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Envelopes for elliptical multivariate linear regression

Liliana Forzani* and Zhihua Su'*

Abstract

We incorporate the idea of reduced rank envelope [7] to elliptical multivariate linear regres-
sion to improve the efficiency of estimation. The reduced rank envelope model takes advantage
of both reduced rank regression and envelope model, and is an efficient estimation technique in
multivariate linear regression. However, it uses the normal log-likelihood as its objective func-
tion, and is most effective when the normality assumption holds. The proposed methodology
considers elliptically contoured distributions and it incorporates this distribution structure into
the modeling. Consequently, it is more flexible and its estimator outperforms the estimator de-
rived for the normal case. When the specific distribution is unknown, we present an estimator
that performs well as long as the elliptically contoured assumption holds.
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1 Introduction

The multivariate linear regression model studies the conditional distribution of a stochastic re-

sponse vector Y € R" as a linear function of the predictor X € RP?. It can be formulated as

Y = py + B(X — px) +e, (1

where § € R"*P is the coefficient matrix, the error vector € is independent of X and follows a
normal distribution with mean zero and covariance matrix >. The standard method of estimation
fits a linear regression model for each response independently. The association among the response
is not used and the efficiency of the estimation can be improved by considering these dependences.
The envelope model is introduced in a seminal paper [8] in the context of (1) and the key idea is to
identify the part of Y that is immaterial to the changes in X by using sufficient dimension reduction
techniques. This immaterial part is removed from subsequent analysis, making the estimation more
efficient. Another method that considers the association among the response is the reduced rank
regression ([1], [2], [26], [41], [46]). Reduced rank regression assumes that the rank of the matrix
[ € R™*P is less than or equal to d, where d < min(r, p). It has less number of parameters and
therefore more efficient estimators can be obtained.

The envelope model and the reduced rank regression both use dimension reduction techniques
to improve the estimation efficiency, but they have different perspectives and make different as-
sumptions. In practice, it may take considerable effort to find out which method is more efficient
for a given problem. The reduced rank envelope was recently proposed in [7], which combines

the advantage of both methods and is more efficient than both methods. However, the estimation
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of the reduced rank envelope model takes the normal likelihood function as the objective function,
and is most effective when the normality assumption holds.

It is well-known that the normality assumption is not always reasonable in many applications,
and alternative distributions (or methodologies) have to be considered to fit the distribution of the
data better. One choice is the family of elliptically contoured distributions, which includes the
classical normal distribution and many important distributions such as Student-¢, power exponen-
tial, contaminated normal, etc. They can have heavier or lighter tails than the normal distribution,
and are more adaptive to the data. Elliptical multivariate linear regression models have been ex-
tensively studied in the statistical literature, see for example [5], [10], [12], [13], [18], [19],[22],
[20], [28], [30], [32], [33], [34], [40], [43], [45] and [48] among others. In particular, [32] in-
troduces a general elliptical multivariate regression model in which the mean vector and the scale
matrix have parameters in common. Then they unify several elliptical models, such as nonlinear
regressions, mixed-effects model with nonlinear fixed effects, errors-in-variables models, etc. Bias
correction for the maximum likelihood estimator and adjustments of the likelihood-ratio statistics
are also derived for this general model (see [38], [37]). The elliptical distributions can also be used
as the basis to consider robustness in multivariate linear regression, as in [14], [21], [29], [36],
[42], [50] and many others. Nevertheless the envelope model under the context of elliptical multi-
variate regression has not yet been implemented. There is also not much literature about reduced
rank regression beyond the normal case. The only attempt to extend reduced rank regression to
the non-normal case is through M-estimators or other robust estimators which include some of
the elliptical class. For example, [50] develops a robust estimator in reduced rank regression and
proposes a novel rank-based estimation procedure using Wilcoxon scores. While the reduced rank
estimator in [50] allows a general error distribution, we aim to further improve the efficiency of the
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reduced rank estimator using maximum likelihood estimators (MLE) and envelope methods in the
context of elliptical multivariate linear regression.

The goal of this paper is to derive the reduced rank regression estimator, envelope estimator and
reduced rank envelope estimator for elliptical multivariate linear regression. Since both reduced
rank regression and the envelope model are special cases of the reduced rank envelope model,
we present a unified approach that focuses on the reduced rank envelope model. The asymptotic
properties and efficiency gains of the reduced rank regression, envelope model and reduced rank
envelopes model will be studied, and we will demonstrate their effectiveness in simulations and
real data examples.

The rest of this paper is organized as follows. In Section 2, we introduce the reduced rank re-
gression, envelope model and reduced rank envelope model under the elliptical multivariate linear
regression. Section 3 describes the most used elliptically contoured distributions in elliptical mul-
tivariate linear regression. In Section 4, we derive the maximum likelihood estimators (MLE) for
the models considered in Section 2, and propose a weighted least square estimator when the error
distribution is unknown but elliptically contoured. Section 5 studies the asymptotic properties of
the estimators, and demonstrates the efficiency gains without the normality assumptions. Section 6
discusses the selection of the rank and dimension in the reduced rank envelope model. The simula-
tion results are presented in Section 7, and examples are given in Section 8 for illustration. Proofs

are included in the Online Supplement.
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2 Models

We consider the following elliptical multivariate linear regression model given by

Y:MY+/8(X_MX)+€7 ENECT(07E79Y\X)7 (2)

where Y € R" denotes the response vector, X &€ R? denotes the predictor vector, § € R"*P, and
~ denotes equal in distribution. If a random vector Z € R™ follows an elliptically contoured

distribution EC,, (17, X7, gz) with density, then the density function is given by

f2(2) =1%21"292 [(z — p2)"S5 (= — pz)] 3)

where pz € R™ is the location parameter; 3, € R”*™ is a positive definite scale matrix; gz () >
0 is a real-valued function and [;"u™/* 'gz(u)du < oo. We call (2) the standard model in
the following discussions. Based on (2), Y | X follows the elliptically contoured distribution
EC.(py|x, %, gv|x) where py|x = py + B(X — px). When the conditional expectation and
variance exist, E(Y | X) = py|x and var(Y | X) = cxX, where cx = E(Q?)/r and Q* =
(Y — py1x)"E (Y — py|x) (see Corollary 2 in [17], p. 65). Notice that in general var(Y" | X)
depends on X, except for the normal errors with constant variance.

The reduced rank regression assumes that the rank of the coefficient 5 in model (2) is at most

d < min(p,r). As a consequence

B=AB, AcR™ BecR>P rank(A) = rank(B) =d, 4)
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for some A € R™% and B € R¥P?. Note that A and B are not identifiable since AB =
(AU)(U™'B) := A*B* for any invertible U. If the errors are normally distributed with a con-
stant covariance matrix, the MLE of 3 for (4) and its asymptotic distribution were derived in [2],
[41] and [46], by imposing various constraints on A and B for identifiability. Since the goal is to
estimate /3, rather than A and/or B, recently [7] derived the estimator of 5 without imposing any
constraints on A and B other than requiring the rank of 3 is equal to d. It has been shown that when
¢ follows the multivariate normal distribution with a constant covariance matrix, the reduced rank
regression has the potential to yield more efficient estimator for $ than the ordinary least square
(OLS) estimator. Note that under normality, the OLS estimator is the MLE.

The envelope model [8] is another way to get efficient estimator. Let span(3) denote the
subspace spanned by the columns of 5. Under model (2), if span(/3) is contained in the span of m
(m < r) eigenvectors of the error covariance matrix X, not necessarily the leading eigenvectors,
then the envelope estimator of (3 is expected to be more efficient than the OLS estimator. More
specifically, let S be a subspace of R” that is spanned by some eigenvectors of X2, and span(3) C S.
The intersection of all such S is called the Y-envelope of /3, which is denoted by Ex (). Let u be
the dimension of &x(f3). Then u < r. Take I' € R"™" to be an orthonormal basis of Ex () and
[y € R~ to be a completion of T, i.e., (I',Ty) is an orthogonal matrix. Since span(3) C
Ex(B) = span(I), there exists a £ € R**P such that 5 = I'{. Because that & () is spanned by
eigenvectors of ¥, there exist 2 € R“** and Qg € RU~9X(—) that 3 = TQT7 + [oQE. Here &
carries the coordinates of S with respect to ' and {2 and {2, carry the coordinates of ¥ with respect

to ' and I'y. To summarize, if § and I" satisfy the following conditions

B=T¢ S =Tar" 4 ToQI¢, (3)
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we called (2) an envelope model of dimension u. Based on (5), & () provides a link between
$ and ¥: The variation of the e can be decomposed to one part I'QI'T that is material to the
estimation /3 and the other part ['yQoT'¢ that is immaterial to the estimation of 3. By realizing this
decomposition, in the normal setting, [8] showed that the envelope estimator of 3 is more or at

least as efficient as the OLS estimator asymptotically. The efficiency can be substantial especially

)

if the immaterial variation ||[g2oT% || is substantially larger than the material variation |[TQI7
where || - || denotes the spectral norm of a matrix.

Under normal distribution for the error term, [7] presented a novel unified framework of the
reduced rank regression and the envelope model called the reduced rank envelope model, which
obtains more efficient estimators compared to either of them. [7] assumed that /5 and . follows the
envelope structure (5) and at the same time the coordinate ¢ has a reduced rank structure £ = 1B,
where n € R**? and B € R%*? with the rank d < min(r, p). Then model (2) is called the reduced

rank envelope model when

B=AB=TnB, ©=TQr" +TyQI%, (6)

where B € R%? has rank d, n € R**¢, Q € R and §, € RC~%*"~4) are positive-definite
matrices, and Ty € R™ (=% is a completion of T, i.e. (T, I'y) is an orthogonal matrix. The reduced
rank envelope model performs dimension reduction in two levels: The first level 5 = AB assumed
that we have a reduced rank regression. The second level 5 = I'nB is based on the assumption
that 5 only intersects u eigenvectors of the covariance matrix >. When u = r, I' = I, then (6)
degenerates to the usual reduced rank regression (4). When d = min(u, p), then (6) reduces to

an envelope model (5). Finally, the reduced rank envelope model (6) is equivalent to the standard
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model (2) if d = uw = r. [7] obtained the MLEs of  and ., as well as their asymptotic distribu-
tions under the normality assumption. It should be noted that for the reduced rank regression, the
envelope model and the reduced rank envelope model, the constituent parameters A, B, I', ', &,
n, {2, {2 are not unique. Hence, they are not identifiable. Nevertheless, 5 and ¥ are unique. No ad-
ditional constraints are imposed on the constituent parameters in [7] when studying the asymptotic

distribution of the identifiable parameters 3 and ..

3 Examples

In this section we present three scenarios where the elliptically contoured distributions are used in

regression.

3.1 The data matrix is elliptically contoured distributed

A case that is commonly studied in the literature is that the data matrix follows a matrix ellip-
tically contoured distribution. A p X g random matrix Z follows a matrix elliptically contoured
distribution EC,, ,(M, A ® B, ¥) if and only if vec(Z") follows an elliptically contoured distribu-
tion EC,,(vec(M™), A® B, V), where ® denotes Kronecker product, and vec denotes the vector
operator that stacks the columns of a matrix into a vector.

LetX = (X],...,X)T e R™Pand Y = (Y,...,Y,])T € R"*" be data matrices such that
Y | X follows a matrix elliptically contoured distribution EC,, . (M,n ® ¥, g) with M = 1,ul +
(X —1,1%) 8T, where 1,, denotes an n dimensional vector of 1’s. Under this assumption, by using

Theorem 2.8 from [24], we have V; | X ~ Y; | X; ~ EC,(uy + B(X; — px),m:2, g). This allows

the errors to be modeled with a heteroscedastic structure. More properties of the matrix elliptically



150 contoured distribution are discussed in [24]. Examples of this distribution include matrix variate
151 symmetric Kotz Type distribution, Pearson Type II distribution, Pearson Type VII distribution,
152 symmetric Bessel distribution, symmetric Logistic distribution, symmetric stable law, etc. Among
153 these distributions, the most common one is the normal with non-constant variance [16].

154 As an example of the matrix elliptically contoured distribution, we consider that Y | X follows
155 a matrix normal distribution N, (M,n ® ) with M = 1,ui + (I, — £1,17)X3” and 7 being a

156 diagonal matrix. The diagonal elements of 7 are denoted by 7;; and n;; > 0 for7 =1, ..., n. Then

Y; = py + B(Xs — px) + ¢,

157 where € ~ N(0,7;;,2). Therefore Y; | X; follows a normal distribution with mean piy + 5(X; — f1x)
158 and covariance matrix 7;;2. In other words, it is an elliptically contoured distribution EC,.(uy +
s BX; — jix), S, g) with g;(8) = (2mry,0) /% 7.

160 Note that we only considered the error structure that the covariance matrices are proportional,
st and the heteroscedasticity only depends on g, not the scale parameter. The general non-constant
162 covariance structure is not included because we would need a general rn x rn scale matrix instead

16s  of 7 ® X in the matrix elliptically contoured distribution.

e 3.2 X and Y is jointly elliptically contoured distributed

Sometimes (X7, Y1) jointly follows an elliptically contoured distribution or it can be trans-

formed to ellipticity (e.g., [9]). Suppose (X7, YT)T follows the distribution EC,, . ((u%, pi)*, @, g),
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then its density function is
_1 _ T
Py (,y) =10 2g [{T, ") = (k. 1)} 0 {0, 9") = (ke 1)}

where g(-) > 0and ®is a (p+ 1) x (p + r) positive definite matrix. Following [5], if we partition

d as
O Py Yx Py
(p = = 9 (7)
Dy Doy oL Ty
then X and Y are marginally elliptically contoured distributed where X follows EC,(ux,Xx, g)
and Y follows EC,.(py, Xy, g) (Theorem 2.8 from [24]). The conditional distribution of Y | X is

also elliptically contoured

Y | X ~ ECT(,LLYLX) (I)22.lagY|X)7

where fiyx = piy + @@ (X — px), Pon1 = Pop — P ®@'®L and gyx(t) = g(t +
m(X))/g(m(X)) with m(X) = (X — px)T®;'(X — pux). Note that py|x is linear in X and
®,5 1 1S a constant.

Now we use multivariate ¢-distribution as an example. Suppose that Z € R* follows a multi-
variate t-distribution ¢ (u, 2, v), where v denotes the degrees of freedom. The density function of

Z is given by

L5 101 R T DA
fz2(2) = F(%) Vﬂk/2m<l+ >

10
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Suppose that (X7, YT)T ~ ¢, ((uk, pf)", ®,v) with  following the structure in (7). Then

v+ (x = px)" Py (= — px)
V+Dp

Y | X ~ tr ([,Ly + @21(131_11()( — [,Lx), ®22.17V +p>

Equivalently, Y | X ~ EOT(My|X,(P22.1,gy|X) with /Ly|X = Wy + @21@1_11()( — /Lx), (1)22.1 =

prrtv

Bop — P @' @) and gyx(t) = Cuprglt/R(X)]/R(X)7/?, where g(t) = (v +p+1)7" 7,

h(X)=[v+ (X — pux)T® X — ux)]/(v + p) and Cyp,r i the normalizing constant.

3.3 Y given X follows an elliptically contoured distribution

It is also reasonable to assume that the error vector € follows an elliptically contoured distribu-
tion, in other words, Y given X follows an elliptically contoured distribution. We will present
two examples, Y | X follows a normal mixture distribution and Y | X follows a conditional
t-distribution.

We say Y | X follows a normal mixture distribution if its density function is a convex linear
combination of normal density functions. Suppose Y | X follows a normal mixture distribution
from m normal distributions N, (py|x, k;X), 7 = 1,..., m with weights py, . .., p,,,, then its density

function is given by

e %ki(y—lty\x)Tzfl(y—wa)
)

Frix(y sz 2 2m) r/2|2|1/2

where k; > 0,p; > 0fori=1,...,rand ) ;" p; = 1. Equivalently Y | X follows an elliptically
contoured distribution EC, (p1y|x, X, g) with g(t) = ST pik; TR (2m) TS| 2t (2K,

The ¢-distribution is useful to model heavy tails. As discussed in Section 3.2, Y | X follows a

11
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t-distribution ¢, (puy + (X — px), %, v) if its density function takes the form

r4+v

reErs) 1001 ly — py + BX — px)]"27 y — py + BX — px)]\ 2
K (1+ ) |

2
Rz v

frix(y) =

Equivalently, Y | X follows an elliptically contoured distribution EC,(uy + 5(X — ux), %, g)

_vdr

with g(t) = ¢, (1 + 1t)=2", where ¢, , = v 17 "/2T (4L

)/L'(%) is a normalizing constant.

4 Estimation

Under the standard model (2), if the errors (€1, . . ., €,) jointly follow a matrix elliptically contoured
distribution, the OLS estimator of 3 is its MLE (See Chapter 9, [15]). When the errors (1, . . ., €,)
do not jointly follow a matrix elliptically contoured distribution but gy |x is known, an estimator of
[ can be computed via an iterative re-weighted least squares algorithm and its properties are studied
in [5]. When gy|x is unknown, [5] derived an estimator of 3 and investigated its properties.

The goal of this section is to derive the MLEs for the reduced rank regression, the envelope
model and the reduced rank envelope model for given d, u and gy |x, where d is the rank of 3 and u
is the dimension of the envelope Ex(/3). Procedures for selecting d and w are discussed in Section
6. Note that when the errors (¢, . . ., €,) jointly follow a matrix elliptically contoured distribution,

the estimators of 3 obtained by [7] are the MLEs of the corresponding models.

4.1 Parametrization for the different models

Let vech denote the vector half operator that stacks the lower triangle of a matrix to a vector.

Then under the standard model (2), the parameter vector is h = (vec”(f3), VechT(E))T. We did

12



not consider g x or py because the estimators are asymptotically independent to the estimators of
£ and Y. We use ¢ to denote the parameter vector of the reduced rank regression (4), ¢ for the

envelope model (5) and ¢ for the reduced rank envelope model (6). Then

vec(I)
vec(T)
vec(A) vec(n)
vee(3) veel(€)
h = , Y= wvec(B) |, 0= , ¢= vec(B)
vech(X) vech()
vech(X) vech(Q)
vech(€)
vech(£2p)

206 We use N(v) to denote the number of parameters in a parameter vector v. Then N(h) = pr +
27 7(r +1)/2, N(¢) = (r —d)d +pd +r(r+1)/2, N(6) = pu+r(r+ 1)/2 and N(¢) =
28 (u — d)d + pd + r(r + 1)/2. The reduced rank regression has less parameters than the standard
200 model since N(h) — N(¢) = (p — d)(r — d) > 0, and the reduced rank envelope model has even

o less parameters than the reduced rank regression as N (¢) — N(¢) = (r — u)d > 0. On the other

2

211 hand, compared to the standard model, the number of parameters is reduced by p(r — u) > 0 by

2 using the envelope model and it is further reduced by (p — d)(u — d) > 0 by using the reduced

2

2

s rank envelope model.
214 Remark: If the model assumption holds, less parameters often result in an improvement of

215 estimation efficiency. And the improved efficiency often leads to an improved prediction accuracy.

216 However, if the model assumption does not hold, having less parameters will introduce bias but

217 may still reduce the variance of the estimator. Then it is a bias-variance trade-off on if the increase

218 1n bias or reduction in variance dominates.

13
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4.2 Maximum likelihood estimators

Assume that Y | X follows an elliptically contoured distribution EC; (0,3, gy|x) with density
given by (3). Let (X;,Y;) be n independent samples of (X,Y), i = 1,...,n, and let m; =

Y; — py — B(X; — ux)|"E7Y; — puy — B(X; — px)]. The log-likelihood function is given by

I = —glogIE\ +i2110gg(mi)7

where we denote gy|x as g from now on. Taking the derivative of the log-likelihood function with

respect to 4 and X and setting to zero, we have

n

ol 1 — om; o ng, 1 om;
55~ a2 Migg =0 gt Tl Wigs =0

=1

where W; = —2¢'(m;)/g(m;). If Y | X followed a normal distribution, the log-likelihood function

would be
n 1«
Taking the derivative of [, with respect to S and X and setting to zero, we have

8[2 1 - 87711 . 812 . ne_q 1
%__52 op3 =9 > 2t 2

=1 =1

()Y

= 0.

If the weights 1W; are positive and they were known, we could transform the data to (/W; X;, /W,Y;)
and solve for 5 and X as if the data follow the normal distribution. With this idea in mind, we
propose the following iterative re-weighted least squares (IRLS) algorithm when W; > 0. The

obtained estimator from this algorithm is equivalent to the MLE estimator (See [11] and [23]).

14
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1. Get the initial values for 5 and X

2. Repeat the following until convergence

(a) Compute W; = —2¢'(m;)/g(m;) with § and ¥ being the current estimator

(b) With the data (v/W; X;, /W;Y;), update the estimators of 5 and ¥ as if the data follow

normal distribution.

The estimator in Step 2 (b) is obtained from a fast envelope estimation algorithm developed in [6],
which is implemented in the R package Renv1p [31]. This algorithm can be used not only for the
standard model, but also for the reduced rank regression, the envelope model and the reduced rank

envelope model. Take the reduced rank envelope model as an example, we have

ol ol oh Oly dly Oh

IpT — OhT 9pT’ IPT  OhT 9pT"

Notice that the term Oh/d¢! is the same for both likelihoods, and % is a function of 3 and . We
can estimate the reduced rank envelope estimator using the preceding algorithm except that 2(b)
is changed to “With the data (v/W;X;, /W,Y;), update the reduced rank envelope estimators of
[ and X as if the data follow normal distribution.” The reduced rank regression and the envelope
model can follow the same procedure. For completeness we include in the Online Supplement the

derivatives of m; with respect to the parameters /5 and ..

4.3 Weights

We now give the weights for some commonly used elliptically contoured distribution.

Normal with non-constant variance

15
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260

If Y; | X; follows the normal distribution N (uy|x, ;%) with n; > 0,7 = 1,...,n. Then W; =
1/ni-

Normal mixture distribution

Suppose Y | X follows a normal mixture distribution from m normal distributions N,.( My (X, kYD),
1 =1,...,m with weights py, ..., p,,. From the discussions in Section 3.3, the weights are given

by

m —r/2—1 —t;/2k;
5 o p-k;A e ti/4Rj
W(t;) = ==

m —r/2 _4 o)
Zj:lpjkj Petis2k;

where t; = [V — py — B(X; — px)]"E7Y: — py — B(Xi — px)]-

Multivariate ¢-distribution

Suppose that (X7, Y7) follows a joint multivariate ¢-distribution ¢, ((p’%, i), ®,v) with ®
following the structure in (7). Based on the discussion in Section 3.2, Y | X follows the ¢-

1
distribution ¢, (fiy +®a1 @71 (X —pux ), Lo )VTf;“ (=2 @, |, +p). After some straightforward

calculations,

p+r+v

VVi tz = )
) = G = PO K — i) +

where t; = [V; — py — @1 P (X; — MX)]TE;/\lx[Yi — py — PP (X; — px)] and Sy x =

vH@—px) " oy (v=px)
i 22.1-

Conditional t-distribution

Suppose that Y | X follows a ¢-distribution with ¢, (uy|x, 2, v), then

where t; = (Y; — [Ly|X)TE_1(Y; — ,uy‘X).

16
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Notice that all these weights are positive. For illustration purpose, the constants 7);;’s in normal
with non-constant variance and k;’s in normal mixture distribution are fixed and known in the
calculation of the weights. If they are unknown, or more generally if g is unknown, Section 4.4

presents an algorithm to estimate the weights.

4.4 Weighted least square estimators

The IRLS algorithm in Section 4.2 requires the knowledge of g, which may not be available in
practice. In this section we propose an algorithm for the case when g is unknown.

Suppose that the model has the structure in (2), then we have var(Y | X) = cxX, where
cx = B(QY)/rand Q* = [Y — py — B(X — px)]"S7 Y — py — B(X — px)] (see Corollary 2
in [17]). Notice that cx can be different across the observations. We use cx, to denote cy for the
tth observation. If cx, is known, then we can transform the data to (c)_(j/ ’X;, c)_(i/ 2Yi) and estimate
the parameters as if the data follows the normal distribution. If cx, is unknown, we estimate it by
éx, = Yi — py — B(Xz — ﬁx)]Ti_l[Y; — fly — B\(Xl — fix)]. According to [5], the resulting
estimators of 3 and ¥ are robust to a moderate departure from normality. Let X and Y denote the

sample mean of X and Y. The following algorithm summarized the preceding discussion.

1. Get the initial values for 5 and X from the corresponding model, i.e. reduced rank regression,
envelope model or reduced rank envelope model. Set the initial values of s x and jy as X

and Y.
2. Repeat the following until convergence

(a) Compute éx, = [Y; — fiy — B(X; — fix)]"S7'[Yi — fiy — B(X; — fix)], where fix, fiy,
B\ and 3 are the estimates of Ix, Wy, 8 and .
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(b) With the data (é;(l/ QXZ-, é}i/ 2Y}), update the estimators of 3, ¥, pux and py under the

corresponding model as if the data follows normal distribution.

Note that this algorithm is similar to the algorithm discussed in Section 4.2 except that we are
using é}i as weights instead of using the exact weights computed from the knowledge of g. We
call é)}} as approximate weights in subsequent discussions. The /n-consistency of the estimator

of 3 obtained by using these approximate weights follows similarly to Theorem 4 from [5].

5 Asymptotics

In this section, we present the asymptotic distribution for the MLEs of [3: the standard estimator
Bstd, the reduced rank regression estimator ERR, the envelope model estimator B r and reduced rank
envelope estimator BRE.

Without loss of generality, we assume that ;1x = 0 and the predictors are centered in the
sample. Let C,. and E, denote the contraction and expansion matrix defined in [25] that connects
the vector operator vec and the vector half operator vech as follows vec(S) = E, vech(S) and

vech(S) = C,vec(S) for any r x r symmetric matrix S. Let U = 27Y2[Y — puy — B(X —

/ T 2 / T 2
x), Nx = E {(“U U>) UTU‘X} frand Mx = E {(M) uro)?

g(UTU) g(UTU)

X] [lr(r+2)]. We
define iX = F(NxXXT)and M = E(My) if X is random and the expectations exist, iX =
limy, o0 = >y Ny, Xo X and M = lim,, o = > | M, if X is fixed when the limits are finite.
We further assume that 3y is positive definite and M > 0. For the rest of the section we ask g such
that the above quantities are finites and that the maximum likelihood estimator for model (2) exists,
is consistent and asymptotically normal (See for example the conditions for elliptical distributions

on [39], [4], [3], [27], [29], [35], [39], [50] or more generally conditions on Theorems 5.23, 5.31,
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5.39, 5.41 or 5.42 from [47]. Then, the Fisher information for /» = (vecT(B ), vechT(Z))T is given

by

with Jz = 1Yy ® X 'and Jy = 2MEN (S '@ Y YE, + (M — i)Efvec(Zfl)vecT(Efl)Er.
Detailed calculations are included in the Online Supplement. When ¢ follows a normal distribution,
we have Ny = M = 1/4 and J}, has the same form as in the literature (e.g. [8]).

Proposition 1 gives the asymptotic variance of the MLEs of /5 under the standard model (2),
the reduced rank regression (4), the envelope model (5) and the reduced rank envelope model (6).
Suppose that @ is an estimator of 6. We write avar(y/nf) = V if \/n(6 — 0) N N(0,V), where

d e
— denotes convergence in distribution.

Proposition 1 Suppose that model (2) holds, i.e. the error vector € follows the elliptically con-
toured distribution EC,(0,%,g). Suppose that the MLE of 3 under the standard model (2),
Bstd, exists and Vec(gstd) is \/n consistent and asymptotically normally distributed with asymp-
totic variance equal to the inverse of the Fisher information matrix Jg. We further assume that
(X;,Y:), i = 1,...,n are independent and identical copies of (X,Y"). Then \/ﬁvec(gstd — ) is
asymptotically normally distributed with mean zero and variance given by (8). If models (4), (5) or

(6) hold, then \/nvec(Brr — B), v/nvec(Bg — B) and /nvec(Bry — 3) are asymptotically normally
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distributed with mean zero and variance given by (9), (10) and (11) respectively.

avar[\/ﬁvec(gstd)]
avar[y/nvec(Brr)]

avar[v/nvec(Bg)]

avar[v/nvec(Brg)]

1~

12;(1@92, (
].~_1 1 ~_1 !
ZEX ®E_Z(2X —MB)®(Z—MA), (¢

1~
12;3 ®Tort

1 ~
+Z(£T @TY)EExT @+ MQo Q' + 07 @ Q -2, ® I, )] ' (¢ ®TY), (1
1~ 1~ L. 1
szl R — Z(EXl — Mp)® [2 =Tyt 1ty tyT?] - ZMB @ ToQTE a
1 ~
+= (BT @ To)nBEx BT @ Oy '+ M(Q@ Q' + Q1@ Q- 21, @ )| ' (nB e T¢

4

where My = A(ATS Y A) AT and My = BT (BExBT)"'B.

Remark 1 The asymptotic variance does not depend on the choices of A, B, T, £ or n, since the

values of the terms £TE, My, M, Tn(n" Q7 n)"'nTTT and BT n"nB are unique.

Remark 2 Notice that avar|\/nvec(Brg)] coincides with avar|\/nvec(Brr)] when u = r, and

avar[\/ﬁvec(B\RE)] coincides with avar[\/ﬁvec(B\E)] when d = min(u, p). This is consistent with

the structure of the reduced rank envelope model: the reduced rank envelope model degenerates to

the reduced rank regression when u = r and to the envelope model when d = min(u, p).

Now we compare the efficiency of the models. Since f])_(l — Mp and > — M4 are both semi-

positive definite, avar[\/ﬁvec(gstd)] - avar[\/ﬁvec(B\RR)] is semi-positive definite. This implies

the reduced rank regression estimator is more efficient than or as efficient as the standard estimator

when the reduced rank regression model holds.

Next we prove that the envelope estimator is asymptotically at least as efficient as the standard
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estimator. Notice that {2 ® (2 Ly 'e@0y—20,®1,_, is semi-positive definite. Then

(" @T)EEx" @' + MQ@ 0" + 07 @0 — 21, @ )] (€ ®TT)

< (T@T)(ESxT © Q)¢ T]) = T(ESxeN) e ToQely < i)_(l ® oLy

Therefore

avar[y/nvec(Bg)] = %i)_{l e rart
1 ~
+Z<§T QT @ + MO+ Q700 — 2, @ I,_,)] (¢ ®@TF)

1~ 1~ 1~ ~
12}1 QTOr? + 12}1 ® FOQOFOT = 12}1 ® 3 = avar[v/nvec(SBsa)]-

To compare the reduced rank envelope estimator and the reduced rank regression estimator, notice

that

4{avar[\/ﬁvec(B\RR)] — avar[\/ﬁvec(B\RE)]}
= M@l — (B'n" @ To)nBExB " @ Q5  + M(Q@ Q5  + Q' @ Qg — 2L, @ I,_,)] ' (B ® ]
> Mp®@Toly — (B"n" @ To)(nBExB " @ Q') (nB @ T7)
= BT(BXxB") 'BRTQl't — BTy (nBExB™n")"'nB @ Tyt

= BT(BEXBT)_IM([d - P(BixBT)1/2nT)(BixBT)_l/zB & FOQOF(I; > 0.

Therefore the reduced rank envelope estimator is more efficient than or as efficient as the reduced

rank regression estimator. Finally, comparing the envelope estimator and the reduced rank envelope
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estimator, we have

1< 1~ 1

12;(1 L — Z(z;} — Mp)®[S —Tn(n™Q tn)~tn'T?) — ZMB ® ToQol'Y
1< 1

= x @Tart — 2 (5 = Mp) @ [T = Tn(n'Q'n)~'n' "]

1< 1,
= Zz;g @ TOr? — Z(2;3 — Mp) ® (PQIT —TQY2 Py 15,0217,

where P,-1/2, denotes the projection matrix onto the space spanned by the columns of Q2. We
have avar|y/nvec(3g)] > avar|\/nvec(Bgg)] since ©5' — My and TQI'T — TQY2 Py 12, QY2 TT
are both semi-positive definite. Therefore the reduced rank envelope model yields the most efficient

estimator compared to all the other models.

6 Selections of rank and envelope dimension

For the reduce rank regression, we choose d using the same sequential test as in [7]. To test the
null hypothesis d = dy, the test statistic is T'(dy) = (n —p — 1) Zﬁgéﬁ? A7, where )\; is the ith
largest eigenvalue of the matrix i;ﬂgg;di;'l)/f, Six denotes the sample covariance matrix of X
and §y| x denotes the sample covariance matrix of the residuals from the OLS fit of Y on X. The
reference distribution is a chi-squared distribution with degrees of freedom (p — dy)(r — dy). We
start with dy = 0, and increase dj if the null hypothesis is rejected. We choose the smallest d, that
is not rejected. For the envelope model, we can apply information criterion such as AIC or BIC to

select the dimension u. The information criterion requires the log likelihood function. We use the

actual log likelihood if ¢ is known. If g is unknown, we substitute the normal log likelihood with
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approximate weights

1 — ~ 1< o~ e A _
by = —5 D loglex, S| = 5 D[V =¥ = 5(X; = DY, — ¥ — BX, - X)),
=1

i=1

where B and S are the envelope estimators obtained using the algorithm in Section 4.4 with u = wy,
0 < up < r. Then w is chosen as the one that minimizes —2I,, + kN (9), where N (¢) is the number
of parameter of the envelope at dimension u (see Section 4.1) and & is the penalty which takes 2 in
AIC and log(n) in BIC.

The reduced rank envelope model has two parameters d and u. We first choose d using the same
sequential test as in the reduced rank regression. If d is chosen to be r, then we have u = d = r. If d
is chosen to be dy < r, we then compute the information criterion, AIC or BIC, for u = dy,--- , r,

the same way as for the envelope model. We pick the « that minimizes the information criterion.

7 Simulations

In this section, we report results from the numerical experiments to compare the performance of
the estimators derived under the elliptically contoured distribution, the estimators derived using
the normal likelihood and the estimators derived using the approximate weights. The simulation in
Section 7.1 1s in the context of the envelope model and the simulation in Section 7.2 is in the context
of the reduced rank envelope model. Sections 7.1 and 7.2 focus on estimation performance and
Section 7.3 focuses on prediction performance. For simplicity, we call the envelope model derived
in [8] as basic envelope model, and the reduced rank envelope model derived in [7] as basic reduced

rank envelope model.
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7.1 Envelope model

In this simulation, we investigate the estimation performance of our estimators in the context of
envelope model. We fixed p = 5, r = 20 and u = 4. The predictors were generated independently
from uniform (0, 5) distribution, (I',I'y) was obtained by orthogonalizing an r by r matrix of
independent uniform (0, 1) variates, and elements in £ were independent standard normal variates.
The errors were generated from the multivariate ¢-distribution with mean 0, degrees of freedom 5
and ¥ = o’I'TT 4 02"}, where 0 = 2 and 0y = 5. The intercept py- was zero. The sample
size was varied from 100, 200, 400, 800 and 1600. For each sample size, we generated 10000
replications. For each data set, we computed the OLS estimator, the basic envelope estimator,
the envelope estimator with exact weights (the weights are computed from the true g) and the
envelope estimator derived with the approximate weights. The estimation standard deviations of
two randomly selected elements in 3 are displayed in Figure 1. In the left panel, the basic envelope
model is more efficient than the OLS estimator. But the envelope estimators with exact weights and
approximate weights achieve even more efficiency gains. The right panel indicates that the basic
envelope model can be similar or even less efficient than the OLS estimator, while the envelope
estimators with the exact weights or approximate weights are always more efficient than the OLS
estimator. For example, at sample size 1600, the ratios of the estimation standard deviation of the
OLS estimator versus that of the basic envelope estimator for all elements in 3 range from 0.800 to
2.701, with an average of 1.372. The ratios of the OLS estimator over the envelope estimator with
exact weights range from 1.111 to 3.536, with an average of 1.823. If the approximate weights
are used, the ratios of the estimation standard deviation of the OLS estimator over the envelope

estimator range from 1.301 to 3.467, with an average of 1.903. The performance of the envelope
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estimator with approximate weights are very similar to the estimator with exact weights, as also
demonstrated in Figure 1. Sometimes it can be even a little more efficient than the envelope
estimator with exact weights since it is data adaptive, as indicated in the right panel. Figure 1 also
confirms the asymptotic distribution derived in Section 5, and the envelope estimator with exact
weights is \/n-consistent. We have computed the bootstrap standard deviation for each estimator,
and found that it is a good approximation to the actual estimation standard deviation. The results

are not shown in the figure for better visibility.
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Figure 1: Estimation standard deviation versus sample size for two randomly selected elements in
3. Line — marks the envelope estimator with approximate weights, line — % — marks the envelope
estimator with exact weights, line - - marks the basic envelope estimator and line - - - marks the
OLS estimator. The horizontal solid line at the bottom marks the asymptotic standard deviation of
the envelope estimator with exact weights.

The average of absolute bias and MSE of the estimators in Figure 1 are included in Figure 2
and Figure 3 respectively. We notice that the estimation variance is the main component of the
MSE. And the pattern of the MSE in Figure 3 is similar to the pattern of the estimation standard

deviation in Figure 1.

The results in Figure 1 are based on known dimension of the envelope subspace. However,
the dimension w is usually unknown in applications. Therefore we look into the performance of
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Figure 2: Average absolute bias versus sample size for two randomly selected elements in 3. The
line types are the same as in Figure 1.
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Figure 3: Average MSE versus sample size for two randomly selected elements in 3. The line
types are the same as in Figure 1.

the dimension selection criteria discussed in Section 6. For the 200 replications, we computed
the fraction that a criterion selects the true dimension. The results are summarized in Table 1.
When AIC or BIC are not selecting the true dimension, we find that they always overestimate
the dimension. This will cause a loss of some efficiency gains, but it does not introduce bias in
estimation. When the exact weights are used, BIC is a consistent selection criterion. AIC is too

conservative and selects a bigger dimension most of the time. When the approximate weights are
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Exact Weights Approximate Weights
AIC BIC AIC BIC
n=100 14.4% 81.6% 10.0% 39.8%
n =200 14.2% 90.2% 14.7% 26.0%
n =400 13.9% 95.1% 21.3% 31.9%
n=2=800 13.7% 96.3% 28.0% 36.4%
n=1600 14.4% 98.1% 33.8% 42.6%

Table 1: Fraction of the time that selects the true dimension.

used, BIC tends to overestimate the dimension of the envelope subspace, but we can still achieve
efficiency gains and have a smaller MSE than the standard model, as indicated in Figure 4. When
exact weights are used, the estimation standard deviation and MSE of the envelope estimator are

very close to those of the envelope estimator with known dimension, due to the consistency of BIC.
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Figure 4: Estimation standard deviations and MSEs for a randomly selected element in 3. Left
panel: Estimation standard deviation versus sample size. Right panel: MSE versus sample size.
Line — % — marks the envelope estimator with dimension selected by BIC using exact weights, line
— marks the envelope estimator with dimension selected by BIC using approximate weights, line
- - marks the envelope estimator with known dimension and exact weights, and line - - - marks the
OLS estimator.

We also investigate the performance of our estimators under normality. We repeated the sim-
ulations with the same settings except that the errors were generated from a multivariate normal
distribution. The results are summarized in Figure 5. From the plot, we notice that the estima-
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tion standard deviations and MSEs of the basic envelope estimator and the envelope estimators
with “exact” weights (i.e., the weights computed from ¢ distribution) and approximate weights are
almost indistinguishable. In this example, using the weights derived from ¢ distribution or approx-
imate weights does not cause a notable loss of efficiency in the normal case. This may be because
that the approximate weights are computed from data, and therefore are data adaptive. For the
“exact” weights, although it depends on the error distribution, it also has a data-dependent part
(see Section 4.3). Therefore, these estimators do not lose much efficiency when the true distribu-
tion is normal. The performance of the dimension selection criteria is similar to that in Table 1,
except that the BIC with “exact” weights selects the true dimension less frequently and the BIC

with approximate weights selects the true dimension slightly more frequently.
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Figure 5: Estimation standard deviations and MSEs for a randomly selected element in 3. Left
panel: Estimation standard deviation versus sample size. Right panel: MSE versus sample size.
The line types are the same as in Figure 1.

7.2 Reduced rank envelope model

This simulation studies the estimation performance of different estimators in the context of the

reduced rank envelope model. We set » = 10, p = 5, d = 2 and v = 3. The matrix (I, T'y) was
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obtained by normalizing an r by r matrix of independent uniform (0, 1) variates. The elements in
n and B were standard normal variates, . = 0T AATTT + 02T'l, where ¢ = 0.4, 0 = 0.1
and elements in A were N (0, 1) variates. The elements in the predictor vector X are independent
uniform (0, 1) variates. The errors are generated from normal mixture distribution of two normal
distributions N (0,2%) and N(0,0.13) with probability 0.5 and 0.5. We varied the sample size
from 100, 200, 400, 800 and 1600. For each sample size, we generated 10000 replications and com-
puted the OLS estimator, the basic reduced rank envelope estimator and the reduced rank envelope
estimator with exact weights (weights derived from the true error distribution) and approximate
weights (Section 4.4). The estimation standard deviation for a randomly chosen element in [ is
displayed in the left panel of Figure 6. We notice that the basic reduced rank envelope estimator
does not gain much efficiency compared to the OLS estimator. For example, with sample size 100,
the standard deviation ratios of the OLS estimator versus the basic reduced rank envelope estimator
range from 0.94 to 3.26 with an average of 1.42. The reduced rank envelope estimator computed
from the exact weights obtains the most efficiency gains. When the sample size is 100, the ra-
tios of the OLS estimator versus the reduced envelope estimator with exact weights range from
2.37 to 12.00 with an average of 3.98. This indicates that correctly specifying the structure of the
error distribution will provide efficiency gains in estimation. However, we do not know the exact
weights in practice. Figure 6 shows that the estimator computed from the approximate weights still
provides substantial efficiency gains. The ratios of the OLS estimator versus the reduced envelope
estimator with approximate weights range from 1.63 to 8.79 with an average of 2.77. Although
the estimator with approximate weights is not as efficient as the estimator with exact weights, it is
still more efficiency than the basic reduced rank envelope estimator or the OLS estimator. We also

computed the bootstrap standard deviation of the estimators from 10000 residual bootstraps, and
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included the results in the right panel of Figure 6. The bootstrap standard deviation seems to be a
good estimator of the actual estimation standard deviation. Therefore we compare the efficiency

of different estimators using bootstrap standard deviations in applications.
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Figure 6: Estimation standard deviation and bootstrap standard deviation for a randomly selected
element in 3. Left panel: Estimation standard deviation only. Right panel: Estimation standard
deviation with bootstrap standard deviation imposed. Line — marks the reduced rank envelope
estimator with exact weights, line — - — marks the reduced rank envelope estimator with approxi-
mate weights, line - - marks the basic reduced rank envelope estimator and line - - - marks the OLS
estimator. The lines with circles mark the bootstrap standard deviations for the corresponding
estimator.

We investigated the bias and the MSE of the estimators. The results are summarized in Fig-
ure 7. Comparing the scale of the estimation standard deviation and the bias, we notice that for all
estimators, the estimation standard deviation is the major component of MSE. Therefore the MSEs
follow a similar trend as the estimation standard deviation. From the absolute bias plot, we notice
that the OLS estimator and the basic reduced rank envelope estimator are more biased than the re-
duced rank envelope estimators with true and approximate weights. Figures 6 and 7 together show
that we obtain a less biased and more efficiency estimator by considering the error distribution.

Now we look into the performance of the sequential test, AIC and BIC discussed in Section 6 in

the selection of d and u. We used the same context as that generated Figures 6 and 7, and computed
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Figure 7: Average absolute bias and MSE for a randomly selected element in 3. Left panel: Bias
versus sample size. Right panel: MSE versus sample size. The line types are the same as in
Figure 6.

the fraction that a criterion selects the true dimension (out of 200 replications). The significance
level for the sequential test was set at 0.01. The results are summarized in Table 2. The fraction that
the sequential test chooses the true d approaches 99% as the sample size becomes large. When the
exact weights are used, BIC performs better since it is a consistent selection criterion. AIC tends
to be conservative and always selects a bigger dimension. When the approximate weights are used,
AIC and BIC tend to overestimate the dimension of the envelope subspace. Overestimation causes
a loss of efficiency, but it retains the useful information. Based on this result, we use BIC to choose
u in applications. We compared the estimators with known and selected dimension as we did in
Figure 4 of Section 7.1. The pattern is the same as in Figure 4, the reduced rank envelope estimator
with dimension selected by BIC using approximate weights loses some efficiency compared to the
estimator with known dimension and exact weights, but it is still notably more efficient than the
estimator with the basic reduced rank envelope estimator.

We repeated the simulation with the same setting as in Figure 6, but the errors were gener-

ated from the multivariate normal distribution N (0,2X). The results are included in the Online
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Selection of d Exact weights Approximate weights

Sequential test AIC BIC AIC BIC
n = 100 96.3% 71.3%  97.1% 11.4% 12.2%
n = 200 98.1% 77.0%  99.0% 18.1% 19.0%
n = 400 98.6% 79.3%  99.7% 24.9% 26.6%
n = 800 98.9% 81.6% 99.8% 28.2% 31.1%
n = 1600 98.8% 83.5% 99.8% 26.0% 29.3%

Table 2: Fraction of the time that selects the true dimension.

Supplement.

7.3 Prediction

By modeling the error distribution, the efficiency gains in estimation often lead to improvements
in prediction accuracy. In this section, we report the results of two numerical studies on prediction
performance, one under the context of the envelope model and the other one under the context of
the reduced rank envelope model.

We first generated the data from the envelope model (5). We set p = 5, r = 5, u = 3 and
n = 25. The predictors were independent uniform (0, 4) random variates. The coefficients had
the structure 5 = ['¢, where elements in £ were independent standard normal random variates
and (I",T'y) were obtained by orthogonalizing an r X r matrix of uniform (0, 1) variates. The
errors were generated from the multivariate ¢-distribution with mean 0, degrees of freedom 5 and
Y = o?TTT + 02T['l, where 0 = 0.9 and 0y = 2. We used 5-fold cross validation to evaluate

the prediction error, and the experiment was repeated for 50 random splits. The prediction error

was computed as \/ (Y —Y)T(Y —Y), where Y was the predicted value based on the estimators
calculated form the training data. The average prediction error for 50 random splits were calculated

for the OLS estimator, basic envelope estimator, the envelope estimator with exact weights and the
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envelope estimator with approximate weights. Results were summarized in Figure 8. The average
prediction error for the OLS estimator is 8.34. We notice that the basic envelope estimator always
has a larger prediction error than the OLS estimator for all u and its prediction error at u = 3
is 8.46. This indicates that by misspecifying the error distribution, we can also have a worse
performance on prediction. The predictor error for the envelope estimator with exact weights
achieves its minimum 7.49 at the v = 3. Compared to the OLS estimator, the envelope estimator
with exact weights reduces the prediction error by 10.2%. The estimator with approximate weights
achieves its minimum prediction error 7.21 at u = 3, which is a 14.8% reduction compare with the
OLS estimator. In this example, the estimator with approximate weights gives a better prediction
than the estimator with exact weights. This might be explained by the fact that we have a small

sample size and the approximate weights are more adaptive to the data.

12
|

Prediction error
10

Figure 8: Prediction error versus u. Line — marks the envelope estimator with exact weights, line
— - — marks the reduced rank envelope estimator with approximated weights, line - - marks the
basic reduced rank envelope estimator and line - - - marks the OLS estimator.
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In the second numerical study, data were simulated from the reduced rank envelope model
(6). Wesetp = 5,r = 10,d = 2, w = 3 and n = 30. The predictors were independent
uniform (0, 1) random variates, and the errors were normal mixture random variates from two
normal populations N (0, 2X) and N (0, 0.1%) with probability 0.5 and 0.5. Here ¥ has the structure
Y = o’ TAATTT + o3Iy, where 0 = 0.4, 0y = 0.1 and elements in A were standard normal
random variates. The regression coefficients [ has the structure 5 = I'nB, where elements in 5B
and ) were independent standard normal random variates, and (I', Iy) was obtained by normalizing
an r X r matrix of independent uniform (0, 1) random variates. We computed the prediction errors
of the OLS estimator, basic reduced rank envelope estimator, the reduced rank envelope estimators
with true and approximate weights for u from d to » — 1. The prediction errors were calculated
based on 5-fold cross validation with 50 random splits of the data. The results are included in
Figure 9. The prediction error of the OLS estimator is 1.35. The basic reduced rank envelope
estimator achieves its minimum prediction error 1.20 at v = 7, although the prediction errors
for v > 3 are all quite close. Compared to the OLS estimator, the basic reduced rank envelope
estimator reduced the prediction error by 11.1%. The reduced rank envelope estimator with exact
weights achieves it minimum prediction error 1.14 at u = 6, which is a 15.6% reduction compared
to the OLS estimator. The reduced rank envelope estimator with approximate weights achieves
it minimum prediction error 1.11 at u = 5, which is a 17.8% reduction compared to the OLS
estimator. In this numerical study, although the basic envelope estimator shows better prediction
performance than the OLS estimator; by taking the error distribution into account, we can further
improve the prediction performance.

From the simulation results, it seems that when the true gy x is unknown, it is best to use the

approximate weights.
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Figure 9: Prediction error versus u. Line — marks the envelope estimator with exact weights, line
— - — marks the reduced rank envelope estimator with approximate weights, line - - marks the basic
reduced rank envelope estimator and line - - - marks the OLS estimator.

8 Examples

8.1 The concrete slump test data

The slump flow of concrete depends on the components of the concrete. This dataset contains 103
records on various mix proportions [49], where the initial data set included 78 records and 25 new
records were added later. The input variables are cement, fly ash, slag, water, super plasticizer,
coarse aggregate and fine aggregate. They are ingredients of concrete and are measured in kilo
per cubic meter concrete. The output variables are slump, flow and 28-day compressive strength.
We use the first 78 records as training set and the new 25 records as testing set. The prediction
error of the OLS estimator is 25.0. We fit the basic envelope model to the data, and BIC suggested
u = 2. The bootstrap standard deviation ratios of the OLS estimator versus the basic envelope
estimator range from 0.985 to 1.087 with an average of 1.028. This indicates that the basic enve-
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lope model does not yield much efficiency gains in this data. The prediction error for the basic
envelope estimator is 24.2, which is quite close to that of the OLS estimator. From the discus-
sion in Section 7, we find that when the error distribution is unknown, the approximate weights
is adaptive to the data and gives good estimation and prediction results. We fit the data with the
reduced rank envelope estimator with approximate weights. The sequential test selected d = 2 and
BIC inferred u = 2. So the reduced rank envelope estimator degenerates to the envelope estimator
with approximate weights. The bootstrap standard deviation ratios of the OLS estimator versus the
envelope estimator with approximate weights range from 4.925 to 118.2 with an average of 55.57,
which suggests a substantial efficiency gain. This is also confirmed by prediction performance:
The prediction error is 12.27 for the envelope estimator with approximate weight. This is a 51%
reduction compared to the prediction error of the OLS estimator, and a 49% reduction compared
to the basic envelope estimator. This example shows that by considering the error structure of the

data, we achieve efficiency gains and also obtain better prediction performance.

8.2 Vehicle data

The vehicle data contains measurements for various characteristics for 30 vehicles from different
makers, e.g. Audi, Dodge, Honda, etc. The data is found in the R package plsdepot [44], and is
used as an example to illustrate methods for partial least squares regression. Following [44], we
use price in dollars, insurance risk rating, fuel consume (miles per gallon) in city and fuel consume
in highway as responses. The predictors are indicators for turbo aspiration, vehicles with two doors
and hatchback body-style, car length, width and height, curb weight, engine size, horsepower and

peak revolutions per minute. This data set does not come with a natural testing set, so we used
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5-fold cross validation with 50 random splits to evaluate the prediction performance. We scale the
data so that all variables have unit standard deviation. This is because the range of the response
variables are very different, for example, price in dollars ranges from 5348 to 37038 while the
fuel consume in city ranges from 15 to 38. If the original scale is used, the prediction error is
dominated by price in dollars. The prediction error for the OLS estimator is 1.70. Then we fit the
reduced rank envelope estimator with approximate weights. The sequential test selected d = 2
and BIC suggested v = 3. The prediction error is 1.52, which is a 10.6% reduction compared
to that of the OLS estimator. The basic reduced rank envelope estimator with u = 3 and d = 2
has prediction error 1.64, which is a 3.5% reduction compared to that of the OLS estimator. The
bootstrap standard deviation ratios of the OLS estimator versus the basic reduced rank envelope
estimator range from 0.919 to 1.844 with an average of 1.277. And the bootstrap standard deviation
ratios of the OLS estimator versus the reduced rank envelope estimator with approximate weights
range from 0.862 to 1.734 with an average of 1.289. In this case, the estimation standard deviation
of the two estimators are similar. However, since the basic reduced rank envelope estimator has a
larger bias due to misspecification of the error structure, the reduced rank envelope estimator with

approximate weights gives a better prediction performance.
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Technical details

The proofs of the results stated in these paper as well as some additional simulation results are

available online in the Online Supplement.
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