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ENTROPY AND INDEX FOR SUBFACTORS

By Minar PIMSNER and Sorin POPA

Introduction

Let M be a type II, factor with normalized trace T and Nc=M a subfactor. In a
recent paper [13] V. Jones considered the coupling constant of N in his representation
on L?(M, 1) as an invariant for N up to conjugations by automorphisms of M. He
calls this invariant the index of N in M and denotes it [M:N]. In the case M and N
are the group algebras of some discrete groups G, =G, [M: N] is just the index of G, in
G. This exemple provides the motivation for the notation and for the name “index™. It
also suggests that [M: N] may take only integer values. However, even in the hyperfinite
II, factor R one can construct subfactors of any index =4 just by identifying the reduced
algebras of R by the projections f, 1—feR (c¢f. [13]). The situation is much more
complicated when one requires N to have trivial relative commutant in M,
N'NMM=C. As a consequence of the properties of the coupling constant Jones shows
that in case [M:N]<4 the condition N'M\M=C is automatically fulfilled. He then
proves the striking result that if the index is less than 4, then it can only take the values
4 cos® n/n, n=3. Moreover for each

ke{4 cos’n/n|n=3}U[4, )

he constructs in a natural way a subfactor in R having index k. We denote it in the
sequel by R, where A=k~ !. For index greater than 4 these subfactors have nontrivial
relative commutant (cf. [13]). It is worth noting that the pairs R, =R are obtained as
increasing limits of finite dimensional subalgebras A, < B,, such that the corresponding
conditional expectations commute.

There are at least two important problems arising from Jones’ work: (1) Find the
possible values of the index on the halfline (4, o0) in the trivial relative commutant
case. (2) Classify the subfactors of R having the same index.

This paper originates in our attempt to get more insight on these and other index
problems.

We begin by considering M as a module over its subfactor N and get an interpretation
of the index as the dimension of M over N. Then we obtain some formulas for [M : N}
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58 M. PIMSNER AND POPA

expressing the flatteness of the positive elements in M when projected on N. Further
we introduce the Connes-Stormer relative entropy H(M|N) as an invariant of N up to
conjugation. Quite surprinsingly the relative entropy is very closely related to the index
and is actually finite whenever the index is finite. In fact we obtain an explicit formula
of H(MIN) depending on the index and the relative commutant of N in M. By this
formula, if N "\ M=C then H(M | N)=In [M:N]. But more interesting is that for small
enough index, e. g 4<[M : N]<3+42 \/Z the converse is also true: if H(M | N)=In

[M:N] then NN\ M=C.

In more detail the main results of the 6-sections are as follows.

In section 1 we prove that the index [M:N] is finite if and only if M is a finitely
generated projective module over N and that if this is the case then M has an “ortho-
normal decomposition” over N. This result was obtained independently by U. Haagerup
(paper in preparation). We use this to get some duality type results similar to the case
when M is the crossed product of N by a finite group. Moreover, using the “ortho-
normal decomposition” we show that if the index is finite then M and N have the same
type of central sequence algebra.

In Section 2 we prove the formulas for the index. We show that if A=[M:N] !
(with the convention oo ~'=0) then Ey(x)=Ax for all xeM, and that A is the best
constant for which this inequality holds (Ey denotes the trace preserving conditional
expectation onto N). Along the line we also prove that A is the infimum of all the
norms || Ex(f)|, f running over the nonzero projections in M. We then define for von
Neumann subalgebras B, cB,cM the constant X(Bz,Bl)zmax{kgOIEBl(x)g
ALEg, (x) for all xeB,, } as a remplacement of the index when B,, B, are not necessary
factors (the definition actually works for arbitrary von Neumann algebras, whenever
there exists a normal conditional expectation from B, onto B;). The consideration of
the constant A makes possible the computation of the index whenever the pair NcM is
the inductive limit of pairs of finite dimensional algebras, under certain compatibility
conditions.

In Section 3 we recall the definitions and basic properties of the Connes-Stérmer
relative entropy H( | ). We also prove some technical results and note the important
relation between H and the constant A( , ) namely HZ —In A.

Section 4 contains the computation of H(M | N) for II, factors: if N’/ M has a diffuse
part then H(M ] N)=o0; if N'MM is atomic and { f, } are minimal projections in
N'NM such that Y f,=1 then HMM|N)=Y t(f,) In (M, : N J/t(f,)?). As a conse-
quence we characterize the pairs of minimal and maximal entropy (for a given index). In
particular we obtain the earlier mentioned condition for N to have trivial relative
commutant in M.

Section 5 deals with applications. We show that Jones’ pairs of subfactors R, =R
are of minimal entropy. Then we consider a family of automorphisms ®, of the
hyperfinite factor R, related with the construction of the subfactors R,,
Ate{4 cos’n/n|n=3} U4, ), and compute their entropy. For L™!>4 we show
that in fact ®, are noncommutative Bernoulli shifts.
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ENTROPY AND INDEX FOR SUBFACTORS 59

In section 6 we compute A and H in the finite dimensional case thus providing a tool
for computing the index and the entropy for pairs of hyperfinite factors N<R that can
be obtained as inductive limits of appropriate pairs of finite dimensional algebras. It is
an open problem whether any pair N<R of finite index can be realized in this way. But
anyway it seems reasonable to believe that, if ¥ denotes the set of all possible values of
the index of subfactors with trivial relative commutant, then, as in the case <4, for any
k e %y, k>4, there exists a subfactor of R with index k and trivial relative commutant,
such that the corresponding pair of factors is the inductive limit of pairs of finite
dimensional algebras as before. Thus to characterize %y at least for small values of the
index k (e.g. k<3+2 \ﬁ) it would be enough to construct sequences of finite dimensional

algebras such that the limit of the entropies equals the limit of the logarithm of the
index. By our results this would avoid the computation of the relative commutant
(which is usually very difficult).

We would like to thank Dan Voiculescu for fruitful conversations and constant

encouragement. We are also grateful to Vaughan Jones for a useful long term correspon-
dence and for providing us an early version of his work.

0. Preliminaries

In this section we fix the notations and, for the convenience of the reader, recall some
of Jones’ terminology and results in [13], to be more frequently used in the paper.

Throughout M will be a finite von Neumann algebra with a fixed normal faithful
trace 7, t1(1)=1. We denote by ||x|,=1t(x*x)"/? the Hilbert norm on M given by t
and L?(M, 1) the completion of M in the norm || ||,. Thus L>(M, 1) is the Hilbert
space of the GNS representation of M, given by 1, and M acts on L*(M, 1) by left
multiplication. This representation of M is called the standard representation. The
canonical conjugation on LZ(M, 1) is denoted by J. It acts on the dense subspace
McL2?(M, 1) by Jx=x* Then J satisfies JMJ =M’ and in fact JxJ is the operator of
multiplication on the right with x* : JxJ(y)=yx*, yeMcL*(M, 1).

If NcM is a von Neuamnn subalgebra (1y=1,) then Ey denotes the unique t-preser-
ving conditional expectation of M onto N [24]. Ey is in fact the restriction to M of the
orthogonal projection of L?(M, t) onto L?(N, 1) (which is the closure in L?(M, 1) of
N). We shall denote this orthogonal projection by ey, or simply by e, if no confusion
is possible. The following properties of e=ey are easy consequences of the definition
(see [13], 3.1.4, and also [5], [12]).

0.1 exe=Ey(x)e, xeM;

0.2 If xeM then xeN iff ex=xe;

0.3 N'=(M"U{e})"

0.4 J commutes with e.

By 0.3, 0.4 it follows that if M, denotes the von Neumann algebra on L*(M, 1)
generated by M and e then M, =JN"J. This is called the basic construction for NcM
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60 M. PIMSNER AND POPA

(cf. [13]). We now list some of its properties ([13], 3.1.5):

n

0.5. Operators of the form a+ ) a;eb; with a, a,, b,eM, give a dense *-subalgebra
i=1

in My;

0.6. Naxr>xeeeM, e is an isomorphism;

0.7. The central support of e in M, is 1;

0.8. M, is a factor iff N is;

0.9. M, is finite iff N’ is.

If M, satisfies 0.9 and if there exists a trace 1, on M, such that 7, | y=1 and Ey(e)=2A
1, where Ey is the t,-preserving conditional expectation of M, onto M and A>0is a
scalar, then we say that (M, t,) is a A-extension of M by N. By 0.5 it follows that if
such a trace 1, exists then it is unique.

If M is a finite factor and acts on the Hilbert space s, the Murray and von Neumann
coupling constant dimy s is defined as t([M’E])/v" ([ME]), where O0#Eec# and for
A c % (H) a von Neumann algebra [A £] is the orthogonal projection onto AE. Tt is
shown in [18] that this definition is independent of £#0. For a pair of finite factors
NcM V. Jones defined in {13] the index of N in M, [M:N}, to be the number
dimy (#)/dim,, (#) or equivalently dimyL?(M, 7). In particular, [M: N] is a conjugacy
invariant for N as a subfactor of M. In the case NcM comes from the group
construction in [18], for some L.C.C. discrete groups G, <G, then [M: N] coincide with
the index of G, in G. Another important example to be noted is when M is the crossed
product of N by some outer action of a discrete group K, M=N XK, when [M:N] is
just the cardinal of K.

The index [M:N] has all the nice properties of the index for subgroups (see [13],
2.1.8):

0.10. M:M]=1;

0.11. [M:N]=1;

0.12. If NcPcM then [M:P] [P:N]=[M:N], [M:P]£[M:N] with equality iff
N=P.

Note also that [M: N]= o0 iff N’ (or equivalently M,) is of type II..

If [M: N]< oo then M, is a finite factor and so it has a unique normalized trace, to be
denoted also by t (as the trace of M). Moreover if A=[M:N]"! then it follows that
M;=(MU{eyx})” is a A-extension of M by N (cf. [13], 3.1.7). In this case we simply
call M, the extension of M by N. Then the pair of finite factors M cM, satisfies the
important relation [M: N}=[M,: M] ([13], 3.1.7). So, by using the basic construction,
from a pair of factors N=M of finite index k=[M:N] one can get a new pair of facors
M c M, with the same index, [M, : M]=k. It turns our that in fact the basic construction
is generic for subfactors of finite index. More precisely Jones showed in [13], 3.1.9
that if Nc M are type I, factors with [M: N]J< oo then there is a subfactor N, <N such
that M is the extension of N by N, i.e. there is a projection ee M with Ey(e)=[M:N] ™!,
[e, N;]=0 and exe=Ey, (x)e for xeN, such that M is generated as a von Neumann
algebra by N and e. We shall sometimes refer to the construction of N, as the downward
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ENTROPY AND INDEX FOR SUBFACTORS 61

basic construction. This construction is no more canonical as it is the usual basic
construction, because the sub factor N; <N and the projection e with the above properties
are not unique. However we shall prove in Section 1 that any two such subfactors N,
of N are conjugated by a unitary element in N.

Now we mention two useful formulas relating the index [M: N] with the index of the
induced algebras M, Np, where pe N" MY M ([13], 2.2).
0.13If [M:N]<o and pe NN\ M is a projection then

[M,:N,]1=[M:N]t (@)t (p),

where 7’ is the unique normalized trace on N,
0.14. If p;e N\ M are projections with ) p,=1 then

[M:N]=Y.[M,, : N,}/t(p).

We note that if [M:N]< oo then 0. 14 follows by 0.13 and it is easy to see that if
[M:N]=o0 then ) [M,, : N, ]/t (p)=o0.

These formulas allow to compute the index of the following example of factors NcM
([13], 2.2.5): Let M be a type II, factor and >0 in the fundamental group &% (M) of
M (so that M is isomorphic to its amplification by o, M,). Let feM be a projection
such that 1(f)/t(1—f)=a and denote by 3 an isomorphism of M, onto M, _ [it exists
by the assumption ae # (M)]. Denote N={x @ 8(x)|xer }. Then 0. 14 applies to
get [M:N]=1(f)"*+t(1—f)"L

Another important consequence of 0.14 is that if [M:N]j<4 then
NN M=C. Moreover Jones proves in [13] the remarkable result that if [M : N] <4 then
the only possible values for [M: N] are {4 cos®n/n | nz3}.

1. Factors as modules
over their subfactors

If NcM are type II, factors then in particular M may be regarded as a right Hilbert
N-module [22] with N valued inner product Ey(m¥m,). We shall prove in this section
that M is a finitely generated projective module over N iff the index [M:N] is
finite. Since projective modules over II, factors are of a simple form, this will make
possible to chose an “orthonormal basis” of M over N. Such a basis yields a decomposi-
tion of L?(M, 1) into n copies of L? and a “remainder”” and it is a useful tool for proving
several duality type results.

For the next two lemmas we only assume M to be a finite von Neumann algebra (not
necessary a factor). The notations are those of Section 0.

n

1.1. LeMMA. — Operators of the form Y. a;eyb,, a, b;e M give a dense *-subalgebra

i=1
inM; =(M U {ex})"
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62 M. PIMSNER AND POPA

Proof. — The relation eyxey=Ey(Xx)ey shows that these operators form a
*-subalgebra. To see the density it suffices to prove that the projection onto the closure
of MeyL?(M, 1) is the identity on L?(M, 7). But this projection is the central support
of ey in M so that 0.7 yields the conclusion.

QE.D.

1.2. LemMmA. — Suppose M;=(M U {ex})” is a A-extension of M by N. For any
xeM, there exists a unique meM such that x ey=mey,.

Proof. — Let E,, be the t,-preserving conditional expectation of M; onto M (where
the trace 1, on M, make it into a A-extension of M by N). Of course if m exists then
it must equal A~ ' E,(xey). The weak continuity of E, implies that we only have to

n

prove the existence part for x in a dense subset of M,. But for x= ) a,exb, a;, b;eM,
i=1
Xen =(Z a; Ex (b)) ex.
i

QED.

In the rest of this section N <M are assumed to be factors such that [M: N]< co.
If o >0 we shall identify the elements in the amplification N, of N with (n+1) x (n+1)
matrices (a;;); ;); ; where n is the integer part of o and the entries a;; satisfy a;;eN,
a; w+1€Np, a4y €PN, a,4y ,+1€pNp, where peN is a fixed projection of trace a.—n.

1.3. ProPoOSITION. — There exists a family {m;}, <;<,+1 of elements in M, with n equal
to the integer part of [M: N, satisfying the properties:

(a) Ey (mf m)=0, j#k;

() EN(m;'kmj)= L, 1=5jsn

(c) Ex(m¥,. m,.,) is a projection of trace [M:N}—n. Moreover any such family
satisfies:

(1) m;ey are partial isometries, | Sj<n+1;
n+1

(2) Y mieym¥=1,
j=1
n+1
(3) Y. m;m}=[M:NJ;
ji=1
nt1l
(4) Every meM has a unique decomposition m= Z m;y; with y;eN,
j=1

Vne1 €En(myy ym, i )N
If {m}} <jcn+r 1is another family with the properties (a), (b), (c) then
(Ex(m¥m)); ;=(aip)1<i, j<n+1 iS a unitary element in N, (where a=[M:N] and N, is the
a-amplification of N) such that
n+1

7
m,= Z m; ay,.
=1
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ENTROPY AND INDEX FOR SUBFACTORS 63

Proof. — Llet g,, ..., 8,4+, be a family of pairwise orthogonal projections in the
extension of M by N, M, satisfying t(g;)=[M:N]™ %, 1<i<n, 1(g,,,)=1—n[M:N] "},

n+1

Y g=1. Choose partial isometries v;€M, such that v;vF=g;, 1<j<n+1, vfv;=ey,
i=1

15j<n, v}, 0,.;Sex. Lemma 1.2 then implies the existence of {m;}?X] such that
vij=m ey. Since vfv,=0 for j#k it follows that O=eym} m,ex=Ey(m} m,)ey, so that
Ex(m¥m,)=0. Further  Ex(m}fmj)ey=exm}m ey=ey, 1<j<n, so  that
Ey(m¥my)=1 and similary Ey(m},, m,, )ey=fey where feN is a projection such that
(g )=1(fen)=1(NT(ex) =T(NH[M:N]"". Thus Eyx(my, m,,)=f and 1(f)=
7€+ ) [M:N]=[M:Nj—n.

Let {m}}<;<n+:1 be another family satisfying (a), (b), (¢). If 1=j=<n then
exm;* mjey=Ex(m* m}) ey=ey so that mjey are partial isometries and similary m,, , ey
is a partial isometry. Moreover by (a), 0=Eyx(m*m;)ex=exm;*m; ey, for j#k, so
that mjey have mutually orthogonal left supports and by (b), (c), mjeym}* fill up the
identity in M;. Applying the conditional expectation Ey of M, on M we also get
1=Ey(} mjexm*)=[M:N]"'Y m;m/*. This shows that m} satisfy (1), (2),
(3). Finally if meM, by (2) we obtain that ) m;Ex(m}* m)ey=> mjexm[* mey=mey
which shows that m=Y) mjy; where y;=Ey(m{*m). This decomposition is easily seen
to be unique by (a).

Let now mj=Y mb,; be the decomposition of m] in the given basis {m;}. Then
mimi=) m¥mb,; so that Ey(mfm))=) Ex(m¥m)b, which by (a), (b), (c) equals

b, Thus b;;=a;. Also by (2) we have

ij ij

* _ % E3 ’ - g3 ’ — % ’
Zaki“kjeN-zeNmi mpenm; m;en=exm; mjeN_EN(mi mj)eN
k k

and since { m}} satisfy (a), (b), (c), (a;5);, ; is a unitary element in N,.
QED.
1.4. Remarks. — 1° By (4) in 1.3, the family {m;}, ;.,+, forms an “orthonormal
basis” in M with respect to the N valued inner product Ey(m¥ m,), m,, m,e M.
2° Property (3) in 1.3 shows that if [M:N] is not an integer then one cannot find an

“orthonormal basis” of n unitaries m,, m,, ..., m, plus a remainder.
nt+1

3° At the L*>(M, 1) level one gets the decomposition L>(M, 1)= @ m;N [the closure
j=1

is in the | ||, topology on L?(M, 1)]. The orthogonal projections g; on m; N are

equivalent in M, with ey=1N, 1<j<n, while m,,, N is equivalent in M, with the
projection on Ey(m¥, ; m,. ;) L*(N, 7).

4° From 1° it follows that M is isomorphic as a right N-module with
N*® Ey(m},;m,, )N so that M is projective and finitely generated.

Conversely if M is a finitely generated N-module then there exist m,, ..., m, e M such
that M=) m;N. Thus M=) Nm* This means that the unit in N’ can be filled up
with k cyclic projections. Thus the coupling constant of N is <k, so that [M: N]<k.
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64 M. PIMSNER AND POPA

Note that since N" @ Ex(m*,, m,.,)N is of the form p N"*!, where p is a projection
in the n+ l-amplification of N with t(p)=[M:N]/n+1 it follows that the class of M in
K, (N) is equal to [M:N] via the usual isomorphism K, (N)~R.

For the next proposition we shall denote by o, the amplification of the *-morphism
c:N->M,ie o,: N,—» M, acts on the entires of the matrix.

1.5. ProposITION. — Let NcM be type 11, factors with finite index a=[M:N]. Let
McM, =M, be the factors obtained by iterating the basic construction, i.e. M is the
extension of M by N and M, is the extension of M, by M. Ifi: N->M,j: M, - M,
are the inclusion maps then there exist isomorphisms p : N, - M,, 6 : M, - M, such that
the diagram

iﬂ
N, - M,
°l 1
j
M, - M,
commutes.

Proof. — Let us first show that any family {m;}, ;<,+; <M as described in the

preceding proposition defines a *-isomorphism p: N, - M, by
P(ViD1si, jsnt1) =2, My eym¥. Since eymey=Ey(m)ey, p is easily seen to be a
i, j

*-homomorphism.

Since the algebras involved are simple, p is injective. To show that it is surjective, let
xeM; (= (MU {ey})”)and write

x=Q mexmH)x(Q m;exm¥) =3 m;exm¥ xm;exm¥.
: r i

By 1.2 there exist elements g;;€eM such that m}xm;ey=a;ey so that

x=) meya;eym¥=) m;Ey(a;)eym}. This concludes the proof that p is an isomor-
i, j i, j

phism.

To prove the commutativity of the diagram note that the family
{a "’ mjeq}1<;<ns1 =M, satisfies the properties (a), (b), (c) of 1.3 for the pair
McM,. By the first part of the proof this family implements an isomorphism ¢ of M,
onto M,. So all we have to prove is that the map

(2
M, 9(xij)i, il Z (o 1z m; ey) Xij ep.(a” 12 en m;") eM,
i j

takes values in M, when restricted to N, This follows from the fact that
eneyen=[M:N] tey=a"ley (cf [13]).
QED.

1.6. Remark. — The isomorphism between N, and the extension of M by N, M, in
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ENTROPY AND INDEX FOR SUBFACTORS 65

the preceding proposition is just the fact that N and M, are Morita equivalent via
M. The second statement may be viewed as an analogue of the duality for crossed
products by finite groups, and express the fact that M, is obtained by inducing the
module M.

The next proposition gives another type of duality results, connecting unitaries in M
to projections in M, (the extension of M by N).

1.7. ProposITION. — Let % (M) denote the unitary group of M and A" (N) the normalizer
of Nin M. Forue¥ (M) let ¢ (u)=ueyu*ecM,.

(1) The map © induces a one to one correspondence between % (M)/% (N) and the
projections p in M, with By (p)=[M:N]"1.1,, Moreover Ey(1)=0 iff ey ¢ (1)=0.

) Q.E.D.

(i) The map ¢ induces a one to one correspondence between A (N)/% (N) and the
projections p in N' M, with Ey(p)=[M:N]"1.1,,

Proof. — (i) Since ey commutes with #(N) and E,, (ueyu*)=Auu*=A (where
A=[M:N]™Y), ¢ induces the desired map. If @(u;)=0(u,) then u}u, ey=eyulu,, so
that ufu, eN (¢f 0.2). To see that ¢ is onto let peM,; be a projection with
Ey(p)=A. In particular t(p)=A so that p is equivalent in M, with ey. By 1.2 there is
meM such that meym*=p and applying E, on both sides we see that mm*=1, i.e.
me (M).

Moreover if ue# (M) then Ey(u)=0 iff eyuey=0 iff eyueyu*=0.

(i) If ue A" (N) and yeN then

ueyu* y=uey (u* yu) u* =u (u* yu) ey u* = yuey u*.

Conversely if ueyu*y=yueyu* then u*yu commutes with ey so that u*yueN. So we
have to prove only the surjectivity, which follows by (i).
QED.
We show now that the downward basic construction ([13], 3.1.9; see Section 0) is
unique up to unitary conjugacy.

1.8. CoroLLARY. — Let NcM be type 11, factors with [M: N]< co.

(i) If eeM is a projection such that Ey(e)=[M:N] '.1, then P={e} NN is a type
I1, factor, [N:P]=[M:N] and eye=E,(y)e for all yeN. Thus M is the extension of N
by P.

(ii) If e;, e,eM are projections such that Ey(e)=[M:N] *.1y, i=1, 2, then there
exists a unitary element ueN such that ue, u*=e,. Moreover if P;={e;}’ "N are as in
(i) then uP, u*="P,.

Proof. — By [13], 3.1.9 there exists a projection ¢, €M and a subfactor P, < N such
that Ey(ep)=[M:N]"'.1y, [eq Po]l=0, eoyeo=Ep,(1)e, for all yeN and
[N:Py]=[M:N]. If eeM is another projection with Ey(e)=[M:N] !. 1 then applying
1.7 (i) to the pair P, < N it follows that there exists a unitary ueN such that
uequ*=e. Thus uPyu*=u({e,}’ N N)u*={e} M N=P and the rest of the statement
follows now easily.

QED.
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The next proposition is motivated by the following example. If M is a II, factor and
G is a finite group of outer automorphisms of M, then the relative commutant of the
fixed point algebra M®=N in M XG is isomorphic to L(G). Moreover the extension
of M by N, M,, is isomorphic to M XG and ey=eyc corresponds to the projection in
L(G) determined by the trivial representation of G.

1.9. PropositioN. — Let N = M be 11, factors with [M:N]j=A"'<coc. Suppose that
N'NYM=C.L

(1) The trace of every projection p in N’ (\\ M, is greater than or equal to A

(2) If the trace of the projection pe N’ M\ M, equals A, then p is central.

(3) More generally if peN' N\ M, and t(p)<(k+1)A then p lies in a factor-summand
of N’ M\ M, of dimension at most k (as usual M is the extension of M by N).

Proof. — It is enough to prove that it is impossible to have k + 1 mutually orthogonal
projections p;e N’ (MM, of trace less than (k+1)X which are pairwise equivalent in
N N M,.

Suppose the contrary and choose partial isometries

U, €My, 1<Sisk+1, 1=Ss=i+1
where a:=1(p;)=A.l+v, 0Sv<A, such that

v?,:sui,s:eNa 1§S§l, 1
VU1 =fSey 1<isk+
1+1
Y v 0¥ =p; 1<i<k+1
s=1
and

_ *
Wi_zviseNUk+1,s

1Zi<k are partial isometries in N’ M, such that
w,w¥=p, 1£igk
wEW;=pp iy

Put also w,,{=p,,;.

Note that e;;=w,w}

Wi 1=i,jSk+1, is a system of matrix units in N’ () M, such that

eil':pi, 1§i§k+1,
I+1

e;= 2. U ;envk.
s=1
Lemma 1.2 implies that each v, is of the form m; ey for some m; ;eM. Since
e;€N"M M, it follows that Ey(e;) e N'MM=C.1 so that
Ey(e;)=3;1(p)=a3;

4¢ SERIE — TOME 19 — 1986 — N°1 -



ENTROPY AND INDEX FOR SUBFACTORS 67

Applying the conditional expectation E,, on both sides of the equality

(*) I+1 1+1
€= Z VNV = Z m; enmy
s=1 s=1
we get
t+1
;=AY mym¥,  1Zij<k+1.
s=1

Since /<k the above relations show that the matrix

(M) 2 m=((M) 2 m,), € My, (M)

where

= m, for t<1,
b1 0 for t>1

is a unitary operator, so that [=k. Moreover if we denote by e the diagonal matrix
diag (e, ey, - - ->€x) and by a the matrix a=(e;);  formula (%) shows that mém*=a
and since (A/a)'?m is unitary, (A/o) @ must be a projection. But a®?=(k+1)a so that
a=(k +1)A which contradicts our assumption that a=1(p) <(k+1)A.

QED.

It is natural to expect that if N = M are II, factors with finite index [M: N] then M
and N share many properties, or even that they are isomorphic. For instance, by
Connes’ theorem it follows that M is hyperfinite iff N'is (¢f. [13]). It turns out that in
general M and N may be nonisomorphic. In fact it is proved in [8] that there exists a
type II, factor N with a period 2 automorphism such that if M=NXZ/2Z then
¥ (M) #y (N), where y is the Connes invariant. Thus [M:N]=2 but M~N.

Yet there are some important properties that M and N have in common: existence of
nontrivial central sequences (i.e. property I of Murray and von Neumann [18]) or
splitting by R (i.e. McDuff’s property [17]). In order to prove these results we first
need to relate the index [M:N] with the index of the corresponding ultrapower
factors. This will be a simple consequence of 1. 3:

1.10. ProrosiTiON. — Let N = M be type 11, factors, ® a free ultrafilter on N and
N® < M® the corresponding ultrapower factors [17].  Then [M®:N®]=[M: N].

Proof. — If [M:N]<co then let {m;}, ;<,+;, be asin 1.3 an “orthonormal basis” of
M over N. We claim that {m;},c;<,+, is also a basis of M® as a module over
N°. Indeed, since Eyo((x,),) =(Ex(x,), it follows that {m;N“}, ;.,., are mutually

orthogonal subspaces and that (m;Ex(m¥x,), is the orthogonal projection of
n+1

x=(x,),€M® onto m;N®. Moreover x'=(m;Ey(m¥x,),em;N® and ) x'=x.
j=1

This shows in particular that if [M: N]< oo then [M:N]=[M®: N“].
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To end the proof note that L?(M, 1) is canonically imbedded in L?>(M®, t,) and that
if £, neL?(M,1) are such that N& and Nr are mutually orthogonal in L?(M, 1) then
N®& and N°n are mutually orthogonal in L?*(M® t,). Moreover if &, denotes the
image of 1 in L?(M, 1) then [NE] is equivalent to [N &} in N’ iff & is separating for N,
ie. xeN, xE=0 implies x=0. But it is easily seen that this holds iff xeN®, x£=0
implies x=0, which in turn means that [N®E&] is equivalent to [N®E,] in
(N®) < #(L*(M* 1,)). This shows that [M®: N®]|=[M:N] and thus if [M: N]= oo then
[M®: N®]=c0.

QED.

1.11. ProrosiTion. — Let M be a type 11, factor N = M a subfactor of finite index.
(i) M is a full factor iff N is.
(i) M is a McDuff factor iff N is.

Proof. — In both (i) and (ii) we only need to prove one implication. This is because
by 0.6N is isomorphic to a reduced algebra of M, (=(M U {ey})”) and because each
of the above properties is invariant to amplification (¢f. [7]). Fix o a free ultrafilter on
N.

(i) By Connes’ results [6] we only need to show that if N’ M\ N®=C then M’ M M® has
atoms. We shall actually prove that N’/ M® has atoms. Suppose on the contrary
that N’ M M*® is completely nonatomic.

But C=N"'N"\N® c N'\M®and Eye(N' N\ M®) <« N\ N®=C, i’e. N’ (" M® is ortho-
gonal to N® (see [21]). Since N’ (M M*® is completely nonatomic we can find an infinite
set of unitaries {u, },.n in N\ M® such that t(u,u*)=0 for n#m. Thus {u,N®}, are
mutually orthogonal in M® with respect to the trace so that [M®: N“]= o, in contradiction
with 1. 10.

(i) Suppose M is a McDuff factor and N is not. By (i) it follows that N has property
I so that N'\N® is a diffuse abelian algebra (cf. [6]). Since M"Y M*® is a type II,
von Neumann algebra (cf. [6]) it follows that N'N\YM® > M’ M*® is of type II,. As
we pointed out in (i) we have Eyo (NN M®) « N'MYN® Thus if yeN" M\ M® is such
that Ey. , ne ()=0 then E\e(y)=0. Let n=1 such that 2">[M:NJ]. Since N' "\ M® is
of type II, and N M N*® is abelian we can find, as in [21], a unitary element ue N M) M®
such that Ey . no(u¥)=0 for 1<k<2"—1. It follows that Eye(#*)=0 so that
{u*N®}o<rcony are mutually orthogonal in M® Thus [M®:N®22">[M:N],
contradicting 1. 10.

QED.

We end this section by mentioning an interesting consequence of [20] and of Jones
result that the basic construction is generic for factors with finite index.

1.12. ProposiTioN. — Let N @ M be separable type 11, factors with [M:N]<oo. If
any maximal abelian subalgebra of N is maximal abelian in M then M =N.

Proof. — By [13] there exists a projection e¢;eM and N; = N such that
e; xe; =Ey (x)e, for xeN, [e,;,N,]=0, Ey(e,)=[M:N]~'. By the hypothesis it follows
that NN M=C so that Ny YN=C (¢f. e.g. 1.5). Thus by [20] N, has a maximal
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abelian subalgebra A, = N, which is maximal abelian in N. But e, commutes with
A;(=N;) and E, (e,)=E,, En(e;)=[M:N]"! so that e, is not in A,, unless
e;=1. Thus if A, is maximal abelian in M then [M:N]=1 and M=N.
QED.

The preceding proposition is related to a well known problem of R. V. Kadison asking
whether if N < M are type II, factors and any maximal abelian subalgebra in N is
maximal abelian in M then M=N. By a counterexample in [21] this fails to be true if
the index [M:N] is infinite. Thus 1.12 seem to be the best positive result that can be
obtained in this direction.

2. Some formulas for the index

In the first section we considered the index of N in M only as a module-dimension. We
shall now provide a more analytical characterization of [M:N], depending on the
behaviour of the conditional expectation Ey on the positive cone of M: the number
[M: N] will show how “flat” Ey(x) can be, compared to x, xe M ,.

2.1. ProPOSITION. — Let M be a type 11, factor and N = M a subfactor of finite index
k=[M:N]. Then Ey(x)=k 'x for all xeM,.

Proof. — Since k <00, M is the extension of N by some subfactor N; = N (c¢f. [13],
3.1.9). Denote by eeM a projection implementing the conditional expectation of N
onto N,, i.e. Ex(e)=k™?, [¢,N,]=0, eye=Ey (y)e, for all yeN. If xeM, then by
the preceding section there exist ay, . . .,a,, by, ..., b, €N such that

x=0 a;eb)* Q. a;eb)=> b} Ey, (a} a)eb,
j i i

Since (a¥aq;); ; is a positive matrix and Ey, is completely positive it follows that

(En, (at a));, ; is also positive. Thus there exists a matrix (c,), ,, ¢,€N; such that

Ey, (afa)=) c}cy for all i,j.  If we denote by ¢ the matrix (c,,), ,, b the column matrix
k

r,s

b,
: and e=

b

n

then we get
x=Y b*Ey, (a¥a;)eb;=b*c*ech<b*c*cb
i

=b* (EN1 (a}k a;));, j5= Z b;'k EN1 (a}k a;) b;
i

=k Ex() b} Ey, (a}f a) eb) =k Ex(x).
i, J

QE.D.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



70 M. PIMSNER AND POPA

In fact the existence of a constant k with the above property caracterizes the finite
index. Moreover k=[M:N] is best possible in the inequality 2.1. More precisely we
have the following: ’

2.2. TueoreM. — If N is a subfactor of the type 11, factor M then

[M:N]"'=max { AeR, |Ex(x)2Ax, xeM, }
=inf { || Ex () [3/]] x[3| xeM., x 0}
=inf { || Ex (o) /| x[|| xe M, x#0}
=inf { || Ex (/)] |/ nonzero projection in M }.

Proof. — Denote
A, =max {LeR, |Ey(x)=Ax,xeM, },
dp=inf{ | ExO) 3/ x 3| xeM,, x 0},
Ay =inf || By () ||/]| x ||| xe M, x 0},
A4 =inf { || Ex()|||fe M nonzero projection }.

Obviously A;<A;<A,. Also, if Ey(x)2Ax for some xeM*, AeR,, then
T(Ex(x))=1(xBEx(x))2At(x?), so that |Ex(x)||22A|x|[3- This shows that
A ZA,. Moreover if fe M is a projection, then

[ Ex(NIE =1 Ex (N[ Ex(D]TEx (M= Ex(DI T (D= Ex(NIIIA13-

Thus A, <A,

Now if the index [M:N] is finite then by 2.1 [M:N]~! <A, and by [13] there exists a
projection ee M such that Ex(e)=[M:N]"1. Thus Mgll EN(e)Hz[M:N]_l.

For the proof of the case [M:N]=co we need a technical result. Its proof is the
same as that of 2.4 in [20] so we give here only a sketch.

2.3. LeMMA. — Let M, be a type 11 factor with semifinite trace @ and McM, a
type 11, subfactor. Assume that M’ (\\ M, contains no finite projections of M, then for
any €>0 and xeM,, with ¢(x)<oo there exist projections e, ...,e,e M such that
Ye,=1and |3 c;xell, <€l x|, (| x||l,=¢ (x*x)*/? is the Hilbert norm given by ©).

Proof. — We may suppose x#0 and first prove that there exists a unitary ue M such
that ||uxu*—x||,>||x[l,, To do this let K, =co* { vxv*|v unitary element in M}, so
that K is a weakly compact convex set in M, and y =0, ¢ () S (x) for all yeK,. By
the weak inferior semicontinuity of the norm || ||, there exists y,eK, such that
|¥ollo=inf {||»|l,|¥€K,}. Since| |, isa Hilbert norm and K, is convex, y, is unique
with this property. But vy,v*eK, for all unitaries veM and || vyov* ||, =||», ||, so that
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vyov* =y, and thus yoeM'MM;. As y;20, ©(yy) <o it follows by the hypothesis
that y,=0. Now if ||vxv*—x|2<(x|2 for all unitaries veM, we get
2Re@(x*vxv*) 2| x||2 so that 2Re @ (x*y)2||x||2, for all yeK,, which for y=y,=0
gives 0=|| x||,, a contradiction.

By an approximation argument (e. g. using spectral decomposition) we may assume
that the unitary ueM satisfying || uxu*—x||,> || x|, has finite spectrum, i.e. it is of the
form u=Y \e, for some scalars A,€C, |A;|=1 and projections ¢;eM, Y e;=1. Then
we have

2
@’

4| x[lg— 4[| X eixe; g =4]| _;_eixe,-lli z|| X A=) egxe; 5= uxu* —x [ > | x
i#]

J
i%j
so that
” 2. € xe; ”3 =3 ” e;xe; “qz» <3/4 ” x ”qzr

This proves the statement for e= \/3/2. But for any projection eecM the algebras
M, < (M,), still satisfy that M, M (M,),=(M’' M M,), contains no finite projections of
(M,),- Indeed because if fe M’ (" M, is such that @ (ef) < oo then letting w, ..., w,eM
be partial isometries such that Y w,ew¥=1, we get > w,efwf=) w;ew}f=f and thus

¢ (f)£mo (ef)< oo, which is a contradiction unless f=0. This shows that we can apply
recursively s times the inequality for e= \/?/2 to get it for e=( \/5/2)‘.

Q.E.D.

End of the proof of theorem 2.2. — If [M:N]=o0 then obviously [M:N] 1=0<A,
so, with the preceding notations, we only need to show A,=0. There are two possibilities:
N’ N\ M is infinite of finite dimensional. If N’ (\ M is infinite dimensional then for any
£>0 there exists a projection fe N’ (\ M such that e>1(f)>0. Since N is a factor and
Ex(NeN" MM, we get Ey(f)=1(f) 1\, which shows that A, <& and as ¢ is arbitrary,
Ay=0. If N"N\M has finite dimension then by Jones’ formula 0.14 there exists a
minimal projection fo,eN'YM such that [M, :N,]=oc0. Since f=<f, implies
IEx(DIIZ]] Ex,, () [l, it is sufficient to show that for any £>0 there exists fe M, such

that || Ey () ||<e. - Consequently we may assume N’ M\ M=C, [M: N]=oc0.

Let M = #(L*(M, 1)) be in standard form with canonical conjugation J and denote
M, =JNJ. Since [M:N]=co, M, is a type I factor. The condition N'N\M=C
implies M'N\M,; =IN'JNIMJ=C. Let ey=e be the extension to L?>(M, 1) of the
conditional expectation of M onto N, as in Section 0. Then eeM,;, M;=(M U {e})”,
e is a finite projection in M, and the reduced algebra (M,), is isomorphic to N. We
denote by ¢ the semifinite trace on M, that satisfies ¢ (¢)=1 and by || x||,= ¢ (x* x)*/?,
xeM; the Hilbert norm given by ¢. By 2.3 for any £>0 there exist projections
fi> - . .,f,eM such that

L=t and  Yllfefli=] Lhehli<e =22 T ().
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It follows that there exists ie{1, . ..,n} such that || f;ef;||2<&*1(f). But
I 5iefills=llefiellg=[ Ex(fells=[IEx () |13

Thus || Ex(f) || <e||fi |-
Let now p be the spectral projection of Ey(f) corresponding to the interval
[0,€'%]. Then we have

er(f)=¢|fi[E>T(Bn(/H))ZT(1—p) Bn(f)D) Zer(1—p)
so that T(p)+1(f)>1. If we denote q=p A f;e M then
H)=1@)+1 ()= v HZT (@) +(fH—1>0.
Moreover ¢ satisfies
Ex(9)=Ex( A f) SEx(0fip)=pEx(f)p=e'?p=<el.

Thus given arbitrary €¢>0 we can find a nonzero projection geM such that
Ex(q)<e'2. This shows that A, =0.

QED.

2.4. Remark. — One can use the preceding theorem and a maximality argument to
show that if [M:N]=o00 then for any £>0 there exists a nonzero projection eec M such
that: (i). Ey(e)=e. ly; (ii) the spectral projection of Ey(e) corresponding to the set {&}
has trace =1—¢. It would be interesting to decide whether one can find the projection
e such that Ey(e)=¢ 1.

Each of the four constants involved in the formulas of Theorem 2.2 make sense for
any pair of finite von Neumann algebras (and even for arbitrary von Neumann algebras
in case there is a normal conditional expectation of M onto N). Therefore we can chose
any of them as a replacement of the index for the general case when N =« M are not
necessary finite factors. We shall use the first constant because of its close relation to
the relative entropy that will be considered in the next two sections.

2.5. NoratioN. — Let M be a finite von Neumann algebra with faithful trace =,
1(1)=1, and B,, B, =M two von Neumann subalgebras of M, with B, =« B,. We
denote A (B, B,) =max {A20|Ey, (x)2Ax,xeB,, }.

The consideration of the constant A is particularly useful to reduce the index problems
from the II, factor case to problems concerning imbeddings of finite dimensional
algebras. To be more precise, let us consider the following situation: Let {N,}, { M, }
be increasing sequences of von Neumann subalgebras of the finite factor M, with
N, © M,, and assume that M, generate M and N, generate a subfactor N « M. Then
we wish to have [M:N] " !=1imA(M,, N,). This is obviously false in general, as we can
modify the limit of A (M,, N,), by taking the limit of A (M, ,, N;) instead. The additional
hypothesis that has to be made is Ey,, Ey,=Ey, k21. Note that this condition is
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equivalent to Ey,, Ey,=Ey, Ey,,,=Ey, and it implies N,,; " M,=N,. In fact for
this to hold it is sufficient that E (M, = N,.

Nk+1

2.6. ProrosiTioN. — (i) If {B,}, {A,} are increasing sequences of von Neumann
subalgebras in the finite von Neumann algebra M, such that A, < B,, n=1, and if
B=UBY, A=A, then (B, A)=limsupA (B, A,). (ii) If in addition E,,.,Es,=Ea4,
n1, then AM(B, A)=limA(B,, A,), decreasingly.

Proof. — Let A,=A(B_,A,), A=limsup A(B,,A,) and €>0. Then there exists a
subsequence {2, }, such that A, >A—g, n21. Since UB,=UB,, it follows that if

n n

xe DE,‘,” then
E Ak, ()2 Ay, EBk,, (x)=(A—¢) EBk" (x)

and letting n — o0, E,(X)=(A—€) Exg(x)=(A—¢€)x. As £>0 is arbitrary we get the first
part of the proposition.
If E, , Ep,=E,, then by induction E, , Ep =E, and letting k - oo, E,Ep =E, .
Thus if xeB,, then E, (x)=E,(x)2A(B, A) x, so that A(B, A)<,. This shows that
A(B,A) <liminf A,
QED.

A similar proof to that used in Theorem 2.2 for factors shows that if A =B then
A(B, A)<A,=inf{||E,(f)||feB nonzero Projection}

and that

X2=inf{”EA(x)||§/||x||§|xeB+, %0},

s =inf {[[E (0] x]|| xeBo. x20)

lie between A(B, A) and A,. It is easily seen that A,, A, A, satisfy a statement similar
to 2.6 (i) and that A, satisfies 2. 6 (ii) as well, but it is not clear whether A, and A, also
satisfy it. In fact even the problem of whether all these constants coincide or not is
open. However we shall prove in Section 6 that for finite dimensional algebras they are
all equal to A. Proposition 2.6 then applies to get the equality for more general pairs
of approximately finite dimensional algebras. Indeed if A,, B, satisfy the hypothesis of
2.6 (ii) and A(B,, A)=2,(B,, A, for all n, then A(B, A)=A,(B, A) and since the
opposite inequality allways holds we actually have A (B, A) =2, (B, A).

It seems to be of great interest to prove (or disprove) that any pair of hyperfinite
factors can be constructed as an inductive limit of finite dimensional algebras {A,},
{ B, } satisfying the conditions of proposition 2.5. In other words: if R, =R are hyperfi-
nite factors, does there exist an increasing sequence of finite dimensional subalgebras B,
in R with UBy/=R and such that Ep By =E Ep? Or at least such that

UB,NRy¥=R,? This last problem is related to a problem of Sakai (see [23] p. 241).
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3. Relative entropy: some generalities

In [9] A. Connes and E. Stormer extended the notion of entropy from the classical
ergodic theory to the nonabelian frame of operator algebras. Their first step was to
define the entropy of a finite dimensional subalgebra and more generally the relative
entropy between two finite dimensional subalgebras B,, B,cM, as a substitute of the
entropy and relative entopy for partitions: Let S be the set of all finite families (x4, ..., x,)
of positive elements in M with Zx;=1 (as usual M is a finite von Neumann algebra
with fixed trace t). If n:[0, ) - (— o0, o0) is defined by 7 ()= —¢Int, then

H(B, ‘ B,)= sup z (tn Eg, (x) —tn Eg, (x)))
(*) (x)el i

is the entropy of B, relative to B,. If B,=C then H(B, |C) is simply the entropy of B,
and is denoted by H(B,). In the particular case when M is commutative, B, B, are
generated by some partitions of the unity P,, P, and H(B1|B2) coincides with the
classical relative entropy k(P | P,).

Connes and Stormer use this relative entropy mainly as a technical tool in the proof
of their Kolmogorow-Sinai type theorem. They show that for subalgebras of dimension
less than some ne N the usual « distance »

8(By, By)=sup {||x—Eg,(x)||,|x€B;,

x|=1}

is comparable with H(B, | B,). Thus if 3 is small then H is small. However it is easy
to see that <1 and that in fact =1 whenever B, is “far” from B,, whereas H may
take different values even if §=1. In particular if B, o B, the relative entropy H(B, [ B,)
is more appropriate to express the relative size of B; with respect to B,. It is this
feature of the relative entropy that we shall exploit here.

Note that the definition (*) does not depend on B,, B, being finite dimensional, so
that we may consider H (B, [Bz) as in (x) for arbitrary von Neumann subalgebras B,,
B,=M and allow H(B, |B,) = cc.

In fact we shall consider the case when B, =M and B, =N is a subalgebra of M. Then
HM ] N) is clearly invariant to conjugation of N by t-preserving automorphisms of
M. Our aim in the rest of the paper is to relate this invariant to the index.

In this section we first recall the basic properties concerning the relative entropy and
then prove some useful technical results.

1° In is operator increasing on (0, o0);

2° m is operator concave on [0, co) and operator continuous on [0, 1];

3% if x, yeM, xy=yx, then n(xy)=n(x)y+xn ()

4° if xeM, then nx=0 iff x 1s a projection;

5° if x, ye M, then tTn(x+y)<mnx+1tny and if xy=0 then we have equality;

6° if BcM is a von Neumann subalgebra and xe M, then nEz(x)=Ez(nx), in
particular Nt (x) =t Ez (x) =t x;

7° if xe M, is a scalar multiple of a projection then tn Eg (x)=1n x iff xeB;
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8° if B}, B,=M are von Neumann subalgebras then H(B, |B,) 20 and H(B, |B,)=0
iff B, =B,;

9° if B,, B,, B;cM are von Neumann subalgebras then
H (B, ! B;)<H(B, I B,)+H(B, l Bs);

10° H(B, |B,) is increasing in B, and decreasing in B,;

11° if B&M is finite dimensional and e, ..., ¢,€B is a set of minimal projections in B
with Y e;=1 then H(B|C)=H(B)=} nt(e).

For the proof of 1°, 2°, 6° see [15], [16], [11], [4]. A unified exposition of these resuits
can be found in [1].

3° and 4° are easy consequences of the functional calculus.

To prove 5° (see [10]) note first that by adding some small positive scalar we may
assume x, y, x+y have the spectrum in (0, c0). As In is operator increasing on (0, o0)
we get In(x+y)zlnx, In(x+p)=Ilny so that 1t(xln(x+y)=1(xInx),
t(yIn(x+y)=t(yin y). Summing up we get (x+y)=x+mmy.

If x=ce in 7°, for some projection eeM and ceR,, then ™ Eg(x)=mn(c)
1(e)+ct Eg(e)and tnx=n(c)t(e) so that tn Eg(x)=1tnx iff nEgz(e)=0. As Eg(e) is
a projection iff E;(e)=e, 4° applies to get 7°.

8° is now an easy consequence of 6°, 7° if B, ¢ B, then there exists a projection ee B,
such that e¢ B,, thus

H(B, |B,) 2 (T Eg, (e)—tne)+(t B, (1-e)—m (1 —e)) 2 Ez, 0 >0.

9° and 10° are clear by the definition and by 6°.

11° is proved in [9].
From now on a finite family x,, ..., x,eM of positive elements with Y x,=1 will be
called a partition of the unity in M.

3.1. LEemMA. — If B, =B, are von Neumann subalgebras in M and S’ S is the set of
all finite families (x}, X, X3, ..., X,) in S with each x;, i= 1, a scalar multiple of a projection
and x;e B, then

H (B, l B,)= sup Z (tn Eg, (x7) —n Eg, (x})).

(x)es i

Proof. — 1t is clear from the definition (%) that to compute H(B1|B2) it is enough
to consider partitions (x;) in B,. If (x;) € S with all x,e B,, then by spectral decomposition
there exist x;e€B; such that 0<x;<x, x;—x;<e and x; have finite spectrum, i.e.

xj=) o;e; for some scalars o,;;20 and some mutually orthogonal projections (e;)); in
j
B,. As n is continuous we get

2. (t Eg, (x) =t x) £ (tvn Ep, (x) —m x)) + 8 (¢)
where 8(¢) — 0 when € > 0. By 5° we have

™m E32 (x7) éz ™m E32 (°‘ij €; and ™ (x7) =Zm (o €;;
J J
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so that

Z (tn E132 (x)—mx)= Z (m EBz (aij €ij

i i

= (oy;€;))+3 ()< sup (tn Eg, (y)—ty)+3 ().

Gpes
QED.

3.2. LeMMA. — Let B&M be a von Neumann subalgebra and { f,}, a sequence of
projections in M with || f,—1||, » 0.

() If f,€B, n21, then H(M|B) =lim H(M,_|B, ).

(ii) If f,eB" MM and B is a factor then again

H(M|B)=limH(an|Bf").

[In both (i), (ii) the entropy H(M f"|B ) 18 considered with respect to the induced

trace T, (fxf)=1(f) " 1(fixf)]

Proof. — Consider first the case when f,eB. Let (xy,..., x,) be a partition of the
unity in M, . If Eq ’ denotes the T, -preserving conditional expectation of M, onto

B, then
H(M|B) ZZ(TH Eg(x)—mx)+(n Eg(1—f)—m(1-1))
=1(f,) (ern n EBfn (xi)_Tf,,Tl x)+t Eg(1—-£).

This shows that H(M | B) 2limsup H(M,, _|B ).

Now if (x4, ..., x,) is a partition of the unity in M then f, x; f, tends strongly to x; so
that E4 " (f,x; f,) tends strongly to Egz(x,) and as m is operator continuous

Y (e, MEs, (fu%: S =17, (fuxef,)
tends to Y (tn Ez(x)—tnx,). This shows that H(M|B) <liminf H(M | B, ).

If £,eB°"N\M then note that for xef,M f, we have Eg(f)eB ' NB=Z(B) and
EB(f,,)EBj (x)=f,Egz(x). It follows as Dbefore (for f,eB) that H(MIB)§

liminf H(M, |B,).
Finally let x,, ..., x, be a partition of f, for some fixed n. Then

H(M l B) gz (M Eg(x)—1m xi)zz (t(funEg(x))—mx)
= Z (M (/L Eg(x)) =t x))= Z (tn (Es(£,) EBfn (x))—mx))

=Z T(Eg(f)M EBI" (x)+7 (EB," (x)n Eg(f))—m x)).
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Now if B is a factor then Egz(f,)=1(f,).-1; and by the above inequalities we get
H(M l B) gT(fn)zz (ty,M EBf (x))—14,M x;) so that

H(M|B)zlimsupH(M/,, |B,).
QED.

3.3. Remark. — In (ii) of the preceding lemma the condition that B is a factor is in
fact superfluous. However the proof of the general case requires a much more careful
analysis.

Like the constant A considered in Section 2, the relative entropy H behaves well with
respect to inductive limits:

3.4. PropositioN. — If {B,}, {A,} are increasing sequences of von Neumann subalge-
bras in M, such that A,=B,, nz1, and if B=UB}, A=UAY, then H(B|A) <liminf
H(B,|A,). Ifin addition B, , By =E,, n21, then H(B|A)=limH(B,|A,), increasin-

gly.

Proof. — Let x,,..., x, be a partition of the unity in M. As E,(x)=IlimE, (x,),
1 n n

Ep(x)=lim Ey (x;) in the strong operator topology, it follows that
Z (tn E4 (x) —n Eg(x;)) =lim Z (tn E,, (x) —tn Eg, (x))) =lim infH(B, | A,).

If B4, ,, Eg,=E,4, then by induction E, , Fy =E, sothat E,E; =E, andif x,,..., x,
is a partition of the unity in B, then

Z (T EA,, (x)—tnxy) 22 (N E5(x)—1tn x)

so that H(B,|A,) <H (B,|A) <H(B|A), which completes the proof.

QED.
We now establish the basic inequality that relates the constant A with the relative
entropy H.

3.5. ProposiTioN. — If NcM is a wvon Neumann subalgebra then
H(M|N)< —In L(M, N).

Proof. — If A=A(M, N) then Ey(x)=Ax, xeM,. Since In is operator increasing we
get

x12(InEy(x) x12Zx"2(Inhx)x?=xInA+xInx
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and thus tn Ey(x)—tnx<t(x)InA~!. Summing up over a partition of the unity (x,)
in M and taking the supremum we get H(MfN) <lnr"1%
QED.
We end this section with a useful technical lemma. Its proof is standard calculus and
will be omitted.

3.6. LEMMA. — The maximum of the expression

—Z U; (Z wi; Inwy,)

on the set Y wi;=1, Y v,w;=PBp wi; 20, 0,20 for every iel and keK, is
- :

13

_Z Bkln(Bk(z 31)_1)
k 1

and is attained only when

wii =B Q. B)) " ! for every i, v; being arbitrary.
1

4. Computation of H(MIN)
for type II, factors

In this section we shall obtain a formula for the relative entropy H(M\N) in the
case M and N are factors. It will depend on both the relative commutant and the index
of Nin M.

First of all we note a straightforward consequence of 2.2 and 3.4; it will provide an
estimate of H(M |N) from above.

4.1. CoroLLarRYy. — If M is a type II, factor and NcM a subfactor then
H(M|N)<In [M:N].
The next lemma is the key result in proving the estimate of H(M|N) from below.

4.2, LEMMA. — Let NcM be arbitrary finite von Neumann algebras and qeM a
projection such that Ey. . y(q)=cf for some scalar ¢ and some projection fe N’ \YM. Then
H(M|N)2c¢ ' Ey(9).

Proof. — Since 1(q)=1(En ~u(@)=c1(f) we have c=1(q)t(f)"*. Let x=gq—cf
and K, =co" {vxv*|v unitary element in N}. As in the proof of 2.3 it follows that
there exists y,e K, M N".. But Ey. , u(vx0*)=vEy m(x)0*=Ey\. , u(x)=0 (by the uni-
queness of the conditional expectation), so that Ey. . ,(»)=0 for all yeK,, in particular
Yo=En ~u(¥o)=0. Since the closures of co { vxv*|v unitary element in N} in the weak
and || ||, topologies coincide it follows that for any >0 there exist unitary elements
V45 .., U, in N such that

<ecl| S|

leviqv;*—cf
n

1
- *
-H—E vxvf
2 n
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Denote by y=Y (cn)~!v,qv¥. Then ||y—f]|,<e|| f]l» 0Sy<e™'.1y. Moreover, since

0=(1-Ex nu(@A-)=En .m((1=)q(1—-1)), 1-1)q=0

so that q<f and v,qu*<f, thus y<c 'f. Let 8>0 and denote by p the spectral
projection of y corresponding to {0, 1 +3] in the algebra f M f. Then

yU=pz1+8)(f-p)

so that
Iy =Bzt (f-p) 282 (f—p).
Thus
/=P 3872 y—fE= @) (/).
Denote
x;=((148)cn)"1p A v, qu¥
and

yi=((1+8)cen)™" (v;qvf —p A viqv¥).

It follows that x, 20, > x,<(1+8) ' pyp<f, x;;=0. Applying first 5° then 6° of
section 3 we obtain:

Z(Tn En(x)—1n xi)ZZ(TTl Ex(((1+3) cn)™ ' v; qov¥)
—m{((1+3)en) qU?))—Z(TT\ Ex(d—my)
znn((+8)cen) (@) +n((1+3)cn) ' Ey(q)

—nn((1+8)cn) N T(@—-L (Myi—my)

=((1+8) )" " Ex(9)— L (1 +8) en) ™ n1(viquf —p A vigu}).

Since v, qu¥, p <f we have
(P A g ZT(@+T(P)—T(NHZT(Q)— S )1 (f)

so that t(v;qv¥ —p A v,qu¥)<(ed~")?1(f). But for £ small enough, (5™ Y)?t(f)<e™?
and because  is increasing on [0,e”!] we obtain mMT(v,qu¥—p A v,quF) <
N (g8~ 12 1(f)), so that by the preceding inequalities:

HM[N)Z(1+8) 'e™ ' mEx(9)—n(1+8) " 'n " e In (3™ t(f)
=(148)" ' mEn(@—(1+3) 7 eI n (372 T (/)).
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Letting now first € — 0 and then & — 0 we get the result.

Q.E.D.

4.3. LEMMAa. — Let M be a finite factor and { e, }, a sequence of projections in M with
Ye,=1. IfB={e,},NM then HM|B)=Y nt(e,).

Proof. — By 3.2 we may assume that {e,},={ey, €,,..., e, } is finite. Let 0#¢;Ze;
be some mutually equivalent projections and choose {v;;};<; j<n @ set of matrix units
such that v;=g; (this is possible because M is a factor). If g=) (t(e)t(e;))"/*v;; then

i J

it is easy to see thatg is a projection of the same trace as ¢, Moreover if
Bo=B'N\M={¢;}” then Ey (q) is a scalar multiple of the identity and since
By, (9)=1(9), Ep,(@=1(q). 1. By the preceding lemma we get

H(M|B)z1(g) 'm Ey(@)=1(@) ' Xn(e) @)=Y ni(e).

For the opposite inequality let {c; f;}; be a finite partition of the unity in M, c;eR,,
f; projections.  For any £>0 there exists a refinement { g, }, of f; and some nonnegative
scalars o, such that

Y.gu=fand 0Sg; e, g, — 08 SEgu
k

for all i, j, k. Indeed, by spectral decomposition of f;e; f; one can find gj, satisfying the
conditions for i=1. Then apply the same argument to g} e, g}, to get projections g3
satisfying the conditions for i=2. Since gfs is a refinement of g}k it will also satisfy the
conditions for i=1. Recursively we finally obtain the projections g7 =g, that satisfy
the conditions for all i=1, 2, ..., m.

It follows that {c;g; };  is also a partition of the unity (since ) c;g;=c; f;) and that
k
Z (tm Eg (ngjk)_”\ ngjk)
bk

22('”] EB(chgjk)_Tn (chgjk))=Z(Tn EB(ijj)—Tn cjfj)'

Moreover using 3°, 5° and that 7 is increasing on [0, e~ '], we get for e<e™ !

z (tn EB(ngjk)-Tn ngjk)= Z ;N EB(gjk)
j k

i k

:chjfn(zeigjkei): z CjTT](eigjkei)z z cjtn(gjkeigjk)
Js t

ij.k i J, k

=zcjrn(zgjkeigjk)§zCan(Za;kgjk)‘*‘ijnT(gfj)
i j k i J 3 i

= Y Mg +8©)= Y ;N (g +38(E),
i, j, k

ik
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where 6(g) —» 0 when € —0. By the above properties of the projections g, and of the
scalars o it follows that 0<g, —> ol g <meg; so that 0<1—) ol <me=¢’. Also,

i 13

0= z Cj(gjkeigjk‘“j'kgjk)§5 z Ci&ix
J, k J, k

so that

0=1(e z ngjk)“ Z Cjaj'kt(gjk)zr(ei)_ Z Cju;kt(gjk)é&
J k Ik Js k

Thus t(e)= Y ¢;o, T(gh)2t(e) —¢.
i k
We can now apply the calculus lemma 3.6 to get

T ot (@)<Y ne(e) +¥ (@),

i, j, k
where 8’(¢) > 0 when € - 0. This together with the preceding computations show that

T @nEs(e, )—me, HEL ne(e)+8 (@)

and letting € - 0, H(M|B) <Y nt(e).

QE.D.

4.4. THEOREM. — Let M be a type 11, factor and N a subfactor of M. If NNNM
has a completely nonatomic part then H(MlN) =o0. IfN'N\M is atomic and { f, }, are
atoms in N' Y M such that ) f,=1 then

HM[N)=23 nt(f)+21(f) In[M},: Ny I=31(f) In (M, : N1/t (f)%).

Proof. — If N" (MM has a completely nonatomic part with support f7#0 then for each
n1 there exist 74, f5, ..., fo€N"M\ M such that t(f))=n""1(f), ). fi=f Since Nis a

factor Ex(f7) is a scalar, so that Ex(f)=n"'t(f).1y. Thus
H(MIN)éZ(TnEN(fE)—Tnf§)=nn(n‘lr(f))=f(f) In(z(f)"'n) - co.
Assume now that N’ M is atomic and denote B={f,}; M. By 3.2 we may
suppose {fi}x={fo»-» fm} is a finite set. By the preceding lemma we have
HM|N)SHM |B)+H(B|N)=Y nt(f)+H(B|N). Let M, =M,, N, =N,, 1, =1,
k

and Ey, the 7 -preserving conditional expectation of M, onto N,. Fix the projection
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fo€{ fi. }x and denote by 9;: N, — N; the isomorphism making commutative the diagram

NO-—-—>NJ-

where the verticals are the induced isomorphisms corresponding to f,, f;(¢N’). Note
that if x;eN; then Ey(x;)=1( ﬁ)ZO,-Sj_l(xj) (N; is also considered as the subalgebra

fiNf;in M).
To estimate H(B | N) consider first a projection e € B majorized by f,,, and ¢ a nonnega-
tive scalar. Then we have

En(ce)=En(fo (@ 9;Ey, (ce))) = Ex(fo) (@ 9;(Ey, (ce)))

=1 (f) (@ 9, (Bx, (ce))).

Since for xeN; we have tj(x)='r(fj)_1 1(x) and t;°9;=1,, it follows that

™ Ey(ce)—tn ce=3 N (1 (fo) §; (Exy (c))) =M (c) T (e)
=2 1) TN € (fo) 9;(Ex, (ce)) —M(c) T (e)
=2 1(f) TN & (fo) Eng(ce)) —n(c) T (e)

=141 (t (fo) En, (ce)) —m (c) T (e)
=1 (1 (fo)) T (ce) +T(fo) To N En, (c€) —T(fo) o (N ce).

If we take now a partition {c;e}; of f,, with e; projections and ¢;e R, then by the
above computations we get:

Z (tn Ex(c;e)—mc;e)=n(t(fo)) +1(fo) (Z ToM ENO (c;e)—1oMc5€)

i

=1t (fo) + 7 (fo) H(M, [ Np).

By the second part of property 5° in Section 3 and by 3.1 the relative entropy H(B ] N)
can be computed by considering only partitions of the unity {a;p,} with p, projections,
o;€R,, and each p; majorised by some f;. The preceding inequality and Corollary 4.1
eventually give

2 Ex(op)—map)=3( ¥ (nEx(wp)—mop) Sy nt(f)+1(f) In [M;N}]

j pisSj j
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This shows that H(B|N) <Y nt(f)+Y.1(f) In [M;:N]] so that
HM|N)S2F nt(f)+ L () In [M;:N]

To prove the opposite inequality we shall use Lemma 4. 2.

We first assume that [M;: N;J<co for all j=0, and show that there exists a projection
g€ M such that:

(1) t(g)=[M:N]"}

(2) fiaf;=7(f)q; where q;<f; are projections with t(g)=1(q), j20;

3) ENj (qj)=[Mj:Nj]“1pj for some projections p;e N; with
T(p)=[M;: N;J/[M:N], jz0;

(4) Ex(p))=1(f)s; where 5,eN are mutually orthogonal projections, ) s;=1y and
T(s)=[M;: NJ/(x(f) [M: N)).

Then we prove that for such a projection g, Ey . y(g) is a scalar multiple of the
identity and t(g) 't Ex(9)=2) nt(f)+ X 1(f) In[M;: N}
i j

Let r; be mutually orthogonal projections in N, with Yor= In, (=/o) and with traces
proportional to the numberst(f)~" [M;: N}, m=j=0, i.e. t(rj)=Ct(fj)"1[Mj i N
for some ceR*. This is possible because Ny=~N is a typell, factor (as N'N\M is
atomic). Since er =f, it follows by Jones’ formula 0. 14 that

7

T(f)=T () =c LMy, NyJt(f)=cM: N

so that © (r)=(t (fo)/T (/). ((M;: N}J/[M:N]). Denote by p;=3;(r)eN;. Then
@)= (f)Tr)=M;: N]/[M:N]
and

EN(pj):T(fj)ZSiSj_l (Pj):'c(fj)zsi (rj)

so that if ;=) 9,(r;) then condition (4) is fulfilled.

There exist projections e;eM; such that ENj (ep=[M;: Nj]_1 le and such that
le;, p]1=0, 1;(e;p)=1;(e)1;(p). To prove this note that by [13] we may regard M; as
the extension of N; by some subfactor N})ch. Thus there exist e?eMj such that
Ey,;(€)=[M;: N )" " 1y, and [ef, N7]=0. Since N7, N; are type II, factors and p;eN,,
there exists a unitary u;€ N; such that u;p,u*eN}c N, Taking e;=u} e u; we get that

lej, pl=uf [e;-), u;p;juylu;=0,

Tj(e;p)="; (€] w;p;uf) =, (By () u;p;uf) =7;(e) v, (p)
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and
By, (e)=ufEy (e u;=[M;: NJ™".

It follows that EN,- (p;e)=[M;: N]]" ! p;so that if g;=p,e; then condition (3) is satisfied
and

T(‘lj)=T(fj)Tj(Pjej):T(fj)Tj(Pj)Tj(ej)
=t(p)ti(e)=(M; : NJ/IM:ND)[M;: N '=[M:N]" %
In particular we get that g; are mutually equivalent projections in M so that there exists
a set of matrix units in M, {v;;}o<; j<n having g; as diagonal, g;=v;. An easy
computation shows that g=Y" (t( f) t(f;))"/* v;; satisfies (1) and (2).
ij

We now show that Ey. . 4(¢)eC. First we consider some notations. Since N’ M

is atomic, there exist partial isometries f;;e N’ MM, 0<i, j<m, such that:

(a) f;i :f;'a ﬁj :f;kp
(b) fi;;#0 if and only if the isomorphism 9;9; ' : N; —» N; is implemented by f;;:

9,97 () =fxfi), xeN;

() iffiﬂéO, fjk;éo then fijfjk= iko
(d) NN\ M=span { f; }, ;
By (2) and (3) we have f;2p,=q; and f;qf;=4;qq; so that if f;;#0 then

T(fijq)='c(fij(ijfi))=T(fij‘Ijqql')=T(fijl’j‘lpi)
=1(Y Sj_l (P fijap) =t (fi;qp:9: 87 ! r))=0,

where the last equality follows by (4). As
fud=1(fid=1(fief)=1(f)t(@)=1(f)T()

it follows by (d) that t1(gx)=1(q) T(x), for xe N'NM, i.e. Ey. . u(2)=1(q). I s
We compute now Ey(q) and Ey(gq). Since Nc@®N,c®M; we have
i j

Ey=Ey© E@Njo EeMj so that by (1)-(4),

Ex(@=Y ()M, : N7 Ex(p) =Y (e (/)M : N)]s;

Since s; are mutually orthogonal and t(s)=[M;: N}t (f;)[M:N] we get
MEn(@) =2 n((f)*IM;: NDt(s) =[M:NI"' Y () In (M : Njl/x (/).
Applying Lemma 4.2 we get that

H(M|N)zt(q)"" tnEy (@ =27 (f) In(M;: N2 (f))*).
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To complete the proof of the theorem we now consider the case when [M,: N =00
for some minimal projection feN"YM. Then by Theorem 2.2 for any £>0 there
exists a projection Oz#eeM, such that Ey ; (¢)<e. Thus Ey(e)<e and
Exy ~m(@©=1(e)1(f) "' f, so that by 4.2 we get H(M|N)gt(f)t(e)*11:n Ex(e). As 1n
is operatorial increasing we have InEy(e)<In¢ so that

T(Ex(e) InEy(e))=t(lne. Ey(e))=(Ing) t(e)

and thus T Ey ()2 1(e) Ing™" which yields HMM|N)2t(f) Ine™"' - co.

QED.

4.5. CoroLLARY. — Let NcM be typell, factors with [M:N]<oo. Denote by
fis -+« [y a set of minimal projections in N\ M with Y. fi=1 and by e a projection in M
with Ex(e)=[M:N]"*. 1, (cf.[13)). Then the following conditions are equivalent:

(i) HM|N)=1n[M:N};
(ii) [My,: N Jt(f)?=[M:N] for all i=1, ..., n;
(i) By m(@)=[M:N] 1. 1,
(iv) if v is the normalized trace on N’ then 1 l N NYM=t

N'NM;
(v) if M, is the extension of M by N then the antiisomorphism
N N Msax—IxJe MM\ M, is trace preserving.

Proof. — (i)<>(i1). By the preceding theorem,
H(M[N)=Y t(f) In([M, : N )/t (/).

Since 1n is strictly concave and Y t(f) =1,

ST (M, : N (ST My, NJe(f),

with equality iff all the terms [M : N ]/t( f)? are equal. But by formula
0.14% M, : N ]/t (f)=[M:N].

(i) = (@) If By ,u(@=[M:N] ! 1,, then taking g=e in Lemma 4.2 it follows that
H(M|N)>1n [M:N], so that by 4.1, H(M|N)=1n[M: N].

(i) = (ii). The projection g constructed in the proof of 4.4 satisfies
Ex om(@=[M:N]"'. 1 and Ex(q)=) (t(f)*/IM;, : N,)]s; for some mutually ortho-

gonal projections s;eN, Y s;=1. Thus if (ii) holds then Ey(q)=[M:N]"'.1,. By1.8,
e and g are conjugated by a unitary element wueN, e=uqu*. Thus
Exn  m(@)=En  y@*eun)=[M:N]" ! 1,
(i) <> (iv) is an imediate consequence of the formula 0. 13 for the index.
(iv) <> (v) is trivial.
QE.D.

4.6. CoroLLarRY. — If N'N\M=C then H(MlN)=1n [M:N]. Conversely if
H(M|N):1n[M:N] and 4<[M:N]<8, [M:N]#(1+2cosn/n)% n=3, then N Y M=C.
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Proof. — The first part is a particular case of 4.4 (or 4.5). For the second part of
the statement assume on the contrary that there exists fe N’ M, 0<t(f)<2~!. Then
fand 1—f are minimal projections in N’y M. Indeed, because if N’ M would have
three mutually orthogonal projections, say f;, f> f5, then by formula
0.14, [M:N]2Y t(f)~'29.

Denote by r=[M,: N/, s=[M,_,: N,_/], t=1(f). Applying again formula 0. 14
we have [M:N]=rt"'4+s(1—t)"! and by 4.5 rt 7 2=s(1—1t)"2 Moreover
r, se{4cos?(n/n)|n=3} U4, ) (cf[13]). Now if both r, s#1 then r, s=2 so that
IM:N]Z2(t 1+(1—0t)"1)=8. Ifr=s=1thent 2=(1—1t)? forces t=1—t=1/2, so that
[M:N]=4. Ast<1—t, wehavers '=(t/1—1)><1so that r<s. Thus the only possible
case left is when r=1 and s=2. But then 1—t/t=s'? so that t=1/(1+s"?) and
M:N]=145Y245 (s'?/1 +s2) " 1=(1+5'?)%

QED.

The preceding corollaries deal with the upper extremal case of the entropy H(M|N),
for given index [M:N]. We shall now derive from theorem 4.4 the structure of the
pairs NcM when H(M |N) is minimal. We shall consider only the case [M:N]=4,
because otherwise we automatically have N Y M =C and H(M [ N)=In[M:N].

4.7. LEmMA. — (a) If O<t<]1 then 2nt+2Nn(1—)< —Int(1—t) with equality iff
t=1/2.
B If ty,...,t,eR,, n22, Y =1, O<t<l and Y t7'<t '+(1—1)"'then

Y ne;zne+n(1—1) and the equality holds iff n=2 and {t, t,}={t, 1—t}.

Proof. — (a) By alementary calculus 2mt+2n(1—¢)+1Int(1—1t) is strictly increasing
on (0, 1/2], and if t=1/2 then

2nt+2n(1—0+Int(1—1)=0.

(b) Assume O0<t<1—t and t,5t,<...=t, so that t£1/2, ¢, £1/2. If t, <t then
Yt '>t7'+(1—1)"", in contradiction with the hypothesis, so t<t,<1/2. Since In is
strictly increasing we have Y nt;2nt; +1(1 —t,) with equality only if n=2. Morcover,
as nt+n(1—1) is strictly increasing on (0, 1/2], we have nt; +n(1—t)=nt+n(l1—1)
with equality iff ¢, =t.

Q.ED.

4.8. CorOLLARY. — Let M be a typell, factor NcM a subfactor of finite index
[M:N]=A"124 and t>0 with t (1 —£)=[M:N] L,

(i) HM|N)22nt+2n(1—1)

(i) If [M:N]>4 then H(M]N) =2nt+2n (1 —1) if and only if there exist a projection
feN'NM  with t(f)=t and an isomorphism 8:M;—->M,_, such that
N={x@®9(x)|xeM,};

(iti) If [M: N]=4 then H(M | N)=In 4 and either N’ Y\ M =C or there exist a projection
feN'NM  with t(f)=1/2 and an isomorphism 9:M;—>M,_, such that
Nz{x(-BS(x)[xer}.
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Proof. — (i) is a consequence of 4.4 and 4.7 (b). If [M:N]>4 and
H(MIN)=2nt+2n(l—t) then by 4.7 (a) and 4.4, NNM#C. Let fi, ..., f, be
minimal projections in N'N\M, > fi=1. Then [M:N]=(t(1—-1) 'Y t(f) ! so that

by 4.7 (b), n=2, fi=f, f,=1-—f, t(f)=t. Moreover by 4.4
M, :N/]=[M,_,:N,_/]=1 so that M;=N,~N=N,_, =M, and if § denotes the
resulting isomorphism § : M, > M, _, then N={x@®9(x)|xeM,}. This proves(ii).

If [M:N]=4 and N'N\M=C then by 4.6, H(M|N)=In [M:N]=In4. If
feN'NM#C then [M:N]21(f) '+ (1 —1(f)) " * forces 1(f)=1/2 and then the proof
is as for (ii).

QED.

4.9. Remark. — 1° Note that the preceding corollary doesn’t solve the problem of
classifying the conjugacy classes of subfactors NcM of the form {x@®3(x)|xeM,}, 3
an isomorphism from M, onto M,_,. In fact if N, NycM are given as above by
9, 99 : M, —> M, _, then N, N, are conjugated in M iff there exists an automorphism o
of M such that o(f)=fand 0.3=93,0.

2° By 4.8 it follows that if the factor M has a subfactor N of index [M:N]>4 and
entropy 21 t+2n(1—t) then the fundamental group of M is nontrivial.

5. Some applications

In this section we give two applications of the preceding results. First we compute
the entropy H(R | R,) for Jones’ subfactors R, of the hyperfinite factor R (see[13]), and
use this to show that for A< 1/4, R, is a subalgebra of the form {x®9 (x)lxefR I
where f€R is a projection, with t(f/)(1—t(f)=A, and 8: fR f - (1 —f)R(1—f) is an
isomorphism. Then we compute the entropy of some ergodic automorphisms of R,
attached to Jones’ construction of subfactors.

Let us briefly recall the definition of R,, where 0<A=<1. Let ey €, €,, ... be a
sequence of projections in R satisfying the axioms:

(@) e;e;x1e,=Ne;

(b) e;e;=e;e, for |i—j|22;

(¢) t(we)=At(w), if wisa word on {1, e, €;, ..., €_}.

In [13] it is shown that if the constant A exceeds 1/4, then it can only be (4 cos?n/n) "
for n=3, 4, ..., and that if

re(0, 1/4]\U{(4cos*n/n) " |n=3},

then there exists such a sequence of projections in R which in addition may be chosen
to generate R. Moreover if

Ri={l,e,e, ...} 'c{l,eq, e, ... }'=R

then [R : R,]=A"". It is also shown that if A, , is the von Neumann algebra generated
by {1, ey, ..., e,} then A, , is finite dimensional and uniquely determined by the axioms
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(a), (b), (), i.e. if go, 8y» ..., &, is another set of projections satisfying the above
conditions then e; — g; extends to a trace preserving isomorphism of the algebra A, ,
onto the von Neumann algebra generated by 1, g, ..., g,

Let A, ,={1, e, ..., ¢,}, so that R=UAY ,and R,=UAY ,. Using [13] it is easy
to see that the algebras { A, ,}, and { A, ,}, satisfy the conditions of Propositions 2. 6,
3.4. Moreover these algebras may be associated in a natural way with any pair of
type I, factors NcM with finite index [M:N]=A"!: Let N,cN=N, be a downward
basic construction for Nc M, i.e. N, is a subfactor such that M is the extension of N,
by N, and let ¢;eM be a projection that implements the conditional expectation of N,
onto Ny, i.e Ey, (eg)=%, eyxeq=Ey, (x)ey for xeN, (¢f-[13], 3.1.9). Ilterating the
downward basic construction we obtain recursively subfactors N,oN; >N,> ... and
projections eoeM, e,eN,_, such that [N, : N, ,]=A7", Ey (e)=A and exe,=
Ene.; (¥) €, for xe N, (so that e, commutes with Ny, ).

It follows that the projections e, e;, . .. satisfy the axioms (a), (b), (¢). So we may
denote R={eq ey, ...}, R,={ejey ...}, Ao .={lepe, ....e}",
Aj,={le, . ...}

5.1. LemMmA. — With the preceding notations we have

EN EAO,n:EAl,n’ ng 1 (lnd EN ER:ERL'

Proof. — From the axioms (a), (b), (¢) it is easily seen that EA1,,.(60)=7" As it is
proved in [13], any element xe A, , is a linear combination of words in ey, e, ..., e,
with e, appearing at most once, so x=a+y.a;e,b; with a, a, b;eA, ,. Since A, ,=N
we get Ex(x)=a+) a;Ex(eg)b;=a+habeA, ,. But NNA, ,>A, , so that if
yeA, ,cN then t(xy)=1(Ey(xy))=1(Ex(x)y). This shows that if x is orthogonal to
A, . then Ey(x) is also orthogonal to A, , and since Ey(x)eA, ,, Ex(x)=0. Thus
ENEyy ,=Ea, - Letting n— oo it follows EyEg =Eg,.

QED.

5.2. CoroOLLARY. — If NcM has finite index [M, N]=1"1, then H(M|N)gH(R|Rl).

Proof. — Let R, R, be identified with subfactors of M as in the preceding lemma. If
Xy ..., X, 18 a partition of the wunity in R then by 5.1 we get
Eg, (x)=EnEg (x))=Ey(x;) so that

Z(m Eg (x)—1n xi)=2(”] Ey(x)—mmx)sH(M | N).

Q.ED.

5.3. CoroLLARY. — IfA=1/4 then H(R|R1)= —Ink. IfA<1/4 then

H(R|R)=2nt+2n(l1—1),

where t (1—t)=A, and there exist a projection feR; MR, 1(f)=t, and an isomorphism
0:R,—>R,_, such that R, ={x@®0(x)|xeR,}.
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Proof. — Since L=1/4 implies R; MR =C (c¢f. [13]), the first part is a particular case
of 4.5. If A<1/4 then let f,eR be such that t(f,)=tand 6: R, —R,_, an isomor-
phism (cf.[18]). Denote by R,={x®8(x)|xeR,}. Then [R: Ry]=1/t+1/1—t=A""
and by 4.4, H(R | Ry)=2nt+2n(1—t). Now, taking M=R, N=R, in the preceding
corollary we get 2nt+2n(1—)=H(R|Ry)ZH(R|R,). Corollary 4.8 then yields the
rest of the statement.

QED.

The preceding corollary contains implicitely one of Jones’ results in [13]: that if A< 1/4
then R; VYR #C. A very short proof of this fact (found independently by V. Jones and
the authors) is as follows: Let M be a typell, factor, feM a projection, 1(f)=t (as
usual t(1—t)=XA). Assume there exists an isomorphism 6: M, —»M,_, and denote
N={x@6(x)|xer}cM. Let p<f be a projection of trace T1(p)=A and denote by
qg=(1—-f)—06(p), so that

@=1—t—nr. =t
t

Consider also a partial isometry veM such that v*v=p, w*=q. Finally denote
eo=(1—=t)p+tq+ @ (1—)"*(w+v*). Ttis easy to verify that e, is a projection and that
En(eg)=A. By [13] there exists N; c N,=N such that M is the extension of N, by N,
and eyxe,=Ey, (x)e, xeN, (in fact N; can be found explicitely without use
of [13]). Thus N, and e, can be considered as a first step of the construction in
Lemma 5.1. Using the notations of that lemma we have t( fe,)=t(Ex(f)e,). But

T(feg)=1(feo H=1((1-)p)=(1-D)A,

while if R; M R=C then in particular Ep(f)eR;MNR is a scalar so that
T(Eg(fleg)=1(f)t(ep)=At. Since t#1—t, this is a contradiction. As factor M we
can take any factor having t/1 —t in its fundamental group, for instance the hyperfinite
factor.

We shall now derive a useful consequence of the preceding argument and of
Corollary 5. 3.

5.4. CoroLLARY. — Let M be a type ll; factor, feM a projection, T(f)=t (with
t(1—t)=A<1/4) and suppose there exists an isomorphism 6 : M, —> M, _. Denote by
N={x®0(x)|xeM,}. If ey e, ... are associated with the pair NcM as in
Lemma 5. 1thenfe{ey e, ... }"

Proof. — We just showed that t(fe,)=A(1—¢) (the particular choice of e, doesn’t
matter, since by 1.8 if eeM is another projection with Ey(e)=2A then there exists a
unitary ue N such that ue, u*=e, hence

T( fo) =1 ( fueo u*) =1 (u* fueg)=1(feo)=A(1—1)).

By 5.3 R;NR=Cf,+C(1—f,) for some projection f,, 7T(fy)=t (where
R={1leype, ...} ,R,={1, e, e, ...}"). Since Ex(f)eR;NR, there exist a, PR
such that Ex(f)=a fo+P(1—f,). But R,cR is also a pair of factors of the type
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considered in the statement, so that t(f,e)=A(1—f). Thus
A1—1)=1(feo)=1(Er(f)eo)=0oh(1—1)+phrt
Moreover
t=1(f)=1(Ex () =0t (fo)+Pt(1—fo)=at+PB(1—-0)

From these two equalities it follows that if B#0 then t =1/2 so that A= 1/4, a contradiction
so =0 and f=f,.

QE.D.

Remark now that in the hyperfinite factor one can also find a set of projections
satisfying (a), (b), (¢) for some A but indexed on Z rather than on N, This can be seen
by applying recursively the basic construction as follows: Start with M={1, e,, e;, ... }"”,
N={1, e;, e,, ... }"” (so that with the preceding notations M=R, N=R,), and consider
the (usual) basic construction, i.e. take M, to be the extension of M by N, ¢, the
projection in M, implementing the conditional expectation of M onto N, E, (q,)=A,
q.xq; =En(x)q,, xe M. Then by iterating the basic construction we obtainII, factors

NeMcM; =M, ... and projections ¢y, q, ... such that = Ey . (g)=A,
4ixqy=Eym,_,(X) g, xeM,_,. If P denotes the closure of UM, in the weak topology
given by 1 and e,=q_, for k= —1, —2, ... then it follows that P is the hyperfinite II,

factor (as it is the union of an increasing sequence of hyperfinite factors) and {e,}, .,
satisfy the axioms (a), (b), (¢) and generate P.

5.5. NotatioN. — Let P be isomorphic to the hyperfinite factor and {e,},., a set of
projections in P satisfying the axioms (a), (b), (¢) for some

(0, 1/4] u{<4cos2§>_1|ngs}
n

and generating P. We denote by 0, the automorphism of P given by 6, (¢,)=¢,. ,.

Note that 8, is ergodic. In fact if x, y are words in {¢, },,;>, for some intergers r>s,
then t(x0;(¥))=1(x)t(@"(¥)=1(x)T(y) whenever n>s—r. By Kaplansky density
theorem it follows that t(x8"(y)) - t(x)t(¥) when n — oo, for any x, yeP.

We shall now use 5.4 to show that if A<1/4 then 6, is just the Bernouli shift of
entropy nt+mn(1—t) constructed by Connes-Stérmer and also by Krieger{9]. Indeed,
let M, be the algebra of 2 by 2 complex matrices with faithful state ¢, with eigenvalue
list {¢t, 1—t}, where t(1—f)=A. For each keZ let M,=M, and @,=¢, Denote
(M, 9})=®(M,, ®,) and P the centralizer of = ¢, in M, so that P is the hyperfinite

4
factor and it is invariant to the Bernoulli shift 6 on M (cf.[9]). Let e, be the matrix
unit in M, and denote

e,=...10((1-1e}, ®es; " +teh, Qe ]!

+t Q=)' e, @7 +(t(1—-)12 e, ®eTHRI. ..
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Easy calculations show that 0(e,)=e,,, {€,},.z<P and {e,},., satisfy the axioms
(@), (b), (¢). Let R=PN ® (M, @) and R;=P" ® (M, ¢,), j=0. Then R and

kz0 kzj+1
R; are factors (by the same argument showing that P is a factor), 8(R)=R, and

Eg,(eo)=MA (in fact even the Fubini projection of e, on ® (M,, @) is a scalar and Eg,
21

is just its restriction toR). Moreover e, commutes with R, and if
fo=...1®e,®1 ... then  t(fo)=t, foeRoNR, and  fyRfy=f,Rofo,
(1—f)RA—-f)=(1—-f)Ry(1—f,). By 1.3 e, implements the conditional expectation
of R, onto R,. It follows by induction that e, e,, ... are asin 5. 1 so that applying the
preceding corollary for M=R, N=R,, f=f,e N’ M and the sequence {e,, e,, ... }, it
follows that foe{ey, e;, ... }”. Similarly fie{e, ey, - .-} so that { f, },. are all
in the von Neumann algebra generated by {e,},.z Since

S (1= = A=) (... 18¢},®e1'®1. ..)
it follows that . ..1Q®e!,®e3]'®1... arein {e|keZ}".
It is now straightforward to see that {e,}, ., generate P. We have thus proved:

5.6. COROLLARY. — If A<1/4 then 9, is the noncommutative Bernoulli shift of weights
t,1—t, where t(1—t)=A. In particular H(8,)=nt+n (1 —10).

The computation of H(6,) for A>1/4 is entirely different and does not involve the
results obtained in the preceding sections.

5.7. PropoSITION. — If A=(4cos*>n/n)"*, n=3, then H(0,)= —(1/2)InA.

Proof. — By the Kolmogorov-Sinai type theorem of Connes and Stérmer it follows
that H(6,) =1lim sup(H (A, ,)/n), where A, ,={1, e, ..., ¢,}”". Indeed, using the nota-
tions in [9] for the joint entropy, we have:

H(O,) =sup(limH(A; , 8,(Ao ), - - -, 8(Ag W))/n)
k n
=sup(imH (Aq s A k41> - - > A ksn)/)
k n

<sup(lim supH (A, ;. ,)/m)=lim supH (A, ,)/n.
k

n n
Moreover

(n+2)H(8,)=H(8]" ) ZlimH(A, ,, 6,77 (Ao ), ..., " (A, )/k
k

and since 65" *? (A, ,) mutually commute and are t-independent, for s=0, 1, ..., k, it
follows that

H(Ao, . 0172 (Ag,,), -, B 2(Ag ) =Y H(E" P (A, ))=(k+DH(A,,)

and so (n+2)H(6,)ZH(A, ).
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kﬂ
Now each A, , is of the form ) M;
ji=1
with minimal projections of trace g; By [13] there exists n, such that if n=n, then
k,=k,., and €; ,,,=Ag;, Since ern g,=1and H(A, ,,)=er,, NE,, it follows that

;.» Where M; , are factors of dimension r;, and

H(A, ,)=— Zrmeﬂ,lnl € ne 2,‘—21*”8],,1n8“l s—kInk.

If k is the integral part of (n—ng)/2 then g; ,_,,€{g; |, } so that, for some

“ ey J no
c>0
_erngjnlnsjn Zk— Z Jn Jn
Thus
. H(A .
11mM=(—1nx) =—(1/2)InA.
n n

QED.
5.8. Remarks. — 1° We believe that for A>1/4 the automorphisms 6, are not Bernoulli
shifts and even that they normalize no nontrivial abelian * — subalgebras of R.

2° The computation of H(0,,,) remains an open problem. However let us note that
using the representation [13] of the pair R,,, =R and of the corresponding generating
projections ¢; it is easily seen that H(0,,) <In2.

3° For A=1/2 there is a representation of the projections {e,}, ., similar to the one
we found for A<1/4: For ecach neZ, let M, be isomorphic to the algebra of 2 by 2
complex matrices and { ef;} a matrix unit for M,, as before. Let P= ® M, be the tensor

neZ

product with respect to the trace and e, =...1®¢e5,;®1... and
1 =271(. . 1®(ef, +e5 )@ +e5 T H®1. . )+27 1L

e, thus defined satisfy (a), (b), (¢), for A=1/2. The algebra generated by them is easily
seen to be the fixed point algebra R=P°, where o is the period 2 automorphism

implemented by ® (2e;!—1) Note that A; ={e,, }’" is a Cartan subalgebra both in R and
keZ

P and that A,={e,,,,}” is a Cartan subalgebra in R but not in P. Moreover 67, is
just the restriction to R of the noncommutative Bernoulli shift on P. Thus
H(6],)<In2 and since 67, , is the commutatlve Bernoulli shift, H(67,)=In2. We
have thus obtained another proof of H(8,,,)=2""In2.

6. Computation of H and A
for finite dimensional algebras

In this section M will be a finite dimensional von Neumann algebra with faithful trace
7, 1(1)=1, and N = M a von Neumann subalgebra. Thus M= @ M, N= @ N, where

lel keK
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M, is the algebra of m;, x m, matrices, N, the algebra of n, x n, matrices and the sets of
indices L and K are finite. We denote by A =(ay); .k, 1. the embedding matrix of N
in M and by ¢, respectively s, the traces of the minimal projections in M, respectively
N,. Thus if m=(m,), n=(n),, t=(t), s=(s;), are column vectors then At=s, A'n=m
(A* is the transpose of A).

6.1. THEOREM. — (A (M, N)) ~'=max (3 by, 5,/t;), where b, =min {a, n,}.
T

6.2. THEOREM :

HMN)=-YmtInt,+Y mt,lnm+Y nsIns,—Y msInn+Y n.aytinc,,
1

where ¢y =min {n/a,, 1}.

We now discuss some equivalent forms of the formulas 6.1, 6.2 under the additional
hypothesis a,,€{0, 1} and, more generally a,, < n,. Then we give two simple examples
and finally proceed with the proof of the theorems.

First some notations that will be used in all the rest of the section.

We denote by e and f* the minimal central projections in N and respectively M (e* is
the support of N, in N and f* the support of M, in M). Thus é*. !, keK, leL, are the
minimal central projection in N’ N\ M and t(¢* f")=n;a,t, Note also that n,t, is the
trace of the minimal projections in (N" (M M) x , 1.

If we assume a,, < ny, the term Y by s/t, in the formula for the index 6.1 becomes

P
Y s /t=3 ayn s /n ;=7 ay t(e)/mt,. In particular if a,e{0, 1} then:
k k k

6.3. (A(M, N)) "' =max (1 (e")/t(¢* f*)) where the sum is taken over k, for " f* # 0.
i

the last term in 6.2 will vanish. Moreover, as

If a; < n, the formula for the entropy also gets simplified, because then ¢,;=1 and
mu=) mayt, and  ms=) magl,
k i
we get:
k £y 14 Sk k £y, T
HM|N)=Y (r(e MinZE 41(e f)ln——).
L b 1y

Note also that
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and so, if a,€{0, 1} then:
6.4.

H(M|N)=Z<T(e"f’)ln ) ey L) >

T(e*f") T(e*fh)
where the sum is taken over k and I, for e*f' # 0.

6.5. Examples. — 1° Let M and N be factors of type I,, and respectively I,. Then
the embedding matrix A is just the number m/n, t; =t=1/m, s, =s=1/n, so that by 6.1
and 6.2 when m/n <n we have A(M, N)~'=(m/n)>, H(M | N)=In(m/n)*> and when
m/n>n we have A(M,N)"'=m, HM | N)=Inm. Note that we allways have
[M:N]=(m/n)>.

2° Let M be a factor of type I,, and N= ) N,, so that ) m=m. If d denotes the

keK

cardinal of K then 6.3 and 6.4 give
AM, N)=1/d and H(M | N)=Y n(n,/m)

(see also 4.3).

For the proof of 6.1 we first need some technical lemmas. The key result is the
following:

6.6. LEMmA. — Let Q be a finite von Neumann algebra, S = Q a von Neumann subalgebra
and e Q a projection such that eSe=Ce. If Eq(e) = Ae for some positive scalar \ then
Eq(x) =2 A x for all positive elements x in the weak closed *-algebra generated by SeS.

Proof. — Let x=() a,eb)*((} a;eb;), a, b;eS, so that by the hypothesis
i i
x=) b}\;eb; for some scalars A, where A, ;e=ea}a;e. Since (afay), ; is a positive
iJ

matrix over S it follows that (), ; is a positive matrix. Thus there exist ¢;;e Csuch

that A;=) cy¢,; As in the proof of 2.1 if we denote by b the column matrix (b)),
k

c=(c;)i e the diagonal matrix
0 ~— /E 0
e'..' and Es(e)= S(e)...-
0 e 0 Eg (e)
then we get

Es(x)=) b} Ai;jEs(e)b;=b*c*Eg(e) = b = b*c* (kZ)cb=kZb§"7~ijebj=7»x.

iJ LJ

QED.
6.7. LeMMA. — With the notations at the beginning of this section, let ee M, c M be a
minimal projection and f the support of Ey. ,y{(€). Then Alg(NeN)=fM f=fM, f.

Proof. — As M, N are finite dimensional, Alg(N eN) is a weakly closed *-subalgebra
in M. Its support in M is the projection f'= v {ueu* | u unitary element in N} and in
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fact if G is a group of unitaries in N generating N then "= v {ueu* | ueG}. Moreover
if G is finite and |G| is the cartinality of G then
En M(e)=L Y ueu*
| G | ueG
so that the support of Ey. . v (e) coincides with f7, i.e. f=1". ;

Let e,=e, ¢;, €,, ..., ¢, be a maximal family of mutually orthogonal equivalent
projections in Alg(NeN). Then ¢=Ye¢ <f, and suppose gq#f Then
f—qeAlg(NeN) and (f—q)Ne # 0, because otherwise (f—q)Alg(NeN)=0, so that
0=(f—q) f=f—gq, a contradiction. If ve(f—q)Ne, v # 0, then v*v is supported by e
and since ¢ is a minimal projection, v*v is a scalar multiple of e. Thus for a suitable
scalar ¢, e,, =cvv* is a projection, ¢, ., €Alg(NeN) and ¢, , is equivalent to e. This
contradicts the maximality of ey, e;, ..., e, and proves the lemma.

Q.ED.

6.8. LEMMA. — Let Q be a type Iq factor and S < Q a type 1, subfactor of Q. IfecQ
is a minimal projection and f is the support of Eg. . o (e) then

smin {s, g/s}

() =

Proof. — If g/s £ s then s min (s, ¢/s)=q and obviously t(f) < 1. By the preceding
lemma, fis the support of Alg (SeS) so that it is also the supremum of the left supports
I(xe) of the elements xe, x€S, i.e. f= v {l(xe) l x€S}. In fact it is enough to take x in
a linear basis of S. As S has dimension s*> and e is one dimensional in Q, it follows
that f has dimension not larger than s2, i.e. T(f) < s/q.

QED.
Proof of 6.1. — Let &,,=(}.bys/t) '. By Lemma 6.6 it is enough to show that for
k

any minimal projection e M, there exists a minimal projection e, € M, such that:
(a) eeAlg(NeyN);
(b) En(eo) 2 e
(¢) A, is the best constant for which (b) holds.

Suppose ee M; =M f! and let ¢ be such that e f' # 0. Then e* ee* is a scalar multiple
of a one-dimensional projection. Applying the preceding lemma for
Q=Mg i=e*(M)e* and S=Nj . =f'N, f' it follows that the support e, of
Ey: - m (€" e€”) satisfies

’ bkl
T(ep) = . (€ fN=byunm autijay=mbyt,
ki

(where b, =min{a, ,, n,}). Note that nyt, is the trace of the minimal projections in
S'NQ=(N"N\M)e*f. Thus there exist b,, minimal projections in (N’ (M) 1, say
{g5}1 < i < b, Such that e, < )" g%, and let {gf}; ; be a set of matrix units in (N” N\ M) x ;1
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having g% as diagonal. Let also {ef;}, < ; ; <5, be a set of matrix units in Nk .« (this is
possible because b,; < n). Denote by

, 1
fi=— Ze{‘cjg’icj'

bkl i

It is easy to verify that f; is a rank one projection in M 1 (and thus in M,) and that

En am(fD)= L ZEN’nM(ei"i)g?iz L Zg'i‘i,

by 5 bun, 7

so that the support of Ey. . v (f) majorizes e;. Thus, for each ke K, with & f* # 0, we

find a minimal projection f;, in M,, f; < €, such that the support of Ey. , () majorizes

the support of Ey. .y (¢“ee"). Consider now some positive scalars o, (to be specified

later) such that ) o, =1. There exists a projection e, in M, such that é*e,e* =0, f}.
This projection is of rank one in M, and satisfies

Ex s M(eo)=ze" En: o m(€0) e"=Z Ex ~m(€ e e")=Z o En A (S0,
so that the support of Ey. . v (eo) majorizes the support of
Y Exnu(eed)=3 "By y(e)e*=Ey ,y(e).

By 6.7 it follows that ee AlgNey N.
We shall now compute Ey(e,). Let P be the algebra @ f'N, f' so that
Lk

NcPc M. Then Ep(e))=).Ep(efeqet)=) o Ex(f7). Using the preceding nota-
tions, we have

, 1 Kk 1 k k 1 k
Ep(f)= b_ ZEP(eiigii)z b_zeiiEP(gii)= b €jj-

ki i Kl i wl Mg i

But Y efeNyx, 1< P so that there exists a unique projection g, in N, such that
q. f'=) ek Note that g, is the sum of by, minimal projection in N,. Hence

1
Ex(fD=ExEp(fD)= b—EN(Ckal)

k1 Qi
1
= En (g e fl) = qx En (ekfl)
by ay ki Qi
oty 1T mayy 1 t,q
= k€ = T 4= T T4y
by ay, T(ek) buay m Sk . by s,
It follows that
1 ¢
EN(90)=20‘1¢— _IQk
k Kkt Sk
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. b
and if we take o= — % then Ey (€)=MY g
Kt Sk k
k

Since Y g, is a projection and since the support of Ey(e,) majorizes e,, we get
Ex(eo) = Mey and A, is the best constant for which this inequality holds.

QED.
From Theorem 6.1 and the last part of its proof we easily get:

6.9. CoroLLARY. — A(M, N)=inf {|| Ex(e)|| | e nonzero projection in M}.

Proof. — The inequality £ allways holds (see the remark at the end of Section 2). In
the proof of 6.1 it was shown that there exists a projection e,eM such that Ey(e,)
is M(M, N) times a projection. Thus ||Eyx(eo)||=A(M, N), which yields the opposite
inequality.

QED.

We turn now to the computation of the relative entropy of N in M
(Theorem 6.2). From now on the inclusion N < M will be described in the following
way: For each keK, leL we fix a finite set A, , of cardinal g, and identify [1, m,] with

U (A x[1, n,]), where the intervals are integer valued and the A, /s are supposed to be
k

disjoint. According to the above decomposition we shall fix a system of matrix units
for M denoted by (f{, . ) [€L, acAy, , beA,, , 1 Si<ky, 1 £j <k, and a system
of matrix units (ef)), k€K, 1 £1i, j <, for N, and express the inclusion N = M by the
formula ‘

ei-‘,j=Z Z ffa,ma,j)-

leL ae Ay,

The inclusion matrix [2] is easily seen to be A =(a, )ik, ;- In terms of these matrix
units the minimal central projections in N and M respectively, i.e. €* respectively f,
have the form:

f’=2 Z Z ffa,i)(a,i)-

keKi=1 aeAg,

Note also that the conditional expectation Ey acts as follows:

b
EN(f:a, i) (a,j))= s_e?j,
%

k being the index such that aeA,
Ex(fla,a, ) =0 if a#b.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



98 M. PIMSNER AND POPA

(Recall that ¢, s, are the values of the trace on the minimal projections in M,
respectively N,).

We shall denote by f%, aeA,,, the minimal projections in N’ [\ M defined by:
a kl

Pk

f,lz= Z f:a,i)(a,i) for aeA;
i=1

6.10 LEMMA. — Let p be a minimal projection in M such that p < e f. If u,e R, are
defined by pf' p=u,p then

4
Ex(®)= Y u,—q,
acAy Sk
with q, minimal projections in N, q, < €~

Proof. — The map Néfax—xfieM s1 being an isomorphism and p being minimal in
M it follows that there exist minimal projections g, in N &* such that f* pff=u_q, f,. It
follows that

Ex()= Y Ex(fipf= ¥ u,a,Ex(fD= 3 uq,

ae Ay aec Ay ae Ay Sk

QE.D.
6.11. LemMMA. — Suppose {y;};., is a partition of € f* (i.e. Y. y;=€"f") each y; being a
positive multiple of a minimal projection in M. Then

Y T Ex)) -t ) £ —maytInt+naytIns, +na,tlnb,

iel

where b, =min {a,,, n,}.

Proof. — Write y,=c,p, where ¢,eR,, and each p; is a minimal projection smaller
than e* f*,

To prove the inequality with b, ,=n, note first that for every zeNe*, z2=0,
TM@) =nCE@)+r(@In(ns,). To see this denote by 1, the normalized trace on
N¢é*, that is 1,=(1/n,s,)1, and apply the known inequality (property(6) in section 3)
(M (2) = N7, (2).

It follows that:

X T ExGN -t )

iel

< Z Nt +1)In(ns)—tMm @)

iel

= z =t In(t(¥)+t() In(ns)—n(c)Tp.

iel
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Since p; is minimal in M, t(p;)=¢, and since Y y,=€*f, Y t(y)=na,t, so that we
finally get

Y=t In((E)—t@)Inc+T1 ) In(ns)+1 () Ing

iel
=—n.aytInt,+n.a,tIns +na,tInn,.

To prove the inequality with b, ,=a, define the nonnegative numbers
uaiER+ by Piflnpizuaipi‘
Note that

* Y u,=1 foreach iel

aeAg

and that Y y,=¢* f' implies

2 tleiugp)=Y, T fA)=1(f2)

iel iel
so that

(**) ch Uy =M L

iel

Moreover the preceding lemma shows that
t
Ex()= 2 iy - 4ai> where  1(g,) =5
ae Ay Sk

It follows that

Yt ExN -t ()

= Z T<T\< Z ciuaiﬁqai>)_‘t(n o))
iel ae Ay Sk

<X X <r<n<. a )qm>>~2_r(n(ci)pi)

-2 T nfand)u-Enen

i aeAy
=y Y cquuhlns,—Y > cuutlng
i acAy i aehAy
-3y cquutlng-—Y, Y, cu,”t,lnt,+2t,clnc
i aeAy i aeAp

The inequality used above is the well known t(n(x+3)) <1 (1 () +71 (1 () (property
(5), Section 3).
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Property (**) implies that the first term equals n, gy, ¢, In s, and the forth term equals
—meaut, Int, while (*) shows that the second and last term annihilate each
other. Finally the concavity of the logarithm, (or the technical lemma 3. 6) shows that
the third term may be majorized by:

—Zci t( Z u, In uai)§zci tIn ay=ng.ayt, In ay
i ac Ay i

Q.E.D.

6. 12_. PROPOSITION :

HM|N)S =Y mInt+Y mtInm+Y nes Ins,—Y ms, Inn+ Y neayt;Inc,
! k k k, 1
where ¢;,;=min {n,.ag", 1}.

Proof. — 1t is sufficient to consider partitions of the unity in M consisting of positive
multiples of minimal projections in some M;. Let {x;,};.; ;. be such a partition and
write x;,=c; p; ; with¢; ,€R, and p; , a minimal projection in M;. Define the nonnega-
tive numbers u, , by:

(1) pue f'Pu=weubus
so that:

(2) € f'pye* f'=uu; quin Gy being a minimal projection smaller than € f*.

Applying the trace in (1) and (2) and using Y x;,=f" Y. & f'=f", 1(p;) =1 (qs)=t; one

i k

gets:
(3 Z wea=1;"

kekK
4 2 Ciligy =n Aty
. (5) Zcu L=mt,
For each keK, leL fixed, apply the preceding lemma with y,=¢e*x;, " to get

Sk by

Z t(n(Ey (ek Xi1 ek))) _—<:Z T(n (ek Xi ek)) +na,t In
i i 1

Sk by

=2 TN (Cq ) Qo) + My By 1y I
i !

Si by
= z n(cqu) i+ a,tin >
i 1

where b,,=min {a,, n,}.
It follows that

Y. (& (Bx (x:) = (1 (x2)
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= Y T Ex(xpe)— X 1 (x)

i, l, k

= 2 T (Ex(e"x;eH))— Y t(n (i)

i, Lk

)
=Y nata)ti+ Y meayt In kt 2 Z (N (x)
0Lk k1

1 i, !

= Z oty 1y Iy — Y Cythy £, In gy
Lk 6 Ik

S by

+Y naytl +3 cuty In .
k, 1 il

1

Since Y u,;,=1 the first and Jast term vanish.
k

Applying the technical lemma 3.6 to the second term, noting by (4) that

Y. Cy i 6= ay t, and obviously Y nyay,t,=m,t, we can majorize further by
i k

na,t 5. b
Z(—anak,tlln <M>>+2nkak,t,1n LA
k, 1 3

i k mf 1

my 8, by m; Sy
=anak,t,ln<——— =Y nmayt, ln e ).

k, 1 b Wy k1 1My

where ¢,,=min {n/a,,, 1}.

This is the desired estimate since

LM ty=mt, and Y mayt=mns,
P 1

Q.ED.

The rest of this section is devoted to the proof of the opposite inequality, by exhibiting
a partition of the unity in M with entropy equal to the right hand side in
theorem 6.2. Looking at the proof of the inequality just obtained we see that we have
to get equality at two stages, on the one hand under each €* f' (Lemma 6.11) and on
the other hand in each M, (Proposition 6.12). This is the content of the following two
lemmas:

6.13 LemMmA. — Let keK and leL be fixed. There exist
{pai}ie[l, ml, aeAgp

orthogonal projections in M, p,;<é* f, 3 p,,=e* f' and such that

a, i

) |
T Ex(pa)) =t In "t’s", for every  i€[l, n], acAy,

1
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where b, =min { a;, n, }.
Proof. — Let us identify A, with Z/a,; Z and [1, n,] with Z/n, Z.
If a, ,<n, let us embedd n, copies of the matrix algebra of dimension a,; into M ,:
by
qi‘ s+tHf:s, i+s) (s+t, i+s+rp

]

where ¢} .., denote the matrix units in @ M, M;~.#, . If k.is a primitive root of
icl

order g, of the unity, A=exp(2ni/ay), then

1 . .
Qo= — Z Mg, gre aeli, ay
Qs ¢

are the minimal projections of a maximal abelian subalgebra in each M, so that

ag
1

Pui=— 3 AN fU(s, i+s)(s+t, i+s5+1)
Ay s, t—1

are minimal projections in M ;i such that ) p,=e* f*.

a, i
Moreover
1 ax 1 g
— at 1 _ k
Ex(pa)=— Z A EN(f(s, i+s) (s+1, i+s+t))_‘ - Z % Cits, its
akls, t=1 akls=15

s k k
Since a,, | Smy, iy, 1584y, i+, =0 for s#t, I<s, t<ay, so that

(B ) ={ ~ 0 Yoo 2,

B Sk Qg S b

If a,,=n, then we embedd in the same way q,, copies of matrix algebras of dimension n,
in M ;1 to get the desired projections as

ny
1 .
— t £l
Daj=— Z A f(a+s, a+s+t, s+ip
Rys, 1=1
with
2ni
A=exp| —
My
As in the case a,, Sn, we get
ny
1 ¢,
EN(paj)= — Z “x €ss
Aps=1 S
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and

(M (Ex(pa, )=t In f’;-s'—‘

l

QED.
6.14. LemMMma. — For each le L denote

C,={keKlAk,;éQ} and Bu=A,x[1, n).

For every family {p,}be U By, of minimal projections in M, such that Y. p,=é* f' for

ke be By

every ke C, there exists a partition {x;};.y of f'(i.e. Y, x;=f" x,20) with the properties:

(1) x;=c;q,, ¢;eR, and q; a minimal projection in M;;

(2) e x;e=c;(m aytmt)q, ; with q,e{p,|beBy} for each keK, iel

Proof. — Fix j=(iiec,€ || By a multiindex. Since p;, <e* f' it follows that p; p, .

keCy

=0 if k#k’, k, k’eC,and since the p;’s are all minimal in M; we may embedd in M
(nonunotally) a factor M; pf dimension ¢,, equal to the cardinality of C,, in such a way
that the p;’s are the minimal projections of a maximal abelian subalgebra in M;. In
M; we can moreover find ¢, unitaries denoted u,, k € C,, such that :

() u; , belongs to the maximal abelian subalgebra generated by the projections p;,
and

(i) (Y/e) ), upxu¥ .= Y p; xpj, (this means that they define the conditional expecta-
keCy keCy

tion of M; onto the considered maximal abelian *-subalgebra).
Let us also fix a minimal projection q;€ M; with the property that
(i) pj q;p; = ayt,/mt)p; for every keC. This is possible because

Z m ay ty/m t=1.
keCy

The partition {x;, };., is defined as follows:
The index set I is equal to [[ B, xC, and

keC

— m, *
xjk- ujkqjujk.
Y H ngag

seCy

The first property of the lemma in obvious so we check the second. Since u; belongs
to the C* algebra generated by. the projections p; and pjkge" it follows that

eko Up=0Dj where «eC, |a ] =1. Hence
Mo Ot Lt

ko * ko — =
€OUp q;Uj €7 =Dy 4iPy, =
mt,

Jko"
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Finally we check that {x;};., is a partition of f*.
Using (ii) we get that

Z Z Xjs= Z G Z P 4P
jell By seCy jellBy seC ll—[ ng ay,
keCy

_ Z Z nydaly m,
- pfs
jelBy sec; Myl Il mean

keC

_ Z Z nsay tl m;
= Dij;
seCy jellBy Myl [T may

keC

ngagt,
= Z - (H may) f'e’
seCy mltl k#s l—l n, ay
keC

-y ngagty m; fle=1"

seC My tl ngag

QED.

We can now complete the proof of theorem 6.2. The partition of the unity is obtained
in the following way: For each keK and leL let {p,},.p, Bu=A,x[l, n]) be the
projections constructed in Lemma 6.13. Applying to these projections lemma 6. 14, for
each I, we get a partition of the unity in M {x, };.; ;.. with the following properties:
(1) x;=cypu cuceRy, py is a minimal projection in M,.

(2) e xyef=c,(u ayt/mt)q; , , with g;; a minimal projection in M.
(3) T((Ex(g;, 1, )=t In (by; s, /t;) where b,;,=min { @, n}. Thus we get also

4 Z cuty=mty and t(qy) =1,
It follows that the entropy of the partition x;; is equal to

z t(n (Ex(cypa)))— Z ((carw)

i 1

= 2 (N (En(ca € py )+ Z eyt In ¢y

i, l, k i, e

a
Z ( < ‘utl““lEN (qilk))>+zcil t In ¢y
i, 1, k

mpl, il

N, dt
= Z T(n (Cit_k K I)EN(‘Iizk))
oIk mt,

n.a,t
+ Z T( EH l>EN(‘1ilk)+Zciltl In ¢;
i, I, k t

mit
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N ayl; . Cyhyd nagt, . bys
=——Zci,k"”ln ukkz_l_zcﬂkuzln Kt Sk
i1k m; m i1,k m, 14

nayl;
+Y eatylne ;== ) ¢ Inc,
i 1 : i1k my

n,ayt s, my; by
+ Y e [ 2L E )+ Y eyt Incy
ik m e 4 G/ i1

Since ) m,a,;=m, the first and last term disappear and using that Y c;t,=m,t, the
k i

second term becomes:

8 m

1
Y meayt; In = —ey,
1, k 1 1

which gives the desired result since

Y mayt;=mt, and Y maut,;=ns,.
k B

QED.
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