ^ M ((?) ls a scalar multiple of the
identity and T (q) -1 TT| E^ (q) = 2 ̂  T|T (y;.) + ̂  T (/,) In [M, : N,].

i J

Let .̂ be mutually orthogonal projections in No with ̂ rj=\^(=fo) and with traces
proportional to the numbers T(^.)~1. [M^.: N,], m^/^0, i.e. T(^)=CT(^.)~1 [M^.: N^]
for some ceIR^ This is possible because No^N is a typelli factor (as N" 0 M is

atomic). Since ^^=/o i1 follows by Jones' formula 0.14 that
j

^ /o) = E^ ('•,)=<' I; [M^. : N^]/T(/,)=C[M : N],
J i

so that T (^.) = (T (/o)/t (/,)). ([M,: NJ/[M: N]). Denote by p, = 8, (̂ .) e N,.. Then

^ ̂ -) = (T (/;)/T (/o)) ̂  Oy) = [M, : N,]/[M: N]

and

EN (̂ ) = T (fj) S 9. ̂ -' (P,) = T (/;•) Z 8, (r,)
i i

so that if ^=^(^.) then condition (4) is fulfilled.
"7 ^" iVj

l

There exist projections ^eMy such that EN.(^)=[M^ : Ny]~1 IN. and such that

[e? P^^ ^j^jPj^^j^j^j^j)' To prove this note that by [13] we may regard Mj as
the extension of N .̂ by some subf actor N^crN^. Thus there exist e^eMj such that

EN/^°)=[M, : N,]-1 IN, and [̂  N,°]=0. Since N,°, N, are type Hi factors and ^.eN,,
there exists a unitary Uj e N .̂ such that Ujpj uj e N? c N .̂. Taking .̂ = ̂ * e] Uj we get that

[e? P^ = ̂  [^0. ^Pj ^*] ̂  = °'

^ (^^) = ̂  (^0 ̂ Pju^ = ̂  (EN, (^°) ̂ ^ ̂ *) = ̂  (^) ̂  ̂ )
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and

E^. ̂ ,) = ̂ * E^. 0-9) ̂  = [M,: N,] -1.

It follows that E^(pj€j)=[Mj: N,]"1/^ so that if qj^PjCj then condition (3) is satisfied
and

^ (<?,) = ̂  (./}) ̂  (̂ - ̂ -) = T (/,) ̂  (p̂ .) ̂  (̂ .)

= T (p,) T, 0?,) = ([M, : N,]/[M: N]) [M, : N,] -1 = [M: N] -1.

In particular we get that ^ are mutually equivalent projections in M so that there exists

a set of matrix units in M, {i^}o^i ,^m having q^ as diagonal, ^=^-. An easy

computation shows that (?=^(T(./f)T(//)) l /2Vij satisfies (1) and (2).
i , J

We now show that E^ nM^) 6 ^- ^st we consider some notations. Since N' 0 M
is atomic, there exist partial isometrics f^ e W 0 M, O^i, 7'^m, such that:

(a)fn=f,^=j%

W yij^O if and only if the isomorphism 8;^~1 : N, ->^j is implemented by^.:

a,^-1^)^-^ ^^N,;
(c) if ̂  ̂  0, /,, ̂  0 then y;, /,, =f^

(d) N / nM=span{^ .}^ , .

By (2) and (3) we have^^^g, and fj qf, = q^ qq, so that if/^O then

^ (fij q) = ̂  (/„ (/, ̂ )) = T (/„ q, qq,) = T (y;,^. qp,)

= T (8,871 (p,)^ qp,) = T a, ̂ , 9,871 ̂ )) = 0,

where the last equality follows by (4). As

^fuq)=^fiq)=^fiqfi)=^fi)^(qi)=^fu)^q)

it follows by (d) that T (gx) = T (q) T (x), for x e N' U M, i. e. E^ M (2) = T (^). 1 M.

We compute now EN^) and TriE^). Since Nc©N^c@M^. we have
j j

EN=EN^E^N,°EeM, so that by (1)-(4),

EN (q) = Z ̂  (/,) [M, : N,.] -1 E^ ̂ ,) = ̂  (T (/.^/[M, : N,]) s,.
j j

Since 5y are mutually orthogonal and x(Sj)=[M;: N^]/T(/y)[M:N] we get

TT^ENte)=^T1(T(/,)2/[M, : N,])T(5,) =[M:N]- l^T(/,)ln([M, : N,]/T(/,)2).

j

Applying Lemma 4.2 we get that

H(M|N)^T^)- lTr|EN(^)=ST(/,)ln([M,:N,]/T(/,)2).
j

4s SERIE - TOME 19 - 1986 - N° 1



ENTROPY AND INDEX FOR SUBFACTORS 85

To complete the proof of the theorem we now consider the case when [My : Ny] = oo
for some minimal projection /eN'QM. Then by Theorem 2.2 for any 8>0 there

exists a projection O^eeMj- such that E^ (^)^s. Thus E^^^s and

EN 'nM(^ )=^ (^ )^ ( / ) - l y ; so tha tby4 .2wege tH(M|N)^T( / )T^ ) - l TT^EN(4 As In
is operatorial increasing we have InE^^^lns so that

T (EN 00 In EN 00) ̂  T (In s. EN 00) = (In s) T (6-)

and thus TT| E^ (^) ̂  T (^) Ins"1 which yields H(M|N)^r( /) lns~1 -> oo.

Q.E.D.
4.5. COROLLARY. — Let Nc=M be typell^ factors with [M:N]<oo. Denote by

/i, . . . , / „ a set of minimal projections in N' 0 M mth ̂  /i= 1 and by e a projection in M
mth EN (e) = [M: N] ~1 . 1^ (cf. [13]). TTi^n r^ following conditions are equivalent:

(i) H(M|N)=ln[M:N];

(ii) [M^. : N^.]/T (/,)2 = [M: N] /or a« i = 1, . . ., n;

(iii) E^MOO^MiN]-1.!^

(iv) (/Y is r^ normalized trace on W then T | N' C} M =T' | N' 0 M;

(v) if Mi is ^ extension of M by N ^h^n t^ antiisomorphism
W C}M3x\—> JxJ e M' n Mi LS ?rac^ preserving.

«
Proo/. — (i)o(ii). By the preceding theorem,

H(M|N)=^T(y,)ln([M^. : N^]/T(y;.)2).

Since In is strictly concave and ^T (fi)= 1,

^T(y;.)ln([M^. : ̂ ^(^^In^tM^ : N^]/T(/,),
i" i

with equality iff all the terms [My. : Ny.]/T(y,.)2 are equal. But by formula
0.14^[M^.:N^/TO,)=[M:N].

(iii) =>(i) If E^^M^)^^^"1- ^M ^en taking q=e in Lemma 4.2 it follows that
H(M|N)^ ln [M:N], so that by 4.1, H(M N)=ln[M:N].

(ii) => (iii). The projection q constructed in the proof of 4.4 satisfies

E^M^-tM:^-1. IM and E^)^^)2/^ '' N^.)])5, for some mutually ortho-

gonal projections s, e N, ̂  ŝ . = 1. Thus if (ii) holds then E^ (q) = [M: N] ~ 1 . 1 .̂ By 1. 8,
e and ^ are conjugated by a unitary element MEN, e=uqu*. Thus

E^M^B^M^^-tM:^-1.^.

(ii) <=> (iv) is an imediate consequence of the formula 0.13 for the index.

(iv) o (v) is trivial.

Q.E.D.

4.6. COROLLARY. - If WC^M=C then H(M|N)=ln [M:N]. Conversely if

H(M N)=ln[M:N]an^4<[M:N]<8, [M:N]^(l+2cos7c/n)2, n^3, thenW HM=C.
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Proof. — The first part is a particular case of 4.4 (or 4. 5). For the second part of
the statement assume on the contrary that there exists/eN' r iM,0<T(/)^2~ 1 . Then

/ and 1 -/ are minimal projections in N' 0 M. Indeed, because if W 0 M would have
three mutually orthogonal projections, say /i, f^ f^ then by formula

O.H^N^T^.)-1^.

Denote by r=[M^ : N .̂], 5=[Mi_^ : Ni_^], ?=r(/). Applying again formula 0.14

we have [IVLN^rt^+sO -t)~1 and by 4.5, rt~2=s(\-t)~2. Moreover

r, sG{4cos2(n/n) n^3}U[4,oo) (c/:[13]). Now if both r, s^\ then r, s^2 so that

[MiN^l^^+O-O-1)^. I f r = s = l then r2^!-Q2 forces r = l - r = 1/2, so that
[M: N]=4. As t^ 1 -r, we have rs~1 =(t/\ -t)2^ 1 so that r^5. Thus the only possible
case left is when r = l and 5^2. But then l-t|t=sl/2 so that ^=l / ( l+s l / 2 ) and

[M:N]=1+51/2+5(51/2/1+51/2)-1=(1+S1/2)2.

Q.E.D.

The preceding corollaries deal with the upper extremal case of the entropy H(M|N),
for given index [M:N]. We shall now derive from theorem 4.4 the structure of the

pairs NcM when H(M|N) is minimal. We shall consider only the case [M:N] ̂ 4,

because otherwise we automatically have N' 0 M = C and H (M | N) = In [M: N].

4.7. LEMMA. - (a) J / 0 < f < l then 2r| r+2r |( l -t)^ -lnr(l-0 mth equality iff
r=l/2.

(b) If ^ , . . . , r ,e^ , n^2, ^t,=l, 0 < r < l and ^1 ̂ rl +(1-0~1 then

^r|r^r|r+r|(l-0 and the equality holds iffn=2 and [t^ t^}={t, \-t}.

Proof. - (a) By alementary calculus 2r| r+2r |( l -0+lnt(l-0 is strictly increasing
on(0, 1/2], and if ^=1/2 then

2r | r+2r | ( l -r)+lnr( l-0=0.

(fo) Assume 0<t^\-t and t^t^. . . ̂  so that ^1/2, t^\/2. If t^<t then

Y,ti~l>t~l-^(\—t)~l, in contradiction with the hypothesis, so t^t^^\/2. Since In is
strictly increasing we have ̂  T| t, ̂  T| ̂  + T| (1 - ̂ ) with equality only if n = 2. Moreover,

as r|t+r|(l-0 is strictly increasing on (0, 1/2], we have T| ̂ +r|(l -t^)^r} ?+T|(I -t)
with equality iff t^=t.

Q.E.D.

4.8. COROLLARY. — Let M be a typell^ factor NcM a subfactor of finite index
[M:^]='k~1^4andt>0 with t(l -0==[M:N]-1.

(i) H(M|N)^2r | r+2r | ( l -0 ;

(ii) // [M: N] > 4 then H (M N) = 2 T| t + 2 T| (1 -1) if and only if there exist a projection
f e N' C\ M with T (/) = t and an isomorphism 8 : M^. -> M^ _^ such that
N={x©8(x)|xeM^.};

(iii) If [M: N] = 4 r^n H (M | N) = In 4 anrf ^r/u?r N' 0 M = C or there exist a projection
f e N' n M wft/i T (/) = 1/2 anri an isomorphism 8 : M^. -> M^ _^. 5Mch r^
N={x@8(x) |xeM^}.
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Proof. — (i) is a consequence of 4.4 and 4.7 (b). If [M:N]>4 and
H(M|N)=2r | r+2r | ( l - r ) then by 4.7 (a) and 4.4, N'QM^C. Let /i, . . .,/„ be
minimal projections in N' Pi M, ^/i= 1. Then [M:N]=(^(1 -O)"1^^./;)"1 so that

i
by 4.7 (b\ n=2, /i=/, fz=\-f, r(/)=r. Moreover by 4.4
[M^. : N^.]=[Mi_^ : Ni_^.]=l so that M^.=N^N^NI_^=M^ and if 8 denotes the
resulting isomorphism 8 : My -> M^ _y. then N == {x©8 (x) | x e M^.}. This proves (ii).

If [M:N]=4 and N'QM^ then by 4.6, H(M|N)=ln [M:N]=ln4. If
/ eN 'HM^C then [M:N]^T(/)~1+(1-T(/))-1 forces r(/)=l/2 and then the proof
is as for(ii).

Q.E.D.

4.9. Remark. — 1° Note that the preceding corollary doesn't solve the problem of
classifying the conjugacy classes of subfactors NcM of the form {x©8(x)|xeM^}, &
an isomorphism from My onto Mi_y. In fact if N, N()C:M are given as above by
8, QQ : My -> M i _ y then N, No are conjugated in M iff there exists an automorphism a

of M such that cr(/)=/and a. 8=80 a-

2° By 4.8 it follows that if the factor M has a subf actor N of index [M: N] > 4 and
entropy 2 r | r+2r | ( l—?) then the fundamental group of M is nontrivial.

5. Some applications

In this section we give two applications of the preceding results. First we compute
the entropy H(R |RJ for Jones' subfactors R,, of the hyperfinite factor R (s^[13]), and
use this to show that for ?i<l/4, R^ is a subalgebra of the form {x©9(x) |xe/R/},
where / e R is a projection, with T (/) (1 - T (/)) = ?i, and 9 : / R / -> (1 -/) R (1 -/) is an
isomorphism. Then we compute the entropy of some ergodic automorphisms of R,
attached to Jones' construction of subfactors.

Let us briefly recall the definition of R^, where 0<^-^1. Let e^ e^ e^, . . . be a
sequence of projections in R satisfying the axioms:

(a) ^,±^,=)i6?,;

(fc) e, ej = €j e,, for i -j \ ̂  2;

(c) T (w^) == ^T (w), if w is a word on {1 , e^ e^ . . ., e ^ _ ^ } .

In [13] it is shown that if the constant ^ exceeds 1/4, then it can only be (4cos27l/n)
for n = 3, 4, . . ., and that if

?ie(0, l/^U^cos2^)-1!^},

then there exists such a sequence of projections in R which in addition may be chosen
to generate R. Moreover if

R ,={1 ,^ ,^ , ...^{l,^,, ...Y^R

then [R : RJ=X,~1 . It is also shown that if Ao^ is the von Neumann algebra generated
by { 1, CQ, . . . , € „ } then AQ „ is finite dimensional and uniquely determined by the axioms
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(a), (b\ (c), i. e. if ^ Si. • . ., gn ^ another set of projections satisfying the above
conditions then e^g, extends to a trace preserving isomorphism of the algebra AQ „
onto the von Neumann algebra generated by 1, go, . . ., g^.

Let Al,n={^. e^ . . ., 6?,}, so that R=UA^ and R^=UA^. Using [13] it is easy
to see that the algebras {^o^}n and { A ^ „}„ satisfy the conditions of Propositions 2.6,

3.4. Moreover these algebras may be associated in a natural way with any pair of
type Hi factors NcM with finite index [M:N]=?i~1 : Let N^N=N0 be a downward

basic construction for Nc=M, i.e.Ni is a subf actor such that M is the extension of No
by NI and let CQ^M be a projection that implements the conditional expectation of No

onto Ni, i.e.E^(^o)=^ ^x^ = E^ (x) ^o, tor xeNo (c/:[13], 3.1.9). Iterating the
downward basic construction we obtain recursively subf actors No^N^ ̂ N^ . . . and
projections e^M, e^,_, such that [N, : N^J=?i-1, EN,(^)=?I and e^=
KN^+I (x)^ for ^eN^ (so that ^ commutes with N^+i).

It follows that the projections e^ e^ . . . satisfy the axioms (a\ (b\ (c). So we may

denote R = { ^ ^, . . . }-, R x = { ^ i ^ • . . }', A o , , = { l , ̂  ̂  • . ., ^}//,
^^{^ ^i. • • • » ^r.

5.1. LEMMA. — ^Vf^ the preceding notations we have

^AO^KA^ ^1 ^^ ENER=E^.

Proo/. - From the axioms (a\ {b\ (c) it is easily seen that E^ ^o)=^-. As it is
proved in [13], any element xeAo^ is a linear combination of worcfs in e^ e^ . . ., ^
with 6?o appearing at most once, so x=^+^^.^o^- with a, .̂, fc^Ai^. Since A^^cN

we get EN(x)=a+^a,EN(^o)^=a+^a,fc ,eAi^. But NnAo,^Ai^ so that if
^^i^N then T(X^)=T(EN(X^))=T(EN(X)^). This shows that if x is orthogonal to
AI „ then EN<X) is also orthogonal to A^ ^ and since E^(x)eA^^ E^(x)==Q. Thus
EN EAQ ^ = EA^ ^ Letting n ̂  oo it follows EN ER = E^.

Q.E.D.

5.2. COROLLARY. - J/N c M ̂ s finite index [M, N] = 'k~ \ then H (M | N) ̂  H (R | R^).

Proof. — Let R, R^ be identified with subfactors of M as in the preceding lemma. If

X i , . . . , x ^ is a partition of the unity in R then by 5.1 we get
E^ (x,) = EN ER (Xi) = EN (x,) so that

^(Tr|ER(x,)-Tr|x,)=^(TTiEN(x,)-Tr|x,)^H(M|N).

Q.E.D.

5. 3. COROLLARY. - If ̂ 1/4 then H (R | R^) = - In ?i. If X < 1/4 then

H(R|R,)=2r | r+2r i ( l -0 ,

w/i6?r6? r (l-r)=?i, and there exist a projection / e R ^ Q R , r(/)=^, and an isomorphism
9: R^Ri_^5i^ ^arR^={x©9(x) |xeR^} .
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Proof. — Since ^1/4 implies R ^ O R = C (c/.[13]), the first part is a particular case

of 4. 5. If X < 1/4 then let fo e R be such that T (/o) = r ^d ^ : R/o "̂  ̂  i -fo an lsomor"
phism (cf.[\S]). Denote by Ro={x©9(x) | xeRo} . Then [R : Ro]=l/ t+ 1/1 -t=\~1

and by 4.4, H(R Ro)=2r| r+2r((l-0. Now, taking M=R, N=Ro in the preceding
corollary we get 2 T| t + 2 T| (1 -1) = H (R | Ro) ̂  H (R | R^). Corollary 4. 8 then yields the
rest of the statement.

Q.E.D.

The preceding corollary contains implicitely one of Jones' results in [13]: that if 'k< 1/4
then R^ 0 R T^C. A very short proof of this fact (found independently by V. Jones and
the authors) is as follows: Let M be a type II i factor, /eM a projection, r ( / )==t (as
usual r ( l—t )=^) . Assume there exists an isomorphism 9 : M y - ^ M i _ y and denote
N={x©6(x) |xeM^}c:M. Let p^fbe a projection of trace T(/?)=^ and denote by
^=(l-/)-9(p),sothat

T(^)=I-^-^.^=?I.
t

Consider also a partial isometry veM such that v*v=p, vv*=q. Finally denote
CQ = (1 — t)p + tq + (t (1 — r))^2 (v + r*). It is easy to verify that CQ is a projection and that
E^(^o)=^. By [13] there exists NiC=No=N such that M is the extension of No by N^
and eQxeQ==E^^(x)e, xeNo (in fact N^ can be found explicitely without use
of [13]). Thus No and CQ can be considered as a first step of the construction in
Lemma 5.1. Using the notations of that lemma we have T(/^o)=T(ER(/)^o)- But

^/^^(/^^((l-O^O-O^

while if R ^ H R = = C then in particular ER( / ) eR^OR is a scalar so that
T(ER(/)^o)=T( /)T(^o)=^ r• Since t ^ l — t , this is a contradiction. As factor M we
can take any factor having t / \ — t in its fundamental group, for instance the hyperfinite
factor.

We shall now derive a useful consequence of the preceding argument and of
Corollary 5.3.

5.4. COROLLARY. — Let M be a type II i factor, feM a projection, ^(f)=t (mth
t(l—t)='k< 1/4) and suppose there exists an isomorphism 9 : Mf->M^_f. Denote by
N={x©9(x) |x6Mr}. If CQ, e^ . . . are associated with the pair NcM as in

Lemma 5. \thenfe{eQ, e^ . . . }//•

Proof. — We just showed that i^/^^O —r) (^ particular choice of CQ doesn't
matter, since by 1.8 if eeM. is another projection with E^(e)=^ then there exists a
unitary u e N such that ue^ u* = e, hence

T(^)=T(/^o^)=^^*/^o)=^(^o)=^0-0).

By 5.3 R,,riR=C/o+C(l-/o) ^ some projection f^ T(/o)=^ (where

R = = { l , ^ o ^ i . . . . }", R ^ = { 1 , ^i, ̂  • • • ̂  Since ER(/ )GR^ OR, there exist a, peIR
such that ER( / )=OC/O+PO —/o)- ^ut ^x^^ ls ^so a P^ °^ factors of the type
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considered in the statement, so that T {fo eo) = X (1 -1). Thus

X(l-r)=T(^o)=T(E^(/)^)=^(l-0+P^(.

Moreover

r=T(/)=T(E^(/))=aT(/o)+pT(l-/o)=ocr+P(l-0.

From these two equalities it follows that if P^O then t= 1/2 so that ̂ = 1/4, a contradiction

sop=0and/=/o-

Q.E.D.

Remark now that in the hyperfinite factor one can also find a set of projections
satisfying (a), (b\ (c) for some ^ but indexed on Z rather than on ^J, This can be seen
by applying recursively the basic construction as follows: Start with M == { 1 , e^ e^ . . . } " ,
N = { 1 , e^ e^ . . . }" (so that with the preceding notations M=R, N=RJ, and consider
the (usual) basic construction, i.e. take M^ to be the extension of M by N, q^ the
projection in M^ implementing the conditional expectation of M onto N, E^(q^)=^
qiXq^=E^(x)q^ xeM. Then by iterating the basic construction we obtain II^ factors
NcMczMicM^ . . . and projections q^ q^ . . . such that E^_^((^)==^,
^x^=E^_^(x)^, x e M f e _ i . If P denotes the closure of (JM^ in the weak topology
given by T and e^q-k for k= -1, -2, . . . then it follows that P is the hyperfinite II i
factor (as it is the union of an increasing sequence of hyperfinite factors) and [e^ke-s.
satisfy the axioms (a\ (b\ (c) and generate P.

5.5. NOTATION. — Let P be isomorphic to the hyperfinite factor and [e^^^-s. a set of
projections in P satisfying the axioms (a), (b\ (c) for some

MO, l/4]u{f4cos27^ 'In^l
(A n] J

and generating P. We denote by 9^ the automorphism of P given by 6^(^.)=^+i.

Note that 9^ is ergodic. In fact if x, y are words in {e,}^^ for some intergers r>5,
then T(x9;(j))=T(x)T(9"(j))=T(x)T(j) whenever n>s-r. By Kaplansky density
theorem it follows that T (x Q" (y)) -> T (x) T (y) when n -> oo, for any x, y e P.

We shall now use 5.4 to show that if ^<1/4 then 9,, is just the Bernouli shift of
entropy r|^+r|(l-t) constructed by Connes-Stormer and also by Krieger[9]. Indeed,
let MQ be the algebra of 2 by 2 complex matrices with faithful state (po with eigenvalue
list { ? , \—t], where r ( l — r ) = = X , . For each keZ let M^=M() and (pfe=(po. Denote
(M, (p) = ® (M^, (p^) and P the centralizer of (p= ® (p^ in M, so that P is the hyperfinite

z

factor and it is invariant to the Bernoulli shift 9 on M (c/ [9]). Let e^ be the matrix
unit in M^ and denote

^ = . . . ̂ ((l-O^®^1^^®^1

+(^(l-r)) l /2^2®^t l+(^(l-01/2^l®^lr))®l.•.
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Easy calculations show that 9(^)=^+i, {^}^z<=P and {^}^z satisfy the axioms
(a\ (b\ (c). Let R=Pn ® (M^, (p^) and R^=Pn ® (M^ (p^), j^O. Then R and

f c ^ O fc^J '+l

R^ are factors (by the same argument showing that P is a factor), 9 (R)=Ro and

^0(^0)=^ (m ^act even tne Fubini projection of e^ on ® (M^, (p^) is a scalar and E^
h^l

is just its restriction toR). Moreover CQ commutes with R^ and if

/o=. . . l®^®l . . . then T(/o)=^, /o^oUR, and /oR/o=/oRo/o.
(1 —/o) R (1 —/o) = (1 —/o) PO (1 —/o)' By \.3 CQ implements the conditional expectation
of RQ onto RI. It follows by induction that e^ e^ . . . are as in 5.1 so that applying the
preceding corollary for M = R, N = R(), /=/o e N' n M and the sequence {e^e^ . . . }, it

follows that fo(={eo, e^ . . . ̂  Similarly Ae{^ , ^+1, . . . }" so that {fk}kez are a11

in the von Neumann algebra generated by { ^ }^^. Since

/^,(l-/,)=(r(l-0)^(... l®^,®^1®!...)

it follows that . . . lOO^OO^OOl. . . are in { ^ [ f e e Z } " .

It is now straightforward to see that {^J^ez generate P. We have thus proved:

5.6. COROLLARY. — Ifk<\/4 then Q^ is the noncommutative Bernoulli shift of weights
t, 1 -1, where t (1 -1) = X-. In particular H (9,,) = T| t + T| (1 -1).

The computation of H(9^) for ^>1/4 is entirely different and does not involve the
results obtained in the preceding sections.

5.7. PROPOSITION. - If'k=(4cos2K/n)~\n^3, then H(9^)= -(l/2)lnX.

Proof. — By the Kolmogorov-Sinai type theorem of Connes and Stormer it follows
that H (9,,) = lim sup (H (Ao, «)/n), where Ao „ = { 1 , e^ . . ., e^}". Indeed, using the nota-
tions in [9] for the joint entropy, we have:

H(©,)=sup(limH(Ao,,, 9,(Ao,,), . . ., 9;(Ao,,))/n)
k n

=sup(limH(Ao,fe, A^+i, . . ., A^^+J/n)
k n

^sup(lim supH(Ao ^+^)/n)=lim supH(Ao^)/n.
k n n

Moreover

(n+^^^IW^lim^Ao,, 9;+2(Ao,,), . . ., ̂ ^(^^Ik
k

and since 9^ ( n + 2 )(Ao „) mutually commute and are T-independent, for s=9, 1, . . ., fe, it
follows that

H(Ao,, er^AoJ, . . ., 9^"+2)(Ao„)=ZH(9^"+2)(Ao^))=(fe+l)H(Ao,,)
s

and so (n + 2) H (9^) ̂  H (Ao, „).
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kn

Now each A() „ is of the form ^ M^ „, where My „ are factors of dimension r^ and
j = i

with minimal projections of trace £y „. By [13] there exists no such that if n^rio then
kn=kn+2 and ̂  n + 2 = ̂ j n- since Z ̂  » ^n = 1 and H (AQ, „) = ̂  r^ r|£ ,̂ it folloWS that

J .7

H(Ao,.)=-Z^n^ln^6,^_2fc=E rJn£J•n l n 87,n-2fc-^ln^jn J" A" 'w "j, n - 2fc L^ j n " j n '

J .1

If A; is the integral part of (n-no)/2 then e^_2fc (={e^ i, . . ., e^} so that, for some
c>0

-ErJn£Jnl^£J•,.-2k^^S^£,n=^

./ 7

Thus

^H(AoJ ̂ (.^^i^^^o = _(i/2)ln^

n n In

Q.E.D.

5. 8. Remarks. — 1° We believe that for ^> 1/4 the automorphisms 9^ are not Bernoulli
shifts and even that they normalize no nontrivial abelian *— subalgebras ofR.

2° The computation of N(61/4) remains an open problem. However let us note that
using the representation [13] of the pair R^cR and of the corresponding generating
projections e^ it is easily seen that H (61/4)^ In 2.

3° For X-=l/2 there is a representation of the projections { ^ } ^ g z similar to the one
we found for ^<1/4 : For each neZ, let M^ be isomorphic to the algebra of 2 by 2

complex matrices and {e^} a matrix unit for M^ as before. Let P= ® M^ be the tensor
ne'2.

product with respect to the trace and e^= ' - ' l®^i®l. . . and

^i^-^. . . l®(^,+4,)®(^^+^l)®l. . .)+2-1!.

e^ thus defined satisfy (a), (b\ (c\ for ^=1/2. The algebra generated by them is easily
seen to be the fixed point algebra R=PCT, where a is the period 2 automorphism
implemented by 00 (2 e^ — 1) Note that A^ = {e^ ̂  is a Cartan subalgebra both in R and

f e e Z

P and that A 2 = { ^ 2 ^ + 1 V ls a Cartan subalgebra in R but not in P. Moreover 6^2 is
just the restriction to R of the noncommutative Bernoulli shift on P. Thus

H(Q^^)^\n2 and since O^IA ls tne commutative Bernoulli shift, Yl(Q^^)^\n2. We
have thus obtained another proof of H (61/2) = 2 ~1 In 2.

6. Computation of H and ^
for finite dimensional algebras

In this section M will be a finite dimensional von Neumann algebra with faithful trace
T, r( l) = 1, and N c= M a von Neumann subalgebra. Thus M= ® Mj, N= © N^ where

7 (= T Zr c KI e L k e K
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Mi is the algebra of mj x m^ matrices, N^ the algebra of n^ x n^ matrices and the sets of
indices L and K are finite. We denote by A=(a^)^K, j e L the embedding matrix of N
in M and by ^ respectively s^ the traces of the minimal projections in Mi respectively

Nfc. Thus if m=(mi)i, n=(n^ t=(ti)i, 5=(s^ are column vectors then Ar=5, Atn=m
(A^ is the transpose of A).

6.1. THEOREM. - (^-(M, N^'^maxQ^^Sfe/^), w^r^ ^=min{a^, n^}.
I k

6.2. THEOREM :

H(M(N)=-^m^^ln^+^m^^lnm^+^nfc5fc lnSfc -^^Sfc lnnfc+^nfca^^ lnc^ ,
f c , f

w^r^ c^==min [n^/a^ 1}.

We now discuss some equivalent forms of the formulas 6.1, 6.2 under the additional
hypothesis a^e{0, 1} and, more generally a^ ^ n^. Then we give two simple examples
and finally proceed with the proof of the theorems.

First some notations that will be used in all the rest of the section.

We denote by ek and f1 the minimal central projections in N and respectively M (e^ is
the support of N^ in N and^ the support of Mi in M). Thus ̂ .f\ feeK, ;eL, are the
minimal central projection in N'0 M and T(^/^)=n^^^. Note also that n^ti is the
trace of the minimal projections in (N" 0 M)^^i.

If we assume a^ ^ n^ the term ^b^s^ti in the formula for the index 6.1 becomes
k

Z ̂  h/h = Z ̂ i ̂  ̂ /Ufe ti = ̂  a^ T (^/Hfe ̂ . In particular if a^ e {0, 1} then:
k k k

6.3. (X(M, N))~1 =max (^T^/T^/^)) where the sum is taken over fe, for ekfl ̂  0.
z

If a^i ^ ̂  the formula for the entropy also gets simplified, because then c,,i = 1 and
the last term in 6.2 will vanish. Moreover, as

^=1^^ and ^Sfe=^nfc^^,
k I

we get:

H(M | N)=^ fr^ln^ +T(^/ f)lnmf\
fc, f \ ^ ^ /

Note also that

m! = m^ = T^) and sfc = nfcsk = ̂ fc)

Ufc Ufe^ n^^ ti n^ti n^ti
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and so, if a^e{0, 1} then:

6.4.

H(M | ̂ ^sfT^^ln-^+T^/^ln'^)
\ T(^) T(^)/

where the sum is taken over fe and (, for ^f1 + 0.

6.5. Examples. — 1° Let M and N be factors of type !„, and respectively !„. Then
the embedding matrix A is just the number m/n, t^=t=l/m, Si=s=l/n, so that by 6.1
and 6.2 when m/n ̂  n we have fk(M,^)~i=(m|n)2, H(M | N)=ln(m/n)2 and when
m/n > n we have ^ (M,N) - l =m, H ( M | N ) = l n m . Note that we allways have
[M:N]=(m/n)2.

2° Let M be a factor of type 1̂  and N= ^ N^, so that ^n^=m. If d denotes the
f c e K

cardinal of K then 6.3 and 6.4 give

HM, N)=l/rf and H(M | N)=^Ti(n,/m)

(see also 4.3).

For the proof of 6.1 we first need some technical lemmas. The key result is the
following:

6.6. LEMMA. — Let Q be a finite von Neumann algebra, S c: Q a von Neumann subalgebra
and e e Q a projection such that e S e = C e. If Eg (e) ̂  'k e for some positive scalar 'k then
Eg(x) ^ ' k x for all positive elements x in the weak closed ^-algebra generated by SeS.

Proof. — Let ^=(^^i^i)*((^flj^-), a^ bjeS, so that by the hypothesis
i J

x=^bfkijebj for some scalars X^., where ^e^ea* OjC. Since (afa^ j is a positive
»\ j

matrix over S it follows that (^-)^ is a positive matrix. Thus there exist c^.eCsuch
that ^ij=Y,^Ckj. As in the proof of 2.1 if we denote by b the column matrix (bj)?

k

c = (c^i p ? the diagonal matrix

( e . 0\ -——— /EsOQ. 0 \
, . and Es(^)= -..

\0 - e ) \ 0 ••Es(6?)7

then we get

EsW=E bfkijEs(e)bj=b*c*Es(e) c= b ̂  fo*c*(^)cfc=^fc*^.^.=?ix.
i, J i, J

Q.E.D.

6.7. LEMMA. — t^'r/i the notations at the beginning of this section, let e^Mj^ c: M be a

minimal projection and f the support of E^' ^ M (e)' Then Alg (N e N) =/ M f=f M^ /.

Proo/ — As M, N are finite dimensional, Alg(N^N) is a weakly closed ^-subalgebra
in M. Its support in M is the projection//= v {ueu* \ u unitary element in N} and in
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fact if G is a group of unitaries in N generating N then/'== v {ueu* | ucG}. Moreover
if G is finite and | G | is the cartinality of G then

EN'nM(^)=T——T Z ueu
*

|<j| u e G

so that the support of EN' ^ M (e) coincides with //, i. e. f=f.

Let eo=e, e^ e^, ..., e^ be a maximal family of mutually orthogonal equivalent
projections in Alg (N e N). Then <? == Z^i ^ / and suppose q + f. Then
/—^eAlg(N^N) and ( /—^)N^^O, because otherwise (/—^)Alg(N^N)=0, so that
0=(f—q)f=f—q, a contradiction. If ve(f—q)1^e, v + 0, then v*v is supported by e
and since e is a minimal projection, u* u is a scalar multiple of e. Thus for a suitable
scalar c, ^+i=cui;* is a projection, ^+ieAlg(N^N) and ^+1 is equivalent to ^. This
contradicts the maximality of e^ e^ ..., e^ and proves the lemma.

Q.E.D.

6.8. LEMMA. — Let Q be a type Iq factor and S <= Q a type I, sub factor o/Q. IfeeQ
is a minimal projection and f is the support of Eg/ ^ Q (e) then

^ smm{5,^/s}

^

Proof. — If ^f/5 ̂  5 then s min (s, q/s)=q and obviously r(/) ^ 1. By the preceding
lemma, /is the support of Alg (SeS) so that it is also the supremum of the left supports
l{xe) of the elements xe, xeS, i. e. f= v [l(xe) | xeS}. In fact it is enough to take x in
a linear basis of S. As S has dimension s2 and e is one dimensional in Q, it follows
that/has dimension not larger than s2, i. e. r(/) ^ s2/q.

Q.E.D.

Proof 0/6.1. — Let \=(^bkiSk/ti)~1. By Lemma 6.6 it is enough to show that for
k

any minimal projection e e Mi there exists a minimal projection CQ e Mj such that:

(a) ^eAlg(NeoN);

(fc) E^o)^^);

(c) ^ is the best constant for which (b) holds.

Suppose eeMi=-Mf1 and let e^ be such that ^/z + 0. Then ^^fe is a scalar multiple
of a one-dimensional projection. Applying the preceding lemma for
Q=M^fl=ek(Ml)ek and S = N^; ̂  N,,/z it follows that the support 4 of

EN' ^ M (ek eek) satisfies

T (^) ^ -̂  T (̂  /
f
) = ̂  Ufc ̂  ^/O,, = Ufc ̂  ti

^ki

(where b^=mm[a^ j, nj). Note that n^j^j is the trace of the minimal projections in
S' 0 Q=(N" C\ M)^/. Thus there exist b^i minimal projections in (N'P^M)^^, say

{^i}i ^ i ̂  bki such that ^k ^ Z^» and kt {^j}i,j be a set of matrix units in (N' Fl M)^^.J
i
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having g^ as diagonal. Let also {^}i ^ i, ^ ^ ̂  be a set of matrix units in Ngfeyz (this is
possible because b^ ^ n^). Denote by

t-J-y .̂ ̂ .
Jk , L i ^ i jS i r

^kl i,J

It is easy to verify that^ is a rank one projection in M^^i (and thus in Mi) and that

EN' nM(/fe)= —— ZEN' nM(4)^-= ,——— Z^
p^ i ^fc^fc »

so that the support of EN' ^ M (/k) majorizes e^ Thus, for each fe eK, with e^f1 + 0, we
find a minimal projection/^ in Mj, /^ ^ ^fe, such that the support of EN' n M(/O majorizes
the support of EN'^M^^)- Consider now some positive scalars o^ (to be specified

later) such that ZOC,=L There exists a projection CQ in Mj such that ^k ^o ^k = ̂ /k-
This projection is of rank one in Mi and satisfies

EN'nM(^)=Z^EN'nM(^)^=EEN'nM^^O^)=E^EN'nM(/0,

so that the support of EN' ^ M (^o) majorizes the support of

^ EN' ^ M (^ ee^ = ̂  ̂  EN' ^ M (^) ̂  = EN' n M (4

By 6.7 it follows that ^eAlgN^N.

We shall now compute EN^())- Let p be the algebra Qf^kf1 so that
l,k

N c P c M . Then Ep(^o)=EEp(^^o^)=ZakEp(/k). Using the preceding nota-
tions, we have

Ep(/0=1 ZEp(4^)=1 Z 4Ep(^)= -L- E 4
Î i "kl i ^l^l i

But ^ ̂  e Ngfc ̂  i c: P so that there exists a unique projection q^ in N^ such that

^k f1 = Z 4- Note that ^ is the sum of b^i minimal projection in N^. Hence
i

EN (/,) = EN Ep (/,) = -1- EN (^ /')
"ti ̂

1 BN^^/^-^-^EN^/'), —r^i \~LK ~ j / ,

^fcf ̂  ^fcf ^fcf

1 T(^/') k 1 ^c^ 1 ^
-^ - ,———— —————^fc= —— ~^

fcfc^fci ^(^) \^u ^kSk bki Sfc

It follows that

EN(^())=IA— J-^
k b^i Sk
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and if we take o^ = —kl k then E^ (^o) = ̂  S ^fc-
2A^ fc

/c

Since ^^ is a projection and since the support of E^o) majorizes e^ we get

EN (^o) ^ ̂  ̂ o ^d ^ ls tne best constant for which this inequality holds.

Q.E.D.

From Theorem 6.1 and the last part of its proof we easily get:

6.9. COROLLARY. — X(M, N)=inf {| |EN(^)| | | e nonzero projection in M}.

Proof. — The inequality ^ allways holds (see the remark at the end of Section 2). In
the proof of 6.1 it was shown that there exists a projection ^eM such that E^o)
is ^-(M, N) times a projection. Thus HE^o) ||=MM, N), which yields the opposite
inequality.

Q.E.D.

We turn now to the computation of the relative entropy of N in M
(Theorem 6.2). From now on the inclusion N c M will be described in the following
way: For each feeK, leL we fix a finite set A.^i of cardinal a^ and identify [1, mj with
U (\i x [1, nj), where the intervals are integer valued and the A^ j's are supposed to be
k

disjoint. According to the above decomposition we shall fix a system of matrix units

for M denoted by (/^,o(fc,j)). <6L. ae^ ,i. beAk2,^ l ^ i ^ : k l . l ^ j ^ k^ and a system
of matrix units (̂ .), k e K, 1 ̂  f, j ^ n^ for N, and express the inclusion N c M by the
formula

ei,j= ̂  L f(a,i)(a,j)'
I e L a e Afc^ ;

The inclusion matrix [2] is easily seen to be A ==(a^ j^gK, ieL- I11 terms of these matrix
units the minimal central projections in N and M respectively, i. e. ^ respectively f\
have the form:

"k

<^Z4
i=l

"k

J = 2^ L^ L^ J (a,i) (a, i)'
f c e K i'=l ae A^ i

Note also that the conditional expectation E^ acts as follows:

F ( ft \ — t l „ k
^N I J (a, i) (a, j)) — — ̂ ip

Sk

k being the index such that aeA^i

EN(/LO(^))=° if a^b-

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



98 M. PIMSNER AND POPA

(Recall that ^, 5^ are the values of the trace on the minimal projections in Mj
respectively N^).

We shall denote by/^p aeAj^, the minimal projections in N' 0 M defined by:

"k

f^^LAa, o(a ,o for ^A^.
1=1 -

6.10 LEMMA. — L^ p be a minimal projection in M such that p ^ ^ f1. Ifu^e R+ ar^
defined by pflaP=UaP then

ENCP)== Z ^-^a
a e Afe( Sj^

m^i ̂  minimal projections in N, ^ ̂  ^.

Proof. — The map N e1' B x \—> xf[ e Mj- ̂  being an isomorphism and p being minimal in
M it follows that there exist minimal projections q^ in N^ such that/^/^, = u^ ̂ /^. It
follows that

BN(^)= E ^(flaPfla)= S t^E^)= E M^^

ae\u aeAkI a e Afc; S^

Q.E.D.

6.11. LEMMA. —Suppose {^Jiei ^ a partition of ^f1 (^e.^yi=ekfl) each y^ being a
i

positive multiple of a minimal projection in M. Then

^ T (T| (EN (Yi))) - T (r| 0^)) ^ - ̂  a^ ti In ^ + n^ a^ ^ In s^ + ̂  a^ ^ In fc^ i
ie\

where b^=mm[a^ nj.

Proof. — Write yi=c^p^ where C ( G I R + , and each 7?^ is a minimal projection smaller
than e^1.

To prove the inequality with b^i^n^ note first that for every zeN^, z ^ 0,
T(r|(z)) ^ r|(T(z))+T(z)ln(n^s^). To see this denote by T^ the normalized trace on
N^, that is Tfe=(l /n^Sfc)T, and apply the known inequality (property (6) in section 3)
Tfc(r|(z)) ^ r|Tfe(z).

It follows that:

ST(TI(EN(^.)))-T(T|^))

^ S r| (T (̂ ,)) + T (V,) In (n, 5,) - T (r( (j,))
ie!

= Z - ̂  (Yi) In (T (^,)) + T (j,) In (^ s^ - T| (c,) T/?,.
f e l
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Since p^ is minimal in M^,T(^)=^, and since ^yi==ekf\ ^ T (>\.) = n^ a^ ti so that we
finally get

^ - T Cy,) In (T (/?,)) - T (y,) In c, + T 0,) In (n^ s^) + T (j,) In c,
ie!

= — Ufe a^f ^ In tj + Ufc Ofcj ̂  In s^ -h n^ a^i ti In n^.

To prove the inequality with bj,i=a^ define the nonnegative numbers
M,,e[R+ bypj[p,=u,ipi.

Note that

(^) ^ ^1=1 for each f e l
a e Afc,;

and that Y,yi=ekfl implies
i

ST(C.M,P.)=ET(^.^)=T(^)
i e I i 6 I

so that

(^) Z^^-^
l 6 l

Moreover the preceding lemma shows that

EN(^)= S c^ai-1^ where T(^)=Sfc.
aeAfef S^

It follows that

S(T(T|(E^)))-T(TI(^)))
l 6 l

= E ^ f ^ f Z ^^^^)-T(TI^))
i-el \ VaeAfc f S^ //

^Z I ^f^f^^-^)^))-ST(Tl(c,)^)

i aeAfcA \ \ Sfe/ // i

=Z E rl(^^-L)sfc-Er|(c,)^
i aeAk,i \ 5fc/ i

=E E ^a^ln^-^ ^ c,M^,^lnc,
i a e Afe^ i a e Afc, |

-S S ^^f^ln^-S S c,M^,^ln^4-S^^ln^
i a e Afcj i a e Afe^ i

The inequality used above is the well known T(r|(x+jO)^T(r| (x))+T(r| (y)) (property
(5), Section 3).
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Property (^) implies that the first term equals n^a^ti In s^ and the forth term equals
— n ^ a ^ ^ l n ^ while (^) shows that the second and last term annihilate each
other. Finally the concavity of the logarithm, (or the technical lemma 3.6) shows that
the third term may be majorized by:

- Z c,ti ( ^ u^ In u^ ̂  ̂  c, ti In a^i = Ufc a^ ti In a^
i a e Aki

Q.E.D.

6. 12. PROPOSITION :

H(M|N)^-^m^ In ^+^m^ In m^^n^ In ̂ -^n^ In n^-^-^ n^ti In c^ ^
I k k k, I 1

\vhere c^= min {n^ . ̂ 1, 1}.

Proof. — It is sufficient to consider partitions of the unity in M consisting of positive
multiples of minimal projections in some M^. Let {xn}^^ ^^ be such a partition and
write Xii=Cnpi i with c^ ieR+ and/?, i a minimal projection in M^. Define the nonnega-
tive numbers u^ n by:

(1) Pil^fpii^Ukiipu,

so that:

(2) ^ flpilek f1 = Ukuqku, qku being a minimal projection smaller than e^f1.

Applying the trace in (1) and (2) and using ̂ x,i=f1 ̂ Y/^, T(^)=T(<^)=^ one
i k

gets:

(3) s u^=\r
keK

(4) S^^^^^^^
i

. (5) E^^=m^^
i

For each feeK, <eL fixed, apply the preceding lemma with ̂ ^^x^^ to get

ST(T^(EN(^x,^fc)))^^T(r|(^x,^fc))+n,^^ln5AZ

s^b^
= E ̂  Ol (^« Mfe,^) ^fc,^) + ̂  o^ ^ In -fe

ti

where b^=mm[a^ n^}.

It follows that

^(T(TI(EN(^))-T(TI(X,,))
i, j
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= I ^^(EN(^^)))-I:T(TI(^))
f, I, k ^ ^

= E ^^(EN^^^-ET^^))
1. I. fc ^ J

= E n (̂  ̂ ) ̂  + E ̂  ̂  r, In 5AJ - ̂  T (T| (x,,))
l' f' fc fc. f ^ I, I

= - E ^Wf In c,i- E c^i^ In M^
i ' l ' k i, Ik

+ E ̂  ̂  ̂  /5fc-^ +1; c,, ?, In c,,.
k, I t^ ^ i

Since ̂ u^i=\ the first and last term vanish.
k

Applying the technical lemma 3.6 to the second term, noting by (4) that

L Cu Ukuti-u^ au t, and obviously ̂  n, a,, (, = m, t,, we can majorize further by
' k '

Y i - T n n f 1« ( nk au ̂ ^ • -^ , S^b,,,L\ L^akitiint——— I+^^ ay ((In-*-"
• v k \ mltl / / k, l ti

- V n a t In ^wli st fc" ̂  V 1 /W, Si \- L "k^iti In I — - — l= ̂  n^f in -! -t c,, .
>;> ' \ ^ "A ̂ i/ t. ( \ t, ^ /

where c^=min{n^i, 1}.

This is the desired estimate since

E^M^W;^ and E"tak(t)=?Vk.
* i

Q.E.D.

The rest of this section is devoted to the proof of the opposite inequality, by exhibiting

a partition of the unity in M with entropy equal to the right hand side in

theorem 6.2. Looking at the proof of the inequality just obtained we see that we have

to get equality at two stages, on the one hand under each e" /' (Lemma 6 . 1 1 ) and on

he other hand in each M, (Proposition 6.12). This is the content of the following two
lemmas: °

6.13 LEMMA. - Let feeK and leL be fixed. There exist

[ P a i S i e [ l , n^, a e A^

orthogonal projections in M, p^ f\ ̂ p^e^1 and such that
a, i

^ ̂  (EN (A,,)) = t, In ̂ , for every i e [1, nj, a 6 A,,,
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\vhere fc^=min{a^, n^}.

Proof. - Let us identify A^ with Z/a^Z and [1, nj with Z/n^Z.

If ^, f ̂  ̂  let us embedd n^ copies of the matrix algebra of dimension a^i into Mgk . i
by

„» , . n
Is, s+ t——J (s, i+s) (s+f, i+s+f)?

"k

where ^ ̂  denote the matrix units in © M,, M^^^. If ?. \is a primitive rpot of
l C = l " ' ' ' ' ' ""

order a^ of the unity, X-=exp(27if/a^), then

^af == — E ̂ ^^ + p ^ e [i, ̂ j]
^s, r

are the minimal projections of a maximal abelian subalgebra in each M^ so that

1 ^
Pai=—— S ^/'(^f+sXs+r, 1+5+0

^ s, t-l

Sire minimal projections in M^ ^ i such that ^^i^^/^
a, i

Moreover

1 flk! 1 akl t1

^(Pai^ —— E ^^(/L f+s) ( s+ t , i+s+())= —— E ^ ^+s, (•+,.
^fs, (=1 ^s=l5

Since ̂  ^n^, ̂ , ,+^-K, ,+,=0 for s^?, /^s, t^a^ so that

T(T^(E^J)=f--A-ln-^^^5fc=^lnak^
\ ^iSf, akisj ti

If a^^Ufc then we embedd in the same way a^ copies of matrix algebras of dimension n^
in M^k ^ i to get the desired projections as

1 nk

Paj~ 2-» ^ J ( a + s , s)(a+s+t, s+t)?
^s, (=1

with

, /27cA
?i=exp ——

\ ^ /

As in the case a^^n^ we get

1 ^
EN^-)=-S -fc^S

^5=1 •S'
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and

^^^(Pa,jW=t^nnksk

^
Q.E.D.

6.14. LEMMA. - For each leL denote

Q={feeK|A^0} and B^=A^x[l , nj.

For every family {p,} be U ̂  of minimal projections in M, such that ^ p^e^ffor
kecl beBki

every keC, there exists a partition {x,}^ o/^(i.e. ̂ x,^; x^O) mth the properties:

(1) ^•=c^., c ,eR+ and q, a minimal projection in M^

(2) ek x, ek = c, (n, a,, r,/m, r,) ̂ ^ , wf^ q^ €{p,\beB^} for each k e K, i € I.

pnw/ ~ ^^(/^ec^ n B^ a multiindex. Since ̂ ^^^ it follows that p . p .
keCi J k ^ ^ J k ^ J k '

==0 if k^k\ k, ^eQand since the p^s are all minimal in M, we may embedd in M

(nonunotally) a factor M, pf dimension c,, equal to the cardinality of Q, in such a way
that the p^s are the minimal projections of a maximal abelian subalgebra in M. In
M, we can moreover find c, unitaries denoted u^ k eQ, such that : J

(i) ^, , belongs to the maximal abelian subalgebra generated by the projections p
and -' f j Fj^

(n) (l/^) E u^xuf^ ,= ^ ^x/?,, (this means that they define the conditional expecta-
k e Q k e Q ^

tion of M, onto the considered maximal abelian ^-subalgebra).

Let us also fix a minimal projection ^.eM; with the property that

(in) Pjk(ljPjk=^klti/m^)p^ for every feeC, This is possible because
L ^^kiti/mit^l.

keCi

The partition {xj^i is defined as follows:

The index set I is equal to f] B^ x Q and
keCi

mix]k=^—u^u'k•^ 11 ",a,inn^
seCi

The first property of the lemma in obvious so we check the second. Since «., belongs
to the C* algebra generated by the projections p,, and ̂  ̂  e" it follows that '

e"0 u,» = a .̂̂ , where a e C, | a | = 1. Hence

^wT^p^p^^^,
Hliti
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Finally we check that {x^.gi is a partition of/^.

Using (ii) we get that

z z ^= z c^ z pjs^jpjs—11—
jeHBki seCi j e II Bfcf s e Q ^ 1 1 n^ ^fcf

keQ

_ V V n^^ n ( ^ \

~ L L ———"^.M FT———— /
j e l I B ^ s e Q ^lh \ [ [ Hfc ̂  /

f ceQ

_ v v ^v^z / ^ \
~~ L L ——T"^^ rr——— /

seci jenBki ^1^1 \ 11 ^^/
f c6Q

^^^^^^f^s___^___

seci miti k^s 11 n^i
keCi

^ Y ^ ̂ l ̂  ml rl s^ rl

seQ w^j n,̂

Q.E.D.

We can now complete the proof of theorem 6.2. The partition of the unity is obtained

in the following way: For each keK and /eL let {pb}beBki (^kl=^klx[^ n^S) be the
projections constructed in Lemma 6.13. Applying to these projections lemma 6.14, for
each J, we get a partition of the unity in M {x^gi j g L wlt^ t^ following properties:

(1) x^=cnpii, c^e lR+, 7?^ is a minimal projection in Mj.

(2) ekXilek=Cil(^kaklt^/mltl)q^ ^ ^ wlt^ ̂  a minimal projection in M^.

(3) T (T| (EN {q^ i, k))) = ti In (b^i s^ti) where ̂  = min {a^ ^ }. Thus we get also

(4) 1^^=^ and^(^fc)=^

It follows that the entropy of the partition x^ is equal to

T(TI(EN(C,,^)))-Z((^^))E
i, I i, I

= Z T (TI (EN (c,, ̂ ^,, ̂ k))) + ̂  c,, ̂  In c,,
i, I, k i, e

= Z TfriL'^^^EN^^
f, I , k \ \ l^ltl ) ) i,l

\-- ( ( n fca fcf r f^c / \\= s ^m ^—— EN(^)
i, i , k \ \ miti ) )

+ ^ T^^'^^JEN^,^
f, f , f c \ ^itl )
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=- ^ c.^^ln^^ ^ ^"^In^
l. J. fc m^ ^i i, i , k l mi ti

+E^lnc, ,=- ^ c.^^inc,
I. ^ i, i, k mi

, y ^kiti, / Sfc m, b^\+ Z. c^——— In — — — + ̂  en ti In c,,.
.^ m, \n, t, a,J ^ ll

Since ^n,a^=mi the first and last term disappear and using that S^=w^, the

second term becomes:

S i sk ml^a^ln-^-1^,

which gives the desired result since

L^^i^^m^i and T.nkakltl=^ksk•'fc ̂ i tl = i^k
i

Q.E.D.
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