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ENTROPY OF IRREGULAR POINTS

FOR SOME DYNAMICAL SYSTEMS

KATRIN GELFERT, MARIA JOSÉ PACIFICO, AND DIEGO SANHUEZA

Abstract. We derive sufficient conditions for a dynamical systems to
have a set of irregular points with full topological entropy. Such con-
ditions are verified for some nonuniformly hyperbolic systems such as
positive entropy surface diffeomorphisms and rational functions on the
Riemann sphere.

1. Introduction

Given a continuous map f : X → X on a compact metric space X and a
continuous observable ϕ : X → R, its Birkhoff average along the orbit

lim
n→∞

1

n

n−1
∑

j=0

ϕ(f j(x))

(for x ∈ X for which this limit exists) play an important role because of
their intimate relation with convergence in the weak∗ topology. Recall that
the set of ϕ-irregular points for which the Birkhoff averages do not converge,

X̂(f, ϕ) :=
{

x ∈ X : lim
n→∞

1

n

n−1
∑

j=0

ϕ(f j(x)) does not exist
}

,

is universally null. Ruelle [19] coined the term of “points with historical be-
haviour” because they trace the history of the system, whereas points whose
Birkhoff’s sum converge only warn average behaviour. Although X̂(f, ϕ) is
not detected by any invariant measure, it can be “large” from another point
of view such as, for example, fractal dimension, entropy, or general topol-
ogy. This type of question is typical in multifractal analysis. Irregular points
form an essential part of the multifractal decomposition of X (relative to ϕ),

X =
⋃

α∈R∪{∞}

Xα(f, ϕ) ∪̇ X̂(f, ϕ),
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where Xα(f, ϕ) denotes the set of ϕ-regular points with average α,

Xα(f, ϕ) :=
{

x ∈ X : lim
n→∞

1

n

n−1
∑

j=0

ϕ(f j(x)) = α
}

.

Denote also the set of irregular points of f by

X̂(f) :=
⋃

{

X̂(f, ϕ) : ϕ : X → R continuous
}

.

Our focus here will be on entropy. Although any of the above defined
sets is f -invariant, in general it is noncompact and we rely on the concept of
topological entropy introduced in [4]. We denote by h(f,A) the topological

entropy of f on A ⊂ X. The following estimates hold true in general

0 ≤ h(f, X̂(f, ϕ)) ≤ h(f, X̂(f)) ≤ h(f,X).

Each inequality can be strict. Recall, for instance, the example of a minimal
dynamical system (hence satisfying X̂(f) = ∅) with positive entropy in [11].
To our best knowledge, there is no nontrivial (that is, say, topologically

transitive) example for which 0 < h(f, X̂(f)) < h(f,X).
Previous approaches to analyze of the regular and the irregular part of the

spectrum commonly require “orbit-gluing properties”. For example, [17, 8]
consider the case of a subshift of finite type. In [21], just assuming the
specification property of f , there is stated a restricted variational principle

h(f,Xα(f, ϕ)) = sup
{

hµ(f) : µ f -invariant,

∫

ϕdµ = α
}

.

On the other hand, “chaotic dynamics” quite commonly gives rise to irregu-
lar sets which are dense and have full entropy. For a full shift of two symbols
σ : Σ2 → Σ2, by [17, Lemma 6] it holds h(σ, Σ̂2(σ)) = h(σ,Σ2). If f satisfies
the specification property, it is a consequence of [20, Theorem 4] (see also

[5, Theorem 3]) that X̂(f) is nonempty and of [7] that it has full entropy.
The specification property roughly says that given any number of arbi-

trarily long orbit segments, there exists an orbit which stays ε-close to each
segment and between segments there are only a bounded number of iter-
ations whose number only depends on ε (we refer to [20, 22] for the full
definition). For example, for a basic set of an Axiom A diffeomorphism,
the existence of a Markov partition enables a symbolic description of orbits
and shadowing permits to “connect” orbit segments which were symbolically
coded previously. As such partitions can be chosen with arbitrarily small
diameter, this guarantees the existence of “arbitrarily specified orbits”.

In general, specification, or any of it’s weaker versions, does not hold.
We will illustrate that it is also often not required in this strong sense to
deduce “maximal historic behavior”. Here the key observation is that such
strong hypotheses are not required globally, but only for invariant subsys-
tems whose entropies are sufficiently large and that entropy in some sense
is “a local quantifier”.
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We start by considering the set of irregular points and not a priori fixing
any observable, assuming hyperbolicity.

Theorem A. For any Axiom A C1-diffeomorphism f : X → X on a n-
dimensional closed manifold X, n ≥ 2, it holds

h(f, X̂(f)) = h(f,X).

In a “nonuniformly hyperbolic context”, the proof of the next result takes
into consideration approximations in the weak∗ topology and in entropy of
positive-entropy ergodic measures by horseshoes.

Theorem B. For any C1+α-diffeomorphism f : X → X on a closed surface

X it holds

h(f, X̂(f)) = h(f,X).

A version of Theorem B was obtained independently in [2, Corollary 2.4].

To guarantee that h(f, X̂(f, ϕ)) is positive (or even large), some hypothe-
ses on the observable are absolutely necessary. Indeed, if ϕ is cohomolo-
gous to a constant, then X̂(f, ϕ) is empty (and hence has zero entropy). If

X̂(f, ϕ) is nonempty, for a topologically mixing subshift of finite type (or
any topologically conjugate system), by [1] this set carries full topological
entropy. This result was generalized to maps satisfying the almost speci-
fication property ([22], see also [16] for the context of flows) or the orbit
gluing property (see [14] and further references therein). Moreover, by [6],
assuming the asymptotic average shadowing property (AASP for short) and

a certain condition on the measure center, the set X̂(f, ϕ) is either resid-

ual or empty. It is not known if AASP in general implies that X̂(f, ϕ), if
nonempty, has full entropy.

The following result provides a sufficient condition on ϕ to “detect” his-
toric behavior and forces h(f, X̂(f, ϕ)) to be large (or even full). Let us
denote by M(f) the set of f -invariant Borel probability measures.

Theorem C. Let f : X → X and ϕ : X → R be continuous functions on a

compact metric space X such that there is a sequence (Γn)n of compact f -
invariant subsets of X and numbers ℓn ∈ N such that f ℓn|Γn has the almost

specification property and

(1) inf
µ∈M(f |Γn )

∫

ϕdµ < sup
µ∈M(f |Γn)

∫

ϕdµ.

Then, it holds

lim sup
n→∞

h(f,Γn) ≤ h(f, X̂(f, ϕ)) ≤ h(f, X̂(f)) = h(f,X).

Remark 1.1. In many cases (such as, for example, under the hypotheses of
Theorem D below), the sets Γn to verify the hypotheses of Theorem C can
be chosen to be nested, that is, Γn ⊆ Γn+1, and so it suffices to show that
(1) holds for some n (and hence for all n′ ≥ n).
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A priori, fixing some observable ϕ : X → R, the value h(f, X̂(f, ϕ)) may
be much smaller than h(f,X). To exemplify this, recall that a C1 diffeo-
morphism f is Axiom A if its nonwandering set Ω(f) is hyperbolic and the
periodic points of f are dense in Ω(f). Now, given a C1 Axiom A diffeomor-
phism f with nontrivial spectral decomposition Ω(f) = Ω1 ∪ · · · ∪ Ωℓ such
that h(f,Ωi) < h(f,Ωj) for some index pair i 6= j, then for ϕ : M → R such
that ϕ|Ωi

is not cohomologous to a constant and ϕ|Ωj
≡ 0 it holds

X̂(f, ϕ) 6= ∅ and h(f, X̂(f, ϕ)) < max
j 6=i

h(f,Ωj) = h(f,X).

Finally, we invoke Theorem C in a setting which can also be considered
“nonuniformly hyperbolic”. Note that this setting, in particular in the case
where f is a rational function has a critical point inside its Julia set, is in
general very far from being hyperbolic or satisfying specification. A classical
example is the Ulam-von Neumann map z 7→ z2− 2 with Julia set being the
closed interval [−2, 2] and critical point z = 0.

Theorem D. Suppose that f is a rational function of degree d ≥ 2 on the

Riemann sphere and J(f) its Julia set. Then

h(f, Ĵ(f)) = h(f, J(f)) = log d.

Moreover, there are no critical points in J(f), then for ϕ := log |f ′| it holds

Ĵ(f, ϕ) 6= ∅ and h(f, Ĵ(f, ϕ)) = h(f, Ĵ(f)) = h(f, J(f))

if, and only if, f is not of the form f(z) = z±d.

In Theorem D, for the second claim we assume that there are no f -critical
points in J(f) in order to guarantee that ϕ is continuous. An analogous
statement in the general case, including critical points and extending the
concept of ϕ-irregular points to general observables, can be derived following,
for example, techniques in [10].

In Section 2 we recall some preliminaries. In Section 3 we prove Theorems
A, B, and C. In Section 4 we study rational maps and prove Theorem D.

2. Preliminaries

Note that X̂(f, ϕ) is empty whenever ϕ is “essentially constant”. More
precisely, consider the space C(X) of continuous observables ϕ : X → R,
equipped with the usual sup-norm ‖ϕ‖ := sup|ϕ|. Two functions ϕ,ψ ∈
C(X) are cohomologous (with respect to f) if there exists u ∈ C(X) such
that ψ = ϕ+ u− u ◦ f . Any function which is cohomologous to a constant
function is a coboundary. The following facts are immediate.

Proposition 2.1. For every ϕ ∈ C(X), c1, c2 ∈ R, c1 6= 0, and k ∈ N,

X̂(f, ϕ) = X̂(f, c1ϕ+ c2) = X̂(f, ϕ ◦ fk). If ϕ,ψ ∈ C(X) are cohomologous,

then X̂(f, ϕ) = X̂(f, ψ). For every coboundary ϕ, it holds X̂(f, ϕ) = ∅.

Remark 2.2. For ϕ ∈ C(X) the following facts are equivalent:
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1) infµ∈M(f)

∫

ϕdµ < supµ∈M(f)

∫

ϕdµ,

2) ϕ is not in the closure of the subset of coboundaries,

3) 1
n

∑n−1
j=0 ϕ ◦ f j does not converge pointwise to a constant.

See, for example [22, Lemma 2.1], where further properties are stated. It is

clear that if X̂(f, ϕ) 6= ∅, then property 3) (and hence any other) holds true.
Assuming the almost specification property, by [22, Theorem 4.1] property

1) (and hence any other) implies X̂(f, ϕ) 6= ∅.

In general, f can have a complicated dynamics and it can be more con-
venient to analyze certain subsystems. To this end, we state the following
lemma which is straightforward to show.

Lemma 2.3. For each ℓ ∈ N and ϕ ∈ C(X), it holds

X̂(f, ϕ) =
ℓ−1
⋃

j=0

X̂(f ℓ, ϕ ◦ f j).

In particular, X̂(f ℓ, ϕ) ⊆ X̂(f, ϕ) and X̂(f) = X̂(f ℓ).

Observe that X̂(f ℓ, ϕ) can be a proper subset of X̂(f, ϕ).

3. Proof of Theorems A, B, and C

Proof of Theorem C. For each n ≥ 1, [22, Theorem 4.1] implies

h(f ℓn ,Γn) = h
(

f ℓn |Γn , X̂(f ℓn |Γn , ϕ|Γn)
)

and hence Lemma 2.3 together with X̂(f |Γn , ϕ|Γn) ⊆ X̂(f, ϕ) and mono-
tonicity of entropy gives

h(f,Γn) = h
(

f |Γn , X̂(f ℓn |Γn , ϕ|Γn)
)

≤ h
(

f, X̂(f, ϕ)
)

≤ h(f, X̂(f)) ≤ h(f,X).

Letting n→ ∞, this implies the claim. �

Proof of Theorem B. If h(f,X) = 0, the result is immediate.
If h(f,X) > 0, by the variational principle for entropy, there is a sequence

of ergodic measures (µn)n≥1 such that hµn(f) → h(f,X). By Ruelle’s in-
equality, any µn with positive entropy is hyperbolic. Let us hence consider
µ hyperbolic ergodic with entropy arbitrarily close to h(f,X). By Katok’s
horseshoe construction [12, Theorem S.5.9], for every ε > 0, there exists a
basic set Γ ⊂ M and m ∈ N such that fm|Γ is topologically mixing and
hence has the specification property, and hµ(f)− ε < h(f,Γ). Hence,

h(f,Γ) =
1

m
h(fm,Γ) =

1

m
h(fm, X̂(fm|Γ))

by Lemma 2.3 ≤
1

m
h(fm, X̂(f |Γ))

= h(f |Γ, X̂(f |Γ)) ≤ h(f, X̂(f)).

Choosing µ with entropy arbitrarily close to h(f,X) implies the claim. �
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In higher dimensions there may not exist any hyperbolic ergodic measure
and hence the strategy of the proof of Theorem B does not work. In an a

priori hyperbolic context, we invoke [22, Theorem 4.1] (or [1]) directly.

Proof of Theorem A. By hypothesis, we can invoke the spectral decomposi-
tion theorem. Hence, the set of nonwandering points splits as

Ω(f) = Ω1 ∪ . . . ∪ Ωm,

where for every i = 1, . . . ,m there is ℓi ∈ N such that Ωi = X1,i ∪ . . . ∪Xℓi,i

such that f ℓi |Xk,i
is topologically mixing, for each 1 ≤ k ≤ ℓi, and hence has

the specification property. As

h(f,X) = max
i
h(f,Ωi) = max

i

1

ℓi
h(f ℓi ,Xk,i) ≤ h(f, X̂(f)),

this proves the claim. �

4. Irregular points in Julia sets and proof of Theorem D

In this section, let f : C → C be a rational function of degree d :=
deg(f) ≥ 2 and consider its Julia set J = J(f). We estimate the entropy of
the set of ϕ-irregular points for the geometric potential ϕ(z) := log |f ′|. This
observable, along with its scaled version tϕ for t ∈ R, plays an important
role in the thermodynamics formalism (see [18, 23] and references therein).
Its Birkhoff averages are simply the Lyapunov exponents. If f has no critical
points in J then ϕ is continuous on J .

Recall that J is nonempty, compact, and coincides with the closure of the
set of repelling periodic points. Moreover, f |J is topologically exact and its
entropy equals h(f, J) = log d (see, for example, [3, 15]).

A compact f -invariant set R ⊂ J is a uniformly expanding repeller if f |R
is hyperbolic, that is, there is n ∈ N so that

inf{|(fn)′(z)| : z ∈ R} > 1,

topologically transitive, and isolated, that is, there exists an open neighbor-
hood U ⊃ R such that fn(z) ∈ U for all n ≥ 0 implies z ∈ R. Note that if
a uniformly expanding repeller R is such that f ℓ|R is topologically mixing
then f ℓ|R has the specification property.

A rational function f is hyperbolic if f |J is hyperbolic. Every rational
function without critical points in J is either hyperbolic or admits a parabolic
point, that is, a periodic point z = fp(z) ∈ J such that (fp(z))′(z) is a root
of unity (see [23, Theorem 3.2]). Given an ergodic Borel probability measure
µ ∈ Merg(f) consider its Lyapunov exponent

X (µ) :=

∫

log |f ′| dµ =

∫

ϕdµ.

Let α− := inf{X (ν) : ν ∈ Merg(f)} and α+ := sup{X (ν) : ν ∈ Merg(f)}.
Let µ0 be the (unique, hence ergodic) measure of maximal entropy. Recall

0 < log d ≤ X (µ0) ≤ α+.



ENTROPY OF IRREGULAR POINTS 7

The following preliminary result can be proved in several different ways,
for example building upon nowadays available description of the spectrum of
Lyapunov exponents and approximation techniques (see, for example, [18,
Chapter 11] and references therein). We provide a direct proof.

Lemma 4.1. If f |J has a parabolic point, then there is a hyperbolic ergodic

measure ν supported on a periodic orbit satisfying 0 < X (ν) < X (µ0).

Proof. First note that, as f |J is topologically exact, for every δ > 0 there is
N(δ) ∈ N such that for every x ∈ J and N ≥ N(δ) it holds fN (B(x, δ)) ⊃ J .

By contradiction, suppose that all hyperbolic periodic points have the
same exponent α := X (µ0).

Given ε ∈ (0, α/4), topological exactness together with our assumptions
implies that there is δ1 > 0 such that for every hyperbolic periodic point
w = fp(w) the set U = B(w, δ1) satisfies f

p(U) ⊃ U and

(2)
|(fp)′(x)|

|(fp)′(y)|
≤ epε

for all x, y ∈ U . Let N1 = N(δ1).
Let Crit(f) be the set of all the critical points of f : C → C. Fix a

parabolic point z = f q(z) and let δ0 > 0 so that ∪q−1
k=0f

k(Crit(f)) and
B(z, δ0) are disjoint. Hence, for any δ ∈ (0, δ0) and any preimage of V =
B(z, δ) by f q is univalent; denote by Compz f

−q(V ) its connected component
containing z. By the Koebe Distortion Theorem, there is C(δ) > 1 satisfying
C(δ) → 1 as δ → 0 so that for all x, y ∈ V ′ := Compz f

−q(V ) it holds

(3)
|(f q)′(x)|

|(f q)′(y)|
≤ C(δ).

Fix some δ ∈ (0, δ0) and let N2 = N(δ).
Recall that there are repelling periodic points of arbitrarily large period.

We choose a periodic point w = fp(w) with period p large enough, whose
choice is specified below. Let

W ′ := Compz f
−(N2+q)(U) ⊆ V ′.

By the above, we have

W ′ ⊂ fN1(U) ⊂ fN1+p(U)

and thus there exists a periodic point x = fk(x) ∈ W ′ with period k =
q +N1 + p+N2. By the distortion estimates (2) and (3), it holds

|(fk)′(x)| ≤ 1 · C(δ) · |(fp)′(w)| · epε ·DN1+N2 , where D := max
J

|f ′|,

together with the analogous lower bound. In particular, x is hyperbolic and

1

k
log |(fk)′(x)| ≤

1

q + p+N1 +N2
(logC(δ) + (N1 +N2) logD)+

+
p

q + p+N1 +N2
α+

p

q + p+N1 +N2
ε.
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Now choosing w with period p large enough, we obtain that log |(fk)′(x)|/k <
α/2, contradiction. �

Proof of Theorem D. We start by proving the first claim about the entropy
of the set of irregular points. By Ruelle’s inequality, the ergodic measure
of maximal entropy, µ0, is hyperbolic and satisfies

∫

log |f | dµ0 ≥ log d > 0.
Hence, by [18, Theorem 11.6.1], there exist a sequence (Γn)n of uniformly
expanding repellers satisfying h(f,Γn) → h(f, J) as n → ∞ and numbers
mn ∈ N such that fmn |Γn mixing. In particular, fmn |Γn has the specification
property. As Γn has positive entropy, M(f,Γn) is not a singleton and, in
particular, there exists φn ∈ C(J) distinguishing measures in M(f,Γn) and
hence satisfying (1). Invoking [9, Lemma 2], in fact (Γn)n can be chosen to
be increasing, that is, Γn ⊂ Γn+1 ⊂ . . .. Thus, there exists some common
φ ∈ C(J) satisfying (1) for every n ∈ N. Thus, by Theorem C, we obtain

h(f, Ĵ(f, φ)) = h(f, Ĵ(f)) = h(f, J) = log d.

In the second part of this proof, we assume that f has no critical points
in J and hence ϕ = log |f ′| is continuous on J .

If f |J is hyperbolic, then it has the shadowing property and topologi-
cal exactness implies that f |J is topologically mixing. Hence, f |J satis-
fies the specification property (see, for example, [13, Lemma 9]) and thus

h(f, Ĵ(f, ϕ)) = h(f, J) follows from [22, Theorem 4.1].
Otherwise, if f |J has a parabolic point, by Lemma 4.1, there is a f -

invariant measure ν supported on a periodic hyperbolic orbit Γν satisfying

0 <

∫

log |f ′| dν = X (ν) < X (µ0) =

∫

log |f ′| dµ0.

By [18, Theorem 11.6.1], there exist mixing uniformly expanding Cantor
repellers Γn ⊆ J satisfying

h(f,Γn) ≥ h(f, J)−
1

n

so that any invariant measure µn supported in Γn satisfies
∫

log |f ′| dν <

∫

log |f ′| dµ0 −
1

n
≤

∫

log |f ′| dµn.

In particular, for n large, Γν and Γµn are disjoint. By [9, Lemma 2], there
exist transitive uniformly expanding Cantor repellers Λn ⊇ Γn ∪Γν . In par-
ticular, there is ℓn ∈ N such that f ℓn |Λn satisfies the specification property,
ν, µn are supported in Λn, and

h(f,Λn) ≥ h(f, J)−
1

n
.

Hence, by Theorem C it follows h(f, Ĵ(f, ϕ)) = h(f, J).
It remains to analyze the case when the spectrum is “trivial”.

Claim 1. If f has no critical points in J , then the following facts are equiv-
alent:
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(1) Ĵ(f, ϕ) = ∅,
(2) α− = α+,
(3) f is (conjugate to) z 7→ z±d.

Proof. Check that if f |J is hyperbolic then α− = α+ if and only if ϕ is a
coboundary and, in particular by Remark 2.2, (2) and (1) are equivalent.
Recall that if f |J is hyperbolic and ϕ a coboundary then by [24, Corollary
in Section 7 and Proposition 8], f is conjugate to z±d. Clearly, if f is
conjugated to z 7→ z±d, then ϕ ≡ log d and α− = α+, hence (3) implies (2).
This proves equivalence of (1), (2), and (3) for f hyperbolic.

Moreover, observe that none of the three cases occurs if f has any para-
bolic point. Indeed, if λ is the f -ergodic measure supported on a parabolic
periodic orbit then (2) does not hold as

α− = X (λ) = 0 < log d = X (µ0) ≤ α+.

Clearly, (3) does not hold either. Finally, the above second part of the proof

of the theorem implies that in this case Ĵ(f, ϕ) 6= ∅. �

This proves the theorem. �
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21945-909, Brazil

Email address: gelfert@im.ufrj.br
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