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Summary. We exhibit random strange attractors with random Sinai-Bowen-
Ruelle measures for the composition of independent random diffeomorphisms.

We consider in this paper compositions of independent random diffeomorphisms of
a compact manifold M. This set-up occurs in the theory of stochastic differential
equations (see [Ki] and [Ku]). It has been used as a model for studying the effect of
noise on deterministic dynamical systems (see e. g., [Y]). It can also be thought of as
a random walk on Diff M, the group of diffeomorphisms of M. Our aim here is to
communicate some results on the ergodic theory of these random maps.

Let (€, v) be a probability space which is identified with Diff M, and let y be a
stationary probability measure for the associated one-point Markov process, i.e., y
satisfies u= | f,,u v(dw). We shall refer to this process as X =X(M, v; u). For ease of
reference, we shall call the composition of a sequence of maps a composed map.
Given X, one can associate with typical x in M Lyapunov exponents A,(x), with
multiplicity m;(x), i=1,...,7(x). These numbers describe the asymptotic growth
rates of the derivation at x of the typical composed map (see [Ki]).

If all the exponents are negative and the stationary measure is ergodic, then the
dynamics of X is the dynamics of a random sink : a typical composed map send most
of the measure into the neighborhood of a finite random set, usually a single point.
In other words each of the “‘sample measures™ is supported on a finite set (“sample
measures’” are the conditional measures of u given past sequences of maps [Y]. They
are also called statistical equilibrium in [Le J]). Furthermore, the two-point Markov
process associated to X is transient on M x M minus the diagonal.

In this paper we are interested in the case when the largest exponent is positive.
Under the hypothesis that the stationary measure is absolutely continuous with
respect to Lebesgue, we exhibit what could be called a random strange attractor.

* The research of this author is partially supported by the National Science Foundation and the Sloan
Foundation.



218 F. Ledrappier and L.-S. Young

Theorem B. Assume u< Lebesgue and A,> 0 for some i. Then the sample measures
have the Sinai-Bowen-Ruelle (SBR) property.

Roughly speaking, we say that a measure has the SBR property if locally there
exists a k-dimensional foliation (k is the total multiplicity of the positive exponents)
such that the measure is the product of a transverse measure and a smooth measure
along the leaves of this foliation. Theorem Breflects the fact that a typical composed
map expands and smooths along some k-dimensional objects. It extends to the
random context a classical property of hyperbolic attractors [Bo, S] and of measure
perserving diffeomorphisms [Pe]. This property is believed to hold for a large class
of attracting sets (see [ER]).

One consequence of Theorem B is that the two-point process associated with X is
positively recurrent off the diagonal. Furthermore, in the case when no exponent is
zero, we deduce dimensional properties for the sample measures, and also mixing
properties of the underlying process (see Theorem C).

If the stationary measure p itself is invariant under v-a.e. map f,, (or equivalently
if the sample measures are all equal to y, or else if 2A,m; =0 p-a.e.), then Theorem B
can be proved directly by “relativizing” the arguments used for a single
diffeomorphism, and the (relative) entropy is given by Pesin’s formula (see [Ki],
[KS]). The bulk of our work here consists in showing that this entropy formula
holds when the stationary measure is smooth — without requiring that the maps
individually preserve a smooth measure.

Theorem A. Assume p<Leb., and lei h be the entropy of X(M,v;p). Then
h=(ZA} m;dy, where o™ =max («,0).

Theorem B is deduced from this entropy formula using the characterization
of (relative) SBR-measures by a (relative) variational principle. This paper is or-
ganized as follows: Sect. 1 contains some definitions and background information.
In Sect. 2 we review the random version of some basic concepts from the ergodic
theory of a single transformation. Much of the material in these two sections can be
found in [Ki]. Precise statements of our results are given is Sect. 3. The next two
sections are devoted to the proof of Theorem A, while in Sect. 6 we indicate how the
proofs of Theorems B and C are obtained. We include in the appendix a brief
explanation of how the theory of stochastic flows is related to our study.

Part I

1. Preliminaries

(1.1) General Setting

Let M be a C* compact Riemannian manifold and let Diff?(M) denote the group
of C? diffeomorphisms of M onto itself. Let (2, §) be a probability space which

we identify with Diff>(M) together with the Borel g-algebra generated by its
C>-topology. For we Q, we denote the corresponding diffeomorphism by f,,.
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Let v be a probability on (2, §). For technical reasons we shall assume
throughout this paper that

[Log™ | /lc2 v(dw) < 00
fLog™ |5 ¢ v(dw) < o0

where |f]c2 denotes the C2-norm of fe Diff*(M).

We are concerned with the ergodic theory associated with the successive
application of randomly chosen maps in Diff? (A/). These maps will be independent
and identically distributed with law v. More precisely, let Q7 denote the bi-infinite
product of Q with itself and let vZ denote the corresponding product measure of v.
For each w=...00_, wow;, ... € Q% we define for n>0

Jo=SonsoJurSe

« Oy~ 1 rJoy wo

f—n= -1, o f 1
© W_p e w_1°*

Our goal is to study the asymptotic behavior of these compositions as n— oo for
vZ-a.e. @. This set-up will be referred to as X(M, v) in the rest of this paper.

(*)

and

(1.2) Stationary and Sample Measures

(1.2.1) Definition. A Borel probability measure x on M is called a stationary
measure for X (M, v) if

p={fou v(dw).

Let Wi (X) denote the set of stationary measures for X(M, v). Since M is compact
and x—[ 8, v(dw) is continuous, IN(X) is nonempty. In fact, M(X) is a compact
convex set with respect to the weak topology. Its extreme points are called ergodic.
We will return to this notion of ergodicity later.

One view of X(M,v) with stationary measure u-which we will henceforth
abbreviate as X(M,v; u) — is the following skew product: let 1: QN o be the
shift operator, i.e., if (o*), denotes the n™ coordinate of w*eQV, then
(™), =(w™),+;. [t is easy to verify that F* : QN x M« defined by

FT ((;Q+a X) :(T@+afw0x)
preserves the measure vN x p.

We shall consider an invertible extension of (F',vNxyu) as follows: let
F:Q%x M< be defined by

F(@, x)= (10, f4,)

Clearly, there exists a unique F-invariant probability measure on Q% x M, the
projection of which on Q" x M is the measure v x u. We denote this probability
measure by p*. In most of our arguments, we shall be working with (F, 4*). We shall
identify (F*, vN x y) with the action of F on the decreasing c-algebra generated by
{*, w,,n=0}. Sometimes we also condition with respect to the invariant sub-o-
algebra generated by {w,, ne Z}, which amounts to choosing @ in Q7 and studying
the action of {f, neZ} on M. This leads to:
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(1.2.2) Definition. Given (M, v; i) and the associated measure u* on QL x M. We
call the family of conditional measures of p* on M-fibers the family of sample
measures.

(1.2.3) Proposition. Let u be a stationary measure for X(M, v). Then the family of
sample measures {p,,0eQ?} is the essentially unique measurable family of
probability measures on M with the following three properties:

(1) fwol’tgzlurc_u ve-a.c.
(2) p, depends only on ,, n<0,

(3) | p, v (dw)=p.

Moreover, for v-a.e. @, [ nyp— i, G5 B—00.

Proof. Property (1) is the invariance relation of u*, properties (2) and (3) express
that p* projects on QN x M into the measure vN x .

Conversely if {y,,, @ e Q%} satisfies (1), (2), (3), the measure u,(dx)v* (dw) is F-
invariant and projects on Q" x M into vN x p.

Finally, the limit property is the approximation of conditional measures with
respect to {w,,, meZ} by conditional measures with respect to {w,,, m= —n}.

Sample measures are studied in e.g., [LeJ] and [Y].

(1.3)  Other representation of X(M,v; 1)

We mention three more views of the object X (M, v; u). The first one is the Markov
process with state space Q x M, initial distribution v x g, transition probabilities

O (w, x)=v{w (v, fx)el'}

The standard representation of this process on (2 x M) x (2 x M) x ... with the
shift operator in clearly isomorphic to F, : (N x M, vN x p).

Another representation of X (M, v; u) is the Markov process with state space M,
initial distribution u, and transition probabilities

P(Elx)=v{w:f,xeE}.

This is a factor of the process above. Some readers may prefer to view Theorem C,
for instance, in this context.

A further representation of X (M, v; ) is the two-point Markov process with
state space M x M and transition probabilities given by P,(E x F/(x,y) =v{w :f,xe E
and f,yeF}. The importance of this process comes from the fact that for
continuous time models, it describes unambiguously the original process on Dift M
([Ba]). From Proposition 1.2.3 follows:

(1.3.1) Proposition. Let u be a stationary measure for X(M,v), {y,,weQ*} the
Sfamily of sample measures, (M x M, P,) the two-point Markov process. Then the
measure y? defined by

12 (E x F)={ py(E) o, (F)v*(de)
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is P,-invariant and satisfies
(uxp)-Pi>p* as n—o©.

(1.3.2) Corollary. Let X (M, v; ) be such that the sample measures are continuous.
Then, the two-point Markov process is recurrent outside the diagonal.

This is clear since Proposition 1.3.1 gives us an invariant probability measure y
such that
(? (Diagonal) = [ (u, X p,,) (Diagonal) v*(dw)=0.
(1.4) Ergodicity and Uniqueness of Stationary Measures
Let X(M,v;u) be as always.

(1.4.1) Proposition. If A= QN x M is an F*-invariant subset, then there is a Borel
subset B< M with the property that

N x Wy (A4(QN x BY)=0.
Proof. See [B] for a proof in the Markov chain setting.

The fact that F*-invariant sets (and hence F-invariant sets) correspond
essentially to subsets of M leads to the following characterization of ergodicity.

(1.4.2) Proposition. The following are equivalent :
(1) u is ergodic, i.e., it is an extreme point of W(X);
(2) M cannot be written as a disjoint union C, L C, where for i=1,2 we have
JoCie G
Jfor v-a.e. w;
B) F':(QN¥Nx M, Wxyu) is ergodic;
@) F:(QNx M, u*) is ergodic.

Our next remark concerns a situation of particular interest.

(1.4.3) Remark. Suppose P(-|x) as defined in (1.3) is <Leb. for every xe M.
Then:

(1) Every stationary measure uis < Leb.
(2) If there does not exist two disjoint Borel subsets C;, C, of M, both with
positive Lebesgue measure, s.t.

JoCi=C;
up to sets of Leb. measure O for v-a.e. w, then y is unique. In other words,
with the hypotheses above, the family {u,} is completely determined by
X(M,v).
2. Basic Concepts from the Ergodic Theory of a Single Diffeomorphism
(2.1) Entropy

We define a notion of “fiber entropy” for the skew product (F, u*). Let a be the
g-algebra of subsets of Q% x M generated by cylinders of Q% and let P be a
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measurable partition of Q% x M with H,.(P)<co. We define

n—o

1 n—1 R
hye(F; Pla)=lim ~ Hu*< \/ F“'PIa).
0

The limit on the right exists by a relativized version of the Shannon-Breiman-
McMillan Theorem.

(2.1.1) Definition. The entropy of X(AM, v) with stationary measure y is defined
to be
Sup  h,«(F; Pla).
P with
H(P)<w

This number is denoted by A(X(M, v; 1)), or simply A.

In some ways it is more natural to define the entropy of random maps by taking
a partition Q on M with small diameter, a typical @ € 2%, and to compute entropy as
approximately

W0 im LY gb0)

n>

(2.1.2) Propesition. Let Q be a partition of M with H,(Q)< co. Then for a.e. @,
h(fy; Q) =h,(F;Qla)
where Q={Q%x A, Ae Q}. In particular,

Sgp h(fu;Q)=h.
See [Ki] for details.

(2.2) Lyapunov Exponents

For xe M, let T, M denote the tangent space to M at x. We consider (F, u*) and view
(w, x)— T, M as a bundle over Q% x M. Oseledec’s Theorem then tells us that there is
a measurable splitting of this bundle into

El (Q’ x) @ .. @Er(g,x)(@> x)
such that at y*-a.e. (@, x), if v+0¢e E,(w, x), then

1
lim -~ Log|Df"s|=£ 4@, %).
(See e.g. [Led 3] Théoréme 1.4.2).

Moreover, the functions (@,x)-r(w,x), 4(w,x) and dimE;(w,Xx)
i=1,...,r((w, x), are measurable and are constant along orbits of F.

(2.2.1) Definition. The numbers ;(w,x) with their respective multiplicities
m;(w, x) are called the Lyapunov exponents of X(M, v; ).

Just as with entropy, it may be natural to define exponents by looking at f for
n=0 and considering p-a.e. x.
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(2.2.2) Remark

(1) The set of Lyapunov exponents for F* is identical to that of F, with the obvious
correspondence.

(2) Itfollows from Proposition 1.4.1 that there are functionsr, A;, m; : M— R s.t. for
p*-ae. (w,x), rlw,x)=r(x), ,;(w,x)=7%(x) and dim E;(w, x) =m;(x).

(2.3) Stable and Unstable Manifolds
Let (w, x)e 2% x M be s.t. 4;(x)>0 for some i.
(2.3.1) Definition
1
W*w, x)= {y €M : limsup — logd(f, "x,f, "y) < 0}

now M

and

1
Wi (w, x):{yeM: lim sup — logd(fa_';x,fc_ﬁy)<0}

now N
are called respectively the unstable manifold and the stable manifold of F at (w, x).

At p*-a.e. (w, x) with 4;(x) >0 for some i, W*(w, x) is a ( Y. dim Ey(w, x)>-
;>0
dimensional C? immersed submanifold of M. It is tangent at x to the subspace

@® E;(w,x). Analogous properties hold for W*(w, x). This is proved by first

Ai>0

constructing local versions of stable and unstable manifolds. See [C1] or [Rue].
When using properties of g, it is important that no reference be made to the past.

(Otherwise u becomes yu,!). Hence we stress the following dependence.

(2.3.2) Remark. The definition of W*(w, x) and many of its properties depend only
on x and ¢, for n=0. By contrast, W*(w, x) depends on x and w,, #<0.

(2.4) Inequalities Relating Entropy and Exponents
Let X(M,v; u) be given.
(2.4.1) Proposition. (Ruelle’s inequality).

h< (20 mdy.
See [Ki] for a proof.

(2.4.2) Proposition. Suppose u<leb. Then

(1) ZA"m 20 p-ae,

Q) it m;=0 p-ae. iff fou=p for v-ae. o
See [Ki].
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3. Precise Statements of Results

We assume throughout that X(M, v) is as defined in (1.1) with the C?-norms of the
f.’s satisfying condition (*) in (1.1), and that pu is a stationary measure for X(M, v).

(3.1) Entropy Formula
Let A, A; and m; be as defined In Sect. 2.

Theorem A. Suppose p<Leb. Then

h={Z27" mdu
where ot =max (a,0).

(3.2) Geometric Properties of Sample Measures

Let {u,} be the sample measures associated with p as defined in (1.2). To
be completely accurate in the definitions and statements to follow, we set
W*(w, x)={x} when 4;(x) <0 for all i. If 5 is a partition of Q7 x M, we let 5, denote
the restriction of 5 to the fiber {w} x M and consider it a partition of M.

(3.2.1) Definition. A measurable partition 5 of Q% x M is said to be subordinate to
wtiffor p*-a.e. (w, x), n,(x) = W*(w, x) and contains an open neighborhood of x in
W*(w, x), this neighborhood being taken in the submanifold topology of W*(w, x).
Confusing o-algebras with their corresponding partitions, recall that a is the
partition of Q% x M into sets of the form {w} x M. Let n be a partition subordinate
to W*. Then u* disintegrates into a canonical system of conditional measures on
elements of 5 v a. (See e.g., [Ro]). We denote this by {x1%}. Identifying {o} x M
with M, we have u:gy;f':(ug)’]‘& for p*-a.e. (w,x).
(3.2.2) Definition. We say that u*, or equivalently {u,,}, has absolutely continuous
conditional measures on W*-manifolds if for every measurable partition 5 sub-
ordinate to W¥, ufg};’<iwu@,x) for p*-ae. (w,x). Here Ayu, . denotes the
Riemannian measure on W*(w,x) that comes from its inherited Riemannian
structure as a submanifold of M.

Theorem B. Suppose p<Leb. Then { U} has absolutely continous conditional
measures on W*-manifolds.

In the case of a single diffeomorphism, invariant measures with this property are
sometimes called Sinai-Bowen-Ruelle measures. We generalize another geometric
property of these measures, (See [Led?]).

(3.2.3) Definition. L et X be a compact metric space, let m be a finite Borel measure
on X, and let B(x, &) denote the g-ball about x. Then the dimension of m, written
dim (m), is defined to be « if for m-a.e. x,

L ;
lim ogmB(x, &)

£>0 Loge
exists and equals o.
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We remark that finite Borel measures in general do not have a well defined

dimension.

Corollary to Theorem B. Suppose u<Leb. and is ergodic. Assume also that ;%0 Vi.

Then dim (p,,) exists for v*-a.e. @ and w—dim(u,) is constant a.e.

(3.3) Ergodic Properties of X(M,v; 1)

Theorem C. Suppose p<Leb. and that for p-a.e. x, A;(x)+0Vi. Then

(1) (F, u*) has at most a countable number of ergodic components;

(2) each ergodic components is isomorphic to the product of a Bernoulli shift and a
finite system.

In view of Proposition 1.4.1 we have
Corollary to Theorem C. Suppose u<Leb., is ergodic, and ;%0 Vi. Then either
(1) (F, u*) is Bernoulli (and hence mixing)
or

2) dneZ”, apermutations: {1, ... n} <, and mutually disjoinis subsets A, ..., A
p
of M each having positive Lebesgue mesure, s.t.

fwAi:Ao'(i)
Sfor v-a.e. w, and F"|(Q% x A,) is Bernoulli.

n

Part I1. Proofs

As with Pesin’s formula for diffeomorphisms, Theorem A is valid because of the
existence of a smooth invariant measure. However, ¢ is invariant only when one
averages over all past histories. So to use the smoothness of y, our constructions
must essentially depend only on £ for n=0. We take a slightly different approach
than in [M] or [Pe], for both of these proofs, as they stand, involve some knowledge
of backward iterates.

The discussion above does not apply to Theorems B and C, which concern the
U,’s. In fact, as we shall see, Theorems B and C follows readily from standard
techniques for diffeomorphisms once Theorem A is proved.

4. Technical preparations for the proof of Theorem A

In (4.1) and (4.2) we write down the “random version” of some results that are
known for maps. These proofs do not contain any new elements and will be omitted.
In (4.3) we construct a partition subordinate to W* that will be used for estimating
entropy.

To stress the fact that all the constructions here are independent of the past, we
will work exclusively with F* : (QN x M, vN x ) in this section.
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(4.1) One-Sided Lyapunov Charts and Stable Manifolds

Let Ay={(w™,x)e Q¥ x M : (", x) is regular with respect to f;. in the sense of
Oseledec}. For (¥, x)e Ay, we let

Ma™, x)= —<max /L@))
A <0
and
ES(C_U+=X)= (_B Ei(@+>x)'
;<0
For fixed A>0 and 0 £k <dim M, we let
AG K ={(@*, )€ dy: M@, 1) 21, dim E*(0*, x) =k}

and consider these F*-invariant sets one at a time. For definiteness we assume
0<k<dim M.

One sided charts for endomorphisms are treated in [KS], to which we refer the
reader for details. We state the “random version”:

Let >0 be a number very small compared to A. Then there is a measurable
function 7: A(4, k)=IR" s.t. for (0", x)e A(J, k) and n=0, we have

(1) (@) veEX @™, x)=Dfg+(x)v|sl@™, x)e """l
(b) ve E*(0*, x)* = |Dfg - (x)v|Z (@, x) " te™ |
(where V*=orthogonal complement of V);
©) (Dfg-()E @™, x), Dfy-(x) (E*(@",x))")

2 l(w*,x) te™ ™,
and

(2) There is a chart {¢,(@",x)} s.t. ¢,(w*,x) is a diffeomorphism from a
neighborhood of fJ.x in M onto the (@™, x)™*e™™ — disk centered at 0 in
RY™M_ These charts have the following properties:

@ ) Polw”,x)x=0,
(i) D(do(@”, x)(*)E*(@”,)=R*x {0},
(iii) D(ol@*,x) (x) (E*(@",x)*" = {0} x RHI™M™E

(b) If f (@, x) =, (@, x)of, o p(w?,x)7! is defined wherever it makes
sense, then

i) fule®,x)©0)=0 .
(ii) Dfn(@+,x)(0)=<An((% ) Bn(;’x))-
where 4,(w™, x) : R¥F—>IR* satisfies
|4,(e*, x| <e” 2o,
B, (%, x)  RYUMM~k_, RIMM—k gatisfies
|Buew*, )v]| ze™* o]},

(|- | = Euclidean norm),
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(i) L(J (@™, x) —Df(@*, %)) <e
where L(+)= Lipschitz constant
(i) L(Df(w*, x) =Ha™, x);
(¢) For Z in the domain of ¢,(w*,x) and ve T, M,

- vl
l + 1 e <
@5 S g, " @]
(4.1.1) Remark. We point out that without uniform bounds on the first and second
derivatives of f,, we Q, special care has to be taken to arrange for (2)(b)(iii) and
(iv). This can be done by incorporating the function

| =", x)e™.

—&n

(@™, x)=max |fum,lc2€
nz0

into the usual definition of /.

Using the charts ¢,(w*, x), n=0,1,2,..., and standard graph transform
methods, we construct a local stable manifold at (@™, x). These and other results are
summarized below.

Let A={(@*,x)eA(Lk):l(0*,x)<l,} for some fixed [,. We assume
(WNxu)A>0, so that if A+ ={xeM: (", x)eA} then ud,. >0 for a set of @™
with positive vN-measure.

(4.1.2) Proposition. Let A be as above

(1) If Ay +8, then x—E>(w ", x) is uniformly continuous on A+ for each fixed 0™ .

(2) Ja=a(d,k,ly)s.t. for each(w™, x) € A, there is an embedded disk Ws(w*, x)in M
with the following properties.

(@) W(w*,x)={yeM :d*(x,y)<a} where
d*=distance along W(w™, x);
(b) exp;* Wi(w™, x) is part of the graph of a function

Jw+,n ES(@", x)=E @™, x)*
with
g™, x)(0)=0
and

1
+ | S

(c) d-radius of f3+ Wi(w™, x)<e™"*79 for all sufficiently large n.

The map x— W (w™, x) is uniformly continuous on each A+ .

(4.2) Absolute Continuity of the Stable Foliation

Let A= A(4, k) be asin (4.1), and let o with A . = @ be fixed for now. For xe Ay
and 6>0, let n;(A,+,x)={yed,. d(x,y)< (5‘}. Suppose 7; and 7, are codimen-
sion k disks embedded in M in a small-neighborhood of x. Assume that they are



228 F. Ledrappier and L.-S. Young

transverse to W:(w™, x) and each intersects W (w™, x) in exactly one point. Then by
Proposition 4.1.2 they intersect Wi(w™,y) in the same way for all yen, (A4, ,x)
provided ¢ is sufficiently small. One can then define the Poincaré map 0 from a
subset of T} to T, bysliding along {W:(w™, »), y e ns(A,+, x)}. Recall that §is called
absolutely continuous if ' of sets of Lebesgue measure zero in 7, are sets of
Lebesgue measure zero in T .

(4.2.1) Proposition. Let A be as before. Then 15,, 6,:Q%->R" s.i. for ae.
(w*,x)eA, if T, and T, are exp,-images of small disks in T, M that are roughly
parallel to E*(w™, x)* and are <6,(w ™) distance away from it, then the Poincaré map
from T, to T, by sliding along W3 (@™, y), y € s+ (A= , X) is absolutely continuous.

w*o

We refer the reader to [BN] or [KS] for more precise estimates and for a detailed
proof. The main difference between our situation here and that in these papers is
that the modulus of continuity of x—>W:(w™, x), xe 4, +, may a priori depend on
w*. Hence we have written §, and 8, as functions of ™.

This absolute continuity property of the stable foliation will be used as follows.
Let £ be a measurable partition of QN x M subordinate to W*, i.e. for (N x p) —a.e.
(0", x), &, (x)= W (@™, x) and contains an open neighborhood of x in W3(w ", x).

(4.2.2) Corollary. Assume p<Leb. and let m be a probability measure on QN x M
s.t. m<yNx . Let & be a measurable partition subordinate to W*. Then there is a
measurable function ¢: QN x M—>R s.t. m-a.e. We have

o +
mJé:‘ _Q((L) 7x)}*(g+,x)
where A, ) denotes the Riemannian measure on W@, x).

See [Pe] for a proof of a similar result.

(4.3) Construction of a Partition

Let a™ denote the g-algebra of subsets of QN x M generated by cylinders of QN, and
let 6(¢) be the g-algebra generated by elements of the partition £. For X< QN x M,
we write W*(X)=U{W*(0",x), (@, x)e X}.

(4.3.1) Proposition. There exists a measurable partition & on
A= )  WAQRK)) st
A>0

0<k<dimM

(1) a"=a(d),
(2) & is subordinate to W*,
(3) & is decreasing, i.e., (F*) &< &
Our construction essentially follows that in [LS], but since there are some

differences we will go over the entire argument.

Proof. Tt suffices to write 4= | 4,, where each 4, satisfies (F*)™'4,=4, and
n=1

W*(4,)=4,,and so construct a partition £, oneach 4,. For then wecanset £ =&, on

n—1
4, —< U Ai>. These 4,’s will be specified in the course of the proof.
i=1
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We fix 1> 0,0 <k <dim M, [, >0, and let A =A(L k) n{I<];} beasin (4.1). We
assume (VN x ) A>0 and let « be s.t. Wi (w*, x), (0™, x) e A, have the properties
stated in Proposition 4.1.2.

Next we choose r;, 7, and f with 0<f<r, <r,<}o, and let p;,...,py, be a
f-dense subset of M. Letting Gr(m, n) denote the space of n-dimensional subspaces
of R™, we choose a cover {Q,, ..., Qy,} of Gr(dim M, k) by balls of radius T&W
For each p; and Q; we will construct one of the £,s mentioned in the first paragraph
of the proof. So let us fix p=somep; and Q=some Q;.

A number re{r,, r,] has to be chosen carefully. We will come back to this later.
Using this r, we now define a partition  on Q™ x M with o () > a* by specifyingn,,+
for each w™. First let

S=S(,p,Q)={(w",x)eA:xeB(p,B) and E*(w*,x)eQ}.

(Here B(p, ) denotes the f-ball centered at p in M, and using local coordinates
around p, E*(w*,x)eQ makes sense.). If S,.=Sn({o"}xM)=0, we let
N+ ={M}. If not, we define for xe S,

’7@+(x)= VI/:(Q\_)+ax)mB(ps r)
and let

ng+={ng+(x),xeSc_o+}u{M— U 17Q+(x)}-
xe8,+

We leave it to the reader to verify that 5 so defined is a measurable partition.
Now let

E=a"v\/ (F") ™",
n=0
ie.,

Er @)= () U29)7" (g U ).

One checks easily that if 4,=W*{(w™,x): (F* Y (w*,x)eS(4,p, Q) i.0. for n 20},
then &, = ¢4, satisfies (£,),+(x) = W@ ™, x).

It remains to choose r in such a way that for a.e. (@™, x)e 4,, 36(w™, x) >0 s.t.
Wi+ o(@™, x)=&,+(x). We need only to do this for a.e. (0™, x)e AN A, and here
the situation differs slightly from that in [LS}].

By Proposition 4.1.2, 6(w ¥, x) exists if

d*(f3+x,0B(p,r))>e ™
for all large n. We define the y-boundary of B(p,r) to be
0,B(p,ry={xeM:r—y<d(x,p)<r+y}.
Then the condition above is satisfied for (w*, x) if

JorX¢03.-nB(p,7)

for all large n. Or, equivalently,

x¢(for) ' G- mB(p,1).



230 F. Ledrappier and L.-S. Young

The Borel-Cantelli lemma tells us that this holds for y-a.e. xeA, if we can
show that

e8]

Z pl(fg) ™1 0y naB(p, 1)< 0. (**)

To arrange for (%), we fix a number a with e~ *<a <1 and define

1 o0
My =g L 4 Uan).

Then {m,:,w* eQ"} is a measurable family of probability measures on M.
For relry,r,], let

C(w*,x)=sup e"*my.+ 0,-.2B(p,r).

nz0

Then foreach ™, C(w™, x) < oo for Leb.-a.e. r (see [LS]). So by Fubini’s theorem,
Leb.-a.c. re[ry,r,] has the property that C(w*,x)< oo for a.e. @*. Select one
such r.

Now for a.e. o,

(fg_")’f N)62e‘“lB(pa r)éa_n(1 _a)mg* aZe“"lB(pa V)
s20-ac@'n ()

which is summable over n. Hence (*%) holds.
This completes the proof of Prop. 4.3.1.

5. Proof of Theorem A

(5.1) Notations and Overall Strategy

First, by Proposition 2.4.2(i), u{x:4;(x)>0Vi}=0. The set {x:4,(x)<0Vi} can
have positive y-measure, but nothing needs to be proved for these invariant sets.
This together with Proposition 1.4.1 allows us to assume without loss of generality
that for p-a.e. x,

O<dimES<dim M.

Our proof will be carried out using the 2-sided skew product F: (Q% x M, u*).
For the convenience of the reader we now make a list of the notations that will be
used, including some that have been introduced before:

a  =o-algebra of subsets of Q% x M generated by w,, neZ

a” =sub-g-algebra of a generated by w,, n=0

B =g-algebra of subset of Q% x M generated by Borel subsets of M
-3 =sub-g-algebra of a v B consisting of F-invariant sets

I

=information function (with respect to u*)
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-E  =expectation (with respect to u*)
-4 =Riemannian measure on M
* A, = Riemannian measure on W*(w, x)
If m is a probability on a v ®B and € is a sub-algebra of av B, then
+ m§, ,,=conditional measure given €
- m|€@ =m restricted to ¢

In particular, m|B is identified with a measure on M.
Let &* be a partition on QN x M of the type constructed in (4.3), and let & be the
partition on Q% x M defined by

{(w,x)=¢" (0™, x)

where @* denotes the positive coordinates of w. That is, & is a measurable partition
with

1) atco(é)ca® vB,
(2) ¢ is subordinate to W”, i.e. £,(x)= W*(w, x) etc. for p*-a.e. (w, x),
(3) FE>E
Entropy will be estimated via
lim %I(F”élf v F"a")du*.

To see that this gives the correct number, suppose for now that j[ (FE|Ev Fa®)du*
< o0. Then

LI Elev et (@)

I(FEIFTHEv P a™) (@, %)

| o
==

) =

S I(FE|E v P o) P+ (g, x)
1

L, EUFEIEV a)D).

The integral of this limit is <4 by a standard argument. The L!-convergence is valid
because our integrability assumption above guaranties that

[ sup I(FE|(Ev Fa*) v Frat)du* <o0.
k=0

What we need to do then is to show:

[ I(FE|E v Fat)du* < oo
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and
. 1
lim [~ J(FE|E v F o Ydu* 2 [ 227 mydp.

Both of these estimates will come out of the same arguments.

(5.2) Entropy Computation (minus a few details)
By definition,
I(F"¢|Ev Fra™) (o, x)

= —log s X (F"&) (w, x) .

Observe that

(i) F"a* is the g-algebra generated by w,, k= —n, so that

uF 1B =Sy oo St
=(ftnp) -
@) ugis™ () (@, )
= (Fngl)3 ([1nyEimny) -
(iif) Since f*.,pu<p<4, Proposition 4.2.2 says we can define

n ¢y
X: d(f;‘ "Q:u)x

d’l(g, x)
and -
AU e
A, %)
Moreover, we have
. X
(V) T rgh)Se (g Erong) =

We compute X and Y separately.
Since fln, < p for a.e. @, we can write

— d(f::n‘ "Qu);ﬂ . dnuxQ

X
duse e, %)

" 1
———d(f’ o) . /A where

The first term=
du n

Awal) () 2uay)
dp

Z(w,x)=]
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is the normalizing factor. Writing

duse
[ (@a x) = P
di(Q,X)
we have
d(ffngn) 1
X=—o"28"°._. 1
du Z ¢y
Next, by the change of variables formula we have
d/,t(é};x_"& )71x 1
Y — e .
(@’ X) dj’F ~ (@, x) J:F—n(@’ X)
where
Ju(w, x)=Jac(f3) ()| E*(w, x)].
Thus
Y=goF7": 2)

JSoF™m'
Combining (1) and (2) we have

%I( "ElEvFat)=A4,+B,+C,+D,

where
1o d(f i)
An(@: X) - d; log d[l (X)
1 o(w,x)
Bn(c_oa X)— —Z IOg 0 OF_n(C_I), X) 5
1
Cn(g_)y X) = —Z log J;F_"(g), )C)
and

1
Dn(C_O, x) 2; log Zn(C_U, X) .

We state two lemmas, the proofs of which are postponed to the next subsection.
(5.3.2) Lemma. (a) A, el'(y*);
(b) [A,du*= {ZAmduvn.
(5.3.3) Lemma. (a) D,eL*(u*);
(b) [D,du*20Vn.

Assuming these lemmas we now complete the proof. Note that
I(F¢|EvFa™)=A,+ B +C, + D,

and is always =0. We know from the lemmas above that A,, D, e L*(u*). Also,
[ C,dp* = —[ 247 m; (where a~ =min(a,0)) for all n. This forces B;” € L' (1*), and
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by a standard argument (which we have stated as Lemma 5.3.1) we have B, e L' (u*)
as well.

In fact, it follows from Lemma 5.3.1 that | B, du*=0. Since B,=- Z B oF 7,
we have | B,dp* =0 for all n. This together with part (b) of Lemmas 5 3. 2 and 5.3.3
gives

| % IFrEEvF a2 20m— (24 m

={Zl"m

Letting n— oo, we arrive at the desired conclusion.

(5.3) Details

(5.3.1) Lemma. Let f:(X,m) be a measure preserving transformation. Let
g:X—-R" be measurable and define

G= —log &

gef
If G~ eL'(m), then Ge L*(m) and | Gdm=0.
Proof. Exercise.
(5.3.2) Lemma
(a) Let

d
$(@, x)=log To- ok ),

Then ¢e L' (p*) and | pdu* = — [ Z2m;dp.
1 log Ad(fT s 1)
n du

(b) j - du* =jZ}.imidu.

Proof. First,

f¢‘du*=§[§<log df;ﬂl") dfw,lu]dv(w_o

d dfy 1\
=J[§< le_;u log fdu ”) dMJdV(w-l)

> —00.

Let us write

d
o=2r J=Wac(f,)]

and let
I:QZxM-M
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be projection onto the second factor. Then

golloF~1 1
¢=10g<Q H — i )

JoF™1  goll

Since [ ¢~ dp*> —oo and [logJ=|Xi;m;, we have
goIlF ™"\~

1 £ - Ll *

<og Goai ) e L (u*)

and Lemma 5.3.1 applies to give (a).
To prove (b), observe that

1 dfn,u 1 =2t
__1 T - __ i
no & E ¢oF Hw, Xx).

(5.3.3) Lemma. Let

(¥) use(dy) .

a(f»
Zy(, X)=j%&)

Then (a) log Z, € L* (u*);
(b) {logZ,du*=0.

Proof. Observe that
d(fI noM0)

4 =
n(@, x) a0, (x),
so that
1 " ”‘”w:ulg )
JnZ 9= Z g 7 e
1 c —i
;’l— %: Xlo (@,X)
where
Cd(f, uin)
X;(w, x)=log ’W (x)
and
’7i=a+ VF~i€v

Note that | X;du* can be written as

] (e e v conen

where 0(z) =tlogt. Using the convexity of § and the fact that a* <g(n)<a® v B,

we have
O§JXidu*§flog Yo By
du

this last integral being < oo by Lemma 5.3.2.
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6. Consequences of Theorem A

Recall that for a single diffeomorphism preserving a Borel probability measure,
Pesin’s entropy formula implies a certain geometric property of the measure which
in turn leads to other ergodic properties of the system. Indeed, in the case of a single
diffeomorphism, Theorem B and C and their corollaries have been shown to be
consequences of Theorem A (see Part I of [LY], [Led 1]and [Pe]). To complete this
paper, we will adapt these proofs to the fiber transformations associated with
(F, p*). This is fairly straightforward for the reader familiar with the techniques in
the original papers. A few of the modifications needed are pointed out in this
section.

(6.1) Proof of Theorem B

We recall the main steps in Part I of [LY], referring the reader to [LY] for details.
Following [LY], we first reduce to the ergodic case.

(6.1.1) Lemma. Consider the o-algebra B* of measurable subsets A of Q% x M such
that for v*-a.e. w, the section A, is a union of global unstable manifolds. Let N be
the o-algebra of p*-negligible subsets and 3 be the o-algebra of F-invariant subsets
of Q% x M. Then

J<ca(B,N).

Proof. Let C(M) denote the set of continuous real-valued functions on M. For
ge C(M), let §:Q% x M—R be defined by
1 n—1 .
g\(@a x):hmsup - g(fg_lx)'
n—w i=0

Clearly, § is B*measurable. It follows from Proposition 1.4.1 that the family
{d,9€ C(M)} gencrates the g-algebra of F-invariant sets (up to p*-negligible sets).

Lemma 6.1.1 allows us to assume that (F, u*) is ergodic, simplifying the proof a
little. Next, we observe that if £ is an increasing partition subordinate to W* and
satisfies

H,.(E|F¢va)=2Z1"m;,

then the argument in (6.1) of [LY] exactly as it is proves that y* is absolutely
continuous on W*. As with the diffcomorphism case, we will need to show that A can
be attained using partitions subordinate to W*,

Now the definition of entropy says that there exists finite entropy partitions P on
Q*x M s.t. H,.(PT|FP™ v a) is arbitrarily near 4. Using relativized versions of
Lemma 3.1.2 and Lemma 3.2.1 in [LY], it suffices to construct

1. a partition P on Q%x M with H,(P)< ),

2. an increasing partition & on Q% x M subordinate to W* such that if

ny=¢vP* and n,=P*
then
H,(nlFnyva) and  H,.(1;1Fn, v a)
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are arbitrarily close. The constructions of P and ¢ follow essentially those in Sects. 2
and 3 of [LY]. The proof that these two entropies are close in our case is identical to
that in Sect. 5 of [LY].

Perhaps a remark concerning Lyapunov charts is in order. In [LY] we used the
fact that chart maps are uniformly bounded to simplify some of our estimates
(second to last paragraph of (2.1) in [LY]). This is true using any of the standard
changes of coordinates in the diffeomorphism case* but does not necessarily hold
for random maps without a uniform bound on their C'-norms. One can, however,
get this bound for random maps using new norms defined as in Remark 2 at the end
of the Appendix in [LY]. Remark 4.1.1 of this paper also applies.

(6.2) Proof of Corollary to Theorem B

The idea is as follows: Suppose m is a Borel probability measure on a manifold M
and suppose W*and W*are two “foliations” on M defined m-a.e. and satisfying (1)—
(iv) below:
(i) W* and W* are transversal to each other m-a.e. with dim W*+dim W*
=dim M
(ii) m has absolutely continuous conditional measures on W* in the sense of
Definition 3.2.2;
(iif) W* as a foliation is absolutely continuous in the sense of Proposition 4.2.1
and
(iv) the conditional measures of m on local leaves of W* have a well defined
dimension 6° in the sense of Definition 3.2.3.
Then m has a well defined dimension and

dim (m)=dim W*+5°.

See [Led 2] for a proof.

It follows from Theorem B and (4.2) that when none of the exponents is zero, the
scenario above applies to a.e. u, — provided we can prove (iv). In the case of a single
diffeomorphism this is Proposition 7.3.1 in [LY]. The proof here is completely
parallel.

(6.3) Proof of Theorem C

First we explain why p has at most a countable number of ergodic components. As
noted before, the g-algebra J is contained in both ¢(B* N) and o (B, N), and a.e.
4, has properties (i), (ii) and (iii) in (6.2). These two observations put together imply
that if A€3J has positive p*-measure, then A, has positive Lebesgue measure for
a.e. .

We assume from now on that u is ergodic. Consider the relative Pinsker o-
algebra IT of (F, u*), i.e., the o-algebra of subsets 4 of Q% x M with the property that

h(F,{4,A}|a)=0.

* The statement in [LY] that this followed from (ii) and (iii) of (2.1) is obviously inaccurate
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Since there exists generating increasing and decreasing partitions subordinate to W™
and W* respectively, IT is contained in both o(B*, N, a) and o(B*, N, a). The same
reasoning as above then tells us that IT is a countable extension of a. It is easy to see
that ergodic countable extensions are in fact finite extensions. (See ¢.g., [Pa).)

Next we quote the theorem from [Rud], which says that any ergodic finite
extension of a Bernoulli shift is either a Bernoulli shift itself or it is the product of a
Bernoulli shift and a finite system. In the latter case there is a partition {4, ..., 4;}
of M's.t. Fpermutes the sets {27 x A4,} and that F¥*|(Q% x 4,)is Bernoulli (1.4 again).
Thus we need only to consider the case where F:(QZx M, II, u*) is Bernoulli.

To complete the argument we need to show that F:(Q%x M, av B, u*) is
relatively Bernoulli with respect to 1. The proof uses [T] and runs parallel to that in
[Pe] or [Led 11].

Appendix

We describe here two classes of examples to which the results of this paper apply.

1. Stochastic flows

Let M be a compact manifold. It is well known that if X'is a C® vector field on M
then X generates a flow {®,: M— M, te R} the asymptotic properties of which are
captured by the iteration of the diffeomorphism @, .

We describe the analogous situation for stochastic differential equation. Let
X,, X,,..., X,, be C* vector fields on M and let B,=(B/,..., B™) be a standard
m-dimensional Brownian motion defined on some probability space (@, &, P).
Consider the SDE

dé,=Xodt+ ), X,(&)°dB; M
i=1
(where - denotes the Stratonovich integral). It is proved that the solutions to (1) are
Markov processes that can be represented by {@, ,: M—M, >0, weQ} where
?, ,€Diff* (M) foreach tand w, @, , varies continuously with ¢ for fixed w, and the
transition probabilities P,(-|x) are given by the distributions of w— &, ,(x). We
refer the reader to [E] or [Ku] for the precise meaning of a ““solution” to (1) and for
the theorem we have just quoted.

Since the X’s are time-independent, the law of this stochastic semi-flow from
time s to time ¢ (s < ¢) depends only on the number ¢ —s. Thus if v is the distribution
of {®, ,,,weQ} in Diff (M), then for fixed neZ* the random diffeomorphisms
P, ,,we L, are simply products of 7 independent diffeomorphisms with Jaw v. In
other words, we are in the situation of X(M, v) as defined in (1.1).

Standard arguments in the subject show that the derivative conditions (¥) in
(1.1) are satisfied here. (See [C1] or [Ki].)

Furthermore, the kernels P, (- |x) are the time-one kernels of the PDE associated
with (1), namely

u,=Au
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where

1 & o2
Ei;Xi.

If the operator 4 is elliptic — and generically this is the case when m is sufficiently
large — then the P, (- |x)’s have C* densities with respect to Lebesgue and the result
of this paper apply. If M is connected and A is elliptic, then the stationary
probability measure y is in fact unique (see Remark 1.4.3, [IK]).

We mention also that computation of Lyapunov exponents (and hence entropy
and dimension of sample measures) in terms of the generating vector fields have
been successfully carried out for certain stochastic flows. (See e.g., [Le J] and the
references in [C 2]).

A=X0+

k-Parameter Families of Maps

Let D* be a disk in R¥ and let v be a probability measure on D* s.t. v<Leb. Let
G : D*-Diff? (M) be a smooth map. Then G induces a probability # on Diff? (M)
with which we can define X (A4, ¥). Using the implicit function theorem, one verifies
that P(-|x) is <Leb. if the map ¢,: D*—>M defined by ¢, (a)=G(a)x has the
property that D¢, (a) is surjective at v-a.e. a.

We remark that this condition is easy to meet for all x when & is large, and that it
holds for open sets of G’s because M is compact and the rank of D¢ (a) is lower
semi-continuous in x and a.
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