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Abstract. We consider the general degenerate hyperbolic-parabolic equation:

us 4 div f(u) — Ag(u) =0in Q= (0,T) xQ, T >0, QcCR"; (E)
with initial condition and the zero flux boundary condition. Here ¢ is a continuous non decreasing
function. Following [Biirger, Frid and Karlsen, J. Math. Anal. Appl, 2007], we assume that f is
compactly supported (this is the case in several applications) and we define an appropriate notion
of entropy solution. Using vanishing viscosity approximation, we prove existence of entropy solution
for any space dimension IV > 1 under a partial genuine nonlinearity assumption on f. Uniqueness
is shown for the case N = 1, using the idea of [Andreianov and Boubhsiss, J. Evol. Equ., 2004],
nonlinear semigroup theory and a specific regularity result for one dimension.
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1. Introduction

Let © be a bounded open set of RY with a Lipschitz boundary 92 and 7 the unit normal to 9
outward to 2. We consider the zero-flux boundary problem:

us +div f(u) — Agp(u) =0 in Q=(0,T)xQ,
(P) u(0,z) =wup(z) in Q,
(f(u) = Vo(u))m =0 on X =(0,T)x o0N.
We assume that the convection flux f is a Lipschitz continuous function. Moreover, we require that
f(0) =0, f(tmae) =0 for some umax > 0. (1.1)

Accordingly, the initial datum is a mesurable function taking values in the interval [0, umax]|, which
will be the invariant domain for the solutions of (P) under assumption (1.1). With a slight abuse
of terminology, we will say that f is compactly supported in order to refer to (1.1) along with the
choice of [0, umqz]-valued data. Further, the function ¢ is continuous non decreasing on [0, tmax). This
assumption means that the problem (P) is of degenerate parabolic-hyperbolic type. For the sake of
simplicity, we will treat the case where ¢(.) is constant on [0,u.] with 0 < u, < Umax and ¢(.) is
strictly increasing on [u¢, Umax|. The case of a general ¢ can be treated without additional difficulty
(see Carrillo [13]).

The framework (E) includes hyperbolic conservation law as a particular case and it is well
known that in general, global classical solutions may not exist; and that weak solution in the sense
of distributions may not be unique. The standard way to fix this problem is to work with the so-
called entropy solution (see Kruzhkov [15] for the case of conservation laws, and Carrillo [13] for
the adaptation of this notion to the case of degenerate elliptic-parabolic-hyperbolic equation). There
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exist many papers in the literature dealing with Dirichlet boundary condition for (E). The main
reference is the fundamental paper of Carrillo for homogenous Dirichlet boundary condition [13] which
establishes the uniqueness technique. In [21], Rouvre and Gagneux prove also existence and uniqueness
for homogenous Dirichlet condition under strong regularity requirement on the data. The general
Dirichlet boundary condition received much attention, see Mascia and al [17], Michel and Vovelle [19],
Vallet [22]. However, the Dirichlet boundary condition may not always provide the most natural setting
for this kind of problem on bounded domains. Equation (E) occurs in several applications, for example
it comes from the theory of porous media flow, phenomenological theory of sedimentation-consolidation
processes, road traffic. In practice, it is often supplemented with the zero-flux (homogeneous Neumann
boundary condition), at least on a part of the boundary (see [11]).

Let us describe in more detail one application. Problem (P) is of interest in describing pressure
filtration of flocculated suspensions. The domain 2 is a filter medium, which lets only the liquid
pass, by a piston which moves downwards due to an applied pressure. The material behavior of
the suspension is described by two model functions, the flux density function or hindered settling
factor f and the effective solid stress function ¢, both functions only of the local solids concentration
u. Here f is a nonpositive Lipschitz continuous function with compact support in [0, umax|, where
Umax < 1 is the maximum concentration and the function ¢ satisfies ¢(u) = 0 for v < wu., with
0 < ue < Umax, Where u, is a critical concentration value, and ¢'(u) > 0 for u > wu.. Notice that these
assumptions are exactly those that we have taken in this paper. According to the phenomenological
sedimentation-consolidation theory [11], the evolution of the concentration distribution is subject to
Neumann boundary condition at least on a part of the boundary, and this is our motivation.

In [10] Biirger and al. consider the problem (P) with ¢(u) = 0. They introduce a notion of entropy
solution based on the existence of strong trace ™ on 02 under some assumption on the boundary (see
[23]) and the flux f which satisfies (1.1). They prove existence and uniqueness of entropy solution. The
purpose of our paper is to extend the result of Biirger and al. ([10]) to degenerate parabolic-hyperbolic
equation. The extension is not trivial, and as a matter of fact, we are unable to prove uniqueness in
dimension N > 2 although we believe that the notion of entropy solution we introduce in this paper is
relevant for any dimension. Let us explain the difficulties and the techniques we use to overcome them.
Since the total flux in (E) contains the diffusion flux term V¢(u) which is only L?, we cannot ensure
the existence of a strong trace for this term. Therefore, we suppose that this boundary condition is
satisfied in the weak sense only. We propose a new entropy formulation that incorporates a boundary
term which does not contain any trace of u. Its main advantage over the definition of [10] is that the
stability under the L'(Q) convergence of solutions is evident. Notice that we do not need existence of
traces of entropy solutions u of (E), even if it could be ensured.

To prove existence of entropy solution, we use a classical vanishing viscosity approximation and
get the a priori estimates useful for passing to the limit in the approximate problem. The main point
for passing to the limit is based on a rather involved local compacity argument of Panov [20]. We
manage to apply this result in our case and prove that the limit of entropy solutions of approximate
problem is an entropy solution of (P).

Now, let us focus on the question of uniqueness of entropy solution for (P). For this aim, we
prove a version of an important proposition due to Carrillo [13]. This proposition identifies the entropy
dissipation term which is a key ingredient of the uniqueness technique. Then, it is easy to prove
uniqueness of solutions such that the boundary condition is satisfied in the sense of strong boundary
trace of the normal component of the flux (f(u) — V¢(u)). Unfortunately, we are able to establish
this additional solution regularity only for the stationary problem (S) associated to (P) (see section
4) and only in the case of one space dimension. Therefore, we adapt the hint from the paper [2] (see
also [3]) and compare a general solution to (P) with a regular solution to (S). We conclude by a
standard application of the notion of integral solution coming from the nonlinear semigroup theory
[6]. Eventually, we prove the uniqueness result in space dimension one.

Let us stress that the problem of uniqueness is still open in multiple space dimensions. Uniqueness
of regular solutions to (P) is trivially true, and the abscence of regularity near the boundary makes
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the problem technically very delicate. The definition of strong traces of the solution with respect to
the lateral boundary of the domain {2 is possible if for example the diffusion term ¢(u) is such that
f(u)—V¢(u) is continuous up to the boundary 9. If there existed “sufficiently many” solutions (in the
sense of [2], [3]) having this regularity, uniqueness would follow, by comparaison of a general solution
with an ad hoc sequence of regular solutions. We leave the investigation of this regularity question to
a future work. Another open question is how to define entropy solutions in the case where assumption
(1.1) does not hold. Indeed, as in [10], assumption (1.1) ensures that the zero-flux boundary condition
is satisfied literally. When this assumption is dropped, we expect that the boundary condition should
be relaxed, as in the case of Dirichlet boundary condition (see [5]). One example for the zero-flux
hyperbolic problem is given in [4].

The rest of this paper is organized as follows. In section 2, we give some assumptions and prelim-
inaries and state our definition of entropy solution. Section 3 is devoted to existence of approximate
solutions and passage to the limit to prove existence of an entropy solution of (P). Finally, in section 4
we study the abstract evolution equation associated with (P) and prove uniqueness of entropy solution
in one space dimension.

2. Entropy Solution

2.1. Assumptions and preliminaries

We introduce the sign function and its approximations:

() = (1) ?irig’ PR N L P SN
sign(r) = . ;f :20, sign™(r) = 0 if r<o, sign~(r) = 1 ifr<o,
1 if r>o,
signe(r) = L if r| <o, signf(r) = Lmin(rt, o) and sign, (r) = 2 max(—r~, —o).

-1 if r < —g0,
We also introduce the cut-off function:
aif r<a,

Top(r) = rif a<r<hb,

bif r>b.
To apply a strong precompactness result needed for the proof of the existence of entropy solution, we
assume that the couple (f(.), #(.)) is non-degenerate in the sense of the following definition.

Definition 2.1. (Panov [20]). Let ¢ be zero on [0, u.], strictly increasing on [u¢, tmax] and a vector
f=1(f1,., fn)- A couple (f(.),¢(.)) is said to be non-degenerate if, for all £ € R\ {0}, the functions
N

A— Zfi fi(A) are not “affine” on the non-degenerate sub intervals of [0, u.].
i=1

2.2. Definition of Entropy Solution

In this section, we give our entropy formulation for the problem P.

Definition 2.2. Let ug be a measurable [0, umax]-valued function. A measurable function u taking
values on [0, umax) is called weak solution of problem (P) if : ¢(u) € L2(0,T; HY(Q2)) and for all
€€ L?(0,T; H(Q)) such that & € LY(Q) and £(T',.) = 0, one has

/OT/Q {uft + (f(U) - Vcb(u)) -Vi} dadt + /Q uoé (0, z)da = 0. (2.1)

Definition 2.3. A measurable function u taking values on [0, umax| is called an entropy solution of the
initial-boundary value problem (P) if ¢(u) € L?(0,T; H'(Q2)) and Yk € [0, umax], V€ € C=([0, T)xRY),
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with £ > 0, the following inequality hold
/T/ |u — E|& + sign(u — k) [f(u) —f(k) - V¢(u)] .Vﬁ} dxdt
/ / )| €t 2)dHN "t + / o — K|E(0, 2)dz > 0. (2.2)

If we remplace (2.2) by one of the following inequalities
T
/ / (u— k)& + sign*(u — k) [f(u) — f(k) - v¢(u)] .vg} dudt
/ / 2T w)dHN " dt + / (o — k)T E(0, 2)da > 0, (2.3)
19) Q

T
/ / (u— k)& + sign™(u — k) [f(u) — flk) — ws(u)] .vg} dadt
/ / )€t )t Nt + [ (uo— 1) €(0. ) > 0, (2.4)
BQ

Q
we obtain notions of entropy sub-solution and entropy super-solution respectively. Obviously, a func-
tion w is an entropy solution if and only if w is entropy sub-solution and entropy super-solution
simultaneously.

Remark 2.4. 1. For the case ¢ =0, solution of [10] is solution in our sense. The converse assertion
is also true at least for N =1, this is the consequence of the uniqueness of a solution in the sense
of Definition 2.3.
2. The entropy solution in the sense of Definition 2.3 is in particular a weak solution in the sense
of Definition 2.2. Indeed, take in (2.2) k = 0 and k = umax and use (1.1); we find (2.1).
3. Let us stress that, in particular, the zero flux boundary condition (f(u) — Vé(u)).n = 0 is verified
literally in the weak sense. This contrasts with the properties of the Dirichlet problem (see [5]);
we expect that the boundary condition should be relaxed if assumption (1.1) is dropped (see [4]).

3. Existence of Entropy Solutions
The main result of this section is the following theorem:

Theorem 3.1. Assume that (1.1) holds and (f, @) is non-degenerate in the sense of Definition 2.3.
Then there exists an entropy solution u for the problem (P).
3.1. Viscosity Regularized Problem

To show the existence of entropy solution, we approximate ¢(u) by ¢.(u) = ¢(u) + eld(u€) for each
€ > 0. We obtain the following regularized problem (P,):

uf +div f(u€) — Age(u®) =0 in Q=(0,T) x 9,
() w(0,2) =ug(z) in 0,
(f(u®) = Voe(u)).n =0 on X =(0,T) x 99,

where (uf). is a sequence of smooth functions that converges to up a.e and respects the mini-
mum,/maximum values of u.

Definition 3.2. A function u¢ € L?(0,T; H(Q2)) is called weak solution of the initial-boundary value
problem (P.) if for all £ € L?(0,T; H'(Q2)) such that & € LY(Q) and &(T',.) = 0, one has

/OT/Q {ueé} + (f(ué) - V¢e(u€)) .vg} dadt + /Q usé(0, z)dx = 0. (3.1)
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Definition 3.3. A measurable function u¢ € L2(0,T; H*(Q)) taking values in [0, umayx] is called an
entropy solution of (P.) if Vk € [0, umax], V& € C([0,T) x RY), € > 0, the following inequality hold

/ / |UE_k|§t+sign(ue_k)[f(ué)—f(k)_V¢5(UE)]V§}dffdf
// )| €(t, 2)dH - 1dt+/ lut — k|0, 2)dz > 0. (3.2)
o0

Theorem 3.4. Assume that ug € [0,umax] and (1.1) holds. Then the problem (P.) admits a weak
solution u® which is also an entropy solution. In particular, we have 0 < u < umax. In addition, there
exists C independent on € such that

[VeVue||p2(q) < C; (3.3)

[|@e (ue)l 2 (0,7:01 () < C. (3.4)

3.2. Strong pre-compactness result and passage to the limit in €

Theorem 3.5. (Panov [20]). Assume that (f, ¢) is non degenerate in the sense of Definition 2.1. Suppose

u®, € > 0, is a sequence such that

3d > 1,Va,b € R witha < b
T (e + div ( (T () = Vo(Tap(u))) is pre-compact in Wi (Q).

Moreover, suppose u€, f(u€), ¢.(u) are equi-integrable locally on Q. Then, there exists a subsequence
(Tap(uc))e that converges in LL_ (Q).

To prove Theorem 3.5, we need the following result.

Lemma 3.6. Suppose (f, ) is non degenerate and let u¢ = uc(t,xz) be an entropy solution of (P).
Then for all a,b € R such that 0 < a < b < Upax,

Ta,b(ué)t + div (f(Ta,b(uE)) - V¢E(Ta,b(ué))) = H;b in ID/(Q)

with k¢, € My(Q). Here My(Q) represents the set of all Radon measures on Q. Moreover, for each
compact set K C Q, we have Vark;, ,(K) < C(K, a,b), uniformly in € € (0,1).

Proof. By the well known representation property for non-negative distributions, we derive from (3.2)
that for each k € [0, tmax]

ju = ke + div [sign(u — B)(f(u) = F(1) = VIge(u) — 6 (R)[] = =5, in D'(Q)

where £§ € M(Q), 5 > 0. Further, for a compact set K C @ we choose a non-negative function
& =¢k(t,x) € C§°(Q), which equals 1 on K. Then, we have the estimate

T
K)S/O /Qé(t,x)dm;(t,x)
= [ {Ju = bl + [signtu ~ () ~ £9) = 1o.u?) - 0.(B)]] vE)
Q
< /Q (J5 + o) max (|6, [VE|, | A]) dadt = AK, K, J5), (3.5)

where J§(t,x) = |u¢| + | f(u)| + |¢e(u)| and Jo = |k| + |f(k)| + |pe(k)| are bounded in L' due to the
fact that u®, f(uc), @e(u) are bounded in L, uniformly on € (see Theorem 3.4). Therefore xf,(K)
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can be upper bounded by some quantity A(K, k). Further, notice that for each a,b € R and for any
function g

9(Tus(r)) = 5 (sign(r = a)(9(r) - g(a)) = sign(r  b)(g(r) — 9(8)))
(9(a) +g(0)).

From (3.5), we have with g = Id, g = f and g = ¢.

+

NN =

T (u)s + div(f (T (4)) = Voo (Tup(u))) = .y in D(Q), (3.6)

with k¢, = (kp — Ka). Moreover, we have

Varrt, ,(K) < %(A(K, a) + A(K, b)) =: C(K, ,b).
This concludes the proof. ([

Notice that for all a,b € R, a < b, we have T 5(To,u,,..) = 155 with @ = max(a,0) and

b= min (b, Umax). In order to justify the passage to the limit, we need the following easy lemma:

Lemma 3.7. Suppose that for all compact set K C Q, the sequence V,, is bounded in L*>°(K), and
converges a.e. to W. Assume that the sequence (®,) converges weakly in L*(K) to ®. Then ¥, ®,
converges to W® weakly in L*(K).

Now, we are able to prove Theorem 3.1.

Proof of Theorem 3.1. Take some countable set of values ¢ — 0. We derive from Lemma 3.6 and the
above remark, that for all a,b € R, a < b,

Top(u) + diV(f(Ta,b(ue)) - v¢(Ta,b(U€))) = Ry + €ATo p(u) in D'(Q);

here (k ;) is a bounded sequence in M (K) for each compact set K CQ. Moreover, due to (3.3), we
have that eAT, ;(u) tends to zero in H~1(Q). By Sobolev embedding we have H=1(Q)=W~1%(Q) C
W=14(Q), d < 2, therefore eAT,, ,(u€) tends to zero in W~14(Q). Since M, (K) is compactly embedded

in W=h4(K) for each d € [1,23), we see that T, (u); + div(f(TaJ,(uE))— V¢(Ta,b(u€))) is pre-

compact in W—14(K). Since (f,¢) is assumed to be non-degenerate, then applying Theorem 3.5 we
find Ty .. (u€) — Tou., (u) as € — 0 in L}(K), for a subsequence. Covering @ by a countable of
compact subsets K and using the Cantor diagonal extraction argument, we get u¢ — u in L} _(Q) (
and actually in L'(Q), because u¢ take their values in [0, umax]). Extracting a further subsequence if
necessary, we can assume that u¢ — v a.e. in QQ as € — 0.

It remains to derive the entropy formulation (2.2) for u. Passing to the limit in inequality (3.2), we claim
that the limit function u = u(t, z) satisfies the inequality (2.2) for all k € [0, umax] such that the level
set u~1(k) has zero measure. Indeed, by the continuity of f, we have sign(u® — k)(f(u¢) — f(k)) —
sign(u — k)(f(u) — f(k)) as € — 0 a.e. in Q. Further, since ¢.(uc) is bounded in L%(0,7T; H'(2))
and converges a.e to the limit that is readily identified with ¢(u), we deduce by Lemma 3.7 that
sign(u€ — k)Vae(u) — sign(u — k)Ve(u) in L?(Q) for k such that u~1(k) has zero measure. Notice
that the set of such values of k is dense in [0, umax]. It is easy to see that the left-hand side of (2.2)
is continuous with respect to k, because Vo(u) = 0 a.e. on the set [u = k| (see Lemma 4.4 below).
Therefore, by density we inherit (2.2) for all k£ € [0, umax]. We conclude that u(t,z) is an entropy
solution of (P). O
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4. Uniqueness result for entropy solutions in one space dimension

The main result of this section is the following theorem:

Theorem 4.1. Suppose that Q2 = (a,b) is a bounded interval of R, then (P) admits a unique entropy
solution.

Let us first recall an essential property of entropy solutions, based on the idea of J. Carrillo [13].

Proposition 4.2. Let £ € C*°([0, T[xRY), € > 0. Then for all k € [tuc, Umax), for all D € RN and for
all entropy solution u of (P), we have

T
// {lu— ki, + sign(u — k) [ f(u) ~ F(K) — Vo(u) + D] Ve } dud
0JQ
T
+ /Q o — KI€(0, 2)dx + / /8 (k) = D)nta)] ¥

lim \% (V — D). 4.
=t ] e V6)(VOw) DS (4.1)

Remark 4.3. Notice that this proposition makes explicit the information on the dissipation. Let us
stress that in (2.2), D =0 and k € [0, umax] while in (4.1) D € RN but k € [uc, Umax]-

Proposition 4.2 is a key ingredient of the uniqueness technique. To prove this proposition, we
need the following remarks. Firstly, for all u € [0, umax] and for all k& € [uc, Umax|, one has sign(u—k) =
sign(o(u) — ¢(k)). Secondly, recall

Lemma 4.4. For all entropy solution w of (P), one has:
Vo(u) =0 a.e. on the set {(t,x) € Q such that u(t,z) € [0,uc]}.

Proof. This result comes from Marcus and Mizel lemma (cf. [18]) which states that for p € (1, 00)
and F in WP VF = 0 a.e on F~1(N), where N is a set of zero measure on R. Applying this
for a.e. t € (0,T), for u € [0,u.], we have Vé(u) = 0 on [p(u)]71{0} with ¢(u) € H*(Q). Let
Ent1 = {(t,x) such that u(t,z) € [0,uc]} and En(t) = {x such that u(¢,z)€ [0,uc]}. Then, by Fu-
bini theorem, [En1| = [y |En(t)|dt = 0. O

Proof of Theorem 4.2. Since u is a weak solution of (P), then for all k € [u¢, Umax] and all D € RV,
u is a weak solution of the following problem:

(u=k)e +div[(f(u) = Vo(w) = (f(k) = D)] =0 in Q.
(Py) u(0,z) —k =wuo(z) —k on ,
((f(w) = Vo) = (f(k) = D))y = —(f(k) = D).y on %.

Take the test function sign, (¢(u)—¢(k))E in the weak formulation of this problem with £ € C*°([0,T) x
RY). Using the formalism of [1], we have

/OT (= k), signe (6(w) — SR)E) s 0y a1 (e

- // signo (6(u) = 6(k) | (f(u) = V() — (f(k) - D)|. V¢

- /0 T/Q e[ (rw) = Vo) — (f(k) = D)] Vsigno (6(u) - 6(k))

~[] sisnatotw ~ o765 - D1 =o. w2



8 B. Andreianov and M. Karimou Gazibo

By the chain rule (see [1], [14]) the first integral of (4.2) gives:

-/ / / signa(0(r) ~ o6 — | /k *signa (8(r) — G(K)dré(0, ).

Using the fact that & € [u,, umax] and passing to the limit as o goes to 0, we obtain:

// {/ signg (P(r) — ¢(k))dr}£tdxdt—>/O/Q|u—k|£tda:dt,
/Q{/k signg(o(r) — ¢(/€))dr} §(O,x)dx—>/9|u0_k|§(07x)dx

After passing to the limit as o goes to 0 in the second integral of (4.2), and using the fact that
k € [tc, Umax|, We obtain the expression

T
[ siantu = 1)[(rw) = Votw)) - (70 - D). Ve,
0JQ
The third integral of (4.2) can be written as
]| €5 = 10 Fsigna k) — [ &(F000) D) signo(9(w) o0
Q

By passing to the limit, the integral in the first term goes to 0, and the second term becomes

T
lim / / ¢ (V(u) — D) Vsigng (d(u) — 6(k))

o—0
~ lim / / £ (Vo(u) — D) signi (9(u) — 9(k))- V()
= hm Vo(u).(Vo(u) — D)E.

o200 Jon{—o<d(u)—¢(k)<o}

The limit of last integral of (4.2) can be upper bounded as follow:

T T
lim //89 signe(P(u) — d(k))(f(k) — D).né < /0/39 |(f(k) — D).p(x)| &.

o—0 0

Then, we obtain the required inequality (4.1). (I

Now, we consider the stationary problem associated to problem (P):

u+div(f(u) — Vo(u)) =g in Q,
(S){ (F(u) = Vo(u)y =0 on .

Remark 4.5. If u(z) independent of ¢ is solution of (S) then wu(t,z) = u(x) is solution of (P) with the
source term g — u. Then, we can deduce from Definition 2.3 and Proposition 4.2 their equivalent form
for the stationary problem.

Definition 4.6. Let g a measurable function taking values in [0, #max|. A measurable function u taking
values in [0, umax] is an entropy solution of (9), if ¢(u) € H'(Q) and for all £ € C®°(RN)*, Vk €
[07 umax]7

- / sign(u — k) u Edy + / sign(u — k) [f(u) — f(k) = V(b(u)} Védy
Q Q

+ [ 1) can "+ [ sign(u— bigédy > o (4.3)
a0 Q
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Proposition 4.7. Let £ € C®°(RYN); then for all k € [uc, Umax], for all D € RN | for all entropy solution
u of (), we have:

— / sign(u — k) u Edy + / sign(u — k) {f(u) — f(k) = V¢(u) + D|.Védy
Q Q
+ [ 1w = Dyl ean™ [ signtu— k) g cay

> Jim Vo (u) (Vo(u) — D)E. (44)

7200 Jon{—o<p(u)—(k)<o}
From now on, we will suppose that Q= (a,b) is a bounded interval of R.

Proposition 4.8. For all measurable function g taking values in [0, umax] the problem (S) admits a
solution w such that (f(u) — ¢(u)y) is continuous up the boundary, i.e., (f(u) — ¢(u)y) € C([a,b]).
Moreover, f(u) — ¢(u)y is zero at y = a and y = b.

Proof. For existence of entropy solution, we can refer to [16, Chap 2], using Galerkin approximations,
in a way similar to Theorem 3.4 and 3.1.

Since u is a weak solution of (S), this means that (f(u)—¢(u)y)y = g—win D’. Then (f(u) —(u)y)y €
L>([a,b]), which implies that (f(u) — ¢(u),) € W>([a,b]) C C([a,b]).

Now, as in Remarks 2.4, item 3, from (4.3) we deduce that (f(u) — ¢(u)y)|,, = 0 in the weak sense.
Therefore f(u) — ¢(u)y € Co(la,b]). O

To continue, we will recast problem (P) under the abstract form of an evolution equation governed
by an accretive operator, in order to apply classical results of the nonlinear semigroup theory (see,
e.g., [6]). Let us define the (possibly multivalued) operator Ay 4 by it resolvent

(u,2)€ Af o = { u such that u is an entropy solution of (S), with g = u + z}

For an operator A : L'(Q) — L'(€2), denote by R(A) its range, by D(A) its domain and by R(A),
D(A) their closures in L!(Q) respectively.
Let us stress that for ue D(A), f(u) —¢(u)y € Co([a,b]) due to Proposition 4.8.

Recall (cf. [6]) that an operator A is accretive if {ﬁ —B,a— dhl(m > 0 for all (8, «), (B,éz) € A,

where for 3, € L'(Q) the bracket [.,.]11(q) is defined by [B,0]p1(q) = / sign(f)a —l—/ laf. If A
Q [8=0]
is accretive and R(I + A\A) = L*(Q2) for some A > 0, then A is m-accretive.

Proposition 4.9. Let (u,2) € Ay, (@1, 2) € Ayg. Then for & € C®(Q)F
[ u=ilédy -+ [ sign(u—)[7(w) ~ £~ o), + (@), ] &,y
Q Q

< / sign(u — 2)(g — §)&dy + / 19— §lédy = fu— i, — 9. (4.5)
) A

[u=d]

Proof. (Sketched) The proof of Proposition 4.5 is actually contained in the proof of Theorem 4.13
below, due to Remark 2.4. Actually a simpler argument applies, because both f(a4) — ¢(@), and
f(u) — ¢(u), have strong trace in the context of the stationary problem (.5). O

Somewhat abusively, we will write L!(€2; [0, umax]) for the set of all mesurable functions from
[a, b] to [0, umax]-

Proposition 4.10. 1. Ay 4 is accretive in L'(12).
2. For all \ sufficiently small, R(I+ MA¢ ) contains L*(Q; [0, tmax))-

3. D(Ayg) = LN [0, tmax]).
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Proof. 1. Let (u,z) € Ay g, (4,2) € Aj 4. Applying Proposition 4.9 with £ = 1 in (4.5) and the
standard properties of the bracket (see [6]), we get
[lu —al[L1 @

]

[u—1d,9— gL
[u—ﬂ,u—ﬁ+2—2]L1(Q)
|

f,
(6
y <
<
<u—1allzi@) +[u—1a,2— 10

We deduce that [u — i,z — Z]11(q) > 0, so that Ay 4 is accretive.
2. For A > 0, consider the problem

(Sk){ ux + A(f(ux) = (@(ur))y)y =g in Q,

A(f (ux) = @(ur)y)-n(y) =0 on 9Q.
Notice that the notion of solution for (S,) is like the Definition 4.6. Let g € L'(£2; [0, umax]), and
A > 0 then, there exists uy entropy solution of (Sy) (see Proposition 4.8) such that (ux, £5*) € A 4.

Hence g € R(I + AAy 4) and therefore R(I + AAy.4) D L*(Q; [0, Umax]), which was to be shown.
3. Let PC([a,b]; [0, umax]) be the set of piecewise constant functions from [a,b] to [0, Umax]. Then

PC([a,b]; [0, umax]) is dense in L1([a,b]; [0, umax]). Take g € PC([a,bl; [0, umax]), g = Zcil(ai,bi)

where the (a;,b;) are disjoint intervals. There exists u, € L°(a,b) entropy solution of (S1), i.e, we
have (upn,n(g — un)) € Af . For k € [0, umax], for all £ € C§°(R) we get

% /ab sign(un, — k) (f(un) = f(k) - 8y¢(un)) 0y&dy

b
+ [ sign(u, = 0o~ wedy+ - [ 1fnw)edo >0 (16)

For every i, one can construct ' such that £ — 1(4,p,), as n — 00, supp&j® C (as, ), [|0y&7 || L= <
2¢n and " =1 in (a; + 0%, b; — &) with &8 = b\_/%‘.
Take k = ¢; and £ = & in (4.6).

bi—5% 1 [bi—oh
[y < o [ sign(un = e (7 un) ~ £(e) — 0,0(u.))0,€] dy

i+0% i+0%
2 n 1 n
< o= al |Ifllzee]10y&" [ + ||_\/ﬁay¢(un)||L2'||ay€i Lz

Then, for all § > &, u,, — g a.e on U;(a; + 6,b; — 6). We conclude by the Lebesgue theorem that
Up — g in LY([a,b]).

In conclusion, D(Ay,4) is dense in PC([a, b]; [0, umax]) and therefore, it is also dense in L*(€; [0, umax])-
O

Now, we can exploit the notion of integral solution (see, e.g., [6, 7]).

Definition 4.11. Suppose that h € L(Q), ug € L'(Q). A function v € C([0, T); L*([a, b]; [0, tmax])) is
an integral solution of the problem

v+ Ase(v) 3 h, vt =0)=u, (4.7)
if v(0,.) = uo(.) and for all (u,z) € As 4

d .
Z110@) —ullra) < [v(t) = u, ht) = 2]11(g) in D'(0, 7).

By Proposition 4.10, the operator Ay 4 is m-accretive! densely defined in L (; [0, umax]), by the
general theory of non-linear semigroups (cf. [6, 7, 8]), we have the following result.

1Rigourously speaking, this statement is false because L!(€;[0,umax]) is not a Banach space, but its convex subset.
Nonetheless, this subset is invariant for the stationary problem (S), therefore the nonlinear semigroups theory applies
without change in our case.
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Corollary 4.12. Let Q = (a,b), ug, iip € L*(Q) and h, h € L'(Q). Let v,d be integral solutions of (4.7)
associated with the data (ug,h) and (tg, h), respectively. Then for a.e. t € [0,T).

t
[o(t) = 0(@)|[L1 < [[uo — dol|z +/ |[A(7) = h(7)|| 1 dt.
0
In particular, the integral solution is unique.

Theorem 4.13. Let Q = [a,b]. Let v be an entropy solution of (P) and u be an entropy solution of (S).
Then

d
Cilo(t) — ullzrey < / sign(v — u)(u — g)dz in D'(0,T). (4.8)
Q
In particular, v is an integral solution of (4.7) with h = 0.
First, note the following auxiliary result.

Lemma 4.14. ([2]) Let § be a positive function with support in [—1,1] and ||d||;1=1. Assume that for
all z € [-1,1], wn (., 2) = w(.) and hy(.,z) = h(.) in L' (R) as n — oco. If in addition ||y (., 2)||11(r)
is bounded uniformly in n and z, then the below limit exists and the following equality holds:

lim sup // signwy (x, 2)h, (x, 2)0(2) < [w, h). (4.9)

n—r oo

Moreover, if for all n € N and a.e. z € [—1,1], h,(.,2) =0 a.e. on {w,(.,2)=0} and if h = 0 a.e. on
{w = 0}, then there exists

n—oo

lim / / signion (2, 2)hn (2, 2)5(2) = / sign(w)h. (4.10)

Proof. The claim of Inequality (4.9) follows from the definition and the upper semicontinuity of the
bracket, the definition of § and the Fatou lemma. Inequality (4.10) follows by applying the first one
to wy,, hy, and to —wy, hy,. O

Proof of Theorem 4.13. To start with, note that by the result of [12] an entropy solution v of (P) is
automaticaly time-continuous with values in L*(€2; [0, Umax))-

Now, we apply the doubling of variables [15] in the way of [2]. We consider v = v(t,2) an entropy
solution of (P) and u = u(y) an entropy solution of (S). Consider nonnegative function & = £(¢, z,y)
having the property that £(.,.,y) € C¥([0,T) x Q) for each y € Q, £(t,z,.) € C*(Q) for each
(t,r) €10,T) x Q.

We denote Q, = {z € Q;v(t,z) € [0,uc]}; Qy = {y € Qu(y) € [0,uc]} and QF, QF their complemen-
taries in Q. In (4.1), take { = {(t,2,y), k = u(y), D = ¢(u), and integrate over Q27. We get

/13 /OT/EGQ {Iv — & + sign(v — u) {f(v) — () — f(u) + qﬁ(u)y} .gy}

+/C/OT/UCGBQ|(f(u)—(b(u)y).n(:z:)|§dcrdtdy+/ﬂc /zeﬂ [vo — ul§(0, z,y)
0 L o A 60): = o) (.11

In the same way, in (2.2) take £ = £(¢,z,y), k = u(y), integrate over ), and use the fact that
o(u)y = 01in Q,. We get

/Qy /OT/IGQ {Iv — ulé + sign(v — u) {f(v) —o(v)e — fu) + d)(u)y} ,gy}

+ /Q /OT/weag|(f(u)—¢(u)y).n(:z:)|€+ /Q y / i —ule.2.) >0, (4.12)
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Since 2 = Q, UQS, by adding (4.11) to (4.12) we obtain:

/ / T/ U — ule + sign(v — u) [f (v) = (v)e — f(u) + ¢(u)y} .gw}

///a wa@le+ [ [ = ulgo.0.9)

hm V)x xr . 413
- "—’OU/ //zem{ o<p(v)—p(u)<o} P0)e(6(0)e = Blu)y ) (4.13)

We proceed in the same way, exchanging the roles of v and u. Starting from (4.4) and (4.3), we deduce

T
/ // sign(v — u) [f(v) —o(v)e — flu)+ ¢(u)y} &, dyddt
0 QJQ

+ /OT /Q /y eaﬂ|(f(”)_¢(U)w)-77(y)|§d0dxdt
+/0T// sign(v —u)(u — g(y))&dzdtdy

> lim — — z)€. 4.14
o'l L= / / ‘/yem{ o) ¢(u)y(¢(u)y (b(’l}) )é- ( )
Now, sum (4.13) and (4.14) to obtain

/OT/Q/Q'”‘“|@dydxdf + /Q /Q [vo — ul€(0, 2, y)dady
+/T// sign(v = w)|(f(v _¢(U)I)_(f(u)+¢(u)y)](fz+§y)
/ /xeag/ I )-n(x)| Edodtdy

+ / [, 50 = st i
+/OT//Signv—u (u— g())e

> lim — / / / (V) — d(u)y|*edydadt > 0. (4.15)
=00 Qe xQeN{—o<p(v)—¢(u)<o}

Next, following the idea of [2] we consider the test function (¢, z,y) =0(t)p,(z, y), where 0 €C5°(0,T),
020, pu(r,) =60(A) and A= (1~ ) —y+ 52y Then, p € DDx D) and pu,,_, (.3) = 0.

Due to this choice
T
L] 60— 60 pubiydodt = 0
0 JzeQ Jyeo

By Proposition 4.8, (f(u) — ¢(u)y) € Co([a, b]). Therefore we have
[(f(u) — d(u)y)n(z)] — 0 when = — y, i.e, as n —» co. We conclude that

lim // / n(z)| pnbdydodt = 0.
oo 200 JyeQ

It remains to study the limit, as n — oo

I, = /OT/Q/Q Osign(v — u) [(f(v) — ¢(v)z) — (f(u) — qﬁ(u)y)} ((pn)e + (pn)y) dydadt.
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We use the change of variable (z,y) — (z,2) with z = n(z — y) — -z + &£

b—a’

= E . /_11 /OT/: sign(v(t,x) — up(z, 2)) [p(t, x) — qn(, Z)](S;Z(z)ﬂ(t),

where u,(z, 2) := u(y), p(t,z) == f(v) — ¢(v), and g, := f(u) — ¢(u),. For z given, u,(., z) converges
to u(.) in L' and ¢, (., z) converges to q(.) := f(u) — ¢(u), in L'. From Lemma 4.14, we deduce that
for all z € [-1,1]

K,(z):= / sign(vp(t, x, 2))hn(t, @, 2)dedt —p 00 / sign(v)hdzdt =: K = const,
Q Q

where v, := v — Uy, hy := p— ¢, and h := p — q. Then K,,(.) converges to K independently of z.
Moreover, from the definition of K, one finds easily the uniform L bound [K,| < 2(|[p||r1 () +
Tllqllz1(q)), for n large enough. Hence by the Lebesgue theorem,

1
lim Ko ( K/ §(z) =0.

We have shown that the limit of I, equals zero. The passage to the limit in other terms in (4.15) is
straightforward. Finally (4.15) gives for n — oo

/OT/Q lu(t, z) — u(y)|0' (t)dzdt + /OT/Q sign(v —u)(u — g)8 > 0.

Hence d
Cilo(t) — ullzaoy < / sign(v — u)(u — g)dz in D'(0,T),
Q
Thus, v is an integral solution of (4.7). O

Now, the claim of Theorem 4.1 is a direct consequence of the fact that the entropy solution is
also an integral solution, and of Corollary 4.12.

5. Appendix: Existence of entropy solutions for the viscosity regularized problem

For the sake of completeness, we give a full proof of Theorem 3.4. We denote by C' a generic constant
independent of the approximation parameters ¢ and m. Otherwise, the dependence of C' is made
explicit in the notation.

Proof of Theorem 3.4. We need four steps for this proof.
First step: By Faedo-Galerkin method (see e.g., [16]), we construct a sequence of approximate solu-
tions. We choose V,, = (e1(z), ..., em(x)) with (e;)$2; a regular Hilbert basis of Hl(Q) and formulate

our problem in terms of the new unknown w® = ¢.(u¢). We seek w¢, Z cim(t)e;(z), then

Projy, (07 (w)s + div £ (67 () - Awfn) ~0. (5.1)

Here Projy, is the orthogonal projection, in L?(2), on the subspace V,,,. The function ¢! is Lipschitz
continuous, and (¢71) < L. To start with, we assume that ¢ is Lipschitz continuous; then (¢; ') >
a > 0. The equation 5.1 is rewrites as

Projy, | < Zczm +d1vf Zcm (t)Ae;(z ) =0;
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where f = fo¢-'. To determine the family {ci, }; C C'(]0,T7]), we write the weak formulation of the
above equation in £ with e; as test function, we get

2 cinl®) /Q (671) (e ejda — /Q (fw;) - _Zcimvei(x)> Veyda = 0;

< j < m. Recall that wt, depends on x and (¢ );- Notice that the matrix M (ci1, ..., Cim) =

1
( <, )€i. ejdx) _is invertible due to the fact that for all b = (b1, ..., b,,) € R™,
0.

(Mb.0) = /Q(qbe_l)/(w;ﬂ;bieiﬁ > const(m)a[b][*.

We obtain a system of non-linear differential equations, which is completed with initial condition
ws, (0) = w,,; Wi, = >ivy Bimei where B;y, are chosen to ensure that wg,, — ¢¢(u§) in L(2).

By the Cauchy—Peano theorem of the classical ODE theory, we have existence of solution w¢,(¢) in
some interval [0,%,,], t,, > 0. Note that existence of uf, is ensured by the fact that ¢ is bijective,
moreover, WS, = ¢e(u! ) and u$, is in C1(0, tm; Vin).

Now, we have to prove that ¢, =T

Second step: a priori estimates.

We can take wt, as a test function and integrate over [0, t]; we get

// 0( dsda:—//f ).V da:d8+||Vwm||Lz(0tQ)—0 (5.2)

Here 6. (wt,) = / rd¢- ' (r) and we have used the chain rule for C' functions of variable ¢. It is
0
also possible to rewrite the function 6.(wS,) as ¥ (u,) = / " ¢c(r)dr . Since f has its support in

m

[0, wmax], the second integral of (5.2) can be upper bounded as follows

/Ot/ﬂ div </Oum f(r)d¢e(r)> dxds| = /Ot/69 </Oum f(?")daﬁe(r)) dHNLds

< doe ([0, umax]) || f|| L= |0QT
< ((b(umax) + 1)||f||L°°|aQ|T
< C=0(T,09,||fllL=),

with d¢c ([0, umax]) the measure of [0, umax] With respect to the Stieltjes measure d¢.. Hence,

/9 dx+||Vwm||L20m)<c+/9 € (0)da. (5.3)

1
The last term in the right-hand side of inequality (5.3) is bounded uniformly in m by — sup |[w§,,||%2.
€ m

In fact,

Joctwy0a= [ [ 7 e <16 0 By < S g

Then Vw¢, is bounded in L?(2) uniformly in m.

Without loss of restriction, we can assume ¢ = 0 on (—00, 0] and ¢ = ¢(tmax) 0N [Umax, +00). (Indeed,
we show in the last step that u takes values in [0, umax], therefore the values of ¢ outside [0, umax] do
not matter.) Then ¢, = € outside [0, umax]. Hence, for w ¢ [0, ¢(umax) + 1], we have (¢71)'(w) = L.
Therefore

[we, 2 < Cle)(1 + 0 (wS,))- (5.4)
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This means that t,, = T and w¢, is bounded in L2(0,7, H*($)) uniformly in m.
Now, fix 6 and consider ¢ such that [t,t + 6] C [0,T]. We integrate over s € [t,t + 0t]. Next, we take
(by approximation) (ws, (t + dt,.) — wy, (t,.))1j0,7—ss as test function

T—6t pt+6t
/ / / wp, (E+0t,.) — wh, (¢, .))dxdtds
T—6t pt+6t
- / / f(“m-v(w%z(t +0t,.) =, (t,.) ) dedsdt
0 t Q

T—6t pt+6t
+ / / ARG a:).V(wfn(t Fot,) —wl (¢, .))da:dtds —0. (5.5)

Denote the three terms in the left-hand side of (5.5) by A, B and D respectively. We calculate

4= / B M/H& / w, (t+0t,.) — (t,.))dxdtds
/T M/ m (8 + 0L, m(tﬂ')) /:Ht(u;(S,.))/dsdxdt

/T &/ < (t+0t,. fn(t,.)) (ufn(t—i—ét,.) —ufn(t,.))dxdt; (5.6)

T—6t pt+4ot
1B| = ‘—/O /t [ (0009 (w5 04 01,) = iy (1)) s

T—6t

t+0t

(s, (s, .)).V(wfn(t FOt,) — (1, .))da:dtds
Q

“|Jo t
T—0dt T—6t
Cle)st [/O Q|wan(t+5t,.)|+/0 /Q|wan(t,.)|].

By a change of variable in the first integral (7 = t 4 dt), using Cauchy-Schwarz inequality we obtain
|B| < 20(6)5t||vw,€n||L2(Q)||1Q||L2(Q) < C(e)dt. (5.7)
The last integral of (5.5) is treated similarly:

/T &/Hét v, )v(w;(twt,.)—w;(t,.))‘
gz/Q/OT_&ww;(T,.).| <[+§t|w;(s,.)|ds> drdx

T—5t t46t
< 2|Vwy,llzz@ // </ [Vws, (s, )|ds> drdx

Using Jensen’s Inequality,

t+6t 2 46t
(/ |v<wfn<s,.>>|ds> < / IV (s, (5, )) [2ds,

T t+ot
D] < 2/|Vat, |20 /Q/ / Vs (s,)[2 < C()V3E. (5.8)
0 t

|D| <

hence we obtain
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The sum of (5.6), (5.7) and (5.8) gives

T35t
/ / ‘ < (t+0t,. m(t,.))(ufn(t—i-ét,.) —uﬁn(t,.))‘ < C(e)(6t + V31).
Now, using the fact ¢! is Lipschitz, there exist another constant C(e€) such that
g (t 4+ 6t,.) = g, (b, ) 22(0,7-51:60) < C(e)(V6E + 61). (5.9)

By the characterization theorem for H'(Q) (see [9]), since V;, € H'(Q), and [|[Vws,||12(q) < C, we
have for all open subset w CC

[y, (t, 2 + 0x) — ug, (t, 2)|| L2(0,7:0) < C(€)d. (5.10)
Finally, we obtain
g, (t+ 0t @ + 0x) — us, (8, )| 2 (0,7—st:) < C(€) (VO + 6t + 0x). (5.11)

Third step: Passage to the limit (m — 400).

By the estimate ||wg, || 12(0,1;m1 () < C(€), by (5.11) and Fréchet-Kolmogorov compactness criterion,
(uf,)m is relatively compact in the space L2(0,T; H}(Q)) weakly and in L. .((0,T) x Q) strongly.
Moreover, ||uf,||r2(g) < C(€), then us, is relatively compact in L'(Q) strongly.

We can take £(t)e;(z) as test functlon in the weak formulation where £ € D[0,T), for m > 0, we have

// Uy, € ezdxdt+//< ).Veﬁda:dt—k/ﬂugmf(O)eidx=O.

We can extract a subsequence wf, such that Vwt, — Vw® in L?(Q) and uf, — u€ in L}(Q) and a.e..
The Lebesgue theorem, continuity and boundedness of f permit at last to pass to the limit. Finally
we conclude that (2.2) holds, this means that u¢ is a weak solution of (P,) by the density of the linear
span of D(0,T) x D() in D([O,T) x Q).

At this point, we can also drop the Lipschitz continuity assumption on ¢. Indeed, approximating ¢
with a sequence of Lipschitz continuous functions ¢,, one can have uniform estimates in a (5.11).
Then one can pass to the limit as a goes to zero in the equation corresponding to ¢ = ¢, with the
same argument as above.

Its remains to prove that u¢ is an entropy solution.

Fourth step: Now, we prove that weak solution of (P.) is also an entropy sub-solution and entropy
super-solution.

Since u€ is a weak solution of (P.), then u¢ — k is a weak solution of the following problem

(u = k) +div | f(u) = Vo (w) = f(R)] =0 in Q.
(Pr,e) u(0,2) —k =ui(z)—k in Q

(£(u) = Voutus) = fR))n =—f(k)n  on =

Take sign} (u¢ — k)¢ in the weak formulation of this problem with ¢ € C*°([0, T[xRY), ¢ > 0.
We get (see [1] and [14] for the use of H'(Q)* — HY(Q) duality)

/ (0 = e sign (6 — )€ oy o /a sign (" )/ (k)n€
- [0 - Vet - f(k)}ész‘gn:<uﬁ—k>

—//signj(ue—k) [£(u) ~ Vo) — 7] ¥E = 0, (5.12)
0JQ
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The first integral of 5.12 gives (see [1] and [14] for the use of Chain rule)

/0T<(u€_l€)t53ignj( // {/ signy k)dT}ftdxdt
—/Q{/k sign (r k)dr} £(0, z)dx.

Passing to the limit as o goes to 0, we obtain:

//{/ signt(r — )dr}ftda:dt—>// u€ — k)T & dadt,
/Q{/k Oszgn (r—k)dr} &(0, x)dx—>/ (u§ — k)T€(0, x)dx

The limit of the second integral of (5.12) can be upper bounded as follows:

i [ sionzt < msoae< [ gwmente

The third integral of (5.12) can be written as

17

/ EV @ (uf).Vsignt (uf — //§ (k) .Vsign}t(u® — k).
Here, the first mtegral is non- pos1t1ve Moreover, the second one tends to zero as ¢ — 0. In fact, we
set Fo(r) =/, _( f(k))signt' (s — k)ds. We have |F,(r)] <2 sup |f(s) — f(k)|. Using the
k—s|<o

Green-Gauss formula, we find

| siang (= 99 - e =

/ div(Fo(uE))é“

<2 swp 1f() = S0 ([ 96+ [ [el) »0aso o

|k—s|<o

Finally, we obtain

T
/ / (UE—k)+§t+sign+(ue—k){f(ue)—V¢6(UE)—f(k)]V§}d$dt

/(E +§0xda:+//m teanndt > 0.

Therefore u€ is entropy sub-solution of (P.). In the same way, we prove that u® is entropy super-

solution of (P.).

Now we prove that u¢ is bounded. To this aim take £ = £(t), ( i.e., V&€ =0), take k =0 in (2.3

use (1.1) and the fact that u§ € [0, Umax]. We get

Jwrwaco+ [ [wrens= [ ([ (wrtn -6 o))azo

Let us introduce the function

Gt /Q((ue)_(t,x)—(ug)_(x)>d:z: for t € (0,T),
0 for t € (~T,0).

dG
We have = <0in D'(-T,T) and therefore, since G(t) vanishes for ¢ < 0, we deduce that

/Q(uﬁ)_(t,x)dx < /(ug)_(x)d;v =0, i.e, u(t,z) > 0.

Q

), and
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In the same way, we prouve that u¢(¢,z) < Umax.
Now, we go back to the technique used to get (5.3), recall that we can rewrite 0.(w®) as ¥ (uf). We
find

[ 5O + 190 sy < O+ [ wla)(0) (5.13)
The last term is now bounded uniformly in €, due to the L*> bound on u€. Therefore,
w20, 701 (2)) < C, (5.14)

with C that is now e—independent.
Finally, if we take u¢ as test fonction in (3.1), we find

1 € € 1 €
§||U D720 + VeVu|l72g) < C + §||u0||2L2(Q)'

Then

IVeVus|Zzq) < C. (5.15)
This concludes the proof of the Theorem. ([
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